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Abstract

This work studies the behavior of shallow ReLU networks trained with the logistic
loss via gradient descent on binary classification data where the underlying data
distribution is general, and the (optimal) Bayes risk is not necessarily zero. In this
setting, it is shown that gradient descent with early stopping achieves population
risk arbitrarily close to optimal in terms of not just logistic and misclassification
losses, but also in terms of calibration, meaning the sigmoid mapping of its outputs
approximates the true underlying conditional distribution arbitrarily finely. More-
over, the necessary iteration, sample, and architectural complexities of this analysis
all scale naturally with a certain complexity measure of the true conditional model.
Lastly, while it is not shown that early stopping is necessary, it is shown that any
univariate classifier satisfying a local interpolation property is inconsistent.

1 Overview and main result

Deep networks trained with gradient descent seem to have no trouble adapting to arbitrary prediction
problems, and are steadily displacing stalwart methods across many domains. In this work, we
provide a mathematical basis for this good performance on arbitrary binary classification problems,
considering the simplest possible networks: shallow ReL.U networks where only the inner (input-
facing) weights are trained via vanilla gradient descent with a constant step size. The central
contributions are as follows.

1. Fully general classification tasks. The joint distribution generating the (x, y) pairs only requires
x to be bounded, and is otherwise arbitrary. In particular, the underlying distribution may be
noisy, meaning the true conditional model of the labels, Pr[Y = 1|X = z], is arbitrary.

In this setting, we show that as data, width, and training time increase, the logistic loss measured
over the population converges to optimality over all measurable functions, which moreover
implies that the induced conditional model (defined by a sigmoid mapping) converges to the true
model, and the population misclassification rate also converges to optimality. This is in contrast
with prior analyses of gradient descent, which either only consider the training risk [|Allen-Zhu
et al.,[2018b} Du et al.,[2019} Zou et al.|[2018], |(Oymak and Soltanolkotabi, 2019, [Song and Yang|
2019], or can only handle restricted conditional models [Allen-Zhu et al., 2018al |Arora et al.,
2019, [Cao and Gul 2019} Nitanda and Suzuki, |2019, J1 and Telgarskyl, [2020b, |Chen et al.| 2021].

2. Adaptivity to data simplicity. The required number of data samples, network nodes, and
gradient descent iterations all shrink if the distribution satisfies a natural notion of simplicity:
the true conditional model Pr[Y = 1|X = z] is approximated well by a low-complexity
infinite-width random feature model.

Rounding out the story and contributions, firstly we present a brief toy univariate model hinting
towards the necessity of early stopping: concretely, any univariate predictor satisfying a local
interpolation property can not achieve optimal test error for noisy distributions. Secondly, our
analysis is backed by a number of lemmas that could be useful elsewhere; amongst these are a
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multiplicative error property of the logistic loss, and separately a technique to control the effects of
large network width over not just a finite sample, but over the entire sphere.

1.1 Main result: optimal test error via gradient descent

The goal in this work is to minimize the logistic risk over the population: letting x denote an arbitrary
Borel measure over (z,y) pairs with compactly-supported marginal i, and conditional p,, with
a data sample ((z;, ;). and a function f, define the logistic loss, empirical logistic risk, and
logistic risk respectively as

n
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We use the logistic loss not only due to its practical prevalence, but also due to an interesting
multiplicative error property which strengthens our main results (cf. Lemma[B.T|and Theorem ),
all while being Lipschitz.

We seek to make the risk R(f) as small as possible: formally, we compare against the Bayes risk
R = inf {R(f) : measurable f:R% — R} .

While competing with R may seem a strenuous goal, in fact it simplifies many aspects of the learning
task. Firstly, due to the universal approximation properties of neural networks [Funahashil 1989,
Hornik et al.| {1989, |(Cybenkol 1989, |Barronl [1993]], we are effectively working over the space of all
measurable functions already. Secondly, as will be highlighted in the main result below, via the theory
of classification calibration [Zhang} 2004, Bartlett et al., 2006[, competing with the Bayes (convex)
risk also recovers the true conditional model, and minimizes the misclassification loss; this stands
in contrast with the ostensibly more modest goal of minimizing misclassification over a restricted
class of predictors, namely the agnostic learning setting, which suffers a variety of computational
and statistical obstructions [Goel et al., [2020albl |Yehudai and Shamir, 2020\ [Frei et al., 2020].

Our predictors are shallow ReLLU networks, trained via gradient descent — the simplest architecture
which is not convex in its parameters, but satisfies universal approximation. In detail, letting (a;)}L,

be uniformly random +1 signs, (w;)72; with w; € R be standard Gaussians, and p > 0 be a
temperature, we predict on an input z € R? with

flx;p,a, W) = f(z; W) := % E:ajor(w;:E)7
j=1

where o;(z) := max{0, z} is the ReLU; since only W is trained, both p and a are often dropped. To
train, we perform gradient descent with a constant step size on the empirical risk:

Wiyt = Wi — nVR(W;), where R(W) := R (= flz;W)).

Our guarantees are for an iterate with small empirical risk and small norm: W<, := arg min{R(W;) :
i <t ||W; — Wo|| < Rea}, where Ryq is our early stopping radius: if Ryq is guessed correctly, our
rates improve, but our analysis also handles the case g = 0o where no guess is made, and indeed
this is used in our final consistency analysis (a pessimistic, fully general setting).

Our goal is to show that this iterate W<, has approximately optimal population risk: R(W<¢) ~ R.
Certain prediction problems may seem simpler than others, and we want our analysis to reflect this
while abstracting away as many coincidences of the training process as possible. Concretely, we
measure simplicity via the performance and complexity of an infinite-width random feature model
over the true distribution, primarily based on the following considerations.

* By measuring performance over the population, random effects of the training sample are
removed, and it is impossible for the random feature model to simply revert to memorizing data,
as it never sees that training data.

* The random feature model has infinite width, and via sampling can be used as a benchmark for
all possible widths simultaneously, but is itself freed from coincidences of random weights.



In detail, our infinite-width random feature model is as follows. Let Uy, : R? — R< be an
(uncountable) collection of weights (indexed by R%), and define a prediction mapping via

f(2;Ux) = / <Uoo(v),x]l[vTac > 0]> dN (v), whereby R(Uy) := R(x — f(7;U)).

Note that for each Gaussian random vector v ~ A/, we construct a random feature x — x1[v"z > 0.
This particular choice is simply the gradient of a corresponding ReLU V ,0,(v"z), and is motivated
by the NTK literature [Jacot et al.| 2018| L1 and Liang| 2018} Du et al., 2019]. A similar object has
appeared before in NTK convergence analyses [Nitanda and Suzuki, [2019} Ji and Telgarskyl |2020b]],
but the conditions on U,, were always strong (e.g., data separation with a margin).

What, then, does it mean for the data to be simple? In this work, it is when there exists a U, with
R(UOO) ~ R, and moreover U, has low norm; for technical convenience, we measure the norm as
the maximum over individual weight norms, meaning sup,, ||Us (v)||. To measure approximability,
for sake of interpretation, we use the binary Kullback-Leibler divergence (KL): defining a conditional
probability model ¢, corresponding to U, via

1

Goo(2) 1= 9(f(2:Usc)), where §(r) i= 1,

then the binary KL can be written as

’Cbin(py7¢oo) = / (py hl% + (1 _py) In 11__;:14 ) dpy = R(UOO) -R.

This relationship between binary KL and the excess risk is a convenient property of the logistic loss,
which immediately implies calibration as a consequence of achieving the optimal risk.

The pieces are all in place to state our main result.

