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A Proof of Proposition 1

Fix any ', 0 € R?. The optimality condition to (11) implies that
i Vi(M(6);0) =0, 31, Vfi(M(8);6') =0. (29)
Note that the gradients are taken w.r.t. the first argument in the function f;. Observe the chain
i=1

0=(0| M(8) - M(6)) = <Z [V£i(M(0);0) — V f;(M(6);6")] | M(8) — M(G’)> :

Adding and subtracting Y. | V f;(M(8); @) implies the equality:
doic (Vfi(M(0):0") — V £;(M(6);0) | M(6) — M(6))

n ’ ’ ’ / (30)
=21 ((Vfi(M(6);0") — V£i(M(6);0")) [ M(8) — M(8)) .
Applying A1 to the right hand side of (30) lead to:
D ((VFi(M(6);6") = V fi(M(8);6)) | M(6) = M(6")) > np| M(6) — M(6")]*.
i=1
Meanwhile, applying Lemma 2 to the left hand side of (30) gives
2im1 (Vfi(M(6);0') — Vfi(M(6);0) | M(0) — M(6"))
<Yy al]0— 6] |M(6) — M(8')].
Substituting back into (30) implies that
’ ?— €L / avg L /
1M(8) - (@) < ==L g g = g g a1
2 Iz

Therefore, the map M : R? — R is a contraction if €avg < 1t/ L. Subsequently, by the Banach fixed
point theorem [Granas and Dugundji, 2003], the map M (0) admits a unique fixed point which is
denoted as 7.

To prove the converse, we consider the following instantiation of (11) with
1
00;2) = 5(9 —2)% Z~Di0) = Z ~N(u; +¢0,1) (32)

Note that the above satisfies Al with 4 = 1, A2 with L = 1, A3 with¢; fori = 1,...,n. We
consider a case where it holds €ayg > p1/L = 1. We also let pag == (1/n) > 1, p1; # 0.

We observe
/ 1 / 2 1 ! 7\2
fi00) = Ezupio) |50 = 2)°) =Bz non |50 —ni — €l = 2)
(33)
1 1
= 5(9/ —pi —€0)® + 3
For any # € R, it can be shown that
1 n
M(0) = arag,é%in o Z(G’ — i — €0)% = €avgl + lavg (34)
i=1
Thus, applying the map for 7" times leads to
MT<9) = GZ:/g9+ (1+63Vg+"'+6£/§1) Havg (35)

Since €ayg > 1 and fiayg # 0, we have limy_, o, M7 ()| = oo and the map is not a contraction.
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B Proof of Lemma 3

Recall that 8¢ := ' — 875 is the error of averaged decision at the ¢th iteration. Using (21), we have

2 2%i41 [ 71 o , Vi1
‘ _) e <0t;w<0§,zf+1> RIES]

We consider taking the conditional expectation [E;[-] on the both sides. Using the fixed point condition
S V(075675 ) = 0, we observe the following equivalent expression for the last term

2

gl - (36)

§t+1H

Z vg et Zt-‘rl

> vzt

i=1

Z [VE(O5; Zi+) = V 1i(8];67) + V [:(6];6;) — V [:(67°;67)]

Observe that Zf“, 1 =1,...,n are independent r.v.s, taking the conditional expectation E;[-] yields
the upper bound to the above term

2

E, Zw (6% Z+1)

< QZEt HVK(O;;Z;"‘l) — Vfi(6;;67) || —|—2nz ||sz (6% 6Y) Vfi(QPS;OPS)HQ

R L”L

i=1 37
<23 0?1+ |6 - 675||") + 2nZL2(1 +e)?]6! — 675
i= i=1

2
< 20%n 4+ 4nfo? + nL*(1 + emax)?] 0] + 4[0? + nL?(1 + emax)?] HG)ZH?

where the first inequality is due to AS and Lemma 2. We conclude that

202 ~ 1|2 1 2
—]Et Zw or; Z!t) ST—FCgHatH A (38)

where we recall the definition that ¢co = 4 (%2 + L2(1 + Gmax)2>.

Next, we focus on the inner product term in (36), we have

<0f | Zwl (6:.6)) > =3 (@000 — V@507
1,=1n (39)
+ Z <§t ‘ Vfi(at; ePS) _ vfi(ePS; 0PS)>
i=1

Applying the Cauchy-Schwarz inequality and A2, A3, we obtain

(019100 - V1@ 07%)) = @ i(

i=1

oS (s

Meanwhile, using the strong convexity property of £(-; -) [cf. Al], we have

0|+ Lei[lo: — 075

- étH). (40)

n

~ _ 112
> (8'1V1i(8'67%) ~ V1i(675:67%)) Zn,u‘at 41)
i=1
Summing up the two lower bounds and rearranging terms give
1 ~ ~ L _
B, <9t | DV ef,ef>> > (1= Leag) [0 = 204 ema) > || e: =% @
n
i=1 1=1
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For any o > 0, using the Young’s inequality shows that the above can be further lower bounded by

7t

]- +€maz
= e = g0 )] [0 - > e

o ~ L(l ~+ €m X
%L(l + 6ma><)} H@t - 2na : ||®t HF )

~ 12 L1+ €maz)?
> [ = 1+ 0) Leag] 0] = = @

2 [/J - Leavg -

2nd€ang

where we have set o =
1+€max

to yield the last inequality.
Substituting (38), (43) back to the inequality (36) gives us the desired result. In particular,

]Et‘

~ 12 L(1+€maz)2
e

4n2deayg

2 ~ 1|2
o <o e o4

202 ~||2 1 2

st |2 v + o el
|| Yerr N 2 | 20° @

= (1= 2 + ) [F e 2 +c2t+1] ||ezHF o

2
< (1= pyes1) HBtH + {01%;1 t+c %H] [KSH HF %H

where we recall the constants ¢; 1= M, co =4 (%2 + L%(1+ emax)Q) andp:=p— (1+

2nd€avg

d)€avg L and the last inequality is obtained by observing the condition v;41 < fz/ca.

C Proof of Lemma 4
To simplify notations, we denote

VF! = (Ve zith), - vvg(OZ;Z?l))T € R™¥4,

t._ (gt ... pt\! nxd gt ._ TOt n 45)
O :=(0},---.,0,) R © :=(1/n)11'6" € R™.

Notice that @ = @' — e = (I —(1/n)117)@*. We first observe the following relation:

ot —et _e'" = (I B i11T> et — (I _ i11T> (W®t _ %H_l%Ft)

1 1 ~
= (W - 11T> 0! — i (1 - 11T) VF?,
n n

where the last equality is due to (I — (1/n)11T")W = (W — (1/n)117)(I — (1/n)117) as W is
a doubly stochastic matrix.

Computing the squared norm of the consensus error leads to: for any o > 0,

1 2
E @5 [ < (1+a)(1 = p)* O + (14 )b

1 ~
(I — 11T> VF?
n

(I - 111T> VFE?
n
2

; (46)
F

F

2
-l + Lt
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where we have applied A4 in the first inequality and set o« = ﬁ in the second inequality. The last
term in the above inequality can be bounded as

(I — 111T> VFE?
n

<33 B ||vee; zith) - v (0L, 00)| + ]EtHVK (6% 24Y) — v (6%, 64|
7 J

7770
i=1

2
2 n n
1
=B, | ) |Veo5; zi*t) - f§ 05z
r i=1 n

E¢

2
Z V£:(6},6}) —fZVfJ 0;,6%) @7)
2
27 J

< 60” <n+Z||0§—0PSH2> +3) | V£i(er, 6! —fZVf] 0,67)
i=1 i=1

2
gt

§602<n+2n‘ 2+2H@gy|§)+32 V(0.0 - Zw]gtgt
=1

7770

where the second last inequality is due to A5. Foreach¢ = 1,...,n, we observe

2
V(6,0 -Vfi(8,8)+Vfi(8',8) ——ZVfJ @',9" %ZWJ (6,6 ~V1;(6',8")]
j=1 =1
n 2
<3||v 16,60 - v1(8',9) “ 43 Vfl-(@tﬁt)f%Zij(ﬁt,@t) (48)
j=1

iz |v5:065.00) - w580

g3Hszaf,ef) Vfi(ét,ét)H2 ZHijej,ej ij(at,et)H2+3<2<1+‘§f

)

where the last inequality is due to A6. Now, we observe
Z fi(6!.6%) —fZVfJ (6.6) <6’ZHVﬂ (6),6!) ~ V£:(8",0")| +3n¢? (HHWH)

)

where the second inequality is due to Lemma 2 and the definition of ©?.

Substituting the above bounds into (47) leads to

<I - 111*) VF?
n F
< 602 (n +2n HétHQ 42 ||®f,”2F> +18L2(1 + €mae)? ||OL||2 + 9nc? (1 n HétHQ) (49)

< onlo? 7]+ 120f0" + 70 + (1207 + 18271 + e 01

< 6L(1+ ema)” || O + 3nc” <1 + e

2
E¢
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Let c3 := 1202 + 18L2(1 + €max)?. Substituting the above inequality into (46) gives us

2 ~
E 0|2 < (1- p) O] + %7+1 (1271[02 Lo

2
+c3 H@ZH?) +9n(c? +¢ )%;1

2 7 ~ 1|2 VZ
< (1= p/2) @[5+ 12nlo” +67 [0+ om(o? +6) T,

where the last inequality is due to the step size condition v2 1 < p?/2c3. The proof is concluded.

Alternative Bound without A6 We consider bounding (48) without using A6. Instead, we only
assume that max;—i__n ||Vfi(0PS; BPS)H2 < ¢2. We observe

|v1.@.8) - v5@ .8 <2|vriorsioms)|
+2||VA@.8) - V075:07%) + V(075075 - vi@:d)| 50

~. 112 ~. 112
S2HVfi(OPS;QPS)HQ+8L2(1+emax)2’0t §2c2+8L2(1+emaX)2’0t ,

foralli =1,...,n. This leads to
S ||vneen - s v e

~ 112
< 6L2(1 + emae)? ||OL||% + 206 + 8nL2 (1 + €ma)? ) L

Subsequently,

~ 2
B ||(-1117) v

< 60” (n +2n Hé’fHQ +2 H@ZH?) 6167 + 6L2(1 + ) (3 |©L][3. + 4n HétHQ) (51)

= 6nfo® + 6] + 120 [0 + 2L% (1 + em)’] HetH [1202 + 18L2(1 + emar)?] [ ©1%
Taking c3 := 1202 + 18L2?(1 + €max)? as before and substituting the inequality into (46) yields
2
E: €57

é't

2
— )[4 + % (12n {02 +2L%(1 +emax)2] ’ S H@ZH?) +6n(c% +¢ )%p+1

2 ~
<(1-p/2)||0L% + %mn [02 YL (14 emax)Q] ‘ 8t||” + 6n(0? + < )%+1

where the last inequality is due to sup,>; ¢ < p/+/2c3. The above can be simplified into
2 112
B e < (1-5) 2@ + %12 [02 + 222 (1 + emax)?] || 67| + 6(0 + < )%+1 (52)

Compared to (23), we observe that the above bound entails a larger coefficient for ||6%(|2 which lead
to a (slightly) worse convergence bound for the DSGD-GD scheme.

Lastly, we should mention that as in the original Lemma 4, (52) can also be combined with Lemma 3
to develop an alternate version of Lemma 5. Subsequently, we can achieve a similar result as
Theorem 1 without assuming A6.

D Proof of Lemma 5

Combining Lemmas 3 and 4 leads to

~ 112
Lipr < (1= pye1) E HBtH + [e1ve41 + Vi) LE H®tHF 7t+1
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gt

8c 2 2 2
+%+171 ((1 ~2) 1By + %“ 120% + JE @[ + 9(0? +g2)7tp+1>

96¢, o’ 2c1, 5 o\ 3
1= pyeqr +T[U + P ]EH9 H +7%+1 +— (J + 7)Yt

8cr (v P\ P, C2p
et (2 (1= 5) + 24 2o ) dm 0

Note that by the step size conditions specified in the lemma, we have

~ 9661 ~
1=y + 7[02 + e 1= fveg/2

(53)
Tt+1 ( P) p  C2p ~
1—-= <1- 2.
~ 9 + = 3 + 8¢; S Vt+1 Byet1/
Thus, we obtain
~ 202 72¢q
Liv1 < (1 =y /2)Ls + %2+1 +— 2 (‘72 + - 54

This concludes the first part of the lemma, i.e., (25). For the second part, we further expand (54) to
obtain

t+1 /_,L’y t+1 t+1 20_ 72¢ 1
£t+1§H( Z>D+ZH l—u%/2)( e+ — 7 (0% + %8
i=1

s=1i=s+1

t+1 (02 +¢2) 2 )
i 288c1(0” +¢7) , 80
< it AL 0 .
H ( ) + P Vit1 T n Ve+1
where we recall that D := [|6°]|2 + 8’;% ISH ||j, and the last inequality is due to Lemma 6 together

with the specified step size conditions. The proof is thus concluded.

E Auxilliary Results

Lemma 6. Consider a sequence of non-negative, non-increasing step sizes {v;};>1. Let a > 0,
pEZy andy < 2/a. vaf/’yt+1 <14 (a/2)7),, foranyt > 1, then

2
Z Pl H 1—’yga)ggvf, Vi> 1. (56)
l=j+1
Proof. Observe that:
p+1 1 fyf 1
Z H — yea) =} Z% H > (1= 7ea)
1=j+1 j=1 e=j+1 ¢
( ) t t
<Y v ] (1—7@)
J=1  t=j+1
onP t t
= sz I 4 —=mea/2)— ] 1 =rea/2)
j=1 \{l=j+1 0=j
297 t 297
=—|1- 1—vpwa/2) ] <
" ( ZHl( Yera/2) o

where (a) is due to the following observation

Vi1

V"
The proof is concluded. O

(1 =r¢a) < (1 + 274) (1—ya) <1— <.
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Tasks €=¢€ag Qo ai batch

Gaussian Mean Estimation see §4 50 10000 1

Spam Email Classification see §4 50 100000 32
LEAF Synthetic Data (Hetero & Homo) 0.1 200 1000 32
LEAF Synthetic Data (Hetero & Homo) 10.0 1 1000 32

Table 1: Parameters for the numerical experiments.

Lemma 7. Consider a sequence of non-negative, non-increasing step sizes { }1>1. Let p € Z*. If
Sup;>1 Y /i < 1+ 115, then for any t > 0, it holds that

t+1

p)t+17i b4,
1-5 Y S Vi (57)
;( 9 p 1t
Proof. We observe the following chain:

t41 , t+1 ,

S (1- B)”Hyp N 3)”1—’ (v) <v+> » <v>

i 2 R 2 Yit1 Yit2 Vet1

t+1 4

P .
< Z(l - Z)H—l ' < ;’Yf-H
i=1

where the second last inequality is due to:

P
Yit+1 P
1—p/2) (2} <17
(t=ri2) (%‘+2> -4

since supy>1 751 /7, < 1+ 7% This completes the proof. O

F Details of Numerical Experiments and Additional Results

This section provides details for the numerical experiments conducted in §4. We also describe an
additional numerical experiment based on the logistic regression Example 1 on synthetic data. The
latter examines the effects of heterogeneous data on the convergence rate of DSGD-GD.

For all our experiments, we have performed DSGD-GD with the step size v, = ao/(a1 + t). Moreover,
at each iteration of DSGD-GD, the ith agent draws batch > 1 samples from D;(0?). The parameters
ag > 0,a; > 0,batch > 1 used for different tasks are specified in Table 1. For both Gaussian mean
estimation and spambase logistic regression, we use the same parameters for all settings of € = €,yg.
We consider using n = 25 agents in all experiments, connected on a ring graph. We set the mixing
matrix weights as W;; = 1/3 for all (i, ) € E, and W;; = 0if (¢,5) ¢ E.

Spam Email Classification. In Fig. 4, we provide additional results for the experiment in the
main paper [cf. Fig. 3]. In particular, we compare the training loss f (Et; ét) and training accuracy
against the iteration number ¢. We also plot the gap to an approximate Multi-PS solution in Fig. 4

(right) for H@t —gPs |2. Note that the Multi-PS solution compared here is only an approximation
obtained by applying a similar method to repeated gradient descent in [Perdomo et al., 2020] on
ming Y., fi(6;8), where we used 1000 gradient descent iterations together with an outer loop of
10* deployments. Note that this process is only guaranteed to find a near-optimal solution, denoted
as OF5. Nevertheless, we observe that when the decision dependent distributions becomes more

sensitive (€ayg = 1), the DSGD-GD scheme seems unable to reach oPs.

Logistic Regression on LEAF Synthetic Data. To study the effect of homogeneity of data distribution
[cf. A6] on the convergence of DSGD-GD, we conduct an additional experiment based on Example |
but on the LEAF synthetic data [Caldas et al., 2019]. Here, we set the sensitivity parameter at €; = €
fori =1,...,25 and generate synthetic data using the framework in [Caldas et al., 2019] with the
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Train Loss Train Accuracy PS Error: ||6¢]|2

10 = —— DSGD-GD £=0.01
—— DSGD-GD £=0.1
—— DSGD-GD £=1.0
DSGD £=0.01

~ DSGD£=0.1

~ DSGD£=1.0

DSGD-GD £=0.01
DSGD-GD £ =0.1
—— DSGD-GD £€=1.0
—-— DSGD £=0.01 —— DSGD-GD £=10.01

—.— DSGD £=0.1 —— DSGD-GD £=0.1
—.— DSGD £=1.0 —— DSGD-GD £=1.0
10° 10! 102 103 104 10° 10° 104 10° 10° 107 10° 10! 102 10° 104 10° 10° 107
Iterations Iterations Iterations

Figure 4: Additional Results for Spam Email Classification. (Left) Training Loss. (Middle)
Training Accuracy. (Right) Approximate Gap to Multi-PS solution (see below). We also compare the
non-performative optimal solution (dashed lines) on the shifted dataset.

Train Loss o Train Accuracy Lo Test Accuracy

1014 — DSGD-GD Hetero € =0.1 0.7 —— DSGD-GD Hetero € =0.1 0.7 —— DSGD-GD Hetero € =0.1

DSGD-GD Homo £=0.1 --= DSGD-GD Homo £=0.1 DSGD-GD Homo &=0.1
—— DSGD-GD Hetero £ =10.0 06 ~—— DSGD-GD Hetero £ =10.0 06 ~—— DSGD-GD Hetero £ =10.0
—— DSGD-GD Homo £=10.0 —— DSGD-GD Homo &=10.0 —— DSGD-GD Homo &=10.0
--- 87 e=0.1 /——— 675 e=0.1 /l——— 675 e=0.1
0.5 0.5
10° 10! 102 103 104 10° 10! 102 103 104 10° 10! 102 103 104
Iterations Iterations Iterations

Train Gradient Consensus Error PS Error: ||6¢]|2

6x 10"

4x10*

W, A
.U\JIVIJ\. ‘WHM
YV wwAAl\“jq 3x10!
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DSGD-GD Homo e=0.1 ' 'V

—— DSGD-GD Hetero £ =10.0
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2x10
DSGD-GD Homo £=0.1
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Figure 5: Logistic Regression on LEAF Synthetic Data. DSGD-GD in homogeneous and heteroge-
neous data distribution converge to the same Multi-PS solution.

standard deviation o = 1 that represents the degree of heterogeneity of the dataset. Note that the
framework produces m; = 100 training samples with d = 100 features for each agent, denoted as
(X1, Y% fori =1,...,25 agents.

We consider two settings and describe them using the notations as in Example 1. In the
heterogeneous data setting, the base data distribution D? for agent i is taken to be (X}, Y;))+%,
such that D;(0) # D;(0). In the homogeneous data setting, the base data distribution D} for agent
i is taken to be ((X},Y;);%% )25, i.e., the entire dataset generated from LEAF. Note that in this
case, D} = DY and thus D;(0) = D;(0) forany @ € R*and i,j = 1,...,7n since €; = e,5. Note
that the Multi-PS solution 877 (if exists) in both settings are unique and identical. Meanwhile, the

homogeneous case satisfies A6 with ¢ = 0, thus the DSGD-GD scheme applied to it is expected to
converge at a faster rate than in the heterogeneous case.

Our numerical results are presented in Fig. 5, and we show in Table 1 the simulation parameters.
Observe that with €,z = 10, the local data distributions are too sensitive and the Multi-PS solution
6" may not exist. With €avg = 0.1, we observe that the convergence of test accuracy, training loss,
etc. are faster with the homogeneous case initially. However, as the iteration number ¢ grows, the gap
between the homogeneous and heterogeneous cases fade. This corroborates with our finite-time
analysis in (18), where the fluctuation term o-2~y; /(nji) becomes dominant as ¢ > 1 in all cases, yet
the transient time can be shorter when ¢ = 0 as predicted by (19).
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G Extension to Time-varying Graph

This section shows how to extend our analysis for DSGD-GD to the setting with time-varying commu-
nication graph. Let G(*) = (V E(t)) be a simple, undirected graph which is possibly not connected
and the graph is associated with a weighted adjacency matrix W), Note that the graph G*) consists
of a fixed set of agents V and a set of time-varying edges E(*).

In lieu of A4, we assume that:

A7. The time-varying undirected graph sequence {GM},>, = {(V,E®)};>, is B-connected.
Specifically, for any t > 1, there exists a positive integer B such that the undirected graph (V, E ®y
-« BB s connected. For anyt > 1, the mixing matrix W) € R™ ™ satisfies:

1. (Topology) W) = 0if (i, 5) ¢ E®.
2. (Doubly stochastic) W1 = (W®)T1 = 1.

3. (Fast mixing) Let A®) = WO — 1117 there exists p € (0,1] such that
HA(t+B—1) . ..A(f/)H2 <1-p

The last condition can be guaranteed under the bounded communication setting, i.e., when the
combined graph (V, E® U ... E¢+B)) is connected for any t > 0.

Notations. Throughout, we denote ©(m,n) := E[|©7(% + --- + ||©7[%] and 6(m,n) =
E[|6™]|% + - - - + [|0™ %], which is the aggregation of consensus error and performative stable gap in
one time block whose length is B, respectively.

Proof Sketch. Below we provide a proof sketch for the convergence of DSGD-GD scheme when the
latter is applied on a time varying graph satisfying A7. We begin by considering the extensions of
Lemmas 3 and 4. As follows,

Lemma 8 (Extension of Lemma 3). Fix any 6 > 0 and let 5,5 < ﬁ. Under Al, A2, A3, A5

and let the step sizes satisfy Sup;>q ye+1 < % the following bound holds for any t > 0,
~ N ~ 2Bo?
Ot +1,t + B) < (1= imy5) "0t = B+ 1,1) + =77,

2
+B(01%n“ +CQ%) Ot —B+1,t)+O(t+1,t+ B)].

Proof. Recall the inequality (22) in Lemma 3,

S || o~ ot 2 11 ]2 E 2
E. |6 < (1= pve) |07 + [01%+1 +C2’Yt+1} - ||®oHF+ " Yig1- (58)

This implies

2 2
~ _ ~ c c 2Bo
O(t+1,t+ B) < (1 - five)0(t,t + B —1) + <1Z§+1 + 2?;“) Ot t+ B~ 1)+ =},

where we have summed (58) from ¢ + 1th to ¢ 4+ Bth iteration and noted that the step size -, is non-
increasing. Applying the above inequality for B times, we can link two consecutive B performative
stable gap O(t + 1,t + B) and 8(t — B + 1,¢) by

2

~ _ ~ 2B
O(t+ 1.t +B) < (1—jinesn) 0t = B+1,6) + — 2,

2 (59)
+ <c”7;“+m?f1> Ot t+B-1)+O(¢—1,t+B—2)+- +0O(t—B+1,1).

For the first term ©(¢,t + B — 1) in the last quantity, we observe the crude bound

O(t,t+B—-1)<O(t+1,t+B)+E|O!}7 <Ot — B+1,t)+O(t+1,t + B).
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Following the same trick, we get another crude bound as
Ot,t+B-1)+0O(t—-1,t+B—-2)+---+0O(t—B+1,t)]
<B[O®(t-B+1,t)+0O(t+1,t+ B)].

Substituting back to inequality (59) derives the final bound

0 ~ BA 230’2 2
Ot +1,t+B) < (1—pvp) 0t —B+1t)+ —n

2
+B(01%n+1 +CQ%) O —B+1,t)+O(t+1,t+ B)].

O
Lemma 9 (Extension of Lemma 4). Under A2-A5 and A7 and let the step sizes satisfy
sgg Y41 < p/v/2Bes,
t>
then it holds for any t > 0 that
1—p/2
Ot +1,t+B) < chp/ /p®(t—B+1,t)
— bes
t—B+1 (60)

%——Bgl {B2d1 +dyB[O(t — B+ 1,t) + 0(t + 1»t+B>]} »
p—Besvi gy

where dy := 9n(o? +¢?), dy := 12n(c? + ¢?).
Proof. Recall the notations (45) and observe that

et —et @' = (W“rl ! 11T> O — v (I - 111T> VF.
n

—At+1
Therefore, we can obtain the following consensus error recursion
OLtl = A1@! — iy (I - (1/n)117) V.
Then, we aim to link ©%+1 to ©,-F+1,
Ol = AL@L v, (I — (1/n)117) VFLL
= AMTA'O — AT (T - (1/n)11T) VF' — 5y (I — (1/n)117) VF

t
— AL At AL ... Ath+1®f;B+1 _ Z %+1AS+2 (I _ (1/n)11T) VEFS.
s=t—B+1

Taking Frobenius norm on both sides and applying the Young’s inequality give

_ 2 _ 2
o7 < (1 aplacrtarat 4o o2

)

(1+at Z 22 a2 (- a/m) 11T)VFS
s=t—B-+1

which holds for any o > 0. Using A7 and setting o = ﬁ, we have

t
[O4 % < 1= @55 2+ 3 A2 |- amuT) I
s=t—B+1
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Similarly, we get

t+1

- 2
5 < 1= lles ™2+ Y 2@ - amun) e
s=t—B+2
t+B-1 - 2
|O5 2 < (1 - @K% + 3 A2 |- a/muaT) VE|
s=t

Adding these B consensus errors together leads to

Ot+1,t+B)<(1-p)O(t—B+1,1)

) ¢ t+B

p s=t—B+1 s=t

Using the inequality (49) in the proof of Lemma 4, we get

~ 2 2
E |/ - mu") V|| <di+ |6 + e l@;l}

where d; = 9n(0? + ¢2), dy := 12n(0? + ¢?) and c3 = 1202 + 18L%(1 + €max)?. Then, we have

t t
S |- VE < S E a8+ e 03]
s=t—B+1 B s=t—B+1

t t
=Bdi+d; Y. E|0P+es > E[E3}.
s=t—B+1 s=t—B+1

Substituting back to (61) give us

2
O(t+1,t+B) < (lﬁ)G(tBJrl,t)Jr%_BJrl{Ble +do@(t — B4 1,t) 4 --- + (L, t + B)]
p

+03[®(t—B+1,t)+---+@(t,t+B)}}.

The above can be simplified to

O(t+1,t+B)<(1-p)O(t—B+1,t)+ %2‘5“{3%1 +dyB[O(t + 1,6+ B) + 6(t,t + B)]
+sBlO(t— B+1,0) + Ot +1,t + B)]}.

Setting supy>; 7k < \/QIC)ﬁ and rearranging terms give us

1-p/2
1= Besy pia/p

O(t+1,t+ B) <

Ot — B+1,1)
" ~ ~
+ —2=54L {Bzdl +dyBlO(t — B+ 1,t) + 0(t + 1,t+B)}},
p—Besvi_pia

which gives us desired upper bound for © (¢ + 1,t + B). O

Convergence of 8 to 875 with Time varying graph. We conclude our proof sketch through

analyzing the following Lyapunov function. For any ¢ > 0, we define:

LA = 0(t+ 1,6+ B) +O©(t + 1,t + B) > 0.
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Combing Lemma 8 and 9 leads to

; dy B~} _
(1 — Be, L Bcﬂt“) O(t+1,t+ B) + (1 - M‘f“) O(t+1,t+ B)
" " p—Besvi g
1—p/2 2
< ( ‘2’/ _ + Be, ML 4 Be, %+1> O(t—B+1,t) (62)
1= Besvy_pia/p n n
~ d2BY} g1 ~ By} 54 2Bo?
+ (1= fygn)P + ——2H ) 0(t— B+ 1,t) + : N2
< " p—Besri g p—Besy gy no

We focus on the L.h.s. of above inequality. If the step size satisfies
.Ja P pc
< - e
sup < min {21
then, the Lh.s. of (62) can be lower bounded by
Lh.s. of (62) > (1 - 2361M) [@(t Y16+ B)+0(t+ 1,6+ B)} .
n

Next, we consider the r.h.s. of (62). Suppose that SUpg>1 Ve < /m, it holds
1—p/2 By} gy < 2B%d;

~ < Yi_Ba1-
1— Besy? pyq/p p—Besvi gy p TP
If step size also satisfies

Sl_ﬁ/47

1 fip
sopu < min{ Jp ot |
where b such that v /42, | < 1+ by}, ;. then it holds:
r.h.s. of (62)

< (1—§+2Bcl%+1)®(t—3+1,t)+ <1/m2+3) 6(t — B +1,t)
n

2B2d, 9 2Bo? 9
+ ——%-B+1 Tt T’Yt-i-r

Combining the above inequalities lead to:
(1 —chﬂt“) [@(t—l— 1,t+B)+6(t + 1,t+B)} < (1 - g +2301%+1)®(t—B+ 1,%)
n n
Pe+B \ 5 2B%d; 2Bo?
+ (12) 0(t—B+1t)+ P %Q—B+1+T%2+1-

If the step size satisfying

p
supyg < = —,
kZI?’Yk - 8361/TL+2M

then the main recursion can be simplified as

(1—2301%;1) [(—)(t—l—l,t—i—B)—i—é(t—i—Lt—kB)]

i - 2B%d 2B0?
< (1 - ”%2“3) [(-)(t —B+1,t)+60(t—B+ l,t)} + lef,gﬂ + Tayfﬂ.

Dividing (1 — 2Bc; ’Y’n—“) for the both sides, we obtain that

4B o (L= 48/2) n 2B%d, L 2B%0” VB _
=1 2Bc1vyig1/n t=B+1 n (1 —=2Bcivis1/n)
Observe that with sufficiently small step size, the above recursion can be simplified to give a similar
form as (25). Solving the recursion then lead to £§If’ = O(vi—p+1) and the convergence of

6(t+1,t+ B) — 0.

Lastly, we remark that the above analysis only gives a crude bound to the convergence of DSGD-GD in
the time varying graph setting. It is possible to give tighter bounds through further optimizing the
constants in the above analysis.
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H Extension to Local Distributions Influenced by All Agents

This section outlines how to extend our analysis to the scenario when the local distributions D;(-)
are simultaneously influenced by other agents in the network similar to the competitive Multi-
PfD considered by [Narang et al., 2022, Piliouras and Yu, 2022].

We define the concatenated decision vector ¥ := (6y,...,0,,) € R" and state the modified
consensus Multi-PfD problem (1) as follows
Ming, cpd i=1, n = Doy Bz, pio) [0 Z;)] st. 0;=86;, VY (i,j) € E. (63)

With a slight abuse of notation, we also define f;(6;9) := E,.p,(s) [((0:; Z:)].
Following [Narang et al., 2022], we consider the following modification to A3:

A8. Foranyi =1,...,n, there exists a constant €; > 0 such that
Wi (D;(9), D;(9)) < & ||9 — ||, ¥V, 9 € R™, (64)

where Wy (D, D') denotes the Wasserstein-1 distance between the distributions D, D’.

Specifically, we notice that if 1 satisfies the consensus constraint, i.e., 4 =1, ® 8 = (6,...,0),
then A8 is equivalent to A3 with the latter’s sensitivity parameter given by €; = +/ne; since
11, ®6 —1, ® 0| = /n||@ — 0’||. This observation immediately leads to the following corollary
of Proposition 1:

Corollary 1. Under Al, A2, A8. Define the map M : R4 — R¢
M(0) = argming cpa % S, 1051, ®6) (65)

If /n€avg < p/ L, then the map M(8) is a contraction with the unique fixed point 0F5 = M(0F%).
If \/n€avg > /L, then there exists an instance of (11) where imp_, HMT(B) H = 0.

The proof is attained by simply observing that if 8; = 6, (as constrained by (65) (and (63)), then A8
is equivalent to A3 with €, = /ne;.

Comparison to [Narang et al., 2022]. Notice that in [Narang et al., 2022], the existence of a
performative stable equilibrium requires /) ., € < p/L. Meanwhile, Corollary 1 requires
(1/+/n) Y"1, €& < u/L. Due to norm equivalence, we have

(/) S 6 < 0, €.

Thus, the consensus constrained performative stable solution in cooperative Multi-PfD will be
attainable under a more relaxed condition than the competitive Multi-PfD.

DSGD-GD Algorithm for (63). The extension of Theorem 1 to (63) via the DSGD-GD algorithm is more
involved and thus the details are skipped in this brief discussion. However, it remains straightforward
to extend the analysis through a careful modification of Lemma 3 with A8. In particular, one only
needs to pay attention to the use of A8 in (37) and (40) for the proof.

Remarks. We emphasize that as explained in the main paper, the original scenario considered by (1)
and A3 is relevant to the decentralized learning scenario of the current paper. It captures the effects of
‘geographical’ barriers where the population of users are not simultaneously influenced by all agents.
Nevertheless, a future direction is to study the Multi-PfD problem (cooperative or competitive) where
users can be influenced by the decisions from a few neighboring agents.
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