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ABSTRACT

The thriving field of multi-agent reinforcement learning (MARL) studies how a
group of interacting agents make decisions autonomously in a shared dynamic
environment. Existing theoretical studies in this area suffer from at least two of
the following obstacles: memory inefficiency, the heavy dependence of sample
complexity on the long horizon and the large state space, the high computational
complexity, non-Markov policy, non-Nash policy, and high burn-in cost. In this
work, we take a step towards settling this problem by designing a model-free self-
play algorithm Memory-Efficient Nash Q-Learning (ME-Nash-QL) for two-player
zero-sum Markov games, which is a specific setting of MARL. ME-Nash-QL is
proven to enjoy the following merits. First, it can output an e-approximate Nash
policy with space complexity O(SABH ) and sample complexity O(H*SAB/?),
where S is the number of states, { A, B} is the number of actions for two players,
and H is the horizon length. It outperforms existing algorithms in terms of space
complexity for tabular cases, and in terms of sample complexity for long horizons,
i.e., when min{ A, B} < H?. Second, ME-Nash-QL achieves the lowest compu-
tational complexity O(T'poly(AB)) while preserving Markov policies, where T is
the number of samples. Third, ME-Nash-QL also achieves the best burn-in cost
O(SABpoly(H)), whereas previous algorithms have a burn-in cost of at least
O(S?ABpoly(H)) to attain the same level of sample complexity with ours.

1 INTRODUCTION

In this paper, we consider the problem of multi-agent reinforcement learning (MARL), which focuses
on developing algorithms for multiple agents to learn and make decisions in multi-agent environ-
ments. MARL has attracted a plethora of attention across various domains, including autonomous
driving (Shalev-Shwartz et al.||2016)), game playing (Silver et al.l 2017}, and social systems (Baker
et al., [2020). Considering that online data collection, storage, and computation can be expensive,
time-consuming, or high-stakes in the above applications, achieving memory efficiency and low sam-
ple and computational complexity is important in online MARL scenarios. Generally, the approaches
to solving MARL can be categorized into model-free and model-based methods. The former involves
directly learning an optimal/equilibrium policy for multiple agents without explicitly modeling the
environment, such as friend-or-foe Q-Learning (Littman,2001) and Nash Q-Learning (Hu & Wellman)
Nov. 2003). They typically involve using techniques such as Q-learning, actor-critic methods, or
policy gradients to optimize the policy. The latter relies on a learned or predefined model of the envi-
ronment. This usually involves estimating state-transition probabilities and rewards based on agent
behaviors and then utilizing these estimations to simulate possible results and choose actions, such as
AORPO (Zhang et al.;,|2021) and OFTRL (Zhang et al.,|2022)). Although recent research (Bai et al.}
2020; Jin et al.; 2022} [Liu et al., July 2021} Xie et al.| Jun. 2022) has demonstrated the effectiveness
of both model-free and model-based algorithms in MARL, a more comprehensive understanding of
efficient memory, optimal sample complexity and minimal computational complexity is still lacking.

As a specific setting of MARL, two-player zero-sum Markov games (TZMG) are a fascinating
area of research. Considering a tabular TZMG with S states, actions { A, B} for two players, and
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Table 1: Sample complexity (the order of the regret bound, modulo log factors), computational/space
complexity, the range of samples to attain O(H*S/<?)-sample complexity, and whether the output
policy is the Markov/Nash policy, for algorithms: V-learning (Jin et al., 2022)), Nash V/Q-learning
(Bai et al., [2020), PReFI/PReBO (Cui et al.|[2023), OMNI-VI (Xie et al., Jun. 2022, Nash-UCRL
(Chen et al.| 2022), Optimistic PO (Qiu et al.l 2021), VI-Explore/VI-UCLB (Bai & Jin| [2020)),
Nash-VI (Liu et al.l July 2021)), and Q-learning (Feng et al.,|2023)). The best results are highlighted.

Sample Computational/ Range of samples | Markov/
Algorithm P P ; to attain H*S/€> Nash
complexity T' space complexity . .
sample complexity | policy
V-learning H°S(A+ B)/e? Tpoly(AB)/
Nash V-learning H'S(A+ B)/e? S(A+ B)T No/No
. Tpoly(AB)/
6 2 )
Nash Q-learning H°SAB/e SABT
T%poly (SAB)/
10 ¢4 4.4 poly
PReFI HYS*(A+ B)*/e S(A+ B)HT Never Yes/No
T?poly(SAB)/
6 2 2 poly
PReBO HSS2(A+ B)/e BT
OMNI-VI A B2 Tpoly(SAB)/
Nash-UCRL H'STA?B?[¢? S2A’B%2H
Optimistic PO H>S?AB/e? Tp012y(SAB)/ Yes/Yes
VI-Explore H®S?AB/e3 S*ABH
PPAD-complete/
52 2
VI-ULCB H°S*AB/e S2ABH
Tpoly(SAB)/ )
Nash-VI psgé Iy ) [S3ABH*, 00)
Q-learning H*SAB/&? T+H?poly(SAB)/ 6 Ad A28
(Feng et al.,2023) SA2B2H2 [SPA'BTH™, o0) No/No
Tpoly(AB)/
| e | S| (SABH) | veves

a horizon length of H, one important aspect of it is the sample complexity, which refers to the
number of samples T required to achieve an e-approximate Nash equilibrium (NE). Currently, the
Q-FTRL algorithm (Li et al.| 2022), which employs a generative model, is the leading method
for achieving optimal sample complexity in TZMG. However, the accessibility of the generative
model is unclear and restrictive. In the absence of a flexible sampling mechanism, the self-play
algorithms with minimal sample complexity are the model-free method V-learning (Jin et al., 2022)
and the model-based method Optimistic Nash Value Iteration (Nash-VI) (Liu et al., July 2021},
along with the FTRL idea (from adversarial bandit, i.e., H = 1) and a different style of bonus
term, respectively. V-learning is able to find an e-approximate policy with sample complexity of

O(H®S(A+ B)/<?) (modulo log factors), but the output policy is non-Markovian. Nash-VI achieves

the best sample complexity O(H*SAB/s?) among model-based algorithms so far, while its burn-in
cost S ABH* has a heavy dependence on S. Besides, the computational complexity of Nash-VI is
O(Tpoly(SAB)), higher than T'poly (AB) in V-learning. Moreover, the space complexities of the
above algorithms are unsatisfactory, with the former’s O(S(A + B)T) increasing with the number of
samples 7" and the latter’s O(S? ABH) relying heavily on S. These complexities are large compared
with the space O(S ABH) required by ()-value in tabular cases. A summary of prior results is shown
in Table [T} Thus, a natural question motivated by prior algorithms to pose is:

Can a TZMG algorithm be designed with memory, sample, and computational
efficiency, while having low burn-in cost and a Markov and Nash output policy?

1.1 CONTRIBUTIONS

We contribute to the advancement of theoretical understanding by providing a sharp analysis of the
model-free algorithm on TZMG. Our main contribution lies in the development of a novel model-free
algorithm with a Markov and Nash output policy and theoretically achieves the best space and
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computational complexities and the superior sample complexity compared to existing methods for
long horizons, i.e., min{ A, B} < H?. Specifically, we summarize our main contributions as follows.

* We design a model-free algorithm Memory-Efficient Nash Q-Learning (ME-Nash-QL),
which is generated from Nash Q-learning, along with the early-settlement method designed
and the reference-advantage decomposition technique incorporated in TZMG for the first
time. ME-Nash-QL firstly achieves the best memory complexity O(SABH), corresponding
to the minimum space to store ()-values in tabular cases. Furthermore, the computational
complexity of our algorithm is O (T'poly(AB)), which is lower than that of prior algorithms.

* We prove that ME-Nash-QL can find an e-approximate NE for Markov games with sam-
ples O(H*SAB/e?), which is equivalent to achieving the regret bound O(vV H2SABT),

provided that samples 1" exceeds 6(SABH 10, We remark that the sample complexity of
ME-Nash-QL has an optimal dependence on H and S. According to Table[T] it outperforms
existing algorithms as long as min{ A4, B} < H?. Compared with Nash-VI with the same

sample complexity O(H*SAB/e?), Nash-VI requires T to be larger than O(S®ABH*)
to attain the above sample complexity, which is generally significantly larger than that of
ME-Nash-QL as S > H?®. These conditions are common and are satisfied in many scenarios.
For example, in Go, there is 150 < H < 722, S = 236! and min{A, B} = 360 (Silver
et al.,[2017). Similar examples include Atari games and Poker.

* Unlike the state-of-the-art model-free algorithms such as Nash V/Q-Learning, our algorithm
outputs both the single Markov policy and Nash policy (instead of a nested mixture of
Markov policies as returned by Nash V-Learning). Overall, Table|I|shows that our algorithm
outperforms all previous algorithms with a Markov and Nash policy in terms of space,
sample, computational complexity, and burn-in cost. We design an extended algorithm of
ME-Nash-QL for multi-player general-sum Markov games and achieve an e-optimal policy

in 5(H 49 Hie[ v A /€?) samples with M players and A; actions per player.

1.2 RELATED WORK

Markov games Markov games (MGs), also known as stochastic games, were introduced in the
early 1950s (Shapley, |1953). Since then, numerous studies have been conducted, with a particular
focus on Nash equilibrium (Littman, |1994; Lee et al.,|2020). However, these studies are based on two
strong assumptions. First, transition and rewards are generally assumed to be known and partly based
on the asymptotic setting with an infinite amount of data. Under the curse of dimensionality, the
non-asymptotic setting is an important component of relevant research, and the transition and reward
should be estimated under a limited amount of data. Second, some work makes strong reachability
assumptions and fails to consider the impact of exploration strategies. The agent can sample transition
and rewards for any state-action pair based on the assumption of accessing simulators (generative
models). For example, (Jia et al.| [2019} [Sidford et al., |Aug. 2020j Zhang et al., [2020a) derive
non-asymptotic bounds for achieving e-approximate Nash equilibrium based on the number of visits
to the simulator. Especially, (Wei et al.,2017) studies MGs assuming that one agent can always reach
all states using a certain policy under the compliance of the other agent with any policy.

Non-asymptotic guarantees without reachability assumptions As the milestone for MGs, (Bai
& Jinl 2020) and (Xie et al., Jun. 2022) firstly provide non-asymptotic sample complexity guarantees
for model-based algorithms (e.g., VI-Explore and VI-ULCB) and model-free algorithms (e.g., OMNI-
VI), respectively. These are investigated further by the Nash-VI and Nash Q/V-Learning and provide
a better sample complexity guarantee. Nash V-learning achieves sample complexity that has optimal
dependence on S, A, and B, but the dependence on H is worse than ours. Nash-VI has the same
complexity as ours, but it requires a space complexity O(S2ABH). Besides, Nash-UCRL obtains
sample complexity with near-optimal dependence on H. Optimistic PO gets v/T-regret. PReBO has
O(SABHT) space complexity for the storage of historical policies. OMNI-VI has O(S5% A2 B2T)
space complexity. However, neither of them achieves optimal dependence on S, A, or B. The detailed
comparison is shown in Table[I] During the preparation of our work, we observed that (Feng et al,
2023)) also employs Coarse Correlated Equilibrium (CCE) and reference-advantage decomposition
technique, with a higher burn-in cost and outputting policies neither Nash nor Markov .
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Multi-player general-sum Markov games (Liu et al., July 2021) developed a model-based
algorithm with sample complexity O(H®S2 [Lician Ai/ €2), which suffers from the curse of multi-
agent. To alleviate this issue, (Song et al., 2021; Mao et al., 20225 Mao & Basar,|[2023;|Cui et al.| 2023},
Wang et al.| [2023)) proposed V-learning algorithms, coupled with the adversarial bandit subroutine, to
break the curse of multi-agent. Among them, the best sample complexity is 5(H 63 Hie[ M] Ai/€%)
achieved by (Song et al.| 2021). In addition, (Daskalakis et al. [2023) with sample complexity

O(H" S°[,¢ar Ai/€?) learned an approximate CCE that is guaranteed to be Markov.

Single-agent RL.  There is a rich literature on reinforcement learning in MDPs (see e.g., Jaksch
et al.L|April 2010;/Osband et al.; 2016;|Azar et al.L[2017; Dann et al.L 2017} Strehl et al., 2006; Jin et al.|
2018a; |Li et al.l | Dec. 2022). MDPs are special cases of Markov games, where only a single agent
interacts with a stochastic environment. For the tabular episodic setting with non-stationary dynamics
and no simulators, regret and sample analysis are the commonly adopted analytical paradigm for the
trade-off between exploration and exploitation. Notably, the lower bound of the regret is v H2S AT,
corresponding to the sample complexity O(H*SA/e?), which has been achieved by the model-based
algorithm in (Azar et al.||2017) and the model-free algorithm in (Li et al.| [Dec. 2022).

2 PROBLEM FORMULATION

In this paper, we consider the tabular episodic version of TZMG problem. Specifically, we denote
a finite-horizon TZMG as M = (S, A, B, H,{ P}, {rp}L ). Here S == {1,---,S} is the
state space of size S, (4 = {1,---, A}, B := {1,--- , B}) denote the action spaces of the max-
player and the min-player with size A and B, respectively, H is the horizon length, and P, =
S x Ax B — A(S)(resp. r, =S x A x B — [0, 1]) represents the probability transition kernel
(resp. reward function) at the h-th time step, 1 < h < H. Moreover, Py (- | s,a,b) € A(S) stands
for the transition probability vector from state s at time step » when action pair (a, b) is taken, while
ri (s, a,b) indicates the immediate reward received at time step h on a state-action pair (s, a, b)
(which is assumed to be deterministic and falls within the range [0, 1]). For TZMG, this reward can
represent both the gain of the max-player and the loss of the min-player.

A Markov policy of the max-player is represented by p = {uh}}lle, where pp, =S — Ay is
the action selection rule at time step h. Similarly, a Markov policy of the min-player is defined as
V= {uh}hH:1 with v, =S — Apg. Each player executes the MDP sequentially in a total number of
K episodes, leading to T' = K H samples collected in total. Moreover, in each episode k = 1, ..., K,
we start with an arbitrary initial state s¥, and both players implement their own policy p* = { N’ﬁ}fﬂ
and v® = {vF}1_| learned based on the information up to the (k — 1)-th episode.

Value function. V/""(s) : & — R is denoted as the value function and gives the expected
cumulative rewards received starting from state s at step h under policy p and v:

H
V}fL,V(S) = ]Ellvl’ |:Zh/—h 7"h/(shl7 ah’a bh’)

Sh = 8} ; ey

where the expectation is taken over the randomness of the MDP trajectory {s; | h <t < H}. We also
define Q)" : S x A x B — R to be the action-value function (a.k.a the @ function). Q}"" (s, a,b)
gives the cumulative rewards under policy i and v, starting from (s, a, b) at step h:

H
Qy"(s,a,b) =E,, {Zh,zh The (Shry aps, by )

We define V', (s) = Q1 (s, a,b) = 0 for any pand v and (s, a,b) € S x A x B. Moreover, we

define (D, Q)(s) = E(q,p)~r(.,.|s)@(5, a, b) for any @ function. Thus, we have the Bellman equation
QZW(Sa a, b) = Th(sa a, b) + ES/NPh,('lsﬂqb) [V}fiyl (Sl)} ) Viihu(s) = (]D)Nh;l’hQZ7u)(s)' 3)

sh:s,ah:a,bhzb] 2)

Best response and Nash equilibrium. For any policy of the max-player u, there exists the best
i
response of the min-player, which is a policy v/ () satisfying V;"” W) (s) = inf, V}“(s) for any
. iy
(s,h) € S x [H]. For simplicity, we denote V-1 := V}}* ) By symmetry, we define zif () and
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V,:r " in a similar way. It is further known (cf. |[Filar & Vriezel [2012) that there exist policies p* and
v* that are optimal against the best responses of the opponents, in the sense that

Vh“*’T(s) = sup,, Vii(s), VhT’V* (s) = inf, V,""(s), forall (s,h). 4)
These optimal strategies (u*, v*) are the Nash equilibrium of the Markov game satisfying:
sup,, inf, V" (s) = VY (s) = inf, sup, V" (s). 5)

A Nash equilibrium gives a solution in which no player has anything to gain by changing only its own
policy. We denote the values of Nash equilibrium V}* ** and Q" as V}* and Qj, respectively.

Learning objective. 'We use the gap between the max-player and the min-player under the optimal
strategy (i.e., NE) as the learning objective, which can be expressed as VlT’V (s’f) -V o1 (s’f ) Our
goal is to design an algorithm that can find an e-approximate NE using several episodes under the
space complexity SABH and computational time Tpoly (AB) with output policies of two players
that are independent of past and independent of each other (i.e., Markov and Nash policy), and
achieve regret that is sublinear in 7' = K H and polynomial in S, A, B, H (regret bound).

Definition 1 (c-approximate Nash equilibrium) If + S/ (Vf")(s’f )=V T(3’1‘)) < ¢, then

the pair of policies (fi, V) is an e-approximate Nash equilibrium.

Definition 2 (Regret) Let (11*, %) denote the policies deployed by the algorithm in the k-th episode.
After a total of K episodes, the regret is defined as

K ok k
Regret(K) = Zk:l (VIT’ -V ’T) (st). (6)
Notably, sample complexity 7" refers to the required number of samples to achieve % Regret(K) <e.

Notation. Before presenting our main results, we introduce some convenient notations used through-
out this paper. For any vector 2 € R%45 that constitutes certain quantities for all state-action pairs,
we use (s, a, b) to denote the entry associated with the state-action pair (s, a, b). We shall also let

Phs.ap = Pu(-|s,a,b) € RYS (7

abbreviate the transition probability vector given the (s, a, b) pair at time step h. Additionally, e; is
denoted as the ¢-th standard basis vector with the i-th entry equal to 1 and others are all 0.

3 ALGORITHM AND THEORETICAL GUARANTEES

In this section, we present the proposed algorithm called ME-Nash-QL and provide its theoretical
guarantee of memory and sample efficiency.

3.1 ALGORITHM DESCRIPTION

We propose a model-free algorithm ME-Nash-QL described in Algorithm [T which is the first

to integrate the reference-advantage decomposition technique to TZMG along with an innovative

early-settlement approach. For the n-th visit of a state-action pair at any time step h, the proposed
+1

algorithm adopts the linearly rescaled learning rate as 7,, = g ~, - In each episode, the algorithm can

be decomposed into two parts, i.e., policy evaluation and improvement, which are standard in the
majority of model-free algorithms.

* Lines 4-12 of Algorithm [I](Policy evaluation): Select actions based on the current policy to

obtain the next state and the reward information. The sampled data is then used to estimate
UCB
3

. . . —R .
several types of Q-function: Q}“E and Q%P with an exploration bonus, @, and QS using

the reference-advantage decomposition, and @, and Q ,,» Which are obtained by combining
the above estimations.

* Lines 13-19 of Algorithm ] (Policy improvement): Compute a new (joint) policy 7, using
the estimated value functions, update those value functions, and perform updates of reference
values under the early settlement.
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@-function estimation In each episode, the algorithm is designed to maintain estimates of the
Q-function with low sample complexity that provide optimistic and pessimistic views (namely,
over-estimate and under-estimate) of the truth *. The algorithm aims to reduce the bias Q) — @* and
@ — Q* in two ways. Firstly, we migrate the Q-learning algorithm with the upper-confidence bound
(UCB) exploration strategy proposed in (Jin et al., 2018a) to Q-learning with UCB/lower-confidence
bound (LCB) exploration strategy. This is expressed as the subroutine update-q() with bonus

lp = Cp4/ %H 3log S‘L{# in Algorithm|2| Secondly, we leverage the idea of variance reduction to

shave the H factor of sample complexity compared to Nash Q-learning based on reference-advantage
decomposition (Zhang et al.,[2020b) in single-agent scenarios. Taking UCB as an example, we adopt
the update rule at each time step & as

—R —R ~ — —R R R
Qh (57 a, b)e(l_rﬁQh (Sa a, b)—H’]{?”h(S, a)+Ph7s,a,b(Vh-‘rl_vh-i,-l)'i_[PthJ,-]_] (Sa a, b)+bh }7 (8)

TR . . —R . . =~ to4
where b, is the exploration bonus, V'), , ; is the reference value introduced next, and P, s 4,5 (Vh+1 -

—R . . . e d —R . = .
Vh+1) is the stochastic estimate of V41 (s") — V., (s") with P, 5 4 4 as the estimate of Py, s 4 5.

—

Besides, the term PhVS 1 indicates an estimate of the one-step look-ahead value thf 1, which
can be computed via the batch data like line 12 in Algorithm[2} Accordingly, we combine the UCB

—R —R . -
for Py, 5.4 (Vh+1 -V, +1) and P,V , together as the exploration bonus term b, .

—R . . . .
Thus, based on QUCB, QLCB, Q™ and QR we can combine them as line 11-12 in Algorlthmto
further reduce the bias without violating the optimism or pessimism principle of (-function estimate.

Algorithm 1: Memory-Efficient Nash Q-Learning (ME-Nash-QL)
Parameter: some universal constant ¢, > 0 and probability of failure § € (0,1)
ce e = —R

Initialize: Q},(s,a,b), ECB(;, a,b), Qy, (s,a,b), + H; Qh(s7 a,b), QS(S, a,b),
Q-B(s,a b)<—0 Vin(s), Vi (s)— H; V,,(s), Vi (s)« 0; Nh(s a,b) < 0; ¢, (s, a,b),
0,(s,a,0), wh(sab)w (5,a,b), &y (5, b), & (5, b), Py, (s, a,b), ¥ (s,a,b), B}, (s, 0,b),
[ R(s,a,b), Bh (s,a,b), BR(s,a,b) < 0; and u,(s) = True for all
(s,a,b,h) € S x Ax B x [H].

for Episode k =1,..., K do

Set initial state 51 < s¥.

for Step h=1,...,H do

Take action (ap, by) ~ 7 (-, |sp), and draw sp1 ~ Pr(- | sp,an, bp)-

Ni(shyan, bn) = Np(snsansbn) + 15 0 <= N(sn,ansbn)s 1 < -
[QUCB, QLCB) (

Sh,an,bp) + update-q ().
Qh (Sh, ap, by,) < update-ur ().
Qh (S, an,bp) < update-Ir ().
Qh(S}H Qp, bh) < min {as(shv Qp, bh)v QECB(S}M ap, bh)yah(Sh; Qp, bh)}
Q, (sn,an, bp) < max{Q(sn, an, bn), Q5 (sn, an, bn), Q, (sn, an,bn)}.
oA . —R
if Q;,(sn,an,bp) = min {Qh (Shyan,br), ECB(sh, an,bp)} and
Qh(sh,ah, bh) = maXiQ (8h7ah, br), LC (Sh, Gn, bh)} then
L Wh('a |Sh) — CCE(Qh(Sha a')7Qh(sha a))
Vi(sn) < min{(Dr, Q1) (51), Vilsn)}s Vi(sn) < max{(Dx, @, )(sn), Vy(sn)}-
ifvh(sh) — Kh(sh) > 1 then
7R —
| Vh(sn) < Valsn)i Vi(sn) < Vi(sn):
else if u,(s,) = True then
7R —
L Vi(sn) < Vi(sn): VR(sn) < Vi(sn):  ue(sy) = False.

Output The marginal policies of {m, }L 2 ({sn iy, {vn}izy).
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Algorithm 2: Auxiliary functions

1 Function update-q([QYB, QF°B] (sh,an,bn), [Vit1, Vi) (shs1)):

2
3

4

10
11

12

13

14

15

16

17

FB (shyan, b))+ (1—=1n Shy @y On)+ 1 (T (Shs @hy br) +V gt (She1) +in)s

HOB (s, an, br) < (1 = 1n) QEB (sh, ans br) +1n (Th (Shy an, ba)+ V1 (Sha1)—tn).

) UCB(

. —r —r —a —a =R —=R —R -
Function update-ur ( {(bhv Uy Ppy ¥y By s Qh] (8, an, bn), |:Vh+17 Vh+1} (Sht1)):

|8 (snsan.bn) By, Jemupdate-a-bonus (| 6,155,858 B (sn.an i), | Vi 2. Vi [(340):

—R —R
Qp (Snyan,by) < (1 —nn) Qy (Sh,an,br) +

J— —R —T -R
M (Th (8hyan, bn) + Vit (She1) = Vi (Snt1) + g (8hy an, br) + bh)'

Function update~1r (|6}, v}, 62, 42, B QF | (snyan,bn) [V 11, V] (sn4)):

[ (s, b}}]deate-q-bonus ([505205 B(snoan ba), [V Vi (om0

Q) (snyan,bn) < (1= 1n) Q) (sn, an, bn) +

Mn (Th (8h,an,0n) + Vi (5h+1) — Vi (8ht1) + ¢, (Sh,an, br) — bg)

Function update—q—bonus([¢Z,¢Z,¢Z7¢Z7Bﬂ (Shyan,br), [V}E-MVHI} (sh+1)):
O, (s, an, bn) + ( (

Ur (Shyan,bp) < (1= 2) 4% (sp,an,br) + 2 (VR (sha
d)z (Shaahvbh) — (

)

U2 (Sh,an, bp) < (1 —nn) Y3 (sh, an, by

1- l) ¢r Shy Qh, bh) + TllvhR+1 (Sh-&-l).
2

E}

_7771) ¢h (shaahabh) V
) + Tn (Vh+1 (Sh+1 V (Sh+1

t 1 2SABT 2
By (sp,, an, by) + cpy) —2—2— \/% (8h, an,bn) — (@}, (sn, an,bp))” +

log2 SABT
Cl)@f\/wh Sh,,alubh _(¢h (Sh,aalubh)) 5

)"
+ 1 (Vat1 (She1) —
) —
(

O (shyan,by) Bflcmp (Shyan, b)) — B (sh,an, by);
B (sp,an,bp) < By (sp, an, by)

BR < BE (sn, an, by) + (1 — ny,) Silomandn) o o Holos 77,

H2 10g2 SABT

MNn

Reference values update Motivated by (Li et al., [Dec. 2022), we implement the following

. o —R
appropriate termination rules to allow for the early settlement of the reference values V', and K}?:

Vi(sn) —Vy(sn) <1, 9)

which is displayed in lines 16-19 of Algorithm[I] Notably, due to references and the early settlement,
our algorithm obtains a lower sample complexity and burn-in cost than Nash Q-learning.

* Weaken the dependency of the sample complexity on H: the uncertainty of the update rule
largely stems from the third and fourth terms on the right-hand side of (8). The reference

value Vl: (resp. KE) stays reasonably close to V7, (resp. V), which suggests that the
standard deviation of the third term is small. For the fourth term, the reference value is fixed
and never changes after satisfying condition (lines 16-19 in Algorithm 1) for the first time,

and we can use all the samples collected to estimate PhVS 1 1. Therefore, both of these two
terms have much smaller variances than that of usual UCB/LCB value functions due to the
incorporation of reference terms, which enables the algorithm to estimate them with high
accuracy with a limited number of samples.

* Reduce the burn-in cost: reference value Vl,j (resp. KS) is used to keep tracking the value
of V', (resp. V;,) before it stops being updated. Based on the early-settlement method, the
reference values will stop being updated shortly after the condition (lines 16-19 in Algorithm
1) is met for the first time. As a result, the algorithm has the ability to quickly settle on a

desirable “reference” during the initial stage. Moreover, the aggregate difference between

VS”“ (resp. KS”C ) and the final reference V}?’K (resp. V0

be bounded in a reasonably tight fashion.

) over the entire trajectory can
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Policy computation We apply a relaxation of the Nash equilibrium—Coarse Correlated Equilib-
rium (CCE) to output a single Markov policy rather than a nested mixture of Markov policies, which
is introduced by (Moulin & Vial, |Sep. 1978) and developed by (Xie et al., Jun. 2022). Specifically,
for any pair of matrices @, Q € [0, H]**#, CCE(Q, Q) returns a distribution 7 € A 4 such that

E(a,b)Nﬂ@(& a, b) > E(a,b)’\/ﬂ'@ (57 G;l, b) Va’, (10a)
E(a,b)NTrQ(Sv a, b) < E(a,b)wﬂg (57 a, b/) A (10b)
Intuitively, no one can benefit from unilateral unconditional deviation in a CCE since the players’
action strategies have an underlying correlation, unlike in a Nash equilibrium where each player’s
strategy is independent. Another advantage of a CCE is its ability to obtain results in polynomial
time through linear programming. Moreover, since a Nash equilibrium always exists, and a Nash

equilibrium is also a CCE, we can conclude that a CCE always exists as well. We would like to
recommend readers interested in the detailed computation of CCE to refer to (Xie et al., Jun. 2022)).

Specifically, line 14 is used for computing our output policies. These final policies (u,v) are
simply the marginal policies of 7j,. That is, for any given (s, h) € S x [H], we have up(-|s) :=
> ven (s, bls) and vy (+|s) := >, 4 mr(a,-|s). In contrast to previous algorithms that require
space complexity dependent on 7' to generate a generic history-dependent policy, which can be only
written as a nested mixture of Markov policies, our algorithm has the ability to produce a single
Markov policy with space complexity O(SABH).

3.2  MAIN RESULTS
We begin by proving the theoretical guarantee of ME-Nash-QL by the following theorem.

Theorem 1 Consider any § € (0, 1), and suppose that ¢y, > 0 is chosen to be a sufficiently large
universal constant. Then there exists some absolute constant Cy > 0 such that Algorithm|[I] achieves

K
1 Uk k
= (v sh - v sh) < (an
k=1
if the number of samples 'T' satisfies
H*SAB SABT HT'SAB_  ,SAB
T>Cy ( = log4 5 + 5 log3 5 >

with probability at least 1 — 0.

(12)

Sample complexity and burn-in cost The sample complexity (I2)) can be simplified as
O (H*SAB/<?) (13)

for sufficiently large 7. Moreover, our algorithm achieves the best burn-in cost 5(SABH 10) "which
is the minimum sample size to guarantee that the sample complexity of the algorithm is near optimal.

This corresponds to Regret(K) < O(H2SABT) as Section 1.1. And the state-of-the-art self-play
algorithm has a burn-in cost of at least O(S® ABH*) to attain the O(H*S/<?)-sample complexity.

Theorem|I| guarantees that the average Nash gap is smaller than ¢ with sample complexity in (I3). For
supplementary, the following theorem provides the theoretical guarantee of an actual output policy.
Theorem 2 Consider the policy 7" = (u*", v*") with k* = arg miny, (V]f (s) — Z’f(s’f)) Ifwe
take " as the output marginal policy, for any § € (0,1), with probability at least 1 — 6, there is
= l/k* * < * * —k* * * * =~

VIV () v ) < VL) - VA E) < 0 (VEPSABT),

Besides, our algorithm can be extended to multi-player general-sum Markov games with m players

and A; actions per player with details in Appendix [F} called Multi-ME-Nash-QL. We can obtain the
following theoretical guarantee of Multi-ME-Nash-QL as

Theorem 3 Consider any § € (0, 1), and suppose that ¢y, > 0 is chosen to be a sufficiently large
universal constant. Then there exists some absolute constant Cy > 0 such that Multi-ME-Nash-QL

achieves sample complexity 9] (\ /H2ST H£1 Ai> with probability at least 1 — 6.
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Memory efficiency, computational complexity, and Markov/Nash policy ME-Nash-QL achieves
space complexity O(SABH), which is essentially unimprovable in the tabular case if the )-values
are stored. To the best of our knowledge, this is the first time that such complexity has been achieved
along with the delivery of a Markov/Nash policy. Furthermore, the computational complexity of
our algorithm is O(Tpoly(AB)), which is due to the CCE computation by linear programming
in polynomial time O(poly(AB)). In comparison, although the previous algorithm Nash-VI also
achieves same sample complexity, it has a significantly larger space complexity of O(S?ABH) due
to its model-based nature, along with larger computational complexity O(Tpoly(SAB)).

4 ANALYSIS

In this section, we outline the main steps needed to prove our main result in Theorem [I] with detailed
proof in Appendix To simplify the presentation, we have ignored the dependency on k& in
Algorithms|l|and 2| Next, we need to be more explicit with the following notations for completion.

(1) (s,’i, aﬁ, bﬁ) is denoted as the state-action pair encountered and chosen at step h in the k-th episode.

(i) Q) (s, a,b). Q5 (5,0.0). Q" (5,0,5). Q" (5. 0.b) and V' (s), V5 (5) denote, resp., @ (s, a, b),
Q,(s,a,b), @E(s, a,b), Ql}j(s, a,b) and V1, (s), V., (s) at the beginning of the k-th episode.

Step 1: regret decomposition. We can obtain

K Uk k K —R,k
Regret(K) =Y~ (VP =) (sh) <30 (@0 (shs ok v) — QR sk ah 06 +.¢H],

with ¢F := E(a,by~rk (@Z - Qz)(s’fl, a,b) — (@Z - Qz)(s’fl, af,b¥) (see Appendix for details).

Step 2: managing regret by recursion. The regret can be further manipulated by leveraging the

update rule of @s’k and QS”C. This leads to a key decomposition as summarized as Lemma [5|in
Appendix [A.3.2]and proved in Appendix

Step 3: controlling the terms in Step 2 separately. Each of the terms in Step 2 can be well
controlled. We provide the bounds for these terms as Lemma[6]in Appendix [E|and summarize them
in Appendix To derive the above bounds, the main strategy is to apply the Bernstein-type
concentration inequalities carefully, and to upper bound the sum of variance.

Step 4: putting all this together. We now establish our main result. Taking the bounds in Step 3
together with Step 2, we see that with probability at least 1 — § and a constant Cy > 0, one has

Regret(K) < Cy ( \/ H2SABT log* SABT/§ + H*SABlog® SABT/5> . (14)
Theoremis proved under sample complexity with & average regret (i.e., — Regret(K) < ¢).

5 CONCLUSION

In this paper, we propose a novel model-free algorithm ME-Nash-QL for two-play zero-sum Markov
games and provide a sharp analysis. ME-Nash-QL boasts several advantages over previous algorithms.
First, to the best of our knowledge, it is the first TZMG algorithm that attains minimal space
complexity O(SABH). In addition, it can effectively produce an e-approximate Nash equilibrium

of TZMG in O(H*SAB/e?) samples of game playing, along with the computational complexity
O(Tpoly(AB)). This near-optimal sample complexity of the algorithm comes into effect as soon as
the sample size exceeds SABH ', which is the best burn-in cost compared to the previous algorithms
with the same sample complexity. Further, it outputs a single Markov and Nash policy, which is a
departure from previous algorithms that output nested mixture policies or non-Markov policies. There
are some compelling future directions. For example, can we achieve model-free MG algorithms with
O(A + B) sample complexity (thus breaking the curse of multi-agent in the extension to multi-player
general-sum MGs) without compromising the performance of existing metrics? How can we design
independent actions with this sample complexity? We leave these problems for future work.
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A ADDITIONAL NOTATION AND KEY LEMMAS

A.1 ADDITIONAL NOTATION

In the main text, we ignore the k dependency in Algorithms|I|and 2| for simplicity. However, we
rewrite Algorithm [I] with dependency on k as Algorithm [3for the following proof. In addition, we
also rewrite some notations except for those introduced in the main text as below.

* k7' (s,a,b)(resp. k}(s)): the index of the episode in which (s, a, b) (resp. s) is visited for the
n-th time at time step h; for the sake of conciseness, we shall sometimes use the shorthand
k™ = k}}(s,a,b) (resp. k™ = k}!(s)) whenever it is clear from the context.

. P,f € {0, 1} IS1: the empirical transition at time step  in the k-th episode, namely,
PF(s) = I(s= 5£+1). (15)

* NJ(s,a,b) denotes Ny (s, a,b) by the end of the k-th episode; for the sake of conciseness,
we shall often abbreviate N* = NF(s,a,b) or N¥ = NF(sk, a¥ bF) (depending on which
result we are proving).

« Q7P (s,a,b), QYR (s, a,0), Vl,j’k(s) and V" (s), respectively, denote QY B (s, a, b),
QB (s,a,b), VS(S) and V¥(s) at the beginning of the k-th episode.

o u¥(s) denotes u,(s) at the beginning of the k-th episode.

r,k —r,k —a,k —a,k <R,k =R,k r —r —a —a —=R —=R ..
d th,¢h ,Qsh ?wh ’5h ’Bh ] denotes wh,wh,(ﬁh,w}”(sh,Bh] at the beglnnlng of
the k-th episode.
o [ R, oV gt 5 BYF] denotes [¢7 47 6%, 4%, 81, BJY] at the beginning of
the k-th episode.

Furthermore, for any matrix P = [P; j]i<i<m,i<j<n, We have | P|1 = maxi<i<m Z?zl |P; ;1.
Similarly, for any vector V' = [V;]1<i<n, its £ norm is defined as ||V = maxi<;<p |V;|. We
extend scalar functions and expressions to accept vector-valued inputs, with the expectation that
they will be applied in an entrywise fashion. For example, for a vector & = [;]1<;<n, We denote
z? = [2?]1<i<n. For any two vectors z = [z;]1<i<n and y = [y;]1<i<n, the notation z < y
(resp. x > y) means x; < y; (resp. x; > y;) forall 1 < i < n.

For any given vector V' € R*, we define the variance parameter w.r.t. Py o5 (cf. as follows

2 2
Varn,sab(V) = Evmpyeon [(V(S) = PrsasV)’] = Prsas(V3) = (PusasV)’. (16)
The notation f(x) < g(x) (resp. f(x) 2 g(x)) means that there exists a universal constant Cy > 0

such that f(x) < Cog(z) (resp. f(z) > Cog(x)). Besides, f(x) < g(x) represents that f(z) < g(z)
and f(x) 2 g(x) hold simultaneously.

A.2 PRELIMINARIES: BASIC PROPERTIES ABOUT LEARNING RATES

For notation convenience, we first introduce two sequences of quantities related to the learning rate
for any integer N > Oand n > 1:

N .
Tin H¢:n+1(1 - 771'); it N > n, N N .
7771;[ = Mns if N = n, and 77(])\7 = {11_11_1(1 771) o 0’ lix i 87 (17)
0, itN <n ’ =5
We can obtain
N 1, if N >0
N ) )
= 18
Dy {07 if N =0. (1%)

Based on the above definitions, We introduce the following important properties before analysis.

13
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Algorithm 3: ME-Nash-QL (a rewrite of Algorithm |I]that specifies dependency on k)

1 Parameter: some universal constant ¢y, > 0 and probability of failure § € (0, 1);
» Tnitialize: Q), (s,a,b), Q) ™" (s,a,b), Q)" (s,a,b), « H; Q! (s,a,b), Q™' (s,a,b),

HOP s, a,b) 0: V(). V7 () H: V(). Vit (s) 0 Nj(s,0.0)  0: Gy (s,a,D).
¢,(s,a,b), %(S a,b), ¥} (s,a,b), By, (s,a,b), 62 (s, a,b), ¥y (5,0,0), 7 (s, a,b), PR (s, a,b),
[ R(s,a,b), Bh (s,a,b), ﬁ}?(s, a,b) < 0; and u} (s) = True for all
(s,a,b,h) € S x Ax B x [H|.

3 for Episode k =1,..., K do
4 Set initial state s; < s%.
5 for Step h=1,...,H do
6 Take action (ah,bh) ~ (-, -|sf), and draw sf | ~ Pp(- | sf, af, bf).
7 ]\f,’f(sh,ah,b’fl)<—N,]LC 1(sh,ah,bk)—|-1, n(—Nk(sh,ah,bk), M ZI}L
8 |: ECB’kle’ };CB’kle (shvahvbk) — update'q ()
9 Rk“(si,a’ﬁb,bﬁ) + update-ur ().
10 QR FHL(sk ak, bF) + update-ur ().
k+1 —R,k+1 —
1 Qh (Sli?mahabh) <_Inln{CQh (sﬁ,a’,ﬁ, ) gss’:Jrll( hvahv Z)vQ (Shvahvbk)}~
12 Qkﬂ(sh,ah,bk) <—max{QR okt skoal b)), QP sk al b)), Q (sk,ak b8}
13 lfQ:+1(s’,j,ah,bk) min {Qh 1(52,@2,6’“) UCB, k“(sh,ah, ®)} and

Qkﬂ(sh,ah,bk) max{QRkH(sﬁ,aﬁ,bk) LCBkH(sh,ah, )}then

14 t 7Tk+1 |S — CCE(Q:+1(Sha ) )7Qk+1(5ha a))

is Vi (s mind(D e @) (s5), Vi (sh) s
VI (s}) = max{(D e QF ) (5), VA(sh)}-

16 if 7, (sh) — V3 (sh) > 1 then

o | | LV e TG Y < VTG,

18 else if u¥(s¥) = True then

1 t v k+1(s k+ (s%); Kg"kﬂ(sZ) — VEFI(sE),  ult(sk) = False.

20 Output: The marginal policies of {7} AR TCEE (Lt v}y,

Lemma 1 For any integer N > 0, the following properties hold:

1 N nn 2
Ne Szn 1 pa = N’ for all

2H N v  2H o N 1
1<n<N77" = N’ anl(nn) =N E Ny S 1+ I

A.3 KEY LEMMAS

A.3.1 KEY PROPERTIES AND AUXILIARY SEQUENCES

Properties of the Q-estimate and V-estimate Variables @5’k and @: (resp. VZ) provide an
“optimistic view” of QT’”Q and Q* (resp. V¥ and V*), as stated in Lemma Similarly, Q}ljk and
QZ (resp. KZ) provide a “pessimism view” of Q"E’T and Q* (resp. VHht and V™). Lemmais

proved in Appendix [C.1}

14
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Lemma 2 Consider any ¢ € (0, 1). Suppose that ¢, > 0 is some sufficiently large constant. Then
with probability at least 1 — 0,

—R,k —k + vk * —k + ok "

Q" (s,0,0)= Qy(s,a,b) = QM (s,a,b) > Q*(s,a,b), Vy(s) = VI(s) = V*(s), (20)

QR (s,a,0) < Q¥ (s,a,b) < Q"T(s,a,0) < Q*(s,a,0), Vh(s) < VFif(s) <V*(s) @1
hold simultaneously for all (s,a,b,h) € S x A x B x [H].

Properties of the Q-estimate and V-estimate To begin with, it is straightforward to see that the

update rule in Algorithm [3](cf. lines 11-12) ensures the following monotonicity property: for all
(s,a,b,k,h) € Sx Ax B x[K]x [H]

@ (50,0 < Qhls,ab), QN (s,0.0) > Qh(s,0,b). 22

Similarly, based on line 15 of Algorithm the monotonicity of V’Z and KZ can be obtained as

Vit (s) < Vo(s), VEi(s) > VE(s). (23)

Besides, the update rules in line 11-12 of Algorithm 3]also result in the following property:

O (s,a,0) = Qn(s.a,b), Q% (s,a.b) < Q"(s,a,b). (24)

Lemmaimplies that V: (resp. Kﬁ) is a pointwise upper bound (resp. lower bound) on V}*. Taking

. . . . . —k
this result together with the non-increasing (resp. non-decreasing) property 1| we see that V', and
ZZ become increasingly tighter estimates- of V,* as the number of episodes k increases, which means

. . . . —k .
that it becomes increasingly more likely for V', and K’,ﬁ to stay close to each other as k increases.
Furthermore, it indicates that the confidence interval that contains the optimal value V;* becomes
shorter and shorter, as asserted by the following lemma.
Lemma 3 For any given § € (0, 1), with probability at least 1 — 6,
H K TRk K ok kiok k ik
thl Zk:l 1 (Vh(shvahvbh) — Vi (sp,ap, by) > 5) S

holds for all € € (0, H].

