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Abstract

This paper studies the optimistic variant of Fictitious Play for learning in two-1

player zero-sum games. While it is known that Optimistic FTRL – a regularized2

algorithm with a bounded stepsize parameter – obtains constant regret in this3

setting, we show for the first time that similar, optimal rates are also achievable4

without regularization: we prove for two-strategy games that Optimistic Fictitious5

Play (using any tiebreaking rule) obtains only constant regret, providing surprising6

new evidence on the ability of non-no-regret algorithms for fast learning in games.7

Our proof technique leverages a geometric view of Optimistic Fictitious Play in8

the dual space of payoff vectors, where we show a certain energy function of the9

iterates remains bounded over time. Additionally, we also prove a regret lower10

bound of Ω(
√
T ) for Alternating Fictitious Play. In the unregularized regime, this11

separates the ability of optimism and alternation in achieving o(
√
T ) regret.12

1 Introduction13

Despite the fact that regularization is essential for no-regret online learning in general adversarial14

settings, unregularized algorithms are still able to obtain sublinear regret in the case of two-player15

zero-sum games. Fictitious Play (FP), dating back to Brown (1951), is the canonical example of16

such an unregularized algorithm, and it results from both players independently running Follow-the-17

Leader (FTL).1 In the worst case, FTL can have Ω(T ) regret due to its sensitivity to oscillations in18

adversarially-chosen reward sequences (Shalev-Shwartz et al., 2012). However, in zero-sum game19

settings, the classic result of Robinson (1951) proved that, under Fictitious Play, the sum of the players’20

regrets (henceforth referred to as regret) is indeed sublinear (thus implying time-average convergence21

to a Nash equilibrium), albeit at the very slow O(T 1−1/n) rate for n× n games (Daskalakis and Pan,22

2014).23

However, the recent works of Abernethy et al. (2021a) and Lazarsfeld et al. (2025) have established24

improved O(
√
T ) regret guarantees for Fictitious Play on diagonal payoff matrices (using lexico-25

graphical tiebreaking) and on generalized Rock-Paper-Scissors matrices (using any tiebreaking rule),26

respectively. As a result, there is growing evidence on the robustness of unregularized algorithms like27

FP (not a no-regret algorithm in general) for obtaining fast, sublinear regret in zero-sum games.28

On the other hand, the past decade has seen regularized learning algorithms exhibit a remarkable29

success in providing even better o(
√
T ) regret guarantees for learning in games. In zero-sum games,30

optimistic variants of FTRL (including Optimistic Multiplicative Weights and Optimistic Gradient31

Descent) obtain only constant regret (with respect to the time horizon T ), implying optimal O(1/T )32

time-average convergence to Nash (Rakhlin and Sridharan, 2013; Syrgkanis et al., 2015). While such33

1FTL is a particular instance of Follow-the-Regularized-Leader (FTRL) with unbounded stepsize η → ∞.
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guarantees can be obtained using absolute constant stepsizes (with no dependence on T ), standard34

proof techniques (e.g., the RVU bound approach of Syrgkanis et al. (2015)) still crucially require a35

finite upper bound on stepsize, corresponding to constant magnitudes of regularization. This raises the36

following, fundamental question: Is O(1) regret attainable in zero-sum games without regularization37

(equivalently, with unbounded stepsizes)? Can variants of Fictitious Play achieve O(1) regret?38

Apart from its theoretical interest, this question admits crucial applications in the context of equilib-39

rium computation algorithms for combinatorial games (Beaglehole et al., 2023), as well as during40

training via self-play in certain multi-agent reinforcement learning settings (Vinyals et al., 2019).41

1.1 Our Contributions42

In this work, we establish an affirmative answer to the question above. Our main result establishes43

that, in the case of 2×2 zero-sum games, Optimistic Fictitious Play obtains constant regret:44

Informal Theorem (See Theorem 3.1). Optimistic Fictitious Play, using any tiebreaking rule, obtains45

O(1) regret in all 2×2 zero-sum games with a unique, interior Nash equilibrium.46

Our result gives surprising new evidence that, even without regularization, optimism can be used to47

obtain an accelerated regret bound, matching the optimal rate obtained by regularized Optimistic48

FTRL algorithms (Syrgkanis et al., 2015). While our theorem establishes constant regret only for49

the case of two-strategy zero-sum games, our proof techniques offer indication that similar, optimal50

regret bounds may further hold in higher-dimensional settings. Apart from our theoretical results,51

we also experimentally evaluate Optimistic FP on higher-dimensional zero-sum games, and these52

evaluations suggest that, even for much larger games, Optimistic FP still obtains constant regret.53

Our proof technique is based on a novel geometric perspective of Optimistic FP in the dual space of54

payoff vectors. Our main technical contribution is showing that an energy function of the dual iterates55

of the algorithm is upper bounded by a constant. This energy upper bound can then be easily used to56

establish constant regret of the primal iterates. The latter comes in contrast to the energy growth of57

the iterates of standard FP, which strictly increases over time (Lazarsfeld et al., 2025).58

We also consider the alternating variant of Fictitious Play. Recent work has studied the use of59

alternation (independently of optimism) as a method for obtaining o(
√
T ) regret guarantees in both60

the adversarial (Gidel et al., 2019; Bailey et al., 2020; Cevher et al., 2023; Hait et al., 2025) and the61

zero-sum game setting (Wibisono et al., 2022; Katona et al., 2024). Contrary to optimism, we show62

in the case of alternation that regularization is necessary to achieve o(
√
T ) regret:63

Informal Theorem (See Theorem 3.2). On the 2×2 Matching Pennies game, Alternating Fictitious64

Play, using any tiebreaking rule and for nearly all initializations, has regret at least Ω(
√
T ).65

Together, our results separate the regret guarantees of using optimism and alternation in the regime66

of no regularization: while optimism without regularization can obtain optimal O(1) regret (Theo-67

rem 3.1), alternation alone is in general insufficient for improving beyond O(
√
T ) (Theorem 3.2), the68

same rate achievable by standard (non-alternating) FP in the 2×2 setting. To this latter point, note69

that the lower bound of Theorem 3.2 comes in contrast to the improved O(T 1/5) rate obtainable by70

Alternating FTRL under a sufficiently small stepsize (Katona et al., 2024).71

Table 1 summarizes our results and the landscape of regret guarantees in the 2×2 setting for FTRL and72

FP variants, and Figure 1 shows an example of the empirical regret guarantees of standard, Optimistic,73

and Alternating FP variants in several games (additional results are presented in Sections 5 and E).74

Standard Optimistic Alternating

η bounded (FTRL) O(
√
T ) † O(1) ∧ O(T 1/5) ∧∧

η → ∞ (FP) O(
√
T ) ‡ O(1) ⋆ Ω(

√
T ) ⋆⋆

Table 1: Regret guarantees for FTRL and Fictitious Play variants in 2×2 zero-sum games, with our contributions
shaded in gray. †: Using the standard setting of η = 1/

√
T (Shalev-Shwartz et al., 2012). ∧: Via the RVU

bounds of Syrgkanis et al. (2015). ∧∧: (Katona et al., 2024), extending on the prior O(T 1/3) bound of Wibisono
et al. (2022). ‡: Implicit in the proof of Robinson (1951). ⋆: Theorem 3.1. ⋆⋆: Theorem 3.2.
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Figure 1: Empirical regret of standard (FP), Optimistic (OFP), and Alternating (AFP) Fictitious Play in
Matching Pennies (from x0

1 = (1/3, 2/3), x0
2 = (2/3, 1/3)), on the 15×15 identity matrix (from x0

1 = e1,
x0
2 = en), and on 15×15 generalized Rock-Paper-Scissors (from x0

1 = e1, x0
2 = en). Each algorithm was run

for T = 10000 iterations using a lexicographical tiebreaking rule. Each subfigure demonstrates the constant
empirical regret of OFP compared to the roughly

√
T regret growth of standard FP and AFP. More experimental

details and results are given in Section 5 and Section E.

1.2 Other Related Work75

Optimistic learning in games. Our work relates to a line of research on the convergence prop-76

erties of optimistic and extragradient-type algorithms in both normal-form and extensive-form77

games (Daskalakis et al., 2021; Fasoulakis et al., 2022; Anagnostides et al., 2022a; Zhang et al., 2024;78

Farina et al., 2022; Hsieh et al., 2022; Anagnostides et al., 2022b; Piliouras et al., 2022; Anagnostides79

et al., 2022c). As previously noted, a key difference is that these approaches typically rely on constant80

or time-decreasing step sizes, corresponding to some level of regularization. Recent works have also81

investigated last-iterate convergence properties of optimistic and extragradient methods (Daskalakis82

and Panageas, 2019; Cai et al., 2022; Abernethy et al., 2021b; Hsieh et al., 2020), as well as for83

variants of regret-matching, including under alternation (Cai et al., 2025a). Other works have studied84

accelerated rates using optimism without regularization in certain Frank-Wolfe-type, convex-concave85

saddle-point problems (Wang and Abernethy, 2018; Abernethy et al., 2018).86

Learning in 2×2 games. Our work adds to a growing recent literature studying online learning87

algorithms in 2×2 games: in two-strategy zero-sum games, Bailey and Piliouras (2019) proved that88

Online Gradient Descent obtainsO(
√
T ) regret even with large constant stepsizes. More recent works89

of Cai et al. (2024) and Cai et al. (2025b) establish lower-bounds on the last-iterate and random-iterate90

convergence rates of Optimistic MWU using a hard 2×2 construction, as well as an O(T 1/6) upper91

bound on best-iterate convergence for 2×2 zero-sum games. Chen and Peng (2020) similarly used a92

2×2 construction to establish a general Ω(
√
T ) lower bound on the regret of standard Multiplicative93

Weights. In a family of two-strategy congestion games, Chotibut et al. (2021) also showed that the94

iterates of Multiplicative Weights can exhibit formally chaotic behavior.95

Fictitious Play. We refer the reader to the recent results of Daskalakis and Pan (2014), Abernethy96

et al. (2021a), and Lazarsfeld et al. (2025) (and the references therein) for background on standard97

Fictitious Play. Abernethy et al. (2021a) also briefly introduced the optimistic variant of Fictitious98

Play, and they informally conjecture the algorithm to have constant regret on diagonal payoff matrices.99

The convergence behavior of FP has also been studied in potential games (Monderer and Shapley,100

1996; Panageas et al., 2023), near-potential games (Candogan et al., 2013), Markov games (Sayin101

et al., 2022; Baudin and Laraki, 2022), and extensive-form games (Heinrich et al., 2015).102

2 Preliminaries103

Let [n] = {1, . . . , n}, let ∆n be the probability simplex in Rn, and let {ei}n = {ei : i ∈ [n]} ⊂ ∆n104

denote the set of standard basis vectors in Rn, which correspond to vertices of ∆n. For x ∈ ∆n, we105

say x is interior if xi > 0 for all i ∈ [n].106

2.1 Online Learning in Zero-Sum Games107

Let A ∈ Rm×n be the payoff matrix for a two-player zero-sum game, and let T be a fixed time108

horizon. At round t, Players 1 and 2 simultaneously choose mixed strategies xt1 ∈ ∆m and xt2 ∈ ∆n,109

obtain payoffs ⟨xt1, Axt2⟩ and −⟨xt2, A⊤xt1⟩, and observe feedback Axt2 and −A⊤xt1, respectively.110
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Regret and Convergence to Nash. Each player seeks to maximize their cumulative payoff, and111

their performance is measured by the individual regrets Reg1(T ) = maxx∈∆m

∑T
t=1⟨x− xt1, Ax

t
2⟩112

and Reg2(T ) = minx∈∆n

∑T
t=1⟨xt2−x,A⊤xt1⟩. From a global perspective, we study the total regret113

(henceforth regret) Reg(T ) = Reg1(T ) + Reg2(T ) given by114

Reg(T ) = max
x∈∆m

〈
x,

∑T

t=0
Axt2

〉
− min

x∈∆n

〈
x,

∑T

t=0
A⊤xt1

〉
. (1)

It is well known that sublinear bounds on Reg(T ) correspond to convergence (in duality gap) of the115

players’ time-average iterates to a Nash equilibrium (NE) of A. Recall that the duality gap of a joint116

strategy profile (x1, x2) is given by DG(x1, x2) = maxx′
1∈∆m

⟨x′1, Ax2⟩ −minx′
2∈∆n

⟨x′2, A⊤x1⟩,117

and that (x∗1, x
∗
2) is an NE of A if and only if DG(x∗1, x

∗
2) = 0. Then the following relationship holds118

(see Section A for a proof):119

Proposition 2.1. Let x̃T1 = 1
T (

∑T
t=0 x

t
1) and x̃T2 = 1

T (
∑T

t=0 x
t
2) denote the time-average iterates of120

Players 1 and 2, respectively, and suppose Reg(T ) = o(T ). Then (x̃T1 , x̃
T
2 ) converges (in duality-gap)121

to an NE of A at a rate of Reg(T )/T = o(1).122

2.2 Fictitious Play and Optimistic Fictitious Play123

We now introduce the Optimistic Fictitious Play (and standard Fictitious Play) algorithms. The primal124

update rules for both standard and Optimistic Fictitious Play can be described via the following125

α-Optimistic Fictitious Play (α-OFP) expression:126

xt+1
1 := argmax

x∈{ei}m

〈
x,

∑t

k=0
Axk2 + αAxt2

〉
xt+1
2 := argmax

x∈{ei}n

〈
x,

∑t

k=0
−A⊤xk1 − αA⊤xt1

〉
.

(α-OFP)

When α = 0, then (α-OFP) recovers standard Fictitious Play, where each player’s strategy at time127

t + 1 is a best response to the sum of its feedback vectors through round t. Optimistic Fictitious128

Play (OFP) is the setting of (α-OFP) with α = 1. Observe this recovers the unregularized variant129

of Optimistic FTRL (equivalently, with η → ∞) in the zero-sum game setting (c.f., (Rakhlin and130

Sridharan, 2013; Syrgkanis et al., 2015)), which adds bias to the most recent feedback vector.131

Remark 2.2 (Tiebreaking Rules). Observe that the argmax sets in (α-OFP) may contain multiple132

vertices. For this, we assume that the argmax operator encodes a tiebreaking rule that returns a133

distinct element. Throughout, we make no assumptions on the nature of the tiebreaking rule, and in134

general ties can be broken deterministically, randomly, or adaptively/adversarially.135

Dual payoff vectors and primal-dual update. Optimistic FP can be equivalently written with136

respect to the cumulative payoff vectors yt1 =
∑t−1

k=0Ax
k
2 ∈ Rm and yt2 =

∑t−1
k=0 −A⊤xk1 ∈ Rn.137

Specifically, the iterates of the algorithm can be expressed in the following primal-dual form:138

Definition 2.3. Let y01 = 0 ∈ Rm and y02 = 0 ∈ Rn, and fix any initial x01 ∈ ∆m and x02 ∈ ∆n.139

Then for t ≥ 1, the dual (i.e., (yt1, y
t
2)) and primal (i.e., (xt1, x

t
2)) iterates of Optimistic FP are:140

{
yt1 = yt−1

1 +Axt−1
2

yt2 = yt−1
2 −A⊤xt−1

1

and


xt1 = argmax

x∈{ei}m

〈
x, yt1 +Axt−1

2

〉
xt2 = argmax

x∈{ei}n

〈
x, yt2 −A⊤xt−1

1

〉 . (OFP)

3 Regret Bounds for Optimistic and Alternating Fictitious Play141

The main result of this paper establishes a constant regret bound for Optimistic Fictitious Play in142

two-strategy zero-sum games. Formally we prove the following theorem:143

Theorem 3.1. Let A be a 2x2 zero-sum game with a unique interior NE, and let {(xt1, xt2)} be the144

iterates of (OFP) on A using any tiebreaking rule. Then Reg(T ) ≤ O(1).145

As mentioned, this result establishes the first constant regret bounds for Fictitious Play variants in146

the two-player zero-sum game setting, and the result holds regardless of the tiebreaking rule used.147
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Moreover, this bound matches the optimal rate obtained by Optimistic FTRL variants for zero-sum148

games (Syrgkanis et al., 2015), but notably, our proof technique departs significantly from the RVU149

bound approach used to obtain those results.150

As a consequence of the techniques we develop for proving Theorem 3.1, we also establish a lower151

bound on the regret of Alternating Fictitious Play. In particular, for the corresponding alternating152

regret Regalt(T ) (see Definition D.2), we prove on the 2×2 Matching Pennies game the following:153

Theorem 3.2. Suppose x11 = (p, 1− p) ∈ ∆2 for irrational p ∈ (3/4, 1), and let {xt} be the iterates154

of Alternating FP on (Matching Pennies) using any tiebreaking rule. Then Regalt(T ) ≥ Ω(
√
T ).155

To streamline the presentation of the paper, we defer the precise descriptions of the alternating play156

model, alternating regret, and the Alternating FP algorithm to Section D, where we also develop the157

proof of Theorem 3.2. Instead, in the remainder of the main text, we focus on developing the proof of158

Threorem 3.1. To this end, we proceed to give an overview of our techniques.159

3.1 Intuition and Overview of Proof Techniques for Theorem 3.1160

To prove Theorem 3.1, we leverage a geometric view of Optimistic Fictitious Play in the dual space161

of payoff vectors. We give a brief overview of this geometric perspective here:162

Energy and regret. First, we show that the regret of the primal iterates {xt} is equivalent to the163

growth of an energy function of the dual iterates {yt}. Specifically, define the energy Ψ as follows:164

Definition 3.3. Let yt := (yt1, y
t
2) be the concatenated primal and dual iterates of (OFP) at time165

t ≥ 1. Then for y = (y1, y2) ∈ Rm+n, the energy function Ψ : Rm+n → R is given by166

Ψ(y) = max
x∈∆m×∆n

⟨x, y⟩ . (2)

In other words, Ψ is the support function of ∆m ×∆n. Then by definition of Reg(T ) and the payoff167

vectors {yt}, the following relationship holds (see Section A for a proof):168

Proposition 3.4. Let {xt} and {yt} be the iterates of (OFP). Then Reg(T ) = Ψ(yT+1).169

Due to Proposition 3.4, it is immediate that a constant upper bound on Ψ(yT+1) implies a constant170

upper bound on Reg(T ). To this end, our main technical contribution is to prove the following upper171

bound on the energy Ψ under Optimistic Fictitious Play:172

Theorem 3.5. Assume the setting of Theorem 3.1. Let amax = ∥A∥∞ denote the largest entry of A,173

and let agap = min(i,j),(k,ℓ) |Aij −Akℓ| denote the smallest absolute difference between two entries174

of A. Let {yt} denote the dual iterates of (OFP) on A. Then Ψ(yT+1) ≤ 8amax

(
1 + 2

(
amax

agap

))2
.175

In other words, the energy of the dual iterates under Optimistic FP are bounded by an absolute176

constant that depends only on the entries of A. In Section 4, we give a technical overview of the proof177

of Theorem 3.5, but we first present more introduction and intuition on the geometric perspective of178

Optimistic Fictitious Play that is used to prove the result.179

Fictitious Play as Skew-Gradient Descent. As shown in Abernethy et al. (2021a) and Lazarsfeld180

et al. (2025), in the dual space of payoff vectors, standard Fictitious Play can be viewed as a certain181

skew-gradient descent with respect to the energy Ψ. In light of this, we introduce a common geometric182

viewpoint that captures both standard and Optimistic FP and gives insight into their differences in183

energy growth, as implied by Theorem 3.5.184

For this, note that the subgradient set of Ψ at y ∈ Rm+n is given by ∂Ψ(y) = argmaxx∈∆m×∆n
⟨x, y⟩.185

Then both standard FP and Optimistic FP can be expressed as a skew-(sub)gradient-descent with186

respect to Ψ evaluated at a predicted dual vector ỹt+1 (see Section A.3 for a full derivation):187

Proposition 3.6. Let {yt} denote the dual iterates of either standard Fictitious Play (e.g., (α-OFP)188

with α = 0) or Optimistic Fictitious Play. Then for all t ≥ 1, the iterates of each algorithm evolve as189 {
yt = yt−1 + Jxt−1

xt ∈ ∂Ψ
(
ỹt+1

) where J =

(
0 A

−A⊤ 0

)
and ỹt+1 =

{
yt for FP
2yt − yt−1 for OFP

, (3)

and it follows inductively that yt+1 = yt + J∂Ψ(ỹt+1), where ∂Ψ(ỹt+1) denotes a fixed vector in190

the subgradient set of Ψ at ỹt+1.191
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One-step energy growth comparison of Fictitious Play variants. For standard FP, due to its192

Hamiltonian structure, the analogous skew-gradient flow in continuous-time is known to exactly193

conserve Ψ, leading to constant regret (see, e.g., Mertikopoulos et al. (2018); Abernethy et al. (2021a);194

Wibisono et al. (2022)). However, due to discretization, this energy conservation does not hold in195

general under discrete-time Fictitious Play variants. For example, under each step of standard196

Fictitious Play, Ψ is always non-decreasing. To see this, let ∆Ψ(yt) = Ψ(yt+1) − Ψ(yt), and by197

slight abuse of notation, let ∂Ψ(y) denote a fixed vector in the subgradient set of Ψ at y ∈ Rm+n.198

Then by Jensen’s inequality and skew-symmetry of J = −J⊤, it holds for all t ≥ 1 that199

For FP: ∆Ψ(yt) ≥
〈
∂Ψ(yt), J∂Ψ(ỹt+1)

〉
=

〈
∂Ψ(yt), J∂Ψ(yt)

〉
= 0 . (4)

In fact, the recent upper bounds of Abernethy et al. (2021a) and Lazarsfeld et al. (2025) imply that200

under FP, Ψ is strictly increasing by a constant in roughly
√
T iterations.201

On the other hand, for Optimistic FP using ỹt+1 = 2yt−yt−1, we instead have by Jensen’s inequality:202

For Optimistic FP: ∆Ψ(yt) ≤
〈
∂Ψ(yt+1), J∂Ψ(ỹt+1)

〉
=

〈
∂Ψ(yt+1), J∂Ψ(ỹt+1)

〉
. (5)

Thus by skew-symmetry of J , expression (5) reveals that for any t where ∂Ψ(yt+1) = ∂Ψ(ỹt+1)203

(e.g., true dual vector yt+1 and predicted dual vector ỹt+1 both “map” to the same primal vertex),204

then the one-step energy growth ∆Ψ(yt) ≤ 0 is non-increasing under Optimistic FP.205

Challenges in establishing non-positive energy growth for OFP. Naively, one might in general206

hope the invariant ∂Ψ(yt+1) = ∂Ψ(ỹt+1) holds at every timestep under Optimistic FP. However,207

simple experiments reveal that this is not true: in general Ψ can increase during one step of the208

algorithm. Thus, understanding when and why such an invariant does hold is still a challenging task209

that may require leveraging structural properties of the payoff matrix. In the proof of Theorem 3.5, we210

leverage such properties of 2×2 games to establish sufficient conditions for when the above invariant211

holds, and this subsequently leads to a constant upper bound on energy.212

4 Bounded Energy Under Optimistic Fictitious Play213

In this section, we now give a technical overview of the proof of Theorem 3.5. Throughout the proof,214

we make the following assumptions on the payoff matrix A:215

Assumption 1. Let A ∈ R2×2. Assume that216

A =

(
a b
c d

)
where

{
(i) detA = ad− bc = 0

(ii) a, d > max{0, b, c} .

