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A Failure of the negative entropy

In this appendix, we prove our lower bound result for OMD with the negative entropy from Section 3]
We first restate the result.

Theorem 3.1. For any S > 6, there exists an SSP instance with a fixed horizon of 3, sparsity level
M = 3, an action space of size A = 2 and state space of size S such that the regret of OMD
with negative-entropy regularization and any step-size n > 0 after K episodes is E[Rk| =

Q(min{/Klog S, K}).

Proof. Fix K even, S > 6, A =2and N = S — 5. We first describe the SSP instance. Consider the
following MDP M = (S, A, p, s0,9), where S = {50, s, st sB L8R, 51} and A = {al, (12}.
The transitions and costs (in each episode k) are defined as:

o s0: p(sf]so,a) = p(sft|so,a) = 1/2 and cx(sg,a) = 0 forall a € A.

 s§:p(sk|s§,a) = 1foralla e Aand cx(sf, a1) = ﬂ, cr(st, az) = 1/2.

o« st p(s R|s0 ya1) = 1, p(sfsft as) = 1/N and ¢ (s&,a1) = 0, e (s, a2) = 1.
o sF: p(g|sF,a) = 1and cx(sF,a) = 0 forall a € A.

* ship(glsk,a) = 1and ¢x (s ,a) =0foralla e A

« sl p(glst,a) = 1and ¢x (s, a) = O foralla e A.

An illustration is given in Figure[3] This SSP 1nstance has a fixed horizon of 3 in the sense that all
policies have a hitting time of exactly 3 (the states sg and s g are added to guarantee this). As a result
we have that 7, = D = 3. Also note that there are at most 3 state-action pairs that have non-zero
cost, therefore the sparsity level M = 3.

Figure 3: Diagram illustrating MDP construction for the proof of Theorem When an action is
not specified for an edge, then both actions give the same transition and cost. If an edge has a number
in black, it is a transition probability; if it does not then the transition is deterministic. The costs are
given in red. The formal description of the MDP is given above.

From Appendix B.1 in [24] (we can ignore the optimization over A because we are in a fixed horizon
setting), the update of OMD with negative entropy for any £ > 0 can be computed by solving a
convex optimization problem:

Gre1(s,a) = gr(s,a)e® " 9 where  BY(s,a) = v(s) — ner(s,a) — Y. p(s'|s, a)u(s),
s'eS
Vpp1 = argminDk(v),

Z Z qr(s,a) k(s:0) _ v(sp),

s€S ac A
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with go(s,a) = 1 and ¢(s,a) = 0. This allows us to compute exactly the points played by the
algorithm on the SSP instance described above, and in turn compute the regret, from which the result
will follow.

In the following few pages, we compute the occupancy measures played by OMD with the
negative entropy on the SSP instance described earlier for all episodes, using the convex
optimization problem above. We begin by computing expressions for Bj (s, a) in each state:

By (s0,a) = v(so) — v(s§) — sv(sf) foralla e A
B} (sk,a) = v(sk) - nck(s{%,a) —v(sk)forallae A
Bi(sg) = v(sg)

By (stf,a1) = v(sgf) —wv(sf)
BY(sk, az) = v(sf) — ner(sf,az) — £ 0% v(sl) = v(sf) — new(sf, az) — v(sh)

since by symmetry v(s?) = v(sf) forall i > 1 and any v solving the convex optimization
problem specified in the OMD update.

By (sl a) = v(sF) = v(sf) foralla e A
By(sf,a) = v(sff) foralla e A

Plugging these into the optimization problem, we obtain (recall the notation g(s) = >}, 4 q(s, a)):

Vg1 =

= argmln Di(v) = argmmz 2 qr(s,a) Bk (s:0) _ v(sp)
s€S ac A

= argmin i (so, ay)e?(%0)0SVEN 05T 4 gy (55, ) er(50) =050~ 0-50(55)
v

(s, ay)er B men(sE 00 =0(5) | g (L o0 (sf) —men(sf az)—v(s])

+ qi(sh, a1)e’9) + ar(sk, az)e? )
+ qk( R ) v(sé%)fv(s\f) + Qk(Sg,Cl2)€v(5é%)7nck(S‘I’%’a2)7v(5{{)

+ Z{Qk )e 1) 4 gy (s )ev(sﬁ)}

¢)

+ qi(s) ,a1)e’Cs) 4 (s, az)e? ™
—v(s0)

= arg min qk(So)ev(so)fo.fm(sg)70.511(5(1)%)

- u(sh, ay)e? GO (500060 4 g (6 g, en(s8) ner(a a2 —v(s))
+ Qk( L) v(sj)

+qk(3§ al) U(So) ”(5 )+qk(3§ a2> U(So) nme(so ,a2)— U(S )

+ Z{Qk )t )}

+Qk( ) v(s])

—v(80).

This being a convex optimization problem, it can be solved by differentiating and setting to 0:

Dy, (v)

ov(sp)
0Dy (v)
Folst)

_ qk(SO)ev(so)—0.5v(55)—0.5v(s§) —1=0

0.5+ gr(sh, ar)e? I mmer(s5 a5 g (6 gg)er(H)mner(s a2 —v(sh)
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*O.5qk(So)ev(s(’)70'51)(35)70‘5”(5?) + qk(s(l)f’ al)ev(sg)fnck(sg,al)fv(s_{;) + qp (5647 az)ev(sg)fnck (s{;,az)fv(sgL)



gf(ks(g)) = —qu(sk, ay)er (Ol —v(sg) gy (b gp)er (o) nen(sG a)=0lsg) g (sLyev(sy)
= qi(s1)e’ts) — 05 =0

gf(ks((l)g)) = 0.5 (s0)e? () 03N =050 4 gy (s ay)er (000D 1 gy (58, ag)er(0)mmen(s6ha2) v (1)
= 0.5+ qu(s8, a1)e’ 6D 4 g (sB, ag)e?(30)—ner(sg aa)—v(sT) — g

aD(ks(g)) = —qu(sf, ag)e (D) ner(siaz) vt g it glqk(sﬁ) =0

Zf(ks(g)) (s, ap)er B o) 4 qk(sg)ev(s?) o

811 Let’s look specifically at the case k = 0 (qo(s,a) = 1,q0(s) = 2,¢9(s,a) = 0forall s € S, a € A).
g2 For the left part of the MDP we have:

gpé“(f)) =0 = 200706 05 = ¢00) = 0.25¢"¢%)
V(s
gf(’“s(f) =0 = "% =0.25 = €¥(%0) = 0.252
g
252
— q(st,a) = eBo(s5:a) — 025 = 0.25, forall a € A.
0.25
g13  For the right part of the MDP, we have:
9Dy(v) _ o(sf)—v(sB) | pu(sf)—u(sP) _ o(sf) _ 0.5
2u(sD) =0 =ce +e =05 = e QT p—
D) _ () o) =el) — vl — o) = L osuial)
ov(syh) V2N
ap’“(f;) 0 s (I—0(sB) _ gor(sB) L go(s®) _ L osu(s)
dv(slt) 2
0.5
v(sf) _
= ¢ 0 \/*6—0 5v(sdt) + \/76—0 5v(s{t)
0.5
0.5v(sdl) _
—— e =
V2 + 42N
sty 025
(V2 4+ +/2N)2
0.5

E q1 (56%7 al) = eBg(sonal) — 61}(35)—1}(85") — \/560'51}(35) —

1++vVN

B\ By(sfa) _ u(sB—o(sF) _ a0t _ 05V
Sy ,Q9) = e-0'%0 = e\ =4/2Ne 0/ =

a1(s0, a2) 1++/N
]. 60‘51)(85?‘) _ 025

V2N VN(1++/N)

By(sfa) _ go(sf) _ 1 josu(sfy _ 025

st a)=ce = 9 = —
a1(sy,a) 7 VN

s14 Let’s now look at general & > 1: Since ¢;, is an occupancy measure, it satisfies the properties of
815 the dynamics of the MDP (see the definition of A(T') in Section and we have that for any s € S:

816 e 4 Gk(5,0) = 2 es Dwea P(sls,a)ai(s’,a’) + I{s = so}. In particular, this gives

817 * s =50:qr(so) =1

D6l a) = BT _ )

818 o s =sb: qu(st) =0.5q.(s0) = 0.5
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819 ¢ s= 5 qk(s§)=Qk(56)=05
820 * s = 5§ qi(sg) = 0.5k (s0) = 0.5
821 ¢ 5= 517%: qk(sg) = i (st 1)

822 s =510 ar(sf) = yan(sf, a2)

g23  This leads to the following simplifications in the derivatives of Dy (v):

aDk( ) _ e’L)(S()) 0.5v(s5)—0.5v(sf) _ =0
v(s0)
oD,
o) = 0.5+ gl )0 b 000 4 (172 — gufsf e e )

8Dk
S

—~
<

)
)
apk(v)

ov(sg)
8Dk (v)

—0.5¢°69) — 05 =0 — e¥(5) =1

St

=05+ Qk(Séz,al)ev(S?)_v(S?) + (1/2 _ qk<s(1)-27al))ev(s{f)—n—v(s{%) =0

= (58, ag) e BB L (6 a0)e? ) — 0 s (068 = gnt2viel)

)
5731«(11)

_ —qk(soR,al)e”(S§)_“(sf) + qk(soRﬂl)ev(Sf) — 0 — ¥(0) — p2u(sy)

s24 Left part of the MDP:

aDk (U)
Ju(sh)

1+(—DF
2

=0 = qk(sg,al)e”(55)_” + (0.5 — q;{;(sé‘,al))e“(sé)_o'577 =0.5
0.5

+ (0.5 — qx(sk, a1))e=0-51

—_ ev(sé’) —

o 1+(=DF
ar(s§,ar)e™ 2

0.5

k+1=2 v(s5) =
+ - ¢ 0.25 + 0.25¢—057

— (s 1) = qu(s, ar)ePi(0:9) = 0.25¢0(0) () 1:35%?0-5"
0.5
E+1=3 — e¥(s0) — 01 (5E,an)e 7 + (05— qu(sE,a1))e 05
0.5 "
L sk o, v OB (:)Lm)
— gs(sf,@1) = galsfa)e D) = 0.25
keven — qk(sé,al) = 1_1_2%:50_57,

kodd = q(sk,a1) =0.25,

825 where the last two lines follow by a straightforward induction. Hence the losses suffered by OMD on
g26 the left part of the MDP are:

L L L & L 1+ (=1 L
Z {Qk 50 , 1 Ck(so »al) + Qk(307a2)ck(307a2)} = Z {Qk(soyal) : f +0.5- (0~5 - Qk(soaal))}
k=1 k=1
K k
-1
= Z{qk(sg,al)- ( 2) +0.25}
k=1
K/2
=0.25K +0.5 Z {qgt(soj‘,al) — qgt_l(soL,al)}

t=1
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K/2

— 0.25K + 0.5 Z{ 0-5

1+e05n 0’25}

K 0.5 —0.25 — 0.25¢70-5"

—025K+05— 15 o 05m
K 1—e05m
= 025K+ 16 1+ e0-5n
K n 1
ol 3}
O5K+16 Imn52 6)
g2z Right part of the MDP:
aDk(R) -0 — ev(sr})%) _ _ 0.5 _
v(sq) gr(s§a1)e™ ) + (1/2 — gy (sf, ar) Jem 10D
oD,
k(;j) =0 = v(sgf) = n+ 2v(s7)
ov(st")
0Dy (v) R R
Ew (85) =0 = v(sy) = v(sg)
v(sR’) 05
— e 0= R R
qk(s(lf, a1)6—0.5v(so ) + (1/2 _ qk(sg, al))e_"_0'5v(so )+0.57
— (0-5u(sg) _ 0.5 _ 0.5

qr(sf,ar) + (1/2 = qi(sf,a1))e=0% — qu(sff, a1) + i (sf, az)e=0-5

— g1 (s, a1) = (s, a1)ePH 00 — gu(sfl, ar)e’ 070D — gy (s, ag)e®o (o)

R
R Qk(so 7a1)
= (qk+1\Sg , Q1) = 0.5
#5000 = 08 R ¥ (12 — (ol an))e 0
. r+1(sts a1) _ Qr1(55, 01) _ i (st a1) _ (051 (58, a1)
Ge1(sfya2) (/2= qura(sff an))  (1/2 = a(sff,ar))e05n i (s az)
N Qk+1(SoR7a1) 05k7,Q1(50 ,a1) _ _0.5kn__ Y9 0.5 1 £0-5kn
0 2L LAV Rt VA
qr+1(8¢0° az) q1(sff, az) 0. 5\/7 vN
R 0.5 ~ 05VN

= qrt1(s0,a2) = e ﬁeo-f’kn = N & 0ok

g2s  This also holds for k¥ = 0 (as shown above). Hence, the losses suffered by OMD on the right part of
g2g the MDP are

K K
0.5V N
D ar(stt, az)ex (st az) Z

= f+eo5kn

K+1 K+1 0.5
0.5V N 0.5¢0-51
—————dzr =05K — J B —;
1 VN +e0omz VN + e0-5me

1 K+1
=0.5K — [flog(\/ﬁ-i- 60'5’”)]
7 1
1 1
= 0.5K — = log(VN + 51K+ o Zlog(v/N + €%57)
n n
1 1
> 0.5K — = log(2e%°E+DY 4 ZlogV/N assuming VN < 02K+
n n
1 1
=0.5K —05(K +1)— —log2+ —logN
U 2n

1 N
=—0.5+ — log —.
+ o g
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830 If /N > e0-9(K+1) then we have

VN + €951 )

A/ N + e0-5n(K+1)
e0-5n(K+1) 4 0.57
20.57(K+1) )

1 1 1
0.5K — Elog(\/ﬁ + 0B+ 51og(\/ﬁ +e09) = 05K + %log(

1
> 05K + - log(
7

1 1 —0.5nK
> 05K + - log(L)
n 2

> 0.25K,

0.5Kx
1+e > 670.25K:v

831 using that since cosh(z) = 1. So we have

K 1. N
Z R (58, an)en (s, az) > min{fO.S +5-log . 0.25K}. %)
= n

g2 Combining the losses from the left part in (6) and from the right part in (7), we have:

K
Z<qu70k> = Z {Qk(soLaal)Ck(SoL,al) + %(857@)%(357@2)} + ) {Qk(sézy(h)ck(sé%’cb)}
k=1 k=1
> 0.25K + 2. {2 1}+ {- 05+—1 025}(}
T min 55 min og —

833 Regret lower-bound: consider ¢, defined as follows:

834 * ¢(sg,a) =1/2foralla e A

835 o Q*(s(%7a’2) :1/2’ q*(sgval) =0

836 * qu(sh,a) =1/4foralla e A

837 o ¢ (st a1) =1/2, ¢ (58, a2) = 0, ¢ (sF,a) = 0
838 * qu(sf,a) =1/4forallac A

839 It is straightforward to check that ¢, satisfies the flow constraints and is an occupancy measure. We
840 obtain

K K
Z<Q*7 Ck> = Z {Q* 50 ,CL2 } =0.25K
k=1

— Ry > i — uy Cy = IZ mln{;7 ;}—i-min{ 05+—10gN 025K}

1 /1 N K
> min{ =4/ — —, =t —0.5.
mm{2 10K10g4,32} 0.5

841 Recalling that N = S — 5, we have Rx = Q(min{/K log S, K'}) for an MDP where the sparsity
g2 level is M = 3, concluding the proof. O
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ss B Efficient implementation of OMD using our regularizer

844 In this section, we describe how the OMD update with our regularizer from Section [4] defined in
845 can be computed efficiently. This closely follows Appendix B.1 of [24]], who provide a similar
ss6  description for the negative entropy.

847 Recall the regularizer 1, (q) = pYl.cs Dues 4(s,a) TP — p for g € RL,. We have

Vi(q) = (p+1) - q(s,a)V7.

ss¢ The Bregman divergence is defined as:
Dy, (0:4') = ¥p(a) = ¥u(q") = {Vu(d) g — )
S {ws,aw <>}

seS acA
2 Z{ s, (Z l/p ) _ q/(s’a)1+1/p}

seS ae A

= Z Z{ s,a) 1+1/p +q(s,a) - [p~q(s,a)1/p —(p+1)- q/(s,a)up]}

seS acA
ss9  Recall that OMD with the above regularizer computes the occupancy measures as follows - see (I)):
q1 = argmin,(q), Qkt+1 = arg min{n {q,cr) + Dy, (q, Qk)} -
qeA(T) qeA(T)

850 As shown in [20] (Theorem 6.15), each of these steps can be split into an unconstrained minimization
851  step, and a projection step. Thus, g1 can be computed as follows

¢y = argmin ,(q)
q€RL,

q1 = argmin Dy, (q,q}),
qeA(T)

82 where ¢f has a closed-from solution ¢/ (s,a) = 1 for every s € § and a € A. Similarly, i1 is
853 computed as follows forevery k = 1,..., K — 1:

Qo1 = aTg min{n (g, cr) + Dy, (g, Qk)}
qERl;O
k+1 = argmin Dy, (q, @ 41),
qeA(T)
p
g5¢ where again ¢, , has a closed-from solution ¢;,_ (s, a) = [qk(s a)l/r — srrck(s, a)] for every
+

gs5 s €S and a € A (follows from straightforwardly differentiating above objective and setting to 0 and
ss6 accounting for the non-negativity of occupancy measures) - we use notation a, = maX{O, a}.

857 For the projection step, we start by formulating it as a constrained convex optimization problem:

min Dy (¢, qp41) st Z Z Z (s's,a)q(s’,a’) = I{s = s} VseS

T
q€R aeA s’eS a’e A
> S aloa) <7
s€S ae A

q(s,a) =0 V(s,a) € S x A.

sse  The problem can be solved by considering the Lagrangian with Lagrange multipliers A and {v(s) } s

£(a. A 0) = Dy, (@,020) + A( D) D als,a) = T) + P o(s) (X Plsls’saals' ') + I{s = so} = Y a(s,0))

seS ac A

= Dy (¢, Qs1) + Z Z q(s,a) ()\ + Z P(s'|s,a)v(s’) — v(s)) +v(sg) — AT,

seS ac A s'eS
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5o Differentiating the Lagrangian with respect to any ¢(s, a) and setting to 0, we get

PL20) G a)(5,0) = Vi )(5,0) + A+ D) Pl a)ols') o)
%4(s, a) ves
= (p+1)q(s,a)"? — (p + 1)g}1(5,0) P + X + 2 P(s'|s,a)v(s’) —v(s) = 0.
s'eS
= qr+1(5,0) = [q;€+1(57a)1/p A Des P(; E»{l)v(s ) — v(s)]i.

g0 This formula is also valid for k¥ = 0 by setting ¢o(s,a) = 0 and ¢o(s,a) = 1 for every s € S and
sst a€ A

sz To compute the value of A and v at the optimum, we write the dual problem D(A, v) = ming £(g, A, v)
863 by substituting g1 back into L:

DA, v) = Dy, (Grs1:Ghsr) + . D, Ges1(s,a) (A + 3 P(s|s,a)v(s’) — v(s)) + v(sg) — AT
S€ES aceA s'eS

P
se4 Recall that ¢ ,(s,a) = [qk (5,a)'/P — Srrck(s, a)] , so (ignoring terms independent of \, v, e.g.
+

865 (. 1(5,0)):

Dy, (Ghi1,Ghs1) = D, {qﬁm(s, a)""P 4 gy (s,a) - [pare(s,a)'P = (p+ D)ghoq (s, a)l/”]}

seS ae A
A+ Syes P(s'|s, a)o(s') — v(s)
205 ) [p(dhon (a1 — 2 Do
seSae.A{ [ ( P+ 1 >+

— (p+ Vehi (s:0) ]}

= 3 S ki (5.0) - [p(dhg (5,0)1V7 — A res DI R — 00)y

seS ae A p+1

— (P + 1)qj 41 (s, a)l/p]} since if g;+1(s, a) = 0, then the whole term is 0

=3 Yol 0 [~ s.0)7 = (4 X P s apu(s) —ols) |

S aea ves
— D(Aw)oc;s;{qml(sya) s @ = T (0 25 P(s'|s,a)u(s') — v(s))
+ (A + ZS P(s'|s,a)v(s') — v(s))]} +u(sg) — AT
5 S e [ 4 D P )
== >0 2 akra(s,0) TP u(sg) = AT
S acA
- ;%[q;+l(s, oy — At 2ises P(«;’E,la)v(#) - v(s)]iﬂ) +o(s0) - AT,

ss6 Maximizing the dual gives A and v or equivalently, we can minimize the negation of the dual:

1/p _ A Dves P(|s,a)v(s") — U(s)]1+p
p+1 4

Ak+1, Vg1 = arg min Z Z [qﬁHI(S, a) —v(sg) + AT.

AZ0v g acA

s67 This is a convex optimization problem subject only to non-negativity constraints, and can be efficiently
ges  solved using iterative methods ( e.g. gradient descent).
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Algorithm 1 Sparse-Agnostic Mirror Descent
Input: T, K, D
Initialize: p < log 22T, 7 « A/pT*1/P/(pDK22/P), m « 1, q; « arg mingea () ¥p(q)
fork=1,...,K do
Play ¢ and Observe ¢y,
if |cillo < m then
Qr+1 = argmingea . {q, cx) + Dy, (q, cx)
else
m « [log, logs ek o]
p—log22"T
0 /pI 1/ (pDK22/P)
Q41 < ArgMilgea () Vp(q)
end if
end for

ss9 C The benefits of sparsity - upper bounds

s70  We restate the main theorem proved in Section ]

871 Theorem 4.1. Consider OMD with 1), as regularizer. If T is such that g« € A(T), n = 4/ %,
sz p=1+log(TM), then E[Rg] < (9(« /DKT 1og(MT)).

873 We include the missing details from the proof given in Sectiond] First, recall from (@) that

Up(q) = p- (—1 + HQHiﬂfi) =p (—1 +Y |q(s,a)|1+1/P>

seS ace A
= 5;/2’;??) = (p+ q(s,a)'’?
029 1 _
— aq(sI:Elq))2 - <1 " E)q(s’a)l/p 1

= Viip(q) = (p + 1)q1/p, V2wp(q) = diag(]%lql/p—l)

874 We implicitly assumed here that 1, is defined on Rgo. The missing details are:

875 * 1), satisfies the condition (2) with o = 1:

V(@) € | Vp(a0), Vip(ar) —nex | — ¢"7(s,a) < 47 (s,0)
1 > 1
q(s,a) qk(sva)
1 1

— =
T (s,a) g

= VQ?/’p((Z) = VQl/Jp(Qk)-

—

s,a)

876 s V2¢,(q)~t = diag (ﬁql’l/p) : follows directly from the expression for V24, (¢) above.

877 We now turn to the description of the parameter-free algorithm and the proof of its corresponding
s78  regret bound (Theorem [4.3).

g79  For the unknown sparsity level, we use the same approach as in [16]], which divides the episode
880 horizon into segments, where each segment will run OMD from scratch with an increasing sparsity
ss1  level guess. By definition M = maxyc(x|ck o is the higher sparsity level of the cost vectors. Now
sz let B = [log, log, M, 7(0) = O thenfor1 < b < B:

7(8) = min {1 <k < K |leglo > 2%’} and 7(B) = K.
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Algorithm 2 Fully Parameter-Free Online Mirror Descent for Sparse SSPs

log N+/b(j)

Define j, = [log, T”ﬂ(sO) — 1,b(j) = 2049 N = [log, K| — jo, 1y = | a5

N
Define 1/, (p )_Zg 1 7, p(j)log p(j)
Initialize: p; € Ay, such that p(j) = - N,Vj #1

Initialize: NV instances of Algonthml 1} with j—th instance T" = b(j)
fork=1,...,Kdo

Obtain occupancy measures qi for j € [N]

Sample jj, ~ pi, execute policy induced by ¢;*

Receive ¢, and send it to all instances.

Compute (1, (5) = {q¥, ck), ar(4) = 4n; 02 (5)

Update py+1 = argmingcn  {p, l + ax) + Dy, (D, pr)
end for

This essentially says that 7(b) is the first episode in which the sparsity level of the loss vector exceeds
2. Then we denote by, = min {b < 1|7(b) < k}, which is the index of the only episode k belongs
to. Therefore we partition the horizon [K] as intervals (I(b))pe[p1:

_ fIr(®) +1,7(b)] ifT(b—1) <7(b)
1(v) = {@' ifr(b—1) = 7(b)
Now we define: .
p(b) =log2* T
b T1+1/p(b)
77(5) = pl();(QZb/p(b) :

We consider mirror descent updates with our regularizer:
1+1/p(b
Yo (@) = p) (<1 + Il 112G

then each mirror descent instance is defined by:

qt:Vd);(bt) n(be) Z |, k=1,...,K.
K <k, k'€l (bs)

Lemma C.1. Running Algorithm Algorithm|l|guarantees:

o («/DTK log(TM) + BMy/ DTIO;‘((TM)>

Proof. On the time interval I(b), we run OMD with regularizer 1/,,;, learning rate n(b) and we
consider the interval regret R(b). Therefore, by the previous result, we see that the Penalty term is:

Uy (@6) — Yy (@) < p(O)] g TP < p(o)T H1/P ()

While for the Stability term:

k3, g1 = 10) D Y erls,a) =P gy(s,a)' 120
kel(b) s,a

= Z ch s,a)'™ 1/W’)qk(s a)'™ 1/p(b) +n(b ZCT ) (8,a) 1/p®) g ) (s,a)

kel(b) s
k<T7(b)

28
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1-1/p(b)

1-1/p(b)
<n(b) Z 2 (212” 2 e (s, a)qr (s, a)> +n(b)7(b) (7.(1()) Z Cr(b) (s, a)qr(v) (s, a))

kel (b) s,a
k<T1(b)
< n(b) Z 22" /P®) (¢ g )1 /PO) 4 n(®)MPON e, 4, qr )t PO
kelI(b)
k<T(b)
b
< n(b) Z 22"/P®) max {(ex, quy, 1} + n(0) M PP max {{c, 4y, 7)), 1}
kel(b)
k<7(b)
b
< n(b) Z 2? /p(b)(@k, qey+ 1) + n(b)Ml/p(b)(<CT(b)a qrpy) + 1)
kel (b)
k<7(b)
b b
=n®) Y. 27O ek, gy + n(b)(Irw) — 1)22 PO+ () MYPO) 4 (b)) MOV 1), - )
kelI(b)
k<Tt(b)
894 Therefore
T1+1/p(b) b b
Z {qk = Qrr Cr) < p(b)T + n(b) Z 2270 (e > + n(b) (L) — 1)2 /p()
kel (b) N kel (b)
k<7(b)
+n(0)MPO 4 (o) MY e, a7y
T 2 /p(b) 1/p(b)
— D gk = Grrs k) + (Crp) Gr(v) < P(b)T +0(0) (L) — 1)27 P + n(b)M /P
kel (b) N
k<t(b)
b
+(0)227PO N Lo, gy + nO) MY ey, qr )
keI(b)
k<T(b)
rree) 2 /p(b) 1/p(b)
b
+4n(0)22 PO N op, gre) + ) MYPO e, g
keI(b)
k<T7(b)
T1+1/p(b) b
+4n(1)22 PO 1 D + 4n(b)MPO D
. /p(b)
go5s Tuning n(b) = pig’;g;;p(b)b :

DT+1/p(6)22°/p(b) p(b) Dp(b)T1+1/p(®)
b b/p(b 1/p(b), [ PO)L "7
Ry (b) < 4\/KDT1+1/1’( )p(b)22/p() 4 4[T(b)\/ IR +4MLP T
DT log(T22" DT log(T22°
< 4/ K DT log(T22") + 41,4, % +AM %
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896 Note that:
log(22") < 21°82108: M+1 155 o
= log 2 exp(log (2082 1082 M+1y)
= log 2 exp((log, logy M + 1)log2)

= 2log 2 exp((log, log, M)
= 2log2log M < 2log M

g7 And therefore log(T22b) < 2log(TM).

B
= 31 10) < 3100/ K0T g(122) + 1,0\ PRI 4 31y PTATED
5 5
Z\/W \/72 log 22b +4M\/72\/7

sess  Now ignoring log log terms and knowing that Zszl (b)) = K:

DT
K < 4B+/KDTlog(TM) + 4/ DTK log(T2%") + AM\ | —=B+/log(TM

<0 («/DKTlog(TM) + BM DTIOg(TM))

K

899 O

900 We now turn our attention to the unknown hitting time of the optimal policy 7%, where we can exploit
901 the same technique presented in [§].

902 We will therefore run N ~ log K instances of Algorithm [T| where the j-th instance will set its
903 parameter T as b(j) which is roughly 27, so that there always exists an instance j, such that b(j,) is
904 very close to the unknown 7.

905 We will therefore run a scale invariant meta algorithm with a correction term as in [8]] to obtain the
906 desired bound (details in Algorithm [2).
907 Theorem 4.3. Forany T, > B, K > MT, Algorzthml guarantees:

E[Rx] <O ( DT, K log(T, M) + BM«/%(T*M) +/DT.K log N«/T*> :

908 where B = [log,log, M| and N = O (log K).

909 Proof. We start with a regret decomposition into the regret of the meta algorithm w.rt. finding j, and
910 the regret of the j, instance w.rt. the best policy:

=
=
ol

|

=
1=
M=

bl
Il
—

<.
Il

Pr(J <qk, k) — Z (G Ck>]

1

é
D=
=

bl
Il
—

<
Il

K
pr(3){al,y cx) — <Qi*,ck>] +E lz (g — Qi*,ck->]
k=1

=1
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K K )
=E [Z@k(j) - 6%61&1 +E l2<q2 - qf;,c;&}
k=1 h=1

Meta-Regret J»— Regret

911 where e;, is the basis vector with the j, coordinate equal to 1. By Lemma the j,—Regret is
o2 bounded by a O <\/DTK log(b(j.)M) + BM /W) where b(j,) = O(T%).

913 This also allows to say that:

K
E l2<qi*,ck>1 [Zm ck>] 1o (wnm log(6(j.) ) + BM\/ DO losbls.) M )>
k=1

k=1
E l2<qwf,ck> 0 <\/DTK log(b(j,) M) + BM\/ Db(j) 10§(6(J*)M ))
k=1

<DK +0 <\/DTKlog(b(j*)M) n BM\/Db(J}) log(b(j*)M)> .

K

914 For the meta algorithm regret, we can use Lemma 12 of [8] which guarantees that:

2+1log (N b(j+) K
( b(1)> +4n;,b(54) D {ai s cr)
k=1

K
Dok — €, ) <
k=1 Mj

915 Therefore, when K >

Pr = €000 < O logN =+, T (DK+ DTK log T.M + BM DTIOIg(TM)))
=0 <logN\ﬁ + nj*T*DK) =0 <\/DT*KlogN\/ﬁ)

/—\

ot withn; = % ”l;((j), giving the desired result.
917 [
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D The benefits of sparsity - lower bound under sparsity

In this appendix, we prove our sparse lower bound result from Section[4.2] We first restate the result.
Theorem 4.4. Forany D, T,, K, S, AwithT* > D > 3log S, S(A—1) > 400, K > % log M
and M > 101, there exists an SSP instance with stochastic M-sparse costs, S states and A
actions such that its diameter is D, the expected hitting time of the optimal policy is T™*, and the
expected regret with respect to the randomness of the losses for any learner after K episodes is

E[Rk] = Q(vKT*Dlog M).
Proof. Fix B = [“E22] — 2. Fix N = 2541 > 2 %55~ — £ Fix L — min{M — 1, N - (4 —

)} >4 FxD'=D~B-2T =T, - B~1,withT, > D.

We first describe the SSP instance with stochastic costs. Consider the following MDP M =
(S, A, p, so, g) illustrated in Figure {4 and that we formally define below.

Figure 4: Diagram illustrating MDP construction for the proof of Theorem Details are given
below.

The first part of the states are represented by a binary tree of depth B + 2 and allow us to formerly
consider the N states at the bottom of the tree that matter, while avoiding an assumption on the
existence of a state with A ~ S actions as was done in prior work [8]. Each non-leaf node corresponds
to a state with two actions transitioning (deterministically) to the left or right child respectively. The
total number of nodes in the tree is

B+1

Sloio B <o 1290 151,

=0

2

The total number of leaf nodes is N = 28+1 > % Denote the set of states corresponding to the leaf

nodes by Sy = {51, ey 8 N}. The root node is sg. There is also one additional state denoted by f
(recall that the number of states in the tree is < S — 1).

We consider the same action set across each state: A = {al, iy GA—1,G f}. In the states of the binary
tree where we have only described two actions, we can consider the other actions to remain in the
same state deterministically with O cost.

The transitions and costs are defined as follows:

* For all states and actions in the tree that are not leaves, the transitions are specified above.
The costs are all 0.

» Fors; € S¢:,andaj € A
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- if j = f,then p(f|si,ay) = 1 and cx(s;,ar) = 0.

—-ifje {1 LA—=1}andj+(A—1)-(i—1) < L, thenp(g|s;, a;) = =, p(si|si, a;) =
1 — = and the cost is an independent sample from a Bernoulli distribution at each

eplsode k: cx(sia5) ~ Ber(zT/)

-ifje{l,..,A—1}and j+ (A—1)- (i — 1) > L, then a; is the same as ay, i.e.
p(flsi,a;) = 1 and cx(s;, a;) = 0.

* For f,
- p(g‘faaf) = ﬁ’p(f‘faaf) =1- % andck(fvaf) = 1.
- foralla; € A\{as}, p(f|f,a;) = 1 and ¢k (f, a;) = 0.

Denote the above distribution for ¢ by D. In each episode there are at most L + 1 < M non-zero
costs, ensuring the condition on sparsity is respected.

Fori e {1, .., N }, let A; correspond to the actions in state s; € Sy, which can transition directly to g
and A\ A; corresponds to the actions which deterministically transition to f (e.g. if (A —1)-i < L,
then A; = {al, ey GA—1 }). For any proper policy 7 independent of the stochastically generated costs
in episode k, we have

Eepp[JF(s:)] = Eckm[ 3 7T(a|si)(ck(si,a) n (1 - %)J,:(s,;)) w5 Y W(a\si)]

2 2,
= ; 7(alsy) (Bey~p[enlsia)] + (1~ %)EckND[Jg(si)]) 4D g (a]s:)
- a;iﬂam)(f;, + (1= 5 ) Baen T 50)]) + - (1 - 3 wlals)

— B[] (1 (1) X wlab) - z 3 alals) + 0 (1= 3 nlls)

’

B Yuen, mlals) + D'+ (1= Do, wlalsi))
1= (1= 2) S, lals:)

D' 17 Daca, T(alsi) + 2(1 = DaeA, w(a|si))

2 E S en wals) + (1 Do, wlals))

—— ECk'\/D[J;gT(S’L)] =

=

The optimal policy 7* is the policy that takes actions in the binary tree to reach state s;» and then

7 (aj«|si) = 1ford*, j* = argmin, ;.\ a_1).i<z 2211 cr(si,a;). Wehave J7 (so) = JI (s4+)
and for any k > 1

* 1 *
Jk (Si*) =Ck(81‘*,a]‘*)+ (1*F)Jk (Sz*)
— J7 (s0) = T'Ck(sz‘* aj+)

K
—_ Z Jk 50) Z (six,a+) =T min Z (i, a5).
= — i,j:j+(A=1)-i<L =
Hence,
D' <
!
E i [RK] >— . K-T -E iid [ min Z Ck(sivaj)]
Cl,...,CK 2 Clyeens ck~Dl; ,J:ij+(A=1)4<L

k=1



963

965
966

Mw

D!
/!
=17 (2T’ ~Kf]ECl CK%I,D[Z min
seens jj+A 1)’L<L

o)
D/

R P EA
C1yenCi D zj]+(A 1)1<LZ 27" ok(si:a5)

We now apply Theorem.w1th p=1- TTl/ > 1, d =L > 100 (since S(A —1) > 400 and
>10)andn =K > 8OOT* log M > 400,T log M > 20072 logd We obtain:

Dl
B 2T’) 27"

sup E[Rk]|>E i [Ric| = 0.0QT’\/ K(l -log L — 151"

Cl,...,CK €1, ’CK D

— o(VKT.Dlog M),

since L > M /8. Note that since T, > D, the hitting-time of the fast-policy is D’ + B + 2 = D and
the hitting time of the optimal is 7" + B + 1 = T, as required. This concludes the proof. O
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7 E Lower bound under unknown transitions

968 Theorem 5.1. For any D, K,S,Awith S > 2,A > 16, D > 2 and K > SA, there exists an SSP
969 instance with M = 1, S states and A actions such that its diameter is D and the expected regret for

970 any learner without knowledge of the transitions after K episodes is E[Ry ] = (D\/ SAK )

a
+1 "
G
G
Qn,

Figure 5: base case

971 Proof. The idea is to inject sparsity into the lower bound construction of [25]] and to see if sparsity
o72  helps. Imagine the simple SSP in Figure [5] where at state s, there are A available actions, all
973 with zero cost, while in the state f there is only one deterministic action with unit cost going back
974 to sop. Among them, there exists an action a, such that the transition probabilities are given by:
o5 P(g | so,a) = 5 — €l(a # a.), and consequently, P(f | so,a) = 1 — % + el(a # a.). The cost
976  is therefore only suffered when the selected action transitions to the f state. This will therefore not
977 increase the hitting time of any proper deterministic policy while still inducing the desired sparsity.

978 Clearly, the optimal policy plays a. at every time step to reach the goal as fast as possible and
979 therefore J™ (sg) = D — 1.

980 Now, denote with Nj, the number of steps that the learner spends in s¢ in episode k and N} the
981 number of steps that the learner picks action a, in episode k. Note that [V, is also the total cost that
982 the learner suffers during episode & minus one (since the last transition will not be paid). Thanks to
983 our construction we can still prove Lemma C.1 in [25]] as follows:

Lemma E.1.
E[Ni] —1—J™ = eE [Ny — N{]

Proof.

E [N ]

Il
D18

i)
=

|

V2l
&

-+
Il
—

— SO]

I
~
Jr

D78

!
&L
|

&~
||
N}

Il
[t
+
s
3
&
I

= 50| 8t41 = 80,a1—1 = ax | P[St11 = 50,011 = @]

-+
I
o

ee]
+ Z Pls; = 50| 5t41 = 50, 01—1 # x| P[S¢41 = S0, a1—1 # ]
=2

1\ & 1—c¢
_1+(1_D>2P[St+1_507at1_a*]+<1_ D

t=2

0]
) Plsi41 = S0, at—1 # ]
t=2

984 Rearranging gives:
E[Ni] - D = E[N; — N]

985 Adding and subtracting 1 gives the desired result. O
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986 Hence:

K I K
E[Rk] =Y. Y er(si,ap) — > J™(s0) = E[Ng] =1 — J™ = ¢[N — N*]
k=11:=1 k=1

987 where N = Zszl Njand N* = ZkK=1 N{.. Since we recovered Lemma C.1 in [25] as the starting
988 block of the proof, following the derivation we can lower bound N in expectation and upper bound
989 the expected value of N* to retrieve

990 Lemma E.2 (Theorem C.4 in [23]). Suppose that D > 2, € € (0,1/8) and A > 16, for the problem

991 described above we have:
1 2K
E >eKD | - —2er | —
[Ri] =€ (8 2y " )

992 Now consider the following MDP. Let S be the set of states disregarding g and so. The initial
993 state s has only one action which leads uniformly at random into one of the states s € S, where
9e4 each one has its own optimal action a}. Then the transition distributions are defined P(g | a%, s) =
995 1/D P(s|ak,s) =1—1/D,and P(g|a,s) = (1 —¢)/D, P(s|a,s) = 1— (1 —¢€)/D for any
996 other action a € A\{aX}. Note that for each state, the learner is faced with a simple problem as
997 the one described above. Therefore, we can apply Lemma[E.2]|for each state separately and lower
998 bound the learner’s expected regret the sum of the regrets suffered at each state, which would depend
999 on the number of times each state s € S is visited from the initial state. Since reaching each state
1000 has uniform probability, there are many states (constant fraction) that are chosen ©(K/S) times.
1001 Summing the regret bounds and choosing e, gives the desired bound.

1002 Denote by K; the number of episodes the state s € S is visited:

E[Rx]> ) E [eKsD (; — 2 2?) = EI;D - 262D\/ZZ E [Kg/Q]

sSeS seS
1003 Then:
YE[K] < X VEIKIVEDR = 3 VEIRIVETR - VK] - éﬁ\/ A BE D k2

1004 Leading to:

eKD 2K 1
E > —262DKA|=— > —— DVSAK
(i) = =5 DR\ 57 Z 191 PV7

1005 fore =1/644/SA/K K > SA, concluding the proof. O
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F Lower bound on the maximum of asymmetric zero-mean random walks

We extend the lower bound of [21]] to asymmetric zero-mean random-walks. We consider p > 1/2
because it simplifies the proof below (lower-bounding ¢ by 1 and upper-bounding C' in proof below)
and is what we need in the proof of Sectionin Appendix@] (we use p =1—D/2T*).

Theorem F.1. Fixp € [5,1 — 1]. Consider random walks Z(n) = >, X}, where
Xi - {—p7 wp.1—p
1—p, w.p. p.
Ifn > 200 log d (also ensures thatp < 1 — %) and d = 100. Then,

E[max VAL ] > 0.024/np(1 —p)logd — 1.5.

1<i<d

Proof. We follow the same lines as [21]] who show a special case of the result for p = 1/2. We
generalize it to p > 1/2.

Consider Z("W = >y Xt, arandom-walk of length n, then B,, = Z0M) 4 pn ~ B(n, p), Binomial
distribution with parameters n and p.

F.1 1st part of the proof:

The 1st part of the proof is all about providing a lower bound on IP’(Bn =pn+t— 1) in @) for any
te[l,np+1].

Lemma F.2 (Generalized version of Lemma 4 of [21], Theorem 2 of [18]). Let n, k be integers

satisfying n > 1 and pn < k < n. Define x = % Then B,, ~ B(n, p) satisfies
(-

n—1\ 5 _ 1— ®(x)
P(B, =>k) > k=1/2(1 _ pyn—k+1/2 27 F)
( n ) \/ﬁ<k_1>p ( p) o)
where ¢(z) is the PDF of a standard Normal and ®(x) is the CDF. The proof can be found in [I8]].

Denote D(p,q) = p log B4+ (1—p)log 1%” as the KL-divergence between two Bernoullis.

Lemma F.3 (Generalized version of Theorem 5 of [21]]). Let n, k be integers satisfying n = 1, and
k=pn __ Then B, ~ B(n,p) satisfies

np < k < n. Define x = oo
exp(-nD(%,p)) 1- ()
el/6+/2m ¢(x)

Proof. For k = n, we verify the statement of the theorem directly. The left hand side is IF’(B >
n) = p". The right hand side is smaller because exp{—nD (1, p) } = p™ and for x = ni=E >

p 9
we have 1 ¢<(1> (@) < V2 (seee. g. Section 3.3 in [14]).

For np < k < n, we first bound the binomial coefficient (Z) Stirling’s formula for the factorial [23]]
gives for any n > 1,

P(B, > k) =

27m(ﬁ) < nl < el/12 27?71(2) .
e e

Since 0 < np < k < n — 1, we can use this approximation for k, n and n — k and obtain

n
(0) = &
- n"e "\/2mn
(el 12kke=k\/27k) - (e1/12(n — k)n—ke=(n=k), /21r(n — k))

- (@) ) Vs
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B 61/61\/%17’“(1 jp)”*k eXp{_nD(S’p)} ﬁ

1031 since
P(50) = ios(y) + (1 os(F") = = n() = " (M)
np\* /n(l—p)\n—k o m\k/ m \n—k
— en{nn ()} = (F) - () = (1) ()

1032 Since k > 1, we can write the binomial coefficient as (Zj) = %(2) By Lemma we have

P(B, = k) > \/ﬁ<n B 1>pk1/2(1 _ k2, 1-®(z)

k-1 ()
_ nﬁ N\ k—1/2/1 _  \n—k+1/2 1 —®(z)
“n(gp v o)
1 k n k 1/2( p)n k+1/2 k 1— <I>(a:)
g el/emf — k) pk( —p)n- eXp{‘”D (* )} o)

/ k 1—®(x)
= D R A
61/6\/271- n— \/ exp e n’p) } o(x)
1033 The result follows from 4/ —+ > /- np = 17 fornp<k<n-—1. O

1034 For k = pn + xn, the 2nd-order Taylor approximation of u(z) = D (7’2, p) = D(p +x, p) around 0

1035 1S ﬁz_p). We define ¢ : [fp, 1-— p] — R as the ratio of the divergence and the approximation:

2p(1 —p)

1/1(3”) :D(p+xap) 22

103 In particular, we have that 1 < ¢(z) < % for z € [0,1 — p]. This can be shown using

1037 Taylor’s theorem on u(z): for some z € [0, z],

(2)() 1 1 2 2
u z xr X
D = 2:< )7:
(p+2,p) SR i pysy R M PRI pp——
z? z?
— 5= <Dp+z1) < ) ®
i p) PO S )
1038 since m is increasing on [0, 1 — p).

1039 Lett € [1,np + 1] be a real number. By Lemma and Lemma 1 in [21]] (also Mill’s ratio for
1040 standard Gaussian [2]]), we have

P(B,=pn+t—1)=P(B, > [pn+t—1])

_ exp(—nD(i[p"tf*l],pD -
= 1/6 D) ’ [pn+t—1]—np
cover 7T\/up)n e
- eXp<_nD(p‘nn+t7p)) T
S VT2 = T Y
p(l—p)n
exp(—nD(p + %,p)) -
B el/6:/271 ot + 427
p(l—p)n
1 t, t2 1
— e 1/6 <_7 2. 7) - - 9
coow 2p(1—p)w(n) n/ 2 49 ®
np(1l—p)
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1045

1046

1047

1048
1049

1050

1051
1052

1053

1054

1055

1056

1057

F.2 2nd part of the proof:
We can now turn to the actual proof of the result. Define the event A equal to the case that at least

one of the ZZ-(”) is greater or equal to C'/np(1 — p) log d — 1. We will show this event / threshold
controls the expectation of the maximum. First, we define C' and provide some upper and lower

2loglogd
bounds for it. Denote by f(d) = /2 — =272, then

2loglogd
C(d,n) V2 - lg dg F(d).  (10)
\//(/) p(1— p) logd 0g \/ p(1— p) log,d>

We bound the two factors separately:

oz =/ 220zplload o 1o L(1 _ p] for n > 20072 - logd and so

p(1 —p) 1-p 10
1<w(2)g(z+p)(1—p—z)<(1_ ey (11)

* The function f(d) is as in [21]: decreasing on (1,e°], increasing on [e°, +00), and
limg o f(d) = v/2. Therefore for all d € [5, ),

112 < f(e°) < f(d) < max{f(5),V2} =2

This gives for n > 20012 5 log d,

1.12

< o < < C(d,n) <2 (12)

Since p > 1/2, if n > 20072 logd, then n >
above implies:

Siiega (fd > 8) and n > 2001%’ logd. The

1< Cy/np(l —p)logd < np <np+ 1. (13)

Finally, we bound the quantity of interest:

]E[max VA ] E[ max VA \A_ -P(A) + E[ max Z"|AC] (1-P(A))

1<i<d L1<i<d i L1<i<d

> E| max 27|4| - P(4) + E Z{”>|AC] (11— P(4))

L1<i<d

— E| max 27|A| - P(4) + E[ 22" < O\/np(1 = p)logd — 1] (1= P(A))

L1<i<d

> B[ max 27| - P(4) + B[ 2{"|2{" <0 (1-P(4)) by (@

L1<i<d
> (C/np(1—p)logd — 1) - P(A) + E[Z{”Hzf”) < o] (1= P(4)). (14)
; (n)| z(n) _ 1 200
First, we lower bound E| Z,;"|Z;"’ < 0|. Let 8 — - Forn > Z5= log d,
1_\/wtn(l—pu<n—ln(1—p>J)

205 200+7p 10
we have n > =) = =(=p)p and 3 < 5

Then Lemma 2.2 in [22]] combined with Lemma 8 in [12] give that for Y,, ~ B(n,1 — p):

1
E[Y,|Y, =n(l —p)] <n(l —p)+ By/np(l—p) <n(l—p 90 np(1 — p).

Since B,, = Z™ + pn ~ B(n,p) can be written as n — Y},, we have:

]E[Zf”HZ{") < 0] = E[Bn\Bn < np] —np
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= —Vnp(l-p). (15)
108 Next, we lower-bound P(A):
P(A) = 1 —P(A°)
d
=1- (]P[Zl(n) < Ca/np(l —p)logd — 1])
d
=1—(ﬂfn<np+c nﬂl—@kgd—@)
d
=17< [Bn>np+0 np(lfp)logdfl])
>1—exp|—d-

P[Bn>np+0 np(l—p)logd—l]) sincel —z <e”

-1/6 1 Cy/np(1—p)logdy C%np(1—p)logd
€ / exp(_Zp(lfp)w( n ) b np o

) > using (9) and (13)

>1—exp| —d-
V27 Cy/np(1—p)log d 19
\/np (1-p)
e~V exp (=30 (C/p(1 — p)logd/n) - C2logd)
=1—exp .
671/6(117%2 (C p(lfp)logd/n)
=1—exp
V2mC+/logd + 2

o= 1/6 gl G (1 2i=p1end )
b .
2y/mlogd + 2 > y (12)

2
0ss We now use that ¢~ 5 ¥ (vV2r(-p)logd/n) _ log d by the definition of C'in (10). Hence, we obtain:

~1/6 ~1/6
P(A) > 1 —exp (_elogd) =1—g(d), forg(d)=exp (_elogd>. (16)

>1—exp

(-

<_

(‘d VarCylogd + 2 )
(

<_

2y/mlogd + 2 2¢/mlogd + 2
1060 Putting everything together: we plug (I3) and (I6) into (T4) to get

| max Z?]>(O np(l_p>10gd_1)-(1_g(d>)_99<d> wp(1—p)

1<i<d 9
¢ i_)fg)“ﬂm“_p”%ﬂ_Q%_?“w np(1—p) using (T0)
1/] 2p(1—p) log

2441;4@&¢‘ﬁi@%@@4y-§m@ np(1—p)  using (TT)

10/9
F@I-g) 10 o)\ (- g@)
np(1=p)logd: < 10/9 9 \/k@(d)> 2 10/9

> 0.024/np(1 — p)logd — 1.5,

1061 for d = 100 (we also used that /np(l — p)logd > 2 in the 2nd inequality). This gives the
1062 result. O

40



	Failure of the negative entropy
	Efficient implementation of OMD using our regularizer
	The benefits of sparsity - upper bounds
	The benefits of sparsity - lower bound under sparsity
	Lower bound under unknown transitions
	Lower bound on the maximum of asymmetric zero-mean random walks
	1st part of the proof:
	2nd part of the proof:


