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Abstract

We study the problem of active pure exploration with fixed confidence in generic
stochastic bandit environments. The goal of the learner is to answer a query about
the environment with a given level of certainty while minimizing her sampling
budget. For this problem, instance-specific lower bounds on the expected sample
complexity reveal the optimal proportions of arm draws an Oracle algorithm would
apply. These proportions solve an optimization problem whose tractability strongly
depends on the structural properties of the environment, but may be instrumental in
the design of efficient learning algorithms. We devise Frank-Wolfe-based Sampling
(FWS), a simple algorithm whose sample complexity matches the lower bounds
for a wide class of pure exploration problems. The algorithm is computationally
efficient as, to learn and track the optimal proportion of arm draws, it relies on a
single iteration of Frank-Wolfe algorithm applied to the lower-bound optimization
problem. We apply FWS to various pure exploration tasks, including best arm
identification in unstructured, thresholded, linear, and Lipschitz bandits. Despite
its simplicity, FWS is competitive compared to state-of-art algorithms.
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1 Introduction

Pure exploration in stochastic bandits [33] refers to the task of answering a given question about the
reward distributions of the different arms, using as few arm pulls (or samples) as possible. The task
may correspond to identifying the best arm [20], the top-m arms [49], all e-good arms [36], a set of
arms whose expected rewards exceed a given threshold [35], etc. To reduce the sample complexity of
such a task, the learner needs to leverage as much as possible the information available about reward
distributions, which typically comes as known structural properties of the set of their expected rewards.
Exploiting particular structures (e.g., unimodal, Lipschitz, convex, linear) has been thoroughly studied
in the regret minimization setting (see [10], and references therein), but less in the pure exploration
framework, where most efforts have focused on linear structures [46, 27, 51, 47, 17, 25, 13].

In this paper, we investigate a generic learning problem proposed in [12] and covering the afore-
mentioned pure exploration tasks with or without structure. Consider K arms whose reward distri-
butions (v, . .., Vi) come from a one-dimensional exponential family and are of unknown means
p = (jt1, ..., pixc). The parameter g is known to belong to A C R¥, the set of possible instances.
For each p € A, we assume that there is a unique true answer ¢* () that belongs to the finite set Z of
possible answers' (e.g., for the best arm identification task, i* (pt) = arg max;y, j15). We consider pure
exploration tasks in the fixed confidence setting where the learner wishes, for any possible p1 € A, to
discover ¢* () with a certain level of confidence 1 — §, for some 6 € (0, 1). The learner’s strategy
is defined by (i) an adaptive sampling rule dictating the sequence of arm pulls, (ii) a stopping rule
defining 7, the round where, based on the data gathered so far, the learner decides to stop pulling
arms, and (iii) a decision rule specifying her answer. The goal is to devise a 4-PAC (it outputs the
right answer with probability at least 1 — 0 for any p € A) strategy minimizing the expected sample
complexity E,, [7].

Using the same arguments as those used in [20] for classical MAB problems, we may derive a
lower bound of the expected sample complexity satisfied by any §-PAC strategy. This lower bound,
whose proof can be found in Appendix B for completeness, is given by 7™ (p)k1(d, 1 — §), where the
characteristic time 7™ () is defined through the following optimization problem:

T (p) ' = f d(fie, M) 1
(k) sup )\elﬁl(u)zwk [ks Ak) (1

where ¥ is the (K — 1)-dimensional simplex, Alt(g) is the set of confusing parameters A € A such
that * (1) # i*(A), kl(a, b) is the KL divergence between two Bernoulli distributions of means ¢ and
b, and d(p, )\k) denotes the KL divergence of arm-k reward distributions under parameters g and A
. A solution w* () of (1) can be interpreted as an optimal allocation, in the sense that pulling each
arm 4 a proportion of round equal to w} () (in expectation) constitutes an optimal sampling rule.

Most existing algorithms achieving an asymptotically (when & goes to 0) minimal sample complexity
leverage a Track-and-Stop (TaS) framework [20]. In each round ¢, they plug fi(t) the estimated
expected arm rewards in the lower bound optimization problem (1), and track the allocation w* (fx(t)).
As already noticed in [38], the main drawback of the Track-and-Stop framework is that it requires
a recurrent access to an Oracle able to solve (1) (actually existing analyses usually assume that the
Oracle outputs the exact solution for any w). (1) is a concave program but can become difficult to
solve depending the underlying structure A. Indeed, for complex structures, identifying the most

confusing parameters leading to the objective function inf ycaj(y) 25:1 wid(pr, A\k) can be hard.

Contributions. 1) Instead of solving (1) in each round as in the TaS framework, we propose an
online iterative method to approach the optimal allocation of arm pulls. Specifically, we devise
Frank-Wolfe-based Sampling (FWS), a computationally efficient algorithm that just relies, in each
round, on a single iteration Frank-Wolfe (FW) algorithm applied to (1) instantiated at fx(t).

2) For a wide class of pure exploration problems with or without structure, we derive an upper bound
of the expected sample complexity of FWS for any certainty level §, and show that this bound matches
the lower bound 7™ (p)k1(d, 1 — ) asymptotically as § goes to O.

3) We illustrate the performance of FWS on various pure exploration problems, including best arm
identification in unstructured, linear, and Lipschitz bandits. In all tested scenarios, and despite its
simplicity, FWS matches the performance of the best existing algorithms.

'Scenarios with several correct answers require a more involved analysis, see [11].



The use of the FW algorithm has been suggested in [20] in the case of best arm identification problem
in unstructured bandits. In this case, FW iterations take a very simple and intuitive form (see Example
1 introduced in §3). The corresponding sampling rule is referred to as Best Challenger in [20], and
leads to algorithms with remarkably low sample complexity empirically — sometimes lower than that
of TaS algorithms solving (1) in each round. So far however, as discussed in [38], the analysis of
FW-type sampling rules, and even their convergence, have eluded researchers. Towards the design of
FWS algorithm, we devise a simple variant of the FW algorithm that yields a sampling rule whose
sample complexity can be analyzed. We confirm the asymptotic optimality of as well as its empirical
superiority, not only for the case of best arm identification in unstructured bandits as predicted by
[20], but also for a wide class of pure exploration problems. We believe that our analysis also brings
interesting solutions to the three important obstacles we needed to tackle to devise and analyze a
FW-type sampling rule: (i) the objective function in (1) is not smooth; (ii) its curvature becomes
infinite in general close to the boundary of X; and (iii) the estimate fi(t) is evolving and might be far
from p.

2 Related Work

Best Arm Identification (BAI) has recently received a lot of attention, either in unstructured bandit
problems, see [20, 44], or in problems with various kinds of structure, e.g., linear [46, 27, 51, 47,
17, 25, 13, 42], combinatorial [32, 26, 43], spectral [30], monotone [21], cascading [54]. For BAI in
unstructured bandits with fixed confidence, [20] developed the celebrated Track-and-Stop framework
leading to algorithms able to asymptotically converge towards the optimal allocation of arm draws,
and in turn, to achieve the lowest sample complexity possible in the high confidence regime (as ¢
goes to 0). It is possible to apply the TaS framework to specific structures, as this was proposed in
[25] for linear bandits. However, for more involved structures, this might become computationally
too difficult. Indeed TaS requires the learner to repeatedly solve the optimization problem (1).

The authors of [12] propose and exploit an interpretation of the lower bound optimization problem
(1) as the solution of a 2-players game — the w-player playing the ’sup’ and the A-player playing the
’inf’. The algorithm presented in [12] combines two zero-regret algorithms applied sequentially by
the two players, and converge to an optimal allocation. Interestingly, the algorithm uses the optimism
in face of uncertainty principle to remove the need of forced exploration (the w-player is fed with
upper-confidence bounds on her rewards). As shown later, the algorithm does not perform as well as
FWS. The applicability of the framework used in [12] remains unclear to us: in [13] and in [26], the
authors claim that the framework cannot be applied to linear and combinatorial bandits, respectively.

In [38], the author proposes a solution close to ours. His algorithm, LMA (Lazy Miror Ascent), just
runs in each round one iteration of a sub-gradient ascent algorithm applied to (1). Fortunately, the
projection step usually involved in such algorithm is simple. Numerically, as illustrated later in the
paper, we found that LMA may not be as efficient as TaS or FWS. We could try to explain this by
remarking that LMA has similarities with the Exponential Weights algorithm (see Appendix F in
[38]), an algorithm designed for adversarial online optimization problem, and may be too conservative
in a stochastic setting.

As already mentioned in the introduction, FW-based algorithms for BAI in unstructured bandits
have been mentioned first in [20] for their simplicity and good performance. Applying FW as if
the objective function was smooth may fail at converging [38] experimentally. We believe that we
manage to make, in our algorithm, the minimal modification of the FW-based algorithm so that
convergence and asymptotic optimality are guaranteed. Finally note that [5] uses FW in a regret
minimization problem but with a smooth objective function.

We conclude this section by mentioning existing works on the FW algorithm when applied to
optimizing non-smooth functions. The proposed solutions consist by either smoothing objective
function or enlarging the set of differential (this is the second approach we chose). [18, 22] apply
FW on the randomly smoothed surrogate instead of the original non-smooth objective. However,
computing the gradient at each iteration requires to query many time on the objective function, which
may not be practical. [1, 40] use a proximal operator to replace the objective function, but as pointed
out in [8], the smoothing parameters of the proximal operator are not trivial to tune. Our solution
is close to those developed in [41, 8]. There, inspired by the approximate subdifferential [50], the
authors propose to collect the set of the gradients in the neighborhood at each round. They show that



these collection is continuous even when the objective functions is non-smooth, which allows for the
use of FW. The way we deal with the non-smoothness issue is similar but simplified by the fact that
the specific form of our objective function.

3 Preliminaries

We consider the pure exploration task described in the introduction. This section presents the
additional assumptions made towards the design and analysis of our algorithm. These assumptions
are here illustrated for the classical Best Arm Identification (BAI) task in unstructured bandits (see
Example 1); they will be verified for all other examples of pure exploration problems presented in
Section 5. This section also provides useful properties of the lower bound optimization problem (1),
and finally describes our choice of stopping and decision rules.

3.1 Assumptions and properties of the lower bound optimization problem

The answer map i* : A — Z allows us to decompose A into a union of non-overlapping sets:
A = U;ezSi, where S; = {p € A : i*(u) = ¢} forall ¢ € Z. The answer map is known (i.e.,
knowing p is enough to output the right answer), and hence without loss of generality, we can assume
that S; # () for all : € Z. Using this notation, the set of confusing parameters can be written as
Alt(p) = Uigis ()i

Assumption 1. For eachi € I, S; is an open set and the complementary of S; is a finite union of
convex sets. Namely, there exists a finite collection J; of convex sets Cl s.t. A\ S; = Uje ‘71C

Example 1. The BAI task in unstructured bandits with Bernoulli rewards. For this task, we have
A= (0,1)K, 7 ={1,..., K}, and for all arm i, the set of parameters for which arm i is the best arm
isSi={peA:p>pVk#i}. Wehave: A\ S; = Uje%Cj- where J; = 7 \ {i} is the set of
arms different than ¢ and C]l: ={p € A:pj > p;} is the convex set of parameters for which arm j is
better than arm . O

Now under Assumption 1, we can decompose the lower bound optimization problem as follows:
T*(n) ™! = supy,ex Fu(w) where Fj,(w) = minje 7., ., fj(w, ) and for all j € Fix(y0).

K
fj(w,p) = inf Zwkd Pl Ak)- 2)

i* ()
AeC; k=1

Note that (2) is convex program (by convexity of the KL divergence), and that f; is a concave function
in w (as the minimum of concave functions). As a consequence, the objective function £}, is also
concave, but not smooth. The following proposition summarizes insightful properties of the functions
Jj»J € Ji»(u)- It is a consequence of the envelope theorem and proved in Appendix K.2.

Proposition 1. Leti € Z, j € J;. Define for all (w,pu) € ¥ X S,

K
Ai(w, ) =arg min wid (g, A 3
j(w, p) g)\ed(c)z kd(tks Ak), 3)
where c1(C}) is the closure of Cj. Then under Assumption I, \j(w, p) is unique for all (w, p) €

Y X S, where . is the interior of ¥. In addition, f; is continuously differentiable on Y x S;, and
V(w,p) € X xS,

Ve fj(w Zd s A (w0, 1), e “)

where e}, denotes the K-dimensional vector whose k-th coordinate is 1 and whose other coordinates
are 0.

A key insight from the above result is that the objective function F}, is the minimum of a finite
number of continuously differentiable functions. This observation will make the use of a slightly
modifed FW algorithm possible (remember that the FW algorithm is known to converge for smooth



functions only). We use an additional assumption on the gradient and curvature of f;. A controlled
curvature is an essential ingredient when analyzing the convergence of FW-based algorithms, see
e.g. [24]. Define ¥, = {w € ¥ : ming wy, > ~} forany v € (0,1/K). Following [24], we define
Cy(K), the curvature constant of the concave differentiable function ¢ : X — R with respect to the
compact set /C, as

Cylk) = sup 3 (@)~ b(w) + (y— =, Vi@ ©
aé(O,l]

y=z+a(z—x)
Refer to [24], for the intuition behind this defintion and examples.

Assumption 2. Forall p € A,
(i) there exists L > 0 such that Vj € T (uy,w € 5, ||V fi(w, p)ll o < L;

(ii) there exists D > 0 such that ¥y € (0,1/K) and ¥j € JTi~(u), Cp, () (E+) < %.

There is a simple way to verify whether a pure exploration problem satisfies Assumption 2, by looking

at the second derivative of the function y — d(z, y) at the points (g, (Aj(w, p))x) for all k. Refer
to Appendix C for details.

Example I (cont’d). For unstructured bandits with Bernoulli rewards, we can easily compute f; and
its gradient [20, 38]: for all j # i*(u) and all w € ¥, define m;(w, p) = e LT P Ty S

wWix () Twj

Aj(w, ), = pr if k & {i*(p), 7} and Aj(w, ), = mj(w, p) otherwise. As a consequence:

{ fi(w, 1) = wir uy d(pis (1 (@, ) + wid(pg, my(w, @), ©)
wa](wvll') = d(,ui*(u)amj(w7u)>ei*(p) + d(,uj7mj(w7 IJ‘))eJ

For this example, we can verify that Assumption 2 holds, either directly or using the tool described in
Appendix C. ]

3.2 Stopping and decision rules

Next we present the two last components of the FWS algorithm, namely the stopping and decision rules.

These components are standard and borrowed from the existing literature. We need a few notations.
For any t > 1, let A; denote the arm selected in round ¢. Define Ny (t) = >2°_, 1{A, = k} the
number of times arm k has been selected up to round ¢, and by wy () = N(t)/t the corresponding
empirical proportion of draw. When Ny (¢) > 0, the empirical average reward of arm k up to round ¢
is denoted by i, (1) = S°L_, Xi(s)1{As = k}/Ni(t), where Xy (s) is the random reward received
from pulling arm £ in round s.

Let us denote by T, the stopping time defining when the algorithm stops exploring and has to output a
decision. Our decision rule is obviously to output the best empirical answer: i, = i*(f1(7)).

For the stopping rule, as in other existing algorithms, we leverage a Generalized Likelihood Ratio
Test (GLRT). Our test boils down to comparing ¢ Fy ;) (w(t)) to a threshold (¢, ) (recall that F), is
the objective function of the lower bound optimization problem):

T=inf{t > 1: tFaq (w(t) > B(t, )} )

Many thresholds (¢, ) have been proposed in the literature [29, 20, 25, 38]. For FWS and its analysis,
we just need that the threshold statisfies the two following properties:

Vt> 1, (tFum(w(t) = B(t,0)) = (P [i*((1) # " (0)] < 9), (8)
Je1(A),c2(A) >0 = VE> (D), B(t,0) <log (Cz((sA)t) . 9)

The first of the above properties will naturally imply that FWS returns the true answer with probability
at least 1—4 when stopping, whereas the second will be instrumental in the sample complexity analysis
(there, c1(A), c2(A) may depend on the set of possible instances, and on the reward distributions).
In [29], the authors manage to provide, for any generic pure exploration task, a single threshold
satisfying (8)-(9)). Unless otherwise mentioned, we will use the stopping rule implementing this
threshold.



4 The FWS Algorithm and its Sample Complexity

In the FWS algorithm, we use the FW algorithm to learn an optimal allocation w* (). In each round,
an iteration of FW updates the allocation that the FWS algorithm aims at approaching using some
tracking procedure. We describe this learning and tracking procedure below.

4.1 Adapting Frank-Wolfe to the non-smooth function F),

The FW algorithm [19] solves smooth convex programs by linearizing, in each iteration, the objective
function and moving towards a minimizer of this linear function. Compared to the projected gradient
and proximal methods, FW is computationally more efficient (e.g. it avoids the projection step),
and is particularly well-suited when optimizing over polyhedra [7] (which is our case here). For a
contemporary treatment of FW, refer to [24]. FW was suggested in [20] for BAI in unstructured
bandits to update the allocation to be tracked. For this BAI problem, an iteration of the FW algorithm
takes an intuitive form (see also Appendix A2 in [38]):

Example 1 (cont’d). For BAI in unstructured bandits, the optimal allocation w* () is the max-
imizer of the function w +— Fj(w) = min; f;(w, ). F, is smooth at points when the mini-
mum is realized at a single arm j* = argmin; f;(w, ), and there, in view of (6), its gradient is
VEu(w) = d(ftix (), mj (W, 1)) €4 () + d(pijx, mj+ (w, p))e;j-. Now in an iteration of the FW
algorithm, one would follow the direction given by arg max,ex w’' VF,(w). This direction is
e+ if d(pjx, myx(w, 1)) > d(pix (), mj+(w, 1)), and e;+(,,) otherwise. This is precisely what
the FW-type sampling rule suggested in [20] is doing: in round (¢ + 1), the best challenger is
defined as j* = argmin; f;(w(t), ft(t)), and the arm selected corresponds to the direction given
by arg max.ex w' T VFp (w(t)), ie., itis either the best challenger j* or the best empirical arm
i*(p(t)). O

The convergence analysis of FW usually requires that the objective function is smooth, and that its
curvature can be controlled. When applying FW-type algorithms to design an optimal sampling rule
(a rule that converges to the allocation w*(p) maximizing F),), we face three issues: (i) F}, is not
smooth; (ii) £, has an unbounded curvature close to the boundary of X; (iii) 4 is unknown initially,
so the FW iteration in round ¢ can be applied to Fj ;) only. We discuss below how we circumvent
these issues in the design of our algorithm.

(i) Non-smoothness of F},. In view of Proposition 1, F}, is the minimum of a finite number of
smooth concave functions f;. Hence at points where two of these functions are equal in w, F}, is not
differentiable in w. The FW algorithm has been adapted to cope with non-smooth functions, see e.g.
[41]. Typically, one constructs continuous approximations of the gradient close to non-smooth points
of the functions. This construction often involves the r-subdifferential [23]?, which would be too
costly to compute for F,. Instead, we can leverage the fact I}, is the minimum of concave functions,
and construct the called r-subdifferential subspace: for r € (0, 1),

Hp, (w,r) = cov{Vfj(w,p) : j € Tir(p), [i(w, ) < Fu(w) + 71}, (10

where cov{S} denotes the convex hull of the set S. This choice greatly simplifies because it does not
require to compute the gradient of f; in a neighborhood of w. Since the f; are continuously differen-
tiable, we can prove that w +— Hp, (w,r) is a continuous (i.e. upper- and lower-hemicontinuous).
Using the r-subdifferential subspace, the modified FW update is given as follows. Let (t) be the
estimated optimizer of F}, in round ¢. In round (¢ + 1), it is updated as:

(1)

z(t+1) = argmax, .5, MiNpe e, (2(t),r0) (z —x(t),h) (ties broken arbitrarily) ,
x(t+1) = qe(t) + 32t +1).

Of course in the FWS algorithm, g is unknown, and will be simply replaced by fi(¢) in the above
update. The way we choose the sequence of parameters {r; };>1 will be discussed later. Computing
z(t) is equivalent to solving a zero-sum game, which can be further formulated as a LP [52] (Chapter
20). Refer to Appendix H for a detailed description of this LP.

(ii) Unbounded curvature of I, and (iii) unknown p. These two issues are solved by a single
trick. We impose that in the FW iterations, the update directions z(¢) cover all ex, k = 1,..., K

*For r € (0, 1), the r-subdifferential of 1 : K — R (where C C R* is compact and convex) is defined as
() = {h e RF 1 9p(y) < w(x) + (y — x, h) +rforally € K}.



sufficiently often. This ensures that the target allocation x(t) stays away from the boundary of 3,
which in turn allows us to control the curvature of Fj, ;) thanks to Assumption 2. This imposed
constraint can be seen as a sort of forced exploration, and further implies (thanks to our tracking
procedure) that each arm is played often enough. Now, with this kind of forced exploration, fi(¢) will
concentrate around the true .

4.2 Algorithm

The FWS algorithm proceeds as follows. FWS maintains a target allocation, denoted by x(t), its
empirical allocation w(t), and the empirical average rewards f1(¢) after round ¢. After an initialization
phase (K rounds where each arm is selected), FWS alternates between forced exploration and FW
updates. More precisely:

Forced exploration occurs at rounds ¢ where /| ¢/ K | is an integer and at those where f1(t — 1) ¢ A
(in this case, we cannot compute the objective function). In forced exploration round ¢, the target
allocation is updated towards the center of the simplex: x(t) = “la(t — 1) + }(1/K,...,1/K).
FW updates happen in other rounds. There, the target allocation is updated according to our adapted
version of FW (11), where in round ¢ the unknown g is replaced by fi(t — 1). In the successive FW
updates, we use r-subdifferential subspaces with varying parameter r. For the analysis of FWS, we
will select a sequence of parameters {r, };>1 with an appropriate decay rate.

After the target allocation is updated in round ¢, the algorithm tracks this allocation by selecting the
arm maximizing over k the ratio z(t)/wi(t — 1). Finally, FWS, whose pseudo-code is presented
below, uses the stopping and decision rules described in §3.2.

Algorithm 1: FWS algorithm

Input: Confidence level d, sequence {r; };>1

Initialization: Sample each arm once and update w(K), (K) = (+, ..., %), and fi(K)
t+— K
While (tF, 4y (w(t)) < B(6,t) or u(t — 1) ¢ A)

t+t+1

If (\/[t/K] € Nor it — 1) & A) (forced exploration) z(t) < (%,..., 7=)

Else (FW update)

z(t) < argmax min z—x(t—1),h) (ties broken arbitrarily)
(¥ gex hGHFﬂ(t,l)(m(t—l)mt)< ( ):h) >
Update x(t) < Fa(t — 1) + z(t)
Sample the arm A; < argmax;, x(t)/wi(t — 1)  (ties broken arbitrarily)
Update w(t) and fu(t)
Output: i*(fi(t))

4.3 Sample complexity

In the following theorem, we establish the asymptotic optimality of FWS.

Theorem 1. Consider the FWS algorithm with a sequence {r.};>1 of strictly positive reals satisfying
(i) limy_ o %Zi:l rs = 0, and (ii) lim;_, try = oo. Under Assumptions I, 2, the algorithm
terminates in finite time almost surely and is §-PAC. Its sample complexity T satisfies:

T Ep [7]

Vu e A, P, [limsu <T* =1, and limsup ———- < T*(u).
weh, By |lmep o ig < T W) PP Tog(1/) =W

The proof is given in Appendix I. We sketch the proof of the guarantees in expectation. The proof
relies on classical concentration results, but more critically combines continuity arguments (developed
in Appendix K) to account for the varying fi(¢), and tools to analyze the convergence of the modified
FW algorithm (reported in Appendix L).

1. First using concentration inequalities and the fact that FWS includes forced exploration rounds,
we can define, for round ¢, a "good" event & under which fi(t) is very close to p and such that



Yoo Py [EF] < co. Then, several continuity arguments have to be made. In Lemma 6 (Appendix K)
we show that p +— F}, is continuous (w.r.t. the uniform convergence norm). In Theorem 3 (Appendix
K) we also prove that the solution z(¢ 4+ 1) of the FW update (11) is continuous in . The arguments
above allow us to analyze the convergence of the FW updates almost as if fi(¢) was replaced by p
provided that the event &; occurs.

2. Now we can study under the event &, the impact of the FW update on the target allocation.
The main step of our proof is Theorem 6 (Appendix L) characterizing how F,(x(t)) get closer
to Fy,(w*(p)) in each FW update. We then deduce that after a time 77, Fj ) (x(t)) is a good
approximation of F, (w*(u)).

3. We conclude the proof using similar arguments as those in [20].  According to
our stopping rule, ¢ > 7 if and only if tFjy(w(t)) > [(t,6). Hence E,[r] =
S Pulr >t =372 Py [tFa ) (w(t)) < B(t,8)] which can be approximately upper bounded
by Ty + 32 P [EF] + 3072 P [tFu(w* (1)) < B(t,0)]. The proof is concluded by remarking
that in view of the property (9) of our stopping threshold, the last sum is close to 7* () log(1/6) as
0 —0.

Note that our proof of Theorem 1 accounts for the possibility in certain structures (e.g. linear) of
having multiple optimal allocations (these allocations form a convex set). We just reason in terms of
the objective function (as in [25] for linear bandits).

Under the following additional assumption, we can derive non-asymptotic sample complexity upper
bound for FWS. The proof of the following theorem is presented in Appendix N.

Assumption 3. For any p € A, there exist constants r, £ > 0, s.t. if |7w — ||, < K, then

T € Sjv (), Yw € ¥, je Tir (u) Vad(me, Xj(w, ), ) is continuous and HV,Td(m€7 )\j(w,ﬂ')k)Hl
<E Vk=1,...,K.

Theorem 2. Consider the FWS algorithm with a sequence {r.};>1 as in Theorem 1. Under Assump-

tions 1, 2, and 3, the sample complexity T of the algorithm satisfies: for any p € A, 6 € (0,1), and
any e < min{kE/2,1}, € < 1,

1+¢ (14 €&)ca(Ae (14 €)ea(A)
<ty % (ot 69) 5 () 50 )

+U(K,D,E,L,ci(A),€) + 7,

where T, 1, is a constant such if t > T, 1, then 22:1 ry < te and try > L. The constant WV is
polynomial in (D, E, L,c1(A),1/€) and exponential in K. The precise definition of VU is given in
Appendix N.

S Examples and Experiments for Linear Bandits

5.1 Examples

Our framework can be applied to many pure exploration problems, including BAI in unstructured (see
Example 1), linear, Lipschitz bandits. It further covers threshold bandits (the problem of identifying
all arms with rewards greater than a threshold), linear threshold bandits, top-m bandits (where we
wish to identify the best m arms), and dueling bandits. All these examples are presented in Appendix.
Using numerical experiments, we show that FWS is competitive with state-of-the-art algorithms for
BAI in unstructured, linear, and Lipschitz bandits, see Appendices D-E-F, respectively. To the best of
our knowledge, we report the first results for BAI in Lipschitz bandits. We quote some of our results
for BAI in linear bandits below.

When facing a new pure exploration problem, one can check whether it falls into our framework,
by first directly verifying Assumption 1. In Appendix C, we provide a simple sufficient condition
ensuring that Assumption 2 holds, and explain why all the aforementioned pure exploration problems
satisfy this condition.

5.2 BAl in linear bandits

Linear bandits constitute arguably the most popular and important bandit problems with structure, and
have found many applications [34, 9]. BAI in linear bandits has received a lot of attention recently,
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see §2. To model linear bandits, we slightly modify our framework. The reason for this modification
is that the linear structure is so strong that using our initial framework, the set A would be small, and
we would have problems ensuring that fi(t) € A after some reasonable time ¢. Alternatively (rather
than modifying the framework), we could modify the FWS algorithm so that fi(¢) is projected onto A.

Consider a set of K arms. Arm k is attached a d-dimensional feature vector aj, and its average reward
(ay, p), where g € R? is unknown. Without loss of generality, we assume that {a, } ¢ (] spans RY.
We modify the definition of A as follows: A = {p € R? : 3k € [K] s.t.{ap — a;, p) > 0,Vi # k}.
Hence p parametrizes the average rewards of the arms, but yuy is not the average reward of arm k.
The true answer is ¢*(p) = argmaxy (ay, pt). The lower bound optimization problem (1) becomes:
SUp,ex Fu(w) where Fy(w) = infacan(u) 3(1 — A) T X p wrara) (p — A) and Alt(p) = {X €
A 3k # i*(p) star — @ (u), A) > 0}, see e.g. [25]. From there, we can reproduce our

Ci*(”) _ {)\ cA: <aj _ai*(l-t)7}\> > 0};asf0r

framework: for Assumption 1, for all j # ¢*(u), 4

the functions f;, they are defined through:

(@i () — aj, p)

Vot (a5 — apu) (12)
@i () — aj]

Aj(w, p) = p+

2
Vot

where V,, = >, wkaka;. In the FWS algorithm for linear bandits, we use the Least-Squares
Estimator (LSE) f(¢) given past observations, see [25] or Appendix E for an explicit expression.
It can be readily seen that this slight modification of our framework does not affect the validity of
Theorem 1. We just need to use the concentration inequalities derived in [25] for fi(¢) in the first step
of its proof.

Numerical experiments. We consider the example proposed by [46]. The unknown parameter
i = e; and there are d + 1 arms, ey, - - - , eq, cos(¢)e; + sin(¢)es in RY, where (ey, - - - , e4) form
the standard orthonormal basis. We set d = 6 and ¢ = 0.1. To assess the performance of the FWS
algorithm, we compare with the following algorithms: the Lazy Track and Stop algorithm (LT)
from [25]; LineGame-C (CG-C) and LineGame (Lk-C) from [13] and implemented by [45]; the
XY-Adaptive algorithm (XY-A) from [46]. For information, we also run the Round Robin algorithm
RR selecting each equally. For comparison, we finally compute the sample complexity lower bound
LB1in(0) (equal to T*(p)k1(5, 1 — 9)).

Except for XY-A, all algorithms implement the same stopping rule defined in (7) with threshold
B(t,0) =log((log(t) + 1)/0) (this threshold was initially suggested in [20], and is also used in [45]
for CG-C and Lk-C). For XY-A, we use the stopping rule advocated in the corresponding papers.
Refer to Appendix E for the detailed implementations.

In Table 1, we present the sample complexity (the number of samples gathered before the algorithm
stops) averaged over 1000 runs for the various algorithms and for different confidence levels 6 €
{0.1,0.01,0.001,0.0001}. In Appendix E, we provide detailed results, e.g. including box-plots (to
show how confident we are about the values displayed in Table 1), as well as the empirical allocations
achieved under the various algorithms.

Table 1: Sample complexity for the linear bandit benchmark example of [46], averaged over 1000
runs. Refer to Appendix E for details, including box-plots.

| FWS LT CG-C Lk-C XY-A RR | LBiin(9)
d=01]1030 919 2498 2319 7016 5451 359
0=0.011] 1614 1464 3501 3431 7779 8814 920

0=0.001 | 2229 1982 4324 4326 9090 12101 1408
0=0.0001 | 2839 2518 5118 5120 9723 15314 1881

6 Conclusion

We have developed FWS, a computationally and statistically efficient algorithm for active pure
exploration in bandit problems with fixed confidence. In each round, FWS performs a single iteration
of a modified FW algorithm to approach an optimal allocation of arm draws predicted by the
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asymptotic lower bound. In the FWS algorithm, the FW iterations aim at maximizing a non-smooth
function. Our main contribution is here to adapt the design of FW so that its convergence can
be analyzed even for this non-smooth function. FW-based pure exploration algorithms have been
discussed in the literature, with the belief that they would perform well. We confirm this belief, and
even establish the asymptotic optimality of FWS in wide class of pure exploration problems.

Many interesting research directions could be investigated. Our analysis of the sample complexity in
the moderate confidence regime has the advantage of being applicable to generic pure exploration
problems, but may not be always tight. For bandits with specific structures, we may refine the analysis
in this regime to get better upper bounds. We are also interested in investigating whether the iterative
approach used in the FWS algorithm can be extended to more complex problems such as learning an
optimal policy in MDPs, as well as to regret minimization problems. There, instance-specific regret
lower bounds and the corresponding optimal exploration process are characterized by the solution of
an optimization problem, just as in pure exploration problems.
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A Table of Notations

Setting: pure exploration task

K
[m] for any m € N

Vi

Xk(t)

ueRK

A
T

i ()
Si
5

Number of arms

The set {1,2...,m}

Reward distribution for arm k

Random reward received from pulling arm k in round ¢
Vector of the expected rewards of the various arms

Set of all possible parameters p

Set of the answers

Correct answer for parameter

Set of parameters for which ¢ is the correct answer
Targeted confidence level

Lower bound properties

w

N

N
E“/
ey,

E, and P,
Alt(pe)
w” ()
()
d(p, 1)
Kl(a, b)

Vector of the proportions of arm draws

Simplex

Interior of 3

{w € ¥ : miny wi, >~}

The K-dimensional vector with a 1 in the k-th coordinate and 0’s elsewhere.
The expectation and probability measure corresponding to the parameter gt
Set of confusing parameters for g

Optimal allocation for parameter

Characteristic time for parameter fo

KL divergence between the distributions parametrized by p and p’

KL divergent between two Bernoulli distributions of means a and b

Assumptions on the objective function

‘ Ti Finite set of indexes associated with answer 7 € 7
C; where j € J; A convex setin A\ S;
filw, p) inf ot Doy wied(pe, Ax)
J
cl(KC) The closure of K
Aj(w, 1) arg minAecl(C;*(“>) Sor, wrd (i, Ak
Fu(w) minjEJq‘,*(;L) Ji(w, )
Cu(K) WP et o V(@) ~U() + (Y~ @ V(@)
aec(0,
y=x+a(z—x)
L Upper bound of ||V, fj(w, ) ||
D Upper bound of vC'y, (. ) (=)
T Stopping rule
i Decision rule
B(t,9) Stopping threshold
c1(A), c2(A) The constants needed for property of 3(¢, &) (see (8))
Notations for FWS
Ni.(¢t) Number of pulls of arm k up to ¢
Wk (t) Nk (t) /t
Ay The arm pulled in time ¢
i (®) S, Xi($)1{A = k}/Ni(t)
Hp, (w,7) r-subdifferential subspace
x(t) The allocation tracked at time ¢
z(t The solution for FW update at time ¢
{ri}es1 A sequence of positive numbers for FWS
Te,1 Constant needed for the assumption on {r }+>1
Kk, B Constants needed for Assumption 3
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B Proof of the Lower Bound of E ,[7]

Definition 1. A 0-PAC strategy with stopping rule T and decision rule i is a strategy such that for
any p € A, Py (1 < 00) = Lland Py, (i, #i*(p)) < 6.

Proposition 2. Let 6 € (0,1) and p € A. For any §-PAC strategy,
By [r] = T (wKI(0,1 — ), (13)
where

T ()™t f d(pg, i) 14
(1) wez/\elAI}t(#)Zwk [k Ak) (14)

Note that kl(d, 1 — §) = log(1/4) as & — 0. Hence (13) yields that

Ealrl o o). (15)

Proof. Consider a §-PAC strategy. Let A € Alt(p). Let P, and Py denote the probability measures
generated by the parameter p and A, respectively. 7 is a stopping time w.r.t. the filtration (F;)>1
where F; = (A1, X4, (1),..., A4, X4, (t)), and where A, is the arm selected under the algorithm
in round ¢ and X 4, (¢) is the corresponding reward. According to Definition 1, 7 is almost surely
finite, and Lemma 19 in [28] directly implies that

ST B [INe(7)] s M) > KIPL(E), PA(E)), (16)

where £ can be any F,-measurable event. With the choice, £ = {i, = i*(A)}, the definition of J-
PAC strategy and A € Alt(yt) imply that the right-hand side of inequality (16) is kI(P,,(£),PA(E)) >
k1(d,1 — §). (16) holds for any A € Alt(p). Thus,

K
E, [Nk (T
k(6,1 -4 f E = A
K@ 1-0) < dnf Bulr) )~ T~ dlm )
k=1
<E f Aty Ak) 17
<E,|[7] weZAEIIEt(IJ')g wWrd(fik, Ak) (17)
This completes the proof. ]
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C A Generic Method to Verify Assumptions 2

Recall that Assumption 2 is:
Assumption 2. For all p € A,

(i) there exists L > 0 such that Vj € Jix (), ||V fj(w, p)||, < L

.. . . D

(ii) there exists D > 0 such that Vy € (0,1/K) and Vj € Jix (), C, () (34) < 2.

Notation. In this appendix, we often use the function d : (g, 7) — d(u, ), defined as the KL
divergence between reward distributions parametrized p and 7. 7 will denote its second argument.
For example ( i, A) is the partial derivate of d w.r.t. its second argument evaluated at the point
(15 A).

C.1 Preliminaries: BAI in unstructured bandits

Before we introduce a generic way to check the assumption, we discuss the insightful case of the
BAI problem in unstructured bandits with Bernoulli rewards. In this case, the gradients of f;’s are:
vj 7é Z*(IJ‘)a vfj (wa N) = d(Mi*(u)a mj(w7 “))ei*(p) + d(/fij m; (wa H))eja

where
Wir () Pix (n) T Wil
Wi () T Wj

mj (wv IJ’) =

We deduce that |V f;(w, p)|l ., < L = maxgs () d(pix (), ix) for any w € ¥. Hence, this
constant L satisfies Assumption 2 (i) and depends g only. As for the Assumption 2 (ii), the Hessian
Vi’w fj(w) has elements almost all equal to 0 except for those corresponding to the basis €;« (), €;.
Extracting the non-zero elements of the Hessian, we get:

my(w,p) —pix () (Hix () —Hj)w; my (i) —pix ) (g =B (u))Wir ()
mj(w,p)(1-—mj(w,p)) (Wir(uytw;)?  my(w,p)(1-mj(w,pn))  (wix(u)+w;)?

m;(w,p)—p; (i () =) w5 my(w,p)—p; (Hg = Pi* (1) )i * ()
m(w,p)(1—mj(w,p)) (Wix(u)yFw;)? mj(w,p)(1—mj(w,p)) (Wi () +wj)?

M (w, ) —pix ()
mj(w,p)(1—m;(w,pn))

. 4L i x .
over rows of the L;-norm of a row), is smaller than % when w € X, Invoking Lemma 1.2.2

Notice that

< Apti (- Thus ||VZ , fi(w, u)”oo (defined as the maximum

in [3] (more precisely, in its proof), one can immediately deduce that V f; is %—Lipsehitz, where

D = 4Lp;»(,,). Finally, Lemma 7 in [24] implies that a function with gradient %-Lipschitz satisfies
Assumption 2 (ii).

From the above observations, we note that the value of m; (w, ), or equivalently the most
confusing parameter A;(w, pt), plays an essential role in our assumptions. In view of Proposi-
tion 1, Vo fj(w, ) = 3, d(ur, Nj(w, p)x)ex. First, if d(px, Aj(w, 1)) is bounded for any
ke [K], we 3 and J € Jix(u)» then Assumption 2 (i) holds because the k-th component of
Vo fi(w, p) is exactly d(px, Aj(w, pt), ). Then, the chain rule yields:

od — 0 ———
(Vi) = (G o)) X ) (13)

For the BAI in unstructured bandits, we can derive Assurnptlon 2 (i) if 2 5 < (g, Aj(w, p),,) is bounded

and HV Aj(w, p H is shown to scale as O( ). Sometimes, however, V,A;(w, p) is not

ming wg
easy to compute. Next we provide a sufficient condition for Assumption 2 which is easier to check.

C.2 Constraint function and a sufficient condition for Assumption 2

Constraint function. To state our sufficient condition, we introduce the constraint function ci to
describe the set Cl Letus fix ¢ € 7 and j € J;. The constraint function c :A\S; — Risa
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mapping such that: _ '

Ci={neA\Si:c(p>0}.
Namely, we can define C;» by using c; For concreteness, we list below examples in which there is a
constraint function.

Example 1 — BAI in unstructured bandits with Bernoulli rewards. For this task, we have A = (0, 1)%,
Z = {1,...,K}, and for all arm i, the set of parameters for which arm i is the best arm is
Si={m €A :p; > p,Vk #i}. We have: A\ S; = Ujes,C; where J; = T\ {i} is the set of

arms different than ¢ and Cji» ={p € A: p; > p;}. Thus a constraint function is cj» (p) = pj — p.

Example 2 — Threshold bandits. In this task, the objective is to identify all arms whose average
rewards are above a threshold J. With Bernoulli rewards, we have A = (0, 1)¥ and the set of possible
answers is Z = 2I%]. We can decompose the set A \ S4 = Uke[K]C{‘, where

CA {peA\S4:pu,>7T} ifk ¢ A,
k {WeEA\Sa: e <T} ifkeA

Then a constraint function is: c¢f'(u) = (1{k ¢ A} — 1{k € A})(ux — 7).

Example 3 — Top-m bandits. The task is to identify the best m arms. Assuming Bernoulli rewards,
we have A = {p € (0,1) : puy1) > ... fim] > fm+1)}» Where i) denotes the average reward of the
arm with the k-th highest reward. The set of possible answers is Z = {A € [K] : | A| = m}. Define
Ta={j¢ Ayand C* = {p € A\ Sa: pj > minge px}- Then, we have: A\ Sy = Ujg7,CH
and a constraint function can be c;“(u) = p; — milge 4 .

As illustrated in the above examples, the constraint functions c; depend on the pure exploration task,
but are simple and usually differentiable. The following lemma provides a sufficient condition for 2,
involving the constraint functions only. In all the examples considered in this paper, this lemma can
be applied. Its proof, provided at the end of this appendix, combines the Lagrange multiplier theorem
and the implicit function theorem, and leverages similar techniques as those developed in [14, 2].

Lemma 1. Let p € A. Assume that, for any j € T (),

(a) ¢ ™ is twice differentiable at the point (A;(w, p)) and Vzcé*(”) Aj(w, ) =0,Vw € 5,
(b) ﬂ;e reward distributions are Gaussian or Bernoulli,
(c) there is a constant M > 0 such that

od .
%(Mk, Aj(w, w)r)

)

max { ’d(uk,m)

} <M, Vk € [K],w € 3.
Then Assumption 2 holds.

C.3 Applications of Lemma 1

We apply Lemma 1 to verify Assumption 2 for the pure exploration tasks presented Appendix D, E,
F, and G.

Conditions (a) and (b). These conditions hold trivially because in all examples, the constraint
functions are linear, and we consider only Bernoulli or Gaussian rewards.

Condition (c). First observe that:
for Bernoulli rewards,

I 1—p od - 1—p
d =plog =+ (1 —p)l = — 4+ — 1
() = plog — + (1 — p) log -—— (u,m) = —=+ 37—, Vp,m € (0,1),

and for Gaussian rewards,

1 od
d(MaTr) = 5(/’6_71-)2 and 87(/’&777) =T =W VM,W eR.
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In the case of BAI for unstructured bandits (Appendix D), A;(w, pt), = py if k& ¢ {i*(n),j} and
Aj(w, ), = m;(w, ) otherwise, where m;j (w, p) = %W,Vw € Y. Hence, (c) holds
i* (e j

for m;(w, p) is bounded in the interval [z, ptix (u)]-

For BAI in linear bandits (Appendix E), according to (12), we have that for any w € 3,

<<u>v) (@, — av)
@i — ajly
< ull + llai — ajl o o < o0

Thus, (c) holds. The condition can be checked similarly for the threshold linear bandits. As for BAI
in Lipschitz bandits (Appendix F), each component of the most confusing parameter (see (31)) is
bounded in the interval of [miny py, maxy 1], and thus, (c) holds. Finally, for the threshold bandit
problem with monotone structure and the top-m arm problem in dueling bandits (Appendix G), (c)
directly holds as the most confusing parameter A;(w, @) and A, (w, ) are fixed for any w € X.

@) <l +

oo

C.4 Proof of Lemma 1

We first prove that Assumption 2 (i) holds. Let L = M. Observe that ||V, f;(w,p)l|, =
maxy, [d(pr, Aj(w, p),)| < M, then (i) holds directly.

Viwlilw p,
is bounded by = by some constant D > 0. This will imply that Assumption 2 (ii) holds, see
e.g.[3, 24].

‘We have:

Let us verify Assumption 2 (ii). Let v € (0, ). We will prove that for w € ¥,

4 m” (19)

%(u,w) =4+ ( =—k= > 1,Yu,m € (0,1), for Bernoulli rewards,
Fa(p,m) =1, Yu, ™ € R, for Gaussian rewards.

We deduce that % (p, ) > 1. Now, recall that A ;(w, p) is the solution of the following optimization
problem:

glin E wkd(,uk,ﬂk).
WGA,C; (‘“)(7\')20 L

Let £ : RX x RX x R x R¥ s RX be the Lagrangian defined as

Lw, p,a, ) = Zwkd(ﬂkﬂrk) - OZC;*(H)(W)~
k

The solution A;(w, p) can be identified by solving Vo L(w, p, o, Aj(x, 1)) = —c;*(“) (Aj(w, 1))
and

\4 ﬁ( W, K, &, A Zwk ,ukra H) )ek—OéVC (”)(A ( 7“)) (20)

By differentiating (20) with respect to 7, we get the Hessian of V2 _ L(w, p, o, Aj(w, p)): itis a
diagonal matrix and for any k € [K], its (k, k)-th entry is

0%d
0’
0%d _
Wk%(ﬂka Aj(w, 1))

> Wg. (21)

V2 LW, 0 A (@, 1)k = Wi e (s A (@, 1)) — aV2¢s B (X (w, )

Since w € X, we deduce from (21) that V2  L(w, p, a, X (z, pt)) is invertible, and that we can
apply the implicit function theorem:

- N1 -
Vi@ 1) = = (Vi L o @, 1)) (VuVal@,m o Ajlw, 1) 2
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In addition, we have:
1
< = (23)
00 v

(72010 o))

To derive an upper bound of HV Aj(w, p H , we compute the second factor in the r.h.s. of (22)

by differentiating (20) with respect to w. We can see that V, V. L(w, p, o, A, ( , b) is a diagonal

matrix whose (k, k)-th entry is (,uk, Aj(w, p)g) for any k € [K]. Combining this observation
with (22)-(23), we deduce that

od
maxp ‘7(%, Aj(w, M)k)'

9 J <M M 24)
0 v’

where the last inequality stems from (c). Finally, using (24), (c), and (18), we can upper bound
IVE o fi(w, m  as:

v x@m|_ <

— 0 ——— M?K
2
va,wfj(w’ _man,Zl < ,U/k:a al"’)k)) mAJ(wau)k < "Y .
We have proved Assumption 2 (ii) with D = M?K. ]
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D BAI in Unstructured Bandits

About all our experiments. All the experiments are executed on a machine with Intel Core i5 at 1.8
GHz with 8 GB RAM. We implemented all the algorithms® in Julia 1.5.4 and part of the baselines
are taken from the implementation by [31, 45]. Throughout the experiments, we fix the parameters of
our Frank-Wolfe-based sampling (FWS): r, = t—o.g/ K, where K is the number of arms.

