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Repeated multi-unit auctions, where a seller allocates multiple identical items over many rounds, are1

common mechanisms in electricity markets and treasury auctions. We compare the two predominant2

formats: uniform-price and discriminatory auctions, focusing on the perspective of a single bidder3

learning to bid against stochastic adversaries. We characterize the learning difficulty in each format,4

showing that the regret scales similarly for both auction formats under both full-information and5

bandit feedback, as Θ̃(
√
T ) and Θ̃(T 2/3), respectively. However, analysis beyond worst-case regret6

reveals structural differences: uniform-price auctions may admit faster learning rates, with regret7

scaling as Θ̃(
√
T ) in settings where discriminatory auctions remain at Θ̃(T 2/3). Finally, we provide8

a specific analysis for auctions in which the other participants are symmetric and have unit-demand,9

and show that in these instances a similar regret rate separation appears.10

1 Introduction11

Uniform price auctions and discriminatory auctions are widely used market mechanisms for the12

allocation of resources. They have been widely implemented and studied for electricity markets13

(Elmaghraby & Oren, 1999; Hortaçsu & Puller, 2008) and treasury auctions (Nyborg et al., 2002).14

They are the most widespread simultaneous multi-unit auctions of identical goods (Krishna, 2009).15

Uniform price and discriminatory auctions are both standard mechanisms that allocate items to16

buyers willing to pay the most; their rules are identical except for the prices buyers pay. Since the two17

mechanisms are so similar, they can easily replace each other and have been frequently compared18

(De Keijzer et al., 2013). Their differences have been studied from several points of view: from their19

efficiency in Ausubel et al., 2014, the revenue they generate for the auctioneer, to the expected social20

welfare in different types of equilibria (Syrgkanis & Tardos, 2013).21

22

Participating in these auctions can be challenging from a bidder’s standpoint since the bidding23

process is not truthful (i.e., the best strategy depends on other buyers’ behavior). However, when24

auctions occur repeatedly, buyers can improve their strategies over time using online learning25

techniques; this is referred to as learning to bid (Feng et al., 2018). The performance of these online26

learning strategies is often measured by regret, which compares the cumulative rewards with that of27

the best fixed strategy in hindsight (Lattimore & Szepesvári, 2020). We propose to leverage this28

online learning framework to quantify the difficulty of learning to bid optimally, therefore providing29

a new approach to compare uniform and discriminatory price auctions.30

31

Learning to bid in repeated multiunit auctions has recently been studied, both in the uniform pricing32

case Brânzei et al., 2023 and Potfer et al., 2024, and in the discriminatory pricing case by Galgana33

and Golrezaei, 2025. These works focus on adversarial bids and provide regret rates with similar34

dependency on the time horizon T of Õ(
√
T ) under full-information feedback and Õ(T 2/3) under35

bandit feedback. These rates have been proven to be tight, except for the usual uniform price auction36

(referred to as the First Rejected Bid in Potfer et al., 2024).37
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We study the learning-to-bid problem in the case where opposing bids are stochastic. The stochasticity38

assumption ensures that our analysis characterizes the inherent difficulty of the auction format, rather39

than the difficulty arising from facing strategic or adversarial agents. We characterize when both40

problems can be learned with similar regret rates and when the rates differ. In the process, we provide41

the first worst-case tight lower bounds for uniform price auctions with bandit feedback, as well as42

the first instance-dependent regret bounds. Finally, we show that, against symmetric unit-demand43

adversaries, a clear separation of achievable regret appears, and we provide an efficient algorithm for44

the uniform auction that leverages the specific structure of this setting.45

1.1 Related Work46

Simultaneous auctions of multiple identical items, including uniform, discriminatory, and Vickrey-47

Clarke-Groves pricing, are standard in auction theory, as described in Krishna, 2009. Uniform and48

discriminatory auctions have been studied and compared from an empirical point of view (Nyborg &49

Sundaresan, 1996; Nyborg et al., 2002), and by theoretical approaches, focusing on the revenue they50

generate (Ausubel et al., 2014) as well as the social welfare they generate (De Keijzer et al., 2013;51

Syrgkanis & Tardos, 2013). Special cases involving symmetry and unit-demand participant are also52

of particular interest (Anderson & Holmberg, 2023).53

The repeated setting of auctions has recently attracted some focus, as covered by Nedelec et al.,54

2022. This setting allows for leveraging online and statistical learning tools (Lattimore & Szepesvári,55

2020) to explore dynamic strategies. These repeated settings were first studied with a focus on56

the auctioneer, enabling the learning of reserve prices as in the work of Mohri and Medina, 2014.57

Learning to bid, from the bidder’s perspective, was introduced later and studied in several settings,58

including sealed-bid first-price and second-price auctions (Achddou et al., 2021b; Balseiro et al.,59

2019; Weed et al., 2016).60

Learning to bid in multi-unit auctions has only recently started to be studied, except for a partial result61

for uniform auctions by Feng et al., 2018 used as an example. The discriminatory pricing auction was62

studied by Galgana and Golrezaei, 2025, who proved regret rates of Õ(K
√
T ) and Õ

(
KT 2/3

)
under63

full-information and bandit feedback, respectively. Regret bounds of Õ(K
√
T ) were also obtained for64

the uniform-price format in the full-information case by Brânzei et al., 2023, as well as sub-optimal65

rates in the bandit case. Potfer et al., 2024 provided algorithms with a Õ
(
K4/3T 2/3

)
regret upper66

bound for uniform auction in bandit feedback and showed that it is tight for a less common variant of67

uniform pricing (Last Accepted Bid pricing, or LAB). They provide no matching lower bound for the68

usual uniform price auction (First Rejected Bid, or FRB). Golrezaei and Sahoo, 2024 has also studied69

uniform pricing in a repeated setting, but focuses on bidders with return-over-investment constraints;70

they obtain similar regret bounds of Õ
(
K5/3T 2/3

)
in their setting.71

1.2 Contribution72

We propose a regret-based comparison of repeated uniform and discriminatory multi-unit auctions73

with stochastic opposing bids. For this comparison, we provide the first analysis of learning to bid in74

repeated multi-unit auctions when facing stochastic bids for both auction types.75

We show that both auction formats admit tight worst-case regret rates of Õ(K
√
T ) under the full-76

information setting (improving the best known rates for uniform price auction by a factor of
√
K).77

Our analysis also yields regrets rates Õ
(
K5/3T 2/3

)
in the bandit feedback for uniform auction, and78

we show a matching lower bound. In the bandit setting, some differences arise as the uniform auction79

exhibits better regret rates when the bidder has low demand: 0 regret for unit-demand and Õ(
√
T )80

for two-unit-demand.81

We provide an instance-dependent quantity characterizing instances for which regret bounds scaling82

as O(
√
T ) can be obtained for the uniform auction under bandit feedback. The discriminatory83

auction’s lower bound of Ω
(
T 2/3

)
remains valid in these instances.84

Finally, in the bandit feedback when the adversary are unit-demand and symmetric we show a similar85

regret separation providing an algorithm which guarantees regret of Õ(
√
T ) in uniform auctions86

while lower bound of Ω
(
T 2/3

)
for the discriminatory price auctions remains valid. In the analysis,87

we derive a concentration inequality for partially observed ordered statistics based on the DKW88

inequality, which may be of independent interest.89
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The following table summarizes the achievable regret rates for the different auction formats under90

bandit feedback considered in this work, we use the notation Θ̃(·) when we have matching lower91

bounds Ω(·) and upper bounds O(·), up to log factors. Results that are entirely novel are highlighted92

in green, while blue denotes marginal improvements or generalizations over existing work.

Worst Case Instance Dependent
Unit Demand Two-unit Demand Any Demand ∆- sep 4 I.I.D.

Discriminatory Θ̃(T 2/3) Θ̃(T 2/3)

Uniform 0 Θ̃(
√
T ) Θ̃(T 2/3) Θ̃(

√
T )

Table 1: Achievable regret under bandit feedback.

93

2 Models94

The following encompasses both uniform and discriminatory price multi-unit auctions, and matches95

those used in Brânzei et al., 2023 and Galgana and Golrezaei, 2025. Indeed, because both auction96

formats are very similar, we only need to specify different payment rules (equations (2) and (3)) to97

describe the mechanisms.98

Repeated auction Let (K,T ) ∈ N2 be, respectively, the number of items sold at each auction and99

the number of repeated auctions. We describe the repeated K-item uniform and discriminatory price100

auctions from the point of view of one buyer, that we call the bidder, facing other stochastic buyers,101

whose bids are aggregated and who, as a group, are called the adversary. The bidder has a fixed set of102

valuations that quantifies how much utility it derives from being allocated any number of items. We103

denote by (v1, ..., vK) ∈ [0, 1]K the bidder’s marginal valuations. These are marginal in the sense104

that when the bidder obtains n items, it derives
∑

l≤n vl from it.105

At each time-step t ∈ [T ], an instance of the auction proceeds as follows:106

1. The bidder transmits its bids bt := {bt1, bt2, ..., btK} to the auctioneer. For convenience,107

we consider b ordered in non-increasing order and the bids in [0, 1]K . We call B the108

corresponding subset of [0, 1]K .109

2. The bids of the adversary βt := {βt
1, β

t
2, ..., β

t
K} ∈ B are drawn according to a distribution110

over B, denoted D, and then transmitted to the auctioneer.111

3. The auctioneer orders all the bids in non-increasing order and determines the allocation (the112

number of items won) of the bidder that we denote x
(
bt,βt

)
∈ [K] as well as the prices113

p
(
bt,βt

)
∈ [0, 1]K .114

4. The bidder receives their allocated items and pays the price for each item. This gives rise to115

the following utility: u
(
bt,βt

)
:=
∑x(bt,βt)

l=1 [vl − p(bt,βt)(l)]116

5. The bidder may receive additional information, referred to as the feedback.117

Allocation Both auctions we study are standard; therefore, the items are allocated to the buyers118

who submitted the K highest bids. Thus, the allocation is formulated as follows1:119

x(b,β) := max{k ∈ [K] | ∀j ≤ k, bj ≥ βK+1−j} (1)

Pricing As we noted previously, the pricing rules of the uniform and discriminatory auctions are120

different. We describe below how the price is set in both auctions:121

• The uniform price auction sets the price of all allocated units identically: the value of the122

first rejected bid. Formally, it is the (K + 1)
th largest element of (b,β), written:123

p(b,β) :=
(
max(bx(b,β)+1, βK−x(b,β)+1)

)
k∈[K]]

(2)

• The discriminatory price auction sets the price of each allocated unit as the value of the124

corresponding bid (the bid that won its emitter this item). Formally, the discriminatory price125

is written as follows:126

p(b,β) := (bk)k∈[K] (3)

1This allocation breaks ties in favor of the bidder. The results can be extended to any tie-breaking rule by
ensuring that ties occur with probability zero.
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Regret The performance of a learning algorithm is quantified by the regret. This metric quantifies127

the expected cumulative difference between the maximum utility the bidder could have obtained and128

the utility they actually received. We define it as follows:129

RT = T sup
b∈B

(
E

β∼D
[u (b,β)]

)
−

T∑
t=1

E
βt∼D

[
u(bt,βt)

]
(4)

This definition aligns with what is usually defined as pseudo-regret. Note that, with the previous130

definition, minimizing the regret is equivalent to maximizing the cumulative expected utility. Using131

this metric allows us to take into account both how well and quickly a bidder can approximate the132

best bid, as well as how costly it is to acquire information about D.133

Feedback The bidder can sequentially improve its bids since it receives some information after each134

auction, which intuitively provides it with some knowledge about the distribution D. We describe135

below the feedback, defined as the information received after one instance of the auction. We focus on136

two feedback types: the full-information and bandit feedback setting, which are the most common in137

online learning literature (Lattimore & Szepesvári, 2020) and in online learning in auctions (Achddou138

et al., 2021a; Feng et al., 2018). At time t ∈ [T ], at the end of the auction:139

• in the full-information feedback setting, the bidder observes βt;140

• in the bandit feedback setting, the bidder observes only x(bt,βt) and p(bt,βt).141

Note that the full-information feedback is strictly more informative than the bandit feedback, because142

x(bt,βt) and p(bt,βt) can be computed by the bidder who knows both its bids bt and the auction’s143

rules.144

3 Learning with full-information feedback145

We first focus on the full information feedback setting where the learner observes the full vector βt
146

at each time step. The bidder aims to minimize regret by choosing bids as close as possible to the147

optimal bid vector, namely b⋆ := argmaxb∈B Eβ∼D[u(b,β)]. Because the auction mechanisms148

are not truthful, b⋆ depends on D. To describe this dependence, let us define, for all k ∈ [K], and149

x ∈ [0, 1], Fk(x) := Pβ∼D(βk ≤ x) the kth marginal cumulative distribution function.150

The following lemma provides the main intuition for our learning algorithms, which mainly focus on151

estimating the marginal CDFs rather than the optimal bid vector b⋆.152

Lemma 1. In both auction formats, the expected utility can be expressed as a function of the bidder’s153

bid vector b and the marginal cumulative distribution functions (Fk)k∈[K].154

The proof follows from writing the utility and taking the expectation, it is provided in Appendix A. We155

denote Ud the functions such that, in the discriminatory auction, for all b ∈ B,Ud((Fk)k∈[K],b) =156

Eβ∼D[u(b,β)], and Uu the equivalent in the uniform auction. Explicit formulas are provided in the157

appendix (see (14) and (15)) to save space.158

3.1 Algorithm159

At time t ∈ [T ], the bidder has observed β1, . . . ,βt−1, which are i.i.d. samples from D. These are160

sufficient to compute empirical marginal CDFs, which are known to have strong convergence proper-161

ties Massart, 1990. They are defined, for k ∈ [K], and x ∈ [0, 1] as F̂ t
k(x) :=

1
t−1

∑t−1
j=1 1{β

j
k ≤ x}.162

Depending on the auction, we define the expected utility estimate as either ût(b) := Uu((F̂
t
k),b) or163

ût(b) := Ud((F̂
t
k),b). Equipped with these, we can now provide an algorithm that guarantees tight164

regret bounds for both auction formats.165

Algorithm 1: Full-information feedback
1 Input: time horizon T

2 Output: bids for each time step
(
b1,b2, . . . ,bT−1,bT

)
∈ (B)T .

3 for t = 1, 2, . . . , T do
4 Play bt := argmaxb∈B ût(b).
5 Receive the utility u(bt,βt) and observe βt.

4



Theorem 1. Under full-information feedback, Algorithm 1 achieves a regret RT = Õ
(
K
√
T
)

for166

both the discriminatory and the uniform price auction.167

Proof Sketch. The proof for the discriminatory auction uses the Dvoretzky–Kiefer–Wolfowitz inequal-168

ity from Massart, 1990 to build high-probability confidence bands for F̂k, which yields confidence169

bands for the utility estimate. Combining that with the optimality of bt with respect to ût allows170

us to show that the per-round regret is upper bounded by 2K
√

ln(2/α)/2t, therefore providing the171

correct regret rates when summing.172

The proof for the uniform auction’s is very similar. The main difference appears when ensuring error173

bands scales as K and not K2, this requires our concentration bnads to leverage the strong negative174

correlation between the different terms estimated in excepted utility. This is achieved by using the175

Natarajan dimension, a multi-class classifier generalization of VC dimension Shalev-Shwartz and176

Ben-David, 2014.177

The complete proof is in Appendix B. These regret bounds are tight, as it is known that any algorithm178

must incur a regret growing as Ω(K
√
T ) in both auction format (Brânzei et al., 2023; Galgana &179

Golrezaei, 2025).180

Remark 1. Note that, because ût is always a piece-wise linear function and is separable into181

functions that only depend on two components of b, a maximizer can be found by using dynamic182

programming in O
(
K3t2

)
.183

4 Learning with bandit feedback184

We now focus on learning in the bandit feedback setting. Let us recall that in this setting, at time185

t, the bidder only observes his allocation x(bt,βt) and the price paid per unit p(bt,βt). Since the186

allocation function is the same across both auction’s type (1), the observed allocation provides the187

same information :188 (
1
{
bti ≥ βt

K−i+1

})
i∈[K]

(5)

However, the information conveyed by the price differs:189

• The discriminatory price depends only on the bidder’s own bid and therfore provides no190

additional information.191

• The uniform price can be set by an opposing bid βK−i+1, potentially revealing information192

about the distribution D.193

The following lemma formalizes the feedback the bidder receives in the uniform price auction.194

Lemma 2. At time t ∈ [T ], let bt,βt ∈ B be the bids of the learner and the adversary, in the195

uniform auction with bandit feedback the bidder observes
(
1
{
βt
K−i+1 ∈ (bti+1, b

t
i]
}
βt
K−i+1

)
i∈[K]

.196

This feedback reveals components of βt if they fall into the right intervals, providing richer feedback197

than in the discriminatory case.We now examine achievable regret rates in both auction types and the198

effects of this feedback discrepancy.199

4.1 Discriminatory price auction200

The discriminatory price auction with fixed valuation has been studied by Galgana and Golrezaei,201

2025 who provided algorithms guaranteeing regret upper bounds of O
(
KT 2/3

)
. They also provided202

a regret lower bound of Ω
(
K2/3T 2/3

)
for discretized bid strategies. We provide a strengthening of203

this result with a lower bound that holds for any algorithm, including those operating over continuous204

bid spaces.205

Lemma 3. Any algorithms for bidding in repeated first price auctions with known valuation must206

incur a regret of Ω
(
T 2/3

)
207

Given this result and the almost matching upper bound, we believe the achievable regret rates are well208

characterized. In the following we characterize what can be achieved in the uniform price auction,209

and when the richer feedback allows for better rates than in discriminatory auctions.210
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4.2 Uniform price auction211

The additional information provided by the richer bandit feedback in the uniform price auction212

can be used to design learning algorithms. We illustrate how the feedback allows to estimate the213

marginal CDFs Fk with Algorithm 2. During its estimation phase, it leverages the feedback detailed214

in Lemma 2 to ensure observation of each βk in a round robbin fashion. Once the estimated CDFs215

are precise enought, an estimated best bid bTexpl is computed and then played repeatedly during the216

exploitation phase.217

We define the empirical CDFs for the uniform price auction with bandit feedback as follows for218

k ∈ [K]:219

∀x ∈ [0, 1], F̃k (x) :=

∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

}
1 {βt

k ≤ x}∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

} (6)

We also define the empirical expected utility ũ, for b ∈ B as Uu((F̃ )k∈[K],b). With these we can220

provide our algorithms and the associated regret guarantees.221

Algorithm 2: Estimate then commit for uniform price auction
1 Input: time horizon T , Texpl duration of the exploration.
2 Output: bids for each time step

(
b1,b2, . . . ,bT−1,bT

)
∈ BT .

3 Estimate: for t = 1, 2, . . . , Texpl do
4 k ← T −K⌊T/K⌋+ 1.
5 Play bt such that ∀i ≤ k, bti = 1 and ∀i > k, bti = 0.
6 Receive the utility ut = u(bt,βt) and the feedback.
7 Commit: for t = Texpl + 1, . . . , T do
8 Play bt = argmaxb∈B ûTexpl(b)

Theorem 2. The estimate then commit algorithms, with the exploration time Texpl = K2/3T 2/3222

achieves a regret bound of Õ
(
K5/3T 2/3

)
223

Proof Sketch. The proof separates the analysis of the regret incurred during the exploration phase224

and the commitment. During the exploration phase it is no bigger than K5/3T 2/3. The regret225

of the exploitation phase can be upper bounded by K5/3T 2/3; obtaining this bound requires the226

use of variants of the DKW concentration inequality, which exhibit local dependencies as in Bartl227

and Mendelson, 2023; Blanchard and Voracek, 2024. A simpler analysis, using DKW inequalities228

(Massart, 1990) yields a looser bound of K2T 2/3 when setting Texpl = KT 2/3.229

These regret guarantees match the rates in T of the ones for the discriminatory price auction. Since230

the regret rates in the discriminatory auction are tight in T , it is natural to ask whether that is also231

true for the uniform price auction. Theorem 3 provides a matching lower bound, proving that a regret232

that grows as T 2/3 is optimal.233

Theorem 3. In the uniform price auction, any algorithms must incur a regret of Ω
(
T 2/3

)
for learning234

to bid with known valuations, when valuations are such that v3 > 0.235

Proof idea. The proof of this theorems relies on standard approach (Cesa-Bianchi et al., 2024;236

Kleinberg & Leighton, 2003) to create regret lower bounds in bandit setting with continuous action237

space by embedding into our auction model a hard instance which is akin to a multiarmed bandit238

problem with O
(
T 1/3

)
arms. The main challenge is that the bandit feedback in the uniform price239

auction is relatively rich, as pointed out in Lemma 2. We overcome this difficulty with the two240

following techniques, for a specific i ∈ [K]:241

• the optimal bids are such that b⋆i = b⋆i+1 while the bidder needs to observe βK−i+1,242

• when submitting a bid with bi ̸= bi+1, the bidder suffers an additional regret term which243

scales linearly with bi − bi+1.244

245
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We have shown that the achievable regret in the two auction formats behaves similarly regardless of246

the feedback types. The remainder of the paper is dedicated to showing that, beyond worst cases, the247

uniform auction can be easier to learn (regret scaling with
√
T ) across different families of instances248

for which the discriminatory auctions remain equally hard (regret scaling as T 2/3). We provide249

general algorithms that exhibit better regret scaling when possible without information about the250

instance and then focus on an I.I.D setting, whose structure is especially interesting.251

5 Bandit feedback, beyond worst-case252

5.1 Instance dependant regret253

To exhibit that the regret scales as
√
T on family of instances that are well-suited for the uniform price254

auction, we need an algorithm which adapts to such instances. This adaptability is key in guaranteing255

worst-case regret, as in Theorem 2, while also leveraging easy instances when presented with one.256

Algorithm 2 lacks such flexibility, because of both its fixed-length estimation and commitment phases,257

as well as its fixed marginal CDF estimation intervals (namely [0, 1]).258

We propose two natural improvements: (i) using sequentially shrinking estimation intervals and259

(ii) using distinct intervals for each marginal CDF. Intuitively, the shrinking rule should allow us260

to estimate CDFs only However, the choice of the shrinking rule must be made with care. We261

propose a successive elimination approach (Audibert & Bubeck, 2010) which iteratively reduces a262

set of candidate bids Bt ⊂ B based on the current utility estimates and their uncertainty. As the263

set of relevant bids Bt gets smaller, the intervals where estimates of the marginal CDFs are useful264

to estimate the utility do as well; this yields our shrinking rules for the intervals, that we denote265

(Itk)k∈[K].266

Algorithm 3: Bandit Feedback
Input: Time horizon T
Initialize: For each i ∈ [K], initialize I0i ← [0, 1]
Output: Bids

(
b1, . . . ,bT

)
∈ BT , with ∆0 ← −1

1 for t = 1, . . . , T do
2 if t ≤ Texpl and ∆t−1 ≤ 0 then
3 k ← T −K⌊T/K⌋+ 1 ;
4 btk ← max{bk ∈ It−1

k }, btk+1 ← min{bk+1 ∈ It−1
k+1} ;

5 bt ← argmax b∈B
bk=btk, bk+1=btk+1

ũt(b) ;

6 else
7 k̃ ← T − 2(K−1)⌊T/2(K−1)⌋+ 2, k ← ⌊k̃/2⌋ ;

8 btk ←
{
max{bk ∈ It−1

k } if k′ is even
min{bk ∈ It−1

k } if k′ is odd
;

9 bt ← argmax b∈B
bk=btk

ũt(b) ;

10 Play bt and receive feedback ;
11 Update (Itk)k∈[K] ,∆

t using Algorithm 4 ;

267

Algorithm 4: Interval Refinement

Input: Time t, horizon T , intervals
(
It−1
k

)
k∈[K]

, utility estimate ũt

Output: Updated intervals (Itk)k∈[K], gap ∆t

1 ut
max ← maxb∈

∏
k∈[K] I

t−1
k

ũt(b) ; // Max observed utility

2
∏

k∈[K]

Itk ← conv
(
U−1

([
ut

max −
√

ln(2T 2)
2⌊t/K⌋ , u

t
max

]))
// U−1 denote the preimage of ũt

3 ∆t ← mink∈{2,...,K}
(
min Itk −max Itk+1

)
;

268

Let us denote B⋆ ⊂ B the set of maximizers of the expected utility and the optimal intervals269

I⋆k ⊂ R the smallest closed intervals such that B⋆ ⊂
∏K

k=1 I⋆k . We introduce the interval gap270
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∆ := mink∈{2,...,K}
(
min I⋆k −max I⋆k+1

)
, the following theorem provides instance dependant271

bounds, valid when ∆ > 0 ( O(·) hides terms constant in T ).272

Theorem 4. Algorithm 3 guarantee a regret of Õ(K5/3T 2/3) in general and, when ∆ > 0, an273

instance-dependent regret bounds of Õ(K
√
T ).274

Proof. Worst-case regret bounds are essentially proved as in Theorem 2. We only need to check275

that our shrinking rule is well-behaved. Noticing that with high probability, the intervals Iti always276

contain the best-response set B⋆ suffices.277

Instance-dependent bounds proofs rely on the fact that as soon as intervals become disjoint (ie278

∆t > 0), the observation of Lemma 2 covers the whole intervals, which is why we recover full-279

information type bounds.280

5.2 Regret separation281

We illustrate the implications of Theorem 4 by describing instance families for which the achievable282

regret rates in uniform and discriminatory price auctions diverge significantly. This highlights how283

the choice of auction impacts learning complexity.284

A straightforward example is when the bidder has unit demand, meaning it only values a single unit285

(v1 > 0 and vi = 0 for i > 1). In this case, the uniform auction is truthful (Lemma 7), so the bidder286

can bid truthfully and incur zero regret. In contrast, the discriminatory auction still requires strategic287

bidding, and the lower bound from Lemma 3 applies, resulting in a regret of Ω
(
T 2/3

)
.288

Two unit demand A similar but weaker regret rate discrepancy also appears in the two-unit demand289

setting (i.e. v1 > 0, v2 ≥ 0 and vi = 0 for i > 2). In that setting, both auctions require strategic290

bidding; in discriminatory auction, Lemma 3 still applies resulting in regret Ω(T 2/3) while Theorem 4291

yields a regret of O(
√
T ) on the regret in the uniform auction.292

∆ separated distributions We finally consider a more general condition on the distribution of293

adversary bids. Let D be a distribution over B such that when β ∼ D each coordinate βk almost294

surely lies in disjoint intervals Ik, and adjacent intervals are at least separated by a gap ∆. We refer295

to these as ∆ separated. To rule out degenerate cases, we focus on ∆ < 1
2K :296

Lemma 4. Learning in a discriminatory or uniform auction when the adversary’s distribution is ∆297

separated, with ∆ < 1
2K can be achieved with respectively regret of Ω(T 2/3) and O(

√
T ).298

Proof sketch. The lower bound from Lemma 3 for the discriminatory auction can be easily extended299

by leveraging the fact that ∆ > 1−v1

K . Proving the upper bound is straightforward by noticing the300

following : (i) there is always an optimal bids against ∆-separated distribution whose component are301

only 0s and 1s, (ii) the F̄ of ∆-separated distribution are ∆-separated.302

5.3 I.I.D. adversaries303

This section characterizes achievable regret when the bidder faces N ∈ N symmetric, unit-demand304

participants. Each participant submits a single bid, so the opposing bid vector β consists of the K305

highest bids among them. By symmetry, all bids are i.i.d. from a distribution P , and we assume306

independence in their bidding. We denote by PN
K the induced distribution on β.307

Opposing bids The first K order statistics of N i.i.d. samples from P constitute the opposing bids.308

This structure provides additional information on the relationships between marginal CDFs (Casella309

& Berger, 2024). Letting F : [0, 1]→ [0, 1] denote the CDF of P , we have for all k ∈ [K]:310

Fk(x) := P
β∼PN

K

(βk ≤ x) = FN−K(x)

k∑
j=1

(
N

N − j

)
FK−j+1(x) (1− F (x))

j−1 (7)

Note that this is a polynomial in F ; in the following, we denote it Pk.311

Concentration Inequalities for order statistics Exploiting (7), we build cdf bands for all order312

statistics based on observations of a single order statistic. For simplicity, it is stated in the full313

information feedback. For k, k′ ∈ [K]2 define the empirical estimate of the CDF of the k′
th order314

statistics based on the kth: F̂ t
k→k′ := Pk′(P−1

k (F̂ t
k))315
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Lemma 5. Let t, k ∈ N, and let Xi
j for i ∈ [t], j ∈ [k] be i.i.d. samples from a distribution P with316

cdf F . With probability 1− α :317

F̂ t
k→k′(x)− αk,k′ϵ ≤ Fk′(x) ≤ F̂ t

k→k′(x) + αk,k′ϵ (8)

Where ϵ =

√
ln( 2

α )
2t and αk,k′ is a constant which only depends on k, k′ and N .318

Proof. The lemma is proved using the DKW inequality (Massart, 1990), the order statistics cdf319

formula (7) and by noticing that all Pk are strictly increasing on (0, 1).320

Algorithm These concentration inequalities effectively enable recovery of full-information feed-321

back in the uniform price auction by selecting the best estimate. For k ∈ [K] and x ∈ [0, 1], let tk(x)322

be the number of times 1 {βk ≤ x} was observed (Lemma 2). Define k⋆(x) = argmaxk∈[K] tk(x)323

as the index with the most observations, and estimate marginal CDFs as F̄ t
k(x) := F̃ t

k⋆(x)→k(x). The324

resulting utility estimate is ūt(·) := Uu((F̄
t
k)k∈[K], ·)325

Algorithm 5: UBIID algorithm
1 Input: time horizon T , number of adversary N .
2 Output: bids for each time step

(
b1,b2, . . . ,bT−1,bT

)
∈ BT . for t = 1, 2, . . . , T do

3 Play bt := argmaxb∈B ūt(b)

Theorem 5. When facing i.i.d. adversaries in the uniform auction with bandit feedback, Algorithm 5326

guarantees the regret is upper bounded by Õ
(
K5/2

√
T
)

.327

Proof sketch. The previous result is essentially proved as the bound for the full-information feedback,328

by noticing that for all x ∈ [0, 1], tk⋆(x) ≥ t/K. This ensures that the estimates F̄ concentrate as well329

as in the full-information feedback up to a factor
√
K, techniques similar to the ones for Theorem 1330

then yield the result.331

Lower bounds Because the opposing bids are order statistics, previous lower bounds may not332

apply. Intuitively, this is because constraining the opposing bids to be ordered i.i.d. can make learning333

to bid easier (as Theorem 5 shows). Let us consider the discriminatory auction first. Notice that334

for 1-unit auction, the general setting and the i.i.d. setting coincide. Therfore the lower bound form335

Lemma 3 applies and regret is at least Ω
(
T 2/3

)
. The uniform auction requires a new lower bound,336

that we provide below:337

Lemma 6. When facing i.i.d. adversaries in the uniform auction with bandit feedback, any learning338

algorithm must incur at least a regret of Ω(
√
T ).339

Proof idea. Focusing on two-item auctions, we build upon the proof of the lower bound of Brânzei340

et al., 2023 for the uniform auction in the full information feedback. Since they use opposing bids341

which can only be worth 0 or 2/3, it is possible to build distributions that mimic the behavior of the342

ones used in their lower bound, even when using i.i.d. bids.343

Remark 2. We assume knowledge of the number of adversaries N in this section. However, since344

the components of β are order statistics, N can also be estimated from a finite number of samples.345

6 Conclusion346

We characterized the difficulty of learning to bid in multi-unit auctions through achievable regret rates.347

We show that, under full-information feedback, both auction formats can be learned with matching348

regret rates. In the bandit feedback setting, the picture is more nuanced: while worst-case regret349

guarantees are similar for both formats, the richer feedback structure of the uniform auction can make350

it easier to learn in instances that do not correspond to the worst-case distribution.351

A key simplification in our analysis is the stochasticity assumption for opposing bids. It remains an352

open question whether similar results hold when adversaries are strategic, which would also enable353

the study of social welfare when multiple bidders learn simultaneously. Another interesting direction354

is to consider settings where bidders’ valuations must also be learned, and to investigate how auction355

transparency (Cesa-Bianchi et al., 2024) impacts the learning process.356
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to reproduce that algorithm.517
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dataset.682

• For existing datasets that are re-packaged, both the original license and the license of683

the derived asset (if it has changed) should be provided.684

• If this information is not available online, the authors are encouraged to reach out to685

the asset’s creators.686

13. New assets687

Question: Are new assets introduced in the paper well documented and is the documentation688

provided alongside the assets?689

Answer: [NA]690

Justification: The paper does not release new assets691

Guidelines:692

• The answer NA means that the paper does not release new assets.693

• Researchers should communicate the details of the dataset/code/model as part of their694

submissions via structured templates. This includes details about training, license,695

limitations, etc.696

• The paper should discuss whether and how consent was obtained from people whose697

asset is used.698

• At submission time, remember to anonymize your assets (if applicable). You can either699

create an anonymized URL or include an anonymized zip file.700

14. Crowdsourcing and research with human subjects701
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Question: For crowdsourcing experiments and research with human subjects, does the paper702

include the full text of instructions given to participants and screenshots, if applicable, as703

well as details about compensation (if any)?704

Answer: [NA]705

Justification: The paper does not involve crowdsourcing nor research with human subject706

Guidelines:707

• The answer NA means that the paper does not involve crowdsourcing nor research with708

human subjects.709

• Including this information in the supplemental material is fine, but if the main contribu-710

tion of the paper involves human subjects, then as much detail as possible should be711

included in the main paper.712

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,713

or other labor should be paid at least the minimum wage in the country of the data714

collector.715

15. Institutional review board (IRB) approvals or equivalent for research with human716

subjects717

Question: Does the paper describe potential risks incurred by study participants, whether718

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)719

approvals (or an equivalent approval/review based on the requirements of your country or720

institution) were obtained?721

Answer: [NA]722

Justification: The paper does not involve crowdsourcing nor research with human subject723

Guidelines:724

• The answer NA means that the paper does not involve crowdsourcing nor research with725

human subjects.726

• Depending on the country in which research is conducted, IRB approval (or equivalent)727

may be required for any human subjects research. If you obtained IRB approval, you728

should clearly state this in the paper.729

• We recognize that the procedures for this may vary significantly between institutions730

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the731

guidelines for their institution.732

• For initial submissions, do not include any information that would break anonymity (if733

applicable), such as the institution conducting the review.734

16. Declaration of LLM usage735

Question: Does the paper describe the usage of LLMs if it is an important, original, or736

non-standard component of the core methods in this research? Note that if the LLM is used737

only for writing, editing, or formatting purposes and does not impact the core methodology,738

scientific rigorousness, or originality of the research, declaration is not required.739

Answer: [NA]740

Justification: The paper does not involve any LLM in the models and theoretical framework741

studied.742

Guidelines:743

• The answer NA means that the core method development in this research does not744

involve LLMs as any important, original, or non-standard components.745

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for what746

should or should not be described.747
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Appendix748

This appendix provides additional technical details, proofs, and supporting results for the main paper.749

It is organized as follows:750

• Section A presents general simplifications and key properties of the auction models that are751

useful for our analysis.752

• Section B contains detailed proofs of the regret upper bounds for both the full-information753

and bandit feedback settings, including concentration inequalities and technical lemmas.754

• Section C provides the proofs of the main regret lower bounds for the discriminatory (first755

price) and uniform price auctions.756

• Section D covers proofs and results specific to certain instances, such as ∆-separated757

distributions and the i.i.d. unit-demand adversary setting.758

Throughout, all notation, definitions, and assumptions are consistent with those in the main text,759

unless explicitly stated otherwise. Where appropriate, we restate key lemmas and theorems for clarity.760

Cross-references to the main text and within the appendix are provided for ease of navigation.761

A Appendix762

A.1 General simplifications763

This section presents general properties and simplifications of the auction models considered in the764

main paper. We highlight structural results that are useful for the design and analysis of learning765

algorithms, such as truthfulness in uniform price auctions and the implications for optimal bidding766

strategies. These results serve as foundational tools for the regret analyses in subsequent sections.767

Uniform price auction with unit demand We focus our attention on the unit demand uniform price768

auction, in which the bidder only wishes to acquire one item. Formally, this means that v1 > 0 and769

for all k > 1, vk = 0. One can notice that in this specific case, the optimal bid is straightforwardly770

b∗ = (v1, 0, . . . , 0). Therefore, in this case, there is no need for an online learning algorithm and a771

bidder playing b∗ for every time t ∈ [T ] incurs regret 0.772

The following lemma shows a more general property of which the previous claim is a direct conse-773

quence.774

Lemma 7. In the uniform price auction, for any distribution of opposing bid D, let b∗ =775

(b∗1, b
∗
2, . . . , b

∗
K) := argmaxb∈B E

β∼D
[u(b,β)] then b̃⋆ := (v1,min(b⋆2, v2), . . . ,min(b⋆K , vK)) is776

also a maximizer.777

Proof. We will provide a stronger result, which is that, given any opposing bids β ∈ B, when778

we denote u(b⋆,β) the utility of the bidder against these bids when bidding b⋆, then u(b⋆,β) ≤779

u(b̃⋆,β). Let k⋆ be the biggest index such that b⋆k⋆ > vk⋆ . Denote b̃⋆
k the bid with b⋆k⋆ replaced by780

vk⋆ . Let us consider x(b⋆,β) and x(b̃⋆
k,β), either they are equals or x(b⋆,β) > x(b̃⋆

k,β).781

- In the first case, noticing that the price function p(·,β) is increasing in all the components of the782

bids, yields u(b⋆,β) ≤ u(b̃⋆
k,β).783

- In the second case, we have x(b⋆,β) > x(b̃⋆
k,β), which necessarily implies that b⋆k⋆ ≥ p(b⋆,β) ≥784

vk⋆ . Therefore, vk⋆ − p(b⋆,β) ≤ 0, noticing that this is the last term of the utility when playing b⋆785

and that the price is increasing in all the components of the bids, we can conclude that u(b⋆,β) ≤786

u(b̃⋆
k,β).787

We can repeat this process for all the components of the bids. Combining this with the fact that the788

utility is only increasing in the first component of the bid vector (usually denoted b1) allows us to get789

that u(b⋆,β) ≤ u(b̃⋆,β).790

Because of the previous property, when analyzing learning algorithms for the uniform price auction,791

we will always consider the algorithms’ pick bids such that b1 = v1 when maximizing estimates of792

expected utility.793
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We now move on to providing the proofs and formulas necessary to justify our approach. We recall794

the Lemma 1.795

Lemma 1. In both auction formats, the expected utility can be expressed as a function of the bidder’s796

bid vector b and the marginal cumulative distribution functions (Fk)k∈[K].797

In fact, for the discriminatory auction, the utility can be written as follows:798

E
β∼D

[u(b,β)] =

K∑
i=1

FK−i+1(bi) (vi − bi) (9)

In the uniform price auction, the expected utility can be written as follows :799

E
β∼D

[u(b,β)] =

K∑
i=1

(FK−i(bi+1)− FK−i+1(bi+1))

(
i∑

l=1

vl − bi+1

)
(10)

+

K∑
i=1

E
βK−i+1∼DK−i+1

[
1 {bi ≥ βK−i+1 ≥ bi+1}

(
i∑

l=1

vl − βK−i+1

)]
(11)

Proof. We begin by proving the lemma for the discriminatory auction. The utility can be rewritten800

as u(b,β) =
∑K

i=1 1 {bi ≥ βK−i+1} (vi − bi). Taking the expectation and rewriting by using the801

definition Fk leads to the following equation, which concludes the proof.802

E
β∼D

[u(b,β)] =

K∑
i=1

FK−i+1 (bi) (vi − bi) (12)

We now move to the uniform price auction. To have a convenient formula, we write the utility of the803

bidder in the uniform price auction by decomposing it depending on the K + 1th bid.804

u(b,β) =

K∑
i=1

1 {βK−i > bi+1 ≥ βK−i+1}

(
i∑

l=1

vl − bi+1

)

+

K∑
i=1

1 {bi ≥ βK−i+1 > bi+1}

(
i∑

l=1

vl − βK−i+1

)

When taking the expectation, this leads to805

E
β∼D

[u(b,β)] =

K∑
i=1

P (βK−i > bi+1 ≥ βK−i+1)

(
i∑

l=1

vl − bi+1

)

+

K∑
i=1

P (bi ≥ βK−i+1 > bi+1)

(
i∑

l=1

vl

)
− iE [1 {bi ≥ βK−i+1 > bi+1}βK−i+1]

Which we can simplify as806

E
β∼D

[u(b,β)] =

K∑
i=1

(FK−i+1(bi+1)− FK−i(bi+1))

(
i∑

l=1

vl − bi+1

)

+

K∑
i=1

(FK−i+1(bi)− FK−i+1(bi+1))

(
i∑

l=1

vl

)

−
K∑
i=1

i

(
biFK−i+1(bi)− bi+1FK−i+1(bi+1)−

∫ bi

bi+1

FK−i+1(t)dt

) (13)

This concludes the proof.807
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With the previous proof in mind, we can define Uu and Ud, the corresponding functions that, given808

the CDFs, allow us to compute the expected utility.809

Let (Gk)k∈[K] be a sequence of CDF functions. The following equations define the functions810

mentioned in Lemma 1 for: the discriminatory auction for b ∈ B:811

Ud((Gk)k∈[K],b) =

K∑
i=1

Gt
K−i+1 (bi) (vi − bi) , (14)

the uniform auction for b ∈ B:812

Uu((Gk)k∈[K],b) :=

K∑
i=1

(GK−i+1(bi+1)−GK−i(bi+1))

(
i∑

l=1

vl − bi+1

)

+

K∑
i=1

(GK−i+1(bi)−GK−i+1(bi+1))

i∑
l=1

vl − i

∫
(bi+1,bi]

xdGK−i+1

(15)

Lemma 2. At time t ∈ [T ], let bt,βt ∈ B be the bids of the learner and the adversary, in the813

uniform auction with bandit feedback the bidder observes
(
1
{
βt
K−i+1 ∈ (bti+1, b

t
i]
}
βt
K−i+1

)
i∈[K]

.814

Proof. At time t, let i ∈ [K], then βt
K−i+1 ∈ (bti+1, b

t
i], is equivalent to bti+1 < βt

K−i ≤ bti which is815

in turn equivalent to {x(bt,βt) = i} ∩ {p(bt,βt) ̸= bti+1}, which is an observable event. Note that816

when the event is realized, the value of βt
K−i+1 is observed since it is the price.817

Therefore, since it is the case for all i ∈ [K], the bidder has observed818 (
1
{
βt
K−i+1 ∈ [bti+1, b

t
i]
}
βt
K−i+1

)
i∈[K]

.819

Remark 3. Notice that the previous Lemma 2 implies that at all times t and for all i ∈ [K], the820

following function is also observed ∀x ∈ (bti+1, b
t
i], 1

{
βt
K−i ∈ [0, x]

}
.821

B Regret Upper Bounds822

In this section, we provide detailed proofs of the regret upper bounds stated in the main text for823

both the full-information and bandit feedback settings. We include all necessary technical lemmas,824

concentration inequalities, and step-by-step arguments for the algorithms analyzed. Our goal is825

to make the derivations transparent and self-contained, enabling readers to verify each step of the826

analysis.827

B.1 Full-information feedback828

Recall that in the full information feedback, the bidder observes βt at the end of each time-step.829

therefore, at time t, it has observed β1, . . . ,βt−1.830

The following lemma, which links the quality of the estimates of the marginal CDF to the quality of831

the estimates of the utility, can be used to derive regret guarantees for both auction formats.832

9833

Lemma 8. Given (F̂ t
k)k∈[K], the empirircal estimates of the cumulative marginal distributions of D834

from t samples, let α ∈ [0, 1], then in both the uniform price auction (with û(·) := Uu((F̂k)k∈[K], ·))835

and in the discriminatory auction (with û(·) := Uu((F̂k)k∈[K], ·)) . The following inequality holds :836

∀k ∈ [K],P
(
sup
b∈B
|û(b)− E [u(b,β)]| ≤ Kϵt(α)

)
≥ 1−Kα (16)

Where for the discriminatory auction ϵt(α) :=

√
ln( 2

α )
2t and for the uniform auction ϵt(α) :=837

3

√
C

2K log(2K)+log( 1
α )

t838
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Proof. We begin with the proof of the guarantees for the discriminatory auction, which is more839

concise: Let T ∈ N, at time t ∈ [T ], we apply the result from Massart, 1990, which in our notations840

provides that, for α ∈ [0, 1]:841

∀k ∈ [K],P

 sup
x∈[0,1]

|F̂k
t
(x)− Fk(x)| ≤

√
ln
(
2
α

)
2t

 ≥ 1− α (17)

Doing a union over the opposite events, one easily gets :842

P

∀k ∈ [K], sup
x∈[0,1]

∣∣∣F̂k
t
(x)− Fk(x)

∣∣∣ ≤
√

ln
(
2
α

)
2t

 ≥ 1−Kα (18)

We can write the expected utility in the discriminatory price auction, for b = (b1, . . . , bK) ∈ B as843

E [u(b,β)] =
∑

k∈[K] Fk(bk) (vk − bk). Using the expression of û , we get:844

sup
b∈B
|û (b)− E [u(b,β)]| ≤ sup

b∈B

∑
k∈[K]

∣∣∣F̂k(bk)− Fk(bk)
∣∣∣

≤
∑

k∈[K]

sup
bk∈[0,1]

∣∣∣F̂k(bk)− Fk(bk)
∣∣∣

Using (18) then yields the desired result.845

We now proceed with the proof for the uniform price auction. We start by rewriting the utility from846

(13) as follows :847

E
β∼D

[u(b,β)] = E
β∼D

 K∑
i=1

1 {βK−i > bi+1 ≥ βK−i+1}

 i∑
j=1

vj − bi+1


+

K∑
i=1

1 {bi ≥ βK−i+1 > bi+1}

 i∑
j=1

vj


−

K∑
i=1

i

(
biFK−i+1(bi)− bi+1FK−i+1(bi+1)−

∫ bi

bi+1

FK−i+1(t)dt

)

= E
β∼D

 K∑
i=1

1 {βK−i > bi+1 ≥ βK−i+1}

 i∑
j=1

vj − bi+1


+

K∑
i=1

1 {bi ≥ βK−i+1 > bi+1}

 i∑
j=1

vj − bi+1


−

K∑
i=1

i (bi − bi+1)FK−i+1(bi)

−
K∑
i=1

i

∫ bi

bi+1

FK−i+1(t)dt
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The estimated utility can also be written similarly, yielding:848

ût(b) = Êt

 K∑
i=1

1 {βK−i > bi+1 ≥ βK−i+1}

 i∑
j=1

vj − bi+1


+

K∑
i=1

1 {bi ≥ βK−i+1 > bi+1}

 i∑
j=1

vj − bi+1


−

K∑
i=1

i (bi − bi+1) F̂K−i+1(bi)

−
K∑
i=1

i

∫ bi

bi+1

F̂K−i+1(t)dt

Where Êt denotes the empirical expectation.849

We will show that the estimated utility is close to the true expectation by showing that it is the case850

for each of the terms of the sum. We begin with the terms that only require DKW bound, which we851

restate here: Let T ∈ N, at time t ∈ [T ], the result from Massart, 1990, provides that, for α ∈ [0, 1]:852

∀k ∈ [K],P

 sup
x∈[0,1]

|F̂k
t
(x)− Fk(x)| ≤

√
ln
(
2
α

)
2t

 ≥ 1− α (19)

We can therefore get that with probability 1−Kα:853 ∣∣∣∣∣
K∑
i=1

i

∫ bi

bi+1

FK−i+1(t)dt−
K∑
i=1

i

∫ bi

bi+1

F̂K−i+1(t)dt

∣∣∣∣∣ ≤
K∑
i=1

i(bi − bi+1)ϵ ≤ Kϵ (20)

Similarly, with probability 1−Kα:854 ∣∣∣∣∣
K∑
i=1

i (bi − bi+1)FK−i+1(bi)−
K∑
i=1

i (bi − bi+1) F̂K−i+1(bi)

∣∣∣∣∣ ≤
K∑
i=1

i(bi − bi+1)ϵ ≤ Kϵ (21)

Note that (20) and (21) are also valid when taking the supremum over b ∈ B.855

We now move to bounding the last difference needed. We first provide the required tools.856

Usual concentration inequality for the CDF can be obtained by considering the family of indicator857

functions : x 7→ 1 {X ≤ x}. In order to obtain tighter concentration bounds, we will use results on858

uniform convergence results on multiclass learnability from Shalev-Shwartz and Ben-David, 2014 to859

bound all the terms simultaneously.860

First notice that for any β ∈ B, the family of events ({βK−i > bi+1 ≥ βK−i+1})i∈[K] ∪861

({bi ≥ βK−i+1 > bi+1})i∈[K] are disjoint for any b ∈ B. We will consider the multiclass clas-862

sification functions associated with these events for b ∈ B, and denote HB this family of classifi-863

cation functions. We also denote f the function which maps an element of B to the corresponding864

multiclassifier.865

We begin by bounding the Natarajan dimension of HB , a generalisation of VC dimension. For a866

reminder of the definition, see Shalev-Shwartz and Ben-David, 2014 section 29.1.867

Notice that amongst the events, there are interval indicator functions for each coordinate of the868

vector β. Therefore, we can use the same argument as for obtaining the VC dimension of the family869

of functions 1 {X ∈ [a, b}]. The main difference being that we require 2K + 2 element of B in870

order to have at least three different values amongst one coordinate, than observing that one cannot871

obtain labels [1, 0, 1] in the corresponding class yields the following upper bound on the Natarajan872

dimension N of the family of multiclassifier at hand:873

N (HB) ≤ 2K + 2 (22)
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Then, using the Multiclass Fundamental Theorem Shalev-Shwartz and Ben-David, 2014, Theorem874

29.3 yields the following concentration inequality, with probability 1− α :875

sup
b∈B

∣∣∣∣∣
∑T

t=1 f(b)(β
t)

T
− E

β∼D
[f(b)(β)]

∣∣∣∣∣ ≤ ϵt (23)

Where there is a universal constant C > 0 such that ϵT :=

√
C

2K log(K)+log( 1
α )

T876

We can therefore use this bound in order to obtain the following with probability at least 1− α:877

sup
b∈B

∣∣∣∣∣∣Êt

 K∑
i=1

(1 {βK−i > bi+1 ≥ βK−i+1}+ 1 {bi ≥ βK−i+1 > bi+1})

 i∑
j=1

vj − bi+1


−Êt

 K∑
i=1

(1 {βK−i > bi+1 ≥ βK−i+1}+ 1 {bi ≥ βK−i+1 > bi+1})

 i∑
j=1

vj − bi+1

∣∣∣∣∣∣
≤ Kϵt

(24)

With this equation, we can now bound the error of the expected utility using (20), (21), and (24), with878

probability at least 1− α:879

sup
b∈B

∣∣∣∣ût(b)− E
β∼D

[u(b,β)]

∣∣∣∣ ≤ 3Kϵt (25)

which concludes the proof.880

We restate the theorem providing upper bounds on the regret in the full-information feedback :881

Theorem 1. Under full-information feedback, Algorithm 1 achieves a regret RT = Õ
(
K
√
T
)

for882

both the discriminatory and the uniform price auction.883

Proof. Lemma 8 yields the following concentration inequality :884

P
(
|ût(b)− E

β∼D
[u(b,β)] | ≤ Kϵt

)
≥ 1−Kα (26)

Let’s denote the optimal bid b⋆ := argmaxb∈B E
β∼D

[u(b,β)]. Since bt is the maximum of ût, we885

known that ût(b⋆) ≤ ût(bt). Applying the previous concentration inequality to both b⋆ and bt and886

leveraging the optimality of bt gives us with probability 1−Kα:887

E
β∼D

[
u(bt,β)

]
≥ E

β∼D
[u(b⋆,β)] + 6Kϵt (27)

Choosing α = 1
T 2 and summing over t ∈ [T ], then yields the desired regret bounds : RT =888

Õ
(
K
√
T
)

.889

890

B.2 Bandits Feedback891

We provide in this section the details necessary in order to obtain the guarantees for the algorithms 2892

and 3. This subsection is therefore only focused on the uniform price auction, which has the most893

expressive bandit feedback of the two auction formats.894

Let us recall that in this setting, the bidder only observes the outcome of the auctions at the end of895

each time step. Formally at time t, with βt the bid of the adversary and bt its own bid, the bidder896

observes x(βt,bt) and p(βt,bt). Lemma 2 provides an alternative representation, while Remark 3897

points out how it relates to indicator functions used for CDFs empirical estimates.898

We recall the formula of the estimates of the marginal CDFs for k ∈ [K] :899

∀x ∈ [0, 1], F̃k (x) :=

∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

}
1 {βt

k ≤ x}∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

} (28)
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B.2.1 Explore then commit algorithm900

We restate the theorem providing upper bounds on the regret in the bandit setting for the uniform901

auction.902

Theorem 2. The estimate then commit algorithms, with the exploration time Texpl = K2/3T 2/3903

achieves a regret bound of Õ
(
K5/3T 2/3

)
904

Proof. In order to prove the regret of the algorithm, we provide a two-part bound which matches the905

two-phase behavior of the algorithm. Indeed, we use the following regret decomposition between906

exploration regret and commitment regret :907

RT = Rexpl
T +Rcom

T (29)

Where we define the exploration regret as908

Rexpl
T = Texpl sup

b∈B

(
E

β∼D
[u(b,β)]

)
−

Texpl∑
t=1

E
βt∼D

[
u(bt,βt)

]
, (30)

and the commitment regret as909

Rcom
T = (T − Texpl) sup

b∈B

(
E

β∼D
[u(b,β)]

)
−

T∑
t=Texpl

E
βt∼D

[
u(bt,βt)

]
. (31)

We begin by upper-bounding the exploration regret by noticing that the utility is upper-bounded by910

K. This leads to911

Rexpl
T ≤ KTexpl (32)

Notice that during the exploration phase, the bidder ensures that for every k ∈ [K] it has at least912

observed ⌊Texpl/K⌋ samples of βk.913

Notice that during the exploration phase, for every k ∈ [K], the bidder has observed at least914

⌊Texpl/K⌋ samples of βk. This follows directly from applying Lemma 2 to the bids in the exploration915

phase. This ensures our CDFS estimates F̃ are valid on the whole domain and that we can create916

concentration bands.917

We will use concentration results on the empirical CDF to show that our estimate of the expected918

utility is close to the actual one. We begin by stating the concentration results that we will use :919

We can use Massart, 1990 to show that for all k ∈ [K]: :920

∀k ∈ [K],P

 sup
x∈[0,1]

∣∣∣F̃k
Texpl

(x)− Fk(x)
∣∣∣ ≤

√
ln
(
2
α

)
2⌊Texpl/K⌋

 ≥ 1− α (33)

We will need another concentration result. It is well known that the family of indicator functions of921

intervals has VC dimensions 2, therefore, it follows from section 12.5 of Boucheron et al., 2013 that922

for any k ∈ [K]:923

P

(
sup

(a,b)2∈[0,1],a<b

∣∣∣∣∣ F̃k
Texpl

(b)− F̃k
Texpl

(a)− Fk(b) + Fk(a)√
Fk(b)− Fk(a)

∣∣∣∣∣ ≤ ϵ (⌊Texpl/K⌋α)

)
≥ 1− α

(34)

Where ϵ(T, α) =

√
2
ln( 2

α )+log(eT )

T .924

To upper bound supb∈B

∣∣∣∣ E
β∼D

(b,β)− ũTexpl(b)

∣∣∣∣, we will use the following formulation of the925

expected utility into terms well suited for showing uniform convergence.926

25



E [u(b,β)] =

K∑
i=1

FK−i+1(bi)vi −
K∑
i=1

ibi+1 (Fk−i+1(bi+1)− Fk−i(bi+1))

−
K∑
i=1

ibi+1 (Fk−i+1(bi)− FK−i+1(bi+1))

−
K∑
i=1

i

∫ bi

bi+1

FK−i+1(t)dt−
K∑
i=1

i (bi − bi+1)FK−i+1(bi)

(35)

Notice first that we can obtain the two following equations as in the proof of Lemma 8, we can use927

(33) to obtain similar bounds as in (20) and (21).928 ∣∣∣∣∣
K∑
i=1

i

∫ bi

bi+1

FK−i+1(t)dt−
K∑
i=1

i

∫ bi

bi+1

F̃
Texpl

K−i+1(t)dt

∣∣∣∣∣ ≤
K∑
i=1

i(bi − bi+1)ϵ ≤ Kϵ (36)∣∣∣∣∣
K∑
i=1

i (bi − bi+1)FK−i+1(bi)−
K∑
i=1

i (bi − bi+1) F̃
Texpl

K−i+1(bi)

∣∣∣∣∣ ≤
K∑
i=1

i(bi − bi+1)ϵ ≤ Kϵ (37)

We can also get the following bound:929 ∣∣∣∣∣
K∑
i=1

(
FK−i+1(bi)− F̃

Texpl

K−i+1(bi)
)
vi

∣∣∣∣∣ ≤ Kϵ (38)

It only remains to get concentration bounds for the following term:930 ∣∣∣∣∣
K∑
i=1

ibi+1 (2Fk−i+1(bi+1)− Fk−i(bi+1)− FK−i+1(bi))

−ibi+1

(
2F̃k−i+1(bi+1)− F̃k−i(bi+1)− F̃K−i+1(bi)

)∣∣∣ (39)

We start by the following computations :931

K∑
i=1

ibi+1 (FK−i+1(bi+1)− FK−i(bi+1)) =

K∑
i=1

ibi+1 (FK−i+1(bi+1))

−
K+1∑
i=2

(i− 1)bi (FK−i+1(bi))

=

K∑
i=1

bi+1 (FK−i+1(bi+1)) +

K∑
i=2

bi+1(i− 1) (FK−i+1(bi+1)− FK−i+1(bi))

−
K+1∑
i=2

(i− 1)(bi − bi+1) (FK−i+1(bi))−KbK+1

Adding the other terms in F of (39) yields :932

K∑
i=1

ibi+1 (2Fk−i+1(bi+1)− Fk−i(bi+1)− FK−i+1(bi)) =

K∑
i=1

bi+1 (FK−i+1(bi+1))

+

K∑
i=2

bi+1(2i− 1) (FK−i+1(bi+1)− FK−i+1(bi))

−
K+1∑
i=2

(i− 1)(bi − bi+1) (FK−i+1(bi))−KbK+1

(40)
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Naturally, ũ can be written the same way, we will therefore bound (39) by bounding the error on each933

sum independently. By upper bounding using both (33) and (34) we can upper bound the last terms934

as follows, with probability 1− 2Kα :935

sup
b∈B

∣∣∣∣∣
K∑
i=1

ibi+1 (2Fk−i+1(bi+1)− Fk−i(bi+1)− FK−i+1(bi))

−ibi+1

(
2F̃k−i+1(bi+1)− F̃k−i(bi+1)− F̃K−i+1(bi)

)∣∣∣ ≤ Kϵ+K3/2ϵ+Kϵ

(41)

Combining equations therefore yields with probability 1− 2Kα936

sup
b∈B

∣∣∣∣ E
β∼D

(b,β)− ũTexpl(b)

∣∣∣∣ ≤ 6K3/2ϵ (42)

Where ϵ =

√
2
ln( 2

α )+log(e⌊Texpl/K⌋)
⌊Texpl/K⌋ .937

Then notice from Algorithm 2 that for all t > Texpl, all the bids bt are the same (because they are938

the solution of the same maximization problem). By optimality we get ũTexpl(bTexpl) ≥ ũTexpl(b⋆).939

Combining with (42) then yields for all t ≥ Texpl with probability 1− 2Kα:940

E [u(b⋆,β)]− E
[
u(bt,β)

]
≤ 6K3/2ϵ (43)

By summing over Texpl ≤ t ≤ T and recognizing the formula of Rcom
T we get, with probability941

1− 2Kα:942

Rcom
T ≤ 12K5/3T 2/3

√
ln

(
2

α

)
+ ln(e⌊Texpl/K⌋). (44)

Since Texpl = K2/3T 2/3.943

And from (32) we get:944

Rexpl
T ≤ K5/3T 2/3 (45)

Choosing α = 1
T 2 and summing Rcom

T and RT
expl yields the desired regret bounds.945

946

B.2.2 Improved bandit algorithm947

We now move to the improved bandit algorithm, which can allow for a better regret bound when the948

instance it faces makes it possible.949

We restate the theorem providing upper bounds on the regret in the bandit setting, including the950

instance-dependent bounds. Before providing the proof, we introduce several instance-dependent951

quantities which are relevant for the instance-dependent bounds and the proofs.952

Theorem 4. Algorithm 3 guarantee a regret of Õ(K5/3T 2/3) in general and, when ∆ > 0, an953

instance-dependent regret bounds of Õ(K
√
T ).954

Proof. For the analysis, we will consider two cases, one that we call the worst-case, and one that is955

the good instance. We talk about good instances if during the first phase of the algorithm for some t⋆,956

∆t⋆ is positive, and if not, it is a worst-case instance.957

Worst-case Let us first analyse what happens in worst-case instances : ∀t ∈ [Texpl],∆
t ≤ 0. As958

for the proof of Theorem 2, we decompose the regret into exploration and rest regret.959

RT = Rexpl
T +Rcom

T (46)

We can, by noticing the utility is positive and smaller than K, upper bound the exploration regret by960

KTexpl, which yields961

Rexpl
T ≤ K5/3T 2/3 (47)
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In order to provide a similar analysis of the regret of the second phase as for Algorithm 2, we need to962

show that after the exploration phase, the bidder has effectively observed enough samples of each963

component of β ∼ D on the right intervals (because observation is no longer guaranteed on [0, 1]).964

We recall the formula of the marginal CDF estimators for k ∈ [K]:965

∀x ∈ [0, 1], F̃k (x) :=

∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

}
1 {βt

k ≤ x}∑t
j=1 1

{
x ∈ (btK+2−k, b

t
K+1−k]

} (48)

It suffices to notice that during the exploration phase, at time t, when kt := t −K⌊t/K⌋ + 1, the966

interval corresponding to F̃K−kt+1, that reads 1
{
x ∈ (btkt+1, b

t
kt
]
}

strictly contains Itkt
∪Itkt+1, and967

by monotonicity of the intervals, contains It′k ∪ It
′

k+1 for any t′ ≥ t. We can therefore write : For any968

t ∈ [T ], for any k ∈ [K], ∀x ∈ Itk ∪ Itk+1,
∑t

j=1 1
{
x ∈ (btkt+1, b

t
kt
]
}
≥ min(⌊t/K⌋, ⌊Texpl/K⌋).969

Notice from (15) that for t′ ≥ t , for b ∈
∏

k∈[K] It
′

k , F̃K−kt+1 is only evaluated on It′k ∪It
′

k+1. The970

previous statement is therefore sufficient for the concentration results of Theorem 2 to be reproduced.971

The only modification needed is to notice that we can only guarantee that the optimal bid b⋆ remains972

in the
∏

k∈[K] It
′

k with probability 1−Kα at each time. The probability of the bad event "the best973

bids are out of our confidence intervals" is at most KαT974

We can therefore obtain that with probability 1− 2KαT :975

Rcom
T ≤ 12K5/3T 2/3

√
ln

(
2

α

)
+ ln(e⌊Texpl/K⌋). (49)

Choosing α = 1
T 3 and summing Rcom

T and RT
expl yields the desired worst-case regret bounds of976

K5/3T 2/3.977

Instance dependent In this section of the proofs, we examine the case where for some t∗ ∈ [Texpl],978

we have ∆t∗ > 0. First note that because intervals are shrinking, this implies that for all t ≥ t∗,979

∆t > 0.980

As for the previous case, we focus our attention on how samples that allow us to estimate the marginal981

CDFs are collected. The same proof as in the previous section holds to show that, for times t up to982

time t∗, at least ⌊t/K⌋ samples of each βK−k+1 are observed, on the relevent intervals: Itk ∪ Itk+1.983

We now focus on the behavior of the samples in the else statement, willing to show a similar statement.984

Let t ∈ [T ] such that ∆t > 0 and denote k′t := t − 2K⌊t/2K⌋ + 2 and kt := k′t//2. Then notice985

that if k′t is even Itkt
⊆ (btk′

t+1, b
t
k′
t+1] and if k′t is odd Itkt+1 ⊆ (btk′

t+1, b
t
k′
t+1]. Therefore, after one986

round (i.e. 2K steps) the bidder observes at least one sample of βK−k+1 on Itk ∪ Itk+1.987

We can therefore write the two following concentration inequalities as in the proof of Algorithm 2,988

here on specific intervals, and in any time variant. For any t ∈ [T ] and k ∈ [K] :989

The first from Massart, 1990:990

∀k ∈ [K],P

 sup
x∈It

k∪It
k+1

∣∣∣F̃ t
K−k+1(x)− FK−k+1(x)

∣∣∣ ≤
√

ln
(
2
α

)
2⌊t/2K⌋

 ≥ 1− α (50)

The second :991

P

(
sup

(a,b)2∈It
k∪It

k+1

∣∣∣∣∣ F̃ t
K−k+1(b)− F̃ t

K−k+1(a)− FK−k+1(b) + FK−k+1(a)√
Fk(b)− Fk(a)

∣∣∣∣∣ ≤ ϵ (⌊t/2K⌋α)

)
≥ 1−α

(51)

Where ϵ(t, α) =

√
2
ln( 2

α )+log(et)

t .992

This leads, using the same procedure as in Theorem 2 to with probability 1− 2Kα993

sup
b∈

∏
i∈[K] It

k

∣∣∣∣ E
β∼D

(b,β)− ũt(b)

∣∣∣∣ ≤ 6K3/2ϵ (52)
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Where ϵ =

√
2
ln( 2

α )+log(e⌊Texpl/K⌋)
⌊Texpl/K⌋ .994

Using the optimality of ut
max, and the fact that as long as (52) is true, b⋆ remains in

∏
i∈[K] Itk995

ensures that, for t ≥ t′ with proba 1− tKα :996

E
β∼D

[
u(bt,β)

]
≥ E

β∼D
[u(b⋆,β)] + 12K3/2ϵt (53)

The cumulative regret therefore follows by summing and choosing α = 1
T 3 .997

RT ≤ Kt∗ +

T∑
t=t∗

12K3/2ϵt ≤ Kt∗ +

T∑
t=t∗

12K2

√
12 log t

t
(54)

All that is left is to show that we can upper bound t∗ based on some instance-dependent quantity.998

We introduce these quantities here: we denote B⋆ ⊂ B the set of maximizers of the expected util-999

ity and the optimal intervals I⋆k ⊂ R the smallest closed intervals such that B⋆ ⊂
∏K

k=1 I⋆k .1000

We also introduce the interval gap ∆ := mink∈{2,...,K}
(
min I⋆k −max I⋆k+1

)
, and the util-1001

ity gaps: δ+k := E [u(b⋆,β)] − max
bs.t.bk≤min b⋆k−∆/2

E [u ((b),β)]. and δ−k := E [u(b⋆,β)] −1002

max
bs.t.bk≥max b⋆k+∆/2

E [u ((b),β)].1003

Notice that from equation (52), that necessarily, as soon as 12K3/2ϵt ≤ min((δk+, δ−k )k∈[K]),for1004

all k ∈ [K], the intervals Itk are at most ∆/2 wider than I⋆k , and therefore ∆t > 0. Therefore,1005

t∗ ≤ 12K
min((δk+,δ−k )k∈[K])

2
. Furthermore, note that by assumption t∗ ≤ Texpl = K2/3T 2/31006

With these quantities, we can now write the following regret bound, which completes the proof :1007

RT ≤ Õ

(
min

(
K5/3T 2/3,

12K

min((δk+, δ−k )k∈[K],max(∆, 0)

2

+K2
√
T

))
(55)

1008

C Regret lower bouds1009

This section contains the proofs of the main regret lower bounds for the discriminatory (first price)1010

and uniform price auctions, namely Lemma 3 and Theorem 3. We construct hard instances and use1011

information-theoretic arguments to establish fundamental limits on the achievable regret in these1012

settings. The techniques used here are inspired by and extend prior work, as referenced in the main1013

text. The difficult instance that we consider is significantly more straightforward to describe for the1014

proof of Lemma 3. We therefore begin with this one, as it should make understanding both proofs1015

easier.1016

C.1 Lower bound for the first price auction1017

Let us restate the lemma before providing the proof.1018

Lemma 3. Any algorithms for bidding in repeated first price auctions with known valuation must1019

incur a regret of Ω
(
T 2/3

)
1020

Proof. The first-price auction is a special case of the discriminatory auction when only one item is1021

available. The utility simply writes: u(b, β) = 1 {b ≥ β} (v − b). Notably, when β has a random1022

distribution of Cumulative Distribution Function F , E[u(b, β)] = F (b) (v − b).1023

Throughout this proof, we will use these notations, with the bid of the bidder b ∈ [0, 1] and the1024

opposing bid β ∈ [0, 1].1025

To prove a lower bound on the regret of learning in the repeated first price auction, we use techniques1026

similar to those in Cesa-Bianchi et al., 2024 (ie, we show that in this problem we can embed T 1/31027

"bandit arms" into our continuous actions space).1028

29



Outline of the proof We devise a base probability distribution of β, the adversary’s bid, which is1029

described by its CDF F . This distribution is such that the utility of the bidder is constant on a wide1030

range of bids (ie, [0, c] with c a constant). From this base probability, we derive a family of (F̃i),1031

multiple slightly perturbed versions of F . The main characteristic of the perturbation is that it leaves1032

the CDF of F unchanged outside of an interval of width ∼ T−1/3. We provide Õ
(
T 1/3

)
of such1033

perturbation. The instance we consider is a bidder such that the distribution of the opposing bids is1034

drawn uniformly at random amongst the perturbed distribution. Quantifying the distance between the1035

feedback distribution generated by each perturbed distribution allows us to prove the lower bound.1036

The base distribution D is characterized by its CDF F that we define to be:1037

F (b) =
1

3(1− b)
1

{
b <

1

3

}
+

(
1

4
+

3b

4

)
1

{
b ≥ 1

3

}
(56)

It is easy to check that Eβ∼D [u(·, β)] is constant on [0, 1
3 ], and is decreasing on [ 13 , 1].1038

We define the intervals
(
ITi
)
(i∈[0,⌊3T 1/3⌋]) on which the ith perturbation takes place as follows :1039

ITi :=
[
i
9T

−1/3, i+1
9 T−1/3

)
.1040

1041

Let’s then define the corresponding perturbations εTi : [0, 1] −→ R:1042

εTi (b) =
(
F
(
(i+ 1)T−1/3)

)
− F (b)

)
1
{
b ∈ [i ∈ ITi ]

}
(57)

We can now define FT
i := F + εTi , the ith perturbed CDF, and DT

i the corresponding distribution. It1043

is straightforward to see that FT
i and F coincide outside of ITi . It is also clear, since FT

i is constant1044

on ITi , that the utility is maximized in i
9T

−1/3.1045

We can now describe the instance faced by the bidder : Let T ∈ N, the difficult instance is as follows:1046

• An index i ∈
[
⌊3T 1/3⌋

]
is drawn uniformly at random.1047

• For t in [T ]:1048

– The bidder picks a bid bt based on the past feedback Z1, ..., Zt−11049

– The adversaries bid βt is drawn according to DT
i , the distribution with CDF FT

i .1050

– The bidder receives the feedback Zt = 1{bt ≥ βt}, and the utility ut :=1051

(v − bt)1 {bt ≥ βt}1052

From here onward, we focus on determining the minimum regret any algorithm must incur when1053

facing the previously described instance of the first-price auction. We also restrict our analysis to1054

sensible algorithms, that is, whose bids are always in [0, 1
2 ]. These assumptions are relaxed at the end1055

of the proof.1056

Some Notations: We denote P0 the probability measure over β when its drawn according to D and1057

Pi the probability measure of β conditionally on the value of i (ie when its drawn according to DT
i ).1058

The notation extends naturally to expectations E0 and Ei as well as regret R0
T and Ri

T .1059

For t ∈ [T ], we denote Yt : [0, 1] −→ {0, 1} such that Yt(b) = 1{b ≥ βt}. And Zt is the1060

feedback received at time t, it is a random variable and depends on the bid played by the algorithm1061

A at time t. For now, we restrict ourselves to deterministic algorithms, which allows us to write1062

bt : {0, 1}t−1 −→ [0, 1] the function which maps the feedback received up to time t− 1 to the bid1063

played by the algorithm A at time t. With these notation, notice that Zt = Yt(b
t(Z1, ..., Zt−1)).1064

With these in mind, the following lemma constitutes the core of the proof. We postpone its proofs1065

just after the end of this proof, essentially, one uses the fact that distributions of feedbacks Zt are too1066

close to be distinguished.1067

Lemma 9. For all i ≤ ⌈3T−1/3⌉ and any deterministic algorithm A, denoting NT (i) the number of1068

times algorithm A produces a bid in ITi , we have :1069

Ei [NT (i)]− E0 [NT (i)] ≤
9

40
T 2/3

√
E0[NT (i)] (58)
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We now use the fact that we know that in the hard instance, i is drawn uniformly at random.1070

Averaging for i ≤ ⌈3T 1/3⌉, we get:1071

∑⌈3T 1/3⌉
i=1 Ei [NT (i)]

⌈3T 1/3⌉
≤
∑⌈3T 1/3⌉

i=1 E0 [NT (i)]

⌈3T 1/3⌉
+

9

40
T 2/3

√∑⌈3T 1/3⌉
i=1 E0[NT (i)]

⌈3T 1/3⌉
(59)

≤ T

⌈3T 1/3⌉
+

9

40
T 2/3

√
T

⌈3T 1/3⌉
(60)

RT =
1

⌈3T 1/3⌉

⌈3T 1/3⌉∑
i=1

riEi [T −NT (i)] (61)

≥ min
i

ri

(
T − T

⌈3T 1/3⌉
− 9

40
T 2/3

√
T

⌈3T 1/3⌉

)
(62)

≥ min
i

ri

(
T − T

3T 1/3
− 9

40
T 2/3

√
T

3T 1/3

)
(63)

≥ min
i

ri

(
T − 1

3
T 2/3 − 3

√
3

40
T

)
(64)

Where ri is the sub-optimality of not playing interval i when it is optimal.1072

ri =
1

3
(
1− i+1

9 T−1/3
) (1− i

9
T−1/3

)
− 1

3

ri =
1

9
T−1/3 1

3
(
1− i+1

9 T−1/3
) ≥ 1

27
T−1/3

Reinjecting this lower bound on ri yields the desired lower bound of Ω
(
T 2/3

)
. This bound is valid1073

for any algorithm which issues bids in [0, 1
2 ], Lemma 11 generalises it to any deterministic bid. The1074

lower bound generalizes to random algorithms by Yao’s minimax principle.1075

1076

C.1.1 Technical lemma1077

Lemma 9. For all i ≤ ⌈3T−1/3⌉ and any deterministic algorithm A, denoting NT (i) the number of1078

times algorithm A produces a bid in ITi , we have :1079

Ei [NT (i)]− E0 [NT (i)] ≤
9

40
T 2/3

√
E0[NT (i)] (58)

Proof. We want to upper bound the following quantity :1080

Ei [NT (i)]− E0 [NT (i)] =

T∑
t=1

Pi
[
bt (Z1, .., Zt−1) ∈ ITi

]
− P0

[
bt (Z1, .., Zt−1) ∈ ITi

]
(65)

We will upper each term of the sum independently. The algorithm can be anything deterministic;1081

therefore, bt(.) can be any function, which is why we bound the previous quantity as follows :1082
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Pi
[
bt (Z1, .., Zt−1) ∈ ITi

]
− P0

[
bt (Z1, .., Zt−1) ∈ ITi

]
(66)

≤
∥∥∥Pi

(Z1,..,Zt−1)
− P0

(Z1,..,Zt−1)

∥∥∥
TV

(67)

≤
√

1

2
KL

(
Pi
(Z1,..,Zt−1)

;P0
(Z1,..,Zt−1)

)
(68)

≤

√√√√√1

2

KL
(
Pi
Z1
;P0

Z1

)
+

t∑
j=2

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

) (69)

Where Pi
(Z1,..,Zt−1)

is the push-forward probability of (Z1, .., Zt−1).1083

Since we focus on deterministic algorithms, bj(Z1, .., Zj−1) conditionally on Z1, .., Zt−1 is fixed.1084

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

)
= E0

[
ln

(
P0 [Zj = 0 | Z1, .., Zj−1]

Pi [Zj = 0 | Z1, .., Zj−1]

)
P0 [Zj = 0 | Z1, .., Zj−1]

(70)

+ ln

(
P0 [Zj = 1 | Z1, .., Zj−1]

Pi [Zj = 1 | Z1, .., Zj−1]

)
P0 [Zj = 1 | Z1, .., Zj−1]

]
(71)

= E0

[(
ln

(
P0
[
Yj(b

j) = 0
]

Pi [Yj(bj) = 0]

)
P0
[
Yj(b

j) = 0
]

(72)

+ ln

(
P0
[
Yj(b

j) = 1
]

Pi [Yj(bj) = 1]

)
P0
[
Yj(b

j) = 1
])

1
{
bj ∈ ITi

}]
(73)

≤
(
F 0(bj)− F i(bj)

)2
F i(bj) (1− F i(bj))

P0
(
bj ∈ ITi

)
(74)

Where 1
{
bj ∈ ITi

}
appears because for other values of bj , the logarithmic terms are 0.1085

We obtain (74) from the fact that the KL between two Bernoulli P,Q of parameters p, q is1086

KL(P,Q) ≤ (p−q)2

q(1−q) .1087

Since F i is non-decreasing and F i(bt) ∈ [ 13 ,
1
2 ], by concavity of x 7→ x(1− x) on this interval.1088

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

)
≤
(
F 0(bt)− F i(bt)

)2
2
9

P0
(
bt ∈ ITi

)
(75)

≤ 9

2

(
F 0

(
i

9
T−1/3

)
− F 0

(
i+ 1

9
T−1/3

))2

P0
(
bt ∈ ITi

)
(76)

We can then use Lemma 10 in combination with (69) and (76) to obtain:1089

Pi
[
bt (Z1, .., Zt−1) ∈ ITi

]
− P0

[
bt (Z1, .., Zt−1) ∈ ITi

]
≤ 9

40
T−1/3

√
E0[Nt(i)] (77)

We can therefore re-inject in (65) to get :1090

Ei [NT (i)]− E0 [NT (i)] ≤
T∑

t=1

9

40
T−1/3

√
E0[Nt(i)] ≤

9

40
T 2/3

√
E0[NT (i)] (78)
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1091

Lemma 10. For i ≤ ⌈3T 1/3⌉, we have the following inequality :1092 (
F 0(

i

9
T−1/3)− F 0(

i+ 1

9
T−1/3)

)2

≤ 9T−2/3

400
(79)

Proof.(
F 0

(
i

9
T−1/3

)
− F 0

(
i+ 1

9
T−1/3

))2

=

(
1

3
(
1− i

9T
−1/3

) − 1

3
(
1− i+1

9 T−1/3
))2

(80)

=

(
3

1

9− iT−1/3
− 1

9− (i+ 1)T−1/3

)2

(81)

=

(
3T−1/3(

9− iT−1/3
) (

9− (i+ 1)T−1/3
))2

(82)

≤ 9T−2/3

400
(83)

Where we get (83) from the fact that i ≤ ⌈3T 1/3⌉ =⇒
(
9− iT−1/3

) (
9− (i+ 1)T−1/3

)
≥ 20,1093

(given T > 1 but thats always the case)1094

Lemma 11. LetA be any algorithm for the first price auction, their exists an algorithmA∗ achieving1095

a lower regret that only plays bids in [0, 1
2 ].1096

Proof. For any algorithm A, if at time t the algorithms picks a bid bt outside of [0, 1
2 ], replace bt1097

by b̃t = 1
4 , ignore the feedback received from the auction and provide a simulated feedback drawn1098

according to (F (bt)) to A. Because the feedback we provide follows the same distribution, and both1099

are drawn independently from any other randomness (namely other βt), on expectation, the algorithm1100

behaves identically for the following time steps, and utility-wise the cumulative reward receive by the1101

algorithms has strictly increased, since u(b̃t) ≥ u(bt).1102

1103

C.2 Lower bound for the uniform price auction1104

This section is dedicated to showing the lower bound on the rate of learning in uniform price auctions.1105

The lower bounds is valid when the learner is willing to acquire at least 3 items (ie v3 > 0, and1106

K ≥ 3).1107

We restate the theorem :1108

Theorem 3. In the uniform price auction, any algorithms must incur a regret of Ω
(
T 2/3

)
for learning1109

to bid with known valuations, when valuations are such that v3 > 0.1110

Proof. For simplicity, we prove the lower bounds in the uniform 3-item auction. The lower bound1111

naturally extends to K > 3 by considering adversary bid distribution where for all k ≤ K − 3,1112

P(βk = 1) = 1. The proof revolves around constructing a hard instance of the learning to bid1113

problem, and then showing one cannot avoid regret, which grows as T 2/3 in this instance.1114

The hard instance In the instance of the problem, we focus on the bidder who has the following1115

valuations v1, v2, v3 = 1, 1
3 ,

1
3 . As before, β = (β1, β2, β3) is the adversary’s bid and for k ∈1116

{1, 2, 3}, Fk is the CDF of βk, we also denote fk the corresponding density. Since the quantity that1117

matters in our problems are the marginals CDFs (Lemma 1), we first define our hard instance by1118

the densities and marginals (checking then that there indeed exists a distribution with these is then1119

enough).1120

The overview of the hard instance is as follows: we characterize (via the marginals) a distribution D1121

(called base instance) of adversary bids such that there exists an interval I ⊂ [0, 1] such that the set1122

of maximizers of the expected utility can be written as v1, y, y for y ∈ I . We then build a family of1123

Õ(T 1/3) distributions based on perturbed versions of D (via additive perturbation of the marginals)1124
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for which there exists a single expected utility maximizer. The hard instance then consists in selecting1125

uniformly at random one of the perturbed distributions when t = 0.1126

The densities of the base instance are as follows:1127

f3(y) =


101 if y ∈ [0, 5

900 ]
1

3(v3−y) if y ∈ ( 5
900 ,

1
6 ]

0 if y ∈
(
1
6 ,

1
3

]
α3 if y ∈

(
1
3 , 1
]

f2(y) =


21 if y ∈ [0, 5

900 ]
1

3(v2−y) if y ∈ ( 5
900 ,

1
6 ]

0 if y ∈
(
1
6 ,

1
3

]
α2 if y ∈

(
1
3 , 1
]

f1(y) =


1 if y ∈ [0, 5

900 ]
1

3(v2−y) if y ∈ ( 5
900 ,

1
6 ]

0 if y ∈
(
1
6 ,

1
3

]
α1 if y ∈

(
1
3 , 1
]

Where α1, α2, α3 are normalisation constant. The values of α are not important because they define1128

the density above v2 and v3, ie in regions of the bid space B that we know are suboptimal from1129

Lemma 7.1130

This results in the following CDFs for y ∈ [0, v2] :1131

F3(y) =

 101y if y ∈
[
0, 5

900

]
5
9 + F1(y) if y ∈

(
5

900 ,
1
6

]
5
9 + F1(

1
6 ) if y ∈

(
1
6 ,

1
3

]
F2(y) =

 21y if y ∈
[
0, 5

900

]
1
9 + F1(y) if y ∈

(
5

900 ,
1
6

]
1
9 + F1(

1
6 ) if y ∈

(
1
6 ,

1
3

]
F1(y) =

 y if y ∈
[
0, 5

900

]
1
3

[
ln
(
v2 − 5

900

)
− ln (v2 − y)

]
+ 5

900 if y ∈
(

5
900 ,

1
6

]
F1(

1
6 ) if y ∈

(
1
6 ,

1
3

]
As before, the opponents’ bids follow a distribution, β ∼ D. Given a sample of this random variable1132

β = (β1, β2, β3) the utility of the learner is the following function :1133

uβ(b1, b2, b3) = 1 {b1 ≥ β3 ≥ b2} (v1 − β3)

+ 1 {β2 ≥ b2 ≥ β3} (v1 − b2)

+ 1 {b2 ≥ β2 ≥ b1} (v1 + v2 − 2β2)

+ 1 {β1 ≥ b3 ≥ β2} (v1 + v2 − 2b3)

+ 1 {b3 ≥ β1} (v1 + v2 + v3 − 3β1)

For k ∈ [K], Fk : [0, 1]→ [0, 1] is the CDF of the kth element of the vector β. And we denote the1134

corresponding density fk. The expected utility then writes :1135

E
β∼D

[uβ(b1, b2, b3)] = v1 (F3(b1)− F3(b2))−
∫ b1

b2

yf3(y)dy

+ [F3(b2)− F2(b2)] (v1 − b2)

+ (v1 + v2) (F2(b2)− F2(b1))− 2

∫ b2

b3

yf2(y)dy

+ [F2(b3)− F1(b3)] (v1 + v2 − 2b3)

+ (v1 + v2 + v3)F1(b3)− 3

∫ b3

0

yf1(y)dy
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We can hence compute partial derivatives :1136

∂

∂b1
E

β∼D
[uβ(b1, b2, b3)] = (v1 − b1) f3(b1) (84)

1137

∂

∂b2
E

β∼D
[uβ(b1, b2, b3)] = F2(b2)− F3(b2) + (v2 − b2) f2(b2) (85)

1138

∂

∂b3
E

β∼D
[uβ(b1, b2, b3)] = 2 (F1(b3)− F2(b3)) + (v3 − b3) f1(b3) (86)

We can therefore write the partial derivative explicitly :1139

∂

∂b2
E

β∼D
[uβ(b1, b2, b3)] =


21
3 − 101y if y ∈

[
0, 5

900

]
− 1

9 if y ∈
(

5
900 ,

1
6

]
− 4

9 if y ∈
(
1
6 ,

1
3

] (87)

1140

∂

∂b3
E

β∼D
[uβ(b1, b2, b3)] =


1
3 − 21y if y ∈

[
0, 5

900

]
+ 1

9 if y ∈
(

5
900 ,

1
6

]
− 2

9 if y ∈
(
1
6 ,

1
3

] (88)

Recall, that b ∈ B =⇒ b2 ≥ b3, it should be clear form (88) and (87) that the maximum is1141

attained for all b2, b3 ∈
[

5
900 ,

1
6

]
, such that b2 = b3. Furthermore, there exist c ∈ R such that for all1142

b2, b3 ∈
[

5
900 ,

1
6

]
, if b2 ̸= b3 the utility at least c(b2 − b3) sub-optimal.1143

Let ϵ > 0, for k ∈
[
0,
⌊

1
7ϵ

⌋]
we denote Ikϵ := ( 5

900 + kϵ, 5
900 + (k + 1) ϵ). We will use these1144

intervals to define local perturbations of the CDFs. Note that with these notation, I2kϵ
2

and I2k+1
ϵ
2

are1145

respectively the first and second half of Ikϵ .1146

For the purpose of the lower bound, we only need to introduce a perturbation of F2. We therefore1147

define F k
2,ϵ as follows :1148

F k
2,ϵ(y) =


F2(y) + (y − kϵ) if y ∈ I2kϵ

2

F2(y) + ϵ− (y − kϵ) if y ∈ I2k+1
ϵ
2

F2(y) otherwise
(89)

With the following density1149

fk
2,ϵ(y) =


f2(y) + 1 if y ∈ I2kϵ

2

f2(y)− 1 if y ∈ I2k+1
ϵ
2

f2(y) otherwise
(90)

We therefore define Dk
ϵ ∈ P

(
[0, 1]

3
)

, a distribution such that if (β1, β2, β3) ∼ Dk
ϵ then the1150

corresponding CDFs of β1, β2, β3 are F1, F
k
2,ϵ, F3.1151

We have now defined what we need to define the hard instance. It is defined by the following process:1152

• Given T , set ϵ1153

• Draw k uniformly at random in
[
0, 1

7ϵ

]
1154

• For t in [T ]:1155

– The bidder picks bids bt1, b
t
2, b

t
3 based on the past feedbacks Z1, ..., Zt−1.1156

– The adversaries bids are drawn :βt ∼ Dk
ϵ .1157

– The bidder receives the utility uβt(bt1, b
t
2, b

t
3) and the feedback Zt := Z(βt,bt)1158
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Note that ϵ depends on T , intuitively, it should behave as T− 1
3 . The exact dependency required is1159

determined later in the proof.1160

Because in this instance, the only thing a bidder can learn is F k
2,ϵ or equivalently which dis-1161

tribution Dk
ϵ it faces, we will discard in the analysis the part of the feedback which doesn’t1162

provide information about the second marginal distribution. Reducing to Zt := Z(βt,bt) =1163

(1{βt
2 ≤ b3},1{βt

2 ∈ (b3, b2]}βt
2,1{βt

2 > b2}) (this is directly implied by Lemma 2). To pro-1164

vide a simpler analysis, it is convenient to work with a one dimesional feedback, notice that1165

the previously described feedback is equivalent (one can define a bijection) with Z(βt,bt) =1166

max (1{βt
2 ∈ (b3, b2]}βt

2,1{βt
2 > b2}), this is the formulation we use in the following proofs. We1167

also only consider algorithms that, at all times t, bid bt1 = v1. This is without loss of generality, as1168

not doing so would only add additional regret and provide no additional useful feedback.1169

We also only consider deterministic algorithms, the lower bound then generalizes to randomized1170

algorithms by Yao’s minimax principle.1171

Our final reduction is the following: we consider in the following analysis only algorithms such that1172 ∑T
t=1 b

t
2 − bt3 = o(T 2/3). This is without loss of generality: since the optimal bids b⋆2 and b⋆3 are1173

always equal and belong to Ikϵ . The expression of the derivatives (87) and (88) ensures that for all1174

bids with b2 and b3 in the interval [5/900, 1
6 ] the algorithms incurs a regret which scales with b2 − b3.1175

Furthermore, if either b2 or b3 is not in [5/900, 1
6 ], the algorithms incur an additional regret term of1176

constant size. Therefore any algorithms such that we do not have
∑T

t=1 b
t
2 − bt3 = o(T 2/3) incurs a1177

regret which scales as Ω(T 2/3) in this instance.1178

Some Notations: We denote P0 a probability measure over β when the CDFs are respectively1179

F1, F2, F3 and Pk a probability measure over β conditionally on the value of k (ie when its distributed1180

according to Dk
ϵ ). The notation extends naturally to expectations E0 and Ek.1181

Lemma 12. For all i ≤ ⌈3T−1/3⌉ and any deterministic algorithm A, denoting NT (i) the number1182

of times algorithm A produces a bid such that (bt3, b
t
2] ∩ ITi ̸= ∅, we have :1183

Ei [NT (i)]− E0 [NT (i)] ≤ 10ϵT
√
E0[NT (i)] (91)

Averaging for i ≤ ⌊ 1
7ϵ⌋, we get:1184

∑⌊ 1
7ϵ ⌋

i=1 Ei [NT (i)]

⌊ 1
7ϵ⌋

≤
∑⌊ 1

7ϵ ⌋
i=1 E0 [NT (i)]

⌊ 1
7ϵ⌋

+ 10ϵT

√√√√∑⌊ 1
7ϵ ⌋

i=1 E0[NT (i)]

⌊ 1
7ϵ⌋

(92)

≤ T

⌊ 1
7ϵ⌋

+ 10ϵT

√
T

⌊ 1
7ϵ⌋

(93)

Let us denote ˜NT (i) the number of times algorithm A produces a bid such that (bt3, b
t
2] ∩ ITi ̸=1185

∅, and i is the smallest such index. We can recover for this one that
∑⌊ 1

7ϵ ⌋
i=1 E0

[
ÑT (i)

]
= T .1186

Notice that because we focus on algorithms such that
∑T

t=1 b
t
2 − bt3 = o(T 2/3), the difference1187 ∑⌊ 1

7ϵ ⌋
i=1 E0

[
ÑT (i)

]
−
∑⌊ 1

7ϵ ⌋
i=1 E0 [NT (i)] = o

(
T 2/3

ϵ

)
. We continue the computation without this1188

additional term of size o
(

T 2/3

ϵ

)
as it is clear the bound remains unchanged from this addition (it1189

would only add to a term of order o
(

T 2/3

ϵ

)
in the right hand side of the inequality).1190

RT ≥
1

⌊ 1
7ϵ⌋

⌊ 1
7ϵ ⌋∑
i=1

riEi [T −NT (i)] (94)

≥ min
i

ri

(
T − T

⌊ 1
7ϵ⌋
− 10ϵT

√
T

⌊ 1
7ϵ⌋

)
(95)
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Where ri is the sub-optimality of not playing bids in interval i when it is optimal. Using (87) and
(88) we obtain

ri ≥
ϵ

12

Choosing ϵ = 1
700T

−1/3 yields the desired lower bound of Ω
(
T 2/3

)
1191

1192

C.2.1 Technical lemma1193

Lemma 12. For all i ≤ ⌈3T−1/3⌉ and any deterministic algorithm A, denoting NT (i) the number1194

of times algorithm A produces a bid such that (bt3, b
t
2] ∩ ITi ̸= ∅, we have :1195

Ei [NT (i)]− E0 [NT (i)] ≤ 10ϵT
√
E0[NT (i)] (91)

Proof. For convenience and to have shorter expression, we denote (bt3, b
t
2](·) := (bt3(·), bt2(·)].1196

We want to upper bound the following quantity :1197

Ei [NT (i)]− E0 [NT (i)] =

T∑
t=1

Pi
[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

]
− P0

[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

] (96)

We will upper each term of the sum independently. The algorithm can be anything deterministic,1198

therefore (bt3, b
t
2](.) can be any function, which is why we bound the previous quantity as follows :1199

Pi
[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

]
− P0

[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

]
(97)

≤
∥∥∥Pi

(Z1,..,Zt−1)
− P0

(Z1,..,Zt−1)

∥∥∥
TV

(98)

≤
√

1

2
KL

(
Pi
(Z1,..,Zt−1)

;P0
(Z1,..,Zt−1)

)
(99)

≤

√√√√√1

2

KL
(
Pi
Z1
;P0

Z1

)
+

t∑
j=2

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

) (100)

Where Pi
(Z1,..,Zt−1)

is the push-forward probability of (Z1, .., Zt−1).1200

Since we focus on deterministic algorithms, bj(Z1, .., Zj−1) conditionally on Z1, .., Zj−1 is fixed.1201

We can therefore write the following equation to bound terms in the square root of (100).1202

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

)
= E0

[
ln

(
P0 [Zj = 0 | Z1, .., Zj−1]

Pi [Zj = 0 | Z1, .., Zj−1]

)
P0 [Zj = 0 | Z1, .., Zj−1]

(101)

+

∫ 1

0

ln

(
p0 [Zj = u | Z1, .., Zj−1]

pi [Zj = u | Z1, .., Zj−1]

)
p0 [Zj = u | Z1, .., Zj−1] du

(102)

+ ln

(
P0 [Zj = 1 | Z1, .., Zj−1]

Pi [Zj = 1 | Z1, .., Zj−1]

)
P0 [Zj = 1 | Z1, .., Zj−1]

]
(103)

Note that this can be written as such because Zj takes values 1 and 0 with positive probability, it can1203

also take values in bj3, b
j
2 and its distribution admits a density because the distribution of β2 admits a1204
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density. We continue forward in our calculation, using the fact that the distribution of β2 and hence1205

Zj between P0 and Pi only differs on Iiϵ.1206

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

)
= E0

[
ln

(
P0 [Zj = 0 | Z1, .., Zj−1]

Pi [Zj = 0 | Z1, .., Zj−1]

)
P0 [Zj = 0 | Z1, .., Zj−1]

(104)

+

1
7ϵ∑

k=0

∫
Ik
ϵ

ln

(
p0 [Zj = u | Z1, .., Zj−1]

pi [Zj = u | Z1, .., Zj−1]

)
p0 [Zj = u | Z1, .., Zj−1] du

(105)

+ ln

(
P0 [Zj = 1 | Z1, .., Zj−1]

Pi [Zj = 1 | Z1, .., Zj−1]

)
P0 [Zj = 1 | Z1, .., Zj−1]

]
(106)

= E0

[
ln

(
P0 [Zj = 0 | Z1, .., Zj−1]

Pi [Zj = 0 | Z1, .., Zj−1]

)
P0 [Zj = 0 | Z1, .., Zj−1]

(107)

+

∫
Ii
ϵ

ln

(
p0 [Zj = u | Z1, .., Zj−1]

pi [Zj = u | Z1, .., Zj−1]

)
p0 [Zj = u | Z1, .., Zj−1] du

(108)

+ ln

(
P0 [Zj = 1 | Z1, .., Zj−1]

Pi [Zj = 1 | Z1, .., Zj−1]

)
P0 [Zj = 1 | Z1, .., Zj−1]

]
(109)

= E0

[(
ln

(
P0 [Zj = 0 | Z1, .., Zj−1]

Pi [Zj = 0 | Z1, .., Zj−1]

)
P0 [Zj = 0 | Z1, .., Zj−1] (110)

+ ln

(
P0 [Zj = 1 | Z1, .., Zj−1]

Pi [Zj = 1 | Z1, .., Zj−1]

)
P0 [Zj = 1 | Z1, .., Zj−1]

)
1
{
Iiϵ ∩ [bj3, b

j
2] ̸= ∅

}
(111)

+

∫
Ii
ϵ

ln

(
p0 [Zj = u | Z1, .., Zj−1]

pi [Zj = u | Z1, .., Zj−1]

)
p0 [Zj = u | Z1, .., Zj−1] du1

{
Iiϵ ∩ [bj3, b

j
2] ̸= ∅

}]
(112)

Let us denote Yj(b
j) is the function which has values 1 when βj

2 ≤ bj3 and value 0 when βj
2 > bj2.1207

And let us use the inequality between the KL divergence and χ2 distance.1208

KL
(
Pi
Zj |Z1,..,Zj−1

;P0
Zj |Z1,..,Zj−1

)
≤ E0

[(
ln

(
P0
[
Yj(b

j) = 0
]

Pi [Yj(bj) = 0]

)
P0
[
Yj(b

j) = 0
]

+ ln

(
P0
[
Yj(b

j) = 1
]

Pi [Yj(bj) = 1]

)
P0
[
Yj(b

j) = 1
])

1
{
Iiϵ ∩ [bj3, b

j
2] ̸= ∅

}
+

∫
Ii
ϵ

(
f2(u)− f i

2,ϵ(u)
)2

f i
2,ϵ(u)

du1
{
Iiϵ ∩ (bj3, b

j
2] ̸= ∅

}]

≤

(
max
x∈Ii

ϵ

(
F 0
2 (x)− F i

2(x)
)2

F i
2(x)

(
1− F i

2(x)
) + 6ϵ2

)
P0
(
Iiϵ ∩ (bj3, b

j
2] ̸= ∅

)
≤ ϵ2(81 + 6)P0

(
Iiϵ ∩ (bj3, b

j
2] ̸= ∅

)
(113)

We can now use (100) and (113) to get :1209

Pi
[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

]
− P0

[
(bt3, b

t
2] (Z1, .., Zt−1) ∩ ITi ̸= ∅

]
≤ 10ϵ

√
E0 [Nt(i)]

(114)
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Reinjecting in (96) allows us to recover :1210

Ei [NT (i)]− E0 [NT (i)] ≤ 10Tϵ
√
E0 [NT (i)] (115)

1211

D Instance specific proofs1212

Here, we present proofs and results that are specific to certain instances of the auction problem,1213

such as ∆-separated distributions and the i.i.d. unit-demand adversary setting. These specialized1214

analyses provide further insight into the behavior of learning algorithms under particular structural1215

assumptions.1216

We begin by providing the proof of Lemma 4, which we first restate for convenience.1217

Lemma 4. Learning in a discriminatory or uniform auction when the adversary’s distribution is ∆1218

separated, with ∆ < 1
2K can be achieved with respectively regret of Ω(T 2/3) and O(

√
T ).1219

Proof. We first provide the proof of the lower bound in the discriminatory auction. We begin by1220

providing the necessary tools for the reader to understand the reduction of the case of ∆-separated1221

distribution with ∆ ≤ 1
2K . Our first remark is the following: while the proof of Lemma 3 makes1222

use of an adversary distribution whose support is [0, 1], one can easily provide another difficult1223

instance for adversary bids on [0, 1
2 ]. Indeed, consider, with the notations used in the proof, F̃ (b) =1224

max(1, F (2b)), and a valuation v = 1
2 . Then the bidder faces a problem identical to the original one,1225

scaled down on [0, 1
2 ], and the lower bound holds.1226

With this in mind, consider the multi-unit discriminatory auction, when the bids of the adversary are1227

such that β := (1, 1 − 1
2K , . . . , 1 − K−2

2K , b) where b follows the distribution corresponding to the1228

scaled down first price auction mentioned above. Note that this constitutes a ∆-separated distribution1229

for ∆ ≥ 1
2K . Remember that for any bidder such that v1 ≤ 1

2 , it is strategy dominant to only emit1230

bids smaller or equal to 1
2 . Therefore, this reduces to a first-price auction problem, and as such, the1231

lower bound of Ω(T 2/3) extends to this setting for the discriminatory auction.1232

We now move to providing an upper bound for the uniform price auction. Our main argument is1233

based on the following property of the utility: let b ∈ B, then the events which identify which bid1234

is the K + 1, formalized as follow ({bi ≥ βK−i+1 > bi+1} , {βK−i > bi+1 ≥ βK−i+1})i∈[K] are1235

disjoint. The utility writes :1236

u(b,β) =

K∑
i=1

1 {bi ≥ βK−i+1 > bi+1}

 K∑
j=1

vj − βK−i+1


+

K∑
i=1

1 {βK−i > bi+1 ≥ βK−i+1}

 K∑
j=1

vj − bi+1

 (116)

Notice when taking expectation of the utility that, since the Ik which are the support of each kth1237

marginal distribution of D are disjoint, only one of the pairs P(bi ≥ βK−i+1 > bi+1),P(βK−i >1238

bi+1 ≥ βK−i+1) can be nonzero. Besides notice that the term involving P(bi ≥ βK−i+1 > bi+1) is1239

always bigger. Therefore, define i⋆ := argmaxi∈[K] E
[∑K

j=1 vj − βK−i+1

]
optimal bids are all1240

the bids which ensure IK−i+1 ⊆ (bi+1, bi].1241

Now notice that given the intervals, there exists b such that u(b,β) =1242

maxi∈[K]

(
E
[∑K

j=1 vj − βK−i+1

])
, and this is the maximum utility since for the other1243

events, bi+1 ≥ βK−i+1.1244

Let us now suppose that, in Algorithm 3, when there is a tie between several maximizers, the1245

algorithm chooses, if possible, bids with values 0 or 1.1246

With this in mind and the fact that the estimates built for the algorithm (F̃k)k∈[K] necessarily1247

correspond to a ∆ separated distribution, it should be clear that, at any time t, the algorithms only1248

39



plays bids composed of 0 and 1. Because there are only K such bids, the bidder essentially plays a1249

finite arms bandit problem.1250

Furthermore, the concentration bounds developed in the proof of Theorem 4 ensure with probability1251

1− 2Kα1252

sup
b∈

∏
i∈[K] It

k

∣∣∣∣ E
β∼D

(b,β)− ũt(b)

∣∣∣∣ ≤ 6K3/2ϵ (117)

And therefore, if we denote ∆⋆
i := mini∈[K],i̸=i⋆ E

[∑K
j=1 vj − βK−i⋆+1

]
−1253

E
[∑K

j=1 vj − βK−i+1

]
, as soon as 6K3/2ϵ ≤ ∆⋆

i , the bidder only plays the optimal arm.1254

The regret therefore scales as Õ(
√
T ) in an instance dependent fashion (depending on ∆⋆

i ).1255

1256

We now move to providing the postponed proofs for the unit-demand symmetric case. We begin by1257

proving our concentration result Lemma 5.1258

Lemma 5. Let t, k ∈ N, and let Xi
j for i ∈ [t], j ∈ [k] be i.i.d. samples from a distribution P with1259

cdf F . With probability 1− α :1260

F̂ t
k→k′(x)− αk,k′ϵ ≤ Fk′(x) ≤ F̂ t

k→k′(x) + αk,k′ϵ (8)

Where ϵ =

√
ln( 2

α )
2t and αk,k′ is a constant which only depends on k, k′ and N .1261

Proof. Let k, k′ ∈ [K]2, and t ∈ [T ] such that one has observed X1
(k), . . . , X

t
(k), the kth ordered1262

statistic t times. We can apply the DKW inequality from Massart, 1990 to bound the distance from1263

its empirical CDF to its actual CDFs denoted F̂(k) and F(k). This yields the following1264

P

 sup
x∈[0,1]

| ˆF(k)

t
(x)− F(k)(x)| ≤

√
ln
(
2
α

)
2t

 ≥ 1− α (118)

We denote ϵ =

√
ln( 2

α )
2t Using (7), one has that for F the CDF corresponding to P , Pk(F ) = F(k),1265

where Pk is the polynomial defined by (7). This polynomial is strictly increasing on (0, 1), we can1266

therefore get the following inequalities with probability 1− α, ∀x ∈ [0, 1]:1267

P−1
k

(
F(k)(x) + ϵ

)
≤ F (x) ≤ P−1

k

(
F(k)(x) + ϵ

)
(119)

Using (7) once again allows us to get with probability 1− α, ∀x ∈ [0, 1]:1268

Pk′
(
P−1
k

(
F(k)(x) + ϵ

))
≤ F(k′)(x) ≤ Pk′

(
P−1
k

(
F(k)(x) + ϵ

))
(120)

We can then obtain concentration inequality in the usual formulation, with probability 1− α:1269 ∣∣Pk′
(
P−1
k

(
F(k)(x)

))
− F(k′)(x)

∣∣ ≤ ϵαk,k′ (121)

Where αk,k′ only depends on the upper bound of the derivatives of both Pk′ and P−1
k on (0,1).1270

With this, we now have the necessary tools to prove the Theorem 5. Let us first restate the theorem :1271

Theorem 5. When facing i.i.d. adversaries in the uniform auction with bandit feedback, Algorithm 51272

guarantees the regret is upper bounded by Õ
(
K5/2

√
T
)

.1273

Proof. As noted in Lemma 7, it is known in advance that bidding such that b1 = v1 is optimal.1274

Since this is compatible with our Algorithm 5, we assume that amongst the maximizers of ũt, the1275

algorithm always chooses one such that b1 = v1. Let t ∈ [T ], recall that ūt(·) =: Uu((F̄k)k∈[K], ·)1276

and E
β∼D

[u(b,β)] := Uu((Fk)k∈[K], ·). Notice that the observations formalized in Lemma 2 ensure1277
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that for any x ∈ [0, v1], at time t, there exists k′ such that tk
′(x) ≥ t/K. We can therefore leverage1278

Lemma 5 to obtain the following for k ∈ [K] with probability 1− α:1279

sup
x∈[0,v1]

∣∣F̄ t
k(x)− Fk(x)

∣∣ ≤ ϵtγ (122)

Where γ = maxk,k′∈[K]2 αk,k′ and ϵt :=

√
ln( 2

α )
2t/K .1280

Note that we can ensure the bound is true across all k ∈ [K] with probability 1−Kα1281

Reinjecting directly and using the formula from (15), one gets the following : with probability 1−Kα1282

:1283

sup
b∈B
b1=v1

∣∣∣∣ūt(b)− E
β∼D

[u(b,β)]

∣∣∣∣ ≤ 3K2ϵtγ (123)

Where γ = maxk,k′∈[K]2 αk,k′ and ϵt :=

√
ln( 2

α )
2t/K .1284

Using the optimality of bt with respect to ūt(b), we get that with probability 1−Kα:1285

E
β∼D

[
u(bt,β)

]
≥ E

β∼D
[u(b⋆,β)]− 6K2ϵtγ (124)

Summing over t ∈ [T ] and taking α = 1
T 3 yields the desired regret bound.1286

1287

We finally provide the reduction necessary to obtain the lower bound of Lemma 6, which we restate1288

first :1289

Lemma 6. When facing i.i.d. adversaries in the uniform auction with bandit feedback, any learning1290

algorithm must incur at least a regret of Ω(
√
T ).1291

Proof. We focus on showing that we can build a reduction to one of the hard instances used in the1292

proof of the full-information feedback lower bound in Brânzei et al., 2023. We focus on the 2 item1293

auction.1294

Let p = 2
3 , if we sample two binomial random variable X with probability p multiply them by 2

3 and1295

denote that β then with probability 1
9 , β = (0, 0), with probability 4

9 , β = ( 23 , 0) and with probability1296
4
9 , β = ( 23 ,

2
3 ). First notice that having with probability 1

9 , β = (0, 0) does not change the best1297

strategy (since the utility u(·, (0, 0)) is constant). Then notice that the probability of β = ( 23 , 0) and1298

β = ( 23 ,
2
3 ) have derivatives in p = 2

3 of opposing signs which ensures we can create perturbations of1299

size δ in opposing direction by small changes in p. These are sufficient to ensure one can reproduce1300

the same proofs as in Brânzei et al., 2023 Theorem 4 and lower bound the regret in this setting by1301

Ω(
√
T ).1302

41


	Introduction
	Related Work
	Contribution

	Models
	Learning with full-information feedback
	Algorithm

	Learning with bandit feedback
	Discriminatory price auction
	Uniform price auction

	Bandit feedback, beyond worst-case
	Instance dependant regret
	Regret separation
	I.I.D. adversaries

	Conclusion
	Appendix
	Appendix
	General simplifications

	Regret Upper Bounds
	Full-information feedback
	Bandits Feedback
	Explore then commit algorithm
	Improved bandit algorithm


	Regret lower bouds
	Lower bound for the first price auction
	Technical lemma

	Lower bound for the uniform price auction
	Technical lemma


	Instance specific proofs