As proven by Bailey and Piliouras (2019), who studied online gradient descent in 2×2 games, for217

any Fictitious Play or FTRL variant, Assumption 1 holds without loss of generality:218

Proposition 4.1 (Bailey and Piliouras (2019)). Let A ∈ R2×2 have a unique, interior NE, and let219

{xt} be the iterates of (OFP) on A. Then there exists Ã ∈ R2×2 satisfying Assumption 1 such that220

(1) Ã and A have the same NE and (2) the iterates {x̃t} of running (OFP) on Ã are identical to {xt}.221

For completeness, we include a full proof of this result in Proposition 4.1 of Section B. The key222

consequence of the assumption is that, under Optimistic FP, the dual payoff vectors yt = (yt1, y
t
2) ∈223

R4 all lie in the same two-dimensional subspace. Formally, we have:224

Proposition 4.2. Let A satisfy Assumption 1, and let {yt1} and {yt2} be the dual payoff vectors225

of (OFP). Then for every t ≥ 1, it holds that yt12 = −ρ1 · yt11 and yt22 = −ρ2 · yt21, where226

ρ1 := (d− c)/(a− b) > 0 and ρ2 = (d− b)/(a− c) > 0.227

The proof of Proposition 4.2 is given in Section C. Importantly, as ρ1, ρ2 > 0, observe that yt11 >228

0 ⇐⇒ yt11 > yt12, and yt21 > 0 ⇐⇒ yt21 > yt22 for all times t ≥ 1. Thus, in the 2×2 setting, the229

coordinates yt11 and yt21 encode all information needed to analyze the iterates of Optimistic FP in (3).230

With this in mind, the strategy for proving the upper bound on the energy Ψ(yT+1) is as follows:231

first, leveraging the observations above, and as in Bailey and Piliouras (2019), we restrict our study232

of the dual iterates (yt1, y
t
2) ∈ R4 to the pair of scalar iterates (yt11, y

t
21) ∈ R2. For this, we introduce233

in Section 4.1 a new set of notation to capture this lower-dimensional subspace dynamics, which234

also naturally leads to the definition of an equivalent energy function. For the new, equivalent energy235

function, we then prove in Section 4.2 a set of invariants that allow for establishing a uniform, constant236

upper bound on the energy of the dual iterates over time.237
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4.1 Subspace Dynamics of Optimistic Fictitious Play238

We now introduce an equivalent set of primal and dual iterates {wt} and {zt} for (OFP), as well as a239

new, equivalent energy function ψ. We will establish in Proposition 4.6 that Ψ(yT+1) = ψ(zt+1).240

Primal variables. First, by definition of (OFP), both xt1 and xt2 are vertices of ∆2. Letting241

X = {(1, 0), (0, 1)} × {(1, 0), (0, 1)} ⊂ R4 denote the vertices of the joint simplex ∆2 × ∆2, it242

follows for each t ≥ 1 that xt ∈ X . We define new primal iterates wt ∈ R4, where each wt is a243

standard basis vector of R4. Let W = {e1, e2, e3, e4} ⊂ R4 denote this set. Then for t ≥ 1, let:244

wt =

{
e2 ⇐⇒ xt = (0, 1, 1, 0) e3 ⇐⇒ xt = (1, 0, 1, 0)

e1 ⇐⇒ xt = (0, 1, 0, 1) e4 ⇐⇒ xt = (1, 0, 0, 1)
. (6)

Dual variables. For each t ≥ 0, let zt1 = yt11 ∈ R and zt2 = yt21 ∈ R. Let zt = (zt1, z
t
2) ∈ R2.245

Primal-dual map. To aid in the description and analysis of the subspace dynamics, we describe the246

following partition of the dual space R2. We then describe a corresponding choice map Q : R2 → X247

that relates the primal and dual variables {wt} and {zt}.248

Definition 4.3. First, let P = {P1, P2, P3, P4} ⊂ R2, where each Pi is the set249

P2 = {z ∈ R2 : z1 < 0 and z2 > 0} P3 = {z ∈ R2 : z1 > 0 and z2 > 0}
P1 = {z ∈ R2 : z1 < 0 and z2 < 0} P4 = {z ∈ R2 : z1 > 0 and z2 < 0} .

(7)

Next, let P̃ = {P1∼2, P2∼3, P3∼4, P4∼1} ⊂ R2, where we define250

P2∼3 = {z ∈ R2 : z1 = 0 and z2 > 0} P3∼4 = {z ∈ R2 : z1 > 0 and z2 = 0}
P1∼2 = {z ∈ R2 : z1 < 0 and z2 = 0} P4∼1 = {z ∈ R2 : z1 = 0 and z2 < 0} .

(8)

Finally let P̂ = ∪i∈[4]P̂i, where P̂i = Pi ∪ Pi∼(i+1). Observe by definition that P̂ ∪ {(0, 0)} = R2.251

Figure 2: Examples of the sets in P , P̃ , and P̂ .

Note that for notational convenience, when us-252

ing an index i ∈ [4] in the context of the sets of253

Definition 4.3, we assume addition and subtrac-254

tion to i are performed (mod 4) in the natural255

way that maps to the set {1, 2, 3, 4}. For exam-256

ple, Pi∼(i+1) is the set P4∼1 when i = 4, and257

Pi−2 = Pi+2 is the set P3 when i = 1, etc.258

Figure 2 depicts the sets from Definition 4.3.259

Moreover, Definition 4.3 allows for defining a260

choice map Q : R2 → W that encodes the261

primal update rule of (OFP). In particular, Q262

maps dual variables z to primal vertices w depending on the membership of z in P or P̃ . Formally:263

Definition 4.4. Let Q : R2 → W be the map defined as follows: first, let Q((0, 0)) = e1. Then264

• For z ∈ P: if z ∈ Pi for i ∈ [4], then Q(z) = ei.265

• For z ∈ P̃: if z ∈ Pi∼(i+1) for i ∈ [4], then Q(z) ∈ {ei, ei+1}.266

As in the full update rule of (OFP), we assume Q encodes a tiebreaking rule to ensure Q(z) returns a267

single element from W . As in Remark 2.2, we make no assumptions on how such ties are broken.268

Primal-dual dynamics. Using the definitions of the primal and dual variables {wt} and {zt} and269

the choice map Q, the primal-dual dynamics of (OFP) can be rewritten as follows: for all t ≥ 2, let270 {
zt = zt−1 + Swt−1

wt = Q
(
zt + Swt−1

) where S =

(
b a a b
−c −c −a −a

)
. (9)

Observe that the i’th column of S ∈ R2×4 are the entries (∆yt11,∆y
t
12) when wt = ei (cf., the271

definition of wt from expression (6)). Moreover, expression (9) implies Swt−1 = zt − zt−1 for all272
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t ≥ 2. Thus, we can further describe the primal-dual dynamics of (9) solely in terms of the sequence273

of dual variables {zt}. In particular, for all t ≥ 2, we have274 {
z̃t+1 = zt + (zt − zt−1)

zt+1 = zt + SQ(z̃t+1)
. (OFP Dual)

Energy function. Using the new notation and dual variables {zt}, we define an energy function275

ψ : R2 → R over the new dual space R2: let ψ((0, 0)) = 0, and for all other z ∈ R2, let276

ψ(z) =

{
−ρ1 · z1 + z2 if z ∈ P̂2, z1 + z2 if z ∈ P̂3,
−ρ1 · z1 − ρ2 · z2 if z ∈ P̂1, z1 − ρ2 · z2 if z ∈ P̂4

. (10)

It is also more expressive to write ψ using the choice map Q from Definition 4.4. Recall for any277

z ∈ R2 that Q(z) ∈ W = {e1, e2, e3, e4}. Then we have the following equivalent definition of ψ:278

Definition 4.5. For z ∈ R2, the function ψ : R2 → R is given by279

ψ(z) =
〈
z,MQ(z)

〉
where M =

(
−ρ1 −ρ1 1 1
−ρ2 1 1 −ρ2

)
. (11)

Due to the relationship between the coordinates of yt1 and yt2 from Proposition 4.2, the following280

relationship between Ψ and ψ (and by Proposition 3.4, between Ψ and Reg(T )), is immediate:281

Proposition 4.6. For all t ≥ 1, Ψ(yt) = ψ(zt). Moreover, Reg(T ) = Ψ(yT+1) = ψ(zT+1).282

4.2 Bounded Energy of Subspace Dynamics283

Leveraging Proposition 4.6, it suffices to derive an upper bound on ψ(zT+1) in order to prove284

Theorem 3.5. For this, the key step is to prove a set of invariants on the dual iterates which establish285

that, if the magnitude of ψ ever exceeds some constant threshold, the subsequent one-step change in286

ψ is non-increasing (thus crystalizing the intuition from expression (5)).287

For this, we first define an absolute constant B as follows:288

Definition 4.7. Fix A satisfying Assumption 1, and recall amax = ∥A∥∞. Then define B > 0 by289

B = min
{
b ∈ R+ : for all z ∈ R2, ∥z∥1 ≤ 6amax =⇒ ψ(z) ≤ b

}
.

In words, B is the smallest constant whose sublevel set ψ(z) ≤ B contains an ℓ1 ball of radius 6amax.290

Moreover, the magnitude of B can be bounded from above as follows (see Section C for the proof):291

Proposition 4.8. Let B be the constant from Definition 4.7. Then B ≤ 6amax(1 + ρ1 + ρ2).292

Worst-case upper bound on energy. Observe that if ψ(zt) ≤ B for all times t, then the statement293

of Theorem 3.5 trivially holds. On the other hand, if the energy ψ crosses this threshold under one294

step of the dynamics, then we have the following constant upper bound on ψ(zt+1):295

Lemma 4.9. Suppose ψ(zt) ≤ B, and let B′ = 8amax(1 + ρ1 + ρ2)
2. Then ψ(zt+1) ≤ B′296

Cycling invariants and controlled energy growth. The remaining step is to then control the297

energy growth whenever ψ(zt) > B. For this, we prove the following key lemma:298

Lemma 4.10. Suppose ψ(zt) > B and zt ∈ P̂i for i ∈ [4]. Then the following hold:299

(1) Either (i) z̃t+1, zt+1 ∈ P̂i or (ii) z̃t+1, zt+1 ∈ Pi+1300

(2) ∆ψ(zt) = ψ(zt+1)− ψ(zt) ≤ 0.301

Part (1) of the lemma establishes invariants relating the true payoff vectors and predicted payoff302

vectors whenever energy is above the threshold B. Roughly speaking, when ψ is larger than B, the303

dual vectors cycle consecutively through the regions P̂1, . . . , P̂4 (similarly to the iterates of standard304

Fictitious Play), and this roughly implies that Q(z̃t+1) = Q(zt+1).305
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Importantly, this alignment between zt+1 and z̃t+1 is the key step needed to establish a non-increasing306

change in energy, as stated in part (2). To see why this is true, observe that using the definition of ψ307

from (11), we can compute the one-step change ∆ψ(zt) = ψ(zt+1)− ψ(zt) under (OFP Dual) as308

∆ψ(zt) =
〈
zt+1,MQ(zt+1)

〉
−

〈
zt,MQ(zt)

〉
(12)

=
〈
zt + SQ(z̃t+1),MQ(zt+1)

〉
−

〈
zt,MQ(zt)

〉
(13)

=
〈
zt,M

(
Q(zt+1)− Q(zt)

)〉︸ ︷︷ ︸
(a)

+
〈
Q(z̃t+1), S⊤MQ(zt+1)

〉︸ ︷︷ ︸
(b)

. (14)

Here, (14) essentially encodes the expression for ∆Ψ from (5). In particular, straightforward309

calculations show that the matrix S⊤M is skew-symmetric, and as Part (1) of the lemma roughly310

implies Q(zt+1) = Q(z̃t+1), term (b) of (14) vanishes. Together with the column structure of M ,311

the invariants of part (1) imply that part (a) of (14) is non-positive, and thus overall ∆ψ(zt) ≤ 0.312

The full proofs of the preceding lemmas are developed in Section C and account more carefully for313

boundary conditions and tiebreaking. Figure 3 of Section C.3 also gives more visual intuition for the314

invariants and energy-growth behavior of Lemma 4.10. Granting these lemmas as true for now, we315

then give the proof of Theorem 3.5:316

Proof of Theorem 3.5. Suppose for t > 0 that ψ(zt−1) ≤ B and ψ(zt) > B. By Lemma 4.9,317

we must have ψ(zt) ≤ 8amax(1 + ρ1 + ρ2)
2. Moreover, Lemmas C.2 and C.6 together imply318

that ∆ψ(zt) ≤ 0, and thus also ψ(zt+1) ≤ 8amax(1 + ρ1 + ρ2)
2. It follows inductively that319

ψ(zT+1) ≤ 8amax(1 + ρ1 + ρ2)
2. By definition, ρ1, ρ2 ≤ (amax/agap), and thus we conclude320

ψ(zT+1) = Ψ(yT+1) ≤ 8amax(1 + 2(amax/agap))
2 .

