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1 Proof of Theorem 1

Consider X € {1,...,S}andY € {1,...,L} where S, L > 2. Let X be the set of all permutations
of size L and II be the set of all permutations of size S. Let

0 ={(w,B,7,0) | pxov(X,Y|w, B,7,0) = py—x(X,Y|p, o, n, ) for some (p, e, m, 7)}

be the set of model parameters such that px_,y (X, Y|w, 3,4, 0) is not identifiable. Note that
O C R29+L=3 x %, Let A(+) be the 25 + L — 3 dimensional Lebesgue measure and let z(+) be the
counting measure. Define m/(-) be the product measure of A(+) and u(-), i.e., for any A C R2S+L—3
and B C X, m(A, B) = A(A) x u(B). We will show that m(©) = 0.

For any o € ¥, let
05 = {(w,8,7,9) | px-y (X, Y|w, B,7,7) = py-x(X,Y|p, o, n, ) for some (p, o, m, 7)} .
Because © = Uzcx 05, we have
m(©) < Y m(©s)
gED
Forany o € ¥ and 7 € TII, let
Oz = {(w, B,%,5) | px v (X, YIw, B,7,5) = py o x (X, Y |p, @, m, 7) for some (p, cv,m)}

Since O = Uzc1Oz 7, we have

Hence,
m(©) <> Y m(0zz)
FeL Fell

Because X and II are finite sets, to show m(©) = 0, we only need to show m(0z ) = 0 for any
ceXand7 eIl

We begin by equating, px v (X, Y |w, 8,7, ) and py _, x (X, Y|p, t, n, ),
PX—)Y(X = SaY = €|w3/677’a) = PY—}X(X = 57Y = E‘paaana%) (1)
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forall X € {1,...,S}andY € {1,..., L}. The set of solutions to these equations is exactly Oz =
The left-hand side of (T)) is given by

Px v(X =sY ={|w,B,7v,0)

=Pxoy (Y ={|X =5,8,7,0)Pxov (X = s|w)

= [Pxoy(Y <X =5,8,7,0) = Pxoy (Y <4 —1|X =5,8,7,0)|Px5y (X = slw)
= [F(750) — Bs) — F(vz0)-1 — Bs)ws,

where 3 = XT3 for X = s. Similarly, the right-hand side of (T)) is given by

Py x(X=sY={p,anm)

=Prx(X=sY ={anm)Pr_x(Y ={p)

=[Py_x(X<s|]Y =la,n,7) — Pr_x(X<s—1Y =L a,n7)|Prox(Y ={p)
= [F(nz(s) — ) = F(Nz(s)-1 — )] pe,

where ay = YT for Y = ¢. Therefore, (]I[) leads to

[F'(v3(0) — Bs) — F(va(0)-1 — Bs)lws = [F(nz(s) — ae) — F(Nz(s)—1 — ae)lpe (2)

Summing up both sides of ) over s from 1 to S, we have
Z[F(Va(e) —Bs) = F(a(0)-1 — Bs)]ws
s
= [F(a(s) — ) = F(nz(s)—1 — o)lpe

S
= [F(ns — o) — F(ne—1 — )] pe
= [F(ns — ar) — F(no — a)lpe
— . 3)

The second equality is due to a simple reordering of the summands. The third equality is due to the
cancellation from telescoping series in s. The last equality is because g = oo and 1y = —oo and
hence F(ns — ay) = 1 and F(no — ay) = 0. Plug (@) into @),

[F(vs) — Bs) — F(va0)-1 — Bs)]ws

= [F(nz(s) — @) — F(Nz(s)—1 — )]

Mm

— F(75(0)-1 — Bs)]ws

S:l
and hence
[F(v0) — Bs) — F(va0)—1 — Bs)]ws
S [F(va(e) — Bs) — F(¥a(0)-1 — Ba)lws

Now, consider s = 7~ (1) in @) and note ny = —oo and n; = 0,

[F(vs0) — Br—11)) — F(Wa0)-1 — Br—1(1))lwz—11)
Zf:l[F(Va(e) — Bs) — F(50)—1 — Bs)]ws

=F(Nze) — ) = Fz—1—ae) 4

= F(m —ap) — F(no — o)

= F(~ay).

Therefore,

ap— P! {[ (Vo) — Bz—11)) — F(va0)-1 — 5%1(1))]00%1(1)} 5)

S5 F (a0 — Bs) — F(va(ey—1 — Bs)]ws



Sequentially plug (3] into @) for =
can at least plug in once for s* = (

o {Z;':l[F(’Y&(Z) = Br-1()) — F(v30-1 — Ba-10))lwz—1(5) }
S F (i) = Bs) = Fia0-1 = Bs)lws
ot {[ (V&) — Br-11)) — F(h5(00-1 — Br—1(1) )]w~1(1)}
S F(v5) — Bs) — F(r00)-1 — Bs)lws 7

Because the left-hand side of (6) is independent of ¢ whereas the right-hand side of (6 depends on ¢,
we have,

2,...,8 =18 =7"12),...,71(S — 1) (note that one
) because S > 2),

(6)

F‘l{ j* F (s — Br-1(5)) — F(vs0-1 — B 1(]))]%1(]')}
S F (v — Bs) — F(y3-1 — Bo)lws
s { [F(’Ya(es) — Br-11)) — F(va0-1 — Ba—1))lwz—1(1) }
Y1 [F (a0 — Bs) — F(va0y-1 — Bs)]ws
_p {E?;[ (Ya(er) = Br-1(j)) — F(Va(eey)—1 — Br—1(j))|wz—1(; )}
S5 F () — Bs) — F(a(er)-1 — Bs)lws
_ g { [F(Ya(er) = Br—11)) = F(vae)-1 — Ba—1)lwz—1(1) }
S F (s — Bs) — F(v(-)—1 — Bs)lws

forany ¢, ¢* € {1,..., L} and £ # £* (note that one can always find ¢ £ ¢* because L > 2). Since the
link function F' is assumed to be a real analytic function (recall a real function is said to be analytic if
it is infinitely differentiable and matches its Taylor series in a neighborhood of every point), and F”(x)
is assumed to be nowhere zero, F'~1(x) is analytic. Since the left-hand side of (7) is a composition of
F, F~1, sums, products, and reciprocals of Vo (0)s V& (6%)s Vo (£)—15 V3 (e)—1, B1y + -, BS, W1, -+ -, WS,
it is an analytic function [Krantz and Parks| [2002]] and therefore its zero set must have Lebesgue
measure zero [Mityagin, [2015]. In other words, we have proven m(©z z) = 0, which completes the
proof.

(7

2 Proof of Theorem 2

Let (21,91), ..., (Zn,yn) be n observations from Py _,y (X,Y"). Consider the average difference
between the log-likelihood of My : X — Y and thatof M; : Y — X,

1 n n
n D logPx oy (X =a;,Y =) = Y log Py, x(X =2;,Y = y;)

i=1 =1

lzl Pyoy(X =z, Y = y)
PY%X =Y =y
PX—>Y(X7Y)
Py_x(X,)Y)
:KL(PXH)/(X, Y)prﬁx(X,Y)) >0

The last inequality is because KL divergence is nonnegative and it is strictly positive here because
Px_,v(X,Y) # Py_, x(X,Y) from Theorem 1.

_>E(X’Y)NPX‘}Y(X7y) log as n — oo (Law of large numbers)

3 Additional Simulation Results

3.1 Ablation Study

We performed an ablation study under Simulation Scenario 1 with n = 1,000 to demonstrate the
importance of learning the category ordering. Specifically, we fixed the permutation at different label
orderings. The results are presented in Table [[| where Kendall’s Tau quantifies the correlation between



the fixed label permutation and the true label permutation. As expected, the causal identification
accuracy increases as the Kendall’s Tau approaches 1. The performance of the COLP method with
unknown permutation is close to that under the fixed ordering with Kendall’s Tau=0.8. This ablation
study stresses the importance of having label permutation as a parameter because otherwise the
inference can be very wrong if the permutation is fixed to a bad ordering.

Kendall’s Tau | 0O 02 04 06 08 1
Accuracy 0.17 033 061 082 09 1
Table 1: Ablation study.

3.2 Varying Number of Categories

We investigated how estimation of causal direction and label permutation vary as the number of
categories increases under Simulation Scenario 1 with n = 1,000. We considered 10 different
numbers of categories from 3 to 12. The results are reported in Table 2] where the second row is the
accuracy of causal identification and the third row is the Kendall’s Tau measuring the correlation
between the estimated and true label permutations. For both metrics, a value close to 1 indicates good
performance. We find that the performance of COLP is relatively stable with respect to the number of
categories, especially for causal identification.

Number of Categories 3 4 5 6 7 8 9 10 11 12
Accuracy 0.86 0.89 091 091 088 091 09 09 09 0.88
Kendall’s Tau 094 092 093 092 088 09 088 087 087 0.84
Table 2: Varying number of categories.
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