HOSABlog S4BT
o (25)

Combining with (24)), we can straightforwardly see that with probability at least 1 — §:

Qi (5,a,0)>Qh(s,a,b) > Q% (s,a,b) forall (k, h, s,a,b) € [K]x [H]xSx AxB. (26)

. —R.k . . .
Properties of the reference ;" and Kl,j’k As stated in Section 3.1, the conclusions of reference
values guarantee that (i) our value function estimate and the reference value are always sufficiently

close, and (ii) the aggregate difference between V;{’k and the final reference value V?’K (resp. le"k

and the final reference value KS’K) is nearly independent of the sample size T' (except for some
logarithmic scaling). The above conclusions are summarised as follows and justified in Appendix[C.3]

Lemma 4 Consider any § € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then
with probability exceeding 1 — 6, one has

Vhs) -Vt <2 Vi) - Vi) <2 @7

forall (s,k,h) € S x [K] x [H]|, and

H K /R —R,K SABT

S ST (k) - TR sh) £ HPsAB g T ()
H K SABT

S S (V) Vi) ) S HOSABIog = (29)
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A.3.2 MAIN SUMMARY OF STEPS IN SECTION4]

The key proof of Step 1 is based on the Lemma [2] which allows one to upper bound the regret as
follows

Regret(K) = Zszl (VT oy ’T) (sh) < Zk: (V’f - K’f) (s5). (30)

To continue, it boils down to controlling (V1 — K]f) (s%). Towards this end, we intend to examine

(V1 Vk) (s%) across all time steps 1 < h < H, which admits the following decomposition:
—k L —k . —k
Vh(si) - KZ(SZ) < E(a b)~ (Qh - Q:)(827 a, b) = Qh(sfu afw bﬁ) - Qi(sfu aﬁa bﬁ) + Cf]f

< Qh (Shaahvbk) Qg’k(sﬁaaﬁabz) + C}lfa (31)

where
—k —k
Ck = E(a,b)w'n’,’j (Qh - Q:)(SZ, a, b) - (Qh - QZ)(sﬁv a’llzv bﬁ) (32)
Summing (30) and (1)) over 1 < k < K, we reach at
K . K
S (v () < 30 (@ ok W) - Qs b 0+ 30 G 33

The key decomposition terms and their bounds in steps 2 and 3 are summarized in Lemmas 5| and [f]
respectively.

Lemma 5 Fix 6 € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then with
probability at least 1 — §, one has
K _

Zk:l Vi(st) = Vi(s) < D1+ Dy + Ds, (34)
where
H 1 3/ 1 /4 g2y SABT Kk
D=y (1+ H) <2HSAB+16cb(SAB) K1/ log = +y ), 350
H 1 K /—
D=y (1 - ) <Zk1 (B (shoak,bh) + B (sZ,aﬁ,bﬁ))) , (35b)
H K * Rk * R,k
Zh 1Zk 1 ((Ph Ph sh,ah,b’“)<vh+1_Vh+1)_(P}ch_Ph,s’,j,ak,bﬁ)(vh—&-l _Zh+1>>
stal b R,k" i —R,k
H K kZl 1( e h) (Vh+1 (S;CLJrl) Ph sk ak bk Vh+1)
+ A
Zh:l Zk:l h Nf (¥, ak bF)
N’f s’i,akl,bk R,k’ i
ZH ZK AF Zz;l( ekt (K’”l (S§+1) B thghvahvbkvh+1) (35¢)
— c
h=1 Lak=1"" NF (s, ak, bF)
with
h—1 K—1(_k k 1k
1 N (Sh ap, by, )
k _ = h N
Ah = (1 * H) ZN:Nk( ak bk ) TVE(shakbh) 36)
Lemma 6 With any § € (0, 1), the following upper bounds hold with probability at least 1 — §:
ABT ABT
Dy < \/ H2SABT log S + H*>SABlog? S T (37)
ABT ABT
Dy < \/ H2SABT log & + H*SAB]log® ST (38)
ABT ABT
D3 < \/ H2SABT log* 5 s+ HYSABlog? 5 T (39)

16



Published as a conference paper at ICLR 2024

B FREEDMAN’S INEQUALITY

B.1 A USER-FRIENDLY VERSION OF FREEDMAN’S INEQUALITY

Before proceeding to the analysis that follows, we first introduce the well-known Freedman’s
inequality (Freedman| 1975} Tropp, Jan. 201 1), which extends Bernstein’s inequality to accommodate
martingales and is exactly matched with the Markovian structure of our problem. We first provide a
user-friendly version of the Freedman inequality introduced in (Li et al., 2023} Section C).

Theorem 4 (Freedman’s inequality) Consider a filtration Fy C F1 C Fo C ---, and let Ey
stand for the expectation conditioned on Fy,. Suppose thatY,, =Y ;_, Xy € R, where { X} isa
real-valued scalar sequence obeying

[ Xe| <R and By [Xi] =0 forallk > 1

for some quantity R < co. We also define
Fo=> By [X7].
k=1

In addition, suppose that F,, < 1)? holds deterministically for some given quantity 1)*> < co. Then
for any positive integer m > 1, with probability at least 1 — § one has

2 2 4 2
[Y,| < \/8max{Fn,;/Jm}loggn+3Rlog;n. (40)

B.2 APPLICATION OF FREEDMAN’S INEQUALITY

Before diving into the subsequent proof, we first introduce two lemmas based on Friedman’s inequality.
Our first result is concerned with a martingale concentration bound as follows.

Lemma7 Let {Ff ¢ R |1 < k< K,1<h<H+1}and {Gi(s,a,b,N) e R|1 <k <
K, 1<h<H+ 1} be the collections of vectors and scalars, respectively, and suppose that they
obey the following properties:

e F f’f is fully determined by the samples collected up to the end of the (h — 1)-th step of the
i-th episode;

1Fylloe < Ct

G%(s,a,b, N) is fully determined by the samples collected up to the end of the (h — 1)-th
step of the i-th episode, and a given positive integer N € [K]|;

* 0< G(s,a,b,N) < Cy;
e 0 < Ve GRisab) (o o b N) <2,
In addition, for 1 < k < K, consider the following sequence
Xi(s,a,b,h,N) = GF(s,a,b, N)(PF =Py s ) Fr 1 L{(sF, af, bF) = (s,a,b)},  (41)
with PF defined in . Consider any § € (0,1). Then with probability at least 1 — 6,

sapr |V
k7 (s,a,b k7 (s,a,b
S Cq 10g2 i) Z uhh( )(Sv a,b, N)Varh,S,a,b(Whig ))
n=1
C SABT
+ (cgof +4/ Afcg) log? 5 (42)

holds simultaneously for all (k, h,s,a,b,N) € [K] x [H] x § x Ax B x [K].

k
> Xi(s,a,b,h, N)
i=1
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Proof B.1 On a non-ambiguous basis, we will abbreviate Xy (s,a,b,h, N) as X; throughout the

proof of this lemma. The main idea of our proof is to control the E?Zl X; term by Freedman’s
inequality (see Theorem [).

Consider any given (k,h,s,a,b, N) € [K] x [H] x § x A x B x [K]. It can be easily verified that
Ep—1[Xk] =0,

where Ei_1 denotes the expectation conditioned on everything happening up to the end of the
(h — 1)-th step of the k-th episode. Furthermore, under the assumptions ||Fy ||oc < C, 0 <

G%(s,a,b, N) < Cy, and the basic facts HP,’;H1 = ||Ph,s7a,b||1 = 1, we have the following crude
bound:

X < Ghs, b, N)| (P = Phsas) Pl
< Gh(s.a.b ) ([PE], + 1Pscsll, )1l < 200C “

Under the definition of the variance parameter in (I6), we obtain

k

k
ZEk_l [|Xk|2} = Z(Gi(s,a,b, N))Qll{(sﬁ,aﬁ,bﬁ):(s,a,b)}Ek_l [|(P}’f—Ph7s,a7b)F}’f+1|2}
k=1 k=1
N,’f(s,a,b) ; ;
= Z (G:h’(s’a’b)(s, a,b, N))QVarh’s,a,l7 (F:igs’a’b))
n=1
Nh s,a,b)
( Z G ah (g abN>H Fproe|2 < oc,c2, (44)

where the inequalities hold true due to the assumptions |[F}| s < C¢ 0 < G¥(s,a,b,N) < Cy,
and 0 < ZN*‘(gab)Gk (Mb)(s a,b,N) < 2.

Armed with @ and (@) we can invoke Theorem( with m = [logy N') and take the union bound
overall (k,h,s,a,N) € [K] x [H] xS x A x B x [K] to show that: with probability at least 1 — §,
k
ABT?log N}
> B
k=1

S CCtlog 5

Nk(s,a b)
k S a "(s,a C '02 ABT2 1 N
+ maX{C Z b) s,a,b, N)VarhvS’a(Wk"( ’ ’b)), £f }log 5 8

h+1 N 5
NE(s,a,b)
SABT " n(g n(g
< \/C’glog2 5 Z u],:h(‘ ’a’b)(&a,b,N)Varh,S}a (W:i(l ’a’b))
n=1

[Cy 92 SABT
+ <Cng + NCf> log 5

holds simultaneously for all (k,h,s,a,b,N) € [K] x [H] x S x Ax B x [K].

Lemma 8 Let {N(s,a,b,h) € [K] | (s,a,b,h) € S x A x B x [H]} be a collection of positive
integers, and let {cj, : 0 < ¢}, < e, h € [H]} be a collection of fixed and bounded universal constants.
Moreover, let {F,’f ERY |1 <Ek<KI1<h<H-+ 1} and {Gﬁ(sh,ah,bk) ER|1<i <
K 1<h<H+ 1} represent respectively a collection of random vectors and scalars, which obey
the following properties.

. F,f is fully determined by the samples collected up to the end of the (h — 1)-th step of the
k-th episode;

o |FF|loo < Ctand EF > 0;
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o GE(sF,al,bk) is fully determined by the integer N (s¥,a¥ bk, h) and all samples collected

up to the end of the (h — 1)-th step of the k-th episode;

* O<Gk(5haahab )<C

Consider any § € (0, 1), and introduce the following sequences

X = Gh(spy b, 05) (Py = Py gk ar ot ) Fivrs 1<k<K1<h<H-+1,
Yin = ch(P,]ffPhﬁk QW)F}’;D 1<k<KI1<h<H-+1.

Then with probability at least 1 — 9,

H K H K
2 THSAB
ZZXk’h S ngzzEkh 1[ Phs a"bk) }]f+1|}10g S
h=1k=1 h=1k=1
HSAB
+ Cng 10g 5

A

H K
T
C2CfZZEkh 1 h+1] logT + CyCt log
1 k=1

H K 1 1
ZZY’“’L < \/TCl?logg +C'f10g5
h=1 k=1

hold simultaneously for all possible collections {N(s,a,b,h) € S x A x B x [H]}.

Proof B.2 This lemma can also be proved by Freedman’s inequality (cf. TheoremH).

HSAB THSAB

(45)
(46)

* We start by controlling the first term Zthl Zle X n. 1t is readily seen that for any given

{N(s,a,b,h) € S x Ax B x [H|}, we have

Ek7h—1 [Xl] = Ek,h—l [Glﬁ(séﬁ al}cw bﬁ)(Ph Ph sz,aﬁ,bk)Fh+1:| =0,

where By, 1 denotes the expectation conditioned on everything happening before step h of

the k-th episode. In addition, we make note of the following crude bound:

| X n <Gh(5haahabk)‘( = Pp sk ak b;i)F}fﬂ‘

h

< GZ(SZ7a27bZ)(HPh H1 + HPh,sﬁ,aﬁ,bﬁ

IFE . <26iC, @D

which arises from the assumptions | Ff |loc < Ct, 0 < GF(s,a,b, N) < Cy together with

the basic fact HP[le = |‘Ph,s§‘;7a§§,b§§

1= 1. Additionally, we can calculate that

H K H K
ZZEk,hq [‘Xk,hﬂ = Z Z (Gﬁ(s’ﬁ,aﬁ,bﬁ))zEk’h,l [’(Ph =Py, ok ok bk Fi’fﬂ’?}

h=1k=1 h=1k=1
H K
SC; Z ZEk,h—l “(P Ph sk,a¥ bk Fh-&-l’ ]
h=1k=1
H K
< CE Y Buner || PEFEA L]
h=1k=1

(49)
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where the first inequality comes from the assumption 0 < GZ(S;“L7 afb, b,]j) < Cy. Further-
more, [#9) can be expressed as

H K (a) H K )
Egn-1 [|Xk n| } ZZEk,h—l [P;lf(F}lfH) }
h=1k=1 h=1k=1
(b) H K
<Y S bl Beaes (PEWEL]
h=1k=1
(c) H K
< C2Cr )y Y Ewn-t [PAFR] (50)
h=1k=1
H K (d)
<cC ZZ|Fh+1H < HKC2C} =TCZCE. (51)

I
—

7

Notably, (a) comes from the fact that P}’f only has one non-zero entry (cf. ), (b) holds
due to the assumption that F,’f is non-negative, whereas (c) and (d) rely on HF,’f o < Ch,

With @ (@) and , we can invoke Theorem( with m = [log, T']) and take the union
bound over all possible collections { N (s,a,b,h) € [K] | (s,a,b,h) € S x Ax B x [H]},
which have at most K548 pogsibilities, to show that: with probability at least 1 — 6,

H &
KHSABI T
33 Xin| < Cucrtog 08T
h=1k=1
H K
o1 TC20? KHSAB1og T
+ maX{CgQZZEk,hl U(Pflf_Pmsﬁ,ag,b,’g)FflfH’ }, ;ﬁn L 4 log 5
h=1k=1
H X i L2 THSAB THSAB
S CéZZEk’h_l “(Ph _Ph,(sﬁ,a’;;,bﬁ)Fthl‘ ] log 75 +Cng10g 75
h=1k=1
THSAB THSAB
2
S Ong};l];]Ek’h_l [ h+1] log 3 + CyCt log 5

holds simultaneously for all {N(s,a,b,h) € [K] | (s,a,b,h) € S x A x B x [H]}.

* Then we turn to control the second term ‘Zle ZkK:l Yk’h‘ of interest. Similar to

H K
D b=t k=1 Xk |

we have

|Yie.n| < 2eCk,

M=

H
h=1
Invoke Theorem [ (with m = 1

H K
DD Yin| S
h=1k=1

Eg,n—1 “Yk,hﬂ < *TCH.

Il
—

to arrive at

1
S\ TC? log 3 + Ctlog = 5 (52)

C PROOF OF KEY LEMMAS IN SECTION[A_3 1]

~

C.1 PROOF OF LEMMA[Z]

The proof is by backward induction. Suppose the bounds hold for the (Q-values in the (h + 1)-th step,
we now establish the bounds for the V-values in the (h + 1)-th step and Q-values in the h-th step.
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For any state s,

(3)
(Qh+1)( s5) > ma’XEbNV Qh+1(5 a,b)

(A2 B2y
> ijE%u,’jH ro T (s,a,0) = VT (53)

—k
Vh+1 (s) =

ﬂ-h+1

where (i) comes from the property tj of CCE. Similarly, we can show V' (s) < VHQ‘H’T(S).
Therefore, we have: for all s,

—k TV 1 * h 17T
Vhoi(s) > Vi (s) > Vi () > Vit s) > v, ().

Now consider an arbitrary triple (s, a, b) in the h-th step. We have

I/}c 1%
1 (s,a,0) — Qf(s,a,b) = VIR () = Vi ()] 2 0. (54)

|
s'~Pyp(+]s,a,b)

Similarly, we can show Q“li“(s, a,b) < @Q*(s,a,b). To complete the induction argument, we should
prove

Qh(s a,b) > QJr i (s,a,b), (53)
which We shall further accomplish by induction. When k = 1, (53) holds since that the initialization
obeys Q = H > Qi (s,a,b) forall (h,a,s,b) € [H] x § x A x B. Next, under the assumption

that (55) holds up to the k- th episode, we WlSh to get it for the (k + 1)-th episode to get Lemmal
Accordmg to line 11 and lines 13-14 of Algorithm 3] it suffices to justify

min{Qh’ (s,a,b), QU kH(s,a,b)} > Qb (s, a,b). (56)
In order to get (36), we need to prove that
R (s,0,0) > QM (s,a,0), (57)
and
@500 = QM (5,0,0). (58)

For the sake of convenience, suppose QUCB K (sk,alf,bk) and @s’k (sk,aF, bf) are latest updated
in the k-th episode with k < £/, it sufﬁces to verify

UCBk : .
+1( Shy @ hvbk) > QT yh (Szaa§7bﬁ)’

and
—R,k+1

Qh (waalfivbk) QT Vh (8h7ah7bk)

First, the proof of (57) is performed.

Step 1: decomposing QY 1 (s ok bk) > QTvh " (sk ak,bE). Firstly, according to the

definition of Ny Fand k" in Appendlx we can obtain
SOBRF sk af o) = QYOPE o, o). (59)

since kNh = kNa(sh.aibn) = . According to the update rule (i.e., line 2 in Algorithmand line 8
in Algorithm [3), we obtain

UCB k-‘rl( H7 h7bk) UCBk h+1( };,a}wbk)

SABT
UCB, k™ Ny H?log 2557+
(1 nN") h(sllzaallivblli)—’_nNk h(sll-cmahvbh)+vh+1(32+1)+cb & :
h Nh
SABT
UCB,kNA— —kNE | NE H3 log S4BT
(1 77N’“) } +1(S;Cwa;cwb§)+nN}’j Th(8;€17a;€zabll'cL)—'_Vh—&-l(sll'cL—&-q)—'_cb NF 2 >
h
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where the last identity again follows from our argument for justifying (39). Applying this relation
recursively and combining with the definitions of {’ and 72 in , we obtain

UCB,k+1
h ( hy @ h7bk>

/ SABT
Ny UCB 1 — k" n H3log
=" (sh, ar,by) JrZTI { (s ans 0) + Vi (sh40) + e — 2 .

(60)
Withn —|—Zn 177n _1inand ,there is
Nh
Vk/+1 l/ v
QU (sh al by = bR QM sk ko) + S m QP (s ak B, (61)
n=1

Combining (60) and (61)), we can further get

UCBk K1 ; NF / ~UCB, : k41
+1(5ha habk) QT’Vh’ (Siaaﬁablﬁ) = 770h( h 1(Sﬁ’aﬁ’b£) _QTW’I (Sﬁ7aﬁ’bﬁ))
NF
. k k pky TR kT
+ Z h(Shs ap, b)) + Vi1 (Sh4a) + cb

n=1

H3 IOg SA[SBT Vk +1

QT (Shaahabh)}' (62)

To continue, invoking the Bellman optimality equation

K 41
QU (sh ak bf) = (s, af BE) *'}Dh6§7akbk‘6i:1 , (63)
we have
i ” - N Vh " an L P VT Vk +1
sk, af,by) + h+1(sh+1) Q" (Shvaiw h) = h+1(sh+1) - h,sﬁ,aﬁ,bk ht1
+1

. " & fk
= (Py" = Pt at bk>v% 3 + P (Vi = Vi), (64
where P,’f is defined in (15). Bringing into 62) yields

CB.k NF CB, .
}zj " -H(waafmbk) QT (Shvambk) Mo h( E Bl(sﬁva;i?bk) QT7 h (8h7 h7bk))
Ny , [ 1731 SABT
n T»Vk +1 n —k" 1, l,k +1 H log B
+ Z {(Ph - Ph75h7ah7bk)vh+1h + P}f (Vh+1 - Vh+1 ) + o n 2 :
n=1
(65)

Step 2: two key quantities for lower bounding Q) " kH(sh,ah, ﬁ) > QT% (sh, af, bk,

In order to develop a lower bound on CQECB”?H(S}L,ah7 bk) > Qi 7 (sk, ak | bk) based on the
decomposition (63)), we make note of several simple facts as follows.

e el g . . k41 X
(a) The initialization satisfies Q) “>" (s, al, bf) — QP¥n ™ (sF, ak, bk) > 0.

(b) According to l) monotonicity of V: in and k < k/, we can obtaion

Vk +1
V,m(sshﬂ)>vh+1 syt (66)

(c) By the Azuma-Hoeffding inequality and a union bound, we have that with probability at

least 1 — 4, one has
H31 SABT
< v i R Sy (67)
n

Thus, QUCB ML (s koak bk > QT%’? H(s, a,b) > 0 and we have concluded the proof of || Next
is the proof of

n o
'(Ph - Ph,s’fb,a’fb,bﬁ)vh-&-lh
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Step 1: decomposing Q" (sF,ak, bF) — Qtwi (s’g, a¥,bk).  Similar to , we can get

—R,k+1 —R, kN h +1
Qh (Shvahvbk) Qh (Sﬁ’aﬁ’b;i)' (68)

According to the update rule (i.e., line 6 in Algorithm 2]and line 9 in Algorithm [3), we obtain

—R,k+1 —R kM 41 oRAE
Qn" " shah b)) = Q" (ko ab ) = (L)@ (shuaf )
—R, kN 5

N Nk Nk —r7kN;]§+1 —R,kN h+1
+ g {Th(sha aj,by) + Vi (Sﬁﬂ) Vit (Sﬁﬂ) + oy (sk,ar,by) + by’

Rk h 141
(1 _nN")Qh (sﬁvaﬁvbﬁ)

E ok ik kYR, LN Rkn kN rk z+1 E k 1k Rkh+1
+77N,’f{rh(5haah7b)+Vh+1(8h+}:zl) Vg (shih) + o (8hyap,bp) + by’ },

where the last identity again follows from our argument for justifying (68). Applying this relation
recursively and invoking the definitions of 7}’ and 1Y in , we are left with

—R,k+1 NE—=R,1
Qh ( Z?afub]}i) = 770 th (SZaaZabﬁ)
th
N —Rk", g —r, k"1 R,k"+1
+ ZU h{ (sfi, ap,by) + Vh+1(52+1) Vi (shi1) + oy, (s ap, by) + by, }
(69)
Additionally, (61) combined with (69) leads to
—R,k+1 U v
Qn (ha hvbk) Qb (Sh’ahvbk)_no (Qh (haah’bk) QT’ h (Shaah’bk))

h
NF —k" n —R,k" n
+ Z " {Th(sﬁa a‘fw blli) + Vh+1(3£+1) Vi (52-1-1)}
Nh

rk +1 R,k +1 o
+Z"N"{ (s} ab, ) + B - it <sh,ah,b’“>} 70

To continue, invoking the Bellman optimality equation and using the construction of a; in
line 12 of Algorithm(which is the running mean of V,lj +1), we reach

Kk k opky , TR K" TRET gn il W T T 4 k
Th(Sh» ap, b)) + Vh+1(3h+1) -Vih (5h+1) + &y (sh,an,by) — QT ot (5h7 ah, by)
n I kL 7
L —RE" pn Dict Vh+1 (Sh41) [z
=V9ps18ht1) = Vil (Spyr) + n — Ppy sk ak bk Vh+1' . (71)
Next, combined with the definition of
n N
AL n —k™ 7R7 1 fR,kq'
@ = (B = Py ar o) Vi = Vin ) + - DB = Pugar )V, (2
=1
we can obtain
n Rk’
k™ —R,k"™ Zi:l Ph,sk,ak,bk (Vthl) k41 Em
(71) = P, sk ak bk {Vh+1 Vit }+ hnh *Ph,sh,ah,bk Vh +wp

n R,k —=R,k"
k41 Zi:l (Vh+1 — Vthl ) } + wﬁn (73)

—k" Ty,
= Ph,sﬁ,afl,bk {Vh+1 Vh+1 + n
with the notation Pk deﬁned in . Putting (73)) into (70) together gives
—R,k+1 ok o
( hoag, bi) — QM (shvahvbk) —770 (Qh (sh»ahabk) QM (shaahvbk))

Qn
K" TR D Vi — Vit “RE 1 .
+ E m {Ph sk als bl (Vh+1 Vil + 1 J;Ll = ) +by T o

(74)
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Step 2: two key quantities for lower bounding @5’“%52, h, b — Qb oyt "(sk,ak,bE). In

—R,k+1
order to develop a lower bound on )}, N (sk ak bF) —QF vyt (sh, af, by based on the decom-
position (74), we make note of several simple facts as follows.

(a) The initialization satisfies @5 (sk,af b)) — Qb i (sh,ah,bk) 0.
(b) Forany 1 < k™ < k’, one has

—k" k41 o
Vie1 2 Vi 2Vl (75)
owing to the induction hypotheses of )-values in the (h + 1)-th step and that holds up
to k.
(c) Forall0 < i <mnandany s € S, one has
—=R,k'  R,k"
Viii = Vii 20, (76)

which holds since the reference value Vh (s) is monotonically non-increasing in view of the
monotonicity of V,(s) in (23) and the update rule in line 17 of Algorithm

Based on the three statements above, we can simplify to

Nh

—R,k+1 F R,k™+1 n

QT sk, ak by — QP skl bk) > > n MRt k. (77)
n=1

. . —=R,k+1 k41 .. .
In the sequel, we aim to establish @, (s§,ak,bF) > Qt¥n = (sk, a¥, bF) based on this inequality

(777). As it turns out, if one could show that

Nh

S ZnN’*R S (78)
n=1
we claim that (77) satisfies
Ny
A s, b — QP (kL bE) > Zn N S e 20, (79
n=1

where the first inequality comes from the triangle inequality. As a result, the remaining steps come
down to justifying the assumption (78). And thus, we need to control the following two quantities (in

view of (72)

Ny . . .

Wy = Z ngh (Pf]f - Ph,sﬁ ah,b’“) (VI;+1 Vg-fl ) (80a)
Nh n

Wy = Z G (B Ph,sh,ah,bk)vh—i-l (80b)
i=1

separately, which constitute the next two steps. As will be seen momentarily, these two terms can be
controlled in a similar fashion using Freedman’s inequality.

Step 3: controlling W;. In the following, we intend to invoke Lemma([7]to control term W; defined
in (80d). To begin with, consider any (N, h) € [K] x [H], and introduce

—k =R,k
Fio =V = Vi and  Gj(s,a,b,N) = U%ﬁ(s’a’b) > 0. (1)
Accordingly, we can derive and define the following two equations:
—k —R,k
11 lloe < 11V igalle + [Vitalloo < 2H = Cr, (82)
N 2H

— = 83
N,h,s,a,be[lr{r]lgj[(H]xSxAxBnNilf(S’a’b) - N & 83)
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where the last inequality comes from

2H .
n%}’f(s,a,b) < W’ if 1 < N;’f(s,(hb) < Na

nJZ\\I/;If(s,a,b) =0, if N}]f(&avb) > N,
along with Lemma|T]and the definition in (I7). Moreover, observed from (I8), we have
0<ZGkh(”b s,a,b,N) Z” <1 (84)
n=1
holds for all (N, s, a,b) € [ ] x S x A x B. Therefore, applymg Lemma [7| with the quantities

and (N, s, a, b) (N}’f, sk, a¥ bk implies that, with probability at least 1 — &

7]6” R k,n
Wil = 277 Ph — P Sm%b")(vhﬂ Vi)
SABT |
<4/ Cg log? - Zl GE" (s, afy, bk, NFWary, o oy (WE)
n=
C SABT
+ (Cng +14/ A?Cf) log? 5
5 SABT i NF ko —R k" H?log® S4BT
Nk log 5 2 177nhVarh ok ak bk (Vg1 = Vi ) + — (85)

. N n Sy
where the second equation comes from X; (s, af, b%, h, NF) = n," (P,’f - Physﬁ,alfwbﬁ) (Vh+1

Vl}?_fl) Furthermore, (85) can be simplified to

SABT —ak h+1 —a kMR 1 o H2log? SABT
1| g2 \/ (sk,af,bF)— (o, (sk,ak,bk)) +(N’€7)3/46’
h

(86)
where the proof (86) is postponed to Appendix [C.I.1|to streamline the presentation.

Step 4: controlling 5. In the following, our aim is to the quantity W defined in (80b). Rearrang-
ing terms in @ we obtain

S (B - P )V N (N e
W Z N nhéh “h A _Z ZT]” Phsh,a})VEfl?

which can again be controlled by Lemma[7} And thus, we abuse the notation by taking

=R,k al N

Fiy=Vih  and  Gi(s,abN)= Y > (87)

n:N}‘IL(s@,b)

These quantities satisfy

HFf’erlH th+1H < H =, (88)

S 2
UL < — =C,. 89
N,h,s,a,bé[fr(r]lgﬁi]xSxAxB Z Z N Ce (89

n:N}l(s,a,b)

where (89) holds according to Lemma([l] Then for all (N, s,a,b) € [K] x S x A x B, it is readily
seen from (89) that

N
O<ZGkh(Sab)SabN SZN (90)

n=1
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With the above relations in mind, taking (N, s,a,b) = (NF, sk ak bF) and applying Lemma
w.I.t. quantities reveals that, with probability exceeding 1 — &

Nh Nh, nNh
Wal= > " (pf = Ph sk ab b Vh+1 ¥ oak b¥ h,NF) 1)
1=1 n=1
SABT | on
2 n . n
S \/Celog 5 ZGQ (sﬁ’ai’bfwNé)varh7s}’2,a27bﬁ (Filfﬂ)
n=1
/C , SABT
+ <Cg0f + Af&) log 5
k
1 . ,SABT | 1 & Ry H . , SABT
wE 08" = NfSZVarh,sg,ag,bg (Viin) tapls’ T )

where the second comes from X;(s¥,af b h, NF) = Zghz "’;L (sz Ph,s’;,a’g,b’g)vijl and
k=N ,’; . Moreover, can be simplified to
1 o SABT | kNis1 —r kNh4 2 H 2 SABT
" 5 ]\]7}]1C lOg 6 \/wh (Szaai?bﬁ)_(qsh (8270’271)]}3)) + (N’]:)g/4 log 5 )
(93)

where the proof (93) is postponed to Appendix [C.1.2]to streamline the presentation.

Step 5: combining the above bounds. Combining with the results in (86) and (93), we obtain an

k
upper bound on ] Zn 1 nn wh | as follows:

Nh
Zﬂn w,’i < Wi+ [Wy|
n=1
SABT [|—a k™11 —a kVh 41 2
N Nk log 2 5 \/¢h (sz,ai,bﬁ) - (¢h (Si,ai,bi))
SABT  |—r.xNK 11 e kK 41 9 HZ?log? SABT
2 ; )
+ Nk log? == \/¢h (s af ) = (on" (oo O0))" + —Rara —
21,2 SABT
—RAEM L, &k ook H*log™ =557~
< Bh (Sh7 Qay, , bh) + CbW (94)
for some sufficiently large constant ¢}, > 0, where the last inequality follows from the definition of
B "“(sg, ak, bk) in line 15 of Algorithm

. . . k k-R,k"+1
In order to establish the desired bound 1) we still need to control the sum 2["1 ,1:/ "by’ .

Towards this end, the definition of E,F:’k 1 (resp. 55) in line 8 (resp. line 16) of Algorlthmlylelds

bt 1Rk c SABT
bh +1 (1——)Bh (Sh,ah7bk)+ Bh +1(S§7a§7b2)+7bH210g2 . (95)
TIn n3/4 5
This taken collectively with the definition (17 of nX allows us to expand
NF NF k
- ERk”H N' log o SABT

Z h - Cb 3/4 6

n=1 n=1

Nh k

—=R,k"+1
=2 T a-w <(1 - VB ek + B z,aﬁ,béi)) . 06)
n=1 i=n+1 n In
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And thus, we can reach

h h
R, k" —R,k"+1
Z H 1 _771 ( 1 _nn)B (waafwbk) +Bh ( fwafwb;i))

n=1i=n+1
N N N
—R,k"+1 —R,k"
:Z H (1 _nl)Bh (Slfi’azabﬁ) - H(1 _ni)Bh (szaaiabﬁ) . o7
n=1 \i=n+1 i=n

=R,k
Under the fact that B,," (sF,a¥, bF) = 0, we can reach

Nh Nh Nh Nh.
Rk ‘1 k"
(©7)= Z H (1-mn;)B (sF,ak bF) — ZH 1—n)B," (s¥,al,bf)
n=1i=n-+1 n=21i=n
Nh, Nh Nh, Nh,
—=R,k"+1 —R,k"+1
_Z H 17771 Bh (ﬁvaﬁvbk Z H 17777 Bh (ﬁ,aﬁ,bﬁ)
n=11i=n+1 n=1 i=n-+1
—R kN 41
_Bh ( fz?afwbﬁ)? (98)
where the second equality follows from the fact that
NF NE NF-1 NF -
7R7k'rz fR,k‘,”
Z H(l —ni)By, (Szaalﬁablﬁ) = Z H (1—ni)B, (Szaalﬁablﬁ)
n=21i=n n=1 i=n+1
Ny—1 Ny
—Rk +1
= Z H (1—=mn:)By’ (8K, ak bF).
n=1 i=n—+1

To be specific, the first relation can be seen by replacing n with n + 1, and the last relation holds true
since the state-action pair (s, a¥, b¥) has not been visited at step h between the (k™ + 1)-th episode
and the (k™! — 1)-th episode. Combining the above identity with the following property (see
LemmalT))
1 Ny nrjy:
< a7
(N}]f)3/4 - — nd/4 — (N}’f)3/4’

we can immediately demonstrate that

—R,kNl]i-&-l H21 g2 SAT NE i
By, (¥, 0, b5) + e ——r— ) 3/4 277 th +1
RV 41 H2op? SABT
< B b o) 2, 108 (99)

(NR)3/4
Taking (©4) and (99) collectively demonstrates that

N 21. 2 SABT

N —R,EVE 41 H*log N;Rk 11
Z” ekt < By (s Z,aﬁ,bﬁ)Jrcbi(Nk i Z" ; (100)
n=1 n=1

as claimed in (78). We have thus concluded the proof of Lemma[2]based on the argument in Step 2.

C.1.1 PROOF OF INEQUALITY (86))

In order to establish inequality (86), it suffices to look at the following term

k

k" R,k"™ fa,kN}]i+1 k k 1k ak: h+1 k k 1k 2
Wi —Znn’LVarh sk ak bk (Vh+1 Vi1 )= ¥n (h» ah, b))+ (81 (shsan,bn))",

n=1
(101)
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which forms the main content of this subsection.

N —a, k"t .
First of all, according to the update rules of ¢ h’k and ¢ h’k in lines 13-14 of Algorlthm we
can get

—a, k" —a, k" +1
¢h (527a27bk) ¢h ( Shy @ hvbk)

k —k" n —R,k™ n
=(1- 77n)¢h (Sha aj,, by) + Un(Vh+1(5§+1) Vi (SEH))
—a, k" —a, k" +1
wh (527a27bk) Z/}h ( Shy @ h7bk)
& — " n —R.k", 11 12
=(1- nn)wh (Shv ahv blﬁ) + %(Vh+1(8'ﬁ+1) - Vh+1 (52-1-1)) .

Applying this relation recursively and invoking the definitions of 72 (resp. PF) in (17)) (resp. ),
there is

—a, kN h+1 () NF X8 —R,k"™ n
b (Slfu hvbk ZW h Vh+1 5h+1) Vi (Slfi+1))
NJ —R,k"
= Zn A T (102a)
n=1
*
ia,k‘N;fﬁ»l k k (11) i Nh k™ km —R,k"™ km 2
(I (Shs hvb ) = Z (Vh+1(sh+1) Vit (5h+1))
n=1
Nh Nk n —k" —R.k™
= Znnhph (Vis1r = Vit ) . (102b)
n=1

k:
Recogmzlng that Zn 1 nif =1 (see , we can immediately apply Jensen’s inequality to the
expressions (i) and (ii) to yield

—a, k™ h+1 a, k™ h+1

2
wh ( ;Cwafmbk) <¢h (SZaaé)wbz)) ' (103)
Further, in view of definition (T6), we have

—k" —R,k" K" —R,k" k" —R, k"
Varh,s’;,aﬁ,b’; (Vh+1 —Vih ) = Ph,s’,j,ah,bk (Vh+1 Vi ) (Ph,s’;, k bk (Vh+1 Vh+1 )) )

which allows one to decompose and bound W3 as follows

N Ny
_ N — k" —R,k™\ 2 NE g (k" —R.E"
= E MIn Ph,s;g,a,’g,b;g (Vh+1 Vi ) - E :77" P (Vi = Vin
n=1

n=1

2 N,’f
N} —k" =R, k" NE — Rk 2
(ZU ’Ph Vh+1 —Vin )) - Znn’ (Ph,sh,ah,b’f (Vh+1 Vi )) .
n=1

(104)
And thus, (T04) reaches to
W3 < W31+ W2 (105)
where
Np
Ws1 = Z 7771;/5 (Phn - Ph,s’;,ag,b’;) (Vf:u V}P1{+k1n)
and "

2 N§
NE —R,k" NE K —RAT
Ws3a = ( E T hPh Vh+1 Vit )) - E U (Ph,sh,ah,bk (Vh+1 Vit )) .
n=1

It then boils down to control the above two terms in (T03)) separately.
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Step 1: bounding W5 ;. To upper bound the term W ; in (T04), we resort to Lemma [7]by setting

—i —R,i \2 ; )

Fpy= (Vi = Vi) and  Gj(s,a,N) = nﬁi(87a7b). (106)
According to (83), it is easily seen that
—R,i —i 2
[ lloo < (! Vil + ||Vh+1||oo) <4H? = Cy, (107)
2H
N

i — = C,. 108
N,h,s,a,be[lg]lg}[)(H]xSxAxBnNh(S’a’b) - N & (108)

Armed with the properties (I07) and (I08) and recalling (90), we can invoke Lemma
NE o —kT Rk 2
W.r.L. " Xi(sy,ab, b hy Ni) = i (P = Py gt qr 08 ) (Vipr = Viyr )7, and set (N, s,a) =

(NF, s¥,af bk) to yield, with probability at least 1 — &

Ng
NE n — k" —R,E™\ 2
Wi = Z " (Py — Pt abwr) (Vi = Vi)
n=1
k
SABT | .. n
<4/ Cglog” DGR (sk, ak, bE, NEWVary, g o o (WE) (109)
n=1

/C, SABT
+ (C’ng + Z\?Cf> log2 5

k
h

N,
H . , SABT NE —kn —Rany 2y HPlog? S4BT
S N]{f log s 71nnhvarh,sﬁ,aﬁ,bﬁ ((Vh+1 — Vh+1 ) ) T (110)
k k
With Zf:fil 777];[ b <1 (see and the following trivial result:
—k"  =RE"\2 —k"  —R,E"\4
Vary sk ak bl ((Vh+1 ~ Vi) ) <[[(Viga = Vaia ) |l < 16H (111)

We can further obtain

| H5 SABT H?3 SABT
< | = log? — log? . 112
Ws1 S NF og 5 + NF og 5 (112)

Step 2: bounding W3 5. Jensen’s inequality tells us that

NF 2
N]I,f — k" fR,k"
( § n Ph,s;j,a;j,bﬁ (Vh+1 - Vh+1 )
n=1

N;’C/ k k __n R E™ 2
(3 080 )P T - TR

n=1

Nf N}
) 2
NF NF —k" —R,k"
< Z "In Z i Ph,s;i,afh,b’;; (Vh+1 -Vih )
n=1 n=1
Nk
_ h NE . _n —RE™ N 2
= Z T h,sk ak bk (Vh+1 - Vih ) ) (113)
n=1

where the last line arises from (T8). Substitution into W o (cf. (T04)) gives
Nﬁ & 2 N;’f & 2
NF Spn k" —R,k™ Nf —k" —R,k"™
W52 < (Z " Py (Vi = Vi )) - (Z " Pry gk ok ok (Vier — Vi )>
n=1 n=1

NE Ny
_ N ok —k" —Rk" NF g — k" —Rk"
—{ § " (P =Pt ab b)) (Vi1 = Vi) E " (P +Pnst ok ot ) (Vi1 —Viia ) -
n=1 n=1

(114)
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In what follows, we would like to use this relation to show that

[B5  ,SABT H® ,SABT
W5 o < C- — 1 —_— 115
32 < 032{ NF og 5 + NF og 5 } (115)

for some universal constant C'3o > 0.

If W52 <0, then @ holds true trivially. Consequently, it is sufficient to study the case where
W3 2 > 0. To this end, we first note that the term in the first pair of curly brakets of @is exactly
W1 (see (80a)), which can be bounded by recalling (83):

Nk
H  ,SABT |~ n*

—n —R kn HZ 10g2 SABT
(Wil < Ni,’; log 5 Nn " Vary, gk gk bk (Ve = Vi) T‘S (116)
n=1
with probability at least 1 — §. According to the property that
—k" —R,k" —k" —R,E"\ 2
Vary, ok ak b (Vh+1 ~ Vit ) (Vi = Vida )|l < 482, (117

And thus, (TT6) can be simplified as

Nk
H3 SABT |5 nt  H?log?SABT H3 SABT H? SABT
Wil <. 1002 E:nh76<712 BT 62
| 1|~ N;’f 0og 5 n:177 + N;’f ~ N;’f 0og 5 +N}IL€ og 5 )

(118)

k k
whereas the last inequality 1) holds as a result of the fact fo;l mjy b <1 (see ).

Moreover, the term in the second pair of curly brakets of (IT4) can be bounded straightforwardly as
follows

NF .

N ogn —k" —Rk"
E " (P + Ph,s’,;,a;;,bg) (Vi1 = Vi1 )
n=1

k

h & " _amn i n
<> (1B 0+ 1 P o ) 1 Vhs = Vily ll <28 19)

n=1

where we have made use of property , as well as the elementary facts HV’; 11— Vl:fl HOO <H

and HP,fn ||1 = ||Ph’sﬁ’a§’blg ||1 = 1. Substituting the above two results and back into

(1T4), we arrive at the bound (T15) as long as W3 > 0. Putting all cases together, we have
established the claim (TT3).

Step 3: putting all this together. To finish up, plugging the bounds (T12)) and (IT3) into (I04), we
can conclude that

| H5 SABT H?3 SABT
Ws < W- Wao < C —log? — log?
3 S W31+ Wsa < 3{ N}’j og 5 +Nf]f og 5 }

for some constant C5 > 0. This together with definition (T0I) of W5 results in

k

Nh
N;f 7kn 7R7kn
E n Va"h,s'g,ag,bg (Vh+1 —Vih )

n=1

—a, VA 41 —a kN 41 2
g{d)h (327a27b2) - (¢h (8’;370113752)) }
o[ [H 2SABT+£3 » SABT
3 N;]: og 5 N;]f 0og 5 )
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which combined with the elementary inequality v/u + v < \/u + /v for any u,v > 0 and (103)
yields
N}L

1/2
—k™ k™
{ Z TIn Varh sk ak bk (Vh+1 V1§+1 )}

ST b b — @ bk )}
N Hb5/4 log!/? SABT N H3/? o8 SABT.
(Vi) o (v ’
Substitution into (83)) establishes the desired result (86).

C.1.2 PROOF OF INEQUALITY (93)

In order to prove inequality (93)), it suffices to look at the following term
k
—R,k"™ rkh-i—l rk: h+1 2
Wy = Nk Zvarh sK,ak bk (Vh+1 )— (wh (Slfivalﬁibﬁ) (¢h (Sﬁ’aﬁ’bii)) ) (120)
h n=1
) gl N S .
In view of the update rules of ¢;, and 1, in lines 11-12 of Algorithm we have

L —r,k"+1 1—R,k: n
on (si,afwbk) o (shv hvbk) (1 > ¢h (shvahvbk)+ﬁvh+l (Sicw-i)

—r, k"t —r,k"+1 —R.E™, pn (2
11[}h (Sicw a’Z? bk) q/jh (Slfcu Qp,s bk) (1 - ) ’l/)h (81L7ah7 bk) (Vh+1 (Sﬁ+1)) .

Through simple recursion, these identities together with deﬁnitlon 5) of Pf lead to

7rk h+1 1 —R,k"™ K n—Rk
Pn (st ah,bh) = Z Vi (shir) N’“ Z B Vi (121a)
h n=1 h p=1
—rk h+1 (11 ka: n n ka
Uy, (shi, ah,bh) = NZf Z Vi (8541)) NF Z Py (Vi)™ (121b)
n=1
Expressions (i) and (ii) combined with Jensen’s inequahty give
— h+1 r kN h+1 2
d)h (‘Sfmahvbh) <¢h (Sﬁvaﬁvbiv . (122)
Taking these together with the definition
—R,k" R,k" —R,k"
Vafh,sh bk (Vh+1 ) = Py o .8k ak bk (Vh+1 ) (Ph,s;;,ak bk Vit ) )
we obtain
R,k" —R,k"
Wy = k Z (Ph sK,ak bk Vh+1 ) (Ph,sh,ah,b’C Vh+1 ) )
h n=1
Nh 1 N;’f 2
n R,k™\ 2 n—R, k™
N},fZPh (Vi1 ) +<N},§ZPh Vh+1> . (123)
n=1 n=1
And thus, (124) reaches to
Wy = W471 + W472. (124)
where
1 & —R,k"
Wya = NF Z (Pr,sk at vh — Pr (Vi )
n=1
and

Nl
: propRE" PR
E : h+1 Nk E h sh7ah,bk h+1

In what follows, we shall bound terms Wy,1 and Wy 5 in @ separately.
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Step 1: bounding W ;. Accordlng to Lemma 7} the first term Wy ; in ( can be bounded in an
almost identical fashion as Wi,y in (TT2). Specifically, let us set

—R,k 1
Fh+1 _(Vh+1) and GZ(S,CL,ZLN) = N’
which clearly obey
1
||Ff]f+1||00 < H2 = C¢ and |Gﬁ(s,a,b, N)| = N = Cg'

Thus, for all (N, s,a,b) € [K] x S x A x B, there is

N
ZG’“ (@) (5 a,b, N) Z
n=1 n=1

Hence, wg can take (N, s,a,b) = (N}, sk, af, bf) and apply Lemmal(7to yield, with probability at
least 1 —

NE k
1 h n R,k" ) )
(Wil = ‘N’“ Z (Ph - Ph7s§,a;j,b;g) (Vh+1 ) = ZXk(sﬁ,aﬁ,bZ,h,N,’j)
h n=1 k=1
SABT |
<4/ Cglog? 5 Z GE" (s¥,ak, bk, NF)Var, sk b (WE)
n=1
/C 9 SABT
+ (Cng + ]\/%Cf) log 5
HA 10g2 SA(SBT s H? 10g2 SA(SBT 125)
h h
where the first inequality comes from
1 —R,k"
Xk(827a'lfcwblf€uh7Nilzc) = W(Ph Ph 5h,a’” bk)(vh+1 )

h

with k = and the last inequality results from the fact that

Nk9

Vary, g gk pe (W) < h+1” <Cf=H"

Step 2: bounding W, . We now turn to the other term W) 5 defined in @ Towards this, we
first make the observation that

N 2 1 N
R kVL 7R k"l
( £ > Pustabsr Vit > S NF > (Ph shoak bk Vgl ) ; (126)
h n=1

hnl

which follows from Jensen’s inequality. Based on this relation, we can upper bound Wy o as

N’L 2
n—R,k" R,k™
Wya < ( th Vh+1> <N’“ thsh kah+1>

h n=1

1 Al —R.k 1 N R, k"
—{MZ(P}L Phs ak: bk)vh+1}{MZ(Ph +Phs ak bk)vh+1 } (127)

h pn=1 h n=1

In the following, we would like to apply this relation to prove

|H* 5 SABT H?_ ,SABT
< lo + —- log 128
W4,2 = 042( N}]lc g 5 Nk 5 > ( )
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for some constant Cyo > 0.

When Wy 5 < 0, the claim (T28) holds trivially. As a result, we shall focus on the case where
W2 > 0. Let us begin with the term in the first pair of curly brackets of (I27). Toward this, let us
abuse the notation and set

ia 1
Fi]LC+1 = Vﬁi and Gﬁ(s,a,b, N) = N
which satisfy
1
|Ffalle <H=Cr and  [Gh(s,a,b,N)| = 1 = Ci.

Akin to our argument for bounding W, i, invoking Lemma [7| and setting (N,s,a,b) =
(NF, sk af bk) imply that, with probability at least 1 — d, there is

Nk
1 <&, n —R,k" H2log? SABT  Hlog? SABT
k (Ph - Ph, sk ak bk)vh-i-l k k
N 2 T N N
j— h h

In addition, under the fact that ||Vl,);+k1 | < H and 1PE" ||, = H'Ph,s;"
second pair of curly brackets of (127) can be straightly bounded by

=1, the term in the

k pk
,ah,bh 1

Ny Ny
1 R R 1 . R
~r 2 (P T Prabat) Viks | < ~r 2 (IR + 1P a1 VR I < 28
h n=1 h pn=1

We have thus finished the proof of the claim (T28).

Step 3: putting all pieces together. Combining the results (125) and (128) with (124) yields

H% SABT H? SABT
Wy < |W, Wio < C —log? Z_1og?
4 < Wyl +Wyo < 4{ N}f og 5 +N,’f og 5 }

for some constant Cy > 0. Taking the definition (T20) of W together, this bound gives

NE
1 —R,E" R L DA A W e e 2
WZVarh’si’aﬁybﬁ(VhH ) < {'l/Jh (Shaahabh) - (¢h (Shvahvbh)) }

h n=1
Lc EIOQSABT+EOQSABT
WaNE® T TN TS S

Invoke the elementary inequality \/u + v < y/u + /v for any u,v > 0 and use the property (122) to
obtain

k
Nh

1 R, k™ Yz —r,kNE 41 k k 1k —r kN 41 Kok 21 Y2
<Nk- > Vary, e ar o (Vi )> SR A C .
h n=1
N H 1/2 SABT n H SABT
—— log og .
(NF)/A o (N2 0

Substitution into (92) directly establishes the desired result (93).

C.2 PROOF OF LEMMA[3]
Before the proof of (23)), we present the following Lemma [9] for an auxiliary illustration. It is worth

noting that, similar to (Yang et al, 2021, Lemma 4.2) (see also (Jin et al.| |2018b, Lemma C.7)),
Lemma J]is essentially an algebraic result leveraging certain relations, w.r.t. the Q-value estimates.
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Lemma 9 Assume there exists a constant ¢ > 0 such that for all (s,a,b,k,h) € S x Ax B x [K] x
[H], it holds that

0 < Vi(s) — VE(s) < Qnls,a.b) — Q(s,a,b) + ¢

Nh (s,a,b) 3 SABT
Nh(sabH Nh(sab k™ H IOg k
+ Mn Vi (s ) =V (8 )) + depy | ———2— + CF.
nzl ( h+1\°h+1 h+1 h+1 ) N}'If( ,(L,b) h
(129)
Consider any € € (0, H). Then forall § = 1,. [log2 %L one has
H K
B HYSABlog SABT
3 Z ( — VE(sh) € [2° 15,255)) < o (130)
h=1 k=1

The proof of lemma[9|will be carried in Appendix[C.2.1] We first show how to justify (23) if inequality
(T30) holds. As can be seen, the fact (I30) immediately leads to

H K
—k

S5 1 (Valshoak,bh) — Vi(sh,ab 0f) > ¢)

h=1k=1

log, £

8 F1 {05 AB10g SABT 9§ AR log SABT
< < (131)
~ = 482 - 2e?

as desired.

C.2.1 PROOF OF LEMMA[0

We first return to justify the claim (129). Lemma[2]and Lemma [3|directly verify the left-hand side of

(T29) since
Qnl(s.a,0) > Qh(s,a,0) > Q% (s,a,b)  forall (s,a,b,k,h) € S x Ax Bx [K] x [H]. (132)

The remainder of the proof is thus devoted to justifying the upper bound on @:H(s, a,b) —

Q' (s,a,b) in (129). Then we reach

__ NP k Nk Nk
Q" (s a) — @ (s,0,0) < QUOPF (s,a,b) — QEPE (5,0, )

— UCB kK LCB,kNh
- (l_nN’C) h (S,Cl,b) - Wp (S,Cb,b)
— kR ENE 11 ENE thJrl ixa — kR ENE
+ Nk Vi) = V(s )+ (les,a,b - By ) Vigr = Vi
where we abbreviate
Ny = Ny (s, a,b)
throughout this subsection as long as it is clear from the context.
Applying this relation recursively leads to the desired result

7kN

)
a; (s,a7b>—cz’””'<s,a7b>=névf( VOB (5,0,8) — QL (5.0.b))

n n —k™ n
+ E 77 (Vh+1 3h+J1r1) Vh+1(5h+1) (Ph,s,a,b - P} ) (Vh+1 _VZ+1)>
k
h

Nk ~ NF /—Ek™ n n n
<ny"H+ Z " (Vh+1(3£+1) KZH(SZH)) + dep

n=1

SABT
H3log =57+
Ny

34



Published as a conference paper at ICLR 2024

Here, the last line is valid due to the property Qi(s, a,b) = 0 and @,11(5, a,b)=H

__pNE H3log SABT
Py oa )V < H708 5
‘ ( hys,a,b ht1| = Cb NF
and
NE H3log SABT
Phsas — P ) VAL e
‘ ( hys,a,b Vit <o NF
based on the Azuma-Hoeffding inequality and a union bound, and the following fact
k
Ny, v H3log SA(SBT H3log SAé_BT
Z Tin = Cb Nk < 2cp NE )
n=1 h h

which is an immediate consequence of the elementary property Z < \/ZN (see Lemma .

Combined with

nl\/ﬁ

—k .
Vh(sh) Vk(sh) < Qh (S}wahabk) Qfl{,k(slfzaazabﬁ) +C}]i7
this establishes the condition (129).

Afterwards we prove (I30). Accounting for the difference between our algorithm and the one in
Yang et al.|(2021)), we paraphrase (Yang et al., 2021} Definition 4.2) into the following form that is
convenient for our purpose.

Definition 3 ((C, w)-Sequence) A sequence {wy}1<p<k is called a (C,w)-Sequence if 0 < wy, <
w forall kand ), wy, < C.

Combining with (T129), we have

K K K
—k —k
Zwk(Vh(s,a,b) - KZ(S,aJ))) < Zwk(Qh(&a, b) —QZ(S,a,b)) + ZC}?
k=1 k=1 k=1
Nk (s,a,b)
Ny (s,a,b N, (s,a,b n n
<Zwk< n(s 'H + Z M Asat) (Vh+1(5h+1) VZ+1(SZ+1)>)

k=1 n=1

H3 IOg S’ABT

4

+;wkgh +z_: Wk Nk(s a b)
K N ( b K Nh(s,a,b) N (oad)
Z nis +Zwk Z I (Vh+1(5112+1) Zﬁ+l(slg+1)>
k=1 k=1 n=1

H3 IOg SABT
+ Zwkch +4Zwkcb Nisab) OB (133)

For the first term of (133), IV, }’f(s, a, b) is at most once for every state-action pair, and we always have
wg < w. Thus

K K
kg
S wing M H =3 wp HL{NJ (s, a,b) = 0} < wSABH. (134)
k=1 k=1

For the second term in (I33), we exchange the order of summation and obtain

NF(s,a,b)

Zwk Y (et (Vh+1(523r1) VZL(SZL))

n=1
N (s,ah, b))

K

l l i
E (Vh+1 3h+1 Kh+1(sh+1)) E Wkl 41
=1 j=Nl+1
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Then for [ € [K], we let w;, = Z;Vh 1\51 Zr;l bk Wi 77?\@, 1 and further simplify the above equation to
be

N,L(s a,b)
Ny (s,a,b n n
Z Mn plaad) (Vh+1(5h+1) Vi (h41)s )

n=1

MG

~ [l
wi (Vthl(saavb) _Kéerl(svavb))‘ (135)

I
-

Next, we use Lemma!to verify that {@},(x) is a (C, (1 + 4 )w)-sequence:

Nh ( h’ah!b;)

msw o 3 mgase o, (1eg)e

J=NL+1 J>NE+1

NE (sh ah bI)

K i A K Ni . K
S = Z o wemy =y wey n =Y wy < C. (136)
=1 k=1 t=1 k=1

= j= Nl+1

For the third term of (133)), we know that ¢, ,’j is a martingale difference sequence (w.r.t both h and k),
and ‘C ,’f’ < 4H. Hence, by the Hoeffding inequality, we have with probability at least 1 — §/2,

K K
SABT SABT
k /
kE:1wkCh§ g wiH?log 5 <4/CH?Z?log 5 (137)

k=1

The last term of (I33)) can be bounded by the following inequalities with respective reasons listed
below:

SABT SABT
H3log H3log =57~

K
4 —— =4 —_— 138
Zwkcb NF(s,a, b Z Z (OkCD NF(s,a,b) (138)
k=1 (s,a,b)

sh,ah,bh) (s,

a,b)
SABT (o0 b)
—depy | H3 log Z % (139)

(s,a,b) n=1

[Cs a b/“ﬂ
SABT
@ 2 feny | H? log v (140)
vn
(s,a b) n= 1
SABT
< 1OCb\/H310g > VCoapw (141)
(s,a,b)

(i44) SABT

< 10¢, \/H3SABOw log 5 (142)
K

where (i) follows from a rearrangement inequality with C; , ; defined as Cf 4 p = Zi\]:hl (s:a.5) Whn

and we always keep in mind that 0 < wy» < w, (ii) follows from the integral conversion of 3. 1/+/4,
and (iii) is true because of Cauchy-Schwartz inequality with > (s,0,b) Csap = Zszl wy < C.

Plugging the upper bounds of three separate terms in (I34)), (I33)), (I37) and (I42)) back into (I33)
gives us

SABT
1

ABT <\ _ /-
+\/C'H2log55 + > (Vi (s,0.0) = Via(s.a.0), (143)
=1

Zwk Vh s,a,0)=V5 (s, a ,b)) <wSABH + 1ch\/H3SABCw10
k=1
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where the third term is a weighted sum of learning errors of the same format, but taken at level i + 1.
In addition, it has weights {w},c(x) being a (C, (1 + 77)w)-sequence. Under recursing, the above
analysis will also yield

K
Zwk V: (s,a,b) —KZ(&a,b))

k=1

< 1 SABT
Z (SABH(1+ )" w+ || CH? log ==
h'

+ 100b\/H3SABC(1 + %)h'w log SAfT)

gH(SABHew +1/CH?log 5 Af T 1ch\/ H3SABCewlog > Af T). (144)

For every n € [N], h € [H], let

wi™M =1 Kv V’“) (s b, bk) € [2”—15,2%)] , (145)
K
Com = 3w = Hk (Vh vh> (sk,ak,bF) € [2”*15,2"5)}’. (146)
k=1
By definition, Vh € [H] and n € [N], {w,&"’h)}ke[}( is a (C(™") 1)-sequence. Now we consider

bounding ZkK=1 w,(g"’h) (V: _ Kﬁ) (sF,ak,bf) from both sides. On the one hand, by 1

SABT

K
Z v (Vo = V) (ks ab,bh) <€H25AB+\/H4C<n,h> log
k=

+ 10¢y, \/6H5SABC("J‘) log SABT.

On the other hand, according to the definition of w]in’h),

K
Zw,(cn’h) (V: —Kﬁ) (sﬁ,alfb,bﬁ) > (2"716)0(”’}1).
k=1

Combining these two sides, we obtaion the following inequality of C'(™"):

SABT

+ 10cp \/€H5SABC(n’h) log SABT,

(2" te)Cm M) < eH?SAB + \/ HAC(h) log
and thus,
H SABlog SABT

(n,h)
c 4ng2

Finally, we observe that

T

K
Z]l (Vh (sk,ak o)y —VF(sk,af bF) € [25_15,265)) |
h=1 k=1

H
H®SABlog SAET
—C0®B) — B:h )
= L};ﬂ ) < o

(147)
Thus we obtain (130) and conclude the proof of the inequality in Lemma 9}
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C.3 PROOF OF LEMMA[]

C.3.1 PROOF OF THE INEQUALITY (27)

Consider any state s that has been visited at least once during the K episodes. Throughout this proof,
we shall adopt the shorthand notation 4 4

k' =k (s),
which denotes the index of the episode in which state s is visited for the ¢-th time at step h. Given that
Vi(s) and Vl;?(s) are only updated during the episodes with indices coming from {i | 1 < k* < K7},
it suffices to show that for any s and the corresponding 1 < k* < K, the claim (27) holds in the sense

that
7y s -7 ) <2 (148)

Towards this end, we look at three scenarios separately.

Case 1. Suppose that k? obeys
—ki+1

Vi (s) - VET(s) > 1 (149)
or
—ki+1 ki1 Kt —
Vi (s) =V, T (s) <1 and uy (s) = True. (150)

The above conditions correspond to the ones in line 17 and line 19 of Algorithm [3] which means that
71; is updated during the k’-th episode. Thus, it results in

—ki41 —R,k*+1
Vi, (8)=V, (s).

This satisfies (T48)) obviously.
Case 2. Suppose that k% is the first time such that (149) and (150) are violated, namely,
i ; ;
ip = min {j | V: +1(s) —KIZJH(S) <1 and u¥ (s) = False} . (151)

We make several observations. Firstly, combined with the update rules (lines 16-19 of Algorithm [3)),
the definition 1| reveals that 75 has been updated in the k% ~!-th episode, thus indicating that
—R, k0 —R, k07141 —kio14q —k0
Vi (s) =V, (s) =V, (s)=Vh (5). (152)
Additionally, 71:(3) is not updated during the k‘-th episode according to the definition lb
namely,

VR ) = 7R ). (153)

Therefore, the definition of % indicates that either (149) or (150) is satisfied in the previous episode
k? = k%~ in which s was visited. If (149) is satisfied, then lines 18-19 in Algorithm 3]tell us that

True =« F1(s) = uF"(s), (154)

which, however, contradicts the assumption u’fio (s) = False in l) Therefore, in the k%~ 1-th
episode, (T30) is satisfied, thus leading to

Vi (s) — V(o) =V e - 1T () < 1. (155)

From (152)), (153), and (I53)), we see that
7 -7 e =T 0 - T 0 =T @ -7 e ase
¢ TE () = VI (s) D, (157)
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where (i) holds since Vﬁloﬂ (s) > Vii(s) > V:lo (s), and (ii) follows from 1i In addition, we
make note of the fact that

TREC+H k01 k0 —ki0 41
Vit )=V )=V (9 =Va ()20, (158)

which follows from lb and the monotonicity of V:(S) in k. With the above results in place, we
arrive at the advertised bound (T48) when i = 1.

Case 3. Consider any 7 > ig. It is easy to verify that

—ki41

Ve (s)—VETHs) <1 and  ub'(s) = False. (159)
It then follows that
_ R (1) _p i (i) .4 (iii) i
Vo s <V T ) < T T ) 41 < VEO T (s) 2. (160)
Here, (i) holds due to the monotonicity of VS and V: (see line 15 of Algorithm , (i) is a
consequence of , (iil) comes from the definition (T5T)) of ¢(. Further, according to see Lemma|Z]
and Lemmal3] can be expressed as
Vi s)<vr(s) +2<V ) + 2, (161)

where the first inequality arises since V;, is a lower bound on V}* (see Lemma , and the last
inequality is valid since Vﬁ i (s) > Vi*(s) (see Lemma . In addition, in view of the monotonicity
of V: (see line 15 of Algorithm i and the update rule in line 17 of Algorithm we know that

—R,k*+1 —ki4+1
Vi, (8) =2 V) (s)

The preceding two bounds taken collectively demonstrate that

0 <V ) =7y Ts) < 2,

thus justifying (T48) for this case.
Therefore, we have established (T48) for all cases, and hence (27) also holds for all cases.

C.3.2 PROOF OF THE INEQUALITY (28]

Suppose that
=R,k —R,K
Vi (sh) = Vi (sh) # 0 (162)

holds for some k£ < K. Then there are two possible scenarios to look at:

Case 1. If the condition in line 16 and line 18 of Algorithm [3]are violated at step h of the k-th
episode, this means that we have

Vit (sh) — VA (k) <1 and  uf(sh) = False (163)

in this case. Then for any k&’ > k, one necessarily has

—k’ / —k+1
{vu%»wﬂ@@svh<ﬁr4¢“@ﬁSL 16h

Vi
ul (s) = uk (sk) = False,

where the first property makes use of the monotonicity of V: and Kﬁ (see ). In turn, Condition

(164]) implies that VS will no longer be updated after the k-th episode (see line 16 of Algorithm ,
thus indicating that

=R,k —R,k+1 —R,K
Vi (si) =V, (sy) ==V, (s5)- (165)

This, however, contradicts the assumption (162
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Case 2. If the condition in either line 16 or line 18 of Algorithm [3]is satisfied at step & of the k-th
episode, then the update rule in line 16 of Algorithm 3]implies that

—k+1
Vi (si) = Vitt(sp) > 1, (166)
or
Vi) — VA (k) <1 and  ub(sh) = True. (167)

To summarize, the above argument demonstrates that (T62)) can only occur if either (T66) or (I67)
holds. With the above observation in place, we can proceed with the following decomposition:

H K
S (Vs - eh)

h=1k=1
H K Rk, L —R,K, 1. —R.k, —R.K, |
=22 (Vh (s0) =V, (Sh)) 1 (Vh (s1) = Vi (s3) # 0) —witws,  (168)
h=1k=1
where
H K
wr =33 (Vi (sh) = Vi (k) ) 1 (Vi (k) = VAT (5) < 1 and wl(sF) = True)
h=1k=1
and

H K
—R,k —k
wy =3 (Vi (sh) = Ve (k) 1 (Vin(sh) = ViGsh) > 1)
h=1k=1
Regarding wy in (I68), it is readily seen that for all s € S,

K
Y1 (VZ“( ) — VEH(s) < 1and uf(s) = True) <1, (169)
k=1

which arises since, for each s € S, the above condition is satisfied in at most one episode, owing

to the monotonicity property of V1,V and the update rule for u, in line 18 of Algorithm[3| As a
result, one has

H K
w<HY Y1 (VIZH( M) = Vit(sk) < land uf(sf) = True)
h;l k=1 p )
= ZZZ (Vi () = Vit (s) < Land ul(s) = True) < HY D" 1= HS,
h=1s€S k=1 h=1seS

where the first inequality holds since ||VS’]C - K%KHM < H. Substitution into li yields

Z (VR’“ (s5) — VRH (s ))<H2S+wQ. (170)

To complete the proof, it boils down to bounding the term w, defined in (T68). To begin with, note

that

—R,K .
V' (sh) = Vik(sk) = Vi(sh),

where we make use of the optimism of Vl,j (k) stated in Lemmal 2| (cf. (2 1. 0)) and the pessimism of
V,, in Lemma 2] (see (21)). As a result, we can obtain

ZZ ( — V(s )) 1 (V’;(S’Z) — V(s > 1) . (171)
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Further, let us make note of the following elementary identity
—k °  —k
Vi (shal bf) — VE(sh.af, bf) = / 1(Vi(sh, b, b) = VE(sh. b, b) > t)at.

This allows us to obtain

H K 19
—k
oo S5 {{ [T 0T th) - i) > )

h=1k

X IL( (s a,wblC Kﬁ(si,alg,bﬁ) > 1)}

H K
/ ZZ Vy(sk,ak, bb) — VE(sk ok oF) > t)d .
L h=1k=1
With the property (23) in Lemma[3] we can further obtain
H 169 ABlog SABT ABT
wo < / t;g St < HOSABog 2ABT (172)
1
Combining the above bounds (T71)) and (I72) with (T70) establishes
ABT ABT
ZZ( s~V (s ))<H2S+HGSABlogS < HSSABlog > :
h=1k=1
as claimed.

D PROOF OF LEMMA

A starting point for proving this lemma is the upper bound already derived in (31)), and we in-
tend to further bound the first term on the right-hand side of (3I). Recalling the expression of

Ql;j k+1( sk ak bk)in and , we can derive

“L(sk ok bk
K k k 1k *RkN RERTRIAL B Kok k k 1k
Qh (Shva}wb ) — QL (spyap,by) = Q) (8h»ap,bp) — Qh(sh, ap, biy) (173)
NF=Y(sk 0k pF) (=R,1 Ny (st 0h) NE1(sh Rok™+1
'10' s asd k k k k k k s 70' ,b
:770 Sh h h (Qh (8h7ah7bh)_QZ(8h7a’h7bh))+ Z nn h>%h bh
n=1
N
s ,a s k™ k™
+ Z " o (Vh+1(sh+1) Vit (Sh+1)>
n=1
NETH(sh ap by)

Nk 1 Sh ah’ h Kt *
+ E nn " E Vh+1 5h+1 Ph,sl;;,agi,bﬁvhﬂ .

n=1

. . —RAR 41 Rk s —=R,1
Specifically, according to (99) with B, E = B;,” and the initialization @)}, (s,’j, alﬁ, bﬁ) =H,
there is

Qn" (sk ali o) — Qp(sh, af, bY) (174)
k=1(gk o 2¢1, H? SABT
<t R LB k) + e rlog 2

k_
(N3~ (sps af, )
NET sk af b))

Ny (siharbh) (TR e TRA™ e
+ n ' Vii1(Sh1) = Vi (She1)

+

Z
Ni~ sk ak bF)
>

Nk 1(5;”0«;1’ K ) *
Tn E Vh+1 5h+1 h,s’;,a’;,bﬁVhH .
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‘We can also demonstrate
k 1 (s k

ok
QUVF(sh. af, 0F) — Q7 (sh, af,bf) = QAT IR b o) — Qi(sh.ak. ) (175)

Nlc gk ) Nfil(s}’i’abbf’) NE=1(sE b bk
sp.ak by R,1 *r .k k 1k . (8h0p,0E ) RE™+1
=" (Q (Sh7 am bh) — Qh(shs aps bh)) - E " by,
n=1

k=1, k _k 1k
Ny~ (spa,:by) el kb hok
N (sh-an,by)

k" n
+ " (Vh+1(sh+1) Vl;_u (s Z+1)>

_|_

n=1
Ny~ sy an br)

Nk 1(Sh’ah7b2) 1 Kt *
n n Z Vh+1 (5h+1) - Ph,s;;,a;;,b’; Vi )
=1

Nk—1
Similarly with ﬁ}j’k motl o El}?’k and the initialization Q}}l (sk,ak bF) = H, there is

Q" sk, af, bE) — Qi (sk, af, bf) (176)
Nkil(sk,,ak,,bk) Rk, k . 20]3,}12 SABT
> g Cwanti) g BR (sk, ak bF) — ETPE— 3/410g 5
(Nh (Sh7ah7bh))

N:71(5£7a£7bﬁ) Nk 1( bE )
5h7ah7 h k™ R,k™ k™
+ E " <Vh+1(5h+1) Vi (Sh+1))

n=1

N:il(s;i,al;,b}fb)
Z NE=Y(skak k) (1 Z Rk k'
+ 77n Vh+1 (5h+1) - Ph,sh ah,b’C Vh+1

n
n=1 1=1

Summing over all 1 < k < K, taking and collectively demonstrates that

K
Z(Qh (Sh, ah> bk) - Ql;jﬁk(‘gﬁ? alfu blii))

k=1

K
Ny~ (shoahbr) k Rk [k k 1k
2Hn," +Bh (shaahab )+ By (sr,ar, by)

k=1

—|—Z 4CbH2 ] SABT
= O,
Nkfl k gk bk 3/4 & 1)
k=1 (Sh7ah7 h))
Nk 1( h’ahnbk)
N’f_l sk,ak,bk — k" X8 k™ k"
S 3 (L () - v ()
K N},:7 (shvafwb}’i)
NF=1(gk gk pk n —R,E" n
+ " (sheii 1) (Vh+1 (SZH) —Vih (SZ-H))
k

=1 n=1

N

n

( ’ah’ h) N}k_l(sﬁ aﬁ bh Kt 1 R,k* E?
T e (L )L (1)
k

=1 n=1 =1
Next, we control each term in (T77) separately.
* Regarding the first term of (I77), we make two observations. To begin with,

NET(s,a,b)

ZT]Nk sk ,ap,b) < Z Z ny < SAB, (178)

(s,a,b)ESXAXB n=0
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where the last inequality follows since 75" = 0 for all n > 0 (see (I7)). Next, it is also
observed that

K 1 fo*l(s,a,b) 1
k=1 (Nf_l(slﬁ,a’ii,bh))gM (s,a,b)ESxAxB  n=1 n?/4

< Y AWNETsan) " SasAByR,
(s,a,b)eSXAXB
179)

where the last inequality comes from Holder’s inequality

Z (Nf_l(s,a,b))l/4

(s,a,b)eESXAXB

3/4 1/4
gl > 1] l > Nf‘l(s,a,b)] < (SAB)3/4KY*,

(s,a,b)eSXAXB (s,a,b)eSXAXB
Combining above bounds yields

K

Z (2H77N sk af bk +§§,k (82761]2717%) -‘rﬁl}j’k (sﬁ,aﬁ,bﬁ))
k=1
N EK: ey, H? o SABT
Nk 1( h7 h7bk))3/4 6

— SABT
<2HSAB+B, " (s, af bE)+BYF (s, af b V4160, (SAB) 4 KV/A H? log 2.

(180)

* We now turn to the second term of (177). A little algebra gives

K Ny shanby)
Ny 1(Sh ah bﬁ) k" k™ k™
Z Z U (Vh+1 5h+1 — Vi (si))
k=
NK 1( lhrah’blh)

—
*Z S N oy (Vha () = Vi (she)), (181)
=1 N= Ni(elh,ah,bh)

where the second line replaces k™ (resp. n) with [ (resp. N} (s}, al)). Combined with the
property > % _, nA <1+ 1/H (see Lemma , we get

K

1 —l
(181) < (1 + H) Z (Vhs1(sht1) = Viga(shir))

=1

1 o
= (1 + H) Z (VZ+1(SZ+1) - ZZ+1(SZ+1))ﬂ (182)
k=1

where the last relation replaces [ with k.
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. n =R,k
* When it comes to the last term of 1i based on V;*, (s’fH_l) = Ph,sg,aﬁ,b;c Vi1, we can
derive

k=1, k k 1k

K N7 (sp,ap,by)
N}Ij_l(sﬁ*alfi’bi) V k™ _VR’kn k™
"n h+1 Sh+1 h+1 (Sht1

1
N;‘:_l(sl}i’,a;i,bi)

K n
Nk_l(skm,k,bk ki 1 ki
Y > mt thﬂ (5h+1> - SVl (5h+1>
=1

k=1 n=1
k—1( k k 1k
K Ny (Shvahabh) 1/ bk ok N
- Nh (sh,ah,bh) V* Ekn V R,k En
= U h+1 \ Sh41 h+1 \Sh+1
k=1 n=1
k—1 k
K Ny (Shv‘lhvbh) o )
Ny l(sﬁ,a;‘l,bﬁ) 1 VRk ki _p v
+ Mn o hit (Shat hsk,ak bk Vit
k=1 n=1 =1

K .
NF-1L sk,ak,blC n
_Z " (s i t2) (Vh+1 (Sh+1) Vh+1 (Slﬁﬂ))
k=

k—1 k
K Np Shvahvbh) Ce1/ ke b ok 1 n
Ny (sh7ah7bh) V Kt P ad
- Tin E h+1 3h+1 — Fhyskak bk Vit
k=1 n=1 =1
(183)
K—1 k k 1k
: K Ny (Slwah)bh) N .
ith AF = here i
Wit Zk:lzN:N,’j(sﬁ,ah bF) nN}’f(s;i,ah,b’“) there 1s

* Rk * R,k
(183) :AZ ((Pf’ffph,s’;,a';;,@) (Vh+1*Vh+1) - (Pf’ffph,sh,ah,bk) (Vh+1fzh+1))
NFE(sk,ak bF) [—R,k? i —R.k
Zl_hl( hrokith) (Vh+1 (Slfi+1> - Ph,sii,aii,bﬁvhﬂ)
Nk ( Sho ah’ bk)

N, 7a
Zz—hl( hah o) (Vh+1 <5h+1) — Ph,sh,ah,bkvh-f-l)
Ny (sh g, b) .

+ Af

k
- Ah

Here, the first equality holds since V;¥, | (s5" 1) — VA" (s571) = PF" (Vi — V%" (in
view of the definition of P}’f in ), the final equality can be seen via simple rearrangement
of the terms, while in the last line we replace k™ (resp. n) with k (resp. NJ(s¥, ak bF)).
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Taking the above bounds together with (T77) and (31)), we can rearrange terms to reach

k=1
K
<@ (k. af b)) — QRF(sh s, bf) + ¢F)
k=1
1Y o~ ok
< (14 37) 3 haCohon) = V(o) + B (oo ) + B (s, oth)

k=1
ABT K
+2HSAB + 16¢,(SAB)3/*KY*H? log 5 Z Cck

lc k

+ A (( Phs ak, b;;) (Vh+1 Vh+1) - (Ph - Ph,s;;,a;;,b;g) (Vif+1 *Kﬁﬁ)) (184)
)

ShyQh» ki —R,k
(Vh+1 5h+1 Ph,sﬁ,a’,j,b;i Vit
k
+ Ay
k k
Ny (Sh7ah7bh)
N}f(sﬁ,aﬁ,blf;) R.Ek* k' R,k
AK Dz (Kh+1 (5h+1) - Ph,s;;,a;g,bﬁzhﬂ) 185
S h Nk (s ak bk) (185)
h h*»“h*“h

Thus far, we have established a crucial connection between Zszl (Vﬁ(s’,ﬁ) — K’,ﬁ(s’,ﬁ)) at step h

K —k K —k
and >,y (Vi (shyy) — ZZH(SQH)) at step h + 1. Clearly, the term >_,"_; (V1 (sF ;) —
KZ H(s’g +1)) can be further bounded in the same manner. As a result, by recursively applying
the above relation (185) over the time steps h = 1,2,--- , H and using the terminal condition

—k . . . . .
Vi = ZZ 41 = 0, we can immediately arrive at the advertised bound in Lemma

E PROOF OF LEMMA

E.1 BOUNDING THE TERM D,

First of all, let us look at the first two terms of D; in (35a). Recognizing the following elementary
inequality

1 h—1 1 H
<1+H> §(1+H) <e forallh=1,2,---  H+1, (186)

we are allowed to upper bound the first two terms in (35a) as follows:

H h—1
> <1 + ;) {ZHSAB +16c, H*(SAB)3/4 K/ * log

SABT}
h=1 0

< H?SAB + H3(SAB)**K/*log SA(;BT < H*5SABlog® SAéBT + VH3SABK
= H*5SABlog? S{# +VH2SABT, (187)

where the last inequality can be shown using the AM-GM inequality as follows:
ABT ABT
H3(SAB) 4K/ 4 10g ST - (H9/4\/SAB log > - ) (H3SABK)Y/4

< H**SAB]log* 5 Af T + VH3SABK.
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We are now left with the last term of Dy in (35a). Towards this, we know that ¢}! is a martingale
difference sequence (w.r.t both h and k), and |C #| < 4H. Hence by the Azuma-Hoeffding inequality
and a union bound, we have with probability at least 1 — §/2,

H h—1 K h—1
1 SAB SABT
1+ — < 1 HK 1 H2T'] 1
>(1+5) 2 S () e TP < firriog SAPT i

h=1 h=1

with probability exceeding 1 — 4.
Combining (187) and (188) with the definition (35a) of D; immediately leads to the claimed bound.

E.2 BOUNDING THE TERM D,

In view of the definition of B, " (s, a¥ bE) (resp. BRF (s, al, bk)) in line 15 Algorlthml we can
decompose Dy (cf. (35b)) as follows:

H h—1 K —ak, oLk k)2
1 ABT bl ’b b 7b
D, = Z ( ) vt | H log S Z Uy (s, ap, by) — (¢h (sh» ah, b))

14+ —
h=1 H Y k=1 Nf]f(sh’ahvbk>
_ —r,k 2
+ 3 (1+1>h 1Cb log SABTf: i (shy a3 0h) — (¢h CA))
h=1 H 0 k=1 N}f(’shvahvbk)

1 1\ SABT < | ¥ (sk, af, bf) — (¢zk<sh7ahvbk))
> (1 ch g > z 3
Nh(sh,ah,b )

1 hilcb IOgSABTi %l}ik(siaah?bk) (¢2k<s§’ah’bk))
N}’f(sh,ah,bk)

2

SABT {L & |G sk, ab, bb) — (81" (sk, ab, bb))
< Hl h*%h> h h'“h>'“h
~ o ZZ\J Nilf(smah’bk)

SABTii Gt (sk, ak k) — (B3 (s, ak, bb))?

NFE(sk al, bF) ’

(189)

where the last relation holds due to (186) and the symmetry of [¢", P?], [0, 97, [0, "] and [, ']
In what follows, we intend to bound these two terms separately.

Step 1: upper bounding the first term in (I89). Towards this, we make the observation that

Gy (sh ak bh)
N}’f(sh,ah,bk)

K
wh (Sha ah, ) (¢h (8h7 ah7 bk
Z NE(sk ak, bF) Z

k=1
K NE(sk,ak bb)  NF(sk ok n SRE™ 10 (2

:Z Doy T (Vh+1(5§+1) Vi <Slﬁ+1)) (190)
k=1 Nlﬁ(smah’bk)

where the second line follows from the update rule of Eik in (102). Combining the relation

|Vh+1(5h) Vh+1(5h | <2t 2 ') and the property ZN}L(S}L anb) UN’L (eh o ) < 1(cf. 1.'
with (I90) yields

K —a,k E ok 1k k K
Z vy, (sf,a7,bF) — (¢h (h»ahab)) SZ » k4 < &/SABK. (191)

b1 N,’f(sh,ah,bk) =1 h(sh,afb,bﬁ)
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Here, the last inequality holds due to the following fact:

K 1 Ni( s,a,b) 1
_ K
NGL LT 2 . TEELIED SO YN

k=1 h> (s,a,b)ESXAXB  n=1 (s,a,b)eSxAXB

<2 > 1- > N[(s,a,b) = 2/SABK,

(s,a,b)ESXAXB (s,a,b)eSXAXB
(192)

where the last line arises from Cauchy-Schwarz and the basic fact that Z(M,b) NE(s,a,b) = K.

Step 2: upper bounding the second term in (189). Recalling the update rules of Elk and E],;k in

(121), we have

K fl“,k K
Uy (spsap,by) = (¢h (Smah’bk Z 7}2’“ (193)
N}lf(shaahvbk) =1 N sh’ah’bk)

NE(Eafbh) (A g )2 N (sh 0k bF) 7 on
S (Vi (s544)) _< AR el (8h+1)>2

Ny (sp;, a, by) Ny (sh;, aj, by)
Additionally, the quantity R defined in (193)) obeys

N’f( kw k;,7bkL) 7R’k " 2 " 2
(RZ)Q < néls} e (Vh+1 (SEH)) - (Vh*+1(5§+1))
N Nk(sh,ah,b’f)

N ,a , n 2 Ny (s ’a b " 2
Z h( shhap,br) (V;+1(SZ+1)) - <E7lh§h h )Vh+1(52+1)> < Ly + Lo,

b
I
—

with

Ry =

+
N;’f(SZaaiivb’;i) N}’f(sh,ah,bﬁ)
(194)
which arises from the fact that H > ngln > Vy,y = O0forall k" < K, and
Ny (sp,a 7b1 5 n * )
I — an mh ')QH(VhH (S;CH-I) - Vh+1(5h+1)) 195
1 — % k ) ( )
Nh (Shyah7b )
NF(sk,ak bk . no\\2 NFE(sF,af b 2
_ Znig ot O (Vh+1(52+1)) ZnQS; “ })Vh+1(5h+1)
Ly = k(ok ok pk - k & : (196)
Ny (sh, g, by) Nh(smah’bh)

Therefore, we have
—R,k"™ n 2 * n 2 n n " n
(Vi (SZH)) *(Vh,+1(5§+1)) (Vh+1 (Slﬁ+1) + Vh+1(5h+1)) (Vh+1 (5ﬁ+1) Vh+1(5]}§+1))

< 2H(V}L+1 (shi1) = Vit (s550))-
With (T94) in mind, we shall proceed to bound each term in (I94) separately.

e The first term L; can be straightforwardly bounded as follows

oH N,’f(sﬁ,aﬁ,bﬁ)
L= V'L(V' < 3) + Of(s}, ok, )
N}é(sz’aé’bf) < n=1
2OH
< 6H + O (sk, af, b), (197)

k(ok ok Dk
Ny (sp,, ap,, by)
where ®F (s ak bF) is defined as
r{Sp, ap; O
N,If(si,aﬁ,bf;)

Of(shoaf b)) = Y V’]l(V’>3) (198)

n=1

X —R,k™ n n
with V' = Vi (sin) — Vi (sh)-
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¢ When it comes to the second term Lo, we claim that

log? SABT
Ly SV e (Vi) + H2 | 2 199
2 arh,s’;,a’,;,b;;( h+1) N}]f(sha ak, bﬁ) (199)
which will be justified in Appendix [E.2.1]
Plugging (197)) and (199) into

[194)) and (193)) allows one to demonstrate that

—r —r,k
EK: 7/’11 (Sh’ah’bﬁ) (¢h (S}uah’bﬁ))

= NE(sk ak, bF)
K SAT
1 HO¥(sk, ak, bF) log
<> HA— ki bl he p\/ar Vi HH? g
- 1 N}]f(shaahabk) Nk( h,ahabk) s bk( hH)

NF(sk, af, bf)
\/W \/Varh sk ak, bk h+1) Hlogl/2 S“{# )
_ .

NE(sk ak, oF) NE(sk ak, oF) (]\f}f(,sfl,(z’g,b’fb))S/4

( NEGh a0

(200)
Combined with (192) and (179)), there is
K 1/H<I) (sh,ah,bk)
[200) < VHSABK +Y NEGE o B5)
k=1 J
Varh sk ak bk (Vh+1) SABT 14
- S + H(SAB)3/* <K log? ) (201)
kZ:l N}y (s, ay, by) 0

Step 3: putting together the preceding results. Finally, the above results in (I91) and (201)) taken
collectively with (I89) lead to

H PRILN T E
Dgg\/H3SABKlogSAB Z o SABTZ 0" (sh b, )0 sk, b b))
h=1 k=1

NFE(sk al, bF)

< \/H3SABK log SA(;BT + H?(SAB)*/*K/*log SAfT

/ Vary, g g5 e (VX / H K . JOF(sk af bk)
SABT hysk, kbk( h+1)+ Hlog SABT ZZ hoOh

2 Iz o
h M f Nh(sh,ah,b) Porit N sh,ah,b)

Furthermore, we claimed two inequalities as follows:

Vary, g gk b (Vi
Z e ( ZH \/H2SABTlog SABT | messaplog 2221 o)
— Nh(sh’ah’b 0 ’

H K 1/<I>k s ,ak,bk) ABT
ZZ# < B2 AB10g™? ZABT (203)
h=1k=1 ~'h Sh’ah’b ) 0

whose proofs are

postponed to Appendix [E.2.2]and Appendix [E.2.3] respectively. Thus, there is

ABT ABT ABT
Dgs\/H3SABKlogS(s + H*(SAB)**K'/*1og 55 2 SABT

+ H*SABlog

ABT
5\/ H3SABK log 5 + H*SABlog

, SABT
5

= \/ H2SABT log S Af T + H*SABlog? S{#.
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where the second line above is valid since

1/4
H*(SAB)**K'*1og®/* SA(SBT<H5/4(SAB)1/2 log S%SBT)(H:’SABK log SAfT)
< H*®SABlog’ %;BT + \/ H3SABK log 2221
= H*?SABlog %;BT + \/H2SABTlog SA(SBT

due to the Cauchy-Schwarz inequality. This concludes the proof of the advertised upper bound on
Ds.

E.2.1 PROOF OF THE INEQUALITY (199)

Akin to the proof of Wy ; in (125), let

1
Fflfﬂ = (Vh*+1)2 and Gii(s,a,b,N) == N
By observing and setting
1
||Fi]f+1||oo §H2 = C¥, Cy = N’
we can apply Lemma[7to yield
Rl
o2
o 3 (i) = Puogag (i
h p=1
N 2 SABT
1 * 2 IOg -
= WZ(P}L Phs' 7ah,b")(‘/}z-‘,-l) SHQ TI@S
h p=1

with probability at least 1 — d. Similarly, by applying the trivial bound ||V}, | ||« < H and Lemmal
we can obtain

Ny, Ni log SABT
LS P Vi | = | S (PP Vi <H 22 o
h+1 3h+1) hosk.ak bl Vhtll T | R ( b h,s’;,a’;,bg) 1| S NF
h n=1 h n=1 h

with probability at least 1 — 4.
Recalling from (T6) the definition
2
Vary, gk ak bk (Vi) = P ok ab bt (Vire1)? = (Ph sk,ak bk Vi) s

we can use the preceding two bounds and the triangle inequality to show that: with probability at
least 1 — 4, there is

Nh N}L 2

2 *

N}’f ZVh+1 5h+1 - (Nk ZVh+1 5h+1 ) - Varh,s’ﬁ,a’ﬁ,bﬁ(vh-&-l)
n=1

Nh Nh 2
* 2 * 2
N”“ E Vi 5h+1) —Py, o sk a ,b’;(Vh+1) - (Nk E Vi 5h+1)> 7(Ph,s’fb,aﬁ,b’fbvh+1)
h n=1 h p=1
Nf
1 N X , log? SA(SBT
E Virea (i) =P sk sk ak ,kah+1 E Virea (s )+Ph sk ak bk Vi HH NF
hn 1 h n=1 h

And thus, with the fact that ||Vh*Jrl ||Oo < H, we get

2 SABT
< H?

2
2 k"l
+1 +1 k‘ +1 +1 s¥.a -‘rl
Vh Sh — N Vh Sh —Varh k Ebk Vh
h n=1
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E.2.2 PROOF OF THE INEQUALITY (202)

To begin with, we make the observation that

* NK s,a,b
Z Var), sk ak (Vh+1) _ Z h(z ) Varh,s,a,b(vif+1)
k k -
N Sh’al'“b ) (s,a,b)eSXAXB n=1 K

S 2 Z \/N;{((S, a, b)Var}L7s,a,b(V}:+1)’
(s,a,b)ESX AXB

which relies on the fact that ZnN:1 1/4/n < 2v/N. It then follows that

*
\/Va"h,s;j,a;j,b;j (Vi)

N,’f(s’fb,a’fb,bﬁ)

M=

IN
Lo

>
i
I Mm EMN

S NG b Ve as(Viy)
1(s,a,b)eSxAXB

H H
Z > A Y NE(sa b Vanas (Vi)

1(s,a,b)eSxAxB h=1 (s,a,b)eSxAxB
H K
= 2VHSAB,| > > Var, o o4 (Vi ), (204)
h=1k=1

where the second inequality invokes the Cauchy-Schwarz inequality.

The rest of the proof is then dedicated to bounding (204). Towards this end, we first decompose

M=
M=

*
Varh,,s’ﬁ,a’;,b;‘; (Vh+1)

h=1k=1
H K H K
k
Z Zvarh sk ak bk Vh+1 Z Z ’V3rh sk ak bk (Viy1) — Varh,s’;,a’;,b’g(vhﬂﬂ)’
h=1k=1 h=1k=1
T H K
3 k
<HT + H?1 +3 3 ‘Varhéh,ah o (Vitiy) — Varh,sﬁyaﬁij(V,fH)‘, (205)
h=1k=1

where the last inequality follows from (Jin et al.,[2018b, Lemma C.5) for a formal proof. The second
term on the right-hand side of (203) can be bounded as follows

M=
ngle

‘Va"h sk ak bk (Vi) — Vary, gk gk ,b"(Vh+1)‘

>
Il
A

1M
1= 1>

2
’Ph,s’;;,a’;;,b;j(vff+1)2— (P}L,sg,a’;,b;ivff+1) =B sk ak b (Vh+1) + (Prsk b bk Vh+1) ‘

M=

{ ’Ph,s’,i,a’;,bﬁ ((Vh*+1 - Vhﬂ+k1) (Vh*+1 + Vhﬂjl))‘
1

+ ‘(Ph,sh,ah bk Vh+1) — (Pt ak bh Vh+1)2‘}'

>
I
—
b
I

(206)
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Before next proof, we first state that

’Ph,s';,al,;,b'; ((V{H — Vi) (Vi + Vhwjl))’
< ‘Ph,s,ﬁ,af;,b;: (Vs — Vhﬂjl)’ (HVh*HHoo + Vi) < 2H ‘Ph,sg,ag,bg (Vi = Vi)
‘(Ph sk,ak b¥ Vh—i—l) (Ph sy,ak by Vh+1>2

* 7\'k * ﬂ-k * 7Tk
S’Ph,s;g,a',;,bﬁ (Vi — Vh+1)’ : 'Ph.,s’;,a’,j,bﬁ (Vi + Vh+1)‘ <2H ‘Ph,s’;;,aﬁ,b’,; (Vi1 — Vh+1)‘ .

And thus, there is

.<4HZ Z ’Ph sk ab ok (Vigr — Vhﬂfl)‘

h=1k=1

) H K

< 4szph sk ak bk (Vh+1 Vh+1)
h=1k=1

Z Z {Vthl 5h+1 KZH(SQH) + (Ph,s,’j,aﬁ,bﬁ - P;]f) (Viﬂ Vthl)}

H K
< 4HZ Z Shi1 + Xig1)

h=1k=
(i) ABT ABT
< H2\/Tlog & s+ \/H7SABTlog 5 + H'SAB
AT
= ¢ H7SABT log 5 s H*SAB, (207)
where we define
—k
5Z+1 = Vh+1(31i§+1) - Kﬁ—kl(slliJrl)v X’ZH = (Ph,s’,j,a;g,b’,j - Pl]f) (Vh+1(3h+1) Vh+1)

(208)

We shall take a moment to explain how we derive @) The inequality (ii) is valid since V;,, ; <
V* <Vpprand Vo < V7™ < Viyyq;and (iii) results from the following two bounds:

H K
ZZ&M < Z <eH2SAB +1/H3Tlo 0g 45T | 1ch\/eHJSABTlo SABT)
=1

k=1 h=1
SABT
0

< \/H5SABT10g
H K
SABT
DD X S H\Tlog =——=—, (209b)
h=1k=1

where the first inequality in (209a) comes from with wy = 1 and C' < K, and (209b) comes
from the Azuma-Hoeffding inequality and a union bound.

+ H3SAB, (209a)
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As a consequence, substituting (203) and (207) into (204}, we reach

ZZ Va"hsk b(Vh*-H)
NE( sh,ah,bk)

h=1k=1

S \/HSAB\/HT—I— \/H7SABTlog SAéBT + H*SAB

( 1/4 i
< VH2SABT + HY4(SAB)3/* (T log > Af T) + H>5SAB

SAéBT 1/2 +H25SAB

— VH?SABT + (H2SABT log )1/4 (H3*SAB)

ABT ABT
S + H35SABlog S ,
é é
where we have applied the basic inequality 2ab < a® + b for any a,b > 0.

< \/HQSABTlog

E.2.3 PROOF OF THE INEQUALITY (203)

First, it is observed that

K (I)liz(sh’ ah’ bk) Nyt (s,a,b) q):”(sﬁvb)(s’ a,b)

Z N,’f(sﬁ,ah,b’fb) - Z Z / n

k=1 (s,a,b)ESXAXB  n=1

< > \/q>th(s’“’b)(s, a,b)log T < \/SAB 3 Q=) (5 4 b)log T

(s,a,b)ESXAXB (s,a,b)ESXAXB

(210)

Here, the first inequality holds by the monotonicity property of ®F (s, ap,) with respect to k (see

its definition in ) due to the same property of Vh +1’ while the second inequality comes from
Cauchy- Schwarz

. . 7R7k n n
To continue, with V' =V, (s, 1) — V¥, 1 (s) ), note that

Z_: > et (s a0 = ZH: i (v)a(vr>3)

(s,a,b)ESXAXB h=1 \ k=1

IN
T

K
—k —k
Z (Vh+1(slﬁ+1) +2- KZ+1(SZ+1))]1(Vh+1(SZ+1) +2- KZ+1(SI;L+1) > 3)

>
I
—

I
M=
11| 17 T

M=

>
Il
—

H K
—k —k
<VH Z Z3<Vh+1(5]ﬁ+1) - Kﬁ+1(52+1)) l(vh+1(5’;§+1) - Kﬁ+1(5’l§+1) > 1), (211)

>
I
—
ES
Il
—

where the first inequality follows from Lemmal 41 (cf. (2 ') and Lemmal 2| (so that Vl,jfl (sk 1) —
Vh+1(sh+1) < V§+1(82+1) +2 — V7, (sk, ). the penultimate inequality holds since 1 <

Vh+1(sh+1) Vh+1(sh+1) when 1 (Vh+1(sh+1) Vh+1(sh+1) ) # 0, and the last inequality
is a consequence of the Cauchy-Schwarz inequality.
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Combining the above relation with (I71)) and applying the triangle inequality, we can demonstrate
that

H

— ABT
Z Z @g’f(’ ’b)(s,a,b)g\/H7SABlogS 5
h=1\ (s,a,b)eSXAXB

where the inequality follows directly from (28] Substitution into (ZI0) gives

H K @) (sy,af, by) ABT ABT
3 Mg(\/SAB log T) : \/ H7SABIlog STXHWQSAB log®/? ST

k(ck ok pk
he1 h=1 Nj (sy,, ap,, by,)

thus concluding the proof.

E.3 BOUNDING THE TERM D3

First of all, there is

1 h—1 NS
Moo= 14+ =
=1+ 7)

n=NF(sk al bk)

- (sﬁ,aﬁ,bﬁ)

1\" 1\
nxg(sg,ag,bmé(HH) §(1+H) <e, (212)

where the first inequality in (212) follows from the property >3 _ 7Y <1+ 1/H in Lemmam and
the last inequality in (212) results from (I86). Then we could decompose the expression of Dy in

as follows
D3 :=D31+ D32 —D33—Dsy

with
H K Rk
Dsa = > M(Pr = Puararer) (Vi = Vi) (213)
h=1k=1
—R,k ki —R,k
D _ EI{: i )\k ZiSN}}f(SﬁaaEab;ﬁ) (Vh+1 (Sh+1) B Ph,s;i,a’fb,bﬁvh—&-l) (214)
3,2 = h
NEGH . )
H K
(P R,k
D33 = Z Z N (Py - Py o at ) (Vi = Vi) (215)
h=1k=1
R,k K R,k
D34 = i i Ak 2ienp b bb) ks (1) = Prostob it V1) 216)
4 = h ’
h=1k=1 NG sy, a, bf)

In the sequel, we shall control each of these two terms separately.

Step 1: upper bounding D5 ; and D3 3. We plan to control this term by means of Lemma@ For
notational simplicity, let us define

N(s,a,b,h) == NE~1(s,a,b)
and set
s 1 \h—1 N(shah bk
Ff o =V, — V&, and GP(sf,af) =\ = <1 + H) Z n%,’f(sﬁ,aﬁ,bﬁ)'
n=Nf(sF al bF)

Given the fact that Vs_fl (), V51 (s) € [0, H] and the condition Ii , it is readily seen that

[Fiall, SH=0Cr  and  |Gi(sh,a), b))| < e = Cy.
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Apply Lemma to yield, with probability at least 1 — §/2, there is

—R,k
|D3,1| - Z Ph s¥Lak, bk) (V}:-i-l - Vh—i—l)
H K K K
Sy|C2CeHSABY © > "Bypoy [PEFF, ] log — + CyCyHSABlog —
h=1k=1
< HQSABZZIEM [PEL - v )}mgTJrlrjﬂsm_tnogZ
N\ + h+1 5 5
h=1k=1
=.|H2SAB ZZP V Vi) tlo T—i—HZSABlo T (217)
-~ Lo L h,sk.ak, bk h+1 h41 g5 g 5

. —R,k
with Xy = A} (P = Py ot ot ) (Vg = Vida)-

It then comes down to controlling the sum Zthl Zszl Ph”gﬁ’aﬁ’bﬁ (V?_’H - +1)' Towards this
end, we first single out the following useful fact: with probability at least 1 — /4,

K H K
—R,k 1 —k *
ZP{f(VEH Vi) < D0 PE(Vi +2- Vi)
1k=1 h=1k=1
T & (if) SABT
K+> 3 (vh+1 k) V,;H(SQH)) < H? \/SABK log = +H?SAB+HEK,

h=1k=1
218)

M=

>
Il

where (i) holds according to (27)), and (ii) is valid since

H K H K
ZZ (Vh+1 5h+1 — Vit 5h+1 ) ZZ (Vh-',-l 8h+1 Kﬁﬂ(sﬁﬂ))

h=1k=1 =1k=1

>

SABT + H3SAB,

<m? \/ SABK log

where the first inequality follows since V}*, | > Kﬁ 11, and the second inequality comes from 209 .

Additionally, invoking Freedman’s inequality (see Lemma ab with ¢, = 1 and Wh VE f 1= Vil

(so that 0 < W (s) < H) directly leads to
/ 1 1/ 1
< THQIOgg—I—Hloggx H3Klog5

with probability at least 1 — §/4, which taken collectively with (218)) reveals that

H K
ZZ sp.akb (Vh+1 V,f+1)

H K Chk
Z Z (Pi’f - Ph,sﬁ,aﬁ,bi‘;) (Vh7+1 - fo+1)

h=1k=1

h=1k=1
H K H K Rk
Z Vh+1 Viie1) + Z (P — P, bk 2) (Vi = Vi)
h=1k=1 h=1k=1
ABT
<H? \/ SABK log 5 s+ H3SAB + HK (219)
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with probability at least 1 — §/2. Substitution into (217) then gives

H K
k ( pk TRk
D31 :‘ Z Z Ah (Ph - Ph,sﬁ,a,ﬁ,bﬁ) (Vi:+1 - Vthl)‘
h=1k=1

H2SAB Z Z Pyt ak b Vh+1

S
\ h=1k=1

<.|H2SAB <H3\/ SABK log

T T
Vi) log 5+ H?SABlog 5

SAf T + H3SAB + HK) log % + H?SAB]log %

According to the Cauchy-Schwarz inequality, there is
ABT ABT ABT
S \/H5SABI og 5 5 VHK < H°SABlog S

+ HK,

\/H6SABK log

and then we can further obtam

A
|Ds.1] x\/H2SAB (H5SAB log 2458

T T T
+ H3SAB + HK) log 5 H2SABlog 5

SABT

ABT
5\/ H3SABK log 5 s+ H35SABlog

SABT 220)

ABT
:\/ H2SABT log S s+ H35SABlog

Dss| < \/HQSABTlogSA% + H3°SABlog Sf{#_

Similarly,
. . - =R,k
Step 2: upper bounding D3> and D3 4. According to the monotonicity property V., >
—R,k+1 —=R,K . .
Vi +1+ > -+ > V11, we make the following observation:
—R,k* Kt —R,K
Z (Vh+1 (5h+1) Py, gk ,sk ak bk Vh+1)

NEk(k Lk pkY)
(sF,ak. b
h>=ho ) <Nk(s;“l,aﬁ,b;‘;)

an

AF —R.K R,K
Z " (Vhﬂ(slﬁﬂ) Vh+1(52+1) + (P - B, sk ak, b’“)Vthl)

n= h(sfli’ah’ 9]

And with the facts that Z Ny EZZZ:bZ; 711 <logT and Aﬁ < e (cf. ), there is

—R,K
D32 GIOgT ZZ Vh+1 524.1 Vh+1 (Sﬁ—&-l))

NE-
Ny, (ghvahvbh)

I
i Mm

h=1k=1
H K N}If 1( Shy hvbi) )\k
+ZZ Z 7(Ph Phs,,ak bk)Vh+1
h=1k=1 n=Nk(sk ak bk)
H K Ny ~'(sh.ap.bp) \b ek
2.2 (P = Poshabo) (Vad = Vi) @20
h=1k=1 n=Nk(sk ak bk)

In what follows, we shall control the three terms in (221]) separately.
* The first term in @ can be controlled by Lemmafd] (cf. (28)) as follows:

SA
ZZ Vit (shi1) BT (222)

h=1k=1
with probability at least 1 — §/3.

—R,K
—Viia(sis)) S HOSABlog
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* To control the second term in (221), we abuse the notation by setting
N(s,a,b,h) = N,f(_l(s, a,b)
and
N(sf,ak bF h) \k
B =V, and  GF(s),ak, b)) = Z ?h’
n=NJ(sF,a¥ bk)
which clearly satisfy
N(sap,,by,h)
||F,f+1||Oo <H=2C_C; and }Gﬁ(sﬁ,aﬁ,b’,ﬁ)‘ <e
=Nt (s} bh)

Kl(s ah7b§,)l < locT d)\k<
n=NF(sk ak,bg)g = log an RS €

(cf. 212)). With these in place, applying Lemma@reveals that, with probability at least
1-4/3,

<elogT = C;.

S|

Here, we have made use of the properties »_ "

- 4 : 1k
Nh, (‘;}L7ah7bh)

H K \k
ZZ Z %(P = Byt ,SFLaf bl Vh+1 =

Ln=Nf (s} af;,by)

H K
D> X

h=1k=1

N

2 T T
cszABhZI;EM ([P = Pasg o)W ]logg—kCngHSABlogg

)

H K T T
D> Var, g ar o (Viyy) - HSABlog? S+ H?SABlog? 5
h=1k=1

_ N;L “H(sh.an.by) >\h k * :
where X, = " NE(oh b ) T (P} Ph7.9,;7a§7bﬁ)vh+1 and the last line comes from

the definition in (T6). Therefore, we have

H K NE7Nsk.afb)

2k
Z Z Z %(Pf,f - Ph,sh,ah ,L)Vh+1

h=1k=1 n:N;’f(sﬁ,a’fL,bﬁ)

<\[HSAB(HT + VETSABT + #454B) og? S22

+ H2SABlog® %

g\/HSAB(HT+HGSAB+H4SAB) 10g4 SA(SBT

+ H?SAB]log® %

ABT ABT
* ST + H*®SABlog? 5 T
where the second line holds due to (203) and (207)), and the last line is valid since

HT 4+ VH'SABT = HT + VHSSAB - VHT < HT + H%SAB
due to the Cauchy-Schwarz inequality.

5\/ H2SABT log (223)

* Turning attention the third term of (221)), we need to properly cope with the dependency

between Pk and Vh +1 Towards this, we shall resort to the standard epsilon-net argument
(see, e.g., (Tao 2012)), which will be presented in Appendix [E-3.1] The final bound reads
like

K—1,.k k 1k
Ny (sp-anby)

T & Ak —R.K
Z Z Z #(Pilf - Ph,sh,ah b") (Vh7+1 - Vhf+1)

h=1k=1n=N}(sk,ak bF)

SABT
o

. SABT

< H3®SABlog? 5

+ \/ H3SABK log (224)
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* Combining (222)), (223), and (224) with (221)), we can use the union bound to demonstrate
that

ABT ABT
Dwg@%H%Mﬂﬁs ¢W&wﬂ‘ﬁ5 } (225)

with probability at least 1 — §, where C3 3 > 0 is some constant.

Similarly, D3 4 < C34 HﬁsABkg3&¥”¥+VGPSABTkg4&¥”}\mmpmmmmwauam

1 — 9, where C3 4 > 0 is some constant.

Step 3: final bound of Ds. Putting the above results (220) and (225) together, we immediately
arrive at

+ \/HQSABTlog

D3 < ’D3,1‘+’D3,2+|D373|+D374 < Cr,?,{HGSAB 10g3 SA(SBT

. SABT
5
(226)

with probability at least 1 — 29, where C' 3 > 0 is some constant. This immediately concludes the
proof.

E.3.1 PROOF OF (224))
Step 1: concentration bounds for a fixed group of vectors. Consider a fixed group of vectors
{vid,; € RS | 1 < h < H} obeying the following properties:

Vi<V <H for1 < h < H. (227)
We intend to control the following sum

K—1/.k k 1k
H K Ny (sh.ap.bp)

/\k
> > gh(P;’f = Pk at b)) (Ve = Vira)-

h=1k=1 n:N};’ (5270,271;}72)

To do so, we shall resort to Lemma For the moment, let us take N (s, a, h) := N (s, a,b) and

N(Sﬁ*a£7b£>h)

)\k
k. d h
Fiz+1 = ‘/h-‘rl - va:—i—h and Gh(sh’ ah) T Z Z
n=NE o} 1)
It is easy to see that
N(Slzvaﬁvbz*h) 1
k(k K ) k )
’Gh(sh,ah)’ <e Z — <elogT = C, and | Fpiillee < H = C,
n= Nh(ah,ahb )

3

: Nh, (Shnal}j’bﬁ) 1 k
which hold due to the facts anN’«(ek N < logT and A\
T YR \"h"RY R

< e (cf. |I as well as the
property that Vi3, (s),V;¥, | (s) € [0, H]. Thus, invoking Lemmayields

H K NE7'(sEaf.bf)

Ak i
SN (B Buga) (G Vi) | =

h=1k=1 n:N}f(s U’h 7bh)

5 KHSAB KHSAB
S CthzlzlElh 1 h+1]10gT+CnglogT
A K ) KHSAB JHSAB
So|H Z Z Ph,sf kbl Vh+1 Vi:+1) (log™T) log do + H(log T) log do
h=1i=1

(228)

with probability at least 1 — §y, where the choice of Jy will be revealed momentarily.
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Step 2: constructing and controlling an epsilon net. Our argument in Step 1 is only applicable to
a fixed group of vectors. The next step is then to construct an epsilon net that allows one to cover the
set of interest. Specifically, let us construct an epsilon net N1 o (the value of o will be specified
shortly) for each h € [H| such that:

a) Forany V,11 € [0, H]®, one can find a point V¢ € Nj41, obeying

0< Viga(s) = Vi¥i(s) <a foralls € S;

b) Its cardinality obeys

NMit1,a] < (g)s (229)

Clearly, this also means that

H\SH
‘Nz,a X /\/‘3’a X oo X NH+1,a| S (g) .
1 H SH . . . . . g
Set 5o = 50/ (E) . Taking 1i together the union bound implies that: with probability at least
H\SH
1—60(&£)”" =1-6/6, one has

K Nj 7H(sharby)

u Ak
Z > > . (P = Pt b op) (VA5 = Vi)

h=1k=1n= ;,C( (lh, )
H K ) KHSAB KHSAB
< ZZ sk bl (Vpet —Vix 1) (log™T) logT + H(logT) logT
h=1 i=1
AT ABT
< (| H2SAB ZZPh st ot (Ve = Vir ) (log? T) log SAT | H25AB10g? 2 S
h=11i=1

(230)

simultaneously for all {V;*¢} | 1 < h < H} obeying Vi, | € Nyy1.q (h € [H)).

Step 3: obtaining uniform bounds. We are now positioned to establish a uniform bound over the
entire set of interest. Consider an arbitrary group of vectors {V;!, | € R | 1 < h < H} obeying

(227). By construction, one can find a group of points {V ENntia | he] ]} such that
0< Vi (s) = Vithi(s) < forall (h,s) €S x [H]. (231)
It is readily seen that

K—1
N, (s hv”hvbh)

DS

k=1n= Nk( ;“L,ah bk)

A
(P = Paspapop) (Vids = VA1)

K NETI(sh,ak o)

)\k
Z ) (HPh||1+ [

k=1 n= le(slﬂafz’bh)
<2eKalogT, (232)

DIV = vt

58



Published as a conference paper at ICLR 2024

where the last inequality follows from Z N 1\_11 ((SZZ" b?; 711 <logT and A < e (cf. ). Conse-

quently, by taking « = 1/(SABT), we can deduce that

NKil(sk,ak,bk)
h h'%hYh Aﬁ i N .
> (P = Pusgap o) (Vi = Vi)

n:N,’f(s ,a,’i,b;ﬁ)
1

NE

k

h
NE=Y(sk ok bk
" S )\ﬁ(Pk—P )(Vnet_V* )
—\th h,s¥,ak bk h+1 h+1

M= T
M> TM>

>

1

b
Il

3

1 n:N,’f(s,’i,a,’i,b;‘i)

K—1 k ok
Ny, (shvahvbh,)

H K )\k}
Z Z Z ;h (P Ph sh,ah,bk ) (th+1 Vf?itl)

h=1 |k=1 n:N}’f(sﬁ,aﬁ)bt)

_|_

H K Nfil(s;i,a;i,bh) )\k
s Y “(PY = Pt a o) (Vish = Vit )|+ HEalog T
h=1k=1n=Np (s} a} bf)
SABT
< H2SABZZPh sttt (VR = Vi) (log T) log 5o
h=1 1i=1
SABT
+ H?SAB]log® 5 + HKalogT
(6%
T E SABT SABT
u 2 2
=\[H2SABY > Py e or (Vi — Vi) (log® T) log 5 +H%SABlog —
h=1i=1
(233)

where the last line holds due to the condition (231)and our choice of c.. To summarize, with probability
exceeding 1 — 0/6, the property (233) holds simultaneously for all {V}*, | € RY|1<h<HY}

obeying (227).

Step 4: controlling the original term of interest. ~ With the above union bound in hand, we are
ready to control the original term of interest

KNy T (shagby)
ZZ 2 %( PE = Proag ) (Vs = Vire)- 234)

h=1k=1n=N}(sk,ak bk)
To begin with, it can be easily verified using (26) that
. —R,K
Vi <V <H  foralll <h < H. (235)

Moreover, we make the observation that

H K o H K
*
ZZP}L sk a¥ bk Vh+1 Vi) S ZE P sk ak ok Vh+1 Vi)
h=1 k=1 h=1 k=1

SABT
]

(ii)
< \/ HSSABK log + H¥SAB+ HK  (236)

with probability exceeding 1 — 6/6, where (i) holds because 75 1 is monotonically non-increasing
(in view of the monotonicity of V() in and the update rule in line 17 of Algorithm , and (ii)
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follows from (219). Substitution into (233) yields

H K N7 '(shapby)

Ak _R
Z Z Z fh (Py - Phy sk kbt (stf — Vi)

h=1k=1 n:N}f(st’,a’}fL’,bE’)

H K
— SABT SABT
S\ H2SABY S Pyr ot (Vﬁfﬁ - Vh*ﬂ) (log” T) log =—— + H>SABlog” >
h=1 i=1
SABT SABT
< .| H2SAB {\/ HS$SABK log + H3SAB + HK} (log®T) log 5
ABT
+ H?SABlog® 5 5
According to the fact that
\/ HSSABK log 5 Af T_ \/ H5SAB log SABT VHK < H°SABlog SABT + HK,
we have
H K Ni7l(spalbp) \b ek
D00 > EE - Pugare) Vain — Vi)
h=1k=1 n:N,’f(sbaﬁ,bﬁ)
SABT SABT SABT
< \/ H2SAB {H5SAB log + H3SAB + HK} log® 5+ H?SAB]log? —
SABT SABT
< H*5SABlog? ——+ \/ H3SABK log® — (237)

F MULTIPLAYER GENERAL-SUM MARKOV GAMES

In this section, we extend ME-Nash-QL to the setting of multiplayer general-sum Markov games and
present the corresponding theoretical guarantees.

F.1 PROBLEM FORMULATION

A general-sum Markov game (general-sum MG) is a tuple M (S, {A;}7, H, {P,}}_, {ri};)
with m players, where S denotes the state space and H is the horizon length. We have m different
action spaces, where A; is the action space for the i player and | A4;| = A;. Welet A = A; x---xA,,
denote the joint action space, and let a := (a1, - ,a,,) € A denote the (tuple of) joint actions by all
m players. { Py }1,c[m) is a collection of transition matrices, so that P, (-|s, a) gives the distribution
of the next state if actions a are taken at state s at step h, and r; = {74,i}ne[m) is a collection of
reward functions for the i player, so that r, ;(s, a) gives the reward received by the i™ player if
actions a are taken at state s at step h.

The policy of the i player is denoted as m; := {ﬂ'h’i 1S = Ay, } helH]" We denote the product

policy of all players as 7 := m; X --- x 7y, and denote the policy of all players except the i player

as m_;. We define V", (s) as the expected cumulative reward that will be received by the i player if

starting at state s at step / and all players follow policy 7. For any strategy 7_;, there also exists a best

response of the i™ player, which is a policy u'(7_;) satisfying V}f; (m—i)im—s (5) = sup,, V}:;’L" (s)
, Fr o i

for any (s, h) € S x [H]. For convenience, we denote VhTZr = V}f’i( 7~i The Q-functions of

the best response can be defined similarly.

In general, there are three versions of equilibrium for general-sum MGs: Nash equilibrium (NE),
correlated equilibrium (CE), and coarse correlated equilibrium (CCE), all being standard solution
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notions in games (Nisan et al.,2007). These three notions coincide in two-player zero-sum games,
but are not equivalent to each other in multi-player general-sum games; any one of them could be
desired depending on the application at hand. In this section, we first consider CCE and then extend
to NE and CE in the final of Section[E2]

The CCE is a relaxed version of Nash equilibrium in which we consider general correlated policies
instead of product policies.

Definition 4 (CCE in general-sum MGs) A (correlated) policy m := {mp(s) € A4 : (h,s) €
[H] x 8} is a CCE if maxep Vi~ (s) < ViT,(s) for all (s,h) € S x [H].

Compared with a Nash equilibrium, a CCE is not necessarily a product policy, that is, we may not
have 7,(s) € A, X -+ X A4, . Similarly, we also define e-approximate CCE and CCE-regret as
below.

Definition 5 (c-approximate CCE in general-sum MGs) A policy 7 := {m;(s) € A4 : (h,s) €
[H] x S} is an e-approximate CCE if &+ >" 1| max;c(n) (Vlt’f’i —Vi)(sh) <e

Algorithm 4: Multi-player Memory-Efficient Nash Q-Learning (Multi-ME-Nash-QL)

Parameter: some universal constant cb > 0 and probability of failure § € (0,1)

Initialize: Q) ;(s,a), Q})T%(s, a), Q,”(s a), < H;Q, .(s,a), Q' (s,a), QrSB(s,a)« 0;
— —R ’ —T ' r —T
Vii(8), Vii(s)e= Hi V 5(5), Vil i(s) 6 0 Nu(s, @) ¢ 0: 6y, 5(5, @), 9, (s,). ¥y (s, @),

r a . 7R
yh’i(s’ a)’ ¢h77;(8’ a)’ Qh,i(s? a’)’ wh,i(sa a’)’ yhﬂ‘(‘% a)’ (10571'(57 a)’ 251(37 a)’ Bh)i(sa a)?
Esyi(s,a) + 0; and u, ;(s) = Trueforall (s,a,h) € S x A x [H].

for Episode k =1,..., K do
Set initial state 51 + s¥.
for Step h=1,...,H do
Take action ay, ~ 7, (+|sp), and draw sp11 ~ Py (- | sp,an).
Ni(sn,an) < Ni(sn,an) +1: n < Nu(sn,an); 1 < g1y
for playeri =1,2,--- ,mdo
[ E,?Ba %SB} (Sh,an) < update-q ().
aiz(sh, ay) < update-ur ().
Sh,ap) < update-Ir ().

(
h,z(shv a) < min {Qh i(sn,an),
(

Q BB (snyan), Qpi(sh, an)}.
Qhﬂ Shy@Qn) 4 max{Q (Sh’ah) IESB(Sh,Gh)th (sn,an)}.
1f§h (sh,ap) = min {Qh J(sn,an), UCB(sh, ap)} and

Q,, ;(8n, an) = max {Q}} (sn,an), %SB(shaah)} then
L T (:|sn) < CCE(Qy, 1(Sh, D @y (80,0))
Vi,i(sn) < min{(D TFth,i)(Sh)vvh,i(Sh)};
Vy,i(sn) < max{(Dr, Q, )(sn), Vi ;(sn)}-
if Vi i(sn) =V, ;(sn) > 1 then
| Vialon) & Vialon): Vi i(sn) Vi i(sn).
else if u, ;(sp) = True then
L Vﬁi(sh) — Vhilsn);  Vi(sn) « Vi5i(sn);  uri(sn) = False.

Output: {7} .
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Definition 6 (CCE-regret in general-sum MGs) Let policy ©* denote the (correlated) policy de-
ployed by the algorithm in the k™ episode. After a total of K episodes, the regret is defined as

K

Regret(K) = 3 max (V™ = V) (s5) (238)
i€[m ’ ’
k=1

In addition, for general-sum MGs, we have {NE} C {CE} C {CCE}, so that they form a nested set
of notions of equilibria (Nisan et al., 2007). Finally, since a Nash equilibrium always exists, so a CE
and CCE equilibrium always exist.

Algorithm 5: Auxiliary functions of Multi-ME-Nash-QL

Function update—q({ UCB,Q{;QB} (shyan), [Vieti Vi) (sh+1)):
UC (Shva'h)<_

STI™, As
(1 1) QRS (sh, an)+1n (Thz ($hyan)+Viy1i (Sha1) +Cb\/ H?3log W);
LOB (

3h7ah)<_

ST, AT
(1 - nn) LCB (3h> ah)"'nn <Tib i (Sha ah)+vh+1 i (5h+1) \/%H3 log I_Lél) :

. —r —r —a —a =R —=R —R =
Function update-ur ( {(bh,i; ¢h,ia ¢2,i7 1/12,@‘7 B}m‘a Qh,i] (sn,an), [Vthl,i’ Vh+1,ij| (Sh+1)>:
—r -R
[Qth (sn,an), bh,,i:| —
—r —r —a —a =R —R —
update-q-bonus ( [¢}L,iv Uhis Phis Chis Bh,i] (Sh,an), {Vh“,m Vh+1,1} (Sh+1)) ;
_R _R
Qpi (Snyan) < (1 =m,) Qy; (Sh,an) +
— —R - R
Nn (Th,z‘ (shyan) + Vs (Sh1) = Vigri (She1) + G (5n, an) + b;m)~

Function
update—lr([Qzﬁivyz,i’?;ivﬂzyiyEE@QSJ (sh,ap), [K5+1,i7zh+1,i} (Sh+1)>:
(6}, (snan) 3]
update-g-bonus ([Gﬁfm Yoo (bziﬂﬁ:i,ﬁﬁi} (snyan) s [Vies o Vi) (Sh+1)>;
Ql}j,i (sn-@n) < (1=n.) QY. (sn,an) +
T (rh’i (50, @n) + Vi, (Sh+1) Vit (sn1) + b,.; (sn,an) — blfj@).
Function
update—q—bonusq%m?pzl, a z,wﬂl,B}jl} (sn,an), {Vhfim’v’hﬂ’i} (5h+1)):
hi (Shyan (1-1) ¢hz(5;,,ah)+ LyR | (She);
(1= 5) Wi (snyan) + (Vh—i-l i (5h+1)>2;
(1= 1) @R (5o @n) + 1 (Vhﬂ’i (sn1) = Vil (5h+1));
( )

)
2
Vh i (Sh,an L—nn) ¥y (shsan) + nn (Vh+1z($h+1) Vh+1z(5h+1)) ;

temp s[‘[;" 4 A;T
B}” sh,ah < Cp whz sh,ah (gzﬁ,”(sh,ah)) +
22 SIlE, AT -1 AT
——— 2 ——VH\[¢Y} (sh,an) (¢hz (Shaah)> ;

4,0,” Sh,ap) Btemp (sh,ap) — BR (sn,an);
B, (sn.an) B;tflr-np (8n,a@n);

wh 7 Sh, Qp,

) <
( ) <
(sh,ah) <
( )

R 2, 2 STliYq AT
R R en.i(sh,an) H* log 2
| bh,i — Bh,i (5h7ah) + (1 - 7771> T + ¢b n3/4 2
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F.2 MULTI-ME-NASH-QL

Here we present the Multi-ME-Nash-QL algorithm in Algorithm 4] which is an extension of Algo-
rithm [T] for multi-player general-sum Markov games.

Remarkably, the CCE operation in line 15 in Algorithm [ could be replaced by NE or CE operation
which finds the NE or CE for one-step games. When using NE operation, the worst-case computational
complexity will be PPAD-hard. When using CE or CCE, it can be solved in polynomial time using
linear programming. However, the policies found are not guaranteed to be a product policy. We
remark that in Algorithm [l| we used the CCE subroutine for finding Nash in two-player zero-sum
games, which seemingly contrasts the principle of using the NE subroutine for finding the Nash
equilibrium, but nevertheless works as the Nash equilibrium and CCE are equivalent in zero-sum
games.

F.3 ANALYSIS OF MULTI-ME-NASH-QL

In this section, we prove Theorem 3] Similar to Lemma 2]in Appendix we can obtain the
properties of the Q-estimate and V-estimate, as asserted by the following lemma.

Lemma 10 Consider any § € (0, 1). Suppose that ¢, > 0 is some sufficiently large constant. Then
with probability at least 1 — 6,

Ol 02 Qrilsia) 2 Q) (s.0). Viils) 2 v,JH ). (239)
Qrf(s.a)< Q) (s,0) SQTi(s,a), VEi(s) < Vi (s) (240)
hold simultaneously for all (s,a,h) € S x A x [H].

Step 1: regret decomposition. Firstly, we can apply Lemma[I0]to reformulate (238)) as

Regret(K) = imiax (Vl]:;ﬂki - fo) (Slf) < imiax (V]Iz - K]fz) (Slf) : (241)
k=1 k=1
According to lines 13-14 in Algorithm[4] we obtain
@}}i’f(s,a) > @:’i(s,a), Qlljy’_k(&a) < Qk _(s,a), (242)
VPR (s, a) > Qpu(sia), QESPH(s,a) < QF (5 a). (243)

Based on this relation, we notice the following propagation by lines 18-21 in Algorithm ] and update
rules in Algorithm [5| with cULCB \/ % H3log SH?%#:

(@hl —QZJ (s,a) < ( g’?B,k . Ii;,ci&k) (s.a).
( g,(i?B,lc _ I};(ZJ‘B’C) (s,a) =(1—1np) ( E,?B’k _ %SBk> (5.a)
T ((V:—H i K];LH i) (5§+1) + QCULCB)

(Vhi-vh) ) = [P (@i - 28 )]

We can define V(s), ViF(s), Qi(s,a), Qk(s,a), Qy°®F(s,a) and Q;°®" recursively by
Vk, 1 (s)=0and Vi (s) = 0, and there is

(@F = @F) (s.a) = (@™ = Q") (s, ).
(AECB,M—I _ VI}:CB,k+1) (s,a) =(1 — 1) ( UCB.k _ IﬁCB,k) (s, a)
+n ((th+1 - Vfﬁrl) (shy1) +2 ULCB) ,

(V= V) () = [P, (@ - @%)] (9)

(244)

(245)
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Similarly, we also have the following definitions.

Jktl (s ) = (1 - 711) bk (s,a) + thfi]f (s),
vl;zk+1 (87(1) _ (1 . 111) qu’k (87(1) + 1 Vhfz_lf (S) s
A LY oy Y ’
h,k+l (S, a) _ <1 o n) whk (S’a) + E (V&? (5)) )
Yr 1 7r 1 / 2
h,k+1 (S, a) — (1 _ n) ¢h7k (5,0,) + E (V]EFJ]C_ (S)> )
B (sa) = (L= m) 33 (s,0) (Vi (5) = T4 (9))
Qg;?k-i_l (S, a) _ (1 _ T)n) ¢Zk (S,a) + M (Vhﬁ_l (S) Vhlil’; (5)) )
) A ) . 2
Z,k—‘rl (S,a) — (1 o nn) wz,k (5 a) 4 Mn ( hk+1 (5) - Vh%,i]]c. (5)) ’
] ) . 2
Z,kJrl (S,a) — (1 — nn) ’L[)Z’ (S a) + Nn ( hk 1 (S) V‘}i? (S)) ’

10g2 STI7,

m AT
=Y T

<\/ B (s.a) — (6 (s.a
_i_\ﬁ(\/wa k+1 ,a) — (Az,k-'rl

E;Lemp,k—i-l (S, a) =cp

et (s,0) = B (s,0) - B (s, a);
B (s,0) = B (s, a);
~R,k+1 21,2 STl AT

] . s s,a H 10 ZAli=1 77

gl::’k—i_l = B}P}JH_I (s,a) + (1 —n,) 2 (s.0) + 20 g713/4 2 J
n

SR, k+1 AR,k
Qp " (s,a) = (1= 1) Q" (s, @)

Jrk+1
h

TR,k 5 5 SRE 1rRE S k1
+ M (b +1 (th+1 — V,fﬁrl) (s) — (Vh+1 — Vh+1) (s) + ( A +1_ ) (s,a)) ,
(246)
where V}? * and VhR’k are associated with V}*(s) and V}*(s) and updated similar to lines 18-21 in

Algorithm 4] Then we can prove inductively that for any k, h, s and a,

max(Vi s = V3)(s) < Vi (s) = Vik(s). (247)
Therefore, we only need to bound 1, (Vlk(s) - Vf(s)), that is,
K . K
Regret(K) < Zmlax (Vl,i - K]L) (s’f) < Z (Vlk(g]f) - Vlk(s’f)) ) (248)
k=1 k=1

To continue, we intend to examine (Vh Vh> (s¥) across all time steps 1 < h < H, which admits
the following decomposition:

th(S@ — Vi(sp) < Eamr," (QZ — Q1) (sh,a) = Qi(sy, ap) — Qi (sh, ap) + i
< Q" (sh,ak) + GF, (249)
where
(= Bount (QF — QF)(sh, @) — (QF — Q) (s, af). (250)
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Summing (248) and (249) over 1 < k < K, we reach at

Regret(K) < Z Q sl,al + Z Cf. (251)

Step 2: managing regret by recursion. The regret can be further manipulated by leveraging
the update rule of Q and Qh which is similar to that of Q hi " and QR ¥ This leads to a key

decomposmon as summarized as follows. The proof of Lemma|IT]is similar to that of Lemma 5] and
is omitted here.

Lemma 11 Fix ¢ € (0,1). Suppose that cy, > 0 is a sufficiently large constant. Then with probability
at least 1 — 0, one has

K
Z VE(st) = VIF(sk) < Hy + Ho + M, (252)
k=1

where

H h—1 m m m K
= ! 374 14 g2y O Llimg AT &
H1—2(1+H) <2HSHAi+160b(sHAi) KY4H IngJFZCh 7
=t =t =1 k=1
(253a)
H 1\ (K
SR.E
Ho = }; 1+ H) (1; By (sﬁ,a@) , (253b)

Mo =SSN (P = By ) (VIS - V)

NE(sk.af) (oRE [ 1 ~RE
H K )\kZi:1 (Vh+1 (3h+1) Ph,s,’j,aﬁvhﬂ)
+§ E h NE (S ak)
k=1 h h>

h

NE(sp.ar) (RE [ g - Rk
Di—1 (Vh+1 (5h+1) - Ph,s,’g,a,’j Vh+1)

H K
_ )\’; — (253c¢)
22 NF (55 af)
with
)\k‘ 1 1 h=1 N}Il(_l(szﬂf}}iﬁﬁ) N 254
- + E ZN:N}’f(sﬁ,aﬁ,b’fL) T]N}If(sﬁ’ah’b ) ( )

Step 3: controlling the terms in Step 2 separately. Each of the terms in Step 2 can be well
controlled. To derive the above bounds, the main strategy is to apply the Bernstein-type concentration
inequalities carefully, and to upper bound the sum of variance. We provide the bounds for these terms
as Lemma 12} The proof is similar to that of Lemma[6]and is omitted here.

Lemma 12 With any § € (0, 1), the following upper bounds hold with probability at least 1 — §:

My S\ |H2S ] AiTlog Sl AT Hi:él AT, H*®ST] Ailog? Sl AT Hi:(; AT ass)
i=1 i=1
o ST, AT = STIZ, AT
< 2 ) 2 lli=1 4" 4 ; 2 2P li=1 77"
Ho < (| H SEAZTlog > +H SZI;[IALlog > , (256)
m A T m AzT
My S (| H>S [ AiTlog H+ +HGSHA lo 3%. (257)
=1 i=1
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Step 4: putting all this together. We now establish our main result. Taking the bounds in Step 3
together with Step 2, we see that with probability at least 1 — § and a constant Cy > 0, one has

Regret(K) < Hy + Ho + Hs

<Co | (| H2S[[ATI0g* ST AiT/6 + HOS ] Ailog® ST AiT/5 | . (258)

i=1 i=1 i=1 i=1

Theorem (3| is proved under sample complexity with ¢ average regret (i.e., % Regret(K) < e).

Notably, the sample complexity is proportional to [];~, A;, which increases exponentially as the
number of players increases.
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