D.1 Preliminaries and competing algorithms

The BAI in unstructured bandits with Bernoulli rewards has been treated in Example 1 (in the main
document). Itis obtained by assuming A = {p € (0, 1)¥ : 3i € [K] s.t ju; > s, Vk # i}. The set of
answersis Z = [K| and i*(p) = argmax¢ (g i and hence S; = {p € (0, DE i > g, VE #£ i}
For this BAL we set J; = [K]\iand C; = {u € A : p; > p;}. Obviously, {S;}ic(x) are
open sets and {C; }j: are convex sets, so Assumption | holds. As already mentioned, we have:
V(w, 1) € 5% Siv (s Vi # i (1),
Aj(w, ) = mj(w, pe ) +mi(w, me; + > pxex,
k#£j,i* ()
fj(wa IJ‘) = wi*(u)d(ui*(u)v m; (w? /1')) + wjd(ujv m; (U), I"’))a
Vf](w, IJ‘) = d(ui"(p.)> m; (UJ, H))ei*(u) + d(ﬂ/]7 m; (w7 N))eja

where
Wi () i () + Wit

Wix () +Wj

mj(w, 1) =

Assumption 2 is verified in Appendix C.

FWS algorithm and the FW update. To illustrate the implementation of FWS, we provide an example
on how the FW update (11) is implemented. This update is translated into a zero-sum game that can
be solved using any LP solver. Refer to Appendix H for a discussion on how to get this game in
general pure exploration problems.

Let K = 3. Assume that we are in round ¢, and that we wish to apply the FW update:

z(t) < argmax (z—x(t —1),h) (ties broken arbitrarily) .

min
zEX hEHFﬂ<t71)(w(t—1),rt)
Further assume that i*(f1(t — 1)) = 3 and that f1(x(t — 1), a(t — 1)) V fa(x(t — 1), (t — 1)) <
Fy(x(t — 1)) + r;. We then create a 3 x 2 payoff matrix M, whose (k, j)-th entry is M}, ; =
(e —x(t—1),Vfi(x(t—1),p(t—1))) forall k =1,2,3 and j = 1, 2. In this example, the update
can be formulated as

max min z' My (25)
zeX yeR2

st y1,y2 > 0and y; +y2 = 1.
Let (2*, y*) denote the solution of (25). Then we have

3
() =a(t—1)+ > zi(ex —m(t —1)) = z*.
k=1

A standard method to solve the zero-sum game (25) is to apply any LP solver to the following problem
[37, 48, 52]:

max _u (26)
ze€X ueER

st. (2T M)y, (2T M)y > w.

The solution of (26) provides z* and the value of (25). Appendix H explains why and gives a short
introduction for the transformation of a zero-sum game to an LP.

Competing algorithms. The list of algorithms used for comparison is provided below.

3https://github.com/rctzeng/NeurIPS202 1 -Fast-Pure-Exploration-via-Frank-Wolfe
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e FWS: Our algorithm with parameters r, = t~%-% /K, where K is the number of arms.
e T-D: Track-and-Stop [28] with D-Tracking implemented by [31].

e D-C: AdaHedge as the A-player and Best-Response as the w-player described in Section 3.1
in [12] implemented by [31].

e M-C: Lazy Mirror Ascent by [38] implemented by [31]. This method is very sensitive to
the learning rate 7; = 1/(L+/t) (L > 0 is a hyperparameter). Note that the implementation
[31] chooses L assuming the knowledge of pi. This choice is for experimental comparison
only and cannot be used in real-world scenarios.

e 0-C: Optimistic Track and Stop [12] implemented by [31].
e RR: Sample arms in a round-robin manner.
e LB(J): T*(w)kl(d,1 — 9).

The Track-and-Stop algorithm has two versions, one with D-tracking (directly tracking the optimal
allocation) and another one with C-tracking (tracking the cumulative optimal allocation). We found
that D-tracking always performs better than C-tracking numerically. Hence, we report the performance
of Track-and-Stop with D-tracking only.

Stopping rule. In all the algorithms, we use the same stopping rule (7) for unstructured bandits, with
the same threshold 5(t, §) = log((log(t) + 1)/6), suggested in [20].

D.2 Numerical experiments

Bernoulli rewards. In the first experiment, we consider Bernoulli rewards with p =
[0.3,0.21,0.2,0.19,0.18] used in [28]. We average our results over 3000 runs. In Table 2, we
provide the sample complexity for various confidence levels 6 € {0.1,0.01,0.001,0.0001}. To pro-
vide a more detailed comparison, at the confidence level § = 0.01, we show the sample complexity in
box-plot in Figure 3a and compare the allocation of arm draws achieved under the various algorithms
in Table 3.

In Figure 1, we plot the number of rounds (the median over all runs) FWS is in force exploration or
the r-subdifferential subspace used in FWS contains the gradient of only one function (in this round,
our FW update coincides with the traditional FW update as if the objective function was smooth). In
Figure 2, we provide the distribution of the number of functions involved in the FW updates. It is
interesting to note that 60% of the time our update differs from the usual FW update.

Table 2: Sample complexity in unstructured bandits with Bernoulli rewards with ¢ =
[0.3,0.21,0.2,0.19,0.18] and 6 = 0.01, averaged over 3000 runs.

| FWs T-D D-C M-C 0-C RR | LB(6)

0=0.11]1365 1337 1859 1668 1818 2326 574
0=0.01|2125 2066 2674 2509 2706 3460 | 1471
0=0.001]2899 2823 3465 3362 3584 4555 | 2252
0=0.0001 | 3645 3589 4279 4231 4457 5621 | 3008

Table 3: Allocation of arm draws in unstructured bandits with Bernoulli rewards with g =
[0.3,0.21,0.2,0.19,0.18] and § = 0.01, averaged over 3000 runs.

| FWs T-D D-C M-C 0-C RR | w* ()

a; | 34.08 3560 2940 31.72 3131 20.00 | 32.59
as | 2482 2347 2146 2237 2094 20.00 | 25.15
az | 1745 1730 1794 17.81 17.99 20.00 | 17.66
ayg | 1338 1322 16.11 1506 1579 20.00 | 13.24
as | 10.27 1042 15.08 13.04 1397 20.00 | 10.36
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Figure 1: Number of rounds where FWS is in forced exploration or the FW update in FWS cor-
responds to the usual FW update. BAI in unstructured bandits with Bernoulli rewards and
p=1[0.3,0.21,0.2,0.19,0.18], § = 0.0001.
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Figure 2: Proportions of rounds where we have m functions in the linear program involved in the FW
updates (i.e. m = |{j : f;(x(t), (t)) < Fa—1)(2(t)) + r¢}|, and m = 0 in forced exploration).
BAI in unstructured bandits with Bernoulli rewards and & = [0.3,0.21,0.2,0.19, 0.18], § = 0.0001.
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(a) Bernoulli rewards: p = [0.3,0.21,0.2,0.19,0.18]. (b) Gaussian rewards: g = [1,0.85,0.8,0.7].

Figure 3: Sample complexity for the unstructured best-arm identification problem at § = 0.01, plotted
in boxplots where the stars represent the averaged sample complexity and the outliers are hidden.
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Gaussian rewards. In the second experiment, we consider Gaussian rewards with means p =
[1,0.85,0.8,0.7] and unit variance as proposed in [38]. The results are averaged over 1000 runs. In
Table 4, we compare the sample complexity for 6 € {0.1,0.01,0.001,0.0001}. At the confidence
level § = 0.01, we show the sample complexity in box-plot in Figure 3b and compare the allocation
of arm draws achieved under the various algorithms in Table 5.

Table 4: Sample complexity in unstructured bandits with Gaussian rewards and 1 = [1,0.85,0.8,0.7]
and 6 = 0.01, averaged over 1000 runs.

| Fws T-D D-C M-C 0-C RR | LB(J)

0=0.1|1857 1874 2286 2160 2272 299% 791
0=0.01|2919 2891 3487 3313 3528 4659 | 2026
0=0.001 | 3990 4000 4640 4449 4732 6219 | 3101
0 =0.0001 | 5056 5038 5739 5575 5896 7855 | 4142

Table 5:  Allocation of arm draws in unstructured bandits with Gaussian rewards p =
[1,0.85,0.8,0.7] and § = 0.01, averaged over 1000 runs.

| FWs T-D D-C M-C 0-C RR | w*(p)

a; | 41.05 4200 3437 3746 39.70 25.00 | 41.25
az | 36.01 36.04 3094 3247 31.60 25.00 | 37.93
as | 1694 16.11 19.56 1851 1892 25.00 | 15.21
as | 600 585 1513 11.56 9.78 25.00 5.61

In all these results, we observe that FWS and T-D exhibit very close performance. FWS is as efficient
as T-D. The two algorithms outperform other algorithms. We further observe that the allocations
achieved under FWS and T-D are closer to the optimal allocation w* () than those of other algorithms.
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E Linear Bandits

E.1 Preliminaries and competing algorithms

Linear bandits have been extensively applied in online advertisement, [34, 9], and have become the
most relevant of bandit problems with structure. BAI in linear bandits has been investigated for
example in [25, 46, 13].

Consider a bandit problem with K arms and Gaussian rewards. Each arm k is associated with a
d-dimensional vector ay. Without loss of generality, we assume that {ay } ,e[x7] spans the space R4,
We study two learning tasks: BAI and the so-called threshold bandit task where the objective is to
identify the set of arms whose expected rewards are above a given threshold.

We slightly modify our framework as described in Section 5. We define for the two tasks:

Apar = {p € R : 3k € [K] s.t.{ar — a;, pu) > 0,Vi # k}, ipar(p) = argmax{ay, u);
k

Ay ={p eR*: (ay, p) #3,Vk € K]}, i5(pn) = {k € [K] : {as, pu) > T}.

For BAL S; = {u € R? : (a}, — a;,pu) > 0,Vi # k} is clearly an open set. For the threshold
problem, Sy = {p € R?: (ay, pu) > J,Vk € A}, where A is a subset of [K], is an open set too. To
implement our algorithm, we introduce V,, = > & wkaka;, and build the Least-Squares Estimator
of pu:

t
ﬂ(t) = Vc.I(f) Z XAt, (t)aAt,'
s=1
For this LSE, we use in the analysis the concentration results derived in Lemmas 3 and 4 in [25]. The
objective function that has to be maximized to get an optimal allocation is:

e — All%,
F = inf —mM«
ulw) Aelzﬂt(u) 2 ’

where Alt(pt) depends on the task. Let us describe the most confusing parameter A;(w, pt) for both
tasks.

BAL Let pu € Aparand j # i, (1), let C;‘;AI(“) ={A e APA (N aj) > (A @ ()}, which

is a convex set (as any convex combination of two points in ¢ i still in C;B’“(”)). Applying the

Lagrange multiplier theorem (see Appendix of [13]), we get that:

Qa;~ - a', -
( i (1) j 2/‘> Vw—l (aj _ aigA,(u)) , Vw € 3. 27

HaiEAl(“’) —a; va—l

MM (w, p) = p+

Threshold bandit. For all j € [K], we let C;;(“) = {\ € Ay :sign(T — (a;, \)) # sign(J —
(a;, 1))}, which is a convex set (as again any convex combination of two points in C;; ) is still in

C;g e )). Likewise, the Lagrange multiplier theorem yields that
. J—(a;, _ .
/\Jj-(w,u) = p+sign(J — (a;, p)) (WVw 1) a;, VweX. (28)
a; vt

Vo fj(w, ) can be obtained by directly plugging (27) or (28) into (4) and Proposition 1 shows that
fi(w, 1) = (w, Vf;j(w, p)). We have checked Assumption 2 in Appendix C.3, using Lemma 1.

Competing algorithms. For BAI in linear structure, we compare the performance of the following
algorithms.

e FWS: Our algorithm with parameters 7; = t~%9/K.
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LT: Lazy Track and Stop (LT) by [25].

CG-C and Lk-C: LineGame-C (CG-C) and LineGame (Lk-C) from [13] implemented by
[45].

XY-A: XY-Adaptive [46]. The hyperparameter « is set equal to 0.1 as done by [46].
RR: Round Robin
LB1in(0): T*(p)kl(d, 1 — &) exploiting the linear structure

To our best knowledge, the linear threshold bandit problem was only studied in [13]. Hence for this
problem, we only compare our algorithm with CG-C, Lk-C and RR.

Stopping rules. For BAI in linear bandits, except for XY-A4, all algorithms use the same stopping rule
(7), with the same threshold 3(¢, ) = log((log(¢) + 1)/J) (Note that the implementations in [45]
make this choice as well).

For linear threshold bandits, we also use the stopping rule (7) with the same threshold (¢, 0) =
log((log(t) 4+ 1)/0) for all algorithms.

E.2 Numerical experiments

BAI in linear bandits. We consider the example proposed by [46]. The unknown parameter is
i = e; and there are d + 1 arms, ey, - - - , e4, cos(¢p)e; + sin(¢)es in RY, where e1, - - - , €4 form
the standard orthonormal basis. We set d = 6 and ¢ = 0.1.

In Table 6, we provide the sample complexity of the various algorithms averaged over 1000 runs for
various confidence levels § € {0.1,0.01,0.001,0.0001}. To provide a more detailed comparison, at
the confidence level 4 = 0.01, we show the sample complexity in box-plot in Figure 6a and compare
the allocation of arm draws achieved under the various algorithms in Table 7.

Table 6: Sample complexity for BAI in linear bandits for the benchmark example of [46], averaged
over 1000 runs.

| Fws LT CG-C Lk-C XY-A RR | LBiin(d)
6=0.11]1030 919 2498 2319 7016 5451 359
0=0.01 | 1614 1464 3501 3431 7779 8814 920

0=0.001 | 2229 1982 4324 4326 9090 12101 1408
0=0.0001 | 2839 2518 5118 5120 9723 15314 1881

Table 7: Allocation of arm draws for the benchmark example of [46] at 6 = 0.01, averaged over
1000 runs.

| FWs LT CG-C Lk-C XY-A RR | w*(p)

a; 1.02 44 13.64 1310 935 14.29 0.38
az | 9422 91.11 3575 36.66 69.80 1428 | 97.72
a3 | 0093 1.02 1246 1225 435 14.28 0.38
ay | 0.93 1.01 1243 1222  3.63 14.28 0.38
as | 0093 1 1238 1225 445 14.28 0.38
ag | 0.93 1 1244 1223 2.64 14.28 0.38
ars 1.01 046  0.89 1.29 578 14.28 0.38

All the results above suggest that FWS is really competitive with the state-of-art algorithm, LT, and
it achieves an allocation closer to the optimal allocation than its competitors. In Figure 4, we plot
the number of rounds (the median over all runs) FWS is in force exploration or the r-subdifferential
subspace used in FWS contains the gradient of only one function (in this round, our FW update
coincides with the traditional FW update as if the objective function was smooth). In Figure 5, we
provide the distribution of the number of functions involved in the FW updates. Most of the time,
the update used in FWS coincides with the usual FW update (which contrasts with the case of BAI in
unstructured bandits).
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Figure 4: Number of rounds where the FW update in FWS corresponds to the usual FW update, and
the force exploration. BAI in linear bandits for the benchmark example of [46] with § = 0.0001.
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Figure 5: Proportions of rounds where we have m functions in the linear program involved in the FW
updates (i.e. m = |{j : f;(x(t), (t)) < Fa—1)(2(t)) + r¢}|, and m = 0 in forced exploration).
BAI in linear bandits for the benchmark example of [46] with § = 0.0001.
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(a) Linear best-arm identification problem. (b) Linear threshold problem.