5 Discussion and Conclusion321

In this work, we established for the first time that the unregularized Optimistic Fictitious Play algo-322

rithm can obtain constant O(1) regret in two-player zero-sum games. Our proof technique leverages323

a geometric viewpoint of Fictitious Play algorithms, and we believe the techniques established for the324

2×2 regime can be extended to higher dimensions.325

Additional experimental results. To this end, in Table 2 we present additional experimental326

evidence indicating that constant regret bounds for Optimistic FP (similar to Theorem 3.1) hold more327

generally in higher-dimensional settings. The table shows the empirical regret of Optimistic FP and328

standard FP (using lexicographical tiebreaking) on three classes of zero-sum games, in three higher329

dimensional settings. For each setting, the algorithms were run from 100 random initializations, each330

for T = 10000 iterations, and we report the average regret over all initializations.

Dimension: 15×15 25×25 50×50
Payoff Matrix ↓ FP OFP FP OFP FP OFP

Identity 155.1 ± 3.9 8.1 ± 1.6 161.3 ± 3.1 12.5 ± 1.7 167.2 ± 2.5 25.2 ± 2.1
RPS 235.6 ± 7.6 2.9 ± 0.5 242.2 ± 6.3 2.9 ± 0.9 242.7 ± 5.9 2.5 ± 0.8

Random [0, 1] 116.2 ± 5.8 4.3 ± 0.8 118.6 ± 5.7 5.7 ± 0.9 177.0 ± 6.5 13.0 ± 1.5

Table 2: Empirical regret of FP and OFP using lexicographical tiebreaking. Each entry reports an average and
standard deviation (over 100 random initializations) of total regret after T = 10000 steps.

331

The results indicate that, in each class of payoff matrix and in each dimension, Opimistic FP has only332

constant regret compared to the regret of roughly
√
T ≈ 100 obtained by standard FP. In Table 3 of333

Section E, we also report results using randomized tiebreaking for both algorithms and find similar334

conclusions, thus highlighting the robustness of the constant regret of OFP to tiebreaking rules. In335

Section E, we give more details on the experimental setup and additional plots similar to Figure 1.336

Limitations. Formally proving a constant regret bound for Optimistic Fictitious Play in all zero-sum337

games remains an important open question.338

Broader impact. We acknowledge that there are many potential societal consequences of our339

theoretical results, however none of which we feel must be specifically highlighted.340
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A Details on Regret, Energy, and Fictitious Play514

A.1 Zero-Sum Games and Convergence to Nash Equilibrium515

Proposition 2.1. Let x̃T1 = 1
T (

∑T
t=0 x

t
1) and x̃T2 = 1

T (
∑T

t=0 x
t
2) denote the time-average iterates of516

Players 1 and 2, respectively, and suppose Reg(T ) = o(T ). Then (x̃T1 , x̃
T
2 ) converges (in duality-gap)517

to an NE of A at a rate of Reg(T )/T = o(1).518

Proof. By definition of Reg(T ) from (1), we have that519

Reg(T )
T

= max
x∈∆m

〈
x,A

( 1

T

∑T

t=0
xt2

)〉
− min

x∈∆n

〈
x,A⊤

( 1

T

∑T

t=0
xt1

)〉
= DG(x̃T1 , x̃

T
2 ) ,

where we use the definitions of x̃T1 and x̃t2, and of the duality gap DG(·, ·). Thus if Reg(T ) = o(
√
T ),520

then DG(x̃T1 , x̃
T
2 ) =

Reg(T )
T = o(1).521

A.2 Proof of Proposition 3.4522

In this section, we prove Proposition 3.4, which shows the equivalence between energy and regret.523

Restated here:524

Proposition 3.4. Let {xt} and {yt} be the iterates of (OFP). Then Reg(T ) = Ψ(yT+1).525

Proof. For convenience, we let d = m + n, and we write X = ∆m × ∆n. Then recall from526

Definition 3.3 that for all y ∈ Rd, the energy function Ψ : Rd → R is given by527

Ψ(y) = max
x=(x1,x2)∈X

⟨x, y⟩ (15)

for y = (y1, y2) ∈ Rd. Using the definitions of regret from from (1) and of the dual variables from528

Definition 2.3, we have529

Reg(T ) = max
x1∈∆m

〈
x1,

T∑
t=1

Axt2

〉
− min

x1∈∆n

〈
x2,

T∑
t=1

A⊤xt1

〉
= max

x1∈∆m

〈
x1, y

T+1
1

〉
+ max

x2∈∆n

〈
x2, y

T+1
2

〉
= max

x=(x1,x2)∈X
⟨x, yT+1⟩

= Ψ
(
yT+1

)
.

A.3 Details on Fictitious Play Variants as Skew-Gradient Descent530

In this section, we give more details on the geometric viewpoint of Optimistic FP and standard FP531

introduced in Section 3.532

Dual dynamics of fictitious play variants. First, we recall that for a convex function H : Rd → R533

that its subgradient set at y ∈ Rd is defined as534

∂H(y) =
{
g ∈ Rd : ∀z ∈ Rd, H(z) ≥ H(y) + ⟨g, z − y⟩} . (16)

Let d = m+ n. Then for the energy function Ψ from Definition 3.3, it follows that, for any y ∈ Rd,535

the subgradient set ∂Ψ(y) is the set of maximizers ∂Ψ(y) = argmaxx∈∆m×∆n
⟨x, y⟩. The next536

proposition (originally stated in Section 3) then follows by (1) using the definition of standard (α = 0)537

and Optimistic FP (α = 1) from (α-OFP), and (2) by the definition of the dual payoff vectors.538

Proposition 3.6. Let {yt} denote the dual iterates of either standard Fictitious Play (e.g., (α-OFP)539

with α = 0) or Optimistic Fictitious Play. Then for all t ≥ 1, the iterates of each algorithm evolve as540 {
yt = yt−1 + Jxt−1

xt ∈ ∂Ψ
(
ỹt+1

) where J =

(
0 A

−A⊤ 0

)
and ỹt+1 =

{
yt for FP
2yt − yt−1 for OFP

, (3)

and it follows inductively that yt+1 = yt + J∂Ψ(ỹt+1), where ∂Ψ(ỹt+1) denotes a fixed vector in541

the subgradient set of Ψ at ỹt+1.542

14



One-step energy growth of FP variants. Using Proposition 3.6, we can then derive the bounds on543

the one-step energy growth under FP and Optimistic FP, as stated in expressions (4) and (5).544

For standard FP, using the convexity of Ψ and Jensen’s inequality (equivalently, the subgradient545

definition from (16)), and letting ∂Ψ(y) denote a fixed vector in the subgradient set of Ψ at y, we546

have for all t ≥ 1547

∆Ψ(yt) = Ψ(yt+1)−Ψ(yt) ≥
〈
∂Ψ(yt), yt+1 − yt

〉
=

〈
∂Ψ(yt), J∂Ψ(ỹt+1)

〉
=

〈
∂Ψ(yt), J∂Ψ(yt)

〉
= 0 .

Here, the first two equalities follow by the inductive update rule for FP from Proposition 3.6, and the548

final equality follows by skew-symmetry of J = −J⊤ (since ⟨y, Jy⟩ = 0 for all y ∈ Rd).549

For Optimistic FP, again using the subgradient definition of expression (16), we have for t ≥ 1:550

∆Ψ(yt) = Ψ(yt+1)−Ψ(yt) ≤
〈
∂Ψ(yt+1), yt+1 − yt

〉
=

〈
∂Ψ(yt+1), J∂Ψ(ỹt+1)

〉
,

where the equality uses the update rule from Proposition 3.6 for Optimistic FP. Thus, by the skew-551

symmetry of J , and as explained in Section 3, the energy growth ∆Ψ(yt) for Optimistic FP is552

non-positive whenever553

∂Ψ(yt+1) = ∂Ψ(ỹt+1) = ∂Ψ(2yt − yt−1) .

B Assumptions on Payoff Matrix554

Recall from Section 4 that in the proof of Theorem 3.5 for the 2×2 setting, we make the following555

assumption on the entries of the payoff matrix:556

Assumption 1. Let A ∈ R2×2. Assume that557

A =

(
a b
c d

)
where

{
(i) detA = ad− bc = 0

(ii) a, d > max{0, b, c} .

In this section, we give the proofs of Proposition 4.1 and Proposition 4.2. Proposition 4.1 establishes558

that the conditions of Assumption 1 hold without loss of generality, and Proposition 4.2 derives the559

resulting subspace invariance property of the payoff vectors under A.560

B.1 Proof of Proposition 4.1561

We restate the proposition here:562

Proposition 4.1 (Bailey and Piliouras (2019)). Let A ∈ R2×2 have a unique, interior NE, and let563

{xt} be the iterates of (OFP) on A. Then there exists Ã ∈ R2×2 satisfying Assumption 1 such that564

(1) Ã and A have the same NE and (2) the iterates {x̃t} of running (OFP) on Ã are identical to {xt}.565

The proof of Proposition 4.1 follows from the arguments in Bailey and Piliouras (2019, Appendix D).566

For completeness, we re-derive the full proof here.567

Proof. Fix A, and let (x∗1, x
∗
2) ∈ ∆2 × ∆2 denote its unique, interior equilibrium. Then the568

coordinates of x∗1 and x∗2 are given by569

x∗1 =

(
d− c

a+ d− (b+ c)
,

a− b

a+ d− (b+ c)

)
x∗2 =

(
d− b

a+ d− (b+ c)
,

a− c

a+ d− (b+ c)

)
. (17)

Suppose that A does not satisfy the conditions of Assumption 1. We will then construct Ã ∈ R2×2570

that both satisfies the assumption, and such that the two claims of the proposition statement hold.571

For this, suppose that the entries of A are shifted by the same additive constant c, and define the best572

responses v and v′573

v := argmax
ei∈{e1,e2}

〈
ei, Ax

〉
(18)

v′ := argmax
ei∈{e1,e2}

〈
ei, (A+ c1)x

〉
= argmax

ei∈{e1,e2}

〈
ei, Ax

〉
+ c , (19)
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where x ∈ ∆2 and 1 ∈ R2×2 is the matrix of all ones. Thus for a fixed sequence of tiebreaking rules574

(e.g., the same adversarially-chosen tiebreak direction that is applied to determine v is also applied to575

determine v′), it follows that the primal iterates of running (OFP) on A will be identical to those of576

running (OFP) on (A+ c1) (and note the same argument holds for any FTRL algorithm or variant,577

including standard Fictitious Play and Alternating Fictitious Play).578

Now suppose detA ̸= 0. Let Ã be the matrix579

Ã = A+
( detA

a+ b− (c+ d)

)
· 1 .

By straightforward calculations, it follows that det Ã = 0. Moreover, by (17), Ã has the same unique580

interior Nash equilibrium as A, and by the arguments above, the iterates of running (OFP) on Ã are581

equivalent to those on A. Thus without loss of generality, we assume detA = 0.582

We now establish that we can assume a > max{0, b, c} without loss of generality. First, we show583

a ̸= 0 holds: by the assumption that detA = ad− bc = 0, if a = 0, then bc = 0. However, by (17)584

and the assumption that (x∗1, x
∗
2) is interior, we must have a − c ̸= 0 =⇒ c ̸= 0, which implies585

b = 0. This violates the constraint from (17) that a− b = b ̸= 0, and thus without loss of generality,586

a ̸= 0. To show without loss of generality that also a > 0, observe that the bilinear objective of the587

zero-sum game is given by588

max
x1∈∆2

min
x2∈∆2

⟨x1, Ax2⟩ = max
x1∈∆2

min
x2∈∆2

−⟨x1,−Ax2⟩ = − max
x2∈∆2

min
x1∈∆2

⟨x2,−A⊤x1⟩ .

Thus, by switching the maximization or minimization role between the players (via scaling the matrix589

by -1), we may assume that a > 0. Finally, to show a > max{b, c} holds without loss of generality,590

observe from (17) that if a+ d− (b+ c) > 0, then the interior Nash condition in (17) implies a > c591

and a > b. If instead a + d − (b + c) < 0, then 0 < a < min{b, c}, and we can then rewrite the592

bilinear objective of the zero-sum game using a new payoff matrix with relabeled strategies (i.e.,593

permuting the columns of A), as594

max
x1∈∆2

min
x2∈∆2

⟨x1, Ax2⟩ = max
x1∈∆2

min
x2∈∆2

⟨x1, A′x2⟩ where A′ =

(
b a
d c

)
. (20)

Under A′, we have b + c − (a + d) > 0, which from (17) and the reasoning above implies b >595

max{a, d} > 0. As a consequence, by possibly permuting the columns of A and relabeling the596

strategies of Player 1, we can assume in either case that a > max{b, c}. Together, we conclude that597

the assumption a > max{0, b, c} holds without loss of generality.598

Similarly, it follows that we may also assume d > max{0, b, c} without loss of generality. Specifically,599

using the relabeling argument above, we may assume a+ d− (b+ c) > 0. Then under the unique600

interior Nash and detA = 0 assumptions, it follows from (17) (using similar arguments as for a ̸= 0)601

that d ̸= 0 and d > max{b, c}. Moreover, as a > 0, if also d < 0, then this implies c, b < 0,602

meaning detA = ab− cd < 0, contradicting the assumption that detA = 0. Thus also d > 0, and603

we conclude that the assumption d > max{0, b, c} holds without loss of generality.604

B.2 Proof of Proposition 4.2605

We restate the proposition here for convenience:606

Proposition 4.2. Let A satisfy Assumption 1, and let {yt1} and {yt2} be the dual payoff vectors607

of (OFP). Then for every t ≥ 1, it holds that yt12 = −ρ1 · yt11 and yt22 = −ρ2 · yt21, where608

ρ1 := (d− c)/(a− b) > 0 and ρ2 = (d− b)/(a− c) > 0.609

Proof. For player 1, let v1 = (d− c, a− b). Then observe that610

A⊤v1 =

(
a c
b d

)(
d− c
a− b

)
=

(
ad− ac+ ac− bc
bd− bc+ ad− bd

)
=

(
0
0

)
,

where the final equality follows from the assumption that detA = ab−cd = 0. Then for any x ∈ ∆2,611

we have612

0 = ⟨x,A⊤v1⟩ = ⟨v1, Ax⟩.
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As yt1 =
∑t−1

k=1Ax
k
2 , this implies613

⟨v1, yt1⟩ =

t−1∑
k=1

⟨v1, Axk2⟩ = 0 .

Thus for all t, we have ⟨v1, yt1⟩ = (d− c) · yt11 + (a− b) · yt12 = 0 . Rearranging, and recalling that614

ρ1 := (d− c)/(a− b) > 0 (where the inequality follows by Assumption 1), we find yt12 = −ρ1 · yt11.615

For the second player, let v2 = (d− b, a− c). Using a similar argument and calculation, we have616

Av2 = 0 ∈ R2 and thus617

⟨v2, yt2⟩ =

t−1∑
k=1

⟨v2,−A⊤xk1⟩ =

t−1∑
k=1

⟨xk1 ,−Av2⟩ = 0 .

For all t, it then follows that ⟨v2, yt2⟩ = (d−b) ·yt21+(a−c) ·yt22 = 0, meaning yt22 = −ρ2 ·yt21.618

C Proofs for Optimistic Fictitious Play Regret Upper Bound619

In this section, we develop the omitted proofs from Section 4 that are needed to establish the main620

technical result of Theorem 3.5 (showing Optimistic FP has bounded energy in 2×2 games).621

C.1 Properties of the Energy Threshold B622

In this section, we prove several properties related to the threshold B that is used in the proof of623

Theorem 3.5: Recall that B is defined as follows:624

Definition 4.7. Fix A satisfying Assumption 1, and recall amax = ∥A∥∞. Then define B > 0 by625

B = min
{
b ∈ R+ : for all z ∈ R2, ∥z∥1 ≤ 6amax =⇒ ψ(z) ≤ b

}
.

First, we prove the following upper bound on the magnitude of B with respect to the constants626

amax, ρ1, and ρ2:627

Proposition 4.8. Let B be the constant from Definition 4.7. Then B ≤ 6amax(1 + ρ1 + ρ2).628

Proof. By definition of B, the level set L = {z ∈ R2 : ψ(z) = B} must intersect the boundary of629

the ball B = {z ∈ R2 : ∥z∥1 ≤ B} on at least one of the boundaries Pi∼(i+1) in the set P̃ from630

Definition 4.3. Let I = P̃ ∩ B ∩ L be the intersection of these three sets. Using the definition of ψ631

from (10) it follows that for z ∈ I632

B = ψ(z) =


ρ1 · |z1| = ρ1 · 6amax if z ∈ P1∼2

|z2| = 6amax if z ∈ P2∼3

|z1| = 6amax if z ∈ P3∼4

ρ2 · |z2| = ρ2 · 6amax if z ∈ P4∼1

,

where in each case the equality comes from the fact that if z ∈ I then ∥z∥1 = 6amax. It follows that633

B ≤ 6amax ·max
{
1, ρ1, ρ2

}
≤ 6amax(1 + ρ1 + ρ2) ,

where the final inequality comes from the fact that ρ1, ρ2 > 0.634

Next, we establish the following invariant:635

Proposition C.1. Let B be the constant from Definition 4.3. Suppose ψ(z) > B and suppose636

z ∈ P̂i ∪ P(i−1) i for some i ∈ [4]. Assume either z̃ = z + Sj or z̃ = z + Sj + Sk for j, k ∈ [4] and637

S as in (OFP Dual). Then638

z̃ /∈ P̂i+2 ∪ P(i+1)∼(i+2) . (21)
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Proof. We prove the claim for the case that z̃ = z + Sj + Sk, which by the same argument implies639

the result when z̃ = z + Sj . Without loss of generality, assume i = 1. Under the assumptions of640

the proposition, we will show that if z ∈ P̂1 ∪ P4∼1, then z̃ /∈ P̂3 ∪ P2∼3. For this, observe first by641

definition of B that if ψ(z) > B then ∥z∥1 > 6amax. By definition of the sets P̂1 and P̂3 ∪ P2∼3,642

this implies that643

min
z′∈P̂3∪P2∼3

∥z − z′∥2 ≥ ∥z∥2 ≥ 1√
2
∥z∥1 >

6amax√
2

≥ 4amax . (22)

On the other hand, by construction of z̃, and using the fact that ∥S∥2 ≤ 2amax, we have644

∥z − z̃∥2 ≤ ∥Sj∥2 + ∥Sk∥2 ≤ 2(2amax) = 4amax . (23)

Then combining expressions (22) and (23), we find645

∥z − z̃∥2 < min
z′∈P̂3∪P2∼3

∥z − z′∥2 ,

and thus z̃ /∈ P̂3 ∪ P2∼3.646

C.2 Energy Upper Bound: Proof of Lemma 4.9647

This section gives the proof of Lemma 4.9, which derives an upper bound on the energy ψ(zt+1)648

when ψ(zt) ≤ B. Restated here:649

Lemma 4.9. Suppose ψ(zt) ≤ B, and let B′ = 8amax(1 + ρ1 + ρ2)
2. Then ψ(zt+1) ≤ B′650

Proof. Using the definition of ψ from (10), observe that651

ψ(zt+1) ≤ max
{
max(ρ1, ρ2) · ∥zt+1∥1, ∥zt+1∥1

}
≤ (1 + ρ1 + ρ2) · ∥zt+1∥1 . (24)

Now recall by definition of the constant B that ψ(zt) ≤ B =⇒ ∥zt∥1 ≤ B. Then as ∥zt+1∥1 =652

∥zt + Sj∥1 for some j ∈ [4], we have that653

∥zt+1∥1 ≤ ∥zt∥1 + 2amax ≤ B + 2amax

≤ 6amax(1 + ρ1 + ρ2) + 2amax

≤ 8amax(1 + ρ1 + ρ2) . (25)

Here, the penultimate inequality follows from the upper bound on B from Proposition 4.8, and the654

final inequality follows from the positivity of ρ1, ρ2.655

Combining expressions (24) and (25), we conclude that656

ψ(zt+1) ≤ 8amax(1 + ρ1 + ρ2)
2 .

C.3 Cycling Invariants and Non-Increasing Energy Growth: Proof of Lemma 4.10657

In this section, we develop the proof of Lemma 4.10, restated here:658

Lemma 4.10. Suppose ψ(zt) > B and zt ∈ P̂i for i ∈ [4]. Then the following hold:659

(1) Either (i) z̃t+1, zt+1 ∈ P̂i or (ii) z̃t+1, zt+1 ∈ Pi+1660

(2) ∆ψ(zt) = ψ(zt+1)− ψ(zt) ≤ 0.661

We give the proof of Lemma 4.10 in two parts: first in Lemma C.2 (Section C.3.1), we prove the662

invariants from Part (1). Then, in Lemma C.6 (Section C.3.2), we prove the non-positive energy663

growth bounds from Part (2).664

In Figure 3, we also give visual intuition for the two claims of Lemma 4.10. In the figure, each665

subfigure shows the dual space R2, and the green region denotes the sublevel set ψ(z) ≤ B. The left666

subfigure illustrates that for ψ(zt) > B, the vectors zt+1 and z̃t+1 will lie in the same region of P ,667

and thus ∆ψ(zt) ≤ 0 (the latter point is captured by the fact that zt+1 lies within the sublevel set668

ψ(z) ≤ B). In contrast, as illustrated in the right subfigure, when ψ(zt) ≤ B, then in general the669

invariants of Part (1) of the lemma may not hold, and ∆ψ(zt) can be strictly positive.670
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Figure 3: Visual intuition for the claims and proof of Lemma 4.10.

C.3.1 Cycling Invariants: Part 1 of Lemma 4.10671

In this section, we state and prove the following lemma, which establishes certain “cycling invariants”672

on the relationship between the predicted cost vector z̃t+1 and true cost vector zt+1 that hold when673

the energy ψ(zt) is sufficiently large.674

Lemma C.2. Suppose ψ(zt) > B and zt ∈ P̂i for i ∈ [4]. Then either675

(i) z̃t+1 ∈ P̂i and zt+1 ∈ P̂i, or676

(ii) z̃t+1 ∈ Pi+1 and zt+1 ∈ Pi+1.677

Proof of Lemma C.2. The proof of lemma C.2 proceeds using three separate propositions, which678

we state and prove as follows:679

First, we establish regions in which z̃t+1 and zt+1 cannot lie when the energy ψ is sufficiently large.680

Proposition C.3. Suppose ψ(zt) > B and zt ∈ P̂i for some i ∈ [4]. Then681

z̃t+1, zt+1 /∈ P̂i+2 ∪ P(i+1)∼(i+2) ∪ P̂i−1 .