Theorem 1.1. Let width m > In(emd), temperature p > 0, and reference model Us, be given with
R := max{4, p,sup, [|[Ux(v)[|} < oo, and define a corresponding conditional model ¢ (x) =
&(f(2;Us)). Let optimization accuracy €gq and radius Req > R/ p be given, define effective radius

B := min {Rgd, % + %ﬁ\/&fo R(Us) + RTn}, and generalization, linearization, and sampling

errors (T, T1,To) aSs
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where it is assumed T, < 2, and O hides constants and In(nmd). Choose step size 1 := 4/ p?, and

run gradient descent for t := 1/(8¢,q) iterations, selecting iterate W<, := argmin{R(W;) : ¢ <
t,||Wi — Wo|| < Rea}. Then, with probability at least 1 — 256,

R(W<) — R (logistic error)

< Koin(Py, doc) + (€™ — 1) R(Us) (reference model error)
+ e Rzegd (optimization error)
+ e (pB+R)m, (generalization error),

where the classification and calibration errors satisfy

R(W<) — R (logistic error)
> 2 / ((f(z; W<y)) — py)2 dpeg(x) (calibration error)
1 N2
> 3 (RZ(Wgt) - Rz) (classification error).

Lastly, for any € > 0, there exists U(fj) with sup,, ||Ué§)(v)|| < oo and whose conditional model

O (@) = ¢(f (2, 1)/VZ TL)) satisfies Kon(py, 6) < c.



Remark 1.1. The key properties of Theorem I.1]are as follows.

1. (Achieving error O(e) in three different regimes.) As Theorem is quite complicated,
consider three different situations, which vary the reference model U, and its norm upper
bound R := max{4, p,sup, ||Ux(v)||} < oo, as well as the early stopping radius Ryq. Let
target population (excess) risk € > 0 be given, set €g¢ = € and ¢ = 1/(8€gq) as in Theorem
and suppose n > 1/¢2 samples: in each of the three following settings, the other parameters
parameters (namely p and m) will be chosen to ensure a final error R(W<;) — R = O(e).

(a) (Easy data.) Suppose a setting with easy data: specifically, suppose that for chosen target

accuracy € > 0, there exists Uso With Kpin(py, ¢oo) = R(Usx) — R < R(Us) < €. If
wesetp = 1land m > RS, then (Tn, T1,70) are all constant, and we get a final bound
R(W<i) — R = O(e).
Note crucially that m =~ R® sufficed for this setting; this was a goal of the present analysis,
as it recovers the polylogarithmic width analyses from prior work [Ji and Telgarsky, 2020b}
Chen et al.||2021]]. Those works however either used a separation condition due to|Nitanda
and Suzuki| [2019] in the shallow case, or an assumption on the approximation properties
of the sampled weights (a random variable) in the deep case, and thus the present analysis
provides not just a re-proof, but a simplification and generalization. This was the motivation
for the strange multiplicative form of the errors in Theorem [I.I} had we used the more
common additive errors with standard linearization tools, a polylogarithmic width proof
would fail.

(b) (General data, clairvoyant early stopping radius Rgg.) Suppose that we are in the
general noisy case, meaning any U,, we pick has a large error Koin(py, Poo), but we
magically know the R corresponding to a good U,,, and can choose Ryq = R/p. Unlike
the previous case, to achieve some target error €, we need to work harder to control the

term [exp(71 + 70) — 1] R(Us), since we no longer have small R (U ); to this end, since
71 = O(RY3/(mp?)1/6) and 7 = O(p 4 1/m*/*), choosing p = m~1/® and m = 1/
gives 71 = O(e) and 75 = O(e), and together R(W<,) — R = O(e).

(c) (General data, worst-case early stopping.) Suppose again the case of general noisy data

with large error Kyin(py, doo) for any Us, we pick, but now suppose we have no early
stopping hint, and pessimistically set Rgq = oo. As a consequence of all of this, the term

B can scale as t2/3/p = 1/(pe2/3), thus to control 71 = O((1/€)%/3/(mp?)*/®) and 7o =
O(p + 1/m*'/*), we can again choose p = m~'/%, but need a larger width m = 1/€10/3,
Together, we once again achieve population excess risk R(W<;) — R = O(e).

Summarizing, a first key point is that arbitrarily small excess risk O(¢) is always possible; as
discussed, this is in contrast to prior work, which either only gave training error guarantees, or
required restrictive conditions for small test error. A second key point is that the parameters of
the bound, most notably the required width, will shrink greatly when either the data is easy, or
an optimal stopping radius Rgq is known.