Figure 6: Sample complexity for linear bandits at 6 = 0.01, plotted in boxplots where the stars
represent the averaged sample complexity and the outliers are hidden.

Threshold bandit. Consider the linear threshold bandit problem, obtained by modifying the example
of [46]: u = e, and there are d + 1 actions associated with ey, - - - , €4, cos(¢)e; + sin(p)es in RY,
where (e, -, eq) form the standard orthonormal basis.
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Table 8: Sample complexity for the linear threshold bandit problem, averaged over 1000 runs.

| FWS CG-C Lk-C RR | LByia(d)

0=0.1 874 2673 2511 2904 374
0=0.01 | 1362 3618 3494 4540 957
0=0.001 | 1865 4437 4372 6213 1465
0 =0.0001 | 2398 5163 5132 7807 1957

Table 9: Allocation of arm draws for the linear threshold bandit problem at § = 0.01, averaged over
1000 runs.

| FWS CG-C Lk-C RR | w*(p)

a; | 19.62 19.08 19.19 14.30 0.38
as 126 1294 12772 14.28 1.13
as 1.34 1275 1245 14.28 1.17
a, 1.35 1271 1243 14.28 1.17
as 1.30 1273 1245 14.28 1.17
ag 128 1273 1246 14.28 1.17
ary | 73.84 17.07 1831 14.28 | 93.80

We set d = 6, » = 0.01, and the threshold J = 0.9. The goal is to identify all arms whose mean is
larger than the J.

In Table 8, we provide the sample complexity of the various algorithms for & €
{0.1,0.01,0.001,0.0001} and averaged over 1000 runs. To provide a more detailed comparison, at
the confidence level § = 0.01, we show the sample complexity in box-plot in Figure 6b and compare
the allocation of arm draws achieved under the various algorithms in Table 9.

We have the similar observations as those made for the BAI task. FWS clearly outperforms its
competitors.
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F BAI in Lipschitz Bandits

F.1 Preliminaries and competing algorithms

We consider the BAI task in the following Lipschitz bandit. There is a finite number K of arms.
Each arm k is associated with a feature vector or position a;, € R? for some d € N. The reward
distributions are assumed to be Gaussian with a fixed and known variance. The mapping from the
arm feature vector to the corresponding average reward is known to be Lipschitz, which means that:
A={peR":3ie[K]st p > p,Vk#iand |, — pw| < ar —awll ., Yk, K € [K]},

where the constant £ > 0 is known in advance. The answer map is ¢* () = argmax; y;, since we
consider a BAT task. Let us fix some ¢ € [K] and p € S;, Alt(p) can be divided into a union of sets
Ujzi{A € A X\; >\ }. Hence J; = [K] \ {i}. Assumption 1 holds as the set

S; = {M € RE . i > ,LLk,Vk #iand |[Lk 7,U,k/‘ < €||ak — ak/Hoo, Vk,k/ € [K]}
is open set for all ¢ € [K] and

Ci={XxeA: x>\, and [Ny — M| < Lllay — aw |l , V&, K € [K]}

is a convex set, for all j # i (one can readily check that any convex combination of any two points in
C; is stillin C7).
Most confusing parameter. Unlike in the previous examples, there is no close form for the A, (w, w).
However, there is a simple strategy to compute it efficiently. Fix p € A, a suboptimal arm j # i*(u),

and w € 3. The most confusing parameter solves (2), which in the case of Gaussian rewards
translates to:

K
. wi(Ar — px)?
min _
)\EC; (n) 1 2
Observe that for the solution of (29), we should have A; = A;«(,,). Hence, the problem (29) can be

simplified by setting \; = A;« () = 0 € [11;, f1;+ ()] and by remarking that other values are decided
by exploiting Lipschitz structure and minimizing the distance to p. After simplification, we get a
single-parameter (here #) optimization problem:

min Z % (0 —Clay — a;ll, — p) 1>+ (i — 0 — €]]ay — ai*(N)"m)+]Q} .

(29)

ee[ﬂjvl‘i*(u)] &
(30)
Figure 7 provides a simple example to explain this transformation.
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Figure 7: An example of most confusing parameters A € C; (), Along the x-axis, we have
arm positions, and on the y-axis, the average rewards. Dots represent ¢ and crosses A. Note that
Aix(n) = Aj = 0 and that other components of A are selected to get a minimal modification of p

to satisfy the Lipschitz constraint. uy = cos(2m(—0.15 + 0.05k)),Vk = 0,1,...,20, { = 27 and
6 =0.

The minimal value of the above problem (30) is exactly f;(w, ) and for any £, the k-th component

of Aj(w, p) is
min{max{H; —/ Hak — ajHoo ,,Ltk}, 9; +/ ||ak = Qx () ||oo}’ 31D
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where 67 is the solution of the problem (30). 67 can be found by using simple binary search.

V. fj(w, i) can be obtained by directly plugging A;(w, p) into the equation (4) and Proposition 1
shows that f;(w, ) = (w, Vf;(w, u)). To check Assumption 2, we can use Lemma 1 as shown in
Appendix C.
i [Kk _Mk\/”
Ap—a;: oo
accurate estimate of p so that f1(¢) satisfies the Lipschitz assumption, and belongs to A. In this case,
the Lipschitz structure is too strong and in its initial design, FWS may use numerous rounds of forced
exploration so that finally fi(¢) € A. To circumvent this issue, we could project f1(t) to A. We use
another solution that consists in artificially enlarging A. To this aim, we pick a Lipschitz constant £’
larger than ¢, and define

Ay ={peR" :3i e [K] st p; > i, Yk #iand e — pur| < € |a — aw ||, Vk, K € [K]}.

Note that A C Ay. Now when fi(t) ¢ A (although there exists an unique empirical best arm under
[1(t)), we can find ¢/ > £s.t. f1(t) € Ay . Inspired by this observation, we just replace in FWS the
condition fi(t) ¢ A by fu(t) & Ag,,....(c)» Where

Implementing FWS. When the Lipschitz constant £ is tight, (i.e. maxyzs ~ f), we need

|[Lk(t) - ﬂk' (t)‘
Vi t) = 14 MNa. —a [
pseudo( ) max { 7%;23/( Hak — ay Hoo

Note that lpseuao(t) > ¢ and fu(t) € A if and only if lpseuao(t) = £. After this change, FWS does not
have a forced exploration round each time fi(t) ¢ A. Removing this forced exploration condition
does not affect our analysis.

Competing algorithms. As far as we know, this paper is the first to consider BAI in Lipschitz
bandits. Hence, for this task, we just investigate the following algorithms and baselines:

e FWS: Our algorithm with parameters r» = ¢t =% /K, where K is the number of arms.

e T-D: Track and Stop [28] with D-Tracking. T-D is the strongest baseline without prior
knowledge of the structure, and we include it to estimate the gains achieved when exploiting
the Lipschitz structure.

e M-C: Here we use {pseudo (), introduced above, and Proposition 1 to construct the subdiffer-
ential for LMA [38]. The learning rate 7, is chosen with the knowledge of p (as discussed
previously). Note that there is not known theoretical guarantees for LMA in Lipschitz
bandits.

® LBy;p(d): T*(p)kI(d,1 — &) with Lipschitz structure.

Stopping rules. FWS and M-C use the stopping rule (7) for Lipschitz bandits while T-D uses the same
stopping rule for the unstructured bandits. The threshold is set equal to 8(¢, ) = log((log(t) +1)/9)
for both algorithms.

F.2 Numerical experiments

We consider two experiments.

Experiment L1. In this experiment, the average rewards are given by the /-Lipschitz function
f(x) = 9cos(x)/(z? + 10), where £ = 0.9. We have 20 arms with mean p = [f(z1), - , f(z20)],
where z; = 1.25 4+ 0.25(¢4 — 1),¥i = 1, - - , 20, as shown in Figure 8.

In Table 10, we provide the sample complexity of the various algorithms averaged over 100 runs for
confidence levels 0 € {0.1,0.01}. To provide a more detailed comparison, at the confidence level
0 = 0.01, we show the sample complexity in box-plot in Figure 11a and compare the allocation of
arm draws achieved under the various algorithms in Table 11. Observe that FWS outperforms M-C,
and manages to almost halve the sample complexity compared to T-D. Exploiting the structure yields
critical improvements.

In Figure 9, we plot the number of rounds (the median over all runs) FWS is in force exploration or
the r-subdifferential subspace used in FWS contains the gradient of only one function (in this round,
our FW update coincides with the traditional FW update as if the objective function was smooth). In
Figure 10, we provide the allocation that number of functions are involved in FW update.
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Figure 8: Experiment L1. The positions of the arms (z-axis) and their expected rewards (y-axis).

Table 10: Sample complexity for Experiment L1 averaged over 100 runs.

| FWS M-C T-D | LBLip(0)

0=0.11]21791 30999 41182 6798
0=0.01 | 30051 41481 56810 17415

Table 11: The average rewards and the allocation of arm draws (%) in Experiment L1 with 6 = 0.01
averaged over 100 runs.

Positions | 1.25 1.5 175 20 225 25 275 30 325 35
pw| 025 005 -0.12 -0.27 -0.38 -044 -047 -047 -044 -0.38

Allocation (%) Fws | 29.15 1.14 034 039 0.15 015 0.14 0.14 0.14 0.15
M-C | 2456 288 279 193 1.67 159 157 1.57 1.58 1.65
T-D | 3508 0.8 039 038 038 038 038 038 038 038

\ ai aiz ais aiq ais aie air ais aig a0
Positions 3.75 40 425 45 475 50 525 55 5.75 6.0
n| <031 -023 -0.14 -0.06 0.01 0.07 012 0.16 0.18 0.19

Allocation (%) Fws | 0.17 021 029 043 079 156 3.04 725 23.00 3157
M-C 1.92 217 268 290 309 341 435 690 13.00 17.78
T-D| 038 038 038 041 052 1.09 259 753 1944 2830

Experiment L2. In the second experiment, we consider the arms with positions and average
rewards presented in the second and third rows of Table 12, respectively. The reward function is
Lipschitz, and the learner is informed that this function has a Lipschitz constant £ = 0.01. This
example is chosen because identifying the best arm a; is hard without leveraging the Lipschitz
structure. Indeed, to identify a, the learner will need to select a; and ag (the second best arm) often.
Imagine now that the average rewards of these two arms are well known. If the learner is not aware of
the Lipschitz structure, she will need to further explore all other arms. However, if she is aware that
the reward function is 0.01-Lipschitz, knowing that the average reward of ag is roughly 1, she will
deduce that the average rewards of all other arms (except @) must be in the interval [0.96, 1.04] (a2
and a1 are at a distance 4 from ag). These arms are then worse than a4, and an informed learner
does not really need to explore them. In summary, we expect that exploiting the structure in L2 will
bring significant improvement in the sample complexity.

In Table 13, we report the sample complexity of the various algorithms averaged over 100 runs for
confidence levels 0 € {0.1,0.01}. To provide a more detailed comparison, at the confidence level
0 = 0.01, we show the sample complexity in box-plot in Figure 11b and compare the allocation of
arm draws achieved under the various algorithms in Table 12. Observe that again, FWS outperforms
M-C, and in this experiment, it manages to almost divide the sample complexity by factor 3 compared
to T-D. As expected, exploiting the structure yields an even greater improvement than in Experiment
L1.
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Table 12: Average rewards and allocation of arm draws (%) at 6 = 0.01 averaged over 100 runs.

\ ay az as a4 as ag ar as ag  Qio

Positions 0 96 97 98 99 100 101 102 103 104

W 1.06 099 099 099 0.99 1 099 099 099 099

Allocations (%) Fws | 26.63 7.30 845 647 7.69 1239 726 793 795 7.92
M-C | 27.85 17.76 8.05 8.16 7.99 881 821 7.86 809 722

T-D | 25.37 7.84 10.06 8.10 550 1520 7.06 9.16 559 6.11

Table 13: Sample complexity for Experiment L2 averaged over 100 runs.

| FuWs M-C T-D | LBrip(0)

0=0.11]29308 35582 75154 6046
0=0.01 | 41909 47759 98188 15490

60

40

%

20

0 5.00x10° 1.00x10* 1.50x10" 2.00x10* 2.50x10"
t-th Round

Figure 9: Number of rounds where FWS is in forced exploration or the FW update in FWS corresponds
to the usual FW update. Experiment L1.

Histogram of m

60 |-
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0+ ) I.--—
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Figure 10: Proportions of rounds where we have m functions in the linear program involved in the FW

updates (i.e. m = |{j : f;(x(t), (t)) < Fa—1)(2(t)) + r¢}], and m = 0 in forced exploration).
Experiment L1.
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Figure 11: Sample complexity averaged over 100 runs at § = 0.01. The stars in the boxplots represent
the averaged sample complexity and the outliers are hidden.
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G Additional Examples

In this section, we present two additional examples to illustrate the applicability of our framework.
‘We do not report any numerical experiments on these.

G.1 Threshold problem in monotone bandits

This task has applications in clinical trials. The learner aims at determining the maximum tolerable
dose (MTD) (the maximum amount of the drug that can be given to a person without any potential
danger). Arms represent the increasing doses, and the risk the potential adverse effects is drawn from
a Gaussian distribution whose average increases with the dose. The learner is given a threshold of
tolerance risk J € R, and wish to identify the first arm with risk that exceeds this threshold. Refer to
[21] for details.

This pure exploratlon task can be investigated using our framework. We have: A = {pu € R :
< pg < ... < ug, and ug # 3, Vk € [K]}. the set of possible answer is Z = [K] U §: if
the true answer is k, arm k& is the last arm below the threshold, and (0 refers to the case where all
arms have a risk above the threshold. The set of parameters p for which k is the correct answer is
Sk ={w €A :pur <T < pgs1}, which is an open set. Observe that it is also convex. Similarly
Sp = {p € A: py > T} is also open and convex.

Let us now identify the set of confusing parameters. To simplify the presentation, we assume
that p is such that 1 < #*(u) < K. The set of confusing parameters can be decomposed as

Alt(p) = Uuﬁ(,‘)(ﬁf(" ), where Cf:(” ) — S, is convex. Assumption 1 is hence verified. Let
u # i*(p) and w € 3. Elementary calculus yields that

pt (3= e if u <i*(p),

)‘U (wa I‘L) =
T D u (3 — ps)es,  otherwise.
This implies that
S0 e itu<it),
Vo fulw, p) = (32)

2
Zl;i*(”) %es, otherwise.

As shown in Proposition 1, (w, V f, (w, p)) = fu(w, ), and thus

SO Omi )iy < (),
)= (33)
fe(w, p) - o -
s=ir(p)YsT 2 otherwise.

In view of (32), Assumptions 2 (i) holds (as V., f; is bounded). Assumption 2 (ii) can be easily
verified by differentiating (32) with respect to w or using the sufficient condition provided in Appendix
C.

G.2 Top-m arms indentification in dueling bandits

The top-m arms identification task consists in identifying the m best arms. To solve this task in
dueling bandits [53], the learner is allowed to sequentially pick pairs of arms. If the pair (i, j) is
selected, the learner observes the realization of a Bernoulli r.v. with mean g, ;. If p1; ; > 1/2, we say
that arm 7 is better than arm j. The preference matrix p = (u; ;) is assumed to satisfy:

(a) Hij = 1- i V(imj) € [K]Q
1
(b) wii= 3

(¢) if min(p; j, o) > =, then p; >

l\DM—l
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Under this assumption, g induces a total order >, defined by ¢ >, j if and only if p4; ; > 1 /2. Also
note that under this assumption, g is defined only through its entries above the diagonal, hence by

KE=D parameters. We denote by o,, a permutation of [K], such that o, (1) >, 0, (2) =4 ... >4
op(m) =y ... =u ou(K). We are ready to define

A= {u € (0, 1)K(I§71) :  satisfies (¢) and (d)} ,

where (d) ensures that the set of m best arms is unique:

(d) we can select oy, such that g, (m).0, (m+1) > ok

In our framework, the set of answersis Z = {A C [K] : |[A| = m} and forany A € Z,S4 = {p €
A >1/2ifi € Abutj ¢ A}. We can readily check that S 4 is open.

Now let 1 € A. Assume w.l.o.g. that o, = Id (identity permutation); in particular 1 >, 2 >,
.= m >y ... >, K. The true answer is [m]. If we define:

Jm) =10 €0 :3k >msto(k) <m} and VYo € Ty, cM = {xeA:ox=0},

where © is the set of all the permutations of [K], then Alt(p) = Use 7., ¢l and c™ is a convex

set (for any A, e C([,m], for any of their convex combinations A’, we have o5/ = 7). Assumption 1

is hence verified. For each o € J|,,), we discuss the most confusing parameter in the set C([,m] against
1 at the point w. Namely, we solve

min E W, oAk, M 2),
)\GCL””] k<t

where wy, ¢ is the proportion of times that (k, ) is pulled (in dueling bandits, pulling (k, £) is
equivalent to pulling (¢, k), hence we only count for k < ¢). For any k < ¢, we can readily show that

o 1 if o () < o(k)

X, =42 7

(w, N)k,é {HH? otherwise.
This implies that
1
wao (w7 l"’) = Z d(uk’b 5) 9
k<t
o(l)<o(k)

As shown in Proposition 1, (w, V fy(w, p)) = fo(w, p), and thus

1
folw,p) = > whed(pes 5)- (35)

2
k<t
oc(£)<o(k)

In view of (34), Assumptions 2 (i) holds (as V, f, is bounded). Assumption 2 (ii) can be easily
verified by differentiating (34) with respect to w or using the sufficient condition provided in Appendix
C.
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H Zero-sum Game: the Equivalent Linear Program

In this section, we explain how to transform the zero-sum game (11) used in our FW update to a
simple Linear Program (LP). The zero-sum game is:

z(t) < argmax

min (z—x(t—1),h)
zED hEHFﬂ(t_l)(m(t—l),n)

For clarity, we use the following notations: * = x(t — 1) € Y, w=p(t—1),r =r,and we
assume w.l.o.g. that j = 1,...,J are the indexes in J;(,,) verifying f;(x, u) < Fj,(x) + r. Hence,

HFM (.’1}, 7‘) = COV({vwfj (337 iu’) }']:1)'
Define the payoff matrix M € RE* with My, ; = (ex, — @, Vo fj(z, p)), forall k € [K],j € [J].
Then the problem (11) can be formulated as

max min zTMy (36)
z€EY yGRJ

st.y; >0,Vje[Jandy; +yo2 + ... +ys = 1.
Denote by (z*, y*) the solution of the problem (36). Then the solution z(t) of (11) is
z(t) =x+ Zz,:(ek —x) ==2".
k

Standard textbooks in game theory present procedures to solve (36) by transforming it into an LP
[37, 48, 52]. We give below the method we used in our experiments.

If z € R¥ is fixed, the best response of the y-player is a pure strategy. The pay-off of this strategy is

of course min{(z " M);,...,(z" M) }. As a consequence, the optimal strategy for the z-player is
to solve the following problem:
: T T
max {min{(z" M)1,...,(z"' M),}} (37)

(37) is transformed to an LP by introducing an auxiliary parameter u© € R as a lower bound of
(2T M);. The problem (37) becomes

A 35

st. (zTM); >u,Vji=1,...,J
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I Asymptotic Sample Complexity Upper Bound

This section is devoted to the proof of Theorem 1. This theorem summarizes our analysis of FWS, and
its proof heavily relies on results presented in subsequent appendices. Specifically in Appendix J, we
state and prove concentration results quantifying how fi(¢) concentrates around g, and how the FW
update in FWS differs from the same update obtained assuming that g is known. In turn, to establish
these results, we will need continuity arguments presented in Appendix K (e.g., our FW update needs
to be continuous in w, p and the parameter ). In Appendix L, we provide useful results related to
the convergence of our variant of the FW algorithm. The proof of Theorem 1 will finally require us to
study the tracking rule, which is done in Appendix M.

Coming back to the present appendix, we start with the almost sure upper bound and then proceed
with the expected upper bound.

I.1 Almost sure upper bound

The proof starts by defining the event

& = { Fulw(t) =2 Fyu(w* () and fa(t) = i}
We know that P,,[£] = 1 based on the Theorem 7 in Appendix L and on the law of the large number
(every arm will be pulled infinite times because of forced exploration rounds). Since F),(w) is

continuous w.r.t. ¢ (Lemma 6 in Appendix K), we also have that F;, ;) (w) LNy 1 (w) uniformly
over w € 3 almost surely. This further implies that F, ) (@(t)) 1oeo, Fu(w*(p)) as. (by applying
triangular inequality). Let € € (0,1). Under the event &, there exists a constant ¢; such that for
t > t1, Faey(w(t)) > (1 — €)F(w*(n)). Hence, denoting N* = N U {oo}, we get:
T:Hlf{tGN*t (t)( >ﬂt5)}
<ty Vinf{t e N* : t(1 — €)F,(w*(p)) > B(t,0)}

B(t, 8)T*(
< t; Vinf tGN*:tZ ! )
S (1-e)

<01(A)\/t1\/inf{t€N*' log C(QA ) (u)}

where the second inequality stems from the fact that 7* () ™! = F},(w*(p)) and the final inequality

stems from (7). Finally, applying Lemma 4 (presented at the end of this appendix) with o = 1, ¢; =

(Tl (2;; and ¢y = c2(A) to the above inequality yields that

P i)+t g (TR g1 (TRI(D)],

This implies P,, {lim SUD5 50 Tog(175) = T*(“)} =land P, [Tt < oo] =1,forall § € (0,1). The
fact that the algorithm is -PAC directly follows from the property of 5(¢, ), i.e. (8).

I.2 Expected upper bound

Let € € (0,1). Based on the conditions imposed on {r; }, there exist T¢ ;. € N such that

t
> ro<teandtr, > Lift > T, p. (39)
s=1

Let M = max{(%) , T SL, (4K 4 1) } and for any T' > M, define the functions
(T)=min{teN:¢t > T +2,\/t/KeN},

P (40)
(T) =min{t e N: ¢t > TENT), VI/K € N} .

> s
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We are now ready to introduce our "good" events & (1) = (ﬂtT:ﬁ(T) 5?2) and & (T) =
(ﬂtT:ﬁ(T) 82(’2), where

eW = i —x(t—1),h) —e< i £ —x(t—1),h
le I?gheHFﬁlﬁfl)m@ z(t—1),h) —¢ heHFf&l&l),m(z() z(t—1),h)

e = {ﬂ(t) € Sie(py and | Fy)(w) — Fu(w)| <6, Yo € 2}

Eftz can be seen as the event that the error of solution in FW-update (11) is bounded by €, which yields
that F, (xz(t)) converges to F, (w*). As a consequence of the tracking rule, F},(w(t)) converges to
Fy(w*) as well. More precisely, as stated in Lemma 3 at the end of this appendix, under &; ((7T'),
Fu(w*) — F(w(t)) < 5e. Now, 52(2) is the event that the error of objective function is bounded by e

uniformly, so that FWS can stop while it is close to the real maximum. Overall, under & (T)NE2.(T),
we obtain that

min{r, T} <h(T)+ Y 1{r >t}
t=h(T)
SR+ Y LtFup(w(t) < A(t.6)}
m=h(T)
<SR+ Y {H(Fu(w* () — 6¢) < B(£,0)}
t=h(T)
B(T,6)
Fu(w* (1)) — 6¢’

IN
=

(T) +

where the third inequality is due to the fact that under event £; ((7") and in view of Lemma 3, when
t > h(T), we have Fj)(w(t)) > Fu(w(t)) — € > Fj(w*(p)) — 6e.

Now introduce a constant

B(T, )

To(0) =inf{T € N: h(T) + W <

The above inequalities show that &1 (T') N &2, (T) C {r < T'}. Therefore,

T=1
32D +3L\" | u u > .
< (ZEE) i rf s ak 0 400+ > Bl 0ELD))
T=M+1
41)

The term 7 Pp[(&1,(T) N &2,¢(T))°] on the right-hand side of the inequality (41) can be upper
bounded by concentration inequalities, which we summarize in Lemma 2 and prove in the next
appendix. As for Tj(d), we further introduce another small constant € € (0, 1) and observe that

T o\ 11
- whenT" > <~> .
1+¢€ €
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Therefore, based on the above fact, and (7),

nio < (2) s {ren S 2T0_ T )

< max{@)u,cl(/x)} +inf{T€N: F”(w*(i)) — log(c2(?)T) < T }

< max { <§>11 ,cl(A)}

14¢ (1+)ea(A)e (1+&)ea(A)
+me%u»—66P%(5ﬁhwﬂub—6d>+k%bg(&ﬂxw%uD—GO>Lé)

where the second inequality is due to (7) and the last inequality is a consequence of Lemma 4 with
a=1,¢ = (Fu(w () —6€)/(1+¢€) and ca = co(A)/. Substituting the upper bounds provided
by (42) and Lemma 2 into (41), we obtain that

E, [7] < 1+¢€

= Fulw () — 6¢

m, we get the desired result.

i
U0 log(1/9)

Since € and € can be arbitrary small and 7% (p) =

1.3 Additional lemmas

Lemma 2. Under Assumptions 1, we have
D Pul(E1,e(T) N E1e(T))] < 0.
T=M

Refer to Appendix J for a proof.

11

Lemma 3. ForanyT > M = maX{(%)ll 1.5, (4K + 1)% ), under event £ ((T)NEy.(T)
and Assumption 2, FWS algorithm with a sequence {r,};>1, satisfying (i), (ii) stated in Theorem I
attains that

Fu(w*) — Fu(w(t)) < 5e, V¢t =h(T),h(T) +1,...,T.

Refer to Appendix L.3 for a proof.

Lemma 4 (Lemma 18 in [20]). For « € [1,¢/2], any two constants cy, ¢z,

1
r=— {log (62;> + log log (Ci)]
c1 c§ §

is such that cyx > log(cox®).
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J Concentration Results
This section presents the proof of Lemma 2 and the necessary technical lemmas (see Appendix J.2).
We restate the lemma:

Lemma 2. Under Assumptions 1, we have

D Pul(E1.e(T) NELAT))] < oc.

J.1 Proof of Lemma 2

We first derive sufficient conditions for the events & (") and &; ((T') to hold separately. Then, we
will conclude applying the concentration inequality.

(i) The event &; (T):
Lett = h(T),...,T. Applying the second part of Theorem 3 in Appendix K withw = x(t—1) ,r =
r,and T = fi(t — 1), and hence z(w, r, ) = z(t), we get that: if [|[f(t — 1) — p| . < &ies

—x(t—1),h) —e< t) —x(t —1),h).
WA ey T E R e min (0 - @t =1),h)

From the definition of El(te) , we deduce that:

el c {lalt —1) — pll, < &1e}, VE=N(T),...,T.

(ii) The event & (T'):
From Lemma 6 in Appendix K, we directly deduce that

ED c {lli(t) — plly < Eac}, VE=W(T),...,T.

Summarizing (i), (ii), we get that

T K

plEMNET)T< D D Pullin(t) — ml > ()], (43)

t=h(T)—1 k=1

where £(e) = min{; ¢, &2, }. To ensure the distance between the fi(t) and p is small, we need to
pull each arm sufficiently often up to ¢. From Lemma 13 in Appendix M, we have

t
i >4/ =1 >4K.
mkmta:k(t)_ ”K Vit >

Hence, Lemma 12 from Appendix M implies that

ﬂzd%—K%emHZMi

Applying Chernoff inequalities yields that Vk € [K],t > 4K,
P [l () — pal = €(0)] < € [exp (VAT ) +exp (—VEAT )] (44)

where A, = d(ur — ) ,uk)/\/? and A} = d(ui, +&(€), i) /V'K. Substituting the upper bound
(44) into (43), we get using a union bound for any 7" > M,

AT NE DTS S [ow (~vag) + o (Vi)

k=1t=h(T)—1

oK Z exp \/EA,:) + exp (f\/ZA;:)] dt

Tll
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where the second inequality follows from the definition (40) of h(T"). We then apply Lemma 5

presented below with o = 11 ,B=5 and A= A+( A, resp.) and deduce that

i [(E1e(T) N &, (T))] < BKZ/ (/T exp (—VEAL ) +exp (—viA]) dt) dr

T=M

_ye_ WOy
k=1 d(ﬂk - g( ) )T d(/j'k + g(e)aﬂk)T
K 1 1
< 346 Z To + 7 < 00,
o A —&(e), ) d(pk +&(€), ) T

where the second inequality is due to I‘(%) < 17. This concludes the proof.

J.2 Technical lemmas

Lemma 5. Ler o, 5 € (0,1) and A > 0.

0 o« ﬁAWJFE
Proof.

/ ( / exp(—AtB)dt> dT = / T exp(—AT*?)dT
0 0

o
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K Continuity Arguments

The main goal of this section is to prove Proposition 1. We also state and prove Theorem 3 and
Lemma 6. These results are used in Appendix J.

In the first subsection K.1, we present some of the ingredients used to establish our continuity results.
The proofs of Proposition 1, Theorem 3 and Lemma 6 are presented in K.2, K.3 and K.4, respectively.

Theorem 3. For any € > 0, there exist a constant &1 . > 0, which depends on p and ¢, such that if
| — pll o <&y, then p € A,

max min (2 —w,h)—max min (z-—w,h)

< % V(w,r) €S % (0,1), (45)

2€X h€Hp, (w,r) z€X heHp,, (w,r)
and
€ .
i —w,h) — i —w,h -,V 2 x X x(0,1). 46
he}}IFlir(lwm‘z w, h) heHnFliI(lw,r)<z w,h)| < 5 (zy,w,r) €L x X x(0,1) (46)

As a consequence, if we fix some (w,r, ) € ¥ x (0,1) x A, where || — | < &1.c, and further
select z(w,r, ) € argmax, .y, My e, (w,r) (2 — W, h), the above two inequalities yield that

max min @ (z—-w,h) —e< min (2(w,r,7)—w,h).
2€Y h€HF, (w,r) h€HF,, (w,r)

Lemma 6. For any € > 0, there is £, > 0, which depends on p and €, s.t. if |7 — p|| < &6
then
T € Sir () and |Fr(w) — Fu(w)| < €,Yw € X.

K.1 Continuity and differentiablity of value functions

We introduce some definitions and results taken from [16], and also used recently in [11, 10] in
the bandit literature. [11] concerns the continuity of the optimal allocation when there are multiple
correct answers for active learning. [10] applies it for the regret minimization problem, but it is
restricted to the single-valued analysis.

Definition 2. Let f : U — R be a function where U is a non-empty subset of a topological space.
The level sets of f is defined as for y € R,

Li(y,U)={z €U : f(z) <y},
Ly(y,U)={z €U : f(z) <y}.
We say that f is lower semi-continuous on U if all the level sets L;(y,U) are closed. It is inf-

compact on U if all these level sets are compact. And it is upper semi-continuous if all the strict
level sets L (y,U) are open.

Suppose X and Y are Hausdorff topological spaces. Let u : X x Y — R be a function and
O : X = S(Y) be a set-valued function, where S(Y) is the set of non-empty subsets of Y. We are
interest in a minimization problem of the form:

v(x) = inf wu(z,y),
(@)= inf u(ey)
" (z) = {y € ®(2) : u(z,y) = v(z)}.
For U C X, let the graph of ® restricted to U be Gry (®) = {(z,y) e U xY : y € ®(x)}.

Definition 3. A function u : X x Y — R is called K-inf-compact on Grx(®) if for all non-empty
compact subset C of X, w is inf-compact on Grc (D).
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There are two versions of Berge’s theorem used in our paper. The first one asks ¢ to be compact-
valued. The second one relaxes this assumption but requires an additional assumption on the object
function u. Besides, we introduce K(X) = {F € S(X) : F is compact }.

Theorem 4 ([4]). Let X and Y be Hausdorf{f topological spaces. Assume that

o O : X = K(X) is continuous (i.e. both lower and upper hemicontinous),

e u: X xY — Ris continuous.

Then the function v : X — R is continuous and the solution multifunction ®* : X — S(Y) is upper
hemicontinuous and compact valued.

Theorem 5 ([16]). Assume that

o X is compactly generated,
o & : X =3 S(Y) is lower hemicontinuous,
o u: X xY — Ris K-inf-compact and upper semi-continuous on Grx(®).

Then the function v : X — R is continuous and the solution multifunction ®* : X = S(Y) is upper
hemicontinuous and compact valued.

All the above theorems are about the continuity of the value function of a parameterized optimization
problem. We also need an additional lemma to guarantee the differentiability. The following lemma
is one of the variant of the envelope theorem, which provides an important tool in optimization and
has several applications in economics.

Lemma 7 (Corollary 299 in [6]). Let X be a metric space and Y is a nonempty open subset in R¥

Letu: X xY — R and assume %Z exists and is continuous in X X Y. For eachy € Y, let z*(y)

minimizes u(x,y) over x € X. Set
v(y) = u(z"(y), y)-
Assume that x* 1 Y — X is a continuous function. Then v is continuously differentiable and

%v@) — %Z (@*(4),9).

K.2 Proof of Proposition 1

With fixed j € J;, we prove the proposition in two steps.

(i) f; is continuous on ¥ x S; and Xj is unique, continuous on > x S;.

We apply Theorem 4 with the following substitutions:
e X=XxG;, o O(w,p) = cl(Ch),
o Y =cl(C)). o u(w,pu,A) = Z,f;l wid (g, k).

As @ is a constant correspondence and v is a continuous mapping, we immediate obtain that Xj is
upper hemicontinuous and f; is continuous on X x &; by Theorem 4.

Observe that d(u, -) is strictly convex on cl(C;») when the distributions are from a one-parameter
exponential family and recall ming wy, > 0 for all w € 3, so is the weighted sum. We conclude that

the uniqueness of the solution function, A;, stems from the strict convexity of the objective function.
Thus, the continuity of A; holds as the consequence of the uniqueness and its upper hemicontinuity.

(ii) f; is differentiable on ¥ x S; and Vofi(w,p) = Z,I::l d(pr, Aj(w, p),,) on 2 xS

This is a consequence of Lemma 7 using the following substitutions:
.« X=a(C), o 2*(w, ) = X (@, p).
. R — K -
e Y =XxS8, o u(Aj(w, p),w, ) =325 wid(pe, Aj(w, p),,).
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Under these substitutions, f; is continuously differentiable as 2* is continuous from (i). The results
follow directly.

K.3 The continuity of solution of (11) — Proof of Theorem 3

Before we prove the theorem, we state and prove some preliminary results. For the simplicity and
clarity, we make a convention that 1 € S; for some i € Z. We also define the maps 1 and 1), as:

1 (w,r, T z) = hefgﬂi?u,r)<z — w, h),

: — i —w,h).
Y2 t(w, 7, ) rfé"%‘heéﬂi?w,,fz w, h)

Lemma 8. ¥, (w, 7,7, z) is continuous on 3 x (0,1) x S; x %.

Proof. We apply Theorem 4 with the following substitutions:

L] X:ZDJX((),].)XSiXE, b (I)(wvraﬂuz):HFﬂ(war)’
o Y =RK, o u(w,r,m 2z,h)={(z—w,h).

As u is obviously continuous, it only remains to prove that ® is continuous.

Let {(wp,rn, m,)}52, be a sequence converging to (w,r,m) € 3 x (0,1) x S;. Also, let
Hp, (w,r) = cov{Vy fj, (w,m)}M_, for some {j,,}}_, € J;. Arbitrarily select h € Hp_(w, ).
Then there exists o, . . ., &y, > 0 such that

M M
Z aj,. =land h = Z o, Ve £ (W, 7).
m=1 m=1
AS (W, Ty ) 2 (w,r, ) and {f;} jes, are continuous from Proposition 1, there is N € N
such that
Vo lfim € Hpy (w,,r,)> O equivalently f; (wp,T,) < F(wn, Tp) + 7n,

forallm =1,..., M, n > N. In the following, we show lower and upper hemicontinuity for ¢
separately.

Lower hemicontinuity:

For n > N, we select h,, = Zf:f:l @, Vo fi (Wny7n) then by, “=2% hoas V,,f;, s are

continuous by Proposition 1. This implies the lower hemicontinuity of ®

Upper hemicontinuity:

Let U be an open set containing Hr, (w,r) = cov{V, f;, (w,m)}M_,. Because U is open, there
exist € > 0 such that Hp_(w,r) + B(0,€) C U, where + is a Minkowski addition and B(0, ¢) is the
K -dimensional ball with diameter €. According to Proposition 1, there exists an integer N > N such
that |V, fj,. (Wi, Tn) — Vo fj, (w, )| < eforalm=1,...,M, n > N’. Thus, if n > N’,

[
HF?\'"L (wm Tn) = COV{wajm (wm 7771)}%:1} c HF‘A‘ (w’ T) + B(07 6) ci,
and the upper hemicontinuity follows.

Summarizing, by continuity of ® and u, we conclude that 1) is also continuous by Theorem 4. [

Lemma 9. 1 (w, 7, ) is continuous on ¥ x (0,1) x ;.

Proof. We apply Theorem 4 with the following substitutions:

OX:iX(O,l)XS@, .(I)(wvrvﬂ-):z:’
e Y =X, o u(w,r,mw z) =Y (w,r,m, 2).
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From Lemma 8, v/; is continuous. Notice that ® is a constant map and hence continuous, so Theorem
4 directly implies the conclusion.

O

We are now ready to prove the theorem.

Proof of Theorem 3: We prove the inequality (45) using Lemma 9. The inequality (46) can be
obtained analogously using Lemma 8. Let ¢ be a function defined on S; as

o(m) = min { = [z, r,m) = va(w, . )| (w,7) € T x (0,1}

¢ is a continuous function on X x S;:

We apply Theorem 5 with the following substitutions:
¢ X =8, o O(m) =% x(0,1),
e Y =% x(0,1), o uA,w,r) = —|a(w,r, ) — o(w,r, 1)l

As X = §; is a metric space, it is compactly generated. ® is continuous for it is a constant map. As for
u, the upper semi-continuity follows from Lemma 9. It only remains to show that v is K-inf compact.

Let C' C S; be a compact set and let y € R. We show that L, (y, C x ¥ x (0,1)) is a compact

by checking that it is bounded and closed. Boundness directly follows from the fact 3 x (0, 1) is
bounded and C' is compact. As for closeness, u is a continuous function from Lemma 9, which also

implies that L, (y, C' x ¥ x (0, 1)) is closed. Thus Theorem 5 implies that ¢ is a continuous function.

By definition of ¢, ¢(u) = 0. Since ¢ is continuous, there exists {; . such that ¢(7) > —e/2 for all
|7 — p| < &1.e. In other words, the inequality (45) holds.

K.4 Proof of Lemma 6

Assume i* () = i for some ¢ € Z for clarity. According to Assumption 1, S; is open, and we know
that w € S; when 7 is close enough to pu. Hence, it remains to show that there exists a constant
&2, > 0 such that |Frr(w) — Fj,(w)| < §, forall |7 — p| < & .. We consider a function ¢, which
is defined below, and show its continuity.

¢(m) = min — |Fr(w) — Fu(w)|, YV € S;.

weXD

¢ is a continuous function on S;:

We apply Theorem 5 with the following substitutions:
e X =8, . @(A):i,
e Y =13, o u(A) =—|Fr(w) — Fu(w)|.

As X = §; is a metric space, it is compactly generated. ® is continuous for it is a constant map. As
for u, the upper semi-continuity is followed by Proposition 1. It only remains to show that v is K-inf

compact. Let C' C S; be a compact set and let y € R. We show that L, (y, C' x E) is a compact by

checking that it is bounded and closed. Boundness directly follows from the fact 3 is bounded and C
is compact. As for closeness, w is a continuous function from Proposition 1, which also implies that
L,(y,C x %) is closed. Theorem 5 hence implies that ¢ is a continuous function.

By the definition of ¢, ¢(p) = 0. Since ¢ is continuous, there exists &2 . such that ¢(A) > —¢/2, or
equivalently |Fr (w) — Fy(w)| < §, forall [ — p| < & . This completes the proof.
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L. Convergence of the Frank-Wolfe Algorithm

In this appendix, we study the performance of our variant of the FW algorithm. We assume that the
real parameter g is used in the updates rather than its estimate.

Notations. In the following, for brevity, we drop the subscript . For instance, F}, is replaced by F';
Jix(w) and i*(p) become J and i*. We also use V f; instead of V., f; (as we will not differentiate
f; w.r.t. another argument).

L.1 Smoothness of the objective function

We state below the main properties of the objective function F'. These properties will be instrumental
in our convergence analysis.

L.1.1 F'is Lipschitz

Proposition 3. F'is a L-Lipschitz function on ¥ with respect to the infinity norm.

Proof. Recall Assumption 2 and apply of mean value theorem. We get that f;’s are L-Lipschitz on
Y. As f;’s are continuous functions on X (see K.2 (i)), we can further extend the Lipschitzness from
3. to X. Next we show that F'is L-Lipstchitz. For any x,y € X, we have that

Fla) — min £, > mi () — Ll —
() = min f;(z) 2 min (f;(y) - Lo - yll)
= min fj(y) = Lllz =yl = Fly) = Lz -yl -
JjeET
This concludes the proof. O

L.1.2 Curvature of I

The definition (5) of the curvature and Assumption 2 allow us to bound the curvature of f; inside
Y. The following Proposition states that inside ., the first order approximation of f; remains
controlled.

Proposition 4. Lety € (0, &), ® € £, and z € X. Under Assumption 2, we have

(@) + ty = 2.5 (@) - 1) < 22
where j € J and y = x + oz — x) for some a € (0, 3].
Proof. Let us drop the subscript j in f; for clarity. Consider
u:l(a:Jrz). 47)

2
As x,y, z, u are on the same line, we can re-write y as:
y=x+a(z—x) =2au+ (1 -2a)r.

The definition of w implies that z,u € ¥y. Let o/ = 2a € [0,1], Assumption 2 (ii) and the
definition (5) lead to
2Da’?  8Da?

fl®)+(y —=, Vf(x)) - fy) < =

Next, consider F' = minj¢ 7 f; instead of f;.
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Corollary 1. Ler vy € (0,1/K),r € (0,1), x € ¥, and z € X. If v is a positive number s.1.
o <min{%, £}, then
8Da?

F > F + i - 7h‘ - )
)2 F@)+a, min (z-o.h) - ==

where y = (1 — a)x + az.

Proof. If F(xz) = f;(x) = f;(y) = F(y) for some j € 7, the result directly follows from
Proposition 4 as V f;(x) € Hp(x, ).

Otherwise, assume that we have two distinct ji,jo € J such that F(x) = f;,(x) < fj,(x)
and F(y) = f;,(y) < fj,(y). As shown in the proof of Proposition 3, f; is L-Lipschitz and
lx —yll = a|lz]l < 7. Wededuce that f;,(z) < F(x) 4+ r, which is equivalent to V f;, (x) €
Hpg(z,r). Consequently, choosing h = V f;, (x) yields that

8Da?
F(w)+<y—x,h>—F(y)gfh(sc)—F(y—m,h)—fJ?(y)S N )
where the last inequality is from Proposition 4. The corollary is proved. O
L.2 Properties of Hg(x, 1)
Here we consider some functions, ¢1, ..., ¢, on X and define ®(x) = min,; ¢;(x), Ve € X. Ttis

clear that 0®(x) C Ho(x,r). The following result relates Hg (x, 7) to the r-subdifferential of .
Recall that for r € (0, 1), the r-subdifferential of ® is defined as 9,®(z) = {h € R¥ : d(y) <
O(x)+ (y —x,h) +rforally € X}

Lemma 10. If ® = min;c,) ¢; where {; }?:1 are concave differentiable functions defined on 3,
then
Hg(z,r) C 0,®(x),Vz € X, r > 0. (48)

Proof. Letx € ¥, r > Obefixedand A = {i € [n] : ¢;(z) < ®(x) +r}. Let h € Hy(x, 7). It can
be writtenas h = . 4 a;V¢i(x) € Ho(x,7), where a; > 0,Vi € Aand ), 4 a; = 1. Observe

that for any y € 3, ®(y) < ¢;(y), Vi € A. Thus,
O(y) — ®(x) — (y —x,h) Zaz oi(y) — di(x) +r — (y —x, Vo (x <Zazr—r
ic A ic A
where the last inequality stems for the concavity of the ¢;’s. The above inequality, valid for any
h € He(x,r), implies that Hg (x, ) C 0,.P(x). O

The next property is sometimes called primal-dual gap, see [24]. Interestingly, this property together
with Lemma 10 tell us that the maxmin value computed at each iteration (11) can serve as an estimate
of the gap.

Lemma 11 ([41]). Let ® = min;cp,) ¢; where {qS] _, are concave differentiable functions defined
on Y. Then, for any x € %,

i —x,h) > O(y) — () — .
B T 2y ) me@

L.3 The convergence of FWS under &, (7)) N & (T)

Recall the definition of our "good" event (see Appendix I): &1 (T') = (ﬂt T ) and & (T) =
(ﬂtT:E(T) 52(1)) where

2€X heHp, (x(t—1),r) heHp,, (2(t—1),r.)

El(te) {max min (z—x(t—1),h) —€e< min (z(t) — x(t — 1),h>},

52(2 = {ﬂ(t) S Si*(p,) and |Fﬂ(t)(w) — FI_,,(L«J)| <€ Yw e 203} .
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In what follows, we use the notation: A; = F(w*) — F(x(t)). In our convergence analysis, we first
show that A, is a decreasing sequence under & (T'). Then, we prove that A; becomes small when

t > h(T).
Theorem 6. Let t € N satisfying that |\/ | ¢ Nand t > AK. Under the event El(te) N 82(2 and

iteration (11) with parameter such that L < rit, we have

rr+e 16DVEK
+ 3 .
t t2

t—1
Ars — =Dt (49)

Proof. To simplify our presentation, we denote y = x(t), © = (t — 1) and z = z(t). Also, let «
be the step size 1 and r = ry.

Lemma 13 implies that x € ¥ 1F(when t > 4K), and hence, Corollary 1 with v = 2\/1§ yields:
2VEK
F(y)>F(z)+a min (z—x,h) —16Da*VtK
heHp (x,r)
> F(x)+« <max min  (w —x,h) — e> — 16D’ V1K, (50)
weX he Hp (x,r)

where the second inequality directly follows from the selection of z and the event 51(’2 As
Hp(x,r) C 0, F(x), shown in Lemma 10, Lemma 11 implies that the second term in the right-hand
side of inequality (50) can be lower bounded as:

max min (w—x,h) —€e>max min (w—ax,h)—¢

weX heHp (x,r) wE h€d, F(x)
> A1 —7—e D

Substituting the inequalities (51) into (50), we obtain that
F(y) > F(z) + a (A1 — 7 —€) — 16Da* VK.
Subtracting F'(w*) on both sides of the above inequality, we get that

A< (1—a)Ai g+ afr+¢€) + 16D’ VK. (52)

The result follows from the inequality (52) and a@ = 1.