Proof. We first show that z̃t+1, zt+1 /∈ P̂i+2∪P(i+1)∼(i+2). For this, recall that both zt+1 = zt+Sj682

and z̃t+1 = zt + Sk for some j, k ∈ [4]. As ψ(zt) > B, then applying Proposition C.1 implies that683

both zt+1, z̃t+1 /∈ P̂i+2 ∪ P(i+1)∼(i+2).684

Next, we establish that zt+1 /∈ P̂i−1. For this, as zt ∈ P̂i, then either (a) z̃t+1 ∈ P̂i−1 or (b)685

z̃t+1 ∈ P̂i+2 ∪ P(i+1)∼(i+2). We have already established case (b) cannot hold. Similarly, as686

ψ(zt) > B implies ∥zt∥1 > 3amax, then case (a) implies that either ψ(zt) ≤ B or zt+1 /∈ P̂i−1,687

which is a contradiction. So zt+1 /∈ P̂i−1.688

Similarly, to have z̃t+1 ∈ P̂i−1, then by definition of S we must have either (a) zt − zt−1 = Si+2689

or (b) zt − zt−1 = Si+1. Case (a) implies z̃t ∈ P̂i+2 ∪ P(i+1)∼(i+2), which cannot hold due to690

Proposition C.1. Case (b) implies z̃t ∈ P̂i+1 ∪ Pi∼(i+1), which again due to the definition of B691

contradicts that either ψ(zt) > B or that z̃t+1 ∈ P̂i−1. Thus we conclude z̃t+1 /∈ P̂i−1.692

Proposition C.3 establishes that if ψ(zt) > B, then we must have z̃t+1, zt+1 ∈ P̂i ∪ Pi+1. Thus to693

conclude the proof of Lemma C.2, it suffices to establish that z̃t+1 ∈ P̂i =⇒ zt+1 ∈ P̂i and that694

z̃t+1 ∈ Pi+1 =⇒ zt+1 ∈ Pi+1. We prove these claims in the following two propositions:695

Proposition C.4. Suppose ψ(zt) > B and zt ∈ P̂i for some i ∈ [4]. Then:696

z̃t+1 ∈ P̂i =⇒ zt+1 ∈ P̂i .
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Proof. We distinguish the cases when z̃t+1 ∈ Pi and z̃t+1 ∈ Pi∼(i+1). In the first case, if z̃t+1 ∈ Pi,697

then by definition zt+1 = zt + Si. If ψ(zt+1) = ψ(zt), then zt+1 = z̃t+1 ∈ Pi. If instead698

ψ(zt+1) ̸= ψ(zt), then z̃t+1 = zt − zt−1 = Sj for some j ̸= i ∈ [4]. However, by definition of the699

constant B, we must have zt+1 /∈ Pi+1, as otherwise the assumption ψ(zt) > B would be violated.700

Then Proposition C.3 implies zt+1 ∈ P̂i. Thus if z̃t+1 ∈ Pi, then zt+1 ∈ P̂i.701

For the second case, suppose z̃t+1 ∈ Pi∼(i+1). Then we must have z̃t+1 − zt ∈ {Si, Si+1}.702

Moreover, recall that Q(z̃t+1) ∈ {ei, ei+1}. In either case, using the structure of adjacent columns i703

and i+ 1 of S, it follows that zt+1 ∈ Pi∼(i+1) ⊂ P̂i. Thus if z̃t+1 ∈ Pi∼(i+1), then also zt+1 ∈ P̂i,704

which concludes the proof.705

Proposition C.5. Suppose ψ(zt) > B and zt ∈ P̂i for some i ∈ [4]. Then:706

z̃t+1 ∈ Pi+1 =⇒ zt+1 ∈ Pi+1 .

Proof. Suppose zt ∈ Pi. If z̃t+1 ∈ Pi+1, then Q(zt+1) = ei+1, and also z̃t+1 − zt ∈ {Si, Si+1}.707

Using the structure of adjacent columns i and i+1 of S, it then follows that zt+1 = zt+Si+1 ∈ Pi+1.708

Similarly, if instead zt ∈ Pi∼(i+1), then zt+1 = zt + Si+1 ∈ Pi+1 by definition of S. Thus in either709

case, if z̃t+1 ∈ Pi+1, then also zt+1 ∈ Pi+1.710

C.3.2 Non-Increasing Energy Growth: Part (2) of Lemma 4.10711

In this section we state and prove the following lemma, which gives non-positive bounds on the712

energy growth under the two cases in Part (1) of Lemma 4.10:713

Lemma C.6. Fix i ∈ [4], and suppose zt ∈ P̂i. Suppose that either (i) z̃t+1 ∈ P̂i and zt+1 ∈ P̂i or714

(ii) z̃t+1 ∈ Pi+1 and zt+1 ∈ Pi+1. Then ∆ψ(zt) ≤ 0.715

Proof. To start, we rederive the one-step change in energy growth under (OFP Dual).716

One-step change in energy: Using (OFP Dual) and Definition 4.5, we have for any t ≥ 1:717

∆ψ(zt) = ψ(zt+1)− ψ(zt) (26)

=
〈
zt+1,MQ(zt+1)

〉
−

〈
zt,MQ(zt)

〉
(27)

=
〈
zt + SQ(z̃t+1),MQ(zt+1)

〉
−

〈
zt,MQ(zt)

〉
(28)

=
〈
zt,M

(
Q(zt+1)− Q(zt)

)〉︸ ︷︷ ︸
(a)

+
〈
Q(z̃t+1), S⊤MQ(zt+1)

〉︸ ︷︷ ︸
(b)

. (29)

By the definitions of S and M from expressions (OFP Dual) and (11), respectively, recalling that718

ρ1 = (d − c)/(a − b) and ρ2 = (d − b)/(a − c), and using the fact from Assumption 1 that719

detA = ab− cd = 0, we can compute720

S⊤M =

b −c
a −c
a −a
b −a

(
−ρ1 −ρ1 1 1
−ρ2 1 1 −ρ2

)
=

 0 d− c b− c b− d
c− d 0 a− c a− d
b− c c− a 0 a− b
d− b d− a b− a 0

 . (30)

Thus, expression (30) shows S⊤M is skew-symmetric.721

Proof for Case (i): To prove the claim for case (i) of the lemma, we start with the case that zt ∈ Pi722

and also z̃t+1, zt+1 ∈ Pi. Then by definition of Q, we have Q(zt) = Q(z̃t+1) = Q(z̃t) = ei. By723

skew-symmetry of S⊤M , observe in part (b) of expression (29) that724 〈
Q(z̃t+1), S⊤MQ(zt+1)

〉
=

〈
Q(zt+1), S⊤MQ(zt+1)

〉
= 0 .

Moreover, in part (a) of expression (29), we also have725 〈
zt,M

(
Q(zt+1)− Q(zt)

)〉
=

〈
zt,M

(
Q(zt)− Q(zt)

)〉
= 0 ,
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and thus ∆ψ(zt) = 0. In the case that zt ∈ Pi and z̃t+1 ∈ Pi∼(i+1), then observe from the structure726

of S that we must also have zt+1 ∈ Pi∼(i+1). Then by definition of ψ, for any z ∈ Pi∼(i+1), we727

have ψ(z) = ⟨z,Mei⟩. Thus we can rewrite expression (26) as728

∆ψ(zt) = ⟨zt + SQ(z̃t+1),Mei⟩ − ⟨zt,MQ(zt)⟩ (31)

= ⟨zt,M(ei − Q(zt))⟩+ ⟨Q(z̃t+1), S⊤Mei⟩ . (32)

As zt ∈ Pi =⇒ Q(zt) = ei, the first term above vanishes. Moreover, as z̃t+1 ∈ Pi∼(i+1), we729

have Q(z̃t+1) ∈ {ei, ei+1}. By skew-symmetry of S⊤M , if Q(z̃t+1) = ei, then the second term of730

(32) also vanishes. On the other hand, if Q(z̃t+1) = ei+1, then the second term is negative, which731

follows from the fact that, under Assumption 1, each entry (S⊤M)i+1,i < 0. In either case, we find732

∆ψ(zt) ≤ 0.733

Finally, observe that if zt ∈ Pi∼(i+1), then by definition of (OFP Dual), we cannot have both734

z̃t+1, zt+1 ∈ P̂i. Thus the conditions of case (i) do not apply, which concludes the proof of the735

lemma under case (i).736

Proof for Case (ii): To prove the claim for case (ii), suppose first that zt ∈ Pi and thus Q(zt) = ei.737

By the assumptions of claim (ii), we also have Q(z̃t+1) = Q(zt+1) = ei+1. Thus it again follows by738

skew-symmetry of S⊤M that for part (b) of expression (29)739 〈
Q(z̃t+1), S⊤MQ(zt+1)

〉
= 0 . (33)

For part (a) of (29), by case analyis on the columns of M , it follows that when Q(zt) = ei and740

Q(zt+1) = ei+1, then741

〈
zt,M

(
Q(zt+1)− Q(zt)

)〉
=


(1 + ρ2) · zt2 if Q(zt) = e1
(1 + ρ1) · zt1 if Q(zt) = e2
−(1 + ρ2) · zt2 if Q(zt) = e3
−(1 + ρ1) · zt1 if Q(zt) = e4

. (34)

Given the definition of Q, it follows that Q(zt) = e1 =⇒ zt2 ≤ 0, that Q(zt) = e2 =⇒ zt1 ≤ 0,742

that Q(zt) = e3 =⇒ zt2 ≥ 0, and that Q(zt) = e4 =⇒ zt1 ≥ 0. Together with the fact that743

ρ1, ρ2 > 0 by definition, in each case of expression (34), we find
〈
zt,M

(
Q(zt+1)− Q(zt)

)〉
≤ 0.744

Together with (33), this means ∆ψ(zt) ≤ 0.745

In the case that zt ∈ Pi∼(i+1), then either Q(zt) = ei or Q(zt) = ei+1. If the latter holds, given746

that also Q(zt+1) = ei+1 by assumption, then part (a) of (29) is trivially 0. If the former holds, we747

recover the cases of expression (34), and thus part (a) of (29) is non-positive. In either case, part748

(b) of (29) remains 0 as in expression (33), and thus we conclude that ∆ψ(zt) ≤ 0. This proves the749

lemma under case (ii).750

D Proofs for Alternating Fictitious Play Regret Lower Bound751

In this section, we develop the proof of Theorem 3.2, which gives a lower bound of Ω(
√
T ) on the752

regret of Alternating Fictitious Play. Restated here:753

Theorem 3.2. Suppose x11 = (p, 1− p) ∈ ∆2 for irrational p ∈ (3/4, 1), and let {xt} be the iterates754

of Alternating FP on (Matching Pennies) using any tiebreaking rule. Then Regalt(T ) ≥ Ω(
√
T ).755

The organization of this section is as follows: in Section D.1 we recall the setup of alternating play in756

zero-sum games, as well as on the notion of alternating regret. In Section D.2, we formally define the757

Alternating Fictitious Play algorithm. Finally, in Section D.3, we give the proof of Theorem 3.2.758

D.1 Details on Alternating Play and Alternating Regret759

Alternating play. We consider the model of alternating online learning in two-player zero-sum760

games as in Bailey et al. (2020); Wibisono et al. (2022); Katona et al. (2024). Defined formally:761

Definition D.1 (Alternating Play). Fix a payoff matrix A ∈ Rm×n. Over T rounds, Players 1 and 2762

alternate updating their strategies xt1 ∈ ∆m and xt2 ∈ ∆n as follows:763
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• (Initialization) Assume without loss of generality T is even. At time t = 1, Player 1 chooses764

an initial x11 ∈ ∆m, and Player 2 observes −A⊤x11.765

• (Even rounds – Player 2 updates) When t = 2k (for k ≥ 1):766

Player 1 sets xt1 = xt−1
1 ∈ ∆m Player 2 updates xt2 ∈ ∆n.

Player 1 observes Axt2 Player 2 observes −A⊤xt−1
1 .

• (Odd rounds – Player 1 updates) When t = 2k + 1 (for k ≥ 1):767

Player 1 updates xt1 ∈ ∆m Player 2 sets xt2 = xt−1
2 ∈ ∆n.

Player 1 observes Axt−1
2 Player 2 observes −A⊤xt1.

Alternating regret. Under alternating play, we now measure the performance of each player by its768

alternating regret (Wibisono et al., 2022; Cevher et al., 2023; Hait et al., 2025). For this, first observe769

under alternating play that each player’s cumulative payoff can be written as:770

Player 1 cumulative payoff:
T/2∑
k=1

〈
x2k−1
1 , A(x2k2 + x2k−2

2 )
〉
.

Player 2 cumulative payoff:
T/2∑
k=1

〈
x2k2 ,−A⊤(x2k+1

1 + x2k−1
1 )

〉
.

(35)

Here and throughout, we assume for notational convenience that x02 = 0 ∈ Rn and xT+1
1 = 0 ∈ Rm.771

Then alternating regret is defined as follows:772

Definition D.2 (Alternating Regret). Let T be even. Define Regalt
1 (T ) and Regalt

2 (T ) as773

Regalt
1 (T ) = max

x∈∆m

T/2∑
k=1

〈
x− x2k−1

1 , A(x2k2 + x2k−2
2 )

〉
Regalt

2 (T ) = min
x∈∆n

T/2∑
k=1

〈
x2k2 − x,A⊤(x2k+1

1 + x2k−1
1 )

〉
.

Then define Regalt(T ) = Regalt
1 (T ) + Regalt

2 (T ).774

Similar to standard (simultaneous) play, sublinear regret bounds for Regalt(T ) correspond to conver-775

gence of the time-average iterates under alternating play to a Nash equilibrium of A. For this, define776

the time-average iterates x̃T1 ∈ ∆m and x̃T2 ∈ ∆n by777

x̃T1 =
1

T

( T/2∑
k=1

x2k−1
1 + x2k+1

1

)
and x̃T2 =

1

T

( T/2∑
k=1

x2k−2
2 + x2k+2

2

)
. (36)

Then we have the following proposition (analogous to Proposition 2.1 for simultaneous play):778

Proposition D.3. Fix A ∈ Rm×n. Let x̃T1 ∈ ∆m and x̃T2 ∈ ∆n denote the time-average iterates779

under the alternating play of Definition D.2, as in expression (36). Suppose Regalt(T ) ≤ α = o(T ).780

Then (x̃T1 , x̃
T
2 ) converges in duality gap to an NE of A at a rate of α/T = o(1).781

Proof. By definition of the player-wise cumulative costs from (35) (and recalling that we set x02 =782

0 ∈ Rn and xT+1
1 = 0 ∈ Rm for notational convenience), observe that783

T/2∑
k=1

〈
x2k−1
1 , A(x2k2 + x2k−2

2 )
〉
+

T/2∑
k=1

〈
x2k2 ,−A⊤(x2k+1

1 + x2k−1
1 )

〉
= 0 .

It follows from the Definition D.2 that784

Regalt(T ) = Regalt
1 (T ) + Regalt

2 (T )

= max
x∈∆m

T/2∑
k=1

〈
x,A(x2k2 + x2k−2

2 )
〉
− min

x∈∆n

T/2∑
k=1

〈
x,A⊤(x2k+1

1 + x2k−1
1 )

〉
= max

x∈∆m

〈
x,A(T · x̃T2 )

〉
− min

x∈∆n

〈
x,A⊤(T · x̃T1 )

〉
≤ α ,

22



where in the final line we use the definition of x̃T1 and x̃T2 from (36) and the assumption that785

Reg(T ) ≤ α. Then dividing by T gives786

DG(x̃T1 , x̃
T
2 ) = max

x∈∆m

〈
x,Ax̃T2

〉
− min

x∈∆n

〈
x,A⊤x̃T1

〉
≤ α

T
,

which yields the statement of the proposition.787

D.2 Details on Alternating Fictitious Play788

Under the alternating play setup of Definition D.1, we now specify the Alternating Fictitious Play789

algorithm. For any even t ≥ 2, the primal iterates of Players 1 and 2 at times t+ 1 and t+ 2 update790

according to791

xt+1
1 := argmax

x∈{ei}m

〈
x,

t/2∑
k=1

A(x2k2 + x2k−2
2 )

〉
and xt+1

2 = xt2

xt+2
2 := argmax

x∈{ei}n

〈
x,

t/2∑
k=1

−A⊤(x2k+1
1 + x2k−1

2 )
〉

and xt+2
1 = xt+1

1 .

In other words, as in standard Fictitious Play (c.f., (α-OFP) for α = 0), in Alternating Fictitious Play792

each player (in an alternating fashion), selects the best-response to the cumulative observed payoff793

vectors over all prior rounds.794

Primal-Dual update for Alternating FP. Similar to the analysis for Optimistic FP, define the795

dual payoff vectors yt1 =
∑t−1

k=1Ax
k
2 ∈ Rm and yt2 =

∑t−1
k=1 −A⊤xk1 ∈ Rn. Then the iterates of796

Alternating FP can be equivalently expressed as follows:797

Definition D.4. Assume the alternating play setting of Definition D.1. Let y21 = 0 ∈ Rm, and let798

y22 = −A⊤x11 ∈ Rn. Then for t ≥ 2, the dual (i.e., (yt1, y
t
2)) and primal (i.e., (xt1, x

t
2)) iterates of799

Alternating FP are given by800

(t even)

{
xt1 = xt−1

1

xt2 = argmaxx∈{ei}n
⟨x, yt2⟩

and
{
yt+1
1 = yt1 +Axt2
yt+1
2 = yt2 −A⊤xt−1

1 .

(t odd)

{
xt1 = argmaxx∈{ei}m

⟨x, yt1⟩
xt2 = xt−1

2

and
{
yt+1
1 = yt1 +Axt−1

2

yt+1
2 = yt2 −A⊤xt1 .

(AFP)

Moreover, recall the energy function Ψ from Definition 3.3 and Regalt(T ) from Definition D.2. Then,801

analogously to Proposition 3.4, following equivalence between energy and alternating regret holds:802

Proposition D.5. Let {xt} and {yt} be iterates of (AFP). Then Regalt(T ) = Ψ(yT+1).803

D.3 Proof of Theorem 3.2: Regret Lower Bound on Matching Pennies804

We now prove the lower bound on the regret of (AFP) on Matching Pennies. For this, recall that the805

Matching Pennies payoff matrix is given by806

A =

(
1 −1
−1 1

)
. (Matching Pennies)

Subspace Dynamics of AFP for Matching Pennies. It is straightforward to check that807

(Matching Pennies) satisfies the conditions of Assumption 1. Moreover, this also implies Proposi-808

tion 4.2 holds for the dual iterates of (AFP), in particular for ρ1 = ρ2 = 1.809

Thus, to prove the theorem, we reuse the components of the subspace dynamics introduced in810

Section 4. Specfically, we reuse the notation of the primal and dual iterates {wt} and {zt}, as well as811

the choice map Q from Definition 4.4, and the energy ψ from Definition 4.5.812

Under (Matching Pennies), it is then straightforward to check that the matrix S from (9) and the813

energy ψ from Definition 4.5 are given by:814

S =

(
−1 1 1 −1
1 1 −1 −1

)
and for all z ∈ R2: ψ(z) = ∥z∥1 .
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Similarly to Proposition 4.6, and using the definition of ψ and the iterates {zt}, we also have the815

following relationship between Ψ and ψ:816

Proposition D.6. Let {yt} be the iterates of (AFP) on (Matching Pennies), and let {zt} be the817

corresponding subspace iterates. Then Ψ(yT+1) = ψ(zt+1).818

Moreover, under the primal-dual definition of (9) it follows inductively (and using the definition of819

{wt}, {zt}, and Q) that for all t ≥ 3:820

wt =

{
Q((zt−1

1 , zt2)) for t even
Q((zt1, z

t−1
2 )) for t odd

. (37)

Then for t ≥ 3 that the dual iterates {zt} can be further rewritten as821

zt+1 = zt + SQ(z̃t+1) where z̃t+1 =

{
(zt−1

1 , zt2) for t even
(zt1, z

t−1
2 ) for t odd

. (AFP Dual)

Thus, similar to (AFP Dual), the subspace iterates of Alterating Fictitious Play can be expressed with822

respect to a predicted payoff vector z̃t+1. Now, due to the alternating play setting, the position of this823

predicted vector depends on the parity of t.824

Overall proof strategy. Given the equivalence between Regalt(T ) and Ψ(yT+1) from Proposi-825

tion D.5, and on the equivalence between Ψ(yT+1) and ψ(zT+1) from D.6, to prove Theorem 3.2, it826

suffices to establish the following lower bound on the energy ψ(zT+1):827

Lemma D.7. Assume the setting of Theorem 3.2, and let {zt} be the dual iterates of (AFP Dual).828

Then ψ(zT+1) ≥ Ω(
√
T ).829

To prove Lemma D.7, we introduce a phase structure (in similar spirit to the analysis of Lazarsfeld830

et al. (2025)), where each phase tracks a subsequence of consecutive time steps where the iterates831

{wt} are at the same primal vertex. Formally, we define:832

Definition D.8. Let {wt} be the primal iterates from (37), and fix t0 = 2. For k ≥ 1, let tk :=833

min{t > tk−1 : wt ̸= wtk−1}. Then define Phase k as the subsequence of iterates from times834

t = tk, tk + 1 . . . , tk+1 − 1, and let τk = tk+1 − tk be the length of the phase. Let K ≥ 0 denote835

the total number of phases in T rounds such that T =
∑T

k=0 τk.836

Using the phase setup of Definition D.8, the core technical component of proving Lemma D.7 is to837

establish the following proposition:838

Proposition D.9. Assume the setting of Theorem 3.2. Then for each Phase k = 1, . . . ,K, the839

following hold:840

(i) ψ(ztk) ≤ ψ(ztk−1) + 2841

(ii) τk = Θ(ψ(ztk)).842

Moreover, for at least K/2 phases k, it holds that (iii) ψ(ztk) ≥ ψ(ztk−1) + 1.843

The proof of Proposition D.9 is developed in Section D.3.1. Granting the claims of the proposition as844

true for now, we give the proof of Lemma D.7 (and thus also of Theorem 3.2):845

Proof (of Lemma D.7). By claim (iii) of Proposition D.9, the energy ψ is strictly increasing in at846

least K/2 phases, and thus847

ψ(zT+1) ≥ K

2
. (38)

To prove the statement of the lemma, it then suffices to derive a lower bound on K. For this, recall by848

Definition D.8 that T =
∑K

k=1 τk. Moreover, combining claims (i) and (ii) of Proposition D.9, we849

find for all k that τk = Θ(ψ(ztk)) ≤ Θ(ψ(ztk−1) + 2) ≤ Θ(k). Combining these pieces, we have850

T =

K∑
k=1

τk ≤
K∑

k=1

Θ(k) ≤ Θ(K2) . (39)

Thus K2 ≥ Ω(T ) =⇒ K ≥ Ω(
√
T ). Substituting into (38), we conclude ψ(zT+1) ≥ Ω(

√
T ).851
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D.3.1 Proof of Proposition D.9852

We now prove the claims of Proposition D.9. For this, we start by establishing the following invariant853

between the dual iterates zt−1, zt, zt+1 and the predicted vector z̃t+1.854

Analysis of initial phases. We begin by computing the dual iterates during the first two phases,855

which helps to both give intuition for the energy growth behavior of Alternating FP, as well as to856

streamline the remainder of the proof. For this, recall that initially x12 = (p, 1−p) ∈ ∆2 for irrational857

p ∈ (3/4, 1), and that y21 = 0 ∈ R2.858

It follows by definition of (AFP) at time t = 2 that y21 = y21 = 0 ∈ R2 and y22 = −A⊤x11 =859

(−(2p − 1), (2p − 1)), and that x21 = x11 ∈ ∆2 and x22 = (0, 1) ∈ ∆2. Then, at t = 3, we further860

have y31 = y21 +Ax22 = (−1, 1) and y32 = y22 −A⊤x11 = 2 · y22 .861

Then for t ≥ 3, switching to the equivalent, lower-dimensional iterates {wt} and {zt}, we can further862

directly compute (by definition of (AFP Dual)):863

(t = 3)

{
z3 = (−1,−2(2p− 1)) ∈ P1

z̃4 = (z31 , z
2
2) = (−1,−(2p− 1)) ∈ P1

w3 = Q(z̃4) = e1

(t = 4)

{
z4 = z3 + (−1, 1) = (−2,−4p+ 3) ∈ P1

z̃5 = (z31 , z
4
2) = (−1,−4p+ 3) ∈ P1

w4 = Q(z̃5) = e1

(t = 5)

{
z5 = z4 + (−1, 1) = (−3,−4p+ 4) ∈ P2

z̃6 = (z51 , z
4
2) = (−3,−4p+ 3) ∈ P1

w5 = Q(z̃6) = e1

(t = 6)

{
z6 = z5 + (−1, 1) = (−4,−4p+ 5) ∈ P2

z̃7 = (z51 , z
6
2) = (−3,−4p+ 5) ∈ P2

w6 = Q(z̃7) = e2.

Observe by Definition D.8 and the calculations above that Phase 1 begins at step t1 = 3, and Phase 2864

begins at phase t2 = 6. Moreover, ∆ψ(z5) = ∆ψ(z6) = 1, meaning ψ(zt2)− ψ(zt1) = 2 > 0.865

This strictly increasing energy growth between phases stems from the geometry of the predicted866

payoff vectors: in this instance, under Alternating Fictitious Play, when zt, zt−1 ∈ P1 and zt is near867

the boundary P1∼2, the predicted vector z̃t+1 always remains in P1 and fails to “predict” the next868

region P2. This results in strictly increasing energy growth when zt+1 ∈ P2. This positive energy869

growth behavior near the boundary regions is the key difference between Alternating and Optimistic870

Fictitious Play (c.f., the invariants and energy growth claims of Lemma 4.10).871

Cycling invariants. By continuing to compute the dual iterates {zt}, we arrive at the following872

invariants, which establish a certain cycling behavior through the regions of P̂ . Specifically, it873

follows inductively that zt−1 and zt must fall under one of the following cases (which subsequently874

determines z̃t+1, zt+1, and the energy growth ∆ψ(zt)):875

• Case 1: zt−1, zt ∈ Pi, and zt − zt−1 = Si.876

Then z̃t+1 ∈ Pi, and either zt+1 ∈ Pi+1 with ∆ψ(zt) = 1, or zt ∈ Pi with ∆ψ(zt) = 0.877

• Case 2: zt−1 ∈ Pi, zt ∈ Pi+1, and zt = zt−1 + Si.878

Then zt+1 ∈ Pi+1, and either z̃t+1 ∈ Pi and ∆ψ(zt) = 1, or z̃t+1 ∈ Pi+1 and ∆ψ(zt) = 0.879

• Case 3: zt−1 ∈ Pi, zt ∈ Pi∼(i+1) and zt = zt−1 + Si.880

If z̃t+1 ∈ Pi, then zt+1 ∈ Pi+1 and ∆ψ(zt) = 1. If z̃t+1 ∈ Pi∼(i+1), then also zt+1 ∈ Pi+1,881

with ∆ψ(zt) ∈ {0, 1} depending on the tiebreaking of Q.882

• Case 4: zt−1 ∈ Pi∼(i+1) and zt ∈ Pi+1. If z̃t+1 ∈ Pi∼(i+1), then zt+1 ∈ Pi+1, and883

∆ψ(zt) ∈ {0, 1} depending on the tiebreaking of Q. If z̃t+1 ∈ Pi+1, then zt+1 ∈ Pi+1 and884

∆ψ(zt) = 0.885

Note that the cases above account for (a) the variability of z̃t+1 depending on the parity of t, and (b)886

any variability in zt+1 depending on the tiebreaking decision encoded in Q. In summary, we deduce887

from the four cases above the following consequences:888
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1. Between phases, energy strictly increases in at most 2 iterations. By definition of the energy889

function ψ under Matching Pennies, each one-step increase has magnitude 1, and thus ψ(ztk)−890

ψ(ztk−1) ≤ 2, which proves claim (i) of the proposition.891

2. Again using the definition of ψ under Matching Pennies, we have ψ(zt) = ∥zt∥1. The cases892

above then imply that each τk = ∥zt∥1 + ck (for some aboslute constant ck), and it follows that893

τk = Θ(ψ(zt)), which proves claim (ii) of the proposition.894

3. Finally, using the definition of S under Matching Pennies, along with the fact that initially895

z21 = 0, it holds that each zt1 is integral. Thus between regions P2 and P3, and between P4896

and P1, one dual iterate will always lie on the boundary P2∼3 or P3∼4, respectively. In these897

cases, depending on the tiebreaking rule of Q, the change in energy may be zero when crossing898

between regions of P . On the other hand, due to the initialization x11 = (p, 1− p) for irrational899

p ∈ (3/4, 1), it follows for t ≥ 2 that all zt2 are irrational. Thus no tiebreaking occurs when900

the dual iterates transition between regions P1 and P2 and between P3 and P4. Thus under901

transitions between these phases (which by symmetry amount for at least Ω(K/2) total phases),902

we have by the cases above that energy is strictly increasing by at least 1. This proves claim (iii)903

of the proposition.904

E Additional Experimental Results905

In this section, we provide more details on the experimental evaluations from Figure 1 and Section 5,906

and we also present additional experimental results. The goal of these experiments is to give further907

empirical evidence that the constant regret guarantee of Theorem 3.5 for two-strategy games also908

holds in higher dimensions.909

E.1 Details on Experimental Setup910

First, we note that all code used to run experiments can be found in the supplementary material. In911

this paper, all experiments were run locally on a single personal computer.912

Families of payoff matrices. Aside from the (Matching Pennies) game, our experimental evalua-913

tions of Fictitious Play variants are performed on three high-dimensional families of payoff matrices:914

• Identity matrices: Here, the payoff matrix is the n× n identity matrix In (i.e., the diagonal915

matrix with diagonal entries all 1). Recall that for standard FP, Abernethy et al. (2021a)916

established an O(
√
T ) regret bound using fixed lexicographical tiebreaking.917

• Generalized Rock-Paper-Scissors (RPS) matrices: Here, the payoff matrix is the n× n918

generalization of the classic three-strategy Rock-Paper-Scissors game. Specifically, A is the919

matrix with entries Ai,j given by920

Ai,j :=


−1 if j = i+ 1 (mod n)
1 if j = i− 1 (mod n)
0 otherwise

for all i, j ∈ [n] . (40)

For standard FP, Lazarsfeld et al. (2025) established an O(
√
T ) regret bound for all such RPS921

matrices (using any tiebreaking rule), including when A is scaled by a constant, and when the922

non-zero entries have non-uniform weights.923

• Random [0,1] matrices: We also consider n × n payoff matrices with uniformly random924

entries in [0, 1]. For these payoff matrices, there are no existing O(
√
T ) regret bounds for925

standard FP.926

Tiebreaking rules. To evaluate the robustness of regret guarantees to the tiebreaking method,927

we run the FP variants using both (a) fixed lexicographical tiebreaking (e.g., as in Abernethy et al.928

(2021a)) and (b) uniformly random tiebreaking (e.g., over the entries of the argmax set).929

Random initializations. To evaluate the robustness of regret guarantees to the players’ initial930

strategies, we evaluated the Fictitious Play variants over multiple random initializations of x01, x
0
2 ∈931

∆n (for the Alternating FP initialization from Figure 1, note that the stated initialization is for932
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x11 ∈ ∆n, as in the notation of Definition D.1). To generate a random initialization x ∈ ∆n, we933

sample v ∈ [0, 1]n with independent, uniformly random entries, and normalize x := v/∥v∥1.934

E.2 Empirical Regret Comparisons of Fictitious Play and Optimistic Fictitious Play935

Regret comparisons under randomized tiebreaking. In Table 2 of Section 5, we presented regret936

comparisons of Optimistic FP and standard FP on the three families of payoff matrices described937

above in Section E.1, using fixed lexicographical tiebreaking. In Table 3, we show the results of an938

identical experimental setup, now using randomized tiebreaking. As in Table 2, the entries of Table 3939

report average empirical regrets (and standard deviations) over 100 random initializations, where for940

each initialization, each algorithm was run for T = 10000 iterations.941

Dimension: 15×15 25×25 50×50
Payoff Matrix FP OFP FP OFP FP OFP

Identity 154.4 ± 4.2 8.4 ± 1.7 162.3 ± 3.4 12.9 ± 1.6 166.9 ± 2.2 25.0 ± 2.3
RPS 235.2 ± 6.6 2.8 ± 0.5 241.5 ± 6.1 3.2 ± 0.9 242.9 ± 5.6 2.6 ± 0.8

Random [0, 1] 93.4 ± 5.0 2.7 ± 0.6 137.1 ± 6.1 7.0 ± 1.1 176.2 ± 6.3 12.2 ± 1.4

Table 3: Empirical regret of FP and OFP using randomized tiebreaking. Each entry reports an average and
standard deviation (over 100 random initializations) of total regret after T = 10000 steps.

As in Table 2, the results of Table 3 similarly show that Optimistic FP empirically obtains bounded942

regret compared to the roughly O(
√
T ) regret of standard FP for each payoff matrix and dimension.943

Additional plots from fixed initializations. To further compare the empirical regrets of standard944

FP and Optimistic FP, we present plots of the two algorithms run from fixed initializations, similar to945

Figure 1 from Section 1 (which also included a comparison with AFP). In each plot, we consider946

the three families of identity, RPS, and random matrices described earlier in Section E.1. Note in947

particular that for the RPS game (including in Figure 1 of Section 1), for better visual comparison948

with the other games, we use the payoff matrix specified in (40), but scaled by the constant 2/3.949

Figures 4, 5, and 6 show these comparisons for 15× 15 and 25× 25 matrices, using both randomized950

and lexicographical tiebreaking. In each instance, we again observe that Optimistic FP has bounded951

empirical regret compared to the
√
T regret of standard FP.952

Figure 4: Empirical regret of standard FP and Optimistic FP (OFP) using randomized tiebreaking on three
15× 15 payoff matrices. For each payoff matrix, each algorithm was initialized from x0

1 = e1, x
0
2 = en and run

for T = 10000 iterations.
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Figure 5: Empirical regret of standard FP and Optimistic FP (OFP) using lexicographical tiebreaking on three
25× 25 payoff matrices. For each payoff matrix, each algorithm was initialized from x0

1 = e1, x
0
2 = en and run

for T = 10000 iterations.

Figure 6: Empirical regret of standard FP and Optimistic FP (OFP) using randomized tiebreaking on three
25× 25 payoff matrices. For each payoff matrix, each algorithm was initialized from x0

1 = e1, x
0
2 = en and run

for T = 10000 iterations.
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• The answer NA means that the core method development in this research does not1306

involve LLMs as any important, original, or non-standard components.1307

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1308

for what should or should not be described.1309
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