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Abstract

In this paper, we establish the non-asymptotic validity of the multiplier bootstrap
procedure for constructing the confidence sets using the Stochastic Gradient De-
scent (SGD) algorithm. Under appropriate regularity conditions, our approach
avoids the need to approximate the limiting covariance of Polyak-Ruppert SGD
iterates, which allows us to derive approximation rates in convex distance of order
up to 1/+/n. Notably, this rate can be faster than the one that can be proven in
the Polyak-Juditsky central limit theorem. To our knowledge, this provides the
first fully non-asymptotic bound on the accuracy of bootstrap approximations in
SGD algorithms. Our analysis builds on the Gaussian approximation results for
nonlinear statistics of independent random variables.

1 Introduction

Stochastic Gradient Descent (SGD) is a widely used first-order optimization method that is well
suited for large data sets and online learning. The algorithm has attracted significant attention; see
[34, 31, 27, 26, 8]. SGD aims to solve the optimization problem:

f(0) = min - V() = Ecep [F(0,)] (1

where ¢ is a random variable defined on a measurable space (Z, Z). Instead of the exact gradient
V £(8), the algorithm accesses only unbiased stochastic estimates F'(, £).

Throughout this work, we focus on the case of strongly convex objective functions and denote by 6*
the unique minimizer of (1). The iterates 6y, k € N, generated by SGD follow the recursive update:

Or1 = Ok — a1 F (O, &es1) , 0o € R?, )

where {ay }ren is a sequence of step sizes (or learning rates), which may be either diminishing
or constant, and {& }ren is an i.i.d. sequence sampled from P¢. Theoretical properties of SGD,
particularly in the convex and strongly convex settings, have been extensively studied; see, e.g.,
[28, 26, 8, 23]. Many optimization algorithms build upon the recurrence (2) to accelerate the
convergence of the sequence 6 to 8*. Notable examples include momentum acceleration [32],
variance reduction techniques [12, 39], and averaging methods. In this work, we focus on Polyak-
Ruppert averaging, originally proposed in [36] and [31], which improves convergence by averaging
the SGD iterates (2). Specifically, the estimator is defined as

n—1

- 1

bo=—> 0, N. 3
ni:O "e ©

It has been established (see [31, Theorem 3]) that under appropriate conditions on the objective
function f, the noisy gradient estimates F', and the step sizes «y, the sequence of averaged iterates

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not distribute.



29

30
31

32
33
34

35
36

37

38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53
54

55
56
57
58
59
60
61
62
63
64
65
66
67
68

70
71
72
73
74
75

76
77
78
79
80

{0, } nen is asymptotically normal:
V0, —6*) 5 N(0,5.) )

d e . T
where — denotes convergence in distribution, and V' (0, X ) is a zero-mean Gaussian distribution
with covariance matrix X, defined later in Section 2.2. This result raises two key questions:

(i) what is the rate of convergence in (4)?
(i) how can (4) be leveraged to construct confidence sets for 8*, given that >, is unknown in
practice?

In our paper we aim to answer both questions. To quantify convergence rates in (4), we employ
convex distance, which is defined for random vectors X,Y € R? as

dc(X,Y) = suppec(ray [P(X € B) —P(Y € B)| ,
where C(R?) denotes the collection of convex subsets of R?. The authors of [42] derive Berry-

Esseen-type bounds for dc(\/ﬁZ;lm(én — 6%),N(0,14)), where %,, is the covariance matrix of
the linearized counterpart of (2), see precise definitions (13) . We complement this result with the
rates of convergence in (4). Interestingly, we also provide the lower bounds on the convex distance
de(v/n(6, — 6*),N(0,X)), which indicates, that for some choice of step sizes «y, in (2), the
normal approximation by A/ (0, X.) is less accurate, compared to normal approximation with other
covariance matrix, in particular, with X,,. This effect has been previously observed in the bootstrap
method for i.i.d. observations without the context of gradients methods, see [41, Theorem 3.11].

One of the popular approaches for solving (ii) is based on the plug-in methods [11, 9], which aim to
construct an estimator 3,, of Yo directly. These methods often provide a non-asymptotic bounds on
the closeness 33, is to Y., often in terms of E[Hf]n — Yo||]. At the same time, the analysis of this
methods typically bypass the item (i) and the issues related with the rate of convergence in (4). In our
paper we suggest, to the best of our knowledge, the first fully non-asymptotic analysis of procedure
for constructing the confidence intervals, based on the bootstrap approach [15, 16], which avoids the
direct approximation of ., moreover, theoretical analysis of the underlying procedure together with
the results on normal approximation with A(0, X, ) from (i) shows that the same approximation rate
can not be achieved by the plug-in methods, at least for some range of step sizes ay, in (2). Our key
contributions are as follows:

» We establish the non-asymptotic validity of the multiplier bootstrap procedure introduced in
[16]. Under appropriate regularity conditions, our bounds imply that the quantiles of the
exact distribution of \/n(6,, —6*) can be approximated, up to logarithmic factors, at a rate of
n~7/2 for step sizes of the form oy, = co/(k + ko), € (1/2,1). To our knowledge, this
provides the first fully non-asymptotic bound on the accuracy of bootstrap approximations
in SGD algorithms. Notably, this rate can be faster than the one that we can prove in (4).
Our rates improve upon recent works [38, 46], which addressed the convergence rate in
similar procedures for the LSA algorithm.

* Our analysis of the multiplier bootstrap procedure reveals an interesting property: unlike
plug-in estimators, the validity of the bootstrap method does not directly depend on approxi-
mating \/n (6, — 0*) by N'(0, X). Instead, it requires approximating A (0, X,,) for some
matrix ¥,,. The structure of ¥, and its associated convergence rates play a central role in
our present analysis, both for convergence rate in (4) and non-asymptotic bootstrap validity.
Precise definitions are provided in Section 2.2.

* We analyze the Polyak-Ruppert averaged SGD iterates (3) for strongly convex minimization
problems and establish Gaussian approximation rates in (4) in terms of the convex distance.
Specifically, we show that the approximation rate dc (v/n(6, — 6*), N (0, X)) is of order
n~1/* when using the step size o, = co/(k + ko)*/* with a suitably chosen ag. Our
result is based on the techniques of [42] and [46]. We also provide the lower bound,
which indicate that our rate of normal approximation with N'(0, 3. ) is tight in the regime
ap = co/(k + ko)Y with v > 3/4.

Notations. Throughout this paper, we use the following notations. For a matrix A € R%*? and a
vector z € R?, we denote by || A|| and ||z|| their spectral norm and Euclidean norm, respectively. We
also write || Al for the Frobenius norm of matrix A. Given a function f : R? — R, we write V f(6)

and V2 f(0) for its gradient and Hessian at a point §. Additionally, we use the standard abbreviations
"1.i.d." for "independent and identically distributed" and "w.r.t." for "with respect to".
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Literature review. Asymptotic properties of the SGD algorithm, including the asymptotic normality
of the estimator 6,, and its almost sure convergence, have been extensively studied for smooth and
strongly convex minimization problems [31, 22, 7]. Optimal mean-squared error (MSE) bounds for
6,, — 0* and 0,, — 6* were established in [27] for smooth and strongly convex objectives, and later
refined in [26]. The case of constant-step size SGD for strongly convex problems has been analyzed
in depth in [14]. High-probability bounds for SGD iterates were obtained in [33] and later extended
in [20]. Both works address non-smooth and strongly convex minimization problems.

It is important to note that the results discussed above do not directly imply convergence rates for
Vn(0, — 6%) to N(0,X) in terms of dc(-, ) or the Kantorovich—-Wasserstein distance. Among
the relevant contributions in this direction, we highlight recent works [44, 38, 46], which provide
quantitative bounds on the convergence rate in (4) for iterates of the temporal difference learning
algorithm and general linear stochastic approximation (LSA) schemes. However, these algorithms do
not necessarily correspond to SGD with a quadratic objective f, as the system matrix in LSA is not
necessarily symmetric. Non-asymptotic convergence rates of order 1/4/n in a smooth Wasserstein
distance were established in [2]. Recent paper [1] provide Berry-Essen bounds for last iterate of SGD
for high-dimensional linear regression of order up to n—1/4.

Bootstrap methods for i.i.d. observations were first introduced in [15]. In the context of SGD
methods, [16] proposed the multiplier bootstrap approach for constructing confidence intervals for 6*
and established its asymptotic validity. The same algorithm, with non-asymptotic guarantees, was
analyzed in [38] for the LSA algorithm, obtaining rate n~1/* when approximating quantiles of the
exact distribution of \/n(6,, — 6*).

Popular group of methods for constructing confidence sets for 8* is based on estimating the asymptotic
covariance matrix X,. Plug-in and batch-mean estimators for ¥, attracted lot of attention, see
[11,9, 10], especially in the setting when the stochastic estimates of Hessian are available. The latter
two papers focused on learning with contextual bandits. Estimates for 2., based on batch-mean
method and its online modification were considered in [11] and [49]. The authors in [25] considered
the asymptotic validity of the plug-in estimator for ¥, in the local SGD setting. [47] refined the
validity guarantees for both the multiplier bootstrap and batch-mean estimates of >, for nonconvex
problems. However, these papers typically provide recovery rates X, but only show asymptotic
validity of the proposed confidence intervals. A notable exception is the recent paper [46], where
the temporal difference (TD) learning algorithm was studied. The authors of [46] provided purely
non-asymptotic analysis of their procedure, obtaining the approximation rate n~1/3 for quantiles of

Vn(0, — 6%).

2 Main results

This section establishes the nonasymptotic validity of the multiplier bootstrap method proposed in
[16]. We focus on smooth and strongly convex minimization problems, following the framework
established in [26], [2] and [42]. The underlying procedure is based on perturbing the trajectory
(2). We restate the procedure for the sake of clarity. Let wn—l = {w¢}1<e<n—1 be i.i.d. random
variables with distribution IP,,,, each with mean E[w;] = 1 and variance Var[w;] = 1. Assume WW"~!
is independent of "1 = {&}1<e<n—1. We then use W1 to construct randomly perturbed SGD
trajectories, following the same recursive structure as the primary sequence

O = 05—y — arwr{V F(R_1) + g(07_1, &) + (&)}, k>1, 65="06p,
n—1
é,t,;:n*lz&z, n>1.
k=0
Note that, when generating different weights wy,, we can draw samples from the conditional distribu-

tion of 2 given the data Z"~!. We further denote P® = P(- | 2"~ !) and EP = E(- | ="~ 1).

The core principle behind the bootstrap procedure (5) is that the "bootstrap world" probabilities
P°(\/n(02 — 0,,) € B) are close to P(/n(f, — 0*) € B) for B € C(R?). More formally, we say
that the procedure (5) is asymptotically valid if

PP (\/n(82 — 6,) € B) — P(\/n(B, — 0*) € B)’ 6)

&)

sup
BeC(R%)

converges to 0 in P-probability as n — oo. This result was studied in [16] under assumptions close to
the original paper [31]. While an analytical expression for P?(\/n (62 — 6,,) € B) is unavailable, it
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can be approximated via Monte Carlo simulations by generating M perturbed trajectories according
to (5). Standard arguments (see, e.g., [40, Section 5.1]) suggest that the accuracy of this Monte Carlo
approximation scales as O(M -1/ 2) when generating M parallel perturbed trajectories in (5).

Assumptions. We impose the following regularity conditions on the objective function f:

A1l. The function f is two times continuously differentiable and L -smooth on R? je., thereis a
constant Ly > 0, such that for any 0,0 R4,

IV£(0) = V@I < Lafl6 - 6" -

Moreover, we assume that f is p-strongly convex on RY, that is, there exists a constant w >0, such
that for any 6,0’ € R?, it holds that

(1/2)]|0 = 0'* < £(0) = f(0) = (VF(0'),0 - 0") .

Al implies the following two-sided bound on the Hessian V2 £(#), uly < V2f() < L1, for all
6 € R?. We now formalize the assumptions on F'(6, ¢). Namely, we rewrite F'(6, £) as

F(Or-1,8) = Vf(Or-1) + C,
where {(x }ren is a sequence of d-dimensional random vectors. Then the SGD recursion takes form
Op = Op—1 — e (Vf(Ok1) +Ck)» 6o €R?. 7

We impose the following assumption on the noise sequence (j:
A2. Foreach k > 1, (i admits the decomposition (i, = n(&) + g(0k—1, &k ), where

(i) {&}7=1 is a sequence of i.i.d. random variables on (Z, Z) with distribution P¢, n : Z — R?
is a function such that Eln(&1)] = 0 and E[n(&1)n(&1) 7] = Se. Moreover; Apin(X¢) > 0.

(ii) The function g : R x Z — RY satisfies E[g(0,&1)] = 0 for any 0 € R Moreover, there
exists Lo > 0 such that for any 0,6" € R?, it holds that

19(0,8) = g(0", &)l < Loll0 = 0']  and g(0%,2) =0 forallz€ Z. ®)

(iii) There exist C1¢,Coe > 0 such that Pe-almost surely that |n(§)|| < Ci¢ and
supy [|9(0, )| < Cae.

As an example of a sequence (j, satisfying conditions (i) and (ii) from A2, consider the case when the
oracle function F'(0, £) satisfies:

1. E[F(0,€)] = Vf(0) for all § € RY;
2. ||F(0,8) — F(0',¢)|| < L||@—¢| forall £ € Z, and supy |F(0,&) — F(6*,&)| < c¢ for
some ¢¢ > 0.

In this case, (i) and (ii) from A2 holds with n(§) = F(6*,€) and ¢(6,&) = F(0,£) — F(0*,¢).
Additionally, note that the identity (8) can be relaxed when one considers only last iterate bounds,
such as E[||0x — 0*]|?], see [26]. Item (ii) from A2 is often imposed when considering averaged
iterates, see [26, Assumption H2’], and [14, 42].

The assumption (iii) from A2 is crucial to prove high-order moment bounds (20), see Lemma 15.
In our proof, we closely follow the argument presented in [20, Theorem 4.1], which requires that
the noise variables (; be almost sure to be bounded. This setting can be generalized to the case
where (j, is sub-Gaussian conditioned on F;_; with variance proxy which is uniformly bounded
by a constant factor, that is, there is a constant M, such that E[exp{||F(6,£1)]|?/M?}] < 2 for any
6 € R<. This assumption is widely considered in the literature; see [27, 21], and the remarks in [20].
However, when (;, = g(0x—1,&k) + 1n(€x) and g is only Lipschitz w.r.t. 8, its moments will naturally
scale with ||f;_1 — 6*]|, thus the sub-Gaussian bound with M not depending upon 6 is unlikely to
hold. Other authors who considered bounds of type (20), e.g. [33], made stronger assumption that
supgega || F'(0,€)]| is a.s. bounded. Another popular direction is to consider schemes for gradient
clipping; see e.g. [37]. Unfortunately, employing such schemes change the key representation (12)
that we use later in the proof of the main result (see Theorem 1). We leave further studies of clipped
gradient schemes for future work. We further impose condition on the Hessian matrix V2 f(6) at 6*:

A3. There exist Ls, 3 > 0 such that for all 0 with |0 — 0*|| < 8, it holds
IV2£(0) = V2f(0)I < Ls||0 — 6" -
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A3 ensures that the Hessian of f is Lipschitz continuous in a neighborhood of 8*. Similar assumptions
have been previously considered in [42] and [2], as well as in other works on first-order optimization
methods, see, e.g. [24]. Several studies on the non-asymptotic analysis of SGD impose stronger
smoothness assumptions, such as bounded derivatives of f up to order four, see [14]. We additionally
assume an almost sure co-coercivity of the stochastic gradient:

Ad4. The stochastic gradient F(0,€) := Vf(0) + g(0,&) + n(§) is almost surely Ly-co-coercive,
that is, for any 0,0' € RY, it holds Pe-almost surely that

L4<F(9>§) - F(9/7§),0 - 9/> > ||F(97§> - F<9/a€)”2 :

In particular, A4 holds (see e.g. [48]), when there is a function v(8, £), such that F'(6, &) = Vv (6, ),
where v(6, £) is convex P¢-a.s. and Ls-smooth. Co-coercivity is stronger than just requiring F'(6, &)
to be monotone. We also impose an assumption on the bootstrap weights W; used in the algorithm:

AS5. There exist constants 0 < Wiin < Wiax < +00, such that Wyin < w1 < Wihax @.s.

The original paper [16] also considered positive bootstrap weights w;. We have to impose bounded-
ness of w; due to our high-probability bound on Lemma 15. A particular example of a distribution
satisfying A5 is provided in Appendix E.1. We also consider the following bound for step sizes oy
and sample size n:

A6. Let o = co{ko + k} 7, where v € (1/2,1), an cg satisfies coWax max(2L4, p) < 1 and

ko = (#cﬁ/l’;m;n ),

2\2
A7. Number of observations n satisfies n > e3 and m > max(1, %), where the

constants Cq ¢ and Cs, are defined in (61) and (27), respectively.

The particular bound on k( in A6 appears due to the high-order moment bounds (see Lemma 15 in
appendix). We note that it is possible to remove the co-coercivity assumption A4, but at the price
of slightly stronger constraints on cy above. We discuss the bound on the number of observations
imposed in A7 later in the proof of Theorem 1.

2.1 Non-asymptotic multiplier bootstrap validity

Theorem 1. Assume Al - A7. Then with P - probability at least 1 — 2/n, it holds

Civl1ogn Cslogn N C3(logn)3/?

. b nb__p _ n _n*
sup [P (\/ﬁ(en 0n) € B) P(\/ﬁ(an %) € B)| < ni/2 n1—1/2 nv/2 )

BeC(R%)

where Cy1,Co and Cg are given in Appendix E.7, equation (64).

Remark 1. It is possible to prove the result of Theorem 1 for the step size oy, = co/(k + ko). The
required Gaussian approximation result with the covariance matrix 3., is proved in [42], and we
expect that the only difference with Theorem 1 will occur in extra logn factors in the corresponding
bound and slightly different conditions on cy and kq in A6.

Proof sketch of Theorem 1. The proof of non-asymptotic bootstrap validity is based on the Gaussian
approximation performed both in the "real" world and bootstrap world together with an appropriate
Gaussian comparison inequality:

Real world: \/ﬁ(én _ 9*) Gaussian approximation, Th. 2 E1/2Y -~ N(O, E)

IGaussian comparison, Lem. 19

Bootstrap world: v/n (62 — 6,,) {3P32yP ~ N(0,%P) .

Here ¥ and ©P are some covariance matrices to be chosen later. In order to understand where
the Gaussian approximation comes from, we consider the process of linearization of statistics
Vn(0,, — 6*) and \/n(02 — 0,,). We provide details for /n(f,, — 6*), and give similar derivations
for \/n(A2 — 0,,) in Section 2.3. Denote G = V2 f(6*). We expand /n(f,, — 6*) into a weighted
sum of independent random vectors, along with the remaining terms of smaller order. By the
Newton-Leibniz formula, we obtain

VI(0) =GO —6%)+ H(0), ©)

Gaussian approximation, Th. 3
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where H(0) = fOI(sz(O* +t(0 — 6%)) — G)(6 — 6*) dt. Note that H(0) is of the order |0 — 0*||?
(see Lemma 5). The recursion for the SGD algorithm error (7) can be expressed as

O — 0" = (la — arG)(Or—1 — 0*) — ax((&k) + 9(Ok—1,&k) + H(Ou-1)) - (10)
Fori € {0,...,n — 1}, we define the matrices
Qi=ow Z?:_il i;:i+1(1d - aG), an

where empty products are defined to be equal to I; by convention. Then taking average of (10) and
rearranging the terms, we obtain the following expansion:

VAl =07 =W +D, W == Q&) D=vnl,—0)-W. (2
Note that W is a weighted sum of i.i.d. random vectors with mean zero and covariance matrix

S, =0 0 QeEeQF (13)

and D is the remainder term which is defined in Appendix C, equation (40). Furthermore, in
Appendix D.1 we show that (Q; may be approximated by G~ " and ¥,, approximates

Yoo = G_lng_T .

We expect that the summand D does not significantly distort the asymptotic distribution for the
linear statistic W, which should be Gaussian by virtue of the central limit theorem. An important
question is the choice of the approximating Gaussian distribution A/(0, ) with 3 = ¥, or ¥, as
well their bootstrap counterpart X°. This choice is instrumental in the sense that it does not change
the procedure (5), but only affects the rates in (6). The authors of [16] choose the approximation with
N(0,3,) for their asymptotic analysis. A similar approach was considered in [38, Theorem 3] for
the LSA algorithm setting. However, as it will be shown later in Theorem 4, this choice implies that
the rate of normal approximation in (6) is not faster than n~/4, At the same time, Theorem 2 and
Theorem 3 below demonstrate that we can achieve approximation rates of up to n~/2 by selecting
> = ¥, in the diagram 2.1, and its bootstrap-world counterpart in the Gaussian approximation. To
finish the proof, it remains to apply the Gaussian comparison inequality; see Lemma 19. Detailed
proof of Theorem 1 is provided in Appendix E. O

Discussion. In [38] a counterpart of Theorem 1 was established with an approximation rate of the
order n~'/* up to logarithmic factors for the setting of the LSA algorithm. The obtained rate is
suboptimal, since the authors have chosen A/ (0, ¥,) for Gaussian approximation when showing
bootstrap validity. A recent paper [46] improved this rate to n~'/3 for the temporal learning (TD)
procedure with linear function approximation. The algorithm they considered is based on the direct
estimate of Y., yielding a rate of order n~'/3 when approximating the quantiles of Vn(0, —0%), see
[46, Theorem 3.4 and 3.5]. The authors in [11] constructed a plug-in estimator f]n of X, and showed
guarantees of the form E[||3, — £.||] < Cn~7/2, 4 € (1/2,1) under weaker assumptions than
those considered in the current section. At the same time, approximating quantiles of \/n(6,, — 6*)
with the method of [11] would require one more step - a Berry-Esseen type bound on the rate of
approximation of v/n(6,, — 6*) with A'(0,X,). As we show in Theorem 4, this rate vanishes as
~ — 1, which introduces an additional trade-off to the potential analysis of the plug-in procedures
based on estimating Y ... This effect highlights the fundamental difference between the multiplier
bootstrap approach and the plug-in approach of [11].

Moreover, we highlight that in-expectation bound E[||3,, — X||], which are typically studied in
literature for plug-in estimates [11, 35], are not sufficient to prove the analogue of the Gaussian
comparison result Lemma 1 for A'(0,$,,) and (0, ) on the set with large P-probability. Thus,
the complete non-asymptotic analysis of the confidence sets constructed with the plug-in procedure,
remains an open problem.

2.2 Gaussian approximation in the real world

For results of this section, assumptions A2 and A6 can be relaxed. We impose a family of assumptions,
denoted as A8(p) with p > 2, on the noise sequence (x, and A9 on the step sizes ay:

A 8 (p). Conditions (i) and (ii) from A2 holds. Moreover, there exists o, > 0 such that
EYP(|ln(&)|1P) < oy -
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A9. Suppose that o, = co/ (ko + k)7, where v € (1/2,1), ko > 1, and ¢y satisfies 2coLy < 1.

Note that A6 implies A9, as well as A2 implies A8(p) for any p > 2. In the main result of this section
we provide the Gaussian approximation result for \/n(6,, — 6*) with A'(0, %,,), which refines the
bounds obtained in [42, Theorem 3.4] and is instrumental for further studies of normal approximation
with A/(0, X,) in Section 2.4.

Theorem 2. Assume Al, A3, A8(4), A9. Then, with Y ~ N(0,1y), it holds that

Cy Cs Ce
N R

where Cy, Cs, Cg are given in Appendix C, equation (41). Moreover, since %, is non-degenerate,
and an image of a convex set under non-degenerate linear mapping is a convex set, we have

de(vVnE; 26, — 0%),Y) = dc(vVn(B, — ), SY2Y) .

de(v/nx; Y26, — 0%),Y) < (14)

Remark 2. When v — 1, the correction terms above scale as O(1/+/n), yielding the overall
approximation rate that approaches 1/\/n. Expressions for Cy, Cs, Cg from Theorem 2 depend
upon the problem dimension d, parameters specified in Al - A8(4)- A3-A9. Moreover, Cs depends
upon ||0g — 0*||. When ~ € (0,1), we have that 1/n"/? < 1/n"=/2, thus, the term Cs /n7~/?
dominates. We prefer to keep both terms in (14), since they are responsible for the moments of
statistics ﬁ Z?z_ll Q:H(0;—1) and ﬁ Z;:ll Qig(0:i—1,&), respectively. The first of them has
non-zero mean, since H(0;_1) is quadratic in ||0; — 6*||%>. When using constant step size SGD, one
can correct this term using the Richardson-Romberg technique [14, 43 ], however, it is unclear if this
type of ideas can be generalized for diminishing step size.

Proof sketch of Theorem 2. The decomposition (12) represents a particular instance of the general
problem of Gaussian approximation for nonlinear statistics of the form \/n(6,, — 6*), where the
estimator is expressed as the sum of linear and nonlinear components. To establish the Gaussian ap-
proximation result, we adapt the arguments from [42], which can be stated as follows. Let X1, ..., X,
be independent random variables taking values in some space X, and let T = T'(X4,..., X, ) be a
general d-dimensional statistic that can be decomposed as

Wi=W(Xy,...,X,) =0, Z, D:=DXy,... . X,)=T-W.

Here, we define Z;, = r,(X,), where 1, : X — R? is a Borel-measurable function. The term D
represents the nonlinear component and is treated as an error term, assumed to be "small" relative
to TV in an appropriate sense. Suppose that E[Z,;] = 0 and that the Z; is normalized in such a way
that >, E[Z,Z] = I holds. Let T,, = >_,_, E[|| Z,||]. Then, for Y ~ N (0,1;), the following
bound holds:

n
de(T,Y) < 259d"/2Y,, + 2B[|W|[|D|[] +2 > E[|Z[|||D — D], (15)
(=1
where DY) = D(X1,...,X,_1, X}, Xe41,...,X,) and X is an independent copy of X,. This
result follows from [42, Theorem 2.1]. Furthermore, this bound can be extended to the case where
2?21 IE[Z@ZKT] = X > 0, as detailed in [42, Corollary 2.3]. In order to apply (15), we let X; = &,
Zy = h(Xy¢), & be ani.i.d. copy of &. Then we need to upper bound E'/2[||D(&1,. .., &,-1)||?] and
EY/2[|D — D}||?], respectively. Detailed proof is given in Appendix C. O

2.3 Gaussian approximation in the bootstrap world

In the main result of this section, we study the Gaussian approximation result for \/n(62 — 8,,) with
appropriate normal distribution with respect to PP, Despite this result is similar in its nature with the
one of Theorem 2, it requires to handle some significant challenges that arises when working in the
"bootstrap world". Our first steps are the same as in (10) and (5):

O — O = (I — xG)(0R_1 — O—1)
—ap (H(08_,) + g(08_1, &) — H(Ok—1) — 9(Or—1,&)) (16)
—ag(wy — 1) (G(O8_1 — %) + (&) + g(Op_1. &) + H(05_,)) .
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Taking an average of (16) and rearranging the terms, we obtain a counterpart of (12):
V(0 —0,) = WP+ Db,

b 1 = b ab b a7
W® = *% Z(wz - I)Qﬂ](fz) ;o D7 = \/E('gn B 0"’) -we.
=1

Here W is a weighted sum of i.i.d. random variables =", such that E°[W®] = 0 and
— n—1
EPWE{WP}T] i= X0 = n™ ! 3500, Qin(&)n(&) T Q7
and DP is a non-linear statistic of Z"~!. The principal difficulty arises when considering the
conditional distribution of \/n(6% — 8,,) given the data Z"~!. In fact, the approach of [42] would
require to control the second moments of D® and D® — {DP}() with respect to a bootstrap measure

IP®, on the high-probability event with respect to a measure IP. At the same time, we loose a martingale
structure of the summands in DP, unless we condition on the extended filtration

fiza(wl,...wi,&,...&),1§i§n—1. (18)

Therefore, it is not clear if we can directly apply the approach of [42] discussed in Section 2.2. Instead,
we have to use the linearization approach based on the high-order moment bounds for the remainder
term DP (see Proposition 3 in Appendix E). This justifies the strong bounded noise assumption A2,
that we had to impose. We state the main result of this section below:

Theorem 3. Assume Al - A7. Then with P - probability at least 1 — 2/n, it holds
Mgl Mé’g logn Mgg log®? n

sup [PP(VA{Z5} V208 —4,) € B)~P(Y® € B)| <

BeC(RY) nl/2 nY—1/2 n/2 ’
where {Mé’l 3_, are defined in Appendix E.6, equation (62).
Proof sketch of Theorem 3. We apply the bound
1
sup |PP({£2} 72 (WP + D) € B) —-P*(Y" € B)|
BeC(R4)
1 1 1 (19)
< sup [PP({ZR}72WP € B) —P*(Y® € B)| + 2¢a(E°[|[{=2} 2 D°|P]) 1+
BeC(R4)

where ¢y < 4d'/* is the isoperimetric constant of the class of convex sets. The proof of (19) is
provided in Proposition 3 in Appendix E. We can control [E[|| D ||?] by Burkholder’s inequality, where
E denotes the expectation w.r.t. the product measure P?” ® P2™. Then we proceed with Markov’s

inequality to obtain P — high-probability bounds on the behavior of EP[|| DP||P]. This result requires
us to provide bounds for

EYP[||0 — 0*||P] and EVP[|6% —0*|P], ke{l,...,n—1}, (20)

with p ~ log n and polynomial dependence on p. To control the second term in the r.h.s. of (19) we
note that the matrix ¥:2 concentrates around ¥3,, due to the matrix Bernstein inequality (see Lemma 18
for details). Hence, there is a set £; such that P(€2;) > 1 —1/n and Ay, (32) > 0 on ;. Moreover,
on this set we may use Berry-Essen-type bound for non-i.i.d. sums of random vectors. Detailed proof
is given in Appendix E. O

2.4 Rate of convergence in the Polyak—Juditsky central limit theorem

In the final part of this section, we discuss the issue of transition from X,, to ¥, and estimation of
convergence rates in the Polyak—Juditsky result (4). We utilize the result of Theorem 2 together with
the following lemma.

Lemma 1. Assume that Al and A9 hold. Let Y)Y’ ~ N(0,1;). Then, the Kolmogorov distance
between the distributions of E}/ %Y and E})ézY’ is bounded by

dc(BY2Y, 22y < Coon ™1,
where the constant C'w is defined in (51).

Theorem 2, Lemma 1, and triangle inequality imply the following result on closeness to N'(0, X ).
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Theorem 4. Assume Al, A3, AS(4), A9. Then, withY ~ N (0,1,) it holds that
- C C C C
_n* 1/2 4 5 6 o
dC(\/ﬁ(Qn ¢ )7200 Y) < \/ﬁ + ny—1/2 + ny/2 + ni—7v’

(21)
where Cy, Cs and Cg are given in Theorem 2.

Discussion. Theorem 2 reveals that the normal approximation through N (0, ¥,,) improves when
the step sizes ay are less aggressive, that is, as v — 1. However, Theorem 4 shows that there
is a trade-off, since the rate at which 3,, converges to X, also affects the overall quality of the
approximation. Optimizing the bound in (21) for v yields an optimal value of v = 3/4, leading to
the following approximation rate:
0 * 1/2 Cll C/2 * * 12
de(Vi(f —07), 2LV < g+ 72100 =07+ 100 — 6°%)

where C/ and C}, are instance-dependent quantities (but not depending on |6y — 6*||), that can be
inferred from Theorem 4. Given the result of Theorem 4 one can proceed with a non-asymptotic
evaluation of the methods for constructing confidence intervals based on direct estimation of X,
such as [11, 49].

Lower bounds We provide a lower bound indicating that the bound Theorem 4 is tight at least in
some regimes of step size decay power v € (1/2, 1). For this aim we consider minimization problem
(1) of the following form:

f(e):02/2—>31€i]§, 0p=0.

In this case * = 0. We consider an additive noise model, that is, the stochastic gradient oracles
F(0,¢) have a form F(6,£) = 6 + &, where £ ~ N (0, 1). Enrolling (2), we get

k k ~ 1 n—1
Or=—> a; [[ (1—aans; and vnb, = - > Qg (22)
j=1

J=1  f=j+1
where Q; = «; ZZ;; H?: j+1(1 — ar). Note that vn(0,, — 6*) follows normal distribution
N(0,02 ) with J?w =1 Z;:ll Q?. Due to Lemma 1 (see also equation (50) in the Appendix), we

»Un,y —n
have G = 1,¥, = 1, and afw — 1l as n — oo . Moreover, the following lower bound holds:
Proposition 1. Consider the sequence {0}, } e defined by the recurrence (22) with oi; = co/(145)7.
Then it holds, for the number of observations n sufficiently large, that
72, 1] > S

nlt— )

(23)
where the constant C1(y, o) depends only upon co and ~y. Moreover, for n large enough

de(vn(ln — 6),N(0,1)) > 2ol (24)

Discussion. Proof of Proposition 1 is provided in Appendix F, together with some simple numerical
simulations which indicate the tightness of the lower bound (23). Note that the bound (24) reveals
that the distribution of v/n(6,, — 6*) can not be approximated by N (0, X,) with the rate faster than
1/n'=7. Moreover, it shows that the rate of normal approximation in Theorem 4 can not be improved
when « € [3/4;1). This fact is extremely important when taking into account the bootstrap validity
result of Theorem | and normal approximation in Theorem 2. Indeed, both results suggests that the
rates of normal approximation of order up to 1/+/n can be achieved when v — 1, but they require to
consider another covariance matrix .,,, corresponding to the linearized recurrence in (13). At the
same time, in the regime y — 1, the approximation by A (0, X,) can be too slow. It is an interesting
and, to the best of our knowledge, open question to provide lower bounds analogous to Proposition 1
which show the tightness of other summands in Theorem 4 in the regime 1/2 < v < 3/4.

3 Conclusion

In our paper, we performed the fully non-asymptotic analysis of the multiplier bootstrap procedure for
SGD applied to strongly convex minimization problems. We showed that the algorithm can achieve
approximation rates in convex distances of order up to 1/y/n. We highlight the fact that the validity
of the multiplier bootstrap procedure does not require one to consider Berry-Esseen bounds with
the asymptotic covariance matrix ¥,, which is in sharp contrast to the methods that require direct
estimation of ..
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract clearly lays out the paper’s main contributions—namely, the
non-asymptotic validity of the multiplier bootstrap for constructing confidence sets in
SGD, with convex-distance approximation rates up to O(n~7/2) (and up to O(n~1/2) as
v — 1), constituting the first fully non-asymptotic bound of this kind in SGD algorithms
. The introduction then explicitly enumerates these same contributions (non-asymptotic
bootstrap validity, the role of the linearized covariance ¥,,, and Gaussian approximation
rates with matching lower bounds) in its “Our key contributions” section, directly reflecting
the theorems and scope developed later in the paper.

Main results are, respectively, the ones of Theorem 1 and Theorem 3, their statements are
complete and supported by the proofs in the Appendix section.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section 2, we explicitly acknowledge key limitations of our analysis,
including the almost-sure boundedness requirements on the noise and bootstrap weights
(Assumptions A2(ii)—(iii) and AS5) as well as Lipschitz and co-coercivity conditions on the
gradient. We furthermore note that relaxing these via gradient clipping schemes is left as
future work.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.
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* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results are stated with explicit pointers to the underlying
assumptions (see Sections 2 and 2.2), and every theorem and corollary is accompanied by a
full, detailed proof in the supplementary paper, with clear references to the corresponding
sections. To help the reader, we also include the proofs of some non-standard results (on
whihc we do not claim originality); we always carefully state sources.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Numerical results for Proposition 1 are given in Appendix F with a full
description of the sets of hyperparameters we used.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example
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(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Even though the experiment is toy-like - most of the paper is theoretical-, we
include a link to an anonymous GitHub repository.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The experimental section in Appendix F explicitly provides the settings (step
size, specific equations, number of observations, etc.) necessary for understanding and
reproducing the results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
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7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification: We omit error bars since the experiment contains no stochastic components.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: All necessary information to reproduce experiments is provided in Appendix F.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: This paper is of purely theoretical nature, and the proposed methods do not
deal with sensitive attributes that could induce unfairness or privacy issues.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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10.

11.

12.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper is of purely theoretical nature. We do not foresee any societal harm
from the proof of non-asymptotic bootstrap validity.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper contains no models or datasets with potential for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
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13.

14.

15.

Justification: No external datasets, software, or assets were used in this paper.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

 For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: No new assets were introduced in this research.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Paper does not involve crowdsourcing nor research on human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

18


paperswithcode.com/datasets

804 Answer: [NA]

805 Justification: Paper does not involve crowdsourcing nor research on human subjects.

806 Guidelines:

807 * The answer NA means that the paper does not involve crowdsourcing nor research with
808 human subjects.

809 * Depending on the country in which research is conducted, IRB approval (or equivalent)
810 may be required for any human subjects research. If you obtained IRB approval, you
811 should clearly state this in the paper.

812 * We recognize that the procedures for this may vary significantly between institutions
813 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
814 guidelines for their institution.

815 * For initial submissions, do not include any information that would break anonymity (if
816 applicable), such as the institution conducting the review.

817 16. Declaration of LLM usage

818 Question: Does the paper describe the usage of LLMs if it is an important, original, or
819 non-standard component of the core methods in this research? Note that if the LLM is used
820 only for writing, editing, or formatting purposes and does not impact the core methodology,
821 scientific rigorousness, or originality of the research, declaration is not required.

822 Answer: [NA]

823 Justification: The paper does not involve the use of LLMs or related methods.

824 Guidelines:

825 * The answer NA means that the core method development in this research does not
826 involve LLMs as any important, original, or non-standard components.

827 ¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
828 for what should or should not be described.
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Below we provide proofs of the main results of this submission. The appendix is structured as
follows:

* Appendix A contains technical statements about the properties of the step sizes o and the
matrices (Q;, which are instrumental to our subsequent analysis;

* Appendix B contains auxiliary moment bounds on the last-iterate error E[||0;, — 6*||?] for
p > 2. These results will be crucial for our further analysis, especially for the Gaussian
approximation results in the real world (Theorem 2);

* Appendix C provides the proof of Theorem 2;

* Appendix D contains the proof of the Gaussian approximation in the "real world" using the
asymptotic covariance matrix Y, instead of 3,, (Theorem 4), along with an appropriate
Gaussian comparison result;

* Appendix E contains the results required for the Gaussian approximation of "bootstrap-
world" statistics and the proof of the main result of this submission (see Theorem 1);

* Finally, Appendix F contains the proof of the lower bounds on the accuracy of the normal
approximation for \/n(6,, — 6*) with A/(0, Xoc0).

A Technical bounds

We begin this section with useful technical bounds on sums of coefficients

k
> i
=m
where the step sizes «; have a form
€o
(ko + )7
We also bound other related quantities, which are instrumental to our further analysis.

o; = s 1/2<’Y<1, ko>1.

Lemma 2. Assume A9. Then

(a) for any p > 2, it holds that

i=1 Y= 1
(b) forany m € {0,...,k}, it holds that
k
€0 1— 1—
o; > ——((k+ ko) 7 —(m+ko) "),

Proof. To prove (a), observe that

k 400
d
Sarsd [ < ,
1 @ T py—1

i=1

S

To prove (b), note that for any ¢ > 1 and ko > 1, we have 2(i + ko)~ > (i + ko — 1)~ 7. Hence,

k k—1 k+k
1 Co ° dx Co 1— 1—
P> = P> = —=—((k+k v — k 7.
i:;rla - QiZZma T 2 Sk, 7 2(1—7)(( ko) (m+ ko))

Lemma 3. Forany A > 0,any0<i<n—1,andany~ € (1/2,1) it holds

el 1 +exp{ﬁ}mlj(ﬁ) . ifAitTY < ﬁ andi > 1;
Zexp{A(leilv)} <1+ gy ifAiYT > - andi > 1
Jj=i 1+A1/(+)(1—7)F(ﬁ)’ leZO
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Proof. Note that
n—1 400
Z exp{—A(jl_"Y — il_”’)} <1+ exp{Ail_”’} / exp{—Axl_"’}dx
j=i ¢

1 teo 1
_ 21—y —u *"r71
= 1+exp{Az }Al/(l_'Y)(l—’y) /Ailﬂe ul du

Applying [18, Theorem 4.4.3], we get
[e'e] 1 . 11— 1 .
T gy < 40D if A=Y <
Al - ﬁ exp{—Ai'=7}AV/ =17 otherwise.

Combining inequities above, for ¢ > 1 we obtain

n—1 _1 1 _1 i 1=y _1 .
Z exp{_A(jlv — ilV)} = {1 ool 1_’Y / Al/(lﬂ)(lf’y)r(l—’v) , ifAd < 1)
J=1

1+ ﬁi'y , otherwise. ’

and for 1 = 0, we have

n—1
1 1
exp —Ajlﬂ’} <1+ F( ) .
L A=)\

O

Based on Lemma 2 and Lemma 3 above, we can prove that the matrices (Q; defined in (11) are
bounded for any ¢. This fact will be used later in Appendix C. Moreover, Apmin (Q;) is bounded from
below, which allows us to prove that Ay, (X,,) is also bounded away from below.

Lemma 4. Assume Al and A9. Then for any i € {0,...,n — 1} it holds that
/\maX(Qi) < CQ )

where the constant C is given by

B 1 21—\ 1 1 2
CQ{HHI&XGXp{l—W}( fico ) 1—7F(1—v)’u00(1—7))]60' 2

Moreover,

1 )
Amin(Qi) > f(l — (L= L))" "), and |£,/?| < O, (26)
1
where the matrix 3., is defined in (13), and
2L
Cs = vaLy 27

(1 — exp{— #2251V Amin (Se)

Proof. Note that using Lemma 2(b), for ¢ > 0, it holds that

n—1 J n—1 J
Amax(Qi) < i > ][ (1—aku)3aizexp{—u > ak}

j=i k=i+1 k=i+1

n—1+ko e
<o Y exp{—z(l_o(jl—v—(wko)l—v)}.

j=i+ko 7)
Using Lemma 3, we complete the first part with the constant Cy defined in (25). In order to prove
(26), we note that

n—1

Moin(Q9) = 05 (1= uLaY = (1= (1= L))

— 1
J=1

21



870

871
872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

Then for i < n/2, we have

1 1 1 peoLy
Amin(Qi) > — (1= (1=0;L1)"?) > —(1—exp{—pa;Lin/2}) > —(1—exp{—5-———1}),
(@) 2 (- (—aula)"?) 2 -(1exp{—paiLin/2}) > 7-(—exp{~ 55 )
where the last inequality holds, since a;n > a,n > kz‘fn > 14(3cg . Combining previous inequalities,
we get
i Amin (Z¢) ucoL

>\min En > Amin -1 12 T > w 1— _# 2
and (26) follows. O]
Lemma 5. Assume Al and A3. Then

|H ()| < Lull6—6*?,
where Ly = max (L3, 2L1/5).
Proof. Using A3 and the definition of H () in (9), we get
IH@)IL(]|6 — 6*| < B) < Ls||6 — 6*||.
Since ul < V2f(6) < L1, we also obtain
214

[ H(O)[|L(]|6 — 0%[| > B) < 2L, L(||0 — 6| > B)[|6 — 0*[| < 7”9 —0")*.

This concludes the proof. O

B Last iterate bound
Lemma 6. Assume Al, A3, A8(2), and A9. Then for any k € N it holds that

Bl — 0°17) < Cuexp{ ~220k-+ ko)~ } 160~ 0%+ 03] + oo
where o3 is defined in A8(2), and the constants Cy and C4 are given by

3uco 1 o 6c3L3 2¢3
= — k7 1+ L
@ eXp{zl(l—v) o I+l e o e T )

21+
Cy =

I

Proof. From (2) and A8 it follows that
10k = 0%11? = 116k—1 — 6*[|* — 20 (Bh—1 — 0",V F (O—1) + Gir) + ARV f(Or—1) + Gl
Using Al and A8(2), we obtain
205E[(0—1 — 0",V f(0k—1) + Cu)| Fr—1] = 2ax(0k—1 — 0,V f(0x—1) — V f(07)).
Using A8(2) and Al, we get
E[|V£(Or-1) + CGll*|Fre1] = [V (Or—1) = VFO)I* +E[lln(&x) + g(Ok—1, &) II* | Fr—1]
<LV F(Or_1) — V0%, Op_1 — %) +2L30p_1 — 0** + 203 .

Combining the above inequalities, we obtain
Ef0r — 0"[1°) < (1 — pon(2 — axLy) + 205 L3))E[| 051 — 0°|°] + 20505, (28)
By applying the recurrence (28), we obtain that
E[0x — 0"[I*) < A1kllfo — 0*[|* + 203 A, ,
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where we have set
k

Ave =[]0~ 3/2)asu +202L3) |

i=1

P (29)
A=) [[ A= B/2)ajn+207L3)a]
i=1 j=i+1
Using the elementary bound 1 + ¢ < e’ for any ¢ € R, we get
k k
A < GXP{—(?’/Q)MZ ai} eXP{QLg Z %‘2} :
i=1 i=1
Using Lemma 2, we obtain
3pico 1—
Al.k§61exp{— k+ko) "¢,
where we have set 2
2c§ ucy  ,1-
= ko b
“ eXp{% I TE R G0

Now we estimate A ;. Let k; be the largest index k such that 4aiL% > aypt. Then, for ¢ > kq, we
have that

1—(3/2)aip+ 20205 <1 —a;p .
Thus, using the definition of As j, in (29), we obtain that

A2k<2a H (1—a;p) +Z {ﬁ 1+2a§L2)}{ ﬁ (1—aju)}.

i=1 j=i+1 Jj=i+l j=k1+1
Note that
kl k1 k71
Za H (1+2a2L3) = 077 Z(H 1+22203) - J] 0+ 2a§L§)>

=1 J=i+1 =1 “j=¢ Jj=t1+1

k1
1 2712 1 2 2
< @H(l +2a3L3) < 2L§exp{2L2;aj .

Note, that for k < ki, o, > 11/(4L3), hence, we have

[T - 2onf s efoofusio) soof-ns o) mfusSt).

Pl i=1 i=1 i=1
Moreover, for any m € {1,...,k}, we obtain
m ok k k
Za H I—am = [[ C—amai+ Y [ G—apa
i=1  j=it+l i=1 j=i+1 i*m+1j*i+1

k
< H (1—ajp) Za + am, Z H (1—ajp)o

j=m-+1 i=m+1 j=i+1
k m o k k k
{ I Z aj}Za?—F L Z <H (1—a,p) — Hl—ozj,u>
j=m+1 =1 ® 1=m+1 “j=i+1 j=t
k m k
<enf{-n 3 aj}za 22 (1- [T a-am)
j=m+1 i=1 j=m+1
{ k
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Thus, setting m = | k/2], and using the definition of A, 4, in (29), we obtain that
Cg Co

27 —1 " ko + [k/2))7

+ ¢ exp{’uco(k + ko)lw} ,

Ao < exp{ 50 (k-4 ko) = (/2] + ) )

2(1—-7)
where we have set -
1 6cLs Leo 1—
= — ko775 31
@ 2L§eXp{271+2(17) 0 6D

Using that | k/2] < k/2 together with the elementary inequality

o? (x/2)P S xP

B go— 27

which is valid for 5 € (0, 1], and we obtain that

CQo < 2700
Wkt LR72])7 = ulktko)?

2 27
Agyk<exp{—'u400(k+ko)1_7}exp{ Mo kév} % + €

2(1 — ) 2y -1 p(k+ ko)
+ c2 eXp{2(1'LL_CO’V>(k + k’o)lv} .

Combining the bounds for A; j and A, j, we obtain that

C
Bl — 6°17] < crexp{ — 20 b+ o)~ 1oy — 07|

pco 1) 2c¢o3 peo - 217 ¢cq03
OO (k4 k)t [l L
*e"p{ 1kt ko) }27—1‘“" 20— [ uE ko)

—HCo 1—
2¢0032 —(k+ k v
e b

=G eXp{T(k + ko)lw} (160 — 6*[|* + 03] + Cocui
where we have set constants C; and C5 using the definitions of ¢; and ¢ from (30) and (31). O

Now we provide the following corollary:

Corollary 1. Under the assumptions of Lemma 6, it holds that
E[|0x — 0*]°] < D1([|60 — 0*|I* + 03) v ,
where

4y v/ (A=)
b= o))

(1—7)pcoe
and the statement follows.

Proof. Define C5 = (47’Y)7/(1_7) > 1, then exp{—uco(k + k‘o)l_'y/4} < Cg(k + k‘o)_’y,
O

Now we provide bound for p-moment of last iterate.

Proposition 2. Assume Al, A3, A8(2p), and A9. Then for any k € N it holds that

* C — *
E[[, — 07| < leexp{pflo(k + ko) ”}(lleo —0* PP + 02) + Capaolal
where /
Cap,1 = 2271 (Da(p—1)Chey + 1ca
C 2210—1D Op 21+’YP
2p,2 — 2(p—1)Y4 [LpCo )
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constants Do, _1) are defined in (38), and

CP = (4et/?27/2 4 27 4 dey)P

4p* (L1 + Lo)? PHCO 1 1
_ Li+Lo) g2 20 4 1 kot T
¢ (exp{exr){5p00( 1+ 2)} 51 MY A F R Gerpraryy g

Proof. We prove the statement by induction in p. We first assume that 6y = 6* and then provide a
result for arbitrary initial condition. The result for p = 1 is provided in Corollary 1 . Assume that for
any { <p—1andall k£ € N we proved that

E[l6x — 0*[*'] < Dawotay, (32)

and the sequence of constants {Ds;} is non-decreasing in ¢. Inequality (32) implies that, since
o9 S ogpfort <p-—1,

E[|0x — 0*[1*] < Dawospa, -
For any & € N we denote 65, = ||0;, — 6*||. Using (2), we get

5eP = (071 — 200 (O—1 — 0%,V (Or—1) + G} + aZ IV (Or1) + CGl1?)”

leglll (=20 (01 — 0%,V F (Ok—1) + )Y @' IV f (O—1) + Cill >

i+j+l=p;
i,5,1€{0,...p}

Now we bound each term in the sum above.

1. First, for ¢ = p,j = 0,1 = 0, the corresponding term in the sum equals 5,3’1 1-

2. Second, fori = p — 1,5 = 1,1l = 0, we obtain, applying Al, that
2ps E[(0),— 149* VI (0k-1) + G0 P T | Fra] = 2pog (Bk1 — 0%,V f(6r_1) — V£(67))6. 7
> 2p,uak5k71 .

3. Third, for [ > 1 or j > 2 (that is, 2 4+ j7 > 2), we use Cauchy-Schwartz inequality
[{Ok—1 = 0%,V f(Or-1) + Ci) | < [10k—1 = O IV F (Or—1) + Cell’ ,

moreover, applying Al and A8(2p) together with the Lyapunov inequality, we get

E[|V£(k-1) + Gl Fuo1] = E[[VF(Ok-1) + g(O—1, &) + n(&) I | Freoi]
< 221+j—1((L1 + L2)2l+j5ilj1j + Ugﬁ,“) )

Combining inequalities above, we get

E[5¢7 | Fr—1] < (1 — Zppay + Z 'j'l'
i+j+l=p;

i,5,1€{0,...p}:
j+20>2

]+2l22l+2j I(L +L )2l+]>52p

p! 2i+j _j+206214+2j—1 _2l+j
+Z"l'5_1ak 2 o3 " -

z+]+l—p7
1,5,0€{0,...p}:
j+21>2
Consider the first term above, and note that
p! i+20 620425 —1 2045
ZZW o PHHT2ITN (L) 4 Ly)HH (33)
i+j+I=p;
1,5,0€{0,...p}:
Jj+20>2
! ) _ p! i
< 203 (0 -+ 12 (B dan(Da + L)) (o + L' + 2 (aalLa + L))
i+j+I=p; i+j+I=p;
1,5,1€{0,...p}: 1,5,1€{0,...p};
1>1 1=0;5>2

< 2p*ai(Ly + Lo)*(1 + 50 (Ly + Ly))?
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926

927

928
929

930

931

932

933

934

935
936

937

Hence,
E[dip] < (1= 2ppay, + 2p*a (L1 + La)*(1 + 5ay (L1 + Lo))P) 5,3’11 + 1T,
where we have defined
21+] J+2l 204+25—1 2145
Z il m 2 Top = -
H‘J-‘rl p7
i,5,1€{0,...p};

j+2l>2
i+j=p

For the last term we apply Holder’s inequality together with induction assumption (32) and (k + ko —

1)=7 < 27(k + ko)~ " and obtain
T, < Z p! E1/2[5i(z+LJ/ZJ)]E1/2[52(Z+D/21)] j+2122l+23 1 2l+j

(4ct/?27/2 + 27 + dey)P
2
Hence, combining the above bounds, we obtain that

< Dy(p-1) choyb(k + ko) 1T

E[0;%] < (1 — 2ppove + 1603 (L1 + L2)*3P)E[57 1] + Dagp1)Chchosbk /@ |

where we have defined s
CP = (4c)/*27/? + 27 + 4dcy)?
Note that

(34)

1 — 2ppay, + 2p2ai(L1 + L2)2(1 +5ak(L1 4+ L2))? > 1 — 2puay + aiquQ >0.

Unrolling the recurrence (34), we get
E[5;7] < Al Dap—1)Chchost,

where we have set
ko ok

k= Z H (1 — 2ppar; + 2p*a2(Ly 4 L2)?(1 4 5oy (Ly + La))P)(t + ko) Y®HD . (35)

t=1 i=t+41

For simplicity, we define Cs = 2p?(Ly + Lo)?. Let k; is the largest k such that o3 C5(1 + 5av; (Lq +

L2))? > puay. Then, for i > ki, we have
1—2ppay; + 0505 (14 5a; (L1 + L2))? <1 —pucy; .
Hence, using the definition of A} 5.1 In (35), we get

ko k
= 11 eXP{—Puai}(t‘*‘ko)_W(pH)

t=k1+1i=t+1
k1 k1

- ﬁ exp{—p,uat} SII exp{c5a§(1 + 5a;(Ly +L2))p}(t+k0)”(p“)

t=ki+1 t=1 i=t+1

k

i=t+1

k
<2
t=1

k k1 k1
+ H exp{—puat} H exp{puoy } Hexp{C’g)a?(l + 5, (Ly + Lg))p}
t=1 t=1 i=1
ko k
t=1 i=t+1

k1
i=1 t=1

26

k1

Z(t + ko) 7Y@ HD

t=1

k1
+ HeXp{2Cr (1 + 5q; L1 + L2 } Hexp{—puat} Z(t + ko)_’)’(ll-i-l)



938

939

940

941

942

943

944

945

Forany m € {1,...k} we have

koo k
Z exp{—p,uaz}(t + ko) TP HD)
t=1i=t+1

m k
:Z H { pual}(t—i—ko) v(p+1) 4 Z H exp{ p,ual} t+k0)—7(p+1)
t=m+1i=t+1

m

k
H exp{—ppai} Y (t + ko) 7P 4 Z H eXp{ puaz} (m + ko) 7 7P(t + ko)™

t=1 t=m+1i=t+1

k k k
< H exp{—pua,} Z (t+ ko) -+ 4 (m 4+ ko)™P Z H exp{—puai}(t + ko)™
t=1 t+1

i=m-+1 t=1i=
Applying Lemma 2(b), we have

k k c
S T exv{ - b <Zexp{ S (b ko) = (4 ko)) L )

t=1i=t+1

- pui:(’)y (k+k0)l—'y
<exp L (k+ ko) ™7 2 o edu < 2 :
- 2(1—7) ppco Jo ~ ppco

Applying Lemma 2(a), we get

1
it ko) Pt <~
;( ) (p+1)y—1

and
k ) +oo ) 205
ZQC%O@ (1+5Oé7;(L1 —‘rLg))p < 205(1+500(L1 —‘rLg))pZOtk < exp 5pCO(L1 +L2) 27 1
=1 i=1
Substituting m = | k/2] and applying ((b)), we get

_ _ 1 2(|k/2] + ko)™ P
Al <ex{—p“60 k4 ko) — (|k/2) + K 17}

2,k = p 2(1_,7)(( 0) (L / J 0) ) ’Y(p+1)—1 plco
PHCo

+63eXp{ 301 = )(k+k) },

where we have set
205 PHCO 1 1
c3 = exp1 exps dpco(Ly + Lg)} + k7 )
{ { ( 2y-1 21-7)"° [alp+1) -1
Using that | k/2]| < k/2 together with the elementary inequality
o? (x/2)P S xP
B g 27

. . . 1+vp .
which is valid for 8 € (0, 1], and ;APCO(Lk/ZHko)W < ppc02(k+ko)w , we obtain that

1
AI?JC < exp{—p/jlco (k + k‘o)l_'y} exp{QPMCOké—W}

(1-) p+1) -1
2!+ PHco
+/W0(k+ko)wn+cgexp{ 201 — )(k"i'kO) }
<c4exp{—p/io(k‘+ko) } + c5(k + ko) P,
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946 where we have set

4p?(Ly + Lo)? puco 1 1
_ Ly+Ly) p A2 4y ko
c4 (exp{exp{5pco( 1+ 2)} 2y — 1 + 1 )exp 1—~"0 Ap+1) -1

214+7p
Cy —

Kpco

947 Finally, we get

; C _
E[5;"] < Cop,1 eXP{—mj1 % (k + ko) W}UQP +Cs,, N vag,

948  where
Cop1 = Dap-1)Clchiea
Cép,Q = Dg(p_l)CfC5.

949 To provide the result for arbitrary start point fy = 6 we consider the synchronous coupling construc-
950 tion defined by the recursions

Op = Ok—1 — e (Vf(Or—1) + 9(Or—1, &) + 1)), 0o =0 (36)
B= 00— (V0 1)+ 90,1, &) +n(&), =0
o5t For any k € N we denote §;, = ||0, — 0;.||. Using (36) together with Al and A8(2p), we get

527 = (621 — 200 (01 — Oh_1, Vf(Or1) — V(1) + 9(Or—1,&) — 9(0h_1, &k)) + R (L1 + L2)?612 )P

< ZZ, ,1,5/21 20501 = 041,V (Or-1) = V(0h_1) + 9(Or—1,&k) — 9(05_1,6x))) (r (L1 + L2)8_1)*

itj+l= p7
,7,1€{0,...p}

952 Now we bound each term in the sum above.

953 1. First, for i = p, 5 = 0,1 = 0, the corresponding term in the sum equals 5;&’ 1

954 2. Second, fort =p — 1,5 = 1,1l = 0, we obtain, applying Al, that
2parE[(0k 1 — Oy, V(1) = VF(Oh_1) + 9(0k—1,&x) — 9001, &))0 V| Fia)
= 2po(Bh-1 = b1, VI (Br) = VIO _0)020 Y = 2ppond?,

955 3. Third, for! > 1 or j > 2 (that is, 2] + j > 2), we use Cauchy-Schwartz inequality together
956 with A8 and Al

[(Ok—1—0%—1, Vf (Or—1)—V [ (0r—1)+9(Ok—1,&) 901, &) | < |0k—1—0}_1 |*? (L1+L2)?

957 Combining inequalities above, we obtain

E[6/P| Fy_1] < (1 — 2ppay, + ZWQJ 2Ly 4 L) P25, 37)
i+j+l=p?
1,j,l€J{0,...pp};
2122

958  Similar to (33), we have

!
S P91 od (L) + Lo )62, < aFp?(Ly + Lo)*(1 + 3ag(Ly + L2))P

1,5,0€{0,...p};
j+2522

959 Enrolling recurrence (37), we get

k k
E[é'zp] < exp{ 2p,uz ai} exp{p2(L1 + Ly)? Z a?(1+ 3a,(Ly + Lg))p} 60 — 6*]]%F

i=1 i=1

< ce exp{— f“c" (k + k0)1‘7}||90 —0r|
-7
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960

961

962

963

964

965

966
967

968

969

970

971

972

973

974
975

976

where we have set

p*(L1 + L2)?)  puco kl_"’}
o .

ce = exp{exp{3pCO(L1 + L2)} 2,}/ —1 1— ~

It remains to note that

[0 — 0*[1°7] < 2P 'E[[|6; — 0*[*] + 2*P ' E[[|0x — 04[1*")

C — *
< Oz eXp{_pZ % (k + ko) 7}(”90 — 0[P + 037) + Cap 20500k

For validity of induction in Proposition 2, we need the following corollary.

Corollary 2. Under the assumptions of Proposition 2, it holds that
E[[|0x — 67[17] < Dap([100 — 0*[|** + 037 )f
where

4y yp/(1=7)
Dap = Capa(1/cg+ Cap,2) <(1—v)up<206) : (38)

Proof. Define Cs = (m)'ﬂ’/(1 7) > 1, then exp{ —pupco(k + ko) =7 /4} < Cs(k+ko) ™7,
and the statement follows. O

Corollary 3. Assume Al, A3, A8(4) and A9. Then for any k € N it holds that
*|14 2pco 1—~ *14 4 4 2
Efl6x —0"II"] < Capexpy ===k ¢ (|6 — 07[|" + 04) + Ca 2050
with

3 4y v/(1=7) 2o/ 2
0471 =2 Cl(l/CO =+ 02) 7(1 v)uc . (460 20/2 127 4 460) cy + 1 C2.4
- 0

and

4y v/ (=) Lo )
0472 _ 23C1(1/Co + CQ) ((1—7)'“30@) (400/ 97/2 + 27 + 400) C25.

Here Cy and Cs are defined in Lemma 6 and

16(L1 + L2)2 2[[1,(}0 1— 1
= 10¢qo (L L _ 1 ko7
Coa <exp{exp{ co(Ly + 2)} 1 +1)exp ko 31

21+2'y

C25 = .
2uco

Proof. The proof follows directly from Proposition 2 and Corollary 1. O

C Proof of Theorem 2

We first provide details of the expansion (12). Recall that the error of SGD approximation may be
rewritten as follows

O — 0" = (I — aG)(Ok—1 — ") — e (H(Ok—1) +n(&k) + 9(Ok—1,&k)) - (39
Iteratively spinning this expression out we get

k

k k
O — 0" = [[0— ;G0 —0") = > oy [[ T— G (HO;-1)+n(5) +9(05-1,5)) -
= A

Jj=1
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977

978

979

980

981

982

983

985

Taking average of (39) and changing the order of summation, we obtain

n * 1 *
Vn(0, — 0 )ZWQ o(bo —6%) ZQz Oi—1) +n(&) + 9(0i-1,&)),
where (); is defined in (11). Finally, we obtain
Vi@, —6*) =W + D, (40)

1 . "

D= Qo 0(6o — 0%) ZQz i1,6i) — ﬁ;QiH(ei,l) :
1 n—1

W=-— i i) -
\/ﬁ;Q (&)

Proof of Theorem 2. We normalize the both parts of (12) by Z}/ % and obtain

\/ﬁzn (0, — 0%)

(&) +Dyn1+ Dyp2+ Dy s,

where we have set

Z 1 1;51

Also, forany 1 <17 < n — 1 we construct

. 5 1/2
Dy = fao Qo0 — %),
( 1/2 n—1
D )
( 1/2 n—1
D 17§j ))’

where we set
~@) (&, ifj#i
S 7 ifj =i
Jo :
Define D,, = D1 + Dyg + Dys, DY) = DY) + D) + DY, Wy, = S0 w; and T,
o E[||w:]|*](we keep the same notations as in the unnormalized setting for simplicity). Let
Y ~ N(0, I;). Then, using [42, Theorem 2.1], we have
n—1
de(Vas, (0, — 0),Y) < 259d"/%T,, + 2E{ Wl | Dall} +2 3 Ellwi| | D, — D] -

i=1

Note that EY/2[||W,,||>] = V/d. Applying Lemma 4, we get EY/2||w;||? < %CZC’Q@ and

T \/»(OECQU'AL)
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986 Applying Holder’s inequality together with Lemma 7 and Lemma 10, we obtain

VdMs +M3 2
Vn Vn

dec(vnE; Y2(6,—0%),Y) < (160 —6%||+|60—0" || +oo403)+Ms 302~V + Mz 4n /2

987 where
M;; = 259(CsCqo4)?
M3 o = QﬁMm + CxCqoaMs 1,
Ms 3 = 2VdM, 502 ,
Ms.4 = (2VdM, 3 + My 3C5Cqo)os + CsCoMs 903y .

988 Constants M 1, M 2, M, 3 are defined in (43) and M> 1, M3 o, M3 3 are defined in (47). We simplify
989 the last inequality and get the statement of the theorem with

Ca= 0*|| + 160 — 07[|* + 02 + 07 ,
Cs = Ms3, (41)
Co = M3 4
990 O
991 Define
1 1
Ti(A) =1+

r
A=) 1)

) = 1 max (] 1 ) A )

992 Lemma 7. Assume Al, A3, A8(4) and A9. Then it holds that
My

(42)

EV?[|Dal’] < = (/160 — 6"l + 1160 — 0*1* + o2 + o) + M 207 in'P 4 My goan /2,

993  where

Ml,l = CECQ (TI(MZO)(LQ + LH) IIIZ-)JX(\/C';;J7 \ Cl) + kg/CO)

1
M 2 =CxCqoLp+/Cl, 2€07

My 3 = CsCqLav/ 02\/%\/

994 where Cy 1 and Cy o are defined in Corollary 3, Cy and Cy are defined in Lemma 6 and T (-) is
995 defined in eq. (42).

(43)

996 Proof. Using Minkowski’s inequality and the definition of D,,, we obtain
E'2[|| D] < EV2[| Daa %] + EV2[| Do) + EV2[|| D]
997 and consider each of the terms D,, 1, Dy, 2, D), 3 separately. Applying Lemma 4, we get

CxCoky
Vneo

998 Now we consider the term D,, . Applying Minkowski’s inequality, Lemma 4 and Lemma 5, we have

E'?[| Dna)?] < 160 — 6711 -

CsCp CsCoLpy A
EY2[| D, 5?] < “EVQ EY2(||H(6;_1)| < ZEYQTH EY2[)10,_, — 6*||] .
1P, < 28 S eI < I S oY
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999 For D,, 3 we note that {g(6;_1,&;)}/'~} is a martingale difference with respect to F;. Hence, using
1000 Lemma 4 and A8, we get

n—1 1/2
L
E1/2[||Dn,3||2]<03%? (Znangw“,mn?]) < CECQ 2 ( Znez AT )
=1

1001 Hence, it is enough to upper bound E[||§; — 6*||*] forp = 1 and p = 2 and i € {0,...,n — 2}.
1002 Using Lemma 6 and Lemma 3, we obtain

n—2 1/2
(ZE[II& —9*||2}> (Z Cy exp{ (i + ko)~ 7}[190 —0*|* + 03] +0203ai>
=0

X — 24 k)Y — (ko — 1)1\ 2
<+Ci Tl(“f)[llﬁo—ﬁ +02]+\/0202\/%<(n 0)1_7(0 ) ) ,

1/2

1/2

1003 where 77 (+) is defined in (42). Using Corollary 3 and Lemma 3, we get

n—2 n—2

ZEl/Q[HQ Q*H <Z\/C41€Xp{ 'u 0 1 7}[”9 —G*HQ+0'4]+ 04720'2041'

— 24 k)Y — (kg — 1)1
<\/ﬁﬂ< >|9 — 0?4+ 03 + 04,2050()((" + ko) (ko —1) >

L—n
1004 We finish the proof, using simple inequality (n — 2 + ko)'=7 — (ko — 1)177 < n!=7 O
1005 Let (&), ...,&,_1) be an independent copy of (1, ...,&,—1). Foreach1 < ¢ < n — 1, we construct

1006 the sequence 31(:)’ 1 <k <n-—1,asfollows:

0 , ifk <i
0y = <0 — an(VF05),) + 90, €0) + (&), itk =i (44)
0, — on(VFO ) + g0, 60) 4 n(E) . Tk >
1007 Lemma 8. Assume Al, A3, A8(2) and A9. Then forany k € Nand 1 <1 <n — 1 it holds

k

) co,. _ "
Bll6 00l < a2 exp{ <2 3 s b Roesp <52 ik0-1) 7 b(160-0" +o3) +ao )
j=i+1
1008 where we have set
2¢2(Lq + Ly)?
Ry = 4exp{W} , Ry = L%Cl, R3 = (1 + CQLQ) . 45)

1009 And constant C1 and C5 are defined in Lemma 6.

1010 Proof. By construction (44), we have

4 0, ifk <1
0,0 = { —an(9(0r-1,) +1(&h) — 9(Ok—1,6x) — ) itk =i
0, — 1 — (V0L ) = VF(Or— 1> 906,01, 6) = 9(0k—1,60)) » ik >

1011 Since &/ is independent copy of &;, we obtain
EI0 — 0,17 € 402 (L2E[|0,mr — 0[] + 02)

(b)
< 102 (B3Crxp{ =520+ b0~ 1" b1y = 6°1P 4 03)+ (14 Calad)
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1012
1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

where in (a) we used A8, and in (b) we used Lemma 6 and a1 Lo < 1. For k > 4, applying A8 and
Al, we have

E[65 — 0xl*1Fi1] < 107, = Okl = 200 (6”1 = Ot VO)) = VI (Or-1))
+2a3 (L1 + La)?[107, — 01 ])% .
Taking expectation from both sides and applying Al with Lemma 2(a), we obtain
E[65 — 0xl17) < (1 = 201 + 20 (Ly + Lo))E[I03, — O 1)
202(L1 =+ L2)2 k i
< exp{oh_1 exp —wj;rlaj E[]65" — 0,2 .

Combining the above inequalities completes the proof. O

Lemma 9. Assume Al, A3, AS8(4) and A9. Then for any k € Nand 1 <1 <n — 1 it holds

k
i 2uc . _ *
BII0 0011 < ot Rasexp{ 4 3 f(Razexp(- 220 tka-1) ) (1007 4o+ Raaot
j=i+1
where we have set
4(L1 + L2)2(1 + 3CO(L1 =+ LQ))Q)
2v -1

Ryi = 64exp{ } . Ryo=1L15C41, Ry3=1+L3C,,.

(46)
And constant Cy 1, Cy 2 are defined in Corollary 3.

Proof. Repeating the proof of the Lemma 8 for k = ¢, we get

E[||6S" — 6;]|*] < 64af (LAE[|6;—1 — 6*[|"] + o})

2pucq . _
< 640} <L§C471 exp{— 'ljl O (i + ko — 1)* 7}(”90 — 0%t + o)+ (1 + L§C472)ai> .

For k > i we denote (51(3) = ||9,(f) — 0k||, similar to (37), we obtain

E{6 Y Fuo1] < (1 — dpay, + 403 (Ly + Lo)*(1 4 3co(Ly + L2))*) {617 3

Using Lemma 2(a), we obtain

; 4(Ly + L2)2(1 + 3co(Ly + Lo))? b ;
E[{(Sl(c)}ﬂ < exp ( 1+ 2) ( + CO( 1+ 2)) ) expd —4u Z a; E[Hef ) 91”4] _
2y —1 R
j=i+1
Combining the above inequalities completes the proof. O

Lemma 10. Assume Al, A3, A8(4) and A9. Then it holds that

n—1

) M * * - -
DB (1D DIP) < 000" | 00" [ +02t0D) 4 Mo p0fn My gm0,
=1
where

C C _ _
M2,1 = CZCQTI(%)TQ( ]_u 07)([/2 =+ LH) max(\/2(01 + C%]{io 7R1R2), 62]{}0 'y\/ R471R472)

o 1

M272 = CZCQLHCO\/WTQ(%)E

Mag = V2CsCoLa |Cy + Ry RacoTo( ) — 2
2,3 QL2 2 1302177177/2'

47)
Constants %1, Ro, R3 are defined in (45) and constants Ry 1, Ry 2, R4 3 are defined (46).
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1026

1027

1028

1029

1030

1031

1032

1033
1034

1035

1036

1037

Proof. Using Minkowski’s inequality and the definition of D,, and Dﬁf ), we obtain

n—1 n—1 n—1
STEV2(ID, - DDA < ST EV2[| Dy — DL+ Y EV2[| Dy s — DY
— = i=1

Define f;i) = F;ifj <iand ]-'J@ =o(F; \/q(gl’-)) otherwise. Then {g(ej_l,gj)—g(9§ijl,%) ;”:_11
is a martingale difference with respect to F. ]@. Hence, we have, using Lemma 4 and the fact that
0j—1 = 9;21 for j < 4, we obtain that

$ol/2 ol

ZQ] 0i-1,&;) *g( j— 175]))”2

E[[|Dns — DY |1%] =

C%C2 CiC3 1 ;
< = LE[lg(0:-1,6) — 961 )P + =2 > Ellg(6;-1.¢) — 906,216
j=i+1

Using A8 and Lemma 4, we get

2C%C3 L3 C3CHLE "2
n

2 7
ST OE[0 -6,

j=i+1

E[[|Dns — DY%[1%) < E[[6:-1 — 6*[|%] +
Using Lemma 8 and Lemma 3, we obtain
n—1

i Co ,. _ . C .
ST OE[0;-1 - 032,117 < Rleexp{_T(z+ko— 1)! V}a?(neo—e ||2+o§)T2(1M_07)(z+k0)7
j=i+1

+ R1R302a2T2 < ]_u 0/y> (’L + k‘o)’y

< R]RBU%CQTQ (1/160’7)041' + R1R208k67T2(1M007> exp{ M40 (Z + k ) _’Y}(Go - 09*||2 + 0‘%) .

Combining inequalities above, we get

n—1
i 205xCoHL
S EV2(|D, 5 - DU < Y2CCel o | RleTz( “"“7)%(“60)(”9 0] 40

NG
\f V2C5Cq Ly fico (n+ ko —2)2/2 — (kg — 1)1-7/2
vn CQJFRlRBCOTQ(l—v)UQ( 1—~/2 > '

We now proceed with 37" ' EV/2[|| D,, 5 — Dni)2
Lemma 4 and Lemma 5, we get

CxCoLy
EY2(1Dn2 = Dypll*) < =25 30 EV2(10,m0 = 0,241
Jj=i+1

Applying Lemma 9 and Lemma 3, we get using that af (i + ko) < adk,” that

n—1
> EV2105-1 — 0201 < kg "V Raa RaaTa(
j=it1
C
+ OéiCQ\/R4,1R473T2(1'u_0’y)0'i .

|2]. Using Minkowski’s inequality together with

G . - *
) esp{= R+ ko = 1) (160 — 1) + o)

Finally, applying Lemma 3, we get
! CsColL e C
i - 0
D EV2(1Dna = DILIP) < =2 g TV RaRaa To () Ta () 160 — 07 P + )

i=1

CoL ko — 2)17 — (kg — 1)1
e e e ]

We finish the proof, using that (n — 2 + k)P — (ko — 1)5 < nﬁ for 8 € (0,1) O
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1se D Proof of quantitative Polyak-Juditsky CLT

1039 D.1 Proof of Lemma 1

1040 By definition of ¥J,, and X, we may write

n—1 n—1
1 1
Y — Y = - § (Qr— G DG T+ - § G Q-G+
t=1 t=1

Dy

+ % Z(Qt — G_1)25(Qt — G_l)T _%Eoc .

Dy
1041 The following lemma is an analogue of [46, pp. 26-30].
1042 Lemma 11. The following identities hold
n—1
Q-G =8 -GT'GH) 1 Si= Y (i —a)GiTh, (48)
j=i+1
1043 and
n—1 n—1
Y- =-¢"1Yy 6, (49)
i=1 j=1
1044  Where

Gl =T - )

k=i

1045 Proof. To prove (49) we first change the order of summation and then use the properties of the
1046  telescopic sums we get

ZQz Zazz H I_akG ZZ o5 H(I—akG)
i=1 Jj=% k=i+1 j=11i=1 k=i+1
n—1 j j J
= G™Y( H ~[Da-aG) = 121—1‘[1—%@:)).
j=1 i=1 k=i+1 k=i Jj=1 k=1

1047 The proof of (48) could be obtained by the following arguments. Note that

a;GQ; = Q; — (I — Q@ )Qz =

n—1 j5—1 n—1
—oczI—Foch H (I— axG) —%Z Hl—akG —azH(I—akG).
Jj=i+1k=i+1 Jj=i+1 k=i k=1
It remains to note that
J Jj—1 Jj—1
I[ - @) - JJ[0- G) = (ai — ;)G [] 1- ).
k=i+1 k=i k=i+1
1048 The last two equations imply (48). O

1049  Lemma 12. It holds that
(a) | 1
[Sil] < Cs(i+ ko)™,

Ko 1-y) 1 1 viya—yp L
c_gceXp{ }(w L yvap )
s = 2mexn{ 4 ) (=)

where
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1050

1051

1052

1053

1054

10565

1056

1057

(b)

1
G(a) 2
Z G < e TR =T
(c)
kgn?
Gl | <
H Z in— 1” Coft
Proof. For simplicity we define mg = i;l(k + ko) ~7. Note that
n—2 . v
(a) Co J+ko+1 j
”J;l i — QO Gr’rl] 1” S; (j—l—k/’o—‘rl)'y(( i T ko —1 eXp{flucomH_l}

Following the proof of [46, Lemma A.5], we have
. /(1=)
Vi =+ ko —+ 1 Y . _1 A7
) -1 ko)” 1 1-— J
() 1< (14 @ = m
Hence, we obtain

n—2

_ ~ 1 N /(A=) )
180 < ol + ko S s (LAl ) expl-peond )
Jj=1

n—2

1 N /(=) _
<alith™ S Gy (e ml) T explucalh +i) ) exp{-peom)
0
n—2 N /(=) .
<coexp{ 0 }(z—!—k ) 12 ml —m? )(1+( )mf) exp{—pucom}}
j=i

Lico +oo (1-7)
< 2¢ eXp{W}(i + ko)t / (1 +(1- 'y)m> exp{—pucom}dm
0 0

HCo . -1 /(1=7) 1 1 1/(1—7) 1 )
< 2cpexp{ ==} (i + ko) (27 Y 4 (— 1T )
vesp{ )i+ ko) o+ O )
Note that
n—1ln—1 n—1ln—1
| ZGzn < Z H (1 — agp) Z H o i1 (1 — agp)
i=1 k=i i=1 k=i
< (k0+n_2>wnzl(nl—[1(l ) "1:[1 (1 )) < kg
S — Qg ft) — —app) | < ,
CoHt i=1 Nk=i k=i—1 Hco

where in the last inequality we use that (kg + n — 2)? < (kon)”. Bound for > HGl o P is
obtained similarly to || >, ! GE 1l O

To finish the proof of Lemma 1 we need to bound Dy, Dg By (49) we obtain

n—1

II*Z( THEGT = 1ZG 2G|

=1
= [n"1Su ZG&?}H <n 7S] ||Z .
j=1

It remains to apply Lemma 4 which gives

n—1

H*Z( —GTHBGTT < 18]l C

=1

~
kgn 0"
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108 Hence,

k’)’n'yfl
[D1]] € 2||Sal Co =2

1059 To bound D, we use (48) which gives

n—1

nt Z(Qi —G (@i -G YT

n—1

*12 S;— G H (I @) Se(Si — G [ - )
=1 k=1 k=1
n—1 n—1 n—1
-1 Z 8% +nt Z G [0-@)se T [[a- )T
k=1 k=1
D2y Da2
n—1 n—1 n—1 n—1
—1§:G [[0=arG)-2eST —n' > 5imeG™ T [[(T- @) T
k=i i=1 k=i
Das3 Doy
1060 To bound Dy; we use Lemma 12, and obtain
n—1 n—1
Dol = lIn=" D SiZeSTII <n™ > |85
i=1 i=1
n—1
< Bl CE D (i + ko)
i=1
-1 a(ntko—1)> 71— k37_1
<n el C2 T
n2(y=1)
< Sl 35—
1061 The bound for D5 follows from Lemma 12
n—1ln—1
[Daal = [ Y J[(T— axG)G'EeGT H — Q)| < 7S] Z G |12
i=1 k=i i=1
[Zos |l !

<n !

n
< Eoo k—yi
2cop(n + ko —2)~7 — Ep2(n+ ko —2)=27 — | [ %o .

1062 Since Doz = D.,, we concentrate on || Doy||. Lemma 12 immediately imply

n—1
IDaall <0t [ZeG T Z IS A= ax® T
i=1 k=i

1
<n YD) = )i 1 1—p—
< §|\ﬂCS§:Z+k0 ][ )

n—1 n—1
— 1 . 1/ _ Co
<n YZ¢|-C i+ ko) i 4 ko) 1—p———
I 5”# s ;:1( 0)"" (i + ko) k:|i+| 1( M(]H_k(m)

n2(v—1)

p2e

< IS¢ Csky? !
0

1063 Combining all inequalities above, we obtain

15, — Lol < CLn™ 1, (50)
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1085

1086
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1093

where

L ko o, 1 ky
C.o=(—+200—+1)||2x C C el
o= (2 #2007 4 1) S| + (G +Cs 2 )15
To finish the proof it remains to apply Lemma 13, since
3/2||27 28, 272 — I||f < Coon?™ 1, where Cs, = 3/2VdCECY, . (51)

D.2 Gaussian comparison lemma

There are quite a lot of works devoted to the comparison of Gaussian measures with different
covariance matrices and means. Among others we note the works [5], [19], [13]. In this work we
will use the result from [13, Theorem 1.1], which performs comparison in terms of the total variation
distance. Recall that the total variation distance between probability measures i and v, defined on a
measurable space (X, X), is defined as

drv(p,v) = sup |u(B) —v(B)].
BeXx
With a slight abuse of notation, when X and Y are random vectors with distributions p and v,
respectively, we write d1v (X, Y) instead of d1v(u, ). The following lemma holds:
Lemma 13. Let X1 and X5 be positive definite covariance matrices in RéX4 Let X ~ N (0,%4)
andY ~ N(0,%5). Then

R S _
drv(X,Y) < 515, P28~ Tae -

Recall that our primary aim in this paper is to obtain convergence bounds in the convex distance

de(X,Y)= sup |P(X€B)-PY €B)|,
BeC(R%)

where C(R?) is a set of convex sets on R?. We can immediately obtain the result for convex distance
from Lemma 13, since
d(:(‘Xf,5/') < ch\/(;XTayf) :

For this purpose Lemma 13 is sufficient. At the same time, this inequality can be significantly
improved if instead of the set of all convex sets we take the set of rectangles or the set of all balls (in
Euclidean metric).

E Bootstrap validity proof

E.1 Example of distribution satisfying A5

To construct examples of distributions satisfying the above assumption, one can use the beta distribu-
tion, which is defined on [0, 1], and then shift and scale it. Set W = a + bX where X ~ Beta(a, )

and a,b > 0. We have E[X] = 45, Var(X) = W anda < W < a+bas. By solving

(for a and b) the equations E[W] = a + bE[X] = 1 and Var(W) = b*Var(X) = 1, we derive
b=1/y/Var(X)and a = 1 — E[X]/4/Var(X). Note that a > 0 provided o« + 3+ 1 < /.
E.2 From non-linear to linear statistics

In this section we prove (19). We start from the definition of an isoperimetric constant. Define
Af={zcR¥:py(z)<e} and A°={zecA:B.(z)C A},

where p(x) = inf |z — y|| is the distance between A C R% and = € R, and
ye

Be(z) ={y € R : o —yl| < e}

For some class A of subsets of R? we define its isoperimetric constant aq(.<7) (depending only on d
and 7)) as follows: forall A € &/ and € > 0,

P{Y € A°\ A} <age, P{Y € A\ A ¢} < age
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where Y follows the standard Gaussian distribution on R<. [4] has proved that

e "Ind < sup / p(x)ds < 4d'/4, (52)
Aee Joa

where p(x) is the standard normal d-dimensional density and ds is the surfac emeasure on the
boundary 0 A of A. Using (52) one can show that for the class of convex sets

e 'VInd < aq(C(RY)) < 4d'/* .

We denote ¢y = aq(C(R?)).
Proposition 3. Let v be a standard Gaussian measure in R%. Then for any random vectors X,Y
taking values in R, and any p > 1,

sup [B(X+Y € B)—v(B)| < sup [P(X € B) - v(B)| + 2/ "HIEV D[y (7] |
BeC(R) BeC(R?)

where cg is the isoperimetric constant of class C(R).

Proof. Let e > 0. Define p(B) = P(X +Y € B) — v(B). Let B be such that p(B) > 0. By
Markov’s inequality

p(B) SB(X+Y € BIY| &)+ LBV - u(B)
< sup[P(X € A) — v(4)] + P(Y € B*\ B) + E[|Y ")

Choosing
1

1 +1
WE /Dy ||P] (53)

E =

we obtain

sup [P(X +Y € B) — v(B)| < sup |[P(X € B) — v(B)| + 25/ PTUEY @Dy |#] .
B B

Assume now that p(B) < 0. We distinguish between B~ = () or B~¢ # (). In the first case,
P(Y € B~%) =0and
—p(B) <~(B)=P(Y € B)—P(Y € B°)=P(Y € B\ B™°) < cqe.
Finally, in the case B~¢ # (),
1
~p(B) < sup [P(X € 4) — v(A)] + B(Y € B\ B~*) + E[|Y]]"]
A

Taking € as in (53) we conclude the proof. O

E.3 High probability bounds on the last iterate
Lemma 14. Assume Al, A2, A4,A5 A6. Then for any § € (0, 1) with probability at least 1 — § for
any k € {1,...n} it holds

62 — 0| < K, log(e:) ,
where
(54)

sW2. . (C 2C5¢)% k|60 — 0%
Kl:max( max(C1.¢ +2C26)" K60 — 0| )

Wmin,u Co

Proof. Using (5), we have

6% — 0711 = (165, — 0" 11> — 20hwi (F (051, &), 0k 1 — 0%) + oG [ VF (01, &)
<10k — 0* 11 — 20kwi (F(0_y, &) — F (0%, &), 001 — 0")

— 200w (n(€k), 01 — 0%) + 205w | F(0;_y, &) — F (0%, €)% + 205wilIn(&)|* -
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Using A4 and A6, we obtain
167 — %[> < 1671 — 0*[1* — 200wi (1 — apwr La) (F (07 _ 1, &) — F(6*, &), 041 — 0%)
— 20,wi (&), 071 — 0%) + 205w [0 (&) |12
<107y — 0%1° — apwi(F (0}, &) — F(6%, &), 60, — 6%)
— 20wi (&), 051 — 0%) + 205w [0 (&) |12
Using Al, we have
167 —6%11* < (1—pagwi) 167 =0 | —anwi (g(0] 1, &) +20(Ek), 071 —0%)+205wit|In(&) |1 -
Using AS, we get
167 — 0*[1* < (1 = prok Wanin) 16071 — 0*[1* — cxwr (g (0} 1, &) + 2n(&x), 071 — 6%)

(55)
+ 205 Wi lIn(&e)1” -

—1 o wi (9(0) 1 &x)+20(Ex). 08 —07) - -
Define Yy, = o, '||0f —6*||?, and X),_1 = %max?C;,giwm)ﬂeziiO*H , then using (55), we obtain

Vie < ap a1 (1= iWoninog) Y1 — /1 Winax (Co ¢ +2C1.6) X1/ Vi1 +2Wf¢ax0ék01275 .
Note that

Ap—1
(o7

ko + k K _ [ilxﬁiﬁrlco
ko+k—1 (k0+k—1)7
co(v/c0) PWiminCo

<1 —
St k=1 ot k—17

(1= i) = (

) 1/(1-)
: y
Since ko > <COHWmin> , we have

/LLL:nin

Y <(1- Takq)ykq — A 1 Winax (Coe 4+ 2C1.6) X1/ Y1 + QWéaXchig .

IN

Note that using A8 and A2, we have
E[Xy_1|Fe_1] =0

lwill (1983 1, &)l + 2ln(&) D167, — %)l 1
WmaX(CZS + 201,5)”%—1 - H*H -

[ Xp—1]l <

where ]T"k,l is defined in (18). Then using [20, Theorem 4.1], with probability at least 1 — § for

vk e {l,...n}
Yi < Ki 1og<?>,

where K is given in (54), and the statement follows. O]
Corollary 4. Under the assumptions of Lemma 14 for any k € {1,...n} and any p > 2 it holds
E2/P[)167 — 6% [I] < pa(en)* 7K1 /2,
where K1 is defined in (54).
Proof. Note that from Lemma 14 for Vk € {1,...n} and for any ¢ > 0 it holds
Pllog —0"I* = 1] < f(1) ,

where

ft) = enexp{—Kfak} .
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Then, we have

+oo +oo 1L2/P
E[[j6} — 6|7) = / B0 — 0*]/7 > uldu < / enexp{—K }du

10k
p/2  p+too p/2
=en(p/2) (Klak> / R e en((p/2)K1ak> ,
0
where in the last inequality we use that I'(p/2) < (p/2)?/?>~ (see [3, Theorem 1.5]). O

Lemma 15. Assume Al, A2, A4, A6. Then for any § € (0, 1) with probability at least 1 — § for any
ke {1,...n} it holds

161 — 0% < akwog(‘?) ,

where o o2 K — %2
8 2 —
K :maX< (Cre+2C20)" Kb — 07| ) 56)
K Qo
Moreover; it holds for any k € {1,...n} and any p > 2 that
E*/P[[|6), — 0*7] < pay(en)*/PK5/2 .
Proof. The proof is similar to the proof of lemma 14 and Corollary 4. O

E.4 Bounds for DP

Recall that the term DP defined in (17), has a form:

Z —1@(( 1—9*>+g<0$_1,&>+H<0E_1))

Z_ ( (651) +g(0; 1,&) — (9i1)—9(9i1,€i)).

The following proposition estimates the moments of DP.
Proposition 4. Assume Al- A6. Then it holds for any p > 2 that

El/p[”DbHP] < M{’,lel/pp?’ﬂnl/p_”m + Mé”leQ/ppnl/ngg/p_"’ , (57)

where the constants are given by

max(v/Kaz, vVE1)\/ coky " (Winax + 1)

V2(1—7) ’ (58)
coky ™ max(Ka, K1) (Winax + 1)
2(1 —1) ’

and K1, K5 are defined in (54), (56), respectively. Moreover, there is a set Qg € Fp_1 =
(&1, .. &n—1), such that P(Qg) > 1 — 1/n, and on Qy it holds that

M? | =4Cqmax(Ly, Ly)

M3, =3CqoLy

{IEb[HDpr]}l/p < ]\431el/zapi%/?n?/pf“//2 + M2b7le2/ppn1/2+3/p*7 ) (59)
Proof. We first show (57). We split
D* =D} + D3,
where
= =
DY = —% Z(wi —1DQi(G(O;_y — 0*) + g(02_1,&)) — 7n Z Qi(9(67_1.&) — 9(0i-1,&)) ,
' i=1

D2: fz w; — 1)Q:H 9?1 ZQ 9?1 (91-,1)).
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1141 Applying Minkowski’s inequality together with Lemma 16 and Lemma 17 we get (57).
1142 To proof (59) we consider

Qo = {{Eb[HDpr]}l/p < Mflel/pp3/2n2/p’”’/2 + M2ble2/ppn1/2+3/p*“/} )
1143 Note that by Markov’s inequality

P(QS) < E[{E°[| D°[*]}]
v n(MP e2/Pp3/2p2/p=7/2 4 Mb el/pppl/2+1/p=7)p
_ E[| D) e
n(MP el/ppd/2nt/p=2/2 1 M e2/ppnl/2+2/p=7)p = p
1144 0

1145 Lemma 16. Assume Al-A6. Then for any p > 2 it holds
EVP(|DIP) < Mot /7p /e,

1146 where

max(v Kz, vVE1)\/co(Wmax + 1)
V2(1-7) ’

M}, =4Cqmax(Ly, Ly)
1147 and K1, K5 are defined in (54), (56), respectively.

1148 Proof. We split D¥ into four parts where each part is a sum of martingale differences. Note that
149 {Qi(g(0;—1,&) — 9(0*,&)) 1, is a martingale difference with respect to F;_1. Then applying
1150 Burholder’s inequality [30, Theorem 8.6] together with Minkowski’s inequality and Lemma 4, we
1151 obtain that

El/p H ZQz Oi-1,&) — (0*’&))”}1

(7 [(3 101 0(61-1.) - (6%, )2

< OQp(Ez/p[(nf lg(Bi-1.6) — g(6%.€)1%)"*]) "2
< CQP(S E*/7[lg(0:-1.6) — 9(0%,€)IP)) 7 -
1152 Finally, using A8 and Lemma 15, w: (l)btain
EY/? H"Zlczl 0i1,&) — 9(0%,6)I”] SchL2(§E2/P[||ei_1 )R
=

< CqLy(en)t/Pp3/2 Y2 Z 1/2
=0

<CQL2(en)1/p 3/2\/\;( (ko +n — )11;(1@0—1)17)1/2.

Since ko > 1 and (ko +n — 2)177 — (k:o —1)177 < n'=7 we complete the proof for

EY/?] ||Zczz (Bi-1,&) — 9(6%,€)) I -

1153 The proof for other three terms is analogous, since each of the terms
{Qi(g(eilafi) 9(0%, fz)) =1 »{(wi - 1)Qi(9(9?71a§i) g(0%, fz)) i=1 a{(wz -1)Q; G(Qf 1= ) HE 1 )

1154 are martingale differences with respect to Fi1 (see definition in (18)). We finish the proof applying
1155 Minkowski’s inequality. O
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Lemma 17. Assume Al- A6. Then for any p > 2 it holds
EVP|DEIP] < M52/ Ppnl /24210
co max(Ka, K1)(Wax + 1)

M3, =3CqLy 20— ) ;

and K1, K5 are defined in (54), (56), respectively.

Proof. Using Minkowski’s inequality, we get

1
EVP[||D3|IP] < flEl/p IIZQZ 0i-1)|"]

I i P
+ B el Z(wi -1)Q; (H(G?_l))I ]
El/p ||ZQZ O DI7] -

we obtain
CoLy =
El/p{ Q.;H p} ZeoH El/p{ 0, — 0 21)}
||Z O] < S S w10
CQLHp 2 nl
< (en)?/P(K5/2) ) ay
\/r* 2 ;E:;
ColL ko+mn—2)17 — (kg — 1)~
< Qi/rflp(en)2/p(K2/2) <Co( 0 )1 — (ko — 1)

(60)

We will now consider each term separately. Using Minkowski’s inequality together with Lemma 5,

Since ko > 1 and (ko +n — 2)177 — (kg — 1)=7 < n'~" we complete the proof for the first term

in the r.h.s. of (60). The proof for other two terms is analogous.

E.5 Matrix Bernstein inequality for ¥° and Gaussian comparison

O

Lemma 18. Under assumptions Al, A2, A6, A7, there is a set Q1 € Fp,_1, such thatP(Qq) > 1—1/n

and on €)1 it holds that

18—, < 10Cq,¢+/log(2dn)
o 3v/n

where the constant Cq ¢ is given by
Coe = 022(012,5 + Amax(Z¢))
and C ¢, Cq are defined in A2 and Lemma 4, respectively.

Proof. Note that
1 n—1
= Z Qi(nEm(&) " — 2@y -
i=1

For simplicity we denote A; = Q;(n(&)n(&:)" — S¢)Q, . Note that for any i € {1,...

holds that

n—1
E[A4]=0, [4]<Cqe, IID EAAT]|<nCP.
i=1
Then, using matrix Bernstein inequality [45, Chapter 6], we obtain

n—1
1 —t2n?/2
i Al >t) <2d .
<n” Z I'= ) - exp{nO%ﬁ +7”LCQ7§1‘,/3}

i=1
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Taking t = 200 28C4/0) | 2./ 0n(d/0)

1 n—1
HH ZAi|| <ts.
=1

Setting 6 = 1/n and applying A7 completes the proof.

Corollary 5. Under assumptions Al, A2, A6, A7, on Q) it holds that

1

b
)\mln( n) el 202

Proof. Using eigenvalue stability (Lidski’s) inequality, we obtain

)\min (22) Z )\min (En

Note that on 7, we have

)= 12, — 25

1 v/log(2
||Zn —ZZH < OCQ)g og( dn) < 1

3vn

where in the last inequality we use A7.

Lemma 19. Assume Under assumptions Al, A2, A6, A7. Then on )y, it holds that

_ 5Cq ¢C2+/dlog(2dn
de({Bh) /2P, sl/2y) < D@05V dlog(2dn)

Proof. By Lemma 4, ||Z;1/2H < Cfx. Hence, due to Lemma 18, we have

Te{(S,, 280, 2 = 1,)%) < d|[(3, 280512 — L) < dCE|S) - 3| < 6%

where we have set

_20%7

Vn

~ 10Cq,¢CF+/dlog(2dn)

0

3vn

We finish the proof applying Lemma 13.

E.6 GAR in the bootstrap world

Theorem 5. Assume Al - A7. Then with P - probability at least 1 — 2/n, it holds
sup [P°(vn{Z0}~/2(0; — 6,) € B) —P°(Y" € B)|

BeC(R%)

M:E,),1 Mé’z logn Mgslog?’/zn

= pl/2 n1—1/2

where

n’Y/2

M5, = 259(V2C5sCoChe)* WinaxVd
ML?A,Z = 23/2CdCEM57163/2+W s

M;Q = 23/26d02M5163/2+7/2 s

and Mlb,l, M;l are defined in (58).

)

, we obtain that with probability at least 1 — §, it holds

(62)

Proof. Since the matrix EZ concentrates around X, due to Lemma 18 | there is a set €); such that

P(Q;) > 1—1/nand A\pin(X2) > 0 on ;. Moreover, on this set Applying Lemma 3 with

X = {xb}1/2wb,

44
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1184 Wwe get
sup [P°(vn{Zp}V2(0) — 0,) € B) - P*(Y" € B)|
BeC(R4)

< sg(pd) IPP({SP} /2P € B) — BP(Y® € B)| + 2cq(EP[|{Z )~ 1/2DP||7])//(+P) |
BeC(R

1185 By [42] (with D = 0) we may estimate

sup |[PP({2}~V2WP € B) - P°(Y® € B)|
BeC(R?)

_ 25942 ¢ (63)
< S L E e =PI @)l

1186 Applying Lemma 4 and Corollary 5 we get

259d'/2(v/2C=CoC max
sup [PP({S5)"1/2Wb € B) - P(Y" € B)| < V2000 Wi
BeC(R?) n

1187 From Proposition 4 and Corollary 5 it follows that on the set we 2y N €2; the following bound is
1188 satisfied

(B2 {50} ~Y/2DP 7))V P+D) < /30 (MP eV/Pp?/2n2/p=1/2 4 b | 62/ppp1/2+3/p=7yp/ (5+1)
1189 Since p > 2, Mfl, Mzb,1 > 1, we obtain

1/2—~

. ¥/2
(Eb[”{ZZ}fI/ZDb”le/(pH) < \/502(el/QMlep‘s/zn%n*7/2n7<f’+21> +eM§71pn%nl/277n_ P )

1190 Setting p = logn — 1, we get

(EP[I{ZR}2DP PV ® Y < Va0s (MR, (log n)*/2e* 24720 =724 My | (log ) e/ >+ Tn1/277)

1191 By combining the above inequalities, we complete the proof. O

1192 Remark 3. We use [42] with D = 0 to prove (63) since we are not aware of Berry-Esseen results for
1193 non L.i.d. random vectors in dimension d with precise constants and dependence on d. The result [6]
1194 may be applied for i.i.d. vectors only.

1195  E.7 Proof of Theorem 1

1196 Collecting bounds of Theorem 2, Theorem 5, we get that with P - probability at least 1 — 2/n, it
1197 holds:

. b ab_ 75 ok vlogn Cylogn  Cslog®/?
Bebél(%d) P (/n(n=0) € B)~P(vn(6.—0") € B)] < nl/2 m—1/2 + n/?

1198 where

C1 = Cy +ME | +5C0C2\/dlog(2d), Co=Cs+M>E,, Cy3=Ce+Mb,  (64)

1199 F Lower bounds

1200 In the following computations we provide a lower bound on the quantity ‘ % Z;le Q? — 1|, provided

1201 that the number of observations n is large enough. For simplicity in this bound we consider kg = 1.
1202 We first note that

1=, 1= 1 T T
- 2 _ 1= = 1 T | e E.
D
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1203

1204

1205

1206

1207

1208

1209
1210

1211

1212
1213

1214

1215

where

and treat the terms 7 and 75 separately. Using the identity (49), we get, since G = 1, that

n—1

Ty =) (Q—1)

Jj=1

n—1

<.
I
—

Hence, with Lemma 3,

n

Jj=

n—1
> (@i -
=1

Hence, we can conclude that

n—1
—2>(Q;—1) —
j=1

1

3 | ()

14=1

< Ce
co

IT5| < <2CQ+1> ,
co

and proceed with T7. Here we notice that, applying (48),

n—1
Qi—1=25— H(l—az), S; =
=i
Thus, the term 7} can be represented as
n—1

252—225 [T =ao+
=y

j=1

n—1

n—1ln—1

j=1 t=j

2 11—’

(65)

Due to item (a) from Lemma 12, it holds that |S;| < Cs/(j + 1)!77. Hence, similarly to the proof
of Lemma 1 we can show that

and

n—1

f|ZSQ| <220V /(2y - 1),

j=1

n—1

f|ZS’ H (1 —oay)| < Csn?Y /¢ .

j=1 l=j

Now, we proceed with the last term in (65), and provide a lower bound on the last remaining
component of 7} in (65), that is,

Since a; =
1/2, we get that

co
(1+5)7°

n—1n—

1

T3=ZH(1—O¢@)2

j=1¢

n—1n—1 —
ZH(I—Q@ >Zexp{
i=1 =

n—1

> Zexp{

= exp{

=J

L=j
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S e

( 1—v _jlf

n—1

}Zexp{

W)}

4co

-1—7}

we get, using an elementary inequality 1 — 2 > exp{—2x}, valid for 0 < x <



1216

1217

1218

1219

1220
1221

1222

1228
1224

1225

1226
1227
1228

Now we get that

n—1 1

4 " 4
Zexp{lcojl—’v} > / exp{lcoyl_'y}dy
=1 -7 0 -7

=(n—1) /01 exp{ 14f07((n - 1)2)17} dz .

Now we proceed with Laplace approximation (see e.g. [17] or [29]) for the inner integral:

/01 exp{ 14f07 ((n — 1)2)17} dz = exp{ 14607 (n— 1)17}(n—41)71 [1+0(m 1)

Co

Since n'™7 — (n — 1)'77 < land =1 > 1/2forn > 2, we get

n—1ln—1
1 2 1 800 1 2(,‘/71)
ﬁ E H(].*Oé[) Z 4coexp{ }(n_ 1)1_7 +O(n ) .

=1 = L=7

Hence, we conclude that for n large enough,

(71(75 CO)

2
lo 1] > e

Y ’

and the statement follows. To prove the second part, it remains to apply the lower bound on the total
variation distance between Gaussian random vectors given in [13, Theorem 1.1].

F.1 Numerical demonstration

In order to illustrate numerically the tightness of bounds provided in Proposition 1, we consider the
following simple experiment. We consider the statistics

02, —1]-n'"7, ne {210,277},
We illustrate numerically the tightness of our bound in the Figure 1 below by calculating
n'=7. |J,2W — 1]

for different values of v € {0.5,...,0.9} and n. Here we fix the values of parameter ko = 1
and ¢y = 1. Code to reproduce the plot is provided in https://anonymous.4open.science/r/
gaussian_approximation_sgd-5C8F.
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loz ,—1|-n'~Y, log scale

loa ,—1]-n'~Yvs number of observations n for y € {0.5,0.6,0.7,0.8,0.9}

4x107!
— y=0.5
3x107} —— y=0.6
— y=0.7
— y=0.8
— y =09
163 16‘ 165 1(I>6 1(')7 16“ 10°

n (log scale)

Figure 1: Numerical verification of the lower bound given in Proposition 1

48



	Introduction
	Main results
	Non-asymptotic multiplier bootstrap validity
	Gaussian approximation in the real world
	Gaussian approximation in the bootstrap world
	Rate of convergence in the Polyak–Juditsky central limit theorem

	Conclusion
	Technical bounds
	Last iterate bound
	Proof of Theorem 2
	Proof of quantitative Polyak-Juditsky CLT
	Proof of Lemma 1
	Gaussian comparison lemma

	Bootstrap validity proof
	Example of distribution satisfying ass:boundbootstapweights
	From non-linear to linear statistics
	High probability bounds on the last iterate
	Bounds for Db
	Matrix Bernstein inequality for  nb and Gaussian comparison
	GAR in the bootstrap world
	Proof of Theorem 1

	Lower bounds
	Numerical demonstration