2. (Consistency.) Consistency is a classical statistical goal of achieving the optimal test error
almost surely over all possible predictors as n — o0; here it is proved as a consequence of
Theorem namely the preceding argument that we can achieve excess risk O(¢) even with
general prediction problems and no early stopping hints (R2g¢ = 00). The consistency guarantee
is stated formally in Corollary [2.3] The statement takes the width to infinity, and demonstrates
another advantage of using an infinite-width reference model: within the proof, after fixing a
target accuracy, the reference model is fixed and used for all widths simultaneously.

3. (Non-vacuous generalization, and an estimate of 12.) There is extensive concern throughout
the community that generalization estimates are hopelessly loose [Neyshabur et al.,[2014, Zhang
et al., [2016} Dziugaite and Roy} |2017]); to reduce the concern here, we raise two points. Firstly,
these concerns usually involve explicit calculations of generalization bounds which have terms
scaling with some combination of ||W || (not |W — Wy ||) and m; e.g,. one standard bound has
spectral norms ||W{|2 and (2, 1) matrix norms ||(W — Wy)"||2,1, which are upper bounded by
[IW — Wy ||/m [Bartlett et al., 2017]]. By contrast, the present work uses a new generalization



bound technique (cf. Lemma[B.8)) which first de-linearizes the network, then applies a linear
generalization bound which has only ||W — W, || and no explicit poly(m), and then re-linearizes.

Secondly, there may still be concern that the story here is broken due to the term R, and namely
the non-existence of good choices for U, For this, we conducted a simple experiment. Noting
that we can freeze the initial features and train linear predictors of the form f(®)(z; V') for
weights V' € R™*4 (cf. section , and that the performance converges to the infinite-width
performance as m — oo, we fixed a large width and trained two prediction tasks: an easy task of
MNIST 1 vs 5 until Reasy/+/n ~ 1/2, and a hard task of MNIST 3 vs 5 until Ryya/v/n =~ 1/2.
After training, we obtained test error R (Veasy) = 0.01 and R(Vhara) ~ 0.08. Plugging all of
these terms back in to the bound, firstly these techniques can yield a non-vacuous generalization
bound, secondly they do not exhibit bad scaling with large width, and thirdly they do reflect the
difficulty of the problem, as desired.

4. (Early stopping and the NTK.) As discussed above, when the data is noisy, the method is
explicitly early stopped, either by clairvoyantly choosing Req, or by making ¢ small. In this
setting, the optimization accuracy €gq is an excess empirical risk, meaning in particular that 0
training error (the interpolation regime [Belkin et al.,[2018al]) will not be reached. This is in
stark contrast to standard NTK analyses [[Allen-Zhu et al.,[2018b], which guarantee zero training
error, but can not ensure good test error in general. Since the NTK itself is an early stopping (as
in, if one continues to optimizes, one exits the NTK), then the early stopping in this work is even
earlier than the NTK early stopping; this situation is summarized in Figure[I]in the appendix,
and will be revisited for the lower bound in Section

5. (Classification and calibration.) The relationship to classification and calibration errors is
merely a restatement of existing results [Zhang|, 2004, Bartlett et al., 2006]], though it is reproved
here in an elementary way for the special case of the logistic loss. Similarly, the guarantee that

Koin(Py ¢((>Z)) can be made arbitrarily small is also not a primary contribution, and indeed most
of the heavy lifting is provided both by prior work in neural network approximation [Barron,
1993}, and by the existing and reliable machinery for proving consistency [Schapire and Freund|
2012].. As such, the consistency result is stated only much later in Corollary [2.3] and our focus
is on the exact risk guarantees in Theorem|1.1

6. (Inputs with bias: (x,1)/v/2 € R%*1)) The end of Theorem appends a constant to the
input (and rescales), which simulates a bias term inside each ReLU; this is necessary since our
models are (sigmoid mappings of) homogeneous functions, whereas p, is general. Biases are
also simulated in this way in the consistency result in Corollary [2.3]

Further discussion of Theorem [I.1] including the formal consistency result (cf. Corollary 2.3 and a
proof sketch, all appear in Section 2} Full proofs appear in the appendices.

1.2 Should we early stop?

Theoremuses early stopping: it can blow up if R > 0 and the two gradient descent parameters
Rgyq and 1/e,q are taken to oo in an uncoordinated fashion. Part of this is purely technical: as with
many neural network optimization proofs, the analysis breaks when far from initialization. It is
of course natural to wonder what happens if one trains indefinitely, entering the actively-studied
interpolation regime [Belkin et al.l 2018blal, Bartlett et al.,[2019]]. Furthermore, there is evidence that
gradient descent on shallow networks limits towards a particular interpolating choice, one with large
margins [Soudry et al.;|2018|, [Lyu and Lil 2020\ |Chizat and Bach| [2020, Ji and Telgarskyl, 2020a]. Is
this behavior favorable?

While we do not rule out that the interpolating solutions found by neural networks perform well, we
show that at least in the low-dimensional (univariate!) setting, if a prediction rule perfectly labels the
data and is not too wild between training points, then it is guaranteed to achieve poor test loss on
noisy problems. This negative observation is not completely at odds with the interpolation literature,
where the performance of some rules improves with dimension [Belkin et al., [2018b]].

Proposition 1.2. Given a finite sample ((x;,y;))?_, with z; € R and y; € {£1}, let F,, denote the
collection of local interpolation rules (cf. Figure in the appendix): letting ;) index examples in



sorted order, meaning 21y Sxe) < STy, define F,, as
Foi={fR=>R:Vif(z@)=yu), and
Y@) = Y(itr), then aér[%)fl] [ (o) + (1= a)ziyn) ye) > 0}

Then there exists a constant ¢ > 0 so that with probability at least 1 — § over the draw of ((z;,v;))1",
withn > 1n(1/0)/c, every f € F, satisfies R,(f) > R.(f) + c.

Although a minor contribution, this result will be discussed briefly in Section[3] with detailed proofs
appearing in the appendices. For a similar discussion for nearest neighbor classifiers albeit under a
few additional assumptions, see [Nakkiran and Bansal, [2021]].

1.3 Related work

Analyses of gradient descent. The proof here shares the most elements with recent works whose
width could be polylogarithmic in the sample size and desired target accuracy 1/e¢ [Ji and Telgarskys,
2020b}, |Chen et al2021]]. Similarities include using a regret inequality as the core of the proof, using
an infinite-width target network [Nitanda and Suzuki, 2019} Ji and Telgarsky} 2020b]], and using a
linearization inequality [Chen et al., 2021, |/Allen-Zhu et al.,[2018b]]. On the technical side, the present
work differs in the detailed treatment of the logistic loss, and in the linearization inequality which
is extended to hold over the population risk; otherwise, the core gradient descent analysis here is
arguably simplified relative to these prior works. It should be noted that the use of a regret inequality
here and in the previous works crucially makes use of a negated term which was dropped in some
classical treatments; this trick is now re-appearing in many places [Orabona and Pal, 2021} [Frei et al.|
2020].

There are many other, somewhat less similar works in the vast literature of gradient descent on neural
networks, in particular in the neural tangent regime [Jacot et al., 2018, |L1 and Liang| 2018} |Du et al.,
2019]. These works often handle not only training error, but also testing error [Allen-Zhu et al.|[2018a}
Arora et al.} 2019} Cao and Gu, 2019, Nitanda and Suzuki, 2019, Ji and Telgarsky, [2020b} (Chen et al.}
2021]]. As was mentioned before, these works do not appear to handle arbitrary target models; see
for instance the modeling discussion in [Arora et al.,[2019, Section 6]. As another interesting recent
example, some works explicitly handle certain noisy conditional models, but with error terms that do
not go to zero in general [Liang et al.,[2021]].

Consistency. Consistency of deep networks with classification loss and some training procedure is
classical; e.g., in [Farago and Lugosi, [1993]], the authors show that it suffices to run a computationally
intractable algorithm on an architecture chosen to balance VC dimension and universal approximation.
Similarly, the work here makes use of Barron’s superposition analysis in an infinite-width form to meet
the Bayes risk [Barron| |1993| |Ji et al.,[2020b]]. The statistics literature has many other works giving
beautiful analyses of neural networks, e.g., even with minimax rates [[Schmidt-Hieber, 2017, though
it appears this literature generally does not consider gradient descent and arbitrary classification
objectives.

In the boosting literature, most consistency proofs only consider classification loss [Bartlett and
Traskin| 2007, |Schapire and Freund, 2012], though there is a notable exception which controls the
convex loss (and thus calibration), although the algorithm has a number of modifications [Zhang and
'Yu, [2005]]. In all these works, arbitrary p, are not handled explicitly as here, but rather implicitly via
assumptions on the expressiveness of the weak learners. One exception is the logistic loss boosting
proof of [Telgarsky| [2013]], which explicitly handles measurable p, via Lusin’s theorem as is done
here, but ultimately the proof only controls classification loss.

Following the arXiv posting of this work, a few closely related works appeared. Firstly, Richards and
Kuzborskij [2021]] show that the expected excess risk can scale with ||V — Wy||g/n, though in
contrast with the present work, it is not shown that this ratio can go to zero for arbitrary prediction
problems, and moreover the bound is in expectation only. Secondly, the work of Braun et al.|[2021]
is even closer, however it requires a condition on the Fourier spectrum of the conditional model p,,
which is circumvented here via a more careful Fourier analysis due to J1 et al.|[2020b].

Calibration. There is an increasing body of work considering the (in)ability of networks trained
with the logistic loss to recover the underlying conditional model. Both on the empirical side [Guo



et al.,|2017] and on the theoretical side [Bai et al., |2021]], the evidence is on the side of the logistic
loss doing poorly, specifically being overconfident, meaning the sigmoid outputs are too close to 0 or
1. This overconfident regime corresponds to large margins; indeed, since gradient descent can be
proved in some settings to exhibit unboundedly large unnormalized margins on all training points
[Lyu and Lil [2020]], the sigmoid mapping of the predictions will necessarily limit to exactly O or
1. On the other hand, as mentioned in [Bai et al., 2021]], regularization suffices to circumvent this
issue. In the present work, a combination of early stopping and small temperature are employed.
As mentioned before, calibration is proved here as an immediate corollary of meeting the optimal
logistic risk via classification calibration [Zhang, [2004, Bartlett et al., 2006].

1.4 Further notation and technical background

The loss /, risks R and ﬁ, and network f have been defined. The misclassification risk R,(f) =
Pr[sgn(f(X)) # Y] appeared in Theorem [1.1] where sgn(f(z)) =2 - 1[f(z) > 0] — 1.

Next, consider the “gradient” of f with respect to weights W:
Vi W): \an] [wiz > Olejx";

it may seem the nondifferentiability at O is concerning, but in analyses close to initialization (as is the
one here), few activations change, and their behavior is treated in a worst-case fashion. Note that, as
is easily checked with this expression, |V f(W)|| < p, which is convenient in many places in the
proofs. Here || - || denotes the Frobenius norm; || - |2 will denote the spectral norm.

Given weight matrix W; at time 4, let (w] ;)7 refer to its rows. Define features f () at time 7 and a
corresponding empirical risk R(*) using the features at time i as

FO@; V) o= (Vf (W), V \F Zajv zl[w] ;x> 0],

RO (a:1) = Ra = £ (a3 V).

By 1-homogeneity of the ReLU, f*)(z; W;) = f(x; W;), which will also be used often. These
features at time 7, meaning () and R ), are very useful in analyses near initialization, as they do
not change much. As such, £(©) and R(®) and R(?) will all appear often as well.

To be a bit pedantic about the measure p: as before, there is a joint distribution p, which is over the
Borel o-algebra on R? x {+1}, where ||z|| < 1 almost surely. This condition suffices to grant both
a disintegration of i into marginal p, and conditional p, [Kallenberg, 2002, Chapter 6], and also
Lusin’s theorem [Folland, 1999, Theorem 7.10], which is used to switch from a measurable function
to a continuous one in the consistency proof (cf. Corollary [2.3).

2 Discussion and proof sketch of Theorem 1.1]

This section breaks down the proof and discussion into four subsections: a section with common
technical tools, then sections for the analysis of generalization, optimization, and approximation.

2.1 Key technical lemmas

There are two main new technical ideas which power many parts of the proofs: a multiplicative error
property of the logistic loss, and a linearization over the sphere.

The logistic loss property is simple enough: for any a > b, it holds that (—a)/¢(—b) < exp(a — b).
On the surface, this seems innocuous, but this simple inequality allows us to reprove existing
polylogarithmic width results for easy data [Ji and Telgarsky} [2020b, |Chen et al.l [2021]], however
making use of a proof scheme which is slightly more standard, or at the very least more apparently
a smooth convex proof with just this one special property of the logistic loss (as opposed to a few
special properties).



The second tool is more technical, and is used crucially in many places in the proof. Many prior
analyses near initialization bound the quantity

f@; V) = flas W) = (Vf(a; W),V - W),

where V and W are both close to initialization [|[Allen-Zhu et al.,[2018b, |(Cao and Gu, [2019, |Chen
et al}2021]]. These proofs are typically performed on a fixed example xj, and then a union bound
carries them over to the whole training set. Here, instead, such a bound is extended to hold over the
entire sphere, as follows.

Lemma 2.1 (Simplification of Lemma|B.7). Let scalars 6 > 0 and Ry > 1 and Rp > 0 be given.

1. With probability at least 1 — 3né,

RO(B 6p (Rp + 2Ry) Ri/* In(e/5)1/4
sup A_()Sexp p (R + v)16v (e/d) _
Wi~ Wol|<Rv R (B) m/
[[W; =Wo||<Rv
| B=Wol[<Rp

2. Suppose m > In(edm). With probability at least 1 — (1 + 3(d?>m)?)s,

. R(W:) p<25pR%//3~/1n(edm/5)>.

up ——— < ex -
1wi—wol<ry RO(W;) m1/6

The preceding lemma combines both the linearization technique and the multiplicative error property:
it bounds how much the empirical and true risk change for a fix weight matrix if we swap in and
out the features at different iterations. That these bounds are a ratio is due to the multiplicative error
property. That the second part holds over the true risk, in particular controlling behavior over all
|lz|| < 1, is a consequence of the new more powerful linearization technique. This linearization
over the sphere is used crucially in three separate places: we use it when controlling the range in
the generalization proofs, when de-linearizing after generalization, and when sampling from the
infinite-width model U,,. The method of proof is inspired by the concept of co-VC dimension
[Gurvits and Koiran, [1995]]: the desired inequality is first union bounded over a cover of the sphere,
and then relaxed to all points on the sphere. A key difficulty here is the non-smoothness of the ReL.U,
and a key lemma establishes a smoothness-like inequality (cf. Lemma[B.3]). These techniques appear
in full in the appendices.

2.2 Generalization analysis

The generalization analysis ends up being easy thanks to the multiplicative error control in Lemma[B.T]
and the aforementioned linearization over all points in the sphere. Specifically, to prove general-
ization, the network is first linearized, then generalization of linear predictors is applied, and then
de-linearization is applied on the population risk side. This generalization bound only pays logarith-
mically in the width m.

Typically the easiest step in proving generalization is to provide a worst-case estimate on the range of
the predictor. Here, since there is a goal of controlling the logistic loss over the population, brute
forcing this range estimate incurs a polynomial dependence on network width. The solution here
is again to apply the aforementioned Lemma [B.3} the generalization statement appears in full as
Lemma [B.§|together with its proof in the appendices.

2.3 Gradient descent analysis

A common tool in linear prediction is the regret inequality
loe = 2[I” + 27> R(vig1) < oo — 21> + 2R (2),
i<t

which can be derived by expanding the square in ||v; — z||? and applying smoothness and convexity.
The term ||v; — z||? is often dropped, but can be used in a very convenient way: by the triangle
inequality, if ||v; