
A Failure of the negative entropy771

In this appendix, we prove our lower bound result for OMD with the negative entropy from Section 3.772

We first restate the result.773

Theorem 3.1. For any S ě 6, there exists an SSP instance with a fixed horizon of 3, sparsity level774

M “ 3, an action space of size A “ 2 and state space of size S such that the regret of OMD775

(1) with negative-entropy regularization and any step-size η ą 0 after K episodes is E rRKs “776

Ω
`

min
␣?

K logS,K
(˘

.777

Proof. Fix K even, S ě 6, A “ 2 and N “ S ´ 5. We first describe the SSP instance. Consider the778

following MDP M “ pS,A, p, s0, gq, where S “
␣

s0, s
L
0 , s

R
0 , s

R
1 , ..., s

R
N , s1

(

and A “
␣

a1, a2
(

.779

The transitions and costs (in each episode k) are defined as:780

• s0: ppsL0 |s0, aq “ ppsR0 |s0, aq “ 1{2 and ckps0, aq “ 0 for all a P A.781

• sL0 : ppsLg |sL0 , aq “ 1 for all a P A and ckpsL0 , a1q “
1`p´1q

k

2 , ckpsL0 , a2q “ 1{2.782

• sR0 : ppsRg |sR0 , a1q “ 1, ppsRi |sR0 , a2q “ 1{N and ckpsR0 , a1q “ 0, ckpsR0 , a2q “ 1 .783

• sRi : ppg|sRi , aq “ 1 and ckpsRi , aq “ 0 for all a P A.784

• sLg : ppg|sLg , aq “ 1 and ckpsLg , aq “ 0 for all a P A.785

• sRg : ppg|sRg , aq “ 1 and ckpsRg , aq “ 0 for all a P A.786

An illustration is given in Figure 3. This SSP instance has a fixed horizon of 3 in the sense that all787

policies have a hitting time of exactly 3 (the states sLg and sRg are added to guarantee this). As a result788

we have that T‹ “ D “ 3. Also note that there are at most 3 state-action pairs that have non-zero789

cost, therefore the sparsity level M “ 3.790

s0start

sL0 sR0

sLg sRg sR1 ¨ ¨ ¨ sRN

g

0.5, 0 0.5, 0

a2,
1
N , 1

a2, 1{2a1,
1`p´1q

t

2
a1, 0

0 0

0

Figure 3: Diagram illustrating MDP construction for the proof of Theorem 3.1. When an action is
not specified for an edge, then both actions give the same transition and cost. If an edge has a number
in black, it is a transition probability; if it does not then the transition is deterministic. The costs are
given in red. The formal description of the MDP is given above.

From Appendix B.1 in [24] (we can ignore the optimization over λ because we are in a fixed horizon791

setting), the update of OMD with negative entropy for any k ě 0 can be computed by solving a792

convex optimization problem:793

qk`1ps, aq “ qkps, aqeB
vk`1
k ps,aq, where Bvkps, aq “ vpsq ´ ηckps, aq ´

ÿ

s1PS
pps1|s, aqvps1q,

vk`1 “ argmin
v

Dkpvq,

Dkpvq “
ÿ

sPS

ÿ

aPA
qkps, aqeB

v
kps,aq ´ vps0q,
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with q0ps, aq “ 1 and c0ps, aq “ 0. This allows us to compute exactly the points played by the794

algorithm on the SSP instance described above, and in turn compute the regret, from which the result795

will follow.796

In the following few pages, we compute the occupancy measures played by OMD with the797

negative entropy on the SSP instance described earlier for all episodes, using the convex798

optimization problem above. We begin by computing expressions for Bvkps, aq in each state:799

• Bvkps0, aq “ vps0q ´ 1
2vpsL0 q ´ 1

2vpsR0 q for all a P A800

• BvkpsL0 , aq “ vpsL0 q ´ ηckpsL0 , aq ´ vpsLg q for all a P A801

• BvkpsLg q “ vpsLg q802

• BvkpsR0 , a1q “ vpsR0 q ´ vpsRg q803

• BvkpsR0 , a2q “ vpsR0 q ´ ηckpsR0 , a2q ´ 1
N

řN
i“1 vpsRi q “ vpsR0 q ´ ηckpsR0 , a2q ´ vpsR1 q804

since by symmetry vpsRi q “ vpsR1 q for all i ě 1 and any v solving the convex optimization805

problem specified in the OMD update.806

• BvkpsRi , aq “ vpsRi q “ vpsR1 q for all a P A807

• BvkpsRg , aq “ vpsRg q for all a P A808

Plugging these into the optimization problem, we obtain (recall the notation qpsq “
ř

aPA qps, aq):809

vk`1 “ argmin
v

Dkpvq “ argmin
v

ÿ

sPS

ÿ

aPA
qkps, aqeB

v
kps,aq ´ vps0q

“ argmin
v

qkps0, a1qevps0q´0.5vpsL0 q´0.5vpsR0 q ` qkps0, a2qevps0q´0.5vpsL0 q´0.5vpsR0 q

` qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ` qkpsL0 , a2qevpsL0 q´ηckpsL0 ,a2q´vpsLg q

` qkpsLg , a1qevpsLg q ` qkpsLg , a2qevpsLg q

` qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsR0 , a2qevpsR0 q´ηckpsR0 ,a2q´vpsR1 q

`

N
ÿ

i“1

!

qkpsRi , a1qevpsR1 q ` qkpsRi , a2qevpsR1 q
)

` qkpsRg , a1qevpsRg q ` qkpsRg , a2qevpsRg q

´ vps0q

“ argmin
v

qkps0qevps0q´0.5vpsL0 q´0.5vpsR0 q

` qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ` qkpsL0 , a2qevpsL0 q´ηckpsL0 ,a2q´vpsLg q

` qkpsLg qevpsLg q

` qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsR0 , a2qevpsR0 q´ηckpsR0 ,a2q´vpsR1 q

`

N
ÿ

i“1

!

qkpsRi qevpsR1 q
)

` qkpsRg qevpsRg q

´ vps0q.

This being a convex optimization problem, it can be solved by differentiating and setting to 0:810

BDkpvq

Bvps0q
“ qkps0qevps0q´0.5vpsL0 q´0.5vpsR0 q ´ 1 “ 0

BDkpvq

BvpsL0 q
“ ´0.5qkps0qevps0q´0.5vpsL0 q´0.5vpsR0 q ` qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ` qkpsL0 , a2qevpsL0 q´ηckpsL0 ,a2q´vpsLg q

“ ´0.5 ` qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ` qkpsL0 , a2qevpsL0 q´ηckpsL0 ,a2q´vpsLg q “ 0
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BDkpvq

BvpsLg q
“ ´qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ´ qkpsL0 , a2qevpsL0 q´ηckpsL0 ,a2q´vpsLg q ` qkpsLg qevpsLg q

“ qkpsLg qevpsLg q ´ 0.5 “ 0

BDkpvq

BvpsR0 q
“ ´0.5qkps0qevps0q´0.5vpsL0 q´0.5vpsR0 q ` qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsR0 , a2qevpsR0 q´ηckpsR0 ,a2q´vpsR1 q

“ ´0.5 ` qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsR0 , a2qevpsR0 q´ηckpsR0 ,a2q´vpsR1 q “ 0

BDkpvq

BvpsR1 q
“ ´qkpsR0 , a2qevpsR0 q´ηckpsR0 ,a2q´vpsR1 q ` evpsR1 q

N
ÿ

i“1

qkpsRi q “ 0

BDkpvq

BvpsRg q
“ ´qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsRg qevpsRg q “ 0.

Let’s look specifically at the case k “ 0 (q0ps, aq “ 1, q0psq “ 2, c0ps, aq “ 0 for all s P S , a P A).811

For the left part of the MDP we have:812

BDkpvq

BvpsL0 q
“ 0 ùñ 2evpsL0 q´vpsLg q “ 0.5 ùñ evpsL0 q “ 0.25evpsLg q

BDkpvq

BvpsLg q
“ 0 ùñ evpsLg q “ 0.25 ùñ evpsL0 q “ 0.252

ùñ q1psL0 , aq “ eB
v
0 psL0 ,aq “

0.252

0.25
“ 0.25, for all a P A.

For the right part of the MDP, we have:813

BDkpvq

BvpsR0 q
“ 0 ùñ evpsR0 q´vpsRg q ` evpsR0 q´vpsR1 q “ 0.5 ùñ evpsR0 q “

0.5

e´vpsRg q ` e´vpsR1 q

BDkpvq

BvpsR1 q
“ 0 ùñ evpsR0 q´vpsR1 q “ 2NevpsR1 q ùñ evpsR1 q “

1
?
2N

e0.5vpsR0 q

BDkpvq

BvpsRg q
“ 0 ùñ evpsR0 q´vpsRg q “ 2evpsRg q ùñ evpsRg q “

1
?
2
e0.5vpsR0 q

ùñ evpsR0 q “
0.5

?
2e´0.5vpsR0 q `

?
2Ne´0.5vpsR0 q

ùñ e0.5vpsR0 q “
0.5

?
2 `

?
2N

ùñ evpsR0 q “
0.25

p
?
2 `

?
2Nq2

ùñ q1psR0 , a1q “ eB
v
0 psR0 ,a1q “ evpsR0 q´vpsRg q “

?
2e0.5vpsR0 q “

0.5

1 `
?
N

q1psR0 , a2q “ eB
v
0 psR0 ,a2q “ evpsR0 q´vpsR1 q “

?
2Ne0.5vpsR0 q “

0.5
?
N

1 `
?
N

q1psR1 , aq “ eB
v
0 psR1 ,aq “ evpsR1 q “

1
?
2N

e0.5vpsR0 q “
0.25

?
Np1 `

?
Nq

q1psRg , aq “ eB
v
0 psRg ,aq “ evpsRg q “

1
?
2
e0.5vpsR0 q “

0.25

1 `
?
N
.

Let’s now look at general k ě 1: Since qk is an occupancy measure, it satisfies the properties of814

the dynamics of the MDP (see the definition of ∆pT q in Section 2) and we have that for any s P S:815
ř

aPA qkps, aq “
ř

s1PS
ř

a1PA pps|s1, a1qqkps1, a1q ` I
␣

s “ s0
(

. In particular, this gives816

• s “ s0: qkps0q “ 1817

• s “ sL0 : qkpsL0 q “ 0.5qkps0q “ 0.5818
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• s “ sLg : qkpsLg q “ qkpsL0 q “ 0.5819

• s “ sR0 : qkpsR0 q “ 0.5qkps0q “ 0.5820

• s “ sRg : qkpsRg q “ qkpsR0 , a1q821

• s “ sR1 : qkpsR1 q “ 1
N qkpsR0 , a2q822

This leads to the following simplifications in the derivatives of Dkpvq:823

BDkpvq

Bvps0q
“ evps0q´0.5vpsL0 q´0.5vpsR0 q ´ 1 “ 0

BDkpvq

BvpsL0 q
“ ´0.5 ` qkpsL0 , a1qevpsL0 q´ηckpsL0 ,a1q´vpsLg q ` p1{2 ´ qkpsL0 , a1qqevpsL0 q´ηckpsL0 ,a2q´vpsLg q “ 0

BDkpvq

BvpsLg q
“ 0.5evpsLg q ´ 0.5 “ 0 ùñ evpsLg q “ 1

BDkpvq

BvpsR0 q
“ ´0.5 ` qkpsR0 , a1qevpsR0 q´vpsRg q ` p1{2 ´ qkpsR0 , a1qqevpsR0 q´η´vpsR1 q “ 0

BDkpvq

BvpsR1 q
“ ´qkpsR0 , a2qevpsR0 q´η´vpsR1 q ` qkpsR0 , a2qevpsR1 q “ 0 ùñ evpsR0 q “ eη`2vpsR1 q

BDkpvq

BvpsRg q
“ ´qkpsR0 , a1qevpsR0 q´vpsRg q ` qkpsR0 , a1qevpsRg q “ 0 ùñ evpsR0 q “ e2vpsRg q.

Left part of the MDP:824

BDkpvq

BvpsL0 q
“ 0 ùñ qkpsL0 , a1qevpsL0 q´η

1`p´1qk

2 ` p0.5 ´ qkpsL0 , a1qqevpsL0 q´0.5η “ 0.5

ùñ evpsL0 q “
0.5

qkpsL0 , a1qe´η
1`p´1qk

2 ` p0.5 ´ qkpsL0 , a1qqe´0.5η

k ` 1 “ 2 ùñ evpsL0 q “
0.5

0.25 ` 0.25e´0.5η

ùñ q2psL0 , a1q “ q1psL0 , a1qeB
v
1 psL0 ,a1q “ 0.25evpsL0 q´vpsLg q “

0.5

1 ` e´0.5η

k ` 1 “ 3 ùñ evpsL0 q “
0.5

q1psL0 , a1qe´η ` p0.5 ´ q1psL0 , a1qqe´0.5η

ùñ evpsL0 q “
0.5

0.5
1`e´0.5η e´η ` 0.5e´0.5η

1`e´0.5η e´0.5η
“ 0.25

eη

q2psL0 , a1q

ùñ q3psL0 , a1q “ q2psL0 , a1qevpsL0 q´η´vpsLg q “ 0.25

k even ùñ qkpsL0 , a1q “
0.5

1 ` e´0.5η

k odd ùñ qkpsL0 , a1q “ 0.25,

where the last two lines follow by a straightforward induction. Hence the losses suffered by OMD on825

the left part of the MDP are:826

K
ÿ

k“1

!

qkpsL0 , a1qckpsL0 , a1q ` qkpsL0 , a2qckpsL0 , a2q

)

“

K
ÿ

k“1

!

qkpsL0 , a1q ¨
1 ` p´1qk

2
` 0.5 ¨ p0.5 ´ qkpsL0 , a1qq

)

“

K
ÿ

k“1

!

qkpsL0 , a1q ¨
p´1qk

2
` 0.25

)

“ 0.25K ` 0.5

K{2
ÿ

t“1

!

q2tps
L
0 , a1q ´ q2t´1psL0 , a1q

)
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“ 0.25K ` 0.5

K{2
ÿ

t“1

! 0.5

1 ` e´0.5η
´ 0.25

)

“ 0.25K ` 0.5
K

2

0.5 ´ 0.25 ´ 0.25e´0.5η

1 ` e´0.5η

“ 0.25K `
K

16
¨
1 ´ e´0.5η

1 ` e´0.5η

“ 0.25K `
K

16
¨ min

!η

5
,
1

2

)

. (6)

Right part of the MDP:827

BDkpvq

BvpsR0 q
“ 0 ùñ evpsR0 q “

0.5

qkpsR0 , a1qe´vpsRg q ` p1{2 ´ qkpsR0 , a1qqe´η´vpsR1 q

BDkpvq

BvpsR1 q
“ 0 ùñ vpsR0 q “ η ` 2vpsR1 q

BDkpvq

BvpsRg q
“ 0 ùñ vpsR0 q “ vpsRg q

ùñ evpsR0 q “
0.5

qkpsR0 , a1qe´0.5vpsR0 q ` p1{2 ´ qkpsR0 , a1qqe´η´0.5vpsR0 q`0.5η

ùñ e0.5vpsR0 q “
0.5

qkpsR0 , a1q ` p1{2 ´ qkpsR0 , a1qqe´0.5η
“

0.5

qkpsR0 , a1q ` qkpsR0 , a2qe´0.5η

ùñ qk`1psR0 , a1q “ qkpsR0 , a1qeB
v
kpsR0 ,a1q “ qkpsR0 , a1qevpsR0 q´vpsRg q “ qkpsR0 , a1qe0.5vpsR0 q

ùñ qk`1psR0 , a1q “ 0.5
qkpsR0 , a1q

qkpsR0 , a1q ` p1{2 ´ qkpsR0 , a1qqe´0.5η

ùñ
qk`1psR0 , a1q

qk`1psR0 , a2q
“

qk`1psR0 , a1q

p1{2 ´ qk`1psR0 , a1qq
“

qkpsR0 , a1q

p1{2 ´ qkpsR0 , a1qqe´0.5η
“ e0.5η

qkpsR0 , a1q

qkpsR0 , a2q

ùñ
qk`1psR0 , a1q

qk`1psR0 , a2q
“ e0.5kη

q1psR0 , a1q

q1psR0 , a2q
“ e0.5kη

0.5

0.5
?
N

“
1

?
N
e0.5kη

ùñ qk`1psR0 , a2q “
0.5

1 ` 1?
N
e0.5kη

“
0.5

?
N

?
N ` e0.5ηk

.

This also holds for k “ 0 (as shown above). Hence, the losses suffered by OMD on the right part of828

the MDP are829

K
ÿ

k“1

qkpsR0 , a2qckpsR0 , a2q “

K
ÿ

k“1

0.5
?
N

?
N ` e0.5kη

ě

ż K`1

1

0.5
?
N

?
N ` e0.5ηx

dx “ 0.5K ´

ż K`1

1

0.5e0.5ηx
?
N ` e0.5ηx

dx

“ 0.5K ´

”1

η
logp

?
N ` e0.5ηxq

ıK`1

1

“ 0.5K ´
1

η
logp

?
N ` e0.5ηpK`1qq `

1

η
logp

?
N ` e0.5ηq

ě 0.5K ´
1

η
logp2e0.5ηpK`1qq `

1

η
log

?
N assuming

?
N ď e0.5ηpK`1q

“ 0.5K ´ 0.5pK ` 1q ´
1

η
log 2 `

1

2η
logN

“ ´0.5 `
1

2η
log

N

4
.
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If
?
N ą e0.5ηpK`1q, then we have830

0.5K ´
1

η
logp

?
N ` e0.5ηpK`1qq `

1

η
logp

?
N ` e0.5ηq “ 0.5K `

1

η
log

´

?
N ` e0.5η

?
N ` e0.5ηpK`1q

¯

ě 0.5K `
1

η
log

´e0.5ηpK`1q ` e0.5η

2e0.5ηpK`1q

¯

ě 0.5K `
1

η
log

´1 ` e´0.5ηK

2

¯

ě 0.25K,

using that 1`e´0.5Kx

2 ě e´0.25Kx since coshpxq ě 1. So we have831

K
ÿ

k“1

qkpsR0 , a2qckpsR0 , a2q ě min
!

´0.5 `
1

2η
log

N

4
, 0.25K

)

. (7)

Combining the losses from the left part in (6) and from the right part in (7), we have:832

K
ÿ

k“1

xqk, cky “

K
ÿ

k“1

!

qkpsL0 , a1qckpsL0 , a1q ` qkpsL0 , a2qckpsL0 , a2q

)

`

K
ÿ

k“1

!

qkpsR0 , a2qckpsR0 , a2q

)

ě 0.25K `
K

16
¨ min

!η

5
,
1

2

)

` min
!

´0.5 `
1

2η
log

N

4
, 0.25K

)

.

Regret lower-bound: consider q‹ defined as follows:833

• q‹ps0, aq “ 1{2 for all a P A834

• q‹psL0 , a2q “ 1{2, q‹psL0 , a1q “ 0835

• q‹psLg , aq “ 1{4 for all a P A836

• q‹psR0 , a1q “ 1{2, q‹psR0 , a2q “ 0, q‹psRi , aq “ 0837

• q‹psRg , aq “ 1{4 for all a P A838

It is straightforward to check that q‹ satisfies the flow constraints and is an occupancy measure. We839

obtain840

K
ÿ

k“1

xq‹, cky “

K
ÿ

k“1

!

q‹psL0 , a2q ¨ 0.5
)

“ 0.25K

ùñ RK ě

K
ÿ

k“1

xqk ´ q‹, cky ě
K

16
¨ min

!η

5
,
1

2

)

` min
!

´0.5 `
1

2η
log

N

4
, 0.25K

)

ě min
!1

2

c

1

10
K log

N

4
,
K

32

)

´ 0.5.

Recalling that N “ S ´ 5, we have RK “ Ω
`

min
␣?

K logS,K
(˘

for an MDP where the sparsity841

level is M “ 3, concluding the proof.842
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B Efficient implementation of OMD using our regularizer843

In this section, we describe how the OMD update with our regularizer from Section 4 defined in844

(4) can be computed efficiently. This closely follows Appendix B.1 of [24], who provide a similar845

description for the negative entropy.846

Recall the regularizer ψppqq “ p
ř

sPS
ř

aPA qps, aq1`1{p ´ p for q P RΓ
ě0. We have847

∇ψppqq “ pp` 1q ¨ qps, aq1{p.

The Bregman divergence is defined as:848

Dψppq, q1q “ ψppqq ´ ψppq1q ´ x∇ψppq1q, q ´ q1y

“
ÿ

sPS

ÿ

aPA

!

p ¨ qps, aq1`1{p ´ p ¨ q1ps, aq1`1{p
)

´ pp` 1q
ÿ

sPS

ÿ

aPA

!

q1ps, aq1{pqps, aq ´ q1ps, aq1`1{p
)

“
ÿ

sPS

ÿ

aPA

!

q1ps, aq1`1{p ` qps, aq ¨
“

p ¨ qps, aq1{p ´ pp` 1q ¨ q1ps, aq1{p
‰

)

.

Recall that OMD with the above regularizer computes the occupancy measures as follows - see (1):849

q1 “ argmin
qP∆pT q

ψppqq, qk`1 “ argmin
qP∆pT q

!

η ¨ xq, cky `Dψp
pq, qkq

)

.

As shown in [20] (Theorem 6.15), each of these steps can be split into an unconstrained minimization850

step, and a projection step. Thus, q1 can be computed as follows851

q1
1 “ argmin

qPRΓ
ě0

ψppqq

q1 “ argmin
qP∆pT q

Dψp
pq, q1

1q,

where q1
1 has a closed-from solution q1

1ps, aq “ 1 for every s P S and a P A. Similarly, qk`1 is852

computed as follows for every k “ 1, ...,K ´ 1:853

q1
k`1 “ argmin

qPRΓ
ě0

!

η ¨ xq, cky `Dψppq, qkq

)

qk`1 “ argmin
qP∆pT q

Dψp
pq, q1

k`1q,

where again q1
k`1 has a closed-from solution q1

k`1ps, aq “

”

qkps, aq1{p ´
η
p`1ckps, aq

ıp

`
for every854

s P S and a P A (follows from straightforwardly differentiating above objective and setting to 0 and855

accounting for the non-negativity of occupancy measures) - we use notation a` “ max
␣

0, a
(

.856

For the projection step, we start by formulating it as a constrained convex optimization problem:857

min
qPRΓ

Dψp
pq, q1

k`1q s.t.
ÿ

aPA
qps, aq ´

ÿ

s1PS

ÿ

a1PA
P ps1|s, aqqps1, a1q “ I

␣

s “ s0
(

@s P S
ÿ

sPS

ÿ

aPA
qps, aq ď T

qps, aq ě 0 @ps, aq P S ˆ A.

The problem can be solved by considering the Lagrangian with Lagrange multipliers λ and
␣

vpsq
(

sPS :858

Lpq, λ, vq “ Dψp
pq, q1

k`1q ` λ
´

ÿ

sPS

ÿ

aPA
qps, aq ´ T

¯

`
ÿ

s

vpsq
´

ÿ

s1,a1

P ps|s1, a1qqps1, a1q ` I
␣

s “ s0
(

´
ÿ

a

qps, aq

¯

“ Dψp
pq, q1

k`1q `
ÿ

sPS

ÿ

aPA
qps, aq

´

λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

¯

` vps0q ´ λT,

25



Differentiating the Lagrangian with respect to any qps, aq and setting to 0, we get859

BLpq, λ, vq

Bqps, aq
“ ∇ψppqqps, aq ´ ∇ψppq1

k`1qps, aq ` λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

“ pp` 1qqps, aq1{p ´ pp` 1qq1
k`1ps, aq1{p ` λ`

ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq “ 0.

ùñ qk`1ps, aq “

”

q1
k`1ps, aq1{p ´

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

ıp

`
.

This formula is also valid for k “ 0 by setting c0ps, aq “ 0 and q0ps, aq “ 1 for every s P S and860

a P A.861

To compute the value of λ and v at the optimum, we write the dual problem Dpλ, vq “ minq Lpq, λ, vq862

by substituting qk`1 back into L:863

Dpλ, vq “ Dψp
pqk`1, q

1
k`1q `

ÿ

sPS

ÿ

aPA
qk`1ps, aq

´

λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

¯

` vps0q ´ λT.

Recall that q1
k`1ps, aq “

”

qkps, aq1{p ´
η
p`1ckps, aq

ıp

`
, so (ignoring terms independent of λ, v, e.g.864

q1
k`1ps, aq):865

Dψppqk`1, q
1
k`1q “

ÿ

sPS

ÿ

aPA

!

q1
k`1ps, aq1`1{p ` qk`1ps, aq ¨

“

pqk`1ps, aq1{p ´ pp` 1qq1
k`1ps, aq1{p

‰

)

9
ÿ

sPS

ÿ

aPA

!

qk`1ps, aq ¨

”

p
´

q1
k`1ps, aq1{p ´

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

¯

`

´ pp` 1qq1
k`1ps, aq1{p

ı)

“
ÿ

sPS

ÿ

aPA

!

qk`1ps, aq ¨

”

p
´

q1
k`1ps, aq1{p ´

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

¯

´ pp` 1qq1
k`1ps, aq1{p

ı)

since if qk`1ps, aq “ 0, then the whole term is 0

“
ÿ

sPS

ÿ

aPA

!

qk`1ps, aq ¨

”

´q1
k`1ps, aq1{p ´

p

p` 1

`

λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

˘

ı)

ùñ Dpλ, vq9
ÿ

sPS

ÿ

aPA

!

qk`1ps, aq ¨

”

´q1
k`1ps, aq1{p ´

p

p` 1

`

λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

˘

`
`

λ`
ÿ

s1PS
P ps1|s, aqvps1q ´ vpsq

˘

ı)

` vps0q ´ λT

“
ÿ

sPS

ÿ

aPA

!

qk`1ps, aq ¨

”

´q1
k`1ps, aq1{p `

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

ı)

` vps0q ´ λT

“ ´
ÿ

sPS

ÿ

aPA
qk`1ps, aq1`1{p ` vps0q ´ λT

“ ´
ÿ

sPS

ÿ

aPA

”

q1
k`1ps, aq1{p ´

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

ı1`p

`
` vps0q ´ λT.

Maximizing the dual gives λ and v or equivalently, we can minimize the negation of the dual:866

λk`1, vk`1 “ argmin
λě0,v

ÿ

sPS

ÿ

aPA

”

q1
k`1ps, aq1{p ´

λ`
ř

s1PS P ps1|s, aqvps1q ´ vpsq

p` 1

ı1`p

`
´ vps0q ` λT.

This is a convex optimization problem subject only to non-negativity constraints, and can be efficiently867

solved using iterative methods ( e.g. gradient descent).868
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Algorithm 1 Sparse-Agnostic Mirror Descent

Input: T,K,D
Initialize: p Ð log 22T, η Ð

a

pT 1`1{p{ppDK22{pq, m Ð 1, q1 Ð argminqP∆pT q ψppqq

for k “ 1, . . . ,K do
Play qk and Observe ck
if }ck}0 ď m then

qk`1 “ argminqP∆T
xq, cky `Dψp

pq, ckq

else
m Ð rlog2 log2}ck}0s

p Ð log 22
m

T
η Ð

a

pT 1`1{p{ppDK22{pq

qk`1 Ð argminqP∆pT q ψppqq

end if
end for

C The benefits of sparsity - upper bounds869

We restate the main theorem proved in Section 4.870

Theorem 4.1. Consider OMD with ψp as regularizer. If T is such that qπ‹ P ∆pT q, η “

b

2pT 1`1{p

KDM1{p ,871

p “ 1 ` logpTMq, then E rRKs ď O
´

a

DKT logpMT q

¯

.872

We include the missing details from the proof given in Section 4. First, recall from (4) that873

ψppqq “ p ¨

´

´1 ` }q}
1`1{p
1`1{p

¯

“ p ¨

´

´1 `
ÿ

sPS

ÿ

aPA
|qps, aq|1`1{p

¯

ùñ
Bψppqq

Bqps, aq
“ pp` 1qqps, aq1{p

ùñ
B2ψppqq

Bqps, aq2
“

´

1 `
1

p

¯

qps, aq1{p´1

ùñ ∇ψppqq “ pp` 1qq1{p, ∇2ψppqq “ diag
´p` 1

p
q1{p´1

¯

We implicitly assumed here that ψp is defined on RΓ
ě0. The missing details are:874

• ψp satisfies the condition (2) with α “ 1:875

∇ψppqq P

”

∇ψppqkq,∇ψppqkq ´ ηck

ı

ùñ q1{pps, aq ď q
1{p
k ps, aq

ùñ
1

qps, aq
ě

1

qkps, aq

ùñ
1

q1´1{pps, aq
ě

1

q
1´1{p
k ps, aq

ùñ ∇2ψppqq ľ ∇2ψppqkq.

• ∇2ψppqq´1 “ diag
´

p
p`1q

1´1{p
¯

: follows directly from the expression for ∇2ψppqq above.876

We now turn to the description of the parameter-free algorithm and the proof of its corresponding877

regret bound (Theorem 4.3).878

For the unknown sparsity level, we use the same approach as in [16], which divides the episode879

horizon into segments, where each segment will run OMD from scratch with an increasing sparsity880

level guess. By definition M “ maxkPrKs}ck}0 is the higher sparsity level of the cost vectors. Now881

let B “ rlog2 log2M s, τp0q “ 0 then for 1 ď b ď B:882

τpbq “ min
!

1 ď k ď K | }ck}0 ą 22
b
)

and τpBq “ K .
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Algorithm 2 Fully Parameter-Free Online Mirror Descent for Sparse SSPs

Define j0 “ rlog2 T
πf sps0q ´ 1, bpjq “ 2j0`j , N “ rlog2Ks ´ j0, ηj “

c

logN
?
bpjq

bpjqDK

Define ψpppq “
řN
j“1

1
ηj
ppjq log ppjq

Initialize: p1 P ∆N , such that p1pjq “
ηj
η1N

,@j ‰ 1

Initialize: N instances of Algorithm 1, with j´th instance T “ bpjq
for k “ 1, . . . ,K do

Obtain occupancy measures qjk for j P rN s

Sample jk „ pk, execute policy induced by qjkk
Receive ck and send it to all instances.
Compute ℓkpjq “ xqkk , cky, akpjq “ 4ηjℓ

2
kpjq

Update pk`1 “ argminpP∆N
xp, ℓk ` aky `Dψp

pp, pkq

end for

This essentially says that τpbq is the first episode in which the sparsity level of the loss vector exceeds883

2b. Then we denote bk “ min tb ď 1 | τpbq ď ku, which is the index of the only episode k belongs884

to. Therefore we partition the horizon rKs as intervals pIpbqqbPrBs:885

Ipbq “

"

rτpbq ` 1, τpbqs if τpb´ 1q ă τpbq

H if τpb´ 1q “ τpbq

Now we define:886

ppbq “ log 22
b

T
887

ηpbq “

d

ppbqT 1`1{ppbq

DK22b{ppbq
.

We consider mirror descent updates with our regularizer:888

ψppbqpqq “ ppbq
´

´1 ` }q}
1`1{ppbq

1`1{ppbq

¯

,

then each mirror descent instance is defined by:889

qt “ ∇ψ‹
ppbtq

¨

˝ηpbtq
ÿ

k1ăk, k1PIpbtq

ck

˛

‚, k “ 1, . . . ,K .

Lemma C.1. Running Algorithm Algorithm 1 guarantees:890

RK ď O
˜

a

DTK logpTMq `BM

c

DT logpTMq

K

¸

Proof. On the time interval Ipbq, we run OMD with regularizer ψppbq, learning rate ηpbq and we891

consider the interval regret Rpbq. Therefore, by the previous result, we see that the Penalty term is:892

ψppbqpq‹q ´ ψppbqpq1q ď ppbq}q‹}1`1{ppbq ď ppbqT 1`1{ppbq

While for the Stability term:893

}ck}2∇2ψppqkq´1 “ ηpbq
ÿ

kPIpbq

ÿ

s,a

ckps, aq1´1{ppbqqkps, aq1´1{ppbq

“ ηpbq
ÿ

kPIpbq

kăτpbq

ÿ

s,a

ckps, aq1´1{ppbqqkps, aq1´1{ppbq ` ηpbq
ÿ

s,a

cτpbqps, aq1´1{ppbqqτpbqps, aq1´1{ppbq
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ď ηpbq
ÿ

kPIpbq

kăτpbq

22
b

˜

1

22b
ÿ

s,a

ckps, aqqkps, aq

¸1´1{ppbq

` ηpbqτpbq

˜

1

τpbq

ÿ

s,a

cτpbqps, aqqτpbqps, aq

¸1´1{ppbq

ď ηpbq
ÿ

kPIpbq

kăτpbq

22
b

{ppbqxck, qky1´1{ppbq ` ηpbqM1{ppbqxcτpbq, qτpbqy1´1{ppbq

ď ηpbq
ÿ

kPIpbq

kăτpbq

22
b

{ppbq max txck, qky, 1u ` ηpbqM1{ppbq max
␣

xcτpbq, qτpbqy, 1
(

ď ηpbq
ÿ

kPIpbq

kăτpbq

22
b

{ppbqpxck, qky ` 1q ` ηpbqM1{ppbqpxcτpbq, qτpbqy ` 1q

“ ηpbq
ÿ

kPIpbq

kăτpbq

22
b

{ppbqxck, qky ` ηpbqpIτpbq ´ 1q22
b

{ppbq ` ηpbqM1{ppbq ` ηpbqM1{ppbqxcτpbq, qτpbqy

Therefore894

ÿ

kPIpbq

xqk ´ qπ‹ , cky ď ppbq
T 1`1{ppbq

ηpbq
` ηpbq

ÿ

kPIpbq

kăτpbq

22
b

{ppbqxck, qky ` ηpbqpIτpbq ´ 1q22
b

{ppbq

` ηpbqM1{ppbq ` ηpbqM1{ppbqxcτpbq, qτpbqy

ùñ
ÿ

kPIpbq

kăτpbq

xqk ´ qπ‹ , cky ` xcτpbq, qτpbqy ď ppbq
T 1`1{ppbq

ηpbq
` ηpbqpIτpbq ´ 1q22

b
{ppbq ` ηpbqM1{ppbq

` ηpbq22
b

{ppbq
ÿ

kPIpbq

kăτpbq

xck, qky ` ηpbqM1{ppbqxcτpbq, qτpbqy

ùñ RT pbq ď 4ppbq
T 1`1{ppbq

ηpbq
` 4ηpbqpIτpbq ´ 1q22

b
{ppbq ` 4ηpbqM1{ppbq

` 4ηpbq22
b

{ppbq
ÿ

kPIpbq

kăτpbq

xck, qπ‹ y ` 4ηpbqM1{ppbqxcτpbq, qπ‹ y

ùñ RT pbq ď 4ppbq
T 1`1{ppbq

ηpbq
` 4ηpbqIτpbq2

2b{ppbq ` 4ηpbqM1{ppbq

` 4ηpbq22
b

{ppbqIτpbqD ` 4ηpbqM1{ppbqD

Tuning ηpbq “

b

ppbqT 1`1{ppbq

DK22b{ppbq
:895

RT pbq ď 4

b

KDT 1`1{ppbqppbq22b{ppbq ` 4Iτpbq

c

DT 1`1{ppbq22b{ppbqppbq

K
` 4M1{ppbq

d

DppbqT 1`1{ppbq

K22b{ppbq

ď 4

b

KDT logpT22bq ` 4Iτpbq

c

DT logpT22bq

K
` 4M

c

DT logpT22bq

K
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Note that:896

logp22
b

q ď 2log2 log2M`1 log 2

“ log 2 expplogp2log2 log2M`1qq

“ log 2 exppplog2 log2M ` 1q log 2q

“ 2 log 2 exppplog2 log2Mqq

“ 2 log 2 logM ď 2 logM

And therefore logpT22
b

q ď 2 logpTMq.897

RK “

B
ÿ

b“1

Rpbq ď

B
ÿ

b“1

4

b

KDT logpT22bq `

B
ÿ

b“1

4Iτpbq

c

DT logpT22bq

K
`

B
ÿ

b“1

4M

c

DT logpT22bq

K

ď 4
?
KDT

B
ÿ

b“1

b

logpT22bq ` 4

c

DT

K

B
ÿ

b“1

Iτpbq

b

logpT22bq ` 4M

c

DT

K

B
ÿ

b“1

b

logpT22bq

Now ignoring log log terms and knowing that
řB
b“1 Iτ pbq “ K:898

RK ď 4B
a

KDT logpTMq ` 4

b

DTK logpT22bq ` 4M

c

DT

K
B
a

logpTMq

ď O
˜

a

DKT logpTMq `BM

c

DT logpTMq

K

¸

899

We now turn our attention to the unknown hitting time of the optimal policy T‹, where we can exploit900

the same technique presented in [8].901

We will therefore run N « logK instances of Algorithm 1 where the j-th instance will set its902

parameter T as bpjq which is roughly 2j , so that there always exists an instance j‹ such that bpj‹q is903

very close to the unknown T‹.904

We will therefore run a scale invariant meta algorithm with a correction term as in [8] to obtain the905

desired bound (details in Algorithm 2).906

Theorem 4.3. For any T‹ ě B2, K ě MT , Algorithm 2 guarantees:907

E rRKs ď O
˜

a

DT‹K logpT‹Mq `BM

c

DT‹ logpT‹Mq

K
`

b

DT‹K logN
a

T‹

¸

,

where B “ rlog2 log2M s and N “ O plogKq.908

Proof. We start with a regret decomposition into the regret of the meta algorithm w.r.t. finding j‹ and909

the regret of the j‹ instance w.r.t. the best policy:910

E rRKs “ E

«

K
ÿ

k“1

N
ÿ

j“1

pkpjqxqjk, cky ´

K
ÿ

k“1

xq‹
k, cky

ff

“ E

«

K
ÿ

k“1

N
ÿ

j“1

pkpjqxqjk, cky ´ xqj‹

k , cky

ff

` E

«

K
ÿ

k“1

xq‹
k ´ qj‹

k , cky

ff
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“ E

«

K
ÿ

k“1

xpkpjq ´ ej‹
, cky

ff

loooooooooooooomoooooooooooooon

Meta-Regret

`E

«

K
ÿ

k“1

xq‹
k ´ qj‹

k , cky

ff

loooooooooooomoooooooooooon

j‹´ Regret

where ej‹
is the basis vector with the j‹ coordinate equal to 1. By Lemma C.1 the j‹´Regret is911

bounded by a O
ˆ

a

DTK logpbpj‹qMq `BM
b

Dbpj‹q logpbpj‹qMq

K

˙

, where bpj‹q “ ΘpT‹q.912

This also allows to say that:913

E

«

K
ÿ

k“1

xqj‹

k , cky

ff

ď E

«

K
ÿ

k“1

xqπ‹ , cky

ff

` O
˜

a

DTK logpbpj‹qMq `BM

c

Dbpj‹q logpbpj‹qMq

K

¸

ď E

«

K
ÿ

k“1

xqπf
, cky

ff

` O
˜

a

DTK logpbpj‹qMq `BM

c

Dbpj‹q logpbpj‹qMq

K

¸

ď DK ` O
˜

a

DTK logpbpj‹qMq `BM

c

Dbpj‹q logpbpj‹qMq

K

¸

.

For the meta algorithm regret, we can use Lemma 12 of [8] which guarantees that:914

K
ÿ

k“1

xpk ´ ej‹
, cky ď

2 ` log
´

N
b

bpj‹q

bp1q

¯

ηj‹

` 4ηj‹
bpj‹q

K
ÿ

k“1

xqj‹

k , cky .

Therefore, when K ě MT :915

xpk ´ ej‹
, cky ď O

˜

logN
?
T‹

ηj‹

` ηj‹
T‹

˜

DK `
a

DTK log T‹M `BM

c

DT‹ log T‹Mq

K

¸¸

“ O
ˆ

logN
?
T‹

ηj‹

` ηj‹
T‹DK

˙

“ O
ˆ

b

DT‹K logN
a

T‹

˙

with ηj “

c

logN
?
bpjq

bpjqDK , giving the desired result.916

917

31



D The benefits of sparsity - lower bound under sparsity918

In this appendix, we prove our sparse lower bound result from Section 4.2. We first restate the result.919

Theorem 4.4. For any D,T‹,K, S,A with T ‹ ě D ě 3 logS, SpA´ 1q ě 400, K ě 800T ‹

D logM920

and M ě 101, there exists an SSP instance with stochastic M -sparse costs, S states and A921

actions such that its diameter is D, the expected hitting time of the optimal policy is T ‹, and the922

expected regret with respect to the randomness of the losses for any learner after K episodes is923

ErRKs ě Ω
`?
KT ‹D logM

˘

.924

Proof. Fix B “ r
logS{2
log 2 s ´ 2. Fix N “ 2B`1 ě 2

log S{2
log 2 ´1

“ S
4 . Fix L “ min

!

M ´ 1, N ¨ pA ´925

1q

)

ě M
8 . Fix D1 “ D ´B ´ 2, T 1 “ T‹ ´B ´ 1, with T‹ ě D.926

We first describe the SSP instance with stochastic costs. Consider the following MDP M “927

pS,A, p, s0, gq illustrated in Figure 4 and that we formally define below.928

s0

... ...

s1 s2 sN´1 sN

f g

a1 a2

a1 a2 a1 a2

Figure 4: Diagram illustrating MDP construction for the proof of Theorem 4.4. Details are given
below.

The first part of the states are represented by a binary tree of depth B ` 2 and allow us to formerly929

consider the N states at the bottom of the tree that matter, while avoiding an assumption on the930

existence of a state withA « S actions as was done in prior work [8]. Each non-leaf node corresponds931

to a state with two actions transitioning (deterministically) to the left or right child respectively. The932

total number of nodes in the tree is933

B`1
ÿ

i“0

2i “ 2B`2 ´ 1 ď 2
log S{2
log 2 `1

´ 1 “ 2
S

2
´ 1 “ S ´ 1.

The total number of leaf nodes is N “ 2B`1 ě S
4 . Denote the set of states corresponding to the leaf934

nodes by Sℓ “
␣

s1, ..., sN
(

. The root node is s0. There is also one additional state denoted by f935

(recall that the number of states in the tree is ď S ´ 1).936

We consider the same action set across each state: A “
␣

a1, ..., aA´1, af
(

. In the states of the binary937

tree where we have only described two actions, we can consider the other actions to remain in the938

same state deterministically with 0 cost.939

The transitions and costs are defined as follows:940

• For all states and actions in the tree that are not leaves, the transitions are specified above.941

The costs are all 0.942

• For si P Sℓ: , and aj P A943
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– if j “ f , then ppf |si, af q “ 1 and ckpsi, af q “ 0.944

– if j P
␣

1, ..., A´1
(

and j`pA´1q¨pi´1q ď L, then ppg|si, ajq “ 1
T 1 , ppsi|si, ajq “945

1 ´ 1
T 1 and the cost is an independent sample from a Bernoulli distribution at each946

episode k: ckpsi, ajq „ Ber
´

D1

2T 1

¯

.947

– if j P
␣

1, ..., A ´ 1
(

and j ` pA ´ 1q ¨ pi ´ 1q ą L, then aj is the same as af , i.e.948

ppf |si, ajq “ 1 and ckpsi, ajq “ 0.949

• For f ,950

– ppg|f, af q “ 1
D1 , ppf |f, af q “ 1 ´ 1

D1 and ckpf, af q “ 1.951

– for all aj P Az
␣

af
(

, ppf |f, ajq “ 1 and ckpf, ajq “ 0.952

Denote the above distribution for ck by D. In each episode there are at most L` 1 ď M non-zero953

costs, ensuring the condition on sparsity is respected.954

For i P
␣

1, ..., N
(

, let Ai correspond to the actions in state si P SL which can transition directly to g955

and AzAi corresponds to the actions which deterministically transition to f (e.g. if pA´ 1q ¨ i ď L,956

then Ai “
␣

a1, ..., aA´1

(

). For any proper policy π independent of the stochastically generated costs957

in episode k, we have958

Eck„D
“

Jπk psiq
‰

“ Eck„D

”

ÿ

aPAi

πpa|siq
´

ckpsi, aq `

´

1 ´
1

T 1

¯

Jπk psiq
¯

` Jπk pfq
ÿ

aRAi

πpa|siq
ı

“
ÿ

aPAi

πpa|siq
´

Eck„D
“

ckpsi, aq
‰

`

´

1 ´
1

T 1

¯

Eck„D
“

Jπk psiq
‰

¯

`D1 ¨

A
ÿ

aRAi

πpa|siq

“
ÿ

aPAi

πpa|siq
´ D1

2T 1
`

´

1 ´
1

T 1

¯

Eck„D
“

Jπk psiq
‰

¯

`D1 ¨

´

1 ´
ÿ

aPAi

πpa|siq
¯

ùñ Eck„D
“

Jπk psiq
‰

´

1 ´

´

1 ´
1

T 1

¯

ÿ

aPAi

πpa|siq
¯

“
D1

2T 1

ÿ

aPAi

πpa|siq `D1 ¨

´

1 ´
ÿ

aPAi

πpa|siq
¯

ùñ Eck„D
“

Jπk psiq
‰

“

D1

2T 1

ř

aPAi
πpa|siq `D1 ¨

´

1 ´
ř

aPAi
πpa|siq

¯

1 ´

´

1 ´ 1
T 1

¯

ř

aPAi
πpa|siq

“
D1

2
¨

1
T 1

ř

aPAi
πpa|siq ` 2

´

1 ´
ř

aPAi
πpa|siq

¯

1
T 1

ř

aPAi
πpa|siq `

´

1 ´
ř

aPAi
πpa|siq

¯

ě
D1

2
.

The optimal policy π‹ is the policy that takes actions in the binary tree to reach state si‹ and then959

π‹paj‹ |si‹ q “ 1 for i‹, j‹ “ argmini,j:j`pA´1q¨iďL

řK
k“1 ckpsi, ajq. We have Jπ

‹

k ps0q “ Jπ
‹

k psi‹ q960

and for any k ě 1961

Jπ
‹

k psi‹ q “ ckpsi‹ , aj‹ q `

´

1 ´
1

T 1

¯

Jπ
‹

k psi‹ q

ùñ Jπ
‹

k ps0q “ T 1ckpsi‹ , aj‹ q

ùñ

K
ÿ

k“1

Jπ
‹

k ps0q “ T 1

K
ÿ

k“1

ckpsi‹ , aj‹ q “ T 1 min
i,j:j`pA´1q¨iďL

K
ÿ

k“1

ckpsi, ajq.

Hence,962

E
c1,...,cK

iid
„D

“

RK
‰

ě
D1

2
¨K ´ T 1 ¨ E

c1,...,cK
iid
„D

”

min
i,j:j`pA´1q¨iďL

K
ÿ

k“1

ckpsi, ajq
ı
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“ T 1 ¨

´ D1

2T 1
¨K ´ E

c1,...,cK
iid
„D

”

min
i,j:j`pA´1q¨iďL

K
ÿ

k“1

ckpsi, ajq
ı¯

“ T 1 ¨ E
c1,...,cK

iid
„D

”

max
i,j:j`pA´1q¨iďL

K
ÿ

k“1

´ D1

2T 1
´ ckpsi, ajq

¯ı

We now apply Theorem F.1 with p “ 1 ´ D1

2T 1 ě 1
2 , d “ L ě 100 (since SpA ´ 1q ě 400 and963

M ě 101) and n “ K ě 800T‹

D logM ě 400T 1

D1 logM ě 200 p
1´p log d. We obtain:964

sup
c1,...,cK

E
“

RK
‰

ě E
c1,...,cK

iid
„D

“

RK
‰

ě 0.02T 1

c

K
´

1 ´
D1

2T 1

¯

¨
D1

2T 1
¨ logL´ 1.5T 1

“ Ω
´

a

KT‹D logM
¯

,

since L ě M{8. Note that since T‹ ě D, the hitting-time of the fast-policy is D1 `B ` 2 “ D and965

the hitting time of the optimal is T 1 `B ` 1 “ T‹, as required. This concludes the proof.966
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E Lower bound under unknown transitions967

Theorem 5.1. For any D,K, S,A with S ě 2,A ě 16, D ě 2 and K ě SA, there exists an SSP968

instance with M “ 1, S states and A actions such that its diameter is D and the expected regret for969

any learner without knowledge of the transitions after K episodes is ErRKs ě Ω
`

D
?
SAK

˘

.970

s0

f

g. . .

a‹

an

a‹

an+1

Figure 5: base case

Proof. The idea is to inject sparsity into the lower bound construction of [25] and to see if sparsity971

helps. Imagine the simple SSP in Figure 5, where at state s0 there are A available actions, all972

with zero cost, while in the state f there is only one deterministic action with unit cost going back973

to s0. Among them, there exists an action a‹ such that the transition probabilities are given by:974

P pg | s0, aq “ 1
D ´ ϵIpa ‰ a‹q, and consequently, P pf | s0, aq “ 1 ´ 1

D ` ϵIpa ‰ a‹q. The cost975

is therefore only suffered when the selected action transitions to the f state. This will therefore not976

increase the hitting time of any proper deterministic policy while still inducing the desired sparsity.977

Clearly, the optimal policy plays a‹ at every time step to reach the goal as fast as possible and978

therefore Jπ‹ ps0q “ D ´ 1.979

Now, denote with Nk the number of steps that the learner spends in s0 in episode k and N‹
k the980

number of steps that the learner picks action a‹ in episode k. Note that Nk is also the total cost that981

the learner suffers during episode k minus one (since the last transition will not be paid). Thanks to982

our construction we can still prove Lemma C.1 in [25] as follows:983

Lemma E.1.
E rNks ´ 1 ´ Jπ‹ “ ϵE rNk ´N‹

k s

Proof.

E rNks “

8
ÿ

t“1

P rst “ s0s

“ 1 `

8
ÿ

t“2

P rst “ s0s

“ 1 `

8
ÿ

t“2

P rst “ s0 | st`1 “ s0, at´1 “ a‹sP rst`1 “ s0, at´1 “ a‹s

`

8
ÿ

t“2

P rst “ s0 | st`1 “ s0, at´1 ‰ a‹sP rst`1 “ s0, at´1 ‰ a‹s

“ 1 `

ˆ

1 ´
1

D

˙ 8
ÿ

t“2

P rst`1 “ s0, at´1 “ a‹s `

ˆ

1 ´
1 ´ ϵ

D

˙ 8
ÿ

t“2

P rst`1 “ s0, at´1 ‰ a‹s

Rearranging gives:984

E rNks ´D “ ϵE rNk ´N‹
k s

Adding and subtracting 1 gives the desired result.985
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Hence:986

E rRKs “

K
ÿ

k“1

Ik
ÿ

i“1

ckpsik, a
i
kq ´

K
ÿ

k“1

Jπ‹ ps0q “ E rNks ´ 1 ´ Jπ‹ “ ϵrN ´N‹s

where N “
řK
k“1Nk and N‹ “

řK
k“1N

‹
k . Since we recovered Lemma C.1 in [25] as the starting987

block of the proof, following the derivation we can lower bound N in expectation and upper bound988

the expected value of N‹ to retrieve989

Lemma E.2 (Theorem C.4 in [25]). Suppose that D ě 2, ϵ P p0, 1{8q and A ą 16, for the problem990

described above we have:991

E rRKs ě ϵKD

˜

1

8
´ 2ϵ

c

2K

A

¸

Now consider the following MDP. Let S be the set of states disregarding g and s0. The initial992

state s0 has only one action which leads uniformly at random into one of the states s P S, where993

each one has its own optimal action a‹
s. Then the transition distributions are defined P pg | a‹

s, sq “994

1{D,P ps | a‹
s, sq “ 1 ´ 1{D, and P pg | a, sq “ p1 ´ ϵq{D, P ps | a, sq “ 1 ´ p1 ´ ϵq{D for any995

other action a P Azta‹
su. Note that for each state, the learner is faced with a simple problem as996

the one described above. Therefore, we can apply Lemma E.2 for each state separately and lower997

bound the learner’s expected regret the sum of the regrets suffered at each state, which would depend998

on the number of times each state s P S is visited from the initial state. Since reaching each state999

has uniform probability, there are many states (constant fraction) that are chosen ΘpK{Sq times.1000

Summing the regret bounds and choosing ϵ, gives the desired bound.1001

Denote by Ks the number of episodes the state s P S is visited:1002

E rRKs ě
ÿ

sPS
E

«

ϵKsD

˜

1

8
´ 2ϵ

c

2Ks

A

¸ff

“
ϵKD

8
´ 2ϵ2D

c

2

A

ÿ

sPS
E
”

K3{2
s

ı

Then:1003

ÿ

sPS
E
”

K3{2
s

ı

ď
ÿ

sPS

a

E rKss
a

E rK2
s s “

ÿ

sPS

a

E rKss
a

E rK2
s s ` V rKss “

ÿ

sPS

c

K

S

c

K2

S2
`
KpS ´ 1q

S2
ď K

c

2K

S

Leading to:1004

E rRKs ě
ϵKD

8
´ 2ϵ2DK

c

2K

SA
ě

1

1024
D

?
SAK

for ϵ “ 1{64
a

SA{K K ě SA, concluding the proof.1005
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F Lower bound on the maximum of asymmetric zero-mean random walks1006

We extend the lower bound of [21] to asymmetric zero-mean random-walks. We consider p ě 1{21007

because it simplifies the proof below (lower-bounding ψ by 1 and upper-bounding C in proof below)1008

and is what we need in the proof of Section 4.4 in Appendix D (we use p “ 1 ´D{2T ‹).1009

Theorem F.1. Fix p P r 12 , 1 ´ 1
n s. Consider random walks Zpnq

i “
řn
t“1X

i
t , where1010

Xi
t “

"

´p, w.p. 1 ´ p

1 ´ p, w.p. p.

If n ě 200 p
1´p log d (also ensures that p ď 1 ´ 1

n ) and d ě 100. Then,1011

E
“

max
1ďiďd

Zni
‰

ě 0.02
a

npp1 ´ pq log d´ 1.5.

Proof. We follow the same lines as [21] who show a special case of the result for p “ 1{2. We1012

generalize it to p ą 1{2.1013

Consider Zpnq “
řn
t“1Xt, a random-walk of length n, then Bn “ Zpnq ` pn „ Bpn, pq, Binomial1014

distribution with parameters n and p.1015

F.1 1st part of the proof:1016

The 1st part of the proof is all about providing a lower bound on P
`

Bn ě pn` t´ 1
˘

in (9) for any1017

t P r1, np` 1s.1018

Lemma F.2 (Generalized version of Lemma 4 of [21], Theorem 2 of [18]). Let n, k be integers1019

satisfying n ě 1 and pn ď k ď n. Define x “
k´pn?
pp1´pqn

. Then Bn „ Bpn, pq satisfies1020

P
`

Bn ě k
˘

ě
?
n

ˆ

n´ 1

k ´ 1

˙

pk´1{2p1 ´ pqn´k`1{2 ¨
1 ´ Φpxq

ϕpxq
,

where ϕpxq is the PDF of a standard Normal and Φpxq is the CDF. The proof can be found in [18].1021

Denote Dpp, qq “ p log p
q ` p1 ´ pq log 1´p

1´q as the KL-divergence between two Bernoullis.1022

Lemma F.3 (Generalized version of Theorem 5 of [21]). Let n, k be integers satisfying n ě 1, and1023

np ď k ď n. Define x “
k´pn?
pp1´pqn

. Then Bn „ Bpn, pq satisfies1024

P
`

Bn ě k
˘

ě
exp

´

´nD
`

k
n , p

˘

¯

e1{6
?
2π

¨
1 ´ Φpxq

ϕpxq
.

Proof. For k “ n, we verify the statement of the theorem directly. The left hand side is P
`

Bn ě1025

n
˘

“ pn. The right hand side is smaller because exp
!

´nD
´

1, p
¯)

“ pn and for x “

b

n 1´p
p ą 0,1026

we have 1´Φpxq

ϕpxq
ď

?
2 (see e.g. Section 3.3 in [14]).1027

For np ď k ă n, we first bound the binomial coefficient
`

n
k

˘

. Stirling’s formula for the factorial [23]1028

gives for any n ě 1,1029

?
2πn

´n

e

¯n

ă n! ă e1{12
?
2πn

´n

e

¯n

.

Since 0 ă np ď k ď n´ 1, we can use this approximation for k, n and n´ k and obtain1030

ˆ

n

k

˙

“
n!

k!pn´ kq!

ą
nne´n

?
2πn

pe1{12kke´k
?
2πkq ¨ pe1{12pn´ kqn´ke´pn´kq

a

2πpn´ kqq

“
1

e1{6
?
2π

´n

k

¯k´ n

n´ k

¯n´k
c

n

kpn´ kq

37



“
1

e1{6
?
2π

1

pkp1 ´ pqn´k
exp

!

´nD
´k

n
, p
¯)

c

n

kpn´ kq
,

since1031

D
´k

n
, p
¯

“
k

n
log

´ k

np

¯

`

´

1 ´
k

n

¯

log
´1 ´ k{n

1 ´ p

¯

“ ´
k

n
log

´np

k

¯

´
n´ k

n
log

´np1 ´ pq

n´ k

¯

ùñ exp
!

´nD
´k

n
, p
¯)

“

´np

k

¯k

¨

´np1 ´ pq

n´ k

¯n´k

“ pkp1 ´ pqn´k
´n

k

¯k´ n

n´ k

¯n´k

.

Since k ě 1, we can write the binomial coefficient as
`

n´1
k´1

˘

“ k
n

`

n
k

˘

. By Lemma F.2, we have1032

P
`

Bn ě k
˘

ě
?
n

ˆ

n´ 1

k ´ 1

˙

pk´1{2p1 ´ pqn´k`1{2 ¨
1 ´ Φpxq

ϕpxq

“
?
n
k

n

ˆ

n

k

˙

pk´1{2p1 ´ pqn´k`1{2 ¨
1 ´ Φpxq

ϕpxq

ě
1

e1{6
?
2π

k
?
n

c

n

kpn´ kq

pk´1{2p1 ´ pqn´k`1{2

pkp1 ´ pqn´k
exp

!

´nD
´k

n
, p
¯)

¨
1 ´ Φpxq

ϕpxq

“
1

e1{6
?
2π

c

k

n´ k
¨

c

1 ´ p

p
exp

!

´nD
´k

n
, p
¯)

¨
1 ´ Φpxq

ϕpxq
.

The result follows from
b

k
n´k ě

b

np
n´np “

b

p
1´p for np ď k ď n´ 1.1033

For k “ pn` xn, the 2nd-order Taylor approximation of upxq “ D
`

k
n , p

˘

“ D
`

p` x, p
˘

around 01034

is x2

2pp1´pq
. We define ψ :

“

´p, 1 ´ p
‰

Ñ R as the ratio of the divergence and the approximation:1035

ψpxq “ Dpp` x, pq ¨
2pp1 ´ pq

x2
.

In particular, we have that 1 ď ψpxq ď
pp1´pq

px`pqp1´p´xq
for x P r0, 1 ´ ps. This can be shown using1036

Taylor’s theorem on upxq: for some z P r0, xs,1037

Dpp` x, pq “
up2qpzq

2
x2 “

´ 1

z ` p
`

1

1 ´ p´ z

¯x2

2
“

x2

2pz ` pqp1 ´ p´ zq

ùñ
x2

2pp1 ´ pq
ď Dpp` x, xq ď

x2

2px` pqp1 ´ p´ xq
, (8)

since 1
px`pqp1´p´xq

is increasing on r0, 1 ´ pq.1038

Let t P r1, np ` 1s be a real number. By Lemma F.3 and Lemma 1 in [21] (also Mill’s ratio for1039

standard Gaussian [2]), we have1040

P
`

Bn ě pn` t´ 1
˘

“ P
`

Bn ě rpn` t´ 1s
˘

ě

exp
´

´nD
`

rpn`t´1s

n , p
˘

¯

e1{6
?
2π

¨
π

π rpn`t´1s´np?
pp1´pqn

`
?
2π

ě

exp
´

´nD
`

pn`t
n , p

˘

¯

e1{6
?
2π

¨
π

π pn`t´np?
pp1´pqn

`
?
2π

“

exp
´

´nD
`

p` t
n , p

˘

¯

e1{6
?
2π

¨
π

π t?
pp1´pqn

`
?
2π

“ e´1{6 exp
´

´
1

2pp1 ´ pq
ψ
` t

n

˘

¨
t2

n

¯

¨
1

?
2πt?

npp1´pq
` 2

. (9)
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F.2 2nd part of the proof:1041

We can now turn to the actual proof of the result. Define the event A equal to the case that at least1042

one of the Zpnq

i is greater or equal to C
a

npp1 ´ pq log d´ 1. We will show this event / threshold1043

controls the expectation of the maximum. First, we define C and provide some upper and lower1044

bounds for it. Denote by fpdq “

b

2 ´
2 log log d

log d , then1045

C “ Cpd, nq “
1

c

ψ
´

b

2pp1´pq log d
n

¯

d

2 ´
2 log log d

log d
“

1
c

ψ
´

b

2pp1´pq log d
n

¯

fpdq. (10)

We bound the two factors separately:1046

• z “

b

2pp1´pq log d
n P r0, 1

10 p1 ´ pqs for n ě 200 p
1´p log d and so1047

1 ď ψpzq ď
pp1 ´ pq

pz ` pqp1 ´ p´ zq
ď

1 ´ p

p1 ´ p´
1´p
10 q

“
10

9
. (11)

• The function fpdq is as in [21]: decreasing on p1, ees, increasing on ree,`8q, and1048

limdÑ8 fpdq “
?
2. Therefore for all d P r5,8q,1049

1.12 ď fpeeq ď fpdq ď max
␣

fp5q,
?
2
(

“
?
2

This gives for n ě 200 p
1´p log d,1050

1 ď
1.12

a

10{9
ď Cpd, nq ď

?
2 (12)

Since p ě 1{2, if n ě 200 p
1´p log d, then n ą 200

pp1´pq log d (if d ě 8) and n ě 200 1´p
p log d. The1051

above implies:1052

1 ă C
a

npp1 ´ pq log d ď np ď np` 1. (13)

Finally, we bound the quantity of interest:1053

E
”

max
1ďiďd

Zni

ı

“ E
”

max
1ďiďd

Zni |A
ı

¨ PpAq ` E
”

max
1ďiďd

Zni |AC
ı

¨
`

1 ´ PpAq
˘

ě E
”

max
1ďiďd

Zni |A
ı

¨ PpAq ` E
”

Z
pnq

1 |AC
ı

¨
`

1 ´ PpAq
˘

“ E
”

max
1ďiďd

Zni |A
ı

¨ PpAq ` E
”

Z
pnq

1 |Z
pnq

1 ă C
a

npp1 ´ pq log d´ 1
ı

¨
`

1 ´ PpAq
˘

ě E
”

max
1ďiďd

Zni |A
ı

¨ PpAq ` E
”

Z
pnq

1 |Z
pnq

1 ď 0
ı

¨
`

1 ´ PpAq
˘

by (13)

ě
`

C
a

npp1 ´ pq log d´ 1
˘

¨ PpAq ` E
”

Z
pnq

1 |Z
pnq

1 ď 0
ı

¨
`

1 ´ PpAq
˘

. (14)

First, we lower bound E
”

Z
pnq

1 |Z
pnq

1 ď 0
ı

. Let β “ 1

1´
b

2n
πtnp1´pqupn´tnp1´pquq

. For n ě 200
pp1´pq

log d,1054

we have n ě 205
πpp1´pq

ě
200`πp
πp1´pqp and β ď 10

9 .1055

Then Lemma 2.2 in [22] combined with Lemma 8 in [12] give that for Yn „ Bpn, 1 ´ pq:1056

E
“

Yn|Yn ě np1 ´ pq
‰

ă np1 ´ pq ` β
a

npp1 ´ pq ă np1 ´ pq `
10

9

a

npp1 ´ pq.

Since Bn “ Zpnq ` pn „ Bpn, pq can be written as n´ Yn, we have:1057

E
”

Z
pnq

1 |Z
pnq

1 ď 0
ı

“ E
”

Bn|Bn ď np
ı

´ np
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“ E
”

n´ Yn|n´ Yn ď np
ı

´ np

“ n´ E
”

Yn|Yn ě np1 ´ pq

ı

´ np

ě n´ np1 ´ pq ´
10

9

a

npp1 ´ pq ´ np

“ ´
10

9

a

npp1 ´ pq. (15)

Next, we lower-bound PpAq:1058

PpAq “ 1 ´ PpACq

“ 1 ´

´

P
”

Z
pnq

1 ă C
a

npp1 ´ pq log d´ 1
ı¯d

“ 1 ´

´

P
”

Bn ă np` C
a

npp1 ´ pq log d´ 1
ı¯d

“ 1 ´

´

1 ´ P
”

Bn ě np` C
a

npp1 ´ pq log d´ 1
ı¯d

ě 1 ´ exp
´

´d ¨ P
”

Bn ě np` C
a

npp1 ´ pq log d´ 1
ı¯

since 1 ´ x ď e´x

ě 1 ´ exp

˜

´d ¨
e´1{6 exp

´

´ 1
2pp1´pq

ψ
`C

?
npp1´pq log d

n

˘

¨
C2npp1´pq log d

n

¯

?
2πC

?
npp1´pq log d

?
npp1´pq

` 2

¸

using (9) and (13)

“ 1 ´ exp

˜

´d ¨
e´1{6 exp

´

´ 1
2ψ

`

C
a

pp1 ´ pq log d{n
˘

¨ C2 log d
¯

?
2πC

?
log d` 2

¸

“ 1 ´ exp

˜

´
e´1{6d1´ C2

2 ψ
`

C
?
pp1´pq log d{n

˘

?
2πC

?
log d` 2

¸

ě 1 ´ exp

˜

´
e´1{6d1´ C2

2 ψ
`
b

2pp1´pq log d
n

˘

2
?
π log d` 2

¸

by (12) .

We now use that d1´ C2

2 ψ
`?

2pp1´pq log d{n
˘

“ log d by the definition of C in (10). Hence, we obtain:1059

PpAq ě 1 ´ exp

˜

´
e´1{6 log d

2
?
π log d` 2

¸

“ 1 ´ gpdq, for gpdq “ exp

˜

´
e´1{6 log d

2
?
π log d` 2

¸

. (16)

Putting everything together: we plug (15) and (16) into (14) to get1060

E
”

max
1ďiďd

Zni

ı

ě
`

C
a

npp1 ´ pq log d´ 1
˘

¨
`

1 ´ gpdq
˘

´
10

9
gpdq

a

npp1 ´ pq

“
fpdq ¨ p1 ´ gpdqq

c

ψ
´

b

2pp1´pq log d
n

¯

`

a

npp1 ´ pq log d´ 2
˘

´
10

9
gpdq

a

npp1 ´ pq using (10)

ě
fpdq

`

1 ´ gpdq
˘

a

10{9

`

a

npp1 ´ pq log d´ 2
˘

´
10

9
gpdq

a

npp1 ´ pq using (11)

“
a

npp1 ´ pq log d ¨

˜

fpdq
`

1 ´ gpdq
˘

a

10{9
´

10

9
¨

gpdq
a

logpdq

¸

´ 2
fpdq

`

1 ´ gpdq
˘

a

10{9

ě 0.02
a

npp1 ´ pq log d´ 1.5,

for d ě 100 (we also used that
a

npp1 ´ pq log d ą 2 in the 2nd inequality). This gives the1061

result.1062
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