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A Appendix for Risk Functionals (Section [4)

A.1 Review of Risk Functionals

In Section4.1|we introduced several classes of risk functionals and popular examples of each class.
We now provide a formal axiomatic definition for classes of risk functionals, and begin by enumerating
a set of prominent axioms used to describe risk functionals in the current literature 3} 42]. Classes of
risk functionals are defined by the axioms that they satisfy, and one can define a class by choosing
the subset best suited to the problem at hand.

Definition A.1 (Axioms of Risk Functionals). Consider a pair of random variables Z and Z' and a
risk functional p. We have the following axioms:

~

Monotonicity: p(Z) < p(Z') whenever Z < Z'.
2. Subadditivity: p(Z + Z') < p(Z) + p(Z").

3. Additivity: p(Z+Z") = p(Z)+ p(Z") if Z and Z' are co-monotonic random variables (i.e.,
there exists a random variable Y and weakly increasing functions f, g such that Z = f(Y')
and Z' = g(Y')).

4. Translation invariance: p(Z + ¢) = p(Z) + ¢,Vec € R.

5. Positive homogeneity: p(tZ) = tp(Z) fort > 0.

6. Bounded above by the maximum cost, i.e., p(Z) < max(Z).
7. Bounded below by the mean cost, i.e., p(Z) > E[Z].

Coherent Risk Functionals. The set of risk functionals that satisfy monotonicity (Axiom [1),
subadditivity (Axiom @, translation invariance (Axiom E), and positive homogeneity (Axiom E),
constitute the class of coherent risk functionals (13, 15]]. Further, if a law-invariant coherent risk
functional additionally satisfies Additivity (Axiom[3), it is said to be a spectral risk functional [26 [1]].

Distorted Risk Functionals. Distorted risk functionals have many desirable theoretical properties.
They are translation invariant (Axiom [#) and positive homogeneous (Axiom [5), and are defined
utilizing (Axiom [6) and (Axiom [7) [58]. They satisfy Axiom [7 if and only if g(s) > s Vs €
[0, 1] [58]], and are subadditive (Axiom @ if and only if g is concave, which preserves second order
stochastic dominance [55]. In addition, all distorted risk functionals preserve stochastic first order
dominance [38]].

CPT-Inspired Risk Functionals. In general, due to the separate consideration of losses and gains,
the CPT-inspired risk functional may not satisfy any of the above axioms. However, additional
assumptions on the distortions g and g~ may allow certain axioms to be satisfied. For example, if
the random variable has nonnegative support and the threshold c is set to be 0 so that only gains are
observed, and g™ is additionally increasing, we recover the distorted risk functionals with axioms
specified above. If g7 is additionally concave, then we recover the coherent risk functionals.

A.2 Proofs for Risk Functionals
Proof of Lemma

D
p(Fz) = p(Fz)| = / g (1= Fu(t)) — g (1 — Fy(t)) dt

D
</ 91— Fz(t) — g (1 — Fyr(t))|dt

—Jo
br
S/ 5|sz(t)—FZ(t)|dt
0
ngtaX|Fz(t)—FZ’(t)|a

where the second to last step uses the L/ D-Lipschitzness of p. O
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Proof of Lemma Using the definition of the CDF, note that on the bounded support of [0, D] the
CPT functional can be rewritten as

D D
p(Fz) :/0 9" (Pz (u*(2) > 1)) dt */0 g~ (Pz (v (2) > t)) dt.
Then,
D D
10(2) — p(Z")] = \/0 g (P2 (ut(2) >t))dt—/0 g (Pz (u(2) > 1)) dt
D

_/0 gt (P2 (u+(Z’)>t))dt_/ODg_ (Py (u‘(Z’)>t))dt’

IN

/D gt (Pz (ut(2) > t))dt — /D gt Py (ut(Z') > t))dt

+ /OD g (P (u=(Z) > 1)) dt — /OD g (Pz (u(Z') > 1)) dt

IN

D
= / Py (ut(2) > ) — By (u*(2) > )| dt

D
L s 25 ) B ) > )

IN

L D
5/ |P2(Z>t)—PZ/ (Z/>t)|dt
0
L D
+5/ ‘Pz(Z>t)—]P)Z/(Z/>t)‘dt
0

L D
=2 / F(t) — Fy(0)] dt
0
< 2Lm?X|Fz(t) — Fz(¢)]

O

Proof of Lemma For the variance of any random variable Z with bounded support [0, D], we
have

V(Z) =E(Z%) —E(2)*.
Note that by the definition of expectation,
D2
E(Z?) = / 1 — Fyo(t?)dt?
#2=0

Then using dt? = 2tdt and the fact that P(Z? > t?) = P(Z > t) since t is nonnegative, with this
change of variables we have

E(Z?) = Q/D t(1— Fy(t))dt.

=0

This gives us the following expression for variance:

D D
V(Z) = 2/0 11— Fy(t))dt — (/0 (1 —Fz(t))dt>

2
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Next, consider a pair of random variables Z and Z’ with Fz and Fyz: as their CDF respectively.

Therefore,
+ (/D(l - Fz(t))dt> - </D(1 - FZ’(t))dt>

D D
/ (1—Fz(t))dt + / (1 — Fz(t))dt
0 0

D
V(Z) - V(2] < |2 /O HE () — For(£))dt

D
< D2|[Fy(t) — Fyllw + / (F2(t) — Fyr(t))dt

D
< D?||F4(t) — Fz||so + 2D /O (Fz(t) — Fy(t))dt

< D*|[Fz(t) = Fzrlloo + 2D7||F2(t) = Farllo
= 3D2||FZ - FZ’”OO

O

Proof of Lemma The proof of this lemma follows directly from the definition of Lipschitzness:

> Xeon(Z) = Mep(2)
k=1 k=1

<D Aelon(2) = pr(2))]
k=1

K
<|Fz = Fzrlloo D AL
k=1
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B Proofs for Importance Sampling Estimators (Section |5.1)

B.1 Proof: Bias and Variance of IS CDF Estimate

Proof of Lemma[5.1] We take the expectation of the IS estimator (I) with respect to P5. Then for
any t € R,

Eg, [Fis(t)] = Ez,

1 n
n Z w(Ai7 Xi)]l{Ri<t}‘|

i=1

= Ep, {IE [ Ejé;Epﬁ [Lir<ny|X, A]”

= Ep [w(A, X)1{r<s}]
= F(t).
Recall that G(t; X, A) = E[1{r<s | X, A}]. The variance of the IS estimator is derived using:

Ve, [FIS } *VPH [w(A, X)1{r<s]

1 1

EEPﬁ [w A, X) V]P’ﬁ [1{R<t}|A X]] + ﬁV]P’ﬁ [w(AvX)]EPﬁ []l{RSt}|A7XH
= %Epﬁ [w(A, X)?0*(t; X, A)] + gwﬁ [w(A, X)G(t; X, A)]
— %EPB [w(A, X)%6%(t; X, A)] + %wﬂ [Ep, [w(4, X)G(t; X, A)|X]]

+ E]EPE [Vp, [w(A, X)G(t; X, A)|X]]
where the second equality uses the law of total variance conditioned on actions A and contexts X,

and the third equality uses the definitions of o and G. The last equality is another application of the
law of total variance conditioning on the context X.

O
B.2 Proof: Error Bound of IS CDF Estimate
Proof Theorem Define the following function class:
F(n) := {f(r) = 9%1{@} Wt eR;Vr e Qo€ {1, +1}}

Note that this is a countable set. Using this definition, we have

sup | Fis(t) — F(t)| = sup
teR FEF(n)

<Z (w(As, Xi) f(R;) — Ep, [w(Az‘in)f(Rz‘)D> ‘

Using this equality, for A > 0, we have:

Ep, [exp <)\ sup Fis(t) — F(t)D
— Ep, |exp <)\ sup (Z (w(A;, X;) f(R;) —Epﬁ[w(Ai7Xi)f(Ri)})> m
i fEF(n) i
= Ep, |exp </\ szl%)) (EPB lz (w(Ay, Xi) f(R;) — w(X], A}) f(RY)) ‘{XhAi’Ri}? > |>1
< Ep, |exp <>\ éfﬁ% Ep, <Z (w(Ai, Xi) f(Ry) — w(X{, A7) f (1)) ){Xi’Ai’Ri}? ) D}
< Ep, |exp <)\EP[; f:;}%’) (Z (w(As, Xi) f(Ri) — w(X], A9 f(R})) ’{XhAi’Ri}? > D}
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= [Ep, » [exp ()\ sup

%

(Z EuwlA, X»f(R») m
(Za (40 X0 R, >)M

with SR a Rademacher measure on a set of Rademacher random variable {¢;} a Rademacher random
variable.

<Z€z( (A, Xi) f(Ri) — w(X{,Aé)f(Ré))>|>]

< Ep, : |exp | 2A sup
L feF(n)

=Ep,;: | sup exp | 2\
| fEF(n)

Next, permute the indices ¢ such that Ry < ... R;... < R,,. Consider a function f(r) = %Q]l{rgt}.
For such a function, Y. &w(A;, X;) f(R;) is equal to

. %QZZ w(Ai,X,»)fi when Rj <t< Rj+1 foraj € {17 Lo, — 1},
o Lo>" w(4;, X;)E; otherwise.

Then,

sup exp | 2A
fef(n)

(Z& Ai,X»f(Ri))D
*maxexp (gz (A, X;)€ )

J

2\
- mJE_lX (eXp (n Z w(Ai’ Xl)gl) I{Eg w(A;,X;)6;>0}

i

2\ &
+exp <n Zw(Ai’Xi)&) Ly wiaxog<or)

)

2\ &
= — Aiy Xi)&i | Lisi
max (eXP<n > )5> {ziw(Ai,Xi)fizO}>
2y A X 1,
+ max | exp —;Zw( i Xi)&i | Lisni i, x,)e, <0

i

Which gives us the inequality

" 2\ &
Ep, [exp <)\ suﬂg Fis(t) — F(t)‘)} < 2Ep, m [mjaxexp (n Zw(Ai,Xi)@) ]l{zj; w(Ai,Xi)£i>O}]
te - i >
&)

Now we are left to bound the right hand side of (9). Using Lemma|[B.1] for the right hand side of the
() we have,

Ep, s

2 J
exp (n mjaxzw(Au Xz‘)fi) ]]‘{ma)(j I 11)(Ai,X,;)£,-20}‘|
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2\ &
=P = Ap, X))E >
ﬁ{mjax - Zw( i, Xi)& = 0}
+A/Oo (At)P{ QAzj: (A, X)& > thdt
ex max — w 73 )Gt Z
0 P ion s
2\ &
<P —_ A X;)E >
< Pp{max — g}m i X0)g > 0}

° 2\
+ 2)\/0 exp(At)P{== Ei:w(Ai, X)€ > tydt (10)

Note that similarly we have,

2\
Ep,,: lexp (n Zw(Aiin)fz) ll{ziw(Ai,Xi)spo}]

%

7

:]pﬁ{% Zw(Ai,Xi)fi >0} + A/OOO exp(xt)ﬂ»{% > w(A, Xi)& > thdt (11

Putting these two statements, i.e., (10), and together, and applying the result of Lemma [B.2] we
have,

2\
Epj o |szp (mjax n z@: w(As, XJ&) H{ZZ w(Ai, X;)&s >0}]
J

2\
<P =z A X E >
< B{mjax - zi:w( i» Xi)& > 0}

2\
+ 2Ep, [GXP (n ZUJ(Ai, Xi)&) Iy, 11)(A,,,X7¢)§7:20}‘|

2B { 2 Y (4, X6 > 0)

%

2\
< 2Ep, » [eXp (n Zw(AiaXi)gz) Ly, w(Ai,Xi)gq,ZO}‘|

%

< 2Bp, m [GXP (2;\ Zw(Aiin)€i>]

%

Note that %w(Ai, X;)&; is amean zero random variable with values in [— %wmax, %wmax}. Therefore,

it is a sub-Gaussian random variable with sub-Gaussian constant as ( %) w2 .. Using this, we have,
4

2 . . o 4 2 . .
=3 w(Ag, X4)& is Swy ,, sub-Gaussian random variable. Therefore, we have,

Ep, o

< 2Ep, m [eXP (27;\ Zw(AuXi)ﬁi)]

%

2
< 2 exp ()‘Qwrznax>
n

2\
P (max 2w Xi)fi) Lt wianxoe>0)

J
7

Putting this with the (9), we have
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. 2\ &
E A Ft—Ft‘ < 9R = Ay XD)& | Lisviin. xoe.
Py [exp< sup | Fis(t) — F(t) )} < 2Ep, m [GXP (mfx - zi:w( )5> (] w(A“Xnazo}]

teR
22 o
<dexp | A —wpax
n

Using Markov inequality we have

teR

Pg (sup ﬁls(t) — F(t)‘ > e) =Pg (exp ()\ sup ﬁls(t) - F(t)D > exp(/\e))
ter
22 o
<dexp ()\ wmax> exp(—Ae)
n
22 o
= 4exp <)\ —Winax — /\e)
n

This holds for any choice of A > 0, resulting in

. 9 2
Ps <§1€1H}§ Fis(t) — F(t)‘ > e) < )i\r;%4exp <)\2nw12nax — )\e) = 4exp <8w26 )

max

Using this, we have

~ 2 4
Ps ( sup |Fis(t) — F(t)’ < 8wﬂlog () >1-0.
teR n 4

Bernstein style: To bound this Ep, x [exp (% > w(A,, Xi)&-)} now we use Bernstein’s. As
discussed, the random variable w(A;, X;)&; is in [—wWmax, Wmax |- However, if we look at its variance,
we have Ep, o [w(A;, X;)%¢?] = Ep,,; [w(A;, X;)?] which is the second order Rényi divergence

ws. Therefore, for 0 < A < 3 w” , we have

Ep, 2 [exp <2nA Zw(Ai,Xi)&ﬂ = [ [ Ee, = {exp (%jw(Ai,Xi)giﬂ

%

A2 4wz
< n
<ew {3 (1= A2t

Using the Markov inequality, we have,

~ nAZiw:

Pgs | sup | F t—Ft’>e =dexp| ————F— — Xe
’ (te]g IS( ) ( ) - ) P 2 (1 - A%wmax)

Setting A = 7, we have,

2wmaxe 4
n

N 2
Pg (| sup | F tht’>e <4ex
5(@2 is(f) = F(2)] 2 )_ p<2(2wmaxe+n4w2))

n n?2
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4 —ne?
= 4 ex e
P 4Wmax€ + Swo

which results in,

~ 4w ax log (% [ 2ws log(4
Pg | sup Fls(t)—F(t) Swig((s)+2 Lg(é) >1-—9.
teR n n

Finally, we note that since sup, |ﬁ}s_cnp(t) — F(t)| < sup, | Fis(t) — F(t)|, the above results for Fig
also hold for Fig_cip- O

Auxiliary Lemmas

Lemma B.1. For any random variable X, with probability measure P, we have

E [exp(AX)1{x>0y] =P{X >0} + )\/OO exp(At)P{X > t}dt.
0

Proof. for any random variable X, with probability measure P, we have

X

=E []l{xzo} eXp(O)] +E

X
]l{XEO})\/ eXp()\t)]l{X>0}dt‘|
0

b'e
=P{X>0}+E A/ exp()\t)]l{x>0}dt]
0
=P{X >0} + A/ exp(At)P{X > t}dt. (12)
0
O
Lemma B.2. Fory > 0, we have,
J n
P Ay, X)) >y < 2P A Xi)& > 13
e ) wlds X8 ’y} 5l§ijw< )¢ 7} (13)

Proof. Consider events E; := {Zf w(A;, X;)& >, Zi w(A;, X;)& < v, VI < j} with Ey := 0.
Using these definitions, we have,

J
{mjaxgw(Ai,Xi)fi =27}t C LJJEj

Also,

U BN wnX0& =0y | € 3 w(Ai X)é = 7}

J > A

Also note that
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since this quantity is mean zero and symmetric. Also note that the event ), j w(A;, X;)&; is
independent of E;.

Using these, we have,

Pg

5 wl(dn X6 > 0}] > PoF)]

— 2
1>]

E; ﬂ{z w(Ai, Xi)& > 0}] =Ps [E;| Pg

i>j

As a result we have,

Pg lzw(Ai’Xi)& > 71 > Pg U E; ﬂ{z w(A;, X;)& > 0}

J (>

i>7

= ZPB E; m{z w(A;, X)& > 0}

> Z Ps ZEH

J
P [{ma 5 w40, X6 2 7}
o 2

which concludes the statement. O
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C Proofs for Doubly Robust Estimators (Section

C.1 Proof: Bias and Variance of DR CDF Estimate
Proof of Lemma The expectation of the DR estimator is as follows:
Ep, [For(8)] = Ee, [w(A, X)Lney | + Er, |Gt X, ) - w(A, X)G(t; X, 4)]
= F(t) + Ep, [G(t; X, m) — Ep, [w(A, X)G(t; X, A)| X]]
= F(t)+ Ep, [G(t; X, 7) — G(t; X, )]
= F(t).

Next, we derive the variance.
~ 1 _ _
V]P’ﬁ [FDR(t):| = EVPﬂ [w(A7 X) (IL{RSt} - G(t7 X7 A)) + G(t7 Xu ﬂ—):l
1
= EEM [w(A, X)?0*(t; X, A)]
1 — _
+ EV% [w(A, X) (G(t; X,A) — G(t; X, A)) + G(t; X, )]
1 1
= —Ez, [w(A, X)?c”(t; X, A)] + —~ Ve, [Ep, [w(A, X)G(t; X, A)|X]]
1 _
+ —Ee, Ve, [w(A4, X) (G(t; X, A) — G(t; X, A)) |X]]
The first equality follows from applying the law of total variance, noting that the variance
Vp, [G(t; X, A)|X, A] = 0, and using the definitions of G and o2. The second equality again
applies the law of total variance. O
C.2 Proof: Error Bound of DR CDF Estimate
Proof of Theorem[5.2] Recall that the DR estimator Fpr(t) is defined as
1« _
FDR gz;w a7,7x7,) (]l{r <t} — G(t l‘,,al)) +G(t§miaﬂ-)
1=

where G(t;7,7) = Egr r t;x, A) ] We can decompose the error of the DR estimator as:

Ep, [Sltlp|ﬁDR(t) ]

- ) "

:EPB sup (nZw A“X)(]].{R <t} — G(t X,,A))+G(t Xl,TF)> *F(t)

t

L =1
[ 1< 1<y .

< Ep, Sup ( - ;w(AhXi)]l{Rigt} —F(t)| + - ;G(t'xu m) — w(A;, X;)G(t; X, Ay) )
r 1 1 <& _

S E[p’ﬁ Sl;p E;UJ(A17XZ)]].{R’LS{»} — +sup ﬁz:: t X“’]T (AZ,XZ)G(t,XZ,Al)

We have already bounded the first term in Theorem [5.1] and Lemma [C.T bounds the second term.
Then in total, we have

~ w2 4 22 2n)1/2
]P)B sup ’FDR(t) B F(t)‘ 2 \/8 max 1 <) + \/3 U/mar 1 og ( ’ﬂ) S 26
t n n

1) u}maw(S

~ 2 1/2
Py (sup]FDR(wF(t)\ z\/ inas 1, <4”5 )> <25 (14)
t n

24

Simplifying,




which gives us our error bound for the DR estimator ﬁDR.

As mentioned previously, however, Fpgr may not be monotone, and in practice we must use a

monotone transformation of the estimator. Consider a monotone transformation M of Fpg that is a
simple accumulation function, e.g. Vt,

M (ﬁDR(t)) — max Fpr(t))

t'<t

Now we want to bound the error between the monotonized estimate M (ﬁ D R(t)) and F'. Using

our error bound in (14), let € = \/ e log (8”;/2 ) Then with probability at least 1 — &, for all

teR, R
m?x |FDR(t) — F(t)‘ S €.

On this event, Vt there exists some ¢’ < ¢ for which

max Fpr(t') — F(t) = Fpr(t') — F(t)

Using the fact that F' is monotone thus F(') < F(t), when Fpr(t') > F(t) we have
Fpr(t') — F(t) < Fpr(t) — F(t') <
Similarly, when Fpr(t') < F(t),
F(t) — Fpr(t') < F(t) — Fpr(t) <€
Putting these two inequalities together, we have
max ]M (Por) ) - F(t)’ <e

The theorem statement, which applies to the clipped monotone transformation, follows from the fact
that

mtax‘min {./\/l (ﬁDR> (t),l} - F(t)’ < mtax‘./\/l (ﬁDR) (t) — F(t)’ .
O

Lemma C.1. Let G(t; z, a) be avalid conditional CDF forallz € X,a € A, andletw : AxX — R
be the importance sampling weights. Then for 6 € (0, 1],

n

1 1 _
- ;G(t,er) - ;w(Ai,Xi)G(t,Xi,Ai)

waL(l(lf 5

2 1/2
> \/32wmaz log (2n)
n

where G(t;z,7) = Ep[G(t; z, A)|x).

Proof. Since G is a valid CDF, we apply Lemma@ to G. Consider a function of the form

. 1 m
C(t;317 vy S ) = E Z ]]'{s'igt}
J=1

The function ¢ can be seen as a stepwise CDF function, where each step is 1/m and occurs at points
{s7}m,.
j=1

Lemmaapproximates G using such 1/m-stepwise CDFs. For each context = and action a, let
s;’a, s Sy € Q™ be the points chosen according to the deterministic procedure in Lemma
such that the following inequality holds:

1

<5 (15)

sgp ’é(t; z,a) —C (t; {s;a}y‘:l)
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Next, consider the class of functions

s") R —

m

[0,1] :=

1
—QZ Ljwzy 1Vt ER 0 € (-1, +1} {s/}7, € Q")

1 «— :
EQZ Lsicyy o€ {1, +1{s'}]L; € Qm}

j=

1

Note that, ¢ is a subset of the function class G(m), e.g. ¢ (¢; {sZﬂa};":l) € G(m).

Then our problem becomes

sup
t

= sup
t

= sup
¢

< sup
t

that, conditioned on {s7, ,}7"

We can now upper bound the RHS. Going forward, we refer to ¢ ({sg( At

sup
ceg(m)

fz (A, X,)G
fz (A, XC (t: {k, a1 ) —
Zw&X

%Z w(A;, X)) G(t; X5, Ay)

j=1

Then for A > 0 we have:

IE]pB lexp (

A sup
CEG(m)

= Ep, |exp <)\ sup

S E]pﬁ exp </\E]PB

[ 1
<Ep, |exp | A sup —
CEG(m) T i=1

exp
L ¢eg(

sup exp
[CEG(m)

< Ep, :»

= Ep, »

= Ep, »

(0

fzw(AuXi)C(XuA _7ZEP’3 [ (4, Xa)e (X, 4) ‘X}>>]

n

i=1

¢eg(m)

ce

2\ sup

supexp [ 2\
t,o

( ZEPB { AZ’X )C(XHAZ) _w(Agin)C(XhAg)

{Sx A}

n

g(m) n =1

n

m) T

%Zj (t; X,
t&A—fZM
=1
G(t; X;, Ar) ZE%

X“ A é(t,XZ,A)‘XJ

ZE:IEPﬁ {
Z Ep, |w [

where the second line uses the definition of G(¢; X;, ), the third line uses a change of measure
through the importance sampling weight w, the fourth line uses (C.2), and the last line uses the fact

the function ¢ is a member of G(m).

sup + 3 (WA X)X A)) -

. Z&w(Ai,Xi)C(Xi»Ai)>

22— Z& AzaX)C(XiyAi)>

=1

imiigzw A, X)L

j=

1

7

=1

(t; X, A)| X;]

(w(As, Xi)C(Xi, Ai) — w(A;,Xi)C(XmA;))>

Aiﬁt}

(t {SX A}] 1) ’X}

(s, abmn)| X [+

) as ((X, A) for short.

w(AL X)C(Xi, AD) [ (X, Aibiy

(16)

where { A’}" are the ghost variables, the second to last inequality uses symmetrization (Lemmal|C.3)),

and the last line uses the definition of {(X;, A;)

26

= C(sﬁ(hAi, ey

m
SXi,A:)

{Xi,Az-};qD

)

)
|

|



Now, for each j, permute the indices i such that s’ <.<é <. < 4 .
’ . ]’p. . . XA — = X Aj0) — X7(n),Ag(n)
Then, for a given j, consider the function

ij( Xiw) {3,y S
which equals
; J
1. 0ift < SX, 09,4501y
2. 92?:1 w(A;js), Xj(i))& @) if there exists k € {1,...,n — 1} such that sX A STS

Sj
Xjm+1,A5 (k417

3. o Z:‘L:I ’lU(A](l), X](z) )5](1) otherwise.
Then the RHS of equals

Ep, n supexp ZAfZZQ A,,X){ a4, <t}

j=11:=1

= Ep, » n,iaxexp 2A*ZZ§7(1 Ajiys X))

j=11:=1

k
0
<E 2= i .
Py, [maxexp( )\n g Eicyw(Aj e, j(z)))]

7.k =
Further, we have that

mkaxexp (2)\ Zgj Hw( (),Xj(i))>

i=1

k
2
R (eXp (n > w4, Xj(z'))ij(i)) Lt wlaso X060 200
i
2\ @
+exp <—n > v, Xj<i>>fj<i>> Lz w(aﬂn,mj(i))sjmm)
%

k
2\
< Qm%XeXp <n Z (Ajay> X050 ) ]I{Zf w(A;j(),X;())€5(1) 20}

s -
1
Putting it together, we have that

1 n
Ep - Zw (As, Xi)C( X, As) ZEANW( 1x:) [€( X3, A)|X5]

s n
1=1

exp | A sup
¢eG(m)

k )

2\
< ey lrr}%x exp <n ZW(AJ‘(@»XJ‘(@)%)) IL{E’?w(Aj(inj(z‘))fj(z‘)EO}] a7

i

Now we are left to bound the RHS of (17). Using Lemma|[B.T,

Ep, o

k
2\
n;’z]xcx P (n Z w(Aje), Xj(i))fj(i)> L maxy, >F w(Aj(i)vXj(i))ﬁju)20}]

)
k

2\ > 2\
< Pﬁ (max ? Zw(Aj(i),Xj(i))gj(i) > 0) + 2)\2/0 exp()\t)IF’ <n Zw(Aj(i)an(i))gj(i) > t) dt.
i J i=1
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Similarly, for any j, we have

2\ —
exp (n Zw(Aj(i),Xj(n)fj(i)) 1{2?w(Aj(i),Xj(i))gj(i)>0}‘|

%

2) >
=Py (n > wlAjay, Xii)ia) > 0) +A/0 exp(At)P ( Zw (A, X&) 2 t) dt
i=1

%

Ep, o

Putting these two together, we have

2
max exp ( - Zw(Am),Xj(i))fj(i)) 1{2;9w(AM,XM>§M>o}]

i

Ep,

k

A A
<578 (s 23wt 600 20) 2578 (23t Ky >0)
j i '

n

2\
+2) Ep, o [QXP <n > wlda, Xa‘(i))éj(i)) L w(Aj<i>,Xj<i>>sm>0}]
J

%

2)
<2) Ep,m lexp <n > wl(dja, Xj(zo)fj(i)) Lisy w(A,-<i>,Xm>sM>o}1

J %

A n
< 2mEp, » leXp <2n Zw(A](Z Xi@)&i )1

i
)\2 2
< 2mexp (W>
n

where the last inequality uses the fact that £ is a Rademacher random variable, and w(A, X ) < w4q.-
Finally, using Markov’s inequality,
: >
Z e+ —
m

%Zw(Aiin)C(XuAi) - %ZE% [C(Xi, A)1X3]

i=1 =1

E > Gt Xi,m) — w(Ai, Xi)G(t; Xi, Ay)
n -

> > exp(/\€)>

Because this holds for any A > 0, we can minimize the RHS over \:
(sup

Then we have

(sup

Setting m = +/n/8w?2,,,. gives the theorem statement:

1 22%2w?
> e+ > < inf 4mexp (wm‘” - )\e>
m A>0 n

4 ( —ne >
= 4dmexp .

2
n m

ZGt Xi,m) —w(Ay, Xi)G(t; X, Ai)| >

ZG t Xy, m) — w(As, X))G(t; X5, Ay)

sup

2 1/2
> \/32wmaz log (2n)
n

wmaac(S

28



Auxiliary Lemmas

Lemma C.2. For any (, a non-decreasing function with support [0, D], there exists m points
s'....s™ € Q™ such that for a function of the form,

1 m
C(t; st .., s™) = — > lgu<y, VEER
j=1

the following inequality holds:

1E = Clloo < —

~2m’

Proof of Lemma[C.2. Uniformly partition the interval [0, D] to m partitions, with partition points
{5 }jLo- We construct the set {s;}72; using the following procedure. For any j € {1,...,m} and

the corresponding partition point %, let s7 € Q be a point such that either lim e C(t) = % + ﬁ
or limt_m_ir ¢(t) = % + 7 (e.g., as illustrated in Figure E). Then for any ¢, {(t) is --close to

C(b). O

Figure 4: Approximating monotonic function ¢ with ¢ when the support is [0, 1] .

Lemma C.3. For the function class G defined in Appendix|C.2, we have for any A > 0 that

Ep, lexp <)\ sup 1 Z (w(Ag, Xi)¢ (X, Ai) — w(A;,Xi)((Xi,A;))>

¢eg(m) 1 i=1

1 n
< Ep, m l sup exp <2An Zfiw(Ai,Xi)C(Xi7Ai)>

¢eg(m) i—1

where contexts and actions X, A, A’ ~ Pg, and Rademacher random variables &; ~ R.

Proof. Foreachi =1,...,n, and let §; be i.i.d. Rademacher random variables. Set

4;, if& =1
+ 9 X2
‘%_{%,ﬁ@zq

(AL g =1
‘%‘{&,ﬁ@=4
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We have that, conditioned on X, (A]", A;) 4 (A;, AL). Then

Ep

B

exp ()\ sup 1 Z (w(4;, X;)C( X5, A;) — w(A/in)C(Xi,A;)))

ceg(m) M i=1

= ]EPB [exp ()\ sup l i (w(A:r,XZ)C(X“A;L) — ’LU(Al,X1>C(X“AZ))>‘|

¢ceg(m) i—1

=Ep, » [exp <>\C sg(p T S Zf- (w(Ai, Xi)C(X5, Ay) — w(Af, X)X, A;)))
eg(m

Our last step is to bound the last line of the above display.

=Ep, » [CXp()\ sup ( Z@ (A, X3)C(Xi, Ay) Zg XZ,A’)>>]

CGg(m
1
< 5Epym [exp | A sup Giw(Ai, Xi)((Xi, 4)
27 [ <<69<m) Z
2 n
+ E]P’g% exp | A sup *Z(*fi)w(Aéin)C(Xi,Ag)
¢eg(m) i
=Ep,;m [exp [ A sup Zfz (A, Xi)C(X5, Ag)
geg(m =1

O

Lemma C4. Let G(t; X,7) = Ep[l{r<y|X] be the conditional CDF of returns for all x € X.
Then for ¢ € (0,1],
(bup

Proof. Since G is a valid CDF, we apply Lemma@ to G. Consider a function of the form

_ - 1 &
C(t;‘Sl) ceey S ) = E Z ]]‘{S"St}
j=1

ZGtX“ F(t)| >

1/2
321 (272 )sa

The function ( can be seen as a stepwise CDF function, where each step is 1/m and occurs at points
{s"}7L
j=1

Lemma approximates G using such 1/m-stepwise CDFs. For each context x, let 51, ..., s™ € Q™
be the points chosen according to the deterministic procedure in Lemma[C.2] such that the following
inequality holds:

_ A 1
sgplG(t;x,w) — s < 5 (18)

Next, consider the class of functions
1 m 1 - Jjlm m
g(m) = {C(S yeeey S ) = 7@2 ]]-{sfgt} Vi e Ra@ € {7174»1}7{5 }jzl €Q }
m-
Note that, ¢ is a subset of the function class G(m), e.g. ¢ (¢; {sgj}’f:l) € G(m).

Then our problem becomes
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sup
t

LS G xm) - PO

1 n
— sup ﬁ Z G(t, Xi7 71') - E[Pﬁ
i=1

:Azn:G(t;X,w)} ‘

i=1

: r % iz (t; {S&i}?zl) — Ep, % anz (t; {s%, };‘n:l)
= =1
a C:ggﬂ) ZC ({SX b 1) — B, Lll é( ({87;@ }2":1)

We can now upper bound the RHS. Going forward, we refer to ¢ ({s% }7t) as ((X) for short. Then
for A > 0 we have: '

1 n
Ep, [exp <)\<Es;1(1:7>n) ( ZC — Ep, ln Z((Xi)]>>]

=Ep, |exp <)\ sup ( ZEPB{ Xi) = ¢(X))

¢eg(m

o)

sup 37 (¢(X0) — (X)) \{Xi};zl] )]

< Ep, |exp | AEp,
L cegm) M5

¢eg(m) M

< Ep, |exp <)\ sup 1Z(<(Xi)_C(Xz(7A;))>

=Ep, m -eXp <>\ sup Z{Z Xi) :)))]
L ceg(m) "
< Ep, m _exp (2)\ cesg(lzn) % Zfa‘(@@))]
= Ep, » supexp 2)\—22& {sh,<t) (19)
j=1i=1

where {X'}7 are the ghost variables, and the last line uses the definition of ((X;) = ((sk,, ..., 5%%,).

Now, for each j, permute the indices ¢ such that st <. < s Yo < < st . Then, for a
J(1) j(n)

G —
given j, consider the function ’
n
Einl, ,
; 7 (4) {sJXj(i) <t}
which equals
: J
1. 0ift < SX, 01y
2. 92?:1 &;(iy if there exists k& € {1,...,n — 1} such that 5§(j(h> <t<g¢)

S
= " Xjm+1’

3. 031 &) otherwise.
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Then the RHS of equals

< Ep,

k
0
22 ol
maesp ( & Z%)]

Further, we have that

E
0
22— g (i
gnka);exp< n Q(z))

k
2
- (eXp ( ny( ) Lt gy 20p Texp <_n ij(i)) Lt Ej(i><0}>
< 2maxexp ( Zﬁg(z ) Lisre, 20

Putting it together, we have that
n

1
Ez, leXp (A sup |= Y ((X;) — Ep, l ZC H)]
¢eg(m) n i—1
22
< 2Fp, ; [H;%CXGXP (n Z@(z‘)) Lise émzo}l (20)

Now we are left to bound the RHS of (20). Using Lemma BT,

Ep, m [maxexp ( Zé}( )) ﬂ{max;czfmzo}]
2\ > 2)
< Pg mgxzzi:gjm >0 +2)\; i exp(\t)P ;;@m >t | dt

Similarly, for any j, we have

2\ —
E]Pﬁ,% |ﬁXp (n Zgj(i)> 1{2? 5j(i)20}1

2\ >

Putting these two together, we have

max exp ( ij > Lise sj<7:>>0}]
2\ 2\ —
< ZPg <m,?xn25j(i) 2 0) - 2ZPB (nzfj(i) Z 0)
j 3 J g
2\ —
+2Z]E1PB,m exp ;ij(i) Lisr g0 201
j 7
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2\ —
<2 Epym lexp (n Zé}(i)) Lisr fjmzo}]
7 [
2\ —
< 2mEp, m [BXP (n Zgj(i)>‘|

<2mexp | —
n

where the last inequality uses the fact that £ is a Rademacher random variable. Finally, using Markov’s
inequality,
P 120(”( ) — F(t)] > .
sup | — 1 X, m) — e+ —
B tp n 2 ;i =z m
n 1 n
LS e [ £ ) > w00

1
<Pg <exp ()\ sup
¢ i=1

2)2
< 4dmexp < — )\e>
n

n

Because this holds for any A > 0, we can minimize the RHS over A:
1 2\2

>e+ ) < inf 4mexp ( — Ae)
m A>0 n

= 4dmexp <_8n€> .

n

= ZG(t;Xi,ﬂ') — F(t)

1
P
s <Sgp -

Then we have

i=1

I 8 dm 1
P — Git; X;,m)—F@)| >/=log—+— | <6
B(S‘%Dn; (t; Xi,m) — F(t) 5+m>
Setting m = /n/8 gives the theorem statement:
1< 32 (2n)1/2
Ps (Sltlp - ;G(t;Xm) —F()| 2/~ log ~— <.

D Proofs for Risk Functional Estimation (Section [6)

Proof of Theorem By the definition of L-Lipschitz risk functionals, for the CDFs F' and ﬁ

10(F) = p(F)| < L||F — Flos
< Le

with probability at least 1 — §, where the last line uses the fact that Fis e-close to F with probability
atleast 1 — 4. O
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E Risk Estimation with Unknown Behavior Policy

We begin this section with a consideration of estimators when the behavior policy is unknown, and
must be modeled or estimated, which we call B . We first define the IS, DR, and DI estimators using
B , then derive their bias and variance expressions. To differentiate between the estimator that use 3
and the estimators that use B , we call the latter F' while continuing to call the former F.

The proofs of bias and variance begins with derivations for the DR estimator with estimated policy,
from which the bias and variance of the remaining estimators can be derived as special cases.

m(alz)
. . . : . Blale),
estimated policy. Then the importance sampling (IS) estimator is given by

Let /3 be the estimated behavior policy, and let W(a, x) := be the importance weight with

- 1 & N
Fis(t) = — > (ai, :){r <o) @1

Then doubly robust (DR) estimator is:

n

~ 1 N — —
FDR(t) = E Zw(ai,xi) (]l{rigt} — G(t; Ty, ai)) + G(t;.’L‘i, 71') (22)

i=1

And the direct method (DI) estimator is still defined to be
Fon(t) 1= ané(t ) (23)
= — 3T, T
DI n 2

Note that the direct estimator does not depend on the behavior policy, and thus we continue to call it
Fpy.

E.1 Bias and Variance

Next, we analyze the bias and variance of these estimators. Define A(a, x, t) to be the additive error

between G and the model G, and define §(, a) to be the multiplicative error of the estimate E , that
is:

A(t;z,a) == G(t;z,a) — G(t; 2, a),
0(zya) :=1— B(a|x)/g(a|x).

Note that when /3 is known or B = fforall ,a, §(x,a) = 0, The bias of the IS estimator then given
in LemmalE.1} in terms of ¢ and the conditional reward distribution G.

Lemma E.1 (Bias and Variance of IS Estimator with B.). The expectation of the IS estimator is
]EP[f [ﬁls(t)] = F(t) + EP[(S(Av X)G(t7 X, W)]

When B(a|z) = B(al|x) for all a,x, the IS estimator is unbiased and Ep, [Eis(t)] = F(t). Further,
the variance is

~ 1 1
Ve [Fis(t)] = ~Be [ (1= 6(4, X)) 0%(t: X, A)] + — Ve [Be [(1 - §(4, X))G(t: X, 4)|X]]
1 .
+ —Ep [Ve, [@(4, X)G(t X, A)| X]] (24)
The expression for variance is broken down into three terms. The first represents randomness in
the rewards, and the second represents variance from the aleatoric uncertainty due to randomness

over contexts X . The final term represents variance arising from using importance sampling, and is
proportional to the true CDF of conditional rewards G.

The following lemma, similarly, derives the bias and variance for the DR estimator:
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Lemma E.2 (Bias and Variance of DR Estimator with 3.). The pointwise expectation of the DR
estimator is .
Ep, [For(t)] = F(t) + Es[5(X, A)A(t; X, )]
Further, when there is perfect knowledge of the behavior policy (3, e.g. B(a\x) = B(alx) for all a, x,
the DR estimator is unbiased and ~
Ep,[Fpr(t)] = F(t)
The variance of the doubly robust estimator is given by

Ve, [For(t)] = %Ep (1= 804, X)) 0(: X, 4)| + %w [Ez [6(A, X)A(t X, A) + G(t; X, A)|X]]

4 %Ep [Ve, [@(A, X)A(t; X, A)|X]] (25)

Because the DR estimator takes advantage of both policy and reward estimates, it is unbiased
whenever either the estimated policy or estimated reward is unbiased. Further, when we have access
to the true behavior policy 8 and w = w, it retains the unbiasedness of the IS estimator.

Compared to the IS estimator, the DR estimator may also have pointwise reduced variance. When the
variances of the IS estimator and the DR estimator are compared, the first term is identical,
and the middle term is of similar magnitude because the randomness in contexts X is endemic. The
third term is the primary difference. For the IS estimator, it is proportional to G, but for the DR
estimator, it is proportional to the error A between the estimated conditional CDF G and the true
G. Thus, this term can be much larger in the IS estimator when @ is large and the error A is smaller
than GG. This demonstrates that the DR estimator retains the low bias of the IS estimator, but has the
advantage of reduced variance.

Next, Lemma gives the bias and variance of thePI estimator, which is directly related to the bias
and variance of the conditional distribution model G.

Lemma E.3 (Bias of DI Estimator with 3.). The bias is
Ex,a~ﬂm[ﬁm(t)] = F(t) + EP[A]

and the variance is 1
VI[Fpi(t)] = EVP G(t; X,m) + A

While the DI estimator hai lower variance than both the IS and DR estimators, it iuffers from
potentially high bias from G Unlike the other two estimators, it is biased even when 3 is a perfect
estimate of 3, which in practice is undesirable. Though the DI estimator has low bias when G is a

good model of the condition reward distribution, it is often much easier to form accurate models of 3
than of G.

Proofs: Bias and Variance

We begin by proving the bias and variance expressions of the DR estimator with B . The bias and
variance of the other estimators can be derived as special cases, which we show later.

Proof of Lemma First, we take the expectation of the DR estimator with respect to Pg:

Ep, |F(t)] =Ee, [BE;HX; {R<t}]+ pg[(;ﬁgjgi —Xa: m(A1X))G(t; X, 4)]
B(A B(A _
= Ep| EA:Q R <))+ EPKBEA:Q - 1)G(; X, 4)]

BAIX)
B(ALX)
BAIX)

)1{3 t}} Km - 1)@@; X, A)}

1) (G(t; X, A) — G(t: X, A))}

(
P[<5<A|X>
— F(t) + Ep [5(A, X)A(t: X, A)}
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When B = S for all a, x, we have § = 0, giving the unbiasedness of the estimator.

Starting from the second line of the proof of variance for the DR estimator (Appendix [C.1)), we have

Ve, [Fon(t)] = %wﬁ (A X) (Lines — Gt X, A)) + Gt X, m)]
- %E]pﬁ [@(A, X)?0%(t; X, A)]

+ %VPB [@0(A, X) (G(t; X,A) — G(t; X, A)) + G(t; X, )]

2
= lIE]p (é(A’ X)> o?(t; X, A)
n B(A, X)

+ Vs, [Be, [8(4,X) (G(: X, 4) - G5 X, 4)) +C(t: X, m)|X]]
+ 2B, [Ve, [B(A.X) (G(t:X, 4) ~ G(t: X, 4)) X]]
- %EP [(1 — (A, X)) 02 (¢ X, A)]
+ Ve [Bp [5(4, X)A(: X, 4) + G5 X, 4)X]
+ %EP [V]}»ﬁ [W(A, X)A(t; X, A)\XH
the second line uses a change of measure in the first term, and the law of total variance conditioned on

the context X . The third line follows again from change of measure and substituting in the definition
of § and A.

O

LemmalE.T]is derived from Lemmal|E.2 using the fact that the IS estimator is a special case of the DR
estimator with G = 0.

Lemma is derived from Lemmaby using B — oo which means @ = 0, e.g. importance
weighting is not used, and 6 = 1.

E.2 CDF and Risk Estimate Error Bounds

Theorem [ET] generalizes the CDF error bounds established for the IS and DR estimators with known
behavior policy to the case where [ is estimated, given an additional high-probability guarantee on
the quality of 3.

Theorem E.1. For the IS or DR CDF estimator F that uses estimated weights @(a,z) =
w(al|z)/B(a, x), given an estimate [ that is eg-close to the true behavior policy f, that is

sup |(alz) — Blalo)| < e,
we have with probability at least 1 — § that

Pg (sup F(t) - F(t)( <e+ c%) >1-94
teR

~ ~ -1
where € is either ¢jg or € = epg depending the choice of I, and ¢ = Wqz (infa@ ,B(a|m)) .

Similarly, for L-Lipschitz risk functionals, the general error bound given in Theorem [6.1] can be
extended to the case of 3 by adding the additional error term from the policy estimation.
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Corollary E.1. For the IS or DR CDF estimator F that uses estimated weights W(a,xz) =

7T(a|x)/§(a, x), given an estimate B that is eg-close to the true behavior policy 3, we have with
probability at least 1 — § that

[p(F) = p(F)| < L (e + ceg)

N -1
where ¢ = Wyqq (infa,m [3(a|9:)) :

Note that the error contributed by policy estimation, ceg, is primarily dependent upon two factors.

First, the quality of B estimation determines the magnitude of eg; a poor estimate naturally leads
to a higher value of this constant. Second, c is a problem-dependent constant proportional to the
maximum importance weight w,,,,, and the minimum probability of the estimated behavior policy

inf, ; B(alz). If inf, » B(alz) is particularly small, the error bound is also large. This reflects the
fact that CDF estimation can be difficult when the behavior policy places low probability in some
area of the context and action space.

Remark E.1. When actions and contexts are discrete, and (3 is estimated using empirical averages,

standard concentrations for the mean of a random variable can be used to determine eg. If ( is
estimated using regression, depending on the estimator €g can also be determined from concentration
inequalities.

v2

Proofs: Error Bounds

The proof of these results is given below.

Proof of Theorem|E.I} We can decompose the error F— Fas:

sup (1) = F(1)] < sup (|F () = F(0)| + |F(1) = F(1)])

< sup |F(t) = F(8)| +sup |F(t) = F(2)]

Theorem [5.1] gives a bound for the first term, and the bound for the second term bound is given in
Lemma|E.4|for the IS estimator, and in Lemma E.5|for the DR estimator. O

Proof of Corollary[E1} This result follows directly from applying the general risk estimation error
bound in Theorem [6.1]to the error from Theorem O

The intermediary lemmas are defined and proved below:

Lemma E.4. Suppose that |3(a|z) — B(a|z)| < eg for all a, x with probability at least 1 — 6. Then
with probability at least 1 — 0,

sup |Eys(t) — Fis(t)] < ces

R -1
where ¢ = Wyax (infa,m ﬂ(a|x)) .
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Proof. We can bound the LHS of the lemma statement as follows.
~ ~ 1< N
sup Fis(t) = Fis(0)] = sup [ 3 w(ow,:) = (os, ) 1|
i=1

= sup ‘— (BEG é:; - %Ea':z;)]l{mgt}’

(ailz; (a;|z;

‘ ) _ m(ailzi)
6 al‘xl) ﬁ(az|xz)

n

1 Blailz;)
< max ]- - =
= tma, ; B(ai|zs)
_ 1 - E(GJUC ) — Blai|x;)
= wmaxn ; (az‘xl)
< Wpnaz (infﬁ(au)) ) Z ’ (ai|zi) — Blai|x;)
o z:l

-1
< s (inf B(a|x>) s

where the last line follows from using the assumption that |3(a|z) — B(alz)| < egforalla,z. O

Lemma E.5. Suppose that |3(a|z) — B(a|z)| < eg for all a, x with probability at least 1 — 6. Then
with probability at least 1 — 6,

sup | Fpr(t) — Fpr(t)| < ces
t

where ¢ = Wy (infaym B(a|x)) _1.

Proof. We can bound the LHS of the lemma statement as follows. Using the definitions of the DR
estimators,

sup | Fon(£) ~ Fon(t)| = sup LS (wlas, 25) — B(as, 31)) (Lpzry — Clts i, ) |

%

B2 -
IR - S

N

< e (8 Bla)) L 3 [fne) - )

where the last line uses the assumption that |B(a|x) — Blalz)| < eg forall a,z. O
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F Additional Experiments

UCI Implementation Details Following [20] [19][57], we obtain our off-policy contextual bandit
datasets by transforming classification datasets. The contexts are the provided features, and the
actions correspond to the possible class labels. To obtain the evaluation policy m, we use the
output probabilities of a trained logistic regression classifier [36]]. The behavior policy is defined as
B = am + (1 — o) munir, where mynir is a uniform policy over the actions, for some « € (0, 1]. Each
dataset is generated by drawing actions for each context according to the probabilities of /3, and the
deterministic reward is 1 if the action matches the ground truth label, and 0 otherwise.

We apply this process to the set of 9 UCI datasets [18] used in [20, |19} 57], which each have differing
dimensions d, actions k, and sample size n. Models G must be constructed for the DM and DR
estimators. As in [20]], the dataset is divided into two splits, with each of the two splits used to
estimate G, which is then used with the other split to calculate the estimator. The two results are
averaged to produce the final estimators. In order to estimate G, we discretize the reward support into
t € [0, 1], and train a logistic regression classifier [36] for each action a and each t, with regularization
parameter C' = 1 and tolerance 0.0001. The code to reproduce these experiments is provided in the
supplementary. On a CPU, they take roughly half a day of compute in total.

Relationship With a«  We plot the error over the range of «, which controls the mismatch between
the behavioral policy /3 and the target policy 7 and is thus proportional to w;;,q,, for the PageBlocks
dataset (also in Figure[I). The CDF error is shown in Figure [5|and the mean squared error (MSE) for
the mean, CVaR 0.5, and variance risk functionals are shown in Figure@

The DR estimator exhibits lower error than any other estimator, and significantly lower variance than
the IS and WIS estimators, across the range of «. This is particularly obvious in the region where
« is small, which is where importance weights can become larger and the IS-based estimators are
prone to higher variance. Note that the CVaR( 5 MSE is close to 0 for all estimators.
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Figure 5: Sup-norm CDF error over « for PageBlocks. Shaded region shows one empirical standard
deviation.
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Figure 6: Mean squared error (MSE) over « for different risk functionals evaluated in the PageBlocks
dataset. Shaded region shows one empirical standard deviation.
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Evaluation Over UCI Datasets
mean-squared error (MSE) of estimated risk functionals (mean, CVaR 5, and variance) for the 9
UCT datasets below. Here, o = 0.5 is fixed. All plots are shown over 500 repetitions, with error bars
omitted for readability but similar to those shown in Figure[T]

We display the sup-norm error of the estimated CDF and the

The general trends reflect analysis presented in Section[7. As expected of our distribution-based
approach, trends in CDF estimation performance are reflected in risk estimation performance. Both
the DR and 1S estimators exhibit the expected O(1/+/n) error convergence across the estimation
tasks. Generally, the DR estimator does as well as if not better than the other estimators; where the
model is difficult to specify well, the DR estimator may suffer slightly in performance in the low
sample regime, but always outperforms the other estimators as the number of samples n increases.
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Letters: n=20000, k=26, d=16
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