O

The following theorem states the convergence of FWS. This convergence is obtained by repeatedly
applying Theorem 6.

Theorem 7. Let {r;},>1 be a sequence of positive numbers satisfying (i) lim,;_, o, % Ei:l re =0,

11 11
and (ii) limy_, tr; = oo. Suppose T > max{(%)u 7T6,8L7 (4K + 1)}, where T, 1, is
defined in (39). Then, under event & (T') N Ea,.(T'), applying FWS algorithm with {r};>1, we have:

Fw*) — F(z(t)) < 4e, ¥Vt = h(T),h(T) +1,...,T.

Proof. We start the proof by dividing the time horizon into several blocks, where each block consists
of K successive rounds. We introduce m as the index of the block, with a slight abuse of notation,

we denote A, = A,k as the gap at the end of the m-th block.

We provide recursive properties of A,,, in two cases (a) m is a square number, (b) m is not a square
number for mK > h(T).

Step 1. Recursive properties of Am under (a) and (b).

For (a), z(mK) = L(%,..., %) + 2La(mK — K). Proposition 3 directly yields that
L

Am < A’rn—l + —.
m

49



Since A,,_; is bounded by L, the above equation implies that
mA,, < (m—1)A,,_1 +2L. (53)

For (b), recall that T > TflL, (39) and (40), for any ¢t > h(T'), we have that t > max{T, r,4K}.

Thus, letting Z = 16D+v/K, Theorem 6 can be applied to derive a series of inequalities for ¢ =
(m-—1DK+1,...,mK:

Z
m— 1)K+ 1A, — <(m-1)KAq,_1\k +€+ =+ T ,
[( ) ] (m—1)K+1 ( ) (m—-1)K [(m — 1)K+ 1]5 (m—1)K+1
[(m — ].)K + Q]A(m—l)K-‘rQ S [(m — ].)K + 1]A(m—l)K+2 + €
z +r
[(m— 1)K +28 PR

Z
(mK)AmK < (mK — I)AmK—l + €+ — + Tk

(mK)3
Summing over them and dividing by K on both sides, we obtain that:
mAm < (m - 1)A(’m—l) + e+ Z(m) + T(m)7 (54)
K K Tt
where Z(m) = Zi(mil)KJrl KL\/E and r(m) = Zi(mfl)KJrl K-

Our next step consists in studying the recursion between two successive square numbers. We
introduce:
h(T T
p= % p= % and P(T) = {p € N: i(T) < Kp* < T}. (55)
Step 2. For any q > p, Aq < 3e.

We first fix some p € P(T'), summing the inequalities (54) over m = p?> +1,...,(p+1)?> — 1 and
inequality (53) with m = (p + 1)? gives:

(p+1)*
(P+1)?Agpr1y2 <p*Ape +2pe+2L+ Y Z(m)+r(m). (56)
m=p2+1
Then for any g > P, we sum the inequalities (56) from p = p to p = ¢ — 1 and get that

2

q—1 q
A, < fﬁga + 2621) +2L(g—p—2)+ Z Z(m) +r(m)
pP=p m=p?

°K

2
q qu
§p2L+26/ tdt+2Lq+/ =+ 2L

’K
WT)L 2 2Zq <«
<SSt H2Lgt =+ > (57)
K VK — K
Recall from (40) and (55) that h(T) > T h(T) and (2K > p°K = h(T) > max{T T K, T, 1 }.
Divide by ¢? both sides of the inequality (57). We obtain:

2
L 20Z/VK+L) 1
Ap <
@S oz et s +q2K;”

2K
2Z/VK+3L 1 %
< <3
Set +q2K;rt_ €,
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) 11
where the last inequality stems from 7" > (322+3L) - (@) and the definition of 7, f,
(see (39)).
Step 3. For any ¢t > h(T'), we have A; < 4e.

Now suppose t € {K¢*> +1,...,K(q+ 1)> — 1} for some ¢ > p. Recall that

Kq® t— Kq?
xz(t) = Tqm(KqQ) + %u, for some u € ¥,
which yields that
t—Kq? K(2q+1) 3 e
2
lo(ke®) —ull, < —— ul £ = 5= <2< 7

2
as (40) implies that g > L HI?(T) > 3L Consequently, Proposition 3 yields

€

|F(2(t)) — F(z(Kq*)| < e
Combining this with the inequality from Step 2, we conclude that F'(w*) — F(x(t)) < 4e for all
t > h(T).
O

A consequence of Lemma 12 about the tracking rule (presented in the next appendix) and Theorem 7
is Lemma 3.

Proof of Lemma 3. Lemma 12 implies that [|w(t) — @(t)||, < £+ and then by Proposition 3,

(K-1)L

Plw(t) > Fa(t) -

> F(a(t) — €,

where the last inequality is due to the fact that ¢ > h(T) > TTrh(T) > EL (see definition of h(T")
and h(T') (40)). Combining Theorem 7 and the above inequality leads to the desired result. |
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M Tracking Rule

This section presents the analysis of the tracking rule in FWS and related results.
Lemma 12 (Lemma 7 in [12]). Let {z(s)}sen € % be a sequence of vectors such that
z(1),...,z(K) are ey, ...,ex. We recursively define fort > K,

Vk € [K], Ny (K) =1,

M’ Yk € [K], Nk(t) = zt: ]l{As = k}’

s=1

Vi>K+1, A €
>+ t arglglax N (E—1)
(where the tie-breaking rule in the argmax is arbitrary). Then for allt > K, all k € [K],

t

sz(s) —(K—=1)< Ni(¢) < sz(s) +1.

s=1

CY

Lemma 13. At any time t > 4K, under FWS, we have x(t) € Z\/I_; SH
Kt t 2VEK

Proof. This lemma directly follows from the forced exploration procedure of FWS when |¢/K | is a
square number, x(t) move to the center of 3 for K successive rounds. Hence, forallk =1,..., K

t

toe(t) = 3 2(s) > %Z 1{z(s) = (1/K, ..., 1/K)}

s=1 s=1
t t 1/t
== >=—1>=4/—=
LKJ “ VK T 2VK
Dividing ¢ on the both sides, we get the result. O
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N Non-asymptotic Sample Complexity

Looking back at our asymptotic sample complexity analysis, we note that the reason why we could
not derive results for the mild confidence regime (non-asymptotic) is that we cannot quantify the cost
paid for events P [(€1 . N E2.¢)°] (see (41)-(42)). Looking in more details, the probability of these
events cannot be precisely controlled because our continuity arguments (see Lemma 6 and Theorem
3 in Appendix K) rely on maximal theorems, and the constants & . and &2 . involved there have an
unknown dependence in .

To get non-asymptotic sample complexity upper bounds, we use mean value theorems instead, and
obtain simple upper bounds of &; . and {> .. This section is organized as follows: we present a
stronger version of Lemma 6 and Theorem 3 in N.1 and N.2, respectively; the proof of Theorem 2 is
then provided in N.3.

For convenience, we restate the additional assumption and our non-asymptotic sample complexity
upper bound.

Assumption 3. For any p € A, there exist constants k, E > 0, s.t. if ||w — ||, < K, then

T € Sjr(p), Yw € 3, je Jix(u)» Vad(mr, Aj(w, ), ) is continuous and HV,Td(wk,)\j(w,ﬂ')k)H
1

<E Vk=1,...,K.

Theorem 2. Consider FWS algorithm with a sequence {r,};>1 as in Theorem 1. Under Assumptions
1, 2, and 3, the sample complexity T of the algorithm satisfies: for any p € A, § € (0,1), and any
e <min{kE/2,1}, € <1,

1+¢ (14 €)ca(Ae (14 €)ea(A)
)<ty % (ot 69) 5 () o0 )

5
+W(K,D,E,L,ci(A),e) + T.',

where T¢ 1, is a constant such if t > T, 1, then 22:1 rs < te and try > L. The constant V is
polynomial in (D, E, L, c1(M\), 1/€¢) and exponential in K. The precise definition of U is given at the
end of this section.

N.1 Continuity of the primal problem

First, we present the analogue of Lemma 6 (Appendix K).

Lemma 14. Under Assumptions | and 3, for any p € A and e € (0, v E), if |u — 7|, < %, then
|Fp(w) — Flu(w)] < €,Vw € 3.

Proof. Fix j € Jix(u), and letw € 3. Define the function g:[0,1] = Ras

g(t) = fi(w, tp+ (1 —t)m).
Since ||u — ||, < £ < K, Assumption 3 says that tp + (1 — £)7 € S;+(,,), which implies g is
well-defined. Based on the mean value theorem, there is ¢ € (0, 1) s.t.
('), =) = fi(w, 1) = fi(w, ). (58)
For clarity, we denote tu 4+ (1 — t)w = 7 and its k-th component as 7. Also, %—{j(w, p) is the
partial derivative of f;(w, p) w.r.t. p. (58) yields that

1y (w2 1) — fy (o) = |/ (0)] = \@fj(w,ﬁ),u _ w>]

=

= Zwk<v7}d(ﬁk7w>k)7 ®— 7T>
k=1

M=

<Y | Ve M@ || In-mlo < 69

>
Il

1
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where the last inequality is the result of Assumption 3, | — 7| < & andw € 3.

As for the objective function, we have
Fre (@) = Fu(w) = min f; (@, ) — min f;(w, p) < min f; (@, p) + € — min f;(w, ) = €,
J J J J

where the inequality holds in view of (59). The other inequality follows similarly, which completes
the proof. O

N.2 Envelope theorem at a saddle point

As Lemma 14 in Appendix K, we wish to apply the envelop theorem for the perturbation analysis of
the equation (11). For clarity, we redefine the notations used in Appendix K.

Let X and Y be Hausdorff topological spaces and v : X X Y x [0,1] — R be a function. We
introduce K(X) (resp. K(Y)) as the collection of all compact sets in X (resp. Y). Assume that
X :[0,1] = K(X)andY : [0,1] = K(Y) are nonempty correspondences. We say that (z*(t), y*(t))
is a saddle point of u at some fixed ¢ € [0, 1] if it satisfies that

max u(z,y*(¢),t) < u(z*(t),y*(t),t) < min u(x*(t),y,t). (60)

zE€X(t) yeY (t)
It is well-known that the existence of the above saddle point (z*(¢), y*(¢)) implies that (see e.g. [15]
Chapter 6. Proposition 1.2)

a i ,y,t) = mi a sy, t) = u(x*(t), y* (1), t). 61

Jnax min u(z,y,t) hin | max u(z,y,t) = u(@*(t),y*(t),t) (61)

Next, introduce the value function v(t) for ¢ € [0, 1] as v(t) = max,e x (¢) Mingey ) u(x,y,t). The

existence of the saddle point (2*(t), y*(t)) further implies that there exist subsets X*(¢) C X (t),
Y*(t) C Y(t) such that ([15] Chapter 6. Proposition 1.4)

u(z,y,t) = u(z*(t),y"(t),t), V(z,y) € X*(t) x Y*(t).
In this case, we can derive an envelope theorem at the saddle points [39].
Theorem 8 (Theorem 5 in [39]). Let w and its derivative with respect to t, us, be continuous functions

on X xY x [0,1]. Let X, Y be continuous correspondences such that the existence of saddle point
is guaranteed for all t € [0, 1]. Then v(t) is differentiable in (0, 1), and

"t) = i ,¥,t) = mi ,y,t), Vt € (0,1).
vit) = max min w(z,yt)= min max w(zy,t), Vi€ (0,1)

Using Theorem 8, we are able to develop the stronger version of Theorem 3.

Theorem 9. Let pp € A, ¢ € (0,KE). Foranyr € (0,1), and w € 3, if another parameter ™ € A
satisfies that || — p|| o < 5%, then under Assumptions | and 3, we get:

€ °
: _ _ . _ <€
max hénf}r;w (z —w,h) max hgl}l[gﬂ (z aah)’ <3 V(w,r) € ¥ x (0,1), (62)
and
hrenlLiIrF17r (z—w,h) — héﬂ}}gﬂ (z — w,h)’ < %, V(z,w,r) € T x ¥ x (0,1). (63)

Proof. We prove (62). (63) will hold for similar reasons as discussed later. Fix g € A, r € (0,1)
and w € 3.

(i) Verifying the conditions of Theorem 8.

We apply Theorem 8 with X =¥ —w ={z e RF : Jz € Sstw =z —w} and Y = 2(Tj+ (u))s
which denotes the |ji*(u)’ — l-simplex. As |7 — pl|,, < 5% < &, Assumption 3 holds. Thus,
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T e Sl-*( n)» We then define v and its derivative with respect to ¢ as:

u(@,y,t) = szk% X (@, 7 (D).
(@,y,1) szkyj (7 (D), Ay (@, 7)), 1 — ).

where 7 (t) = tu+(1—t)m, forall ¢ € [0, 1]. Observe that both u, u; are continuous on X x Y x [0, 1].
Further define the correspondences

{ X)) =X=%-w,
={y € X(Tir(w) 1 yj = 0if fi(w, 7(t)) > Frgy(w) +7}.

X(t) is a constant so it is continuous. As for the continuity of Y (¢), the argument is simi-
lar to that used to prove the hemicontinuity of Hp_(w,r) (see the proof of Lemma 8). Since
maxge x (+) Minyey (1) u(x, y, t) forms a zero-sum matrix game for any ¢ € [0, 1], the saddle point
always exist (von Neumann minimax theorem, see [52] chapter 20). Thus, the conditions of Theorem
8 are verified.

(ii) Applying mean value theorem.

Observe that

v(0) = max min szkyy Thy A )k)

rES—w ycY (0)

= max  min (:c, h) =max min (z—w,h). (64)
rEX—w hEHF,r(w,r) zEX hEHFﬂ_ (w,r)
Likewise, we have
v(l) =max min (z —w,h). (65)

2€¥ he€Hp,, (w,r)

Theorem 8 implies that v(¢) is differentiable and the mean value theorem yields that there exists
to € (0,1) such that v(1) — v(0) = maxge x (1) Minyey (1y) Ut (X, Y, to). Therefore,

[u(1) — v(0)] =
< max | Vo d(7 (to)i, A (w7 (00)),) | I = el
€ €

< (E)(ﬁ) < > (66)

where the first inequality is Holder inequality and the second inequality stems from Assumption
3. By substituting equations (64)-(65) into the left-hand side of the inequality (66), we deduce the
inequality (62) claimed in the theorem.

max min u(x,y,t
X (to) YEY (to) (@, to)

As for the inequality (63), the argument will hold by replacing X (¢) = {z}.

N.3 Completing the non-asymptotic analysis

Based on Theorem 9 and Lemma 14 in this section, we can state the new concentration result that
will replace Lemma 2 (Appendix 1.3).

Lemma 15. Under Assumptions I and 3, for any pp € A e € (0, KE), under FWS,

oo XK 34eK
ZPH 516 mng SZ 19 + € 19 *
T—1 k=1 2E7/J/k:)4 d(“k+ﬁ7/’4k)4

Proof. Replacing £(¢) by 5% in the proof of Lemma 2 (see Appendix J.1), we obtain the lemma (as
in the proof of Lemma 2).

O
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Proof of Theorem 2
Plugging the inequality derived in Lemma 15 and (42) in (41), we conclude that

K 11
34eK 34eK 32D + 3L
oot ) (e
1 d( 1 1 €

Kk — ﬁnuk?) d(:uk + ﬁ?ﬂk)

+ (4K + )™ + max {cl(A), (i) H}

1+¢€ (14 €&)ca(N)e (14 €)ca(A)
T B () —6e [I"g <6<Fu<w*<u>> - 6@) loglog <6<Fu<w*<u>> - 6@” |

This is the upper bound claimed in Theorem 2. ]
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