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Abstract

Recently, there has been remarkable progress in
reinforcement learning (RL) with general function
approximation. However, all these works only pro-
vide regret or sample complexity guarantees. It is
still an open question if one can achieve stronger
performance guarantees, i.e., the uniform probably
approximate correctness (Uniform-PAC) guaran-
tee that can imply both a sub-linear regret bound
and a polynomial sample complexity for any tar-
get learning accuracy. We study this problem by
proposing algorithms for both nonlinear bandits
and model-based episodic RL using the general
function class with a bounded eluder dimension.
The key idea of the proposed algorithms is to as-
sign each action to different levels according to
its width with respect to the confidence set. The
achieved Uniform-PAC sample complexity is tight
in the sense that it matches the state-of-the-art re-
gret bounds or sample complexity guarantees when
reduced to the linear case. To the best of our knowl-
edge, this is the first work for Uniform-PAC guar-
antees on bandit and RL that goes beyond linear
cases.

1 INTRODUCTION

Designing efficient algorithms to learn and plan in the
sequential decision-making environment modeled by a
Markov decision process (MDP) is one of the main tasks in
reinforcement learning (RL). However, traditional tabular
RL algorithms suffer from the curse-of-dimensionality due
to the large size of the state and action spaces in practice. To
enable learning in high-dimensional state and action spaces,
using a predefined function class to approximate the under-
lying transition dynamic or the value function is a common
approach. Most existing works for RL with function approx-

imation focus on simple linear function classes such as the
linear mixture MDP [Modi et al.| 2020l |Ayoub et al., 2020,
Zhou et al., 2021b]], which can replace the size of the state
and action spaces with the dimension of the linear function
class. However, these assumptions are often too restrictive
to hold in practice. Recently, a line of works [Russo and
Van Royl [2013| Du et al., 2021}, Jin et al.||2021]] emerged that
studies RL with general function approximation, introduc-
ing new complexity measures for the general function class
and proposing new algorithms with regret bounds or PAC
guarantees in terms of the complexity of the general function
class. All existing results of RL with a general function class
are limited to either regret bounds or PAC sample complex-
ity, both of which cannot ensure convergence to the optimal
policy up to arbitrary accuracy. To address this, Dann et al.
[2017] proposed the strongest possible performance mea-
sure, the Uniform-PAC guarantee, which provides upper
bounds on the number of e-suboptimal episodes for any ac-
curacy parameter € > 0 uniformly. They also proposed the
UBEV algorithm with O(SAH* /%) Uniform-PAC sample
complexity, which guarantees convergence to the optimal
policy for any € > 0. Recently, |He et al.|[2021]] proposed
the FLUTE algorithm for RL with linear function approx-
imation, which has an O(d® H® /e?) Uniform-PAC sample
complexity, where d is the dimension of the linear function
class.

In this paper, we propose new algorithms for both the bandit
problem and model-based RL problem with a general func-
tion class, focusing on a model-based RL problem called
linear mixture MDPs [Ayoub et al., 2020]. Our approach
uses the eluder dimension [Russo and Van Roy, |2013]] as a
complexity measure for the general function class F, which
generalizes the linear independence relation in the standard
vector space to capture the nonlinear independence in the
function space approximately. The core of our algorithms is
to assign each action to different levels based on its width
with respect to the confidence set. For function classes with
a bounded eluder dimension, we prove that both algorithms
have Uniform-PAC guarantees and near-optimal sample
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complexity bounds. Our key contributions are highlighted
below.

* In the nonlinear bandit problem, where the reward func-
tion f is from a known class F with bounded eluder di-
mension, we propose the /-UPAC-OFUL algorithm that
achieves an O(dxdg/e?) Uniform-PAC guarantee. Here
dx relates to the metric entropy (log-covering number)
of F, dp is its eluder dimension, and e is the accuracy
parameter. Our result implies a 6(«/d xdpK) regret guar-
antee in the first 7' rounds, matching the result in Russo
and Van Roy| [2013]] up to a logarithmic factor. This is the
first Uniform-PAC guarantee for nonlinear bandits.

* We also consider a model-based episodic RL problem
where the transition probability P* belongs to a known
family PP. We propose the 7-UPAC-VTR algorithm and
obtain a O(H3ddg/e?) Uniform-PAC sample complex-
ity, where H is the horizon length, d i relates to the met-
ric entropy and d is the eluder dimension for the value
function class F induced by the transition probability fam-
ily P. This result also implies a O(\/dxdg H3K) regret
bound in the first K episodes, matching the result of the
UCRL-VTR algorithm in [Ayoub et al., 2020] up to a
logarithmic factor.

For the ease of comparison, we list the results of our algo-
rithms and the most related algorithms in Tables[T]and 2}

2 RELATED WORK

2.1 RL WITH LINEAR FUNCTION
APPROXIMATION

There is a body of research on learning Markov Decision
Processes (MDPs) under the assumption of linear function
approximation, which can be divided into model-free and
model-based approaches. For model-free algorithms, Jin
et al.|[2019] studied the linear MDP model, where the re-
ward function r(s,a) and transition probability function
P(s’|s,a) are linear with respect to a given feature map
¢(s,a). The LSVI-UCB algorithm proposed by [Jin et al.
[2019] achieved an O(vd®H3K) regret bound. Zanette
et al.|[2020] extended the linear MDP assumption to the
low inherent Bellman error assumption, where the Bellman
backup can be approximated by a linear function class.

For model-based algorithms, [Jia et al.| [2020] investigated
linear mixture MDPs [Modi et al., [2020], where the tran-
sition probability function P(s’|s, a) is linear with respect
to a given feature mapping ¢(s’|s, a). They proposed the
QCRL-VTR algorithm, which has a regret guarantee of
O(dvVH3K).Zhou et al.|[2021a] improved the regret guar-
antee to 5(dH VK ) by introducing a Bernstein-type bonus
in the linear mixture model.

Linear bandit problems, as a special case of RL with linear

function approximation, have also been extensively studied.
For infinite-arm linear bandit problems, Dani et al.| [2008]]
obtained an O(dr/ K log® K') regret guarantee with the Con-
fidence Ball algorithm. |Abbasi-Yadkori et al.|[2011]] pro-
posed the OFUL algorithm, which improved the result to

O(dv/ K log® K).

2.2 RL WITH GENERAL FUNCTION
APPROXIMATION

Recently, a line of research has emerged in RL with general
function approximation to relax the linear function assump-
tion [Russo and Van Roy} [2013] Jiang et al.l 2017, |Sun
et al.l 2019, [Dong et al., |2020, |Yang et al., 2020, 'Wang
et al., 2020, |Ayoub et al.| 2020, Jin et al.| 2021} |Du et al.,
2021]). Jiang et al.[[2017]] introduced the Bellman rank, a
complexity measure that depends on the function class F
and the roll-in policy, and proposed the OLIVE algorithm
for models with low Bellman rank, which has a polynomial
PAC-bound guarantee. The AVE algorithm by |[Dong et al.
[2020] was proposed for learning low-Bellman-rank MDPs
and obtained the first O(v/K)-regret guarantee. Sun et al.
[2019]] extended the Bellman rank to the model-based set-
ting and proposed a complexity measure called "witness
rank", which is always no larger than the Bellman rank and
obtained a polynomial PAC bound in terms of the "witness
rank".

In contrast, the eluder dimension [Russo and Van Roy,2013]
measures the complexity of a function class F from a differ-
ent perspective, indicating how effectively the underlying
function f € F can be deduced from the current informa-
tion. UCB-type and Thompson sampling-type algorithms
for bandit problems were proposed by |[Russo and Van Roy
[2013], both obtaining a \/K -regret guarantee for bandit
models with low eluder dimension. |Osband and Van Roy
[2014]] extended this notion to reinforcement learning mod-
els and proposed a post-sampling algorithm, while Wang
et al.| [2020] and |Ayoub et al|[2020] extended it to more
general model-free and model-based reinforcement learn-
ing problems. Under the assumption that the value function
or the transition probability belongs to a function class F
with low eluder dimension, both the model-free algorithm
F-LSVI [Wang et al.l|2020] and the model-based algorithm
UCRL-VTR achieve O(+/K )-regret guarantees.

Recently, Jin et al.|[2021] extended the eluder dimension to
the Bellman eluder dimension, which considers the general
function class and possible MDP structures simultaneously.
The low Bellman eluder dimension covers both the low
eluder dimension and the low Bellman rank, and the GOLF
algorithm by Jin et al.[[2021] achieves both O (/K )-regret
and polynomial PAC-bound guarantees. However, the Bell-
man eluder dimension does not cover the model-based RL
problem. Concurrently, Du et al.|[2021]] proposed the bilin-
ear class with bounded effective dimension, which contains



Table 1: Comparison of algorithms for bandits with linear or general reward function in terms of sample complexity and

regret. Note that d = ©(d) = ©(dg) in the linear case. “-"

means the corresponding Uniform-PAC sample complexity is

not available or not applicable. Our results are tight given the nearly matching upper and lower bounds.

Algorithm Sample Complexity Regret Uniform-PAC  Reward Function
[Abbasi-Ya(jli)[rjiLc;t al] 2011] - O(dVE) X Linear
[[515‘251-1?5(3];] 0 (d?/e?) 6(d\/F ) v Linear
[Russolﬁeif RC(E, 2013) - O(VdkdgK) X General
I_Ugﬁcv;gi o O(dxdp/e) O(dxdpK) 4 General
Lower bound fl(d\/?) B Linear

[Lattimore and Szepesvaril [2018]]

Table 2: Comparison of algorithms for model-based RL with linear or general function approximation in terms of sample
complexity and regret. Note that d = O(dx) = ©(dg) in the linear case.

Algorithm Sample Complexity Regret Uniform-PAC  Function Approximation
[ chfllz}all\j ’g(l?;a] - 5(dH VK) b 4 Linear
[Aylc{ucbl?;;XTzlo{m] O(VHdxdzK) X General
f_%(u:rR“];r\liTR O(H3dkdp/e?)  O(WH3dgdpK) 4 General
Lower bound _ 8 (dHVE) 3 Linear

[Zhou et al.,2021a]

many MDP models such as low Bellman rank and low wit-
ness rank, and the BiLin-UCB algorithm with polynomial
PAC bound. Notably, neither the bilinear class nor the low
Bellman eluder dimension class contains each other.

All these works with general function approximation con-
cern either a PAC sample complexity bound or a regret
bound. This motivates us to provide a stronger guarantee on
general function approximation, and we begin with the low
eluder dimension as a first attempt.

3 PRELIMINARIES

Notation We use lower case letters to denote scalars,
lower and upper case bold letters to denote vectors and
matrices. We use || - |- to indicate the infinity norm. For a
probability measure P(s) and a function V' (s) on the space
S, we use (P, V) or {(P(-),V(:)) to denote the integral
§s V(s)dP(s). We also use the standard O and €2 notations.
We say a, = O(by,) if and only if 3C > 0, N > 0,Vn >
N,a, < Cby; a, = Q(by,) if a,, = Cb,,. The notation Ois
used to hide logarithmic factors.

3.1 EPISODIC MARKOYV DECISION PROCESS

In this work, we consider the homogeneous, episodic
Markov Decision Process (MDP). Each episodic MDP is de-
noted by a tuple M (S, A, H,7(-,-), P*(:|-,-)). Here, S is
the state space, A is the finite action space, H is the horizon
length (i.e., length of each episode), r : S x A — [0, 1] is
the reward function and P*(s'|s,a) : S x A — AlSlis the
transition probability function that denotes the probability
for state s to transit to the next state s’ given action a. A
policy 7, (|s) : S x [H] — A is a function which maps a
state s and the current step h to a distribution over the action
space A. In addition, for any policy 7 and step h € [H], we
define the action-value function Q7 (s, ) and value function
Vi7 () as the expected total reward from step h by following
the policy 7:

Vhﬂ-(s) = Eﬂ—[zgzhr(Sh/,ah/”sh = S],
Qh(s,a) :=r(s,a)
+ B[S p 17 (smrs an)

where sp/41 ~ P*(-|sh/,ah/) and aps ~ Wh(sh/). With
this definition, the value function V;" (s) and Q7 (s, a) are
bounded in [0, H].

Sp = S,ap = a],



We define the optimal value function V,* and Q; as
Vi (s) = sup, V;7(s) and Qj (s, a) = sup, Q7 (s, a). For
each step h € [H] and policy 7, we have the following
Bellman equation and Bellman optimality equation:

Q5 (s,a) = r(s,a) + {P*(-]s, a), Vi1 (),
Qp(s,a) = r(s,a) + {P*(]s, a), Vi (),

where Vi (s") = Vi, ,(s") = 0.

3.1

We study the online RL problem where the learning agent
is given with s € S, a € A, h € [H] and reward r but does
not know the transition probability P* € P, where P is a
class of possible transition probabilities.

Generally speaking, the goal of an RL agent is to maximize
the expected total reward over all K episodes. When P is
known, the optimal policy is also known and computable
via dynamic programming. Denote 7 as the policy the
agent follows at episode k, the suboptimality gap incurred
at episode k is defined as the difference between the optimal
value function and value function for policy 7;: Ay =
Vi*(sk,1) — V™ (sk,1). With this notation, the pseudo-regret
in first K episodes is

Regret(K) = Zszl Ay = Zszl Vi (sk,a) = V™ (sk1)-

Most works in the literature focus on establishing an upper
bound on Regret(K). In the next subsection, we introduce
the notion of a stronger guarantee.

3.2 THE UNIFORM-PAC GUARANTEE

We say an algorithm is (¢, §)-PAC, if for any €, € (0, 1),
there exists a function N (e, §) that is polynomial in e ~* and
log(6~1), such that

P(XY,_ 1{Ar > e} < N(e,6)) =1 -4

Here N (e, d) is the sample complexity function. However,
both the regret guarantee and the PAC guarantee have their
limitations. For example, algorithms with sub-linear regret
o(K) in the first K episodes may suffer e-suboptimality
infinite times and fail to learn the optimal policy. For the
PAC bound, it only controls the number of times that Ay >
¢. And the algorithm may incur a smaller ¢’-suboptimality
gap for infinite times for ¢’ < e.

To overcome these limitations, [Dann et al.| [2017] intro-
duced a stronger notion of guarantee called Uniform-PAC,
which provides PAC-guarantees for all accuracy parame-
ter € uniformly. More specifically, we say an algorithm is
Uniform-PAC for some § € (0, 1), if there exists a function
N (e, 6) polynomial in e ! and log(d 1), such that

P(Ve >0, >, 1{A, > €} < N(e,0)) = 1-6.

Dann et al.|[2017] showed that the Uniform-PAC guarantee
is strictly stronger than both the regret bound and the PAC-
guarantee:

Theorem 3.1 (Theorem 3,Dann et al.|[2017])). If an algo-
rithm Alg is N (e, §)-Uniform-PAC with sample complex-
ity N(e,8) = O(Cy/e + Cy/e?), where Cy, Cs are con-
stant parameter for the algorithm Alg and only depend on
poly (S, A, H,log(1/d)), then, the algorithm Alg has the
following results:

* 1: Alg will converge to optimal policies with high proba-
bility at least 1 — o: ]P’(limkﬁJroc Ap = 0) =>1-946

* 2: Algorithm Alg is also (¢, §)-PAC with the same sample
complexity O(C4 /e + Ca/e?) for all € > 0.

¢ 3: With probability at least 1 — d, for each K € N, the
regret for Alg in the first K episodes is upper bounded by

O(VC2K +max{Cy, Cs}).

Due to the strong implication of the Uniform-PAC guarantee,
one may wonder if Uniform-PAC is also achievable under
the setting of general function approximation.

3.3 COMPLEXITY MEASURE OF A FUNCTION
CLASS

To deal with general function class F, we will use two
complexity measures. The first one is covering number,
which is formally defined as follow.

Definition 3.2. Suppose || - || is a norm on F and o > 0. A
a-covering with respect to || - | is a subset G < F, such that
Vfe F,dg € G,st.||f — g| < a. The covering number
N(F,a, | -|) is the minimal cardinality of any a-covering
of F with respect to || - |.

For many function classes, the log-covering number (a.k.a.
metric entropy) log N'(F, e, || - |) is linear in the dimension
of F and only logarithmic in a!. One such function class
{fe]|@ € O} has been discussed in [Russo and Van Roy
[2013]], where fg(x) is L-Lipschitz with respect to € and
©® = [0, 1] It can be shown that log N'(F, a, | - ||) <
dlog(1 + L/«). Therefore, we make the following mild
assumption.

Assumption 3.3. The metric entropy log N'(F, a, || - || ) of
the function class F is bounded linearly by log(a™!), i.e.,
log N (F, o, |« |lc) < d log(a™t).

We can view dx as an upper bound on the Kolmogorov
dimension of the function class F (see e.g., |[Osband and
Van Roy| [2014]for more details).

The other complexity measure is the eluder dimension,
which is first proposed by |Russo and Van Roy|[2013]] based
on the concept of e-independence:

Definition 3.4. An input x € X is e-dependent on inputs
{x1,%X2,...,X,} € X with respect to F if any pair of

function fy, fo € F satisfying >, | (f1(x;) — fg(Xi))2 <



€2 also satisfies f1(x) — f2(x) < e. x is e-independent
of {x1,xX2,...,%x,} S X with respect to F if it is not e-
dependent on {x1,X2,...,X,} S X.

Then the eluder dimension is formally defined as follows.

Definition 3.5. The e-eluder dimension dimg(F, €) is the
length d of the longest sequence of elements in X such
that, for some €’ > ¢, every element is €’-independent of its
predecessors.

4 UNIFORM-PAC BOUNDS FOR
NONLINEAR BANDITS

4.1 THE BANDIT PROBLEM WITH GENERAL
REWARD FUNCTIONS

In the nonlinear bandit problem, at each round k£ € N, the
agent selects an action x;, from the action set Ay, and then
receives the reward Ry = fgx(xx) + 1k, where the true
reward function fgx is assumed to lie in a set of bounded,
real-valued functions F = {fg : X — [0, 1]|0@ € ©} which
is indexed by 6 € ©. 1, is a conditionally unbiased 1-sub-
Gaussian noise:

VkeN,\e R,E[e””ﬂxl,nhx% con Xg] < N2,

Formally speaking, an agent selecting {xy}ren achieves
Uniform-PAC with complexity N (e, d) if and only if

P(Ve >0, >, 1{A;, > €} < N(e,0)) =135,

where Ay := maxxe 4, fox(X) — fox (X)) denotes the sub-
optimality gap at round k.

4.2 ALGORITHM

We first present an F-UPAC-OFUL algorithm in Algo-
rithm[I] The high-level idea of Algorithm[I]is to split the
rounds into several disjoint sets C!, and apply the approach
of optimistic exploration within each set.

More specifically, in each set C!, we use the information
from the rounds k such that k € C' to construct the con-
fidence set 7' < F (Line , and try to find the most op-
timistic action (Lines [6}0), namely the action with largest
upper confidence bound (UCB). Line [4] defines the confi-
dence set F! with:

Loi(f, ) = Spee (Flxa) = Fx0))?,
fl = argminger Yyeer (F(xx) — Ri)®,
Bl = 8log (N(F, e, | - |0)/9)

+ 20t (8 + /8log(4£2/2719)),

.1

where the metric entropy can be replaced by its upper bound.
When the action xy, is chosen, the algorithm needs to decide
which level set the index k should be assigned to (Lines
[14). The decision is made by the scale of the width w i (xy,)
at Line [Tk

wrt(Xy) = sup ez f(Xp) —infpem f(x).

Once the index k is assigned to a particular set, the algorithm
updates the total level S as the number of non-empty sets.

It can be shown that when F is a linear function class, i.e.,
fox (x1) = (0*,xx), the confidence set for level [ becomes
anellipsoid {6]|0—0" |+ < B}, where V! = 3, oo xpx)]
is the covariance matrix of the contexts at level [. In this case,
the width w i (x) has a closed form w7 (x) = 28%||x|y:-
This is exactly the bonus term used in LinUCB/OFUL, and
He et al.|[2021]] uses this term as a criterion to assign the
contexts to the appropriate level in order to achieve uniform
PAC guarantee for UPAC-OFUL.

Algorithm 1 F-UPAC-OFUL

Set C! — &, 1 € N and the total level S = 1
for round k£ = 1,2, .. do
: for all level [ € [S] do

1:
2:
3
4 Denote F' = {f|Lct(f, f') < Blou}
5: end for
6: Receive the action set Ay,
7 Choose action
8 X}, ArgMaXye 4, SUP e F! f(x)
9: Receive the reward Ry,
10: Setlevel [ =1
11:  whilewzr (x;) <2 'andl < S do
12: l—1l+1
13: end while
14:  Add the new element & to the set C! and update F*
accordingly
15: Set the total level S = max;.jci|>0
16: end for

4.3 MAIN RESULTS

Before presenting the main result for Algorithm I} we ex-
plain how £ in is chosen. For each [ € N, we set 3
as a = Ul_l, where Uj satisfies U; = 64dxdg4! log U, /6.
Later in the proof, we will see that U; serves as an upper
bound on the cardinality of C'.

Theorem 4.1. Suppose F satisfies Assumption and
denote Ay := maxxea, fox(x) — fox(xx) and dg :=
dim g (F, €/2). Then there exists a constant ¢ such that with
probability 1 — 24, for all e > 0, Algorithm [I]satisfies

S T{Ag > €} < ¢ g Jog(dsin),



Optimality of the Result According to Theorem 3
in [Dann et al| [2017]], our result in Theorem [4.1] can be
converted to the same regret bound as Russo and Van Roy
[2013], i.e., O(\/dxdg K). Under the linear bandit setting,
this result becomes O(dv/T) because dx = di = d and
cannot be improved without additional assumptions. An-
other evidence is that[Wagenmaker et al.|[2022]] provided
a lower bound on fixed-epsilon PAC for linear bandits of
Q(d?/e?) (Theorem 2). Once again, Theorem 3 in [Dann.
et al. [2017] can convert our result into theirs since Uniform-
PAC covers both regret and PAC. Therefore, this suggests
that our result is tight (See Table (1| for details).

Computational Efficiency Generally speaking, the
most computationally expensive step is to compute
arg sup s 7 f(x) and w i (x), that is to find the optimum
function on some given input x within the confidence set F”
(e.g., Line[§|or Line[IT). While these optimization problems
can be solved efficiently (or even analytically) for the linear
function class, for general function class, the computational
efficiency will be more subtly related to the structure of
the function class, as well as the optimization algorithm for
finding the maximizer.

S UNIFORM-PAC BOUNDS FOR
EPISODIC MDPS

5.1 ALGORITHM

As described in Section [3] we study the homogeneous
episodic MDP, where the unknown, true transition prob-
ability P* lies in a known family P.

Following |Ayoub et al.| [2020]], our results depend on the
complexity of a function class F associated with P. Let V
be the set of optimal value functions under some transition
probability in P, that is V = {V;*"(-)|h € [H], P € P}.
Note that any V' € V is positive and bounded by H. Let
X =8 x A xV, we can see that any triplet X, =
(Sk,hs @k by Vie,n+1) € X. The function class F is the col-
lection of functions f : X — R such that

Fi={fp(s,0,V) = (P(]s,0), V(-))|P e P}.

Note that any f € F is positive and bounded by H because
P(-|s,a) is a probability measure and V(-) € [0, H]. We
also assume the metric entropy is linearly dependent on dx
as in Assumption[3.3]

We present an F-UPAC-VTR algorithm in Algorithm
Similar to Algorithm[I] Algorithm 2] will maintain several
disjoint sets C!, and construct the confidence set (Line
within each set. In particular, we adapt the algorithm design
from|Ayoub et al.|[2020], and the confidence set Blin Line

is defined using:

Lei(PP):=

Z (CP(-I8k.ns ak,n)

(k,h)eCL
-~ 2
— P(-I8k,n> k), Viens1(-))
Dl

Py = argglei?r; Z ((PCSkony aion)s Viepst )
(k,h)ect,

- Vk,h+1(5k,h+1))2a
61{ = 2H” log (N(]:,Oé, ” : H’D)/a)

T 20t (8H + 1/2H2 log(412/2715)).
5.1)

Based on the confidence sets, Algorithm [2] performs the
optimistic planning (Line @}{IT)) at the beginning of each
episode k. In particular, Algorithm [2first chooses an opti-
mistic model P that belongs to the confidence sets of all
levels (Line [3)). As long as the true transition probability
P* belongs to the confidence sets, the optimistic optimal
value function Vl*’P"" (Sk,1) under Py, will serve as an upper
bound on the true value function Vi* (s 1).

Then, Algorithm [2]computes the optimal value function un-
der the optimistic model via dynamic programming (Line[6):

Vi, i41(s) = 0,
Qrn(s,a) =r(s,a) + <Pk(-|s, a), Vk7h+1(-)>,

Vien(s) = max Qu,u(s, a)- (5.2)

Based on the value function, the policy 7 is implicitly
defined as 7y, ,(Sg,p) = argmax,e 4 Qk,h(Sk,h, a). The al-
gorithm will follow this policy (Line [§) and receive the
corresponding reward and the next state. We denote the
triplet of state, action, value function at step h in episode k
as Xy n := (Sk,hs @h,hs Viept1)-

After the planning phase, Algorithm [2| enters the assign-
ing phase (Line [I2}{I8)). At Line [T4] we utilize the width
wgt (X%,p) to determine which level [ the index (k,h)
should be assigned to. The diameter of a function class
B on the triplet X}, 5, is defined as

wp(Xp) 1= sup {P(:[sk,n, ar,n)s Vine1(-))
PeB
- IlarelfB<P('|5k,haak,h)vVk,h+1(')>'

Once all indices are assigned and the confidence sets are
updated (Line[T7), the algorithm updates the maximum level
S and repeats the next episode (Line [I8).

5.2 MAIN RESULTS

For each [ € N, we set Bé asa = Ufl, where U satisfies
U, = 64H?ddp4! log U;/6. In Lemma A.1 in Appendix,
we will see that U; serves as an upper bound on the cardi-
nality of C'.



Algorithm 2 F-UPAC-VTR

Require: Confidence radius 8L(I,t € N)
1: SetC! < @&,1 € N and the total level S =1
2: Denote B' = {P € P|Lci(P, P') < Blei)}
3: for episode k = 1,2, .. do
4: Receive the initial state s,

Choose the optimistic model P < argmax pen, o B! Vi (sk1)
le

Compute value functions Qg », and V 5, h € [H] for Py according to Equation (5.2).

Choose the current action ay, j, < argmax,c 4 Q. n(Sk,h, @)

5
6:
7: forh =1,2,...,H do
8.
9

: Receive the reward and the next state sy ;11
10: Denote Xk',h, = (Sk,ha ak,h, Vk,h+1) forh < H
11: end for
12: forh=1,2,...,H—1do

13: Setlevel [ =1

14: while wgi (X, ) < H2 ' and 1 < S do

15: l—Il+1

16: end while

17: Add the new element (k, k) to the set C' (and update B! accordingly)
18: Set S = maxl:‘cz‘>ol

19: end for

20: end for

Theorem 5.1. Suppose F satisfies Assumption and
denote dg := dimg(F, ¢/8H). Then there exists a constant
c such that with probability 1—30, for all € > 0, Algorithm 2]
satisfies
s8]
DLV (k1) = Vi (sk1) > €}
k=1
HBdeE log (szKdE/(e(S))

2

XxC
€

Relation to the Regret Bound in/Ayoub et al,/[2020] Our
result O(H3dx dpe2) can be converted into a regret bound
of order O(v/H3dgdgK ), where K is the total number of
episodes. This matches the regret bound O(v/H3dgdpK)
from Theorem 1 in|Ayoub et al.|[2020] up to logarithmic
factors.

Additionally,|Zhou et al.|[2021a]] shows that the regret bound
of |Ayoub et al.|[2020] is nearly tight, off by a factor of \/H
from optimal, in the setting of linear mixture MDPs. This
suggests that our results under Uniform-PAC guarantee can
no longer be improved in terms of dx, dg and K (see
Table 2] for details).

5.3 POTENTIAL EXTENSIONS TO MORE
GENERAL RL CLASSES

One may ask whether our results can be extended to more
general RL classes such as Bellman eluder (BE) dimension
[Jin et al.,[2021]] and bilinear classes [Du et al., [2021]]. Here,
we discuss the possibility of establishing Uniform-PAC guar-
antees for these RL classes.

First of all, we would like to clarify that our model-based
setting cannot be covered by the BE dimension, because
the BE dimension cannot cover linear mixture MDPs (see
e.g., Figure 1 by |Chen et al.|[2022] for a detailed classifica-
tion), let alone the nonlinear generalization of linear mixture
MDPs considered in our work.

For low BE dimension Jin et al.| [2021]], the original pa-
per considers two different distribution families, D and
Da. Dy generalizes the notion of Bellman rank, while Da
generalizes the eluder dimension. The “low BE dimension”
actually means one of the distribution families has a low
BE dimension. The multi-level partition scheme can be ap-
plied to the GOLF algorithm proposed by Jin et al.| [2021],
in the sense that we can use the instance-wise Bellman er-
ror |[ff — TnfE+ ) (sF, ak)| € (271, 2711] (here I stands
for the h-th step and k stands for the k-th episode) as the
criterion to assign step (k, h) to level I. By doing so, we
can establish the Uniform-PAC guarantee in terms of the
BE dimension of the single state-action pair distribution
family Da. On the other hand, it is hard to establish the
Uniform-PAC guarantee for the family D, because we can-
not access the expected Bellman error from a single sample.
The difference between the expected Bellman error and the
instance-wise Bellman error will cause error in the level
assignment, which needs to be carefully controlled in order
to achieve e 2 sample complexity.

For bilinear class, Du et al.| [2021]] assumed the expected
Bellman error for some hypothesis f has a bilinear form of
[KWL(f) = Wr(f*), Xn(f))|- Intuitively, at episode k and
step h, the quantity || X7, (f) HEk—.lh can be used as a criterion



for level assignment. However, in most cases, X, (fx) is
defined as an expectation over the stationary distribution
(see e.g., Section 4.3 by |Du et al.|[2021]]), which cannot be
computed exactly and has to be estimated using a single
sample. Therefore, we again face the challenge of control-
ling the estimation error of the criterion, which may need a
more delicate technique to achieve ¢ 2 PAC bound.

We leave both extensions as future work.

6 PROOF OVERVIEW FOR NONLINEAR
BANDITS

In this section, we show the proof of Theorem |4.1] which
will illustrate the key idea of achieving Uniform-PAC guar-
antee for bandits and model-based RL with small eluder
dimension.

We will use C., to denote the level set C! before insert the
index k into any level set. BL and P,i are defined based on
C,lc accordingly. [, is the level that the index k is assigned
to.

The proof relies on the following two lemmas. The first
lemma states that each level set only contains bounded num-
ber of indices.

Lemma 6.1. Suppose we set o = Ufl for gl =
Blog(N(F,a, | - 0)/) + 2at(8 + +/8log(4t2/2-14)),
where U; is defined via the equality U =
64drdg4tlogU; /5. Then for each level I > 0 and
each round k£ > 0, the total number of actions in the set C]lC
is bounded as |C}| < U;, which also means

CL| < 128ddpA log(64dk dp4' /).
Here, dp = dimg(270).

The second lemma states the designed confidence set con-
tains the true parameter with high probability.

Lemma 6.2. Suppose 8! = 8log(N(F,a, | - |)/5) +

20t(8 + +/8log(4t2/2-15)), and F. = {f €

FlLe (f, ﬂC) < |lcl ‘} With probability 1 — 2§, we have
k

forall k > 0 and [ € [Sy], f* € FL.

Now we proceed to prove the main result.

Proof of Theorem[d.1] Denote x;; = argmax,. 4, f*(x).
Under the event of Lemmal[6.2] we have

max f*(x) — f*(xx) = f*(x5) = [*(xx)

xEA
Fxt) — min £x)
feFF

< max
FeNiesy Fi

< max f(x,) — min f(x)
feFk feFk

= w]:ik (Xk)7

where the first inequality is by Lemma|[6.2} the second in-
equality is by the definition of x; that is the optimistic
action. The last equality is by the definition of w ., (*).

k

Therefore, by choosing the level [y such that 27 < ¢ <
2—(=1) we have

vy L{maxgea, for(x) — for(xk) > €}
< Z:zl 1 {w}_}ck (Xk) > 6}
< 25:1 1 {w]:]ik (Xk) > 2_l0}
< 25:1 250:1 1 {Zk = l} < 50:1 Ui,

where the first line is by the inequality we established above;
the second one is by € > 27!; the third inequality is by the
design of the level set C! and the last inequality is due to
Lemma

From Lemma we can further bound 250:1 U, by

lo

> 128dxcdimp (274 log(64dc dim (274! /6)

=1
lo

< 128dxdimp(e/2) ) 4! (log(64d dimp (e/2)/8) + 21)
=1

< 128dxdp (4 log(64dx dp/6) + 40T 1)

did
I; B log(dxdp/ed),

<c:

where the first line is due to Lemmal[6.T}the second line holds
because 27 > 270 > ¢/2 (recall that dg = dimp(e/2));
the third line relies on 11 4! < 4lo+1 and 310 14! <
Zo4l0+1; the last line holds because 27 < ¢ < 2~ (lo—1),
thus 20 < 2¢71. ¢ in the last line is some constant. O

7 CONCLUSION AND DISCUSSION

In this work, we consider online decision-making with
general function approximations and propose two new al-
gorithms for nonlinear bandits and episodic MDPs. With
the help of the multi-level partition scheme, our F-UPAC-
OFUL algorithm and /-UPAC-VTR algorithm obtain the
Uniform-PAC guarantee to find the near-optimal policy with
the state-of-the-art sample complexity. To the best of our
knowledge, these results for the first time show that it is
possible to achieve a Uniform-PAC guarantee in bandits and
RL problems with general function approximation.
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A PROOF OF THEOREM 5.1

We will use C,l%h to denote the level set C* before assign the tuple Xy p, = (Sk.h, Gk, h, Vi,h+1) into any level set. chjh and
IS,i ;, are defined based on C,lc) 5, accordingly. I, ;, denotes the level to which (k, ) is assigned to. Note that }",lc) 5, 1s defined as:

.7-‘,27,1 = {f X — R‘EIP € Bi7h,s.t. f(s,a,V) = j P(5’|s,a)V(s')},

where X = S x A x B,,(S, H) and B, (S, H) is all measurable real-valued functions on § that are bounded by H.

Similar as in the bandit case, the proof relies on two facts: 1) each level consists finite number of steps; 2) the true transition
probability belongs to the confidence sets with high probability.

Lemma A.1. If we set o = U; ! for B! := 2H?log(N (F, a, || - [|-0)/0) + 20t(8H + /2H? log(4t2/2715)), where U, is
defined via the equality U; = 64dx dg4! log(U;/5). Then for each level I > 0 and each episode k > 0 and time step h > 0,
the total number of actions in the set C,lc} 5, 1s bounded as

|C,l€| < Uy,
which also means
|CL| < 128dd 4! log(64d g d4'/6).
Here, dp = dimp(F, H27).
Proof. See Section[C.1} O
The next lemma shows the designed confidence set will contain the true transition probability. The proof of this lemma will

follow |Ayoub et al.|[2020], while only differs in the definition of the filtration for each level set.

Lemma A.2. [A restatement of Theorem 5 in|Ayoub et al.| [2020]]] With probability 1 — 2§, we have for all k£, h > 0 and
le Skn,

P* € B}
Proof. The proof will be almost same as in |Ayoub et al.| [2020], except the martingale design will be multiplied by the

indicator 1{lj, ;, = [} for some fixed [. Since the proof in/Ayoub et al.|[2020], also follows that in|Russo and Van Roy|[2013]],
we avoid repeating the proof here. O

The next lemma decomposes the pseudo-regret of an episode.

Lemma A.3 (Lemma 4 in|Ayoub et al[[2020]). Assuming P* € B!, we have

H-1 H—1
ViF(sk1) = Vb (sk1) < Z (Pr(C|sk.ny arn) = P*(C|sk.ny 0k n), Vi) + Z k,h+15
h=1 h=1
where
Ernv1 = P Clskny ain)s Vi1 (4) — kaf;’;+1(')> = (Vih+1(Skont1) = Vi 41 (Sk,n41))-
Notice that for any given sub-sequence of episodes k1, ko, . . ., km, [(gki’hﬂ)he[ H_l]]ie[m] forms a sequence of martingale
differences.

The following lemma is simply an application of the Azuma’s inequality.



Lemma A.4. For a fixed [ > 0, denote k1, ko, . . ., k;,, as the indices of the episodes whose pseudo-regret is above 2-lso
far. With probability 1 — §/2!, we have

m H-—1
DT &t < 2H4/2mH log(2161).
i=1 h=1

By a union bound, we have the above inequality for all [ with probability 1 — 4.

Proof of Theorem First, for any given ¢ > 0, we choose L such that H2 L < ¢ < H2E=1_ We will bound the
number of episodes that has pseudo-regret above H 27~ This scheme will cover all € > 0 since V;*(s.1) — Vi (sk1) < H.

At the end of any certain episode, we use k1, k2, . . . , ky, to denote the indices of the episodes whose pseudo-regret is above
H2— L,

Under the event of Lemma[A.2] we have

(Vl*(sk’iyl) - VI::],CIL (Skml))

'MS

s
Il
—

mH2 L <

—1

Ms
MI

m H-1
Pre, (181 ns ahin) = P*(|8ki s @k n)s Vi1 ) + Z Z ki hr1
i=1 h=1

i=1 h=1
m H-1 m H-—1
<> [ sup  (P([8ky s arg,n)s Vinar) = inf (P sk, n, angn), Vk,,h+1>] + 20 ) Gkt
i=1 h=1 L peg}¥;l PeB)! i=1 h—1
m H-1 m H—1

=20 D% wren (Xen) + Z D) Ghonin (A1)
b e R i=1 h=1

where the second inequality holds due to Lemma[A.3} the third holds under the event of Lemma

Under the event of Lemmal[A.4] we have
m H—-1
DT &k < 2H4/2mH log(2F5-1). (A2)
i=1 h=1

Meanwhile, denote Iy such that 2~ < 2=L/2 < H2~(0=1) (for simplicity we denote wy, , = Wt (Xk.n))
kh

i=1 h=1 i=1 h=1
m H-—1 . .
2 mH?2
< {wk,h > Q}wk,h i
i=1 h=1
m H-—1 »
mH?2
<)Y Ml < loywnn + " —
i=1 h=1
m H-—1 B
< Z {ln < l0}27(lk,h*1) n @’
i=1 h=1

where the first inequality is from splitting the case where wy , > 27%/2 and wy, ;, < 27%/2; the third holds because
Wy, p > Z_L/Q > g2 b implies wy, ;, belongs to the level equal to or lower than .

For some constant ¢/, we have the first term further bounded as:

m H-—1 lo m H-—1
85 1 <o 8 S oy
i=1 h=1 l=1i=1 h=1



lo
= [Cipl2 Y
=1

lo
< ] 256dxcdimp (H27)2 log(64dcdg4' /)
=1

lo
< )] 256dkdimp (27" /4)2' log(64d dp4' /0)
1=1
< 256dgdp (20 log(64dxdp /6) + 21p200+h)
< 256drdp(8 - 28 Hlog(64dkdp/6) + 32 - 2V Hlog(2F H))
< - Hdgdp2"log(Hdgdp2"/5),
where the third line is due to Lemma the fourth line holds because dim i (F, €) is decreasing with e and H2 0 > 27 L /4;
the fifth relies on Y1 | 2 < 2lo+1 and Y1 | 12! < [;2l0+1; the sixth is a substitution of o by L.
Together we have

. H2~L
S wn (Xin) < ¢ - Hdgedp2 log(Hdycdp2"/5) + mT
. k,h

Along with (A.T) and (A.2), we have
p_mH2 L L
mH2 " < Tom— + ¢ - Hdicdp2" log(Hdicdp2"/5) + 2H [ 2mH log(215),

Since m < A + /Bm implies m < 2A + 2B, we have

(A3)

4c' dxdpAt log(Hd g dp2" /6) + 64HA log(2/5)
(4¢' + 64)Hd i dp4A” log(Hddp2" /).

m

NN

Finally, since H2~" < ¢ < H2=“~1, we have dimg(2~%/4) < dimp(e/SH) and

e8]
Z 1 {Vl*(sk,l) — Vi (sk1) > e} < (4¢ 4 64)Hdgdpd" log(Hd g d 2" /5)
k=1

HSdeE lOg(H2deE/€5)

c
<
€2 ’

for some constant ¢, and dgy = dimg(e/8H). This inequality holds for all € > 0 uniformly with probability 1 — 3. O

B PROOF OF LEMMAS IN SECTION@

B.1 PROOF OF LEMMA

The proof relies on Proposition 3 in Russo and Van Roy|[2013]]. A restatement is as follows:

Lemma B.1 (Proposition 3 in|Russo and Van Roy| [2013]]). Let {X;}c[r] denote a series of actions for some 7" > 0. If
{Bt}t>0 is a non-decreasing series and F; = {f € F|Le¢, (f, ﬁ) < B}, then

Z Hwzr, (x¢) > €} < (fg + 1>dimE(.7:,e).

=1
Proof of Lemmal6.1] First, note that

Bl = 210g(N(F, | - |.0)/8) + 20t(8 + /2 log (412/2715))



= 210g(N(F, U4 | - 0)/6) + 2Ui(8 +1/21og(42/2-15))
l

< 2ds log(U/5) + 2%(8 +1/2log(4£2/2-16)).
l

Suppose there are T actions stored in C,lc at round k, denote them by the index (k1, ko, . .., k7). Notice that each action in
level [ satisfies 27" < wzs (xy,) < 27'F! fori € [T]. Setting ¢ = 27/, we have by Lemma

T < 2dimp(F, 271 g54.
Now we prove by contradiction. If at some round ¥’, |C},| = U}, by setting T' = Uj, we have

U, < 2dimp(F, 2748}, 4!

< 2dp4! <2dK log(U1/8) + 2(8 + 21og(4U12/2—15))>
< 2dE4l <2dK lOg(Ul/(S) +2(8 + 210g(Ul2/2_l(5))),

and meanwhile

U; = 64drcdp4 log(U;/6). (B.1)

Combining the two together and rearranging terms, we get

151og(U;/8) < 8 + 1/2(2(log(4U;/8) + 1 + 2).

From (B.1)), we see U;/§ > 64ddp4'/5 > 64 - 4'. Substituting U;/§ to the inequality above leads to a contradiction.
The additional conclusion comes from the fact that 7' = Alog T implies T' < 2Alog Aif A > e. O

B.2 PROOF OF LEMMA

The proof follows |Russo and Van Roy| [2013]]. We include this proof mainly for completeness and to show how the
level-partition scheme affects the martingale design.

Consider random variables (Z,|n € N) adapted to the filtration (#,|n = 0). Assume E[exp(AZ;)] is finite for any .
Define the conditional mean y; = E[Z;|H;_1] and the conditional cumulant generating function of the centered random
variable (Z; — p1;) by 1;(A) = log E[exp (A(Z; — i) [Hi—1]. Then we have

Lemma B.2 (Lemma 4 in|Russo and Van Roy|[2013]]). For all z = 0 amd A > 0,
K K
P> A\Z; Zmﬂm LVKeN)>1—e2.
i=1 i=1

Another lemma regarding the discretization error is:

Lemma B.3 (Lemma 5 in|[Russo and Van Roy|[2013])). If f satisfies | f — f*||s» = «, then with probability at least 1 — J,
(denote t = |CL|)

S (17 foe) = Ly (Ffoe) + 2 (Fe) — Re)’ = 3 (57w — Bu)?| < at[8 + /B Log(2/9)].

kect kect

for any given rounds.



Proof of Lemma[6.2] Now, we consider all those rounds added to the level set C! (with [ fixed), and in the end will use a
union bound to prove the results for all level.

First we transform our problem to apply the general martingale result. We set Hy_; to be the o-algebra generated

by H, = (A1,x1,R1,- - Ak—1,Xk_1, Rp_1, Ax) and xi. By previous assumptions, ¢ := Ry — fox(Xy) satisfies
Elex|Hr—1] = 0 and E[exp(Aer)|Hr—1] < exp(\?/2) since €}, is 1-sub-Gaussian.
Define

Z = 1{27" < g () < 27T (fo (x0) — Bi)” — (FOxx) — Bi)]
= U{l = I}[ — (f(xx) — f«9=r<(Xk))2 +2(f (xk) — for (xi)) €x],

and we have

e = E[Z[Hy 1] = = 1{l, = 1} (f (xx) — fe*(Xk))Q,

1l = 1 (2ALF (<) — faox (x4)])
: .

Pr(X) = log E[ exp {2A[f (xx) — for (xx)[Hr—1]er}] <

Here, 1{27! < wrt (xk) < 2=0=1} = 1{l; = I} because it is just a notation change. Note that this indicator function is
deterministic on Hy_1. Applying Lemmaand setz = logd~! and \ = 1/4, we have

K K
IE”(IEIZJC <4logd™t — ;kgl]l{lk =1} (f(xx) — fg*(xk))2,VKe N) >1-6.

Rearranging terms (note EC% (f, forx) = Zkeclk (f(xk) — fox (Xk))Q),

11»( S (fx) — Re) = D) (for(xi) — Ri)” — 4logd + %Lclk(f, fox), VK € N) >1-.

keCl. keCl.

Let F“ be a a-covering of F, by a union bound we have with probability 1 — 4,

M) — Re)* = D) (fe*(xk)—Rk)2_4log(|}—a|/5)+%ﬁclk(favfe*)aVKEN,Vfa67:“-

keCl. keCl.

The inequality above, combined with Lemma B3] gives that with probability at least 1 — 24,

3 (fxe) = Ri)” + at[8 + /8log(42/0)] = . (fe*(xk)—Rk)Q—4log(|]-"“|/6)+%£C§<(f,fg*),VKeN,er]-".

keCl. keCle

By setting f = fcé(, which minimize 3, o, (f(xx) — Rk)Q, and rearranging terms, we have with probability 1 — 2§,

3 Lo (fer , for) < 8log(N(F,a, | - [0)/d1) + 20t [8 + /8 log(4£2/5)].

keCl.
Now by setting §; = §2~¢, and applying union bound, we have with probability 1 — 24,

‘CCfK(fCZIHfG*) < ﬁfclk‘,VKe N, Vi e N.



C PROOF OF LEMMAS IN SECTION @

C.1 PROOF OF LEMMA

Proof. Note that

B! = 2H log(N (F, . | - |.0)/8) + 204(8H + 1/ 2H2 log(412/2-15))

= 2H?1og(N(F, U7 | - [)/0) + 2%(8}1 + \/QHQ log(4t2/2-15))
l

< 2Hdy log(U1/6) + 2%(8H + /20 log(4£2/2715)).
l

Denoting T' = |C,l€’h| at any fixed time step (k, h), by Lemma we know that (set e = H27!)

T < 2dimp(F, H27HpL4'H2,

Now, we prove by contradiction. If at some point T" = Uy, this means

Uy < 2dimp(F, H27) g}, 4!

< 2dpd'H 2 (2H2dK log(U;/8) + 2(8H + \/2H2 log(4U? /2%5)))

<2dpd'H? (2H2dK log(U;/6) + 2(8H + \/ 2H?log(4U? /2—%5))),

and meanwhile
U, = 64dxdpdlog(U,/9).

After some rearrangement we see this suggests

15dx log(U;/6) < 8 4 4/2(210g(U;/6) + 1 + 2),

which cannot hold because U; /§ > 64ddpd' /6 > 64 - 4.
The additional conclusion comes from the fact that 7' = Alog T implies T' < 2Alog Aif A > e.
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