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Supplementary Material for the ICLR 2024 submission
“Linear Indexed Minimum Empirical Divergence Algorithms”

A PROOF OF THE REGRET BOUND FOR LINIMED-1 (COMPLETE PROOF OF
TueOREM [T))

Here and in the following, we abbreviate 5;(~) as 53, i.e., we drop the dependence of 3; on ~y, which

is taken to be % per Eqn. (3).

A.1  STATEMENT OF LEMMAS FOrR LINIMED-1

We first state the following lemmas which respectively show the upper bound of F} to Fy:

Lemma 2. Under Assumption the assumption that (0%, ,) > 0 forallt > 1 and a € Ay, and

the assumption that /AS > 1, then for the free parameter 0 < T < 1, the term Fy for LinIMED-1
satisfies:

dBr log({%) L?Brlog()
< _ —_— .
P <0(1) +TF+O< T log (1+ = ) (12)
With the choice of T as in Eqn. (3)),
Fy < O(d\/T log? T) .

Lemma 3. Under Assumption and the assumption that VAS > 1, for the free parameter 0 < T < 1,
the term Fs for LinIMED-1 satisfies:

dfprlogT L?BrlogT
< _ —_— .
B < 2TF+O( ! >log (1+ T (13)

With the choice of T as in Eqn. (9),

< O(d\/flogg T) .

Lemma 4. Under Assumption and the assumption that \/\S > 1, for the free parameter 0 < T’ < 1,
the term F3 for LinIMED-1 satisfies:

dpBr log(T) L?Br log(T)
Fy < 20T + O( 25 log (14 LB (14)
With the choice of T as in Eqn. (9),
Fy < O<d\/T10gg T) .

Lemma 5. Under Assumption|l| for the free parameter 0 < I < 1, the term Fy for LinIMED-1
satisfies:

Fy <TT+0(1) .
With the choice of T as in Eqn. (),

Fy < o(m/flog% T) .

A.2 Proor oF LEmma 2]

Proof. From the event C} and the fact that (0*, x}) = A, + (0%, X;) > A, (here is where we use that
(0%, 24,4) > 0 for all t and a), we obtain maxpe 4, (11, 1) > (1 — ——)A,. For convenience,

\/logT

define A, := arg maxe 4, (ét_l, x1p) as the empirically best arm at time step ¢, where ties are
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broken arbitrarily, then use X, to denote the corresponding context of the arm Ay. Therefore from the
Cauchy-Schwarz inequality, we have [|0s—1 v, _, [ Xelly-2 > (-1, X¢) > (1 - \/ﬁ)At. This
implies that

(1-—==)A,
A \/logT
| Xelly -2 > S
o 10:-1llv.—y
On the other hand, we claim that ||f,_1 ||y, , can be upper bounded as O(+/T). This can be seen
from the fact that ||0;—1]|v,_, = ||0:—1 — 6* + 0*||v,_, < ||0i—1 — O%||v,_, + 10*||v,_,. Since the
event B; holds, we know the first term is upper bounded by +/S:_1(7), and since the maximum
eigenvalue of the matrix V;_; is upper bounded by A + T'L and ||6*|| < S, the second term is upper
bounded by Sv/X + TL. Hence, ||0;_1||v,_, is upper bounded by O(+/T'). Then one can substitute
this bound back into Eqn. (2)), and this yields

. 1 1
Rl 2 0L (1- —2)a).
il > 0 71~ ) o)
Furthermore, by our design of the algorithm, the index of A; is not larger than the index of the arm
with the largest empirical reward at time ¢. Hence,

A% A, 1 1
= 2t + log <log = .
51671(7)||Xt||%,;11 Btfl(W’)HXtH%,:l th(v)HXtH%,:l

It,A,,

If || X ]| > ﬂf‘—i, by using Corollary |1 with the choice of parameters as in Eqn. (@),

2
-1
Visa

T T
EY A 1{B,Cy, Dy} - 14 IX2 0 > Af SEY A1 X > Af (15)
t ty“t, Lt t ‘/till - Btfl = t t Vt:11 = 5t71
t=1 t=1

T [Q] AQ
<STI+EY Y A1 {|Xt||2vt_1l > Bt—tl } {27 < Ay <27

t=1 [=1

T [Q]

2—2l
ST +EY ) 27t {||Xt|2vl > }
=1 1—1 o fr
Q]
B 6dSr 2L2ﬁT
+1
STT+E) 272 log (1 + 3o

=1

[Ql 204172
=TT +E» 2'-12dBrlog <1 + 2L5T>

=1 A
[Q] 204372
2 L
<TT+EY 2'-12d8rlog <1 + AﬂT)
=1
22Q+3 72
=TT + (2191 —1) . 24dBr log (1 + AﬂT>
48d ST 8L%Br
<TT+ log (1 + 2
Then with the choice of I" as in Eqn. @
T A2
]EZAt‘]]-{Bth;Dt}']]-{Xt”%/—l > —t }
=1 t—1 Bi—1
: 4 T L2BrT
< d\/flog%T—l— ﬂlog <1+85T3)
log2 T Ad?log® T

< 0(dy/TlogT) . (16)

12



Under review as a conference paper at ICLR 2024

Otherwise we have HXt||V_1 < 5,1 then log 7— > 0 since A; < 1. Substituting this

HX H2
into Eqn. (@), then using the event D; and the bound in @) we deduce that for all T sufficiently large,

A2
v 2 UG Tostrran

(Lattimore & Szepesvari, 2020, Chapter 9) on A; such that 27/ < A; <27+ forl =1,2,...,[Q]
where I' := 2% is a free parameter that we can choose. Consider,

- > A
]EZAt‘]]-{Btact;Dt}']l{|Xt v }

=1 ﬁt—l

we have || X;||? ). Therefore by using Corollary|1|and the “peeling device”

T
A2
SEZAt.]l{Bt,Ct,Dt}.]l{AtSQ[Q]},]l{”Xt%/ Btl}
t=1 t—1 +—

2

T
A
+EY At-]l{Bt,Ot,Dt}Jl{At >2(QW}-]1{Xt||2Vl <3 tl}
t:l t—1 t—

T
A? B
<O()+TT+EY At-n{XtIIQVl EQ(W)}H{Apz TQW}
t—1 — t

t=1
1 LY 2 A% -1 —1+1
)+TP+]E;;At {||Xt| ‘1>Q(/6’t—110g(T/A?))}1{2 <A <271
+TF+E§%2 1 {|Xt2 . >Q(22l)}
t=1 =1 - Br—1log(T - 22)
Q]

272l
—1+1 2 -
S S /1)

[Q1 ) o .
<O(1)+TT+E E QZHO(QQld,BT log(T - 22) log (1+2L 2 BT)\log(T 2 )))
=1
[Q] 9 -
§ , L*prlog(Fz)
I+1 L7prlog(rz)
<O(l)+Tr+E 2 2 (dﬂT 1Og(1“ ) log (1 + = )
dfrlo g(lz) L?Br log(%)
< it cA NP o PTPeA\T? )
= O(l)+TP+O< T log (1+ ST ) ;

This proves Eqn. (I2). Then with the choice of the parameters as in Eqn. (3),

- 2 Af
EY A 1{B;,Cy,Di} - 1 15,1 < B
t=1

3 T2 VT L2BrT T2
<O0(1)+dVTlog? T + O(dﬁT log <d2 log3T) dlog% - log (1 + W -log <d210g3T>>>

< o(dﬁlog% T) .
Hence, we can upper bound F} as

T
A2 A2
F1:EZAt.IL{Bt,Ct,Dt}-IL{Xt||%/t11 o }—HEZAt 1{B;,C;, D;} - IL{||Xt|| t }

t=1 t=1 Bt—l

< O(d\/W) + O(dﬁ log3 T)
< O(dﬁlog% T),
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which concludes the proof. O

A.3 Proor oF LEmma[3]

Proof. Since C; and D, together imply that (8%, z7) — § < & 4 (9,_1, X,), then using the choices
A % A, I .. .

of § and e, we have (0;_1 — 0*, X;) > 7\/@. Substituting this into the event B; and using the

Cauchy—Schwarz inequality, we have

2
DR —
Vicr T Bio1(y) logT

Again applying the “peeling device” on A, and Corollary [I] we can upper bound F5 as follows:

T ) A?
m<yac (i > o)

t=1
T [Q] A2
<Tr+E A TdIXI2 > 2t L gt oA < o-lHt
STTPESTS Sl 2 g b s
T [Q] -
<TT+E 2—l+1.1{ e z}
;; | tHthll BrlogT
[Q]

9241 . 123, log T
<TT+REY 27 2% 6dBr(log T) log (1 + AﬁT o8 )
=1

&l 2[Q1+1 , 2
2 - L?BrlogT
<TT+E) zﬁlzmﬁwbgijg<1+ \ pr log )

=1
221Q1+1 . 123, 10gT>

=TT + (2191 —1) . 24dB7 (log T) log <1 + 3

8L2Br log T)

48dfSrlog T
TT 4 224PT 087
<t A2

log (1 +

dBrlogT 1 14 L?BrlogT
r AL

This proves Eqn. (I3). Hence with the choice of the parameter I" as in Eqn. (3)),

—TI‘+O<

F, <dVTlog? T+ O (dﬁ log? T)

< o(d\/Tlogg T> :

A.4 Proor oF LEmma [l

Proof. For Fj, this is the case when the best arm at time ¢ does not perform sufficiently well so that
the empirically largest reward at time ¢ is far from the highest expected reward. One observes that
minimizing F3 results in a tradeoff with respect to F3. On the event C';, we can apply the “peeling
device” on (0%, 27y — (011, }) such that 5 < (0%, 27) — (B,—1,x}) < L5268 where ¢ € N. Then
using the fact that I; 4, < Im;, we have

1 R 1
log < . +log ———s— . (17)
Bt—IHXt”‘Q/;ll 4@—1”%”‘2/;11 5t—1th”%/t:11
On the other hand, using the event B; and the Cauchy—Schwarz inequality, it holds that
. qg+1)6
Iy > O (18)
=1 24/ B

14
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If || X} ||2 > ,6’ , the regret in this case is bounded by O(d+/T logT') (similar to the procedure

to get from Eqn. @ to Eqn. (16))). Otherwise log W > log 1z > 0, then combining
T t

Eqn. (T7) and Eqn. (I8) implies that

+1)%6° 2
1%z, > @D exp( 4 )

461 (g+1)2
Notice here with v/AS > 1, ||Xt||‘2/_1 ﬁfA - < ﬁf - < < 1, it holds that for all ¢ € N,
t—1
(¢ +1)%° ( 7 )
- —eXx — <1. 19
48,1 P (¢g+1)2 (19)

Using Corollary [T} one can show that :

A2
ZAt 1{B;,C:} - ]1{|Xt||2—1 < }

— Bt-1
T [Q] . A2
<TF+ZZAt-1{Bt,Ct}-1{|Xt||2v1 <3 t }-1{2"<At<2‘l+1}
=1 1=1 . t—1
T [Q] oo 2
q+1 q+2 9 A
ST +> Y Y A 1{Bi}- 1{ 50 < (0%27) - (0, 1,xt><25} {||Xt| <
t=1 =1 g=1
1{27t <Ay <27
T [Q] oo 252 2
2 (g+1)%0 q —1 —i41
STF+ZZZAt-]l{1Z|XtHVtIIZZlﬂtleXp PR {27 < Ay <271
t=1 [=1 q=1
T [Q] oo 2
(q+1)%A? q — 41
=TT Ay-1481>|1X - S1{2 A, <2
P { X, 2 45 g O\~ fgeap )y T A2
T [Q] _
B +1)22 21 q2
<T 9—l+1 1> 11X (617 _ 4
a Z::;Z { = I%ellyo, > PriogT P\ (g+1)?
(@] oo exp ((qfl)?> 220 . 8L%Brlog T eXp (Wz;)
<TT + 271 9% 24dBr(log T) - —————2 - log (1+ : )
2.2 rloe ) = 1y A 0+ 17

[Q] o €Xp <(q+1)2> 241, 72
9241 . 126 1og T
<TT+ 35 2% 24dBr(log T) - ——~—— 7 -log (1 i Pr log )

it (g+1)2 A
[Q] 241 . 72 oo €Xp | iz
221+1 .1, [J’T log T <<q+ )
=T0+ Y 2124487 (log T) - log (1 +
[Ql 2041 . 72
2241 . 128, 1og T
<TT+ Y 2 24dBr(logT) - log (1 + A”BT °8 ) - (1.09)
=1
[Q1 2041 . 72
2241 . 128, 1og T
<TT+Y 21 27dpr(log T) - log <1 + AﬁT o8 )
=1
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<TU+ Y 2 27dBr(log T) - log :
=1

Q1

216dBr logT 8L2Brlog T
<TT 4y ——f—log <1+ATF2
1=1

logT L%BrlogT
dBr log 1og<1+ Br log ))

@l 2[Q1+1 . 12
2 - L2Brlog T
(1 n Brlog >

T L2 (20)

= TF-I—O(
Hence
T - A2 T B A2
B=Yact{BC) 1 {ixi, < 25 b Y ac (o) {ixg, z 2
t—1 t_ t:l t—1

t=1 t—1

dBr L?Bp dprlogT L?BrlogT
< O<Flog <1+ ) ) +2T 40 flog(l-i-T)

By log(T L1287 log(T
<2TF+O(T Eg( ) 1og (1+7TAF°2g( ))>

This proves Eqn. (T4). With the choice of I as in Eqn. (3)),

dvVTBrlogT TL?BrlogT
— g (l+ ———o—
dlog2 T Ad?log® T

<2dVTlog? T + O <d\/Tlogg T)

F3 < 2dVT log? T+O<

= O(d\/ﬁogi’ T) .

A.5 Proor oF LEMMA
Proof. For Fy, the proof is straightforward by using LemmaI] with the choice of . Indeed, one has

T T [Q]
Fy=EY A 1{B} <TT+EY Y A, 1{27 <A, <27} 1 {By}
t=1 t=11=1
T [Q] T [Q] T [Q]
<TT + EZ Z 2711 {B,} <TT + Z Z 27HIP(B,) <TT + Z Z 91,
t=1 =1 t=11l=1 t=11=1
T [Ql T 2

<TF+%:TF+O(1).

1 —l41 2-T

D) SRRy
=1 =1 t=1

With the choice of T as in Eqn. (§),

Fy < dvVTlog? T+ 0(1)
< O(d\/flogg T> .

A.6  Proor oF THEOREMI]
Proof. Combining Lemmas 2} 3] f]and 5]
Rr=F+Fy+ F3+ F},

<0 (d\/f log? T> +0 <d\/T10g3 T) +0 (d\/f log? T) +0 <d\/iﬂog3 T)
= O(d\/flogg T) .
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O
B PROOF OF THE REGRET BOUND FOR LINIMED-2 (PrOOF OF THEOREM [2)
We choose v and T" as follows:
1 VdBrlogT
P — I = VdprlogT ) 1)
t2 VT

B.1 StaTEMENT OF LEMMAS FOR LINIMED-2

We first state the following lemmas which respectively show the upper bound of F} to Fy:

Lemma 6. Under Assumption and the assumption that /AS > 1, for the free parameter 0 < T < 1,
the term F for LinIMED-3 satisfies:

2
P STFJFO(‘WTW) log (HL»@’TW) _

r A2

Lemma 7. Under Assumption and the assumption that /AS > 1, for the free parameter 0 < T < 1,
the term Fs for LinIMED-3 satisfies:

2
P gTr+o<W) log (HLﬁTlO%T) .

r A2

Lemma 8. Under Assumption and the assumption that /XS > 1, for the free parameter 0 < T < 1,
the term Fs for LinIMED-3 satisfies:

iy <577 + O 1 g (14 BT ) 4 o TogTaog (H220ET ) )

Lemma 9. Under Assumptionwith the choice of v = t% as in Egn. 1), for the free parameter
0 < T' < 1, the term Fy for LinIMED-3 satisfies:

F, <TT +0(1).

B.2 PrOOF OF LEMMA

Proof. We first partition the analysis into the cases A; # A, and A, = A, as follows:

T
=EY A, 1{B;,Cy, Dy}
t=1
T T
:EZAt]]-{BtactyDt}l{At#At}'i_EZ ]l{Bt,Ct,Dt} ]].{At At}
t=1 t=1
A . . . At
Case 1: If A; # Ay, this means that the index of A¢ is [y 4, = 5— IHXZ*H'Q -+ log Bt—lu)%tHQ —

t 1 t—1

Using the fact that Iy 4, < I, A, We have:

A 2
Atht

LA L log
Be—1 ]| Xe|? -
v

1
Ia, = e
st _ X 27
BalXilE_,

<logT Alog —————
= 2

Bl Kl
<logT.

17
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Therefore
A?, 1
ot +1o <logT . (22)
Bl X2, B,
t—1 t—1
If HXt”V L2 > 5.+ using the same procedure to get from Eqn. (T3] to Eqn. (I6), one has:
T X A2
B> 818,01 {A# a} 1 {xy > 2L
t=1 ~ B
- > A?
<E A - 14| Xl - >
<e> a1 {1l 2 5}
48dBr 8L*Br
T 1 1
< + — T og( + N
dfr | L*Br
=TT+ 0O 1 .
* < r s\t e
Else if ||Xt||‘2/,1 < ﬁ , this implies that logw— > log Az > 0. Then substituting the
t—1

t—l

event D, := {A, 4, > ¢} into Eqn. (22), we obtain

52

———— <logT.
BtleXtH%,t:ll
With v/AS > 1 we have 3,_; > 1, then one has

2

€
X2 > —
H tH t—ll T P lOgT

Hence

T A2
B> 80 1{BC DA £ ANl < 25

Br—1
T ) {-:2
<E Ap- 1| Xe|l5-2 =2 77— ¢
— tZ:; t {” tH‘/t—l BtllOgT}

With the choice of € = (1 — Ay, when T' > 149 > exp(5), € then performing the

f) 10’

“peeling device” on A, yields

2

T
1 : >
B8 1 {IX} 2 g 182 T)

T [Q] B B &_2
< 149+E;;At-]l{2 Lo Ay <2 l+1,||XtHf,;11 > w}
[Ql . T 22
1)+E;2 tz_:ll{mtllv . ﬁt_llogT}
1)+E%2l+1 = IL{|X ” 221}
— tllyzy 2 10087 log T

=1 t=1

18
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[Ql 21 2
220 . 200L2B3r log T
<O()+EY 27122 600dBy(log T) log (1 + AﬂT o8 )
=1
< I+1 22[Q1 . 200L% 6y log T
<O(1)+E E 21 600dBr (log T') log (1 + 3 )

=1
4 logT L2BrlogT
800d3r log log <1 N 800L? B log )

<O(1)+ T T2

Considering the event {A; < I'}, we can upper bound the corresponding expectation as follows

T 2 T
e
EY :At-]l{p(t”v 1 _B lgT}-]l{At<F}§E§ A 1{A, <T} <TT.

t=1

Then
T A2
EY A {Bt,ct,Dt,At;éAt,nXt 2 : }
—1 -1 Bt
T 2
13
X _ - -
<BY a0 {n A2 —mllogT}
T 2
_ Z X2 > ———b.1{A, >T)
ary Vioi — 6t71 logT ST
A 2 e’ A
E X _ -1 T
v g e {1l > T 1<)
4800dp37 log T 800L%Brlog T
< it St Pt =
<O()+1TT + T log (1 + N
Hence

EiAt 1 {Bt,ct,Dt,At ” At}

T
A~ AQ
=EY A1 {Bn Cr Di, Ar # Ap 1%l -, 2 7 }

T
A A2
+ ]EZAt -1 {BmCthvAt 7 A, ”XtH%/;ll < ﬁt—tl }

dﬂT L2ﬁT 48006157‘ log T 800L2ﬂT log T
< - - =2 - - =2
TF+O( (1+ N +O0(1) +TT + T log ( 1+ N

dprlogT L?BrlogT
<TTr+0| t2—=— — - o ).
+ ( log (1 + 2

Case 2: If A, = A,, then from the event C; and the choice § = we have

Ay
\/log T

A 1

01 — 0", X ><1—7)A.
(Or—1 t) Joa T t
Furthermore, using the definition of the event By, that implies that

1 )2?

(1
logT
X2 > — T
B

19
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When T > 8 > exp(2), (1 — ——=)? > {5, then similarily, we can bound this term by

\/1ogT

O(%2) log(1 + Lr)

Summarizing the two cases,

28,1
F < 0(1) +TP+O<W) log (1 + LﬁTOgT)

r A2
dprlogT L?BrlogT
<ITTr+0| ——— )1 14— .
= + ( T og| 1+ N
O
B.3 Proor oF LEmmal[]]
Proof. Recall that
T
Fy = EZAt -1{B;,Cy, D} .
t=1
From C; and D,, we derive that:
(0% a;) — 6 < e+ (01, X,).
. . o A, _ . 2
With the choice 6§ = JosT e=(1 \/@)At, we have
. A,
01 —0", X)) > . 23
(0r—1 t) TosT (23)
Then using the definition of the event B; in Eqn. (23)) yields
AQ
X2 > ——.
I tH‘/t—ll ~ Bi_1logT
Using a similar procedure as in that from Eqn. (T5) to Eqn. (I6)), we can upper bound F; by
dprlogT L?BrlogT
E<IT+0l ——— 1 1+ —.
2 < + ( T og| 1+ 2
O

B.4 Proor or LEMmA [§]

Proof. From the event C, which is maxpe 4, <§t_1, b) < (0*,xF) — I, the index of the best arm at
time ¢ can be upper bounded as:

9*’ N\ § 9_7 *\\2
i oy
Ty =Ty

It,a;‘ S

Case 1: If A, #+ Ay, then we have
1
Liwr > I, >log —
b = A =08 X
t—1
Suppose %5 <0, a7) — (By_y1,27) < %5 for ¢ € N, then one has

q252

1
<
2 — 2
Be=allXell§, -1 = 4BeallzF (5,

log + log (24)

1
Bt*l‘lxinf/t:ll .

20
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On the other hand, on the event By,

1)0
il > WS
=17 24/ B

2
If | X, ”%/}: ' > ﬁ, using the same procedure from Eqn. (T3] to Eqn. (T6), one has:

(25)

T . R ) AQ
E;At'l{Bt»Ct}'l{At#At} {XtH - ﬁt—l}

<EY A1 {IXtI"’ A
o ] = B

48dBr 8L*fr
<TIT + T log <1+ 2

5T L?Br
TF+O< g<1+ 2 )>

Else if HX,5||2 -1 <

BtA—?l , this implies that log 7
Eqn. (24) and Eqn. (23) implies that

+1)252 < q2 )
X2 = D o (- .
Wl = T o G2

Then using the same procedure to get from Eqn. (I9) to Eqn. (20), we have

T o A2
> A -1{B,Ci} 1 {||Xt||‘2/1 < ﬁ,At # At}
t—1 +—

1 1 .« .
= >
—1||Xt||f/,1 > log azr = 0. Then combining

t—1

t=1
dBrlogT L?Brlog T
r ——1 (1 7> . 26
< + O< T og 1+ 2 (26)
Case2: A, = A,. If | X, ||V_1 > ﬁ?—%l , using the same procedure to get from Eqn. (I3)) to Eqn. (T6),

one has:

T . A2
EZAt'l{Bma}'l{At:A} {XtHQ ﬁtt1}

t=1

< E A X 1>
<EY a0 {| o > }

8L*Br
A2

dp LB
_TF+O< T g<1—|— AF;)).

2
Else ||X,5||%/,1 < Atl implies that log -
t—1 - g

48d

>log§ > 0.

1
11 X2
Bt 1l tHV,l

t—1

If log W < log T, then using the same procedure to get from Eqn. (24) to Eqn. 26)), we

t—1

have
T
_ AZ 1 T
A 1{By, OV -1 |1 X120 < —, A, = Ay lo <lo
Z 0145 ) IXell By gﬁt—lHXt”%/—l % Bt
t—1
dfrlogT L?Brlog T
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If log i > log T, this means now the index of A; is I; 4, = log T, by performing the

HX [
f 1

“peeling device” such that ££15 < (%, 27) — 0,1, 27) < 226 for g € N, we have

252
1
log7T < ————F5— + log ——F——. 27)
48, 1|| tH ﬂththH%/;ll
On the other hand, using the definition of the event By,

(¢g+1)d
iy -1 > ——=. (28)

Vi 2y/Bi—1

Combining Eqn. and (28)), we have

2exp(5-iqyz (q+1) 5)
(¢+ VT
. A, .. .
Then with § = N this implies that
2
) 2\/logTeXp(2(qu)2)
- (q+1VT

+1 L 2L+/Bi_1log T
On the other hand, from 43=§ < /Bt_1||z2‘HV:1 < /Bi_1 - J5owe have g + 1 < e Vv

Hence,

T
_ AZ 1
2
> A-1{B,Ci} 1 ||XtHV:1<ﬁt—j1,At:At,logW2bgT,At2F
- Vi

| 22Ol Ty >
cE T A A 2V1og T exp(57 32
S

L%W

-1]
T 2\/Tog T exp( 2(q+1 3)

=B Z Z q+1\/T

2Ly/ByplogT
L VAT J

2y/Tlog T exp(
qg+1

(q+1)2)

q=1
|22/PrlsT )
”ZF: 2/ey/Tlog T

<E
et qg+1
2L+/1
< 2y/ey/Tlog T'log ( fof 1)

< O<\/TlogT10g <Lﬂ/\TFl;)gT>) .
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Summarizing the two cases (flt # A; and A, = Ay), we see that F3 is upper bounded by:

5T L?Br dfrlogT L?BrlogT
F3<TF+O< . 1+ S ) ) +IT+0 #log(lJrT)

+Tr+0< 4 | (1+ L%)) +TP+O(dﬂTlongog (1+ W)>

A2 r A2

+ 71T + O(vTﬂT log T'log <L ﬁ/\TFl;)gT)>

dprlogT L?BrlogT L?BrlogT
< it Rl P = S v/ — o .
5TI‘+O< log<1+ 2 ) +0 T'logT log A2

B.5 Proor oF LEMMA

Proof. The proof of this case is straightforward by using Lemma with the choice v = t%:

T
Fy=EY Ay 1{B:}

t=1

T T
=E> A-1{By, A <T}+E> Ay 1{By, A>T}
t=1 t=1
T [Q]
<TT+EY Y A 1{B,, 27 <A, <271}
t=1 [=1
T [Q]
<STT+E) Y 27" 1{B,}
t=1 [=1
Q]

<TF+ZQ l“ZP{Bt

fQ] 2

=710+ 27+ %
=1

7T2
<TT+(@2-1) =

2

s
<TIT + —
+3

=TT+ 0(1).

B.6 Proor oF THEOREM[Z]

Proof. Combining Lemmas|6] [7] [8]and 0] with the choices of y and I as in Eqn. (1)), the regret of
LinIMED-2 is bounded as follows:

RT:F1+F2+F3+F4

dﬁT log T L2ﬂT log T dﬂT log T LzﬂT log T
< - = - = _ = - =
_TF+O< T )log(1+ Ne +TT + 0 T log (1+ e

2 2
T )

A2
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+TT + O(1)
dBrlogT

L?BrlogT L?Brlog T
< _— - - = —_ e
_8TF+O< T log (1+ 2 >> +O<\/Tlongog< N ))
2

TL TL?
= SMIOgT‘FO(\/MIOg <1 + AdlogT)) +O<\/’1Tngog (AdlogT))

= 8dVTlog? T + O <dﬁlog3 T) + O(\/Tlogg T)
< O(d\FTlogg T> .

C PROOF OF THE REGRET BOUND FOR LINIMED-3 (ProoF oF THEOREM [3))

First we define a} as the best arm in time step ¢ such that a; = argmax 0*, s 4), and
t P t g a€A; s

use xy 1= Ity denote its corresponding context. Define A, = arg max,¢ 4, UCB¢(a). Let
Ay = (0%, x7) — (0%, X;) denote the regret in time ¢. Define the following events:

B:& = {Hét—l - H*H‘/t—l S v ﬁt—l(’}/)}’ Dw/f = {Atw‘h > 5}'
where ¢ is a free parameter set to be € = % in this proof sketch.

Then the expected regret Ry = E ZtT:1 A can be partitioned by events By, D; such that:

T T T
Rr =EY A 1{B, D} +EY A 1{B, D} +EY A 1{B[}.
t=1 t=1

t=1

:ZFl ::Fz ::F3

For the F} case: R
From D; we know A; # A, therefore

A~

I Al +1 L (29)
A, = 1 0 )
ST BN T Bl Xl
t—1 t—1
/ . ¢
From D; and I; 4, < It,At <log maxaca, A2 we have
C
It,At < log? . (30)
Combining Eqn. and Eqn. (30),
A?A 1 C
— +lo <log — .
Bl X2y P Bl XiP e
t—1 t—1
Then
A%A, C
64 X = 1
Ao, < et b
%
t—1
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If || X , using the same procedure from Eqn. (T3)) to Eqn. (I6), one has:

V—l—ﬁ

d / / 2 A?
B> ac 18,00 1 {IxE, > 5
t=1 ot t—1

<EY A 1{Ixl 2 2 )
oy t—1 t

-1

48y 8L*fr
<TIT + T log <1+ T2

dp L*p
_TF+O< Tl g(1+ AP;)).

Else ||Xt|| < B ,this implies that 3; 1|\Xt||2 < A?, plug this into Eqn. (31) and with the

choice of ¢ = % and Dt, we have
2
Aj

— < .
9B, oelC)

Since C' > 1 is a constant, then

AQ
9B;-110g(9C) -
Using the same procedure from Eqn. (T3) to Eqn. (T6)), one has:

102, >

T
EZ&J{BLDQM{H& 2
t=1 B

Af}

—1
T

<EY A 1|X3

= ; ! {' tllv-y, > QﬂtllogQC

dorlogC | <1+ L ﬁﬂogC))

<TIT + O( T
Hence
Fy <2TI‘+O<dﬁT11f)gclog <1+L2B)\TF1;)gC>> . (32)
For the F» case: Since the event Bj holds,
max UCBy(a) > UCBy(a}) = (B;_1,2%) + \/Bi_1||x} 1% v, > (0%, x7) (33)
On the other hand, from D} we have
max UCBy(a) < UCB,(4;) + ¢ = 0,1, X)) + VBl Xilly 1 +e (34)

Combining Eqn. (33) and Eqn. (34),
(07, 27) < (-1, Xe) + v/ 5t71||Xt||Vt—_11 +e.
Hence

Ay —e < (f1 =07, X0) + V/Bra | Xilly

Then with € = % and Bj, we have

2
gAt < 2\/ BtflnXt”Vf_ll ’
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therefore
A2
Xel2-0 > .
Xl -y > 2
Using the same procedure from Eqn. (T5) to Eqn. (16}, one has:
dpr L*Br
—_— 1 .
F2<TF+O( T log( + 2 (35)

For the F3; case:

using Lemma with the choice vy = 2

Z-
T PR

F,=EY A, 11{3;}
t=1

=EéAt-1{B;,At <F}+E§;At~1{Bg,At zr}

T [Q]
<TT+EY Y A, -1 {Eg,z*l <A < 2*”1}
t=1 =1
T [Q]
<Tr+EY Y 271 {E@}
t=1 =1
[Ql T

<Tr+Y 2713 p {?g}
=1 t=1

[Q] 2

=TT+ Y 27t %
=1

71_2
<TT+(2-T)-

2

T
<TIT 4+ —
+3

=TT +0(1). (36)
C.1 Proor oF THEOREM 3]

Proof. Combining Eqn. (32), (33), (36) with the choices of v = 5 and ' = % andC > lisa
constant, the regret of LinIMED-3 is bounded as follows:

Rr=F+F+F;+Fy
2 2
<4TF+O<dﬂT10gclog (1+L ﬂTlOgC)) +O<dfflog <1+ L 5T)> +0(1)

r A2 A2
2
< O<dﬁlogClog <1 + LT)I\()gC’))
= O(d\/flog(T)) .

D HYPERPARAMETER TUNING IN OUR EMPIRICAL STUDY

D.1 SyNTHETIC DATASET

The below tables are the empirical results while tuning the hyperparameter « (scale of the confidence
width) for fixed 7" = 100.
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Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
o 06 | 07 ] 08 |03 ]04 | 05|04 ] 05]06 ] 04 ] 05|06 | 03] 04 0.5
Regret | 3.38 | 3.28 | 3.37 | 3.82 | 3.28 | 3.99 | 323 | 3.16 | 3.38 | 3.23 | 3.18 | 3.23 | 3.19 | 3.01 3.28

Table 2: Tuning o when K = 10,d = 20

Method LinUCB LinTS LinIMED- 1 LinMED-2 LinMED-3 (C = 30)
a 090 [ 10 [ I.I [ 03 [ 04 ] 05| 03] 04&]05]| 05 ] 06 | 07 | 04 ] 05 06
Regret | 3.74 | 3.63 | 3.64 | 439 | 3.39 | 436 | 3.66 | 3.50 | 3.75 | 3.535 | 3.533 | 3.945 | 344 | 336 | 3.88

Table 3: Tuning o when K = 100,d = 20

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
o 05 | 06 | 07 0 0.1 02 | 0.5 06 | 07 | 04 | 05 ] 06 | 04 | 05 0.6
Regret | 3.30 | 3.29 | 334 | 7.00 | 2.52 | 2.62 | 3.16 | 3.07 | 341 | 3.33 | 3.17 | 3.26 | 3.02 | 3.00 3.53

Table 4: Tuning o when K = 1000, d = 20

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C' = 30)
o 0.9 1 1.1 0.1 02 ] 03] 04 ] 05 ] 06 | 0.1 02 | 03 | 03 | 04 0.5
Regret | 329 | 328 | 3.36 | 3.68 | 3.26 | 3.92 | 3.16 | 3.11 | 346 | 451 | 3.18 | 3.28 | 3.01 | 2.99 3.45

Table 5: Tuning o when K = 10,d = 50

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C' = 30)
] 03 ] 04 | 05 0 0.1 02 | 0.1 02 | 03 | 0.1 02 ] 03 ] 02| 03 0.4
Regret | 3.33 | 323 | 331 | 11.0 | 3.98 | 3.36 | 3.61 | 3.21 | 3.25 | 440 | 3.18 | 3.26 | 3.12 | 3.00 3.35

Table 6: Tuning o when K = 10,d = 100

We run these algorithms on the same dataset with different choices of «, we choose the best « with
the corresponding least regret.
D.2 MovieLENS DATASET

The below tables are the empirical results while tuning the hyper-parameter « (scale of the confidence
width) for fixed 7" = 100.

Method LinUCB LinTS LinIMED-1 LinlMED-2 LinIMED-3 (C = 30)
a 06 | 07 | 08 | 005 [ 01 [ 0I5 | 01 [ 05 [ 02 | 01 | 015 | 02 | 01 ] 0.5 [ 02
CTR | 0.706 | 0.759 | 0.756 | 0.670 | 0.712 | 0.696 | 0.740 | 0.759 | 0.699 | 0.744 | 0.759 | 0.699 | 0.747 | 0.776 | 0.714

Table 7: Tuning o when K = 50

Method LinUCB LinTS CinIMED-1 CinlMED-2 LinlMED-3 (C = 30)
a 08 [ 09 | 10 | 0 [ 005 ] 01 | 005 ] 01 | 015 | 005 | 0. | 0.5 | 005 [ 0.1 [ 0.5
CTR | 0.538 | 0.584 | 0.531 | 0.395 | 0.520 | 0.384 | 0.559 | 0.612 | 0.525 | 0.464 | 0.619 | 0.535 | 0.453 | 0.598 | 0.537

Table 8: Tuning o when K = 100

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
a 09 [ 10 [ 11| 0 [ 005 ] 01 | 005 [ 01 ] 015 | 0.05 | 01 | 0.15 | 005 | 01 [ 0.15
CTR | 0.509 | 0.553 | 0.53 | 0.319 | 0.412 | 0411 | 0.457 | 0.523 | 0.437 | 0461 | 0.526 | 0.437 | 0.444 | 0.543 | 0.490

Table 9: Tuning o when K = 500

We run these algorithms on the same dataset with different choices of «, we choose the best « with
the corresponding largest reward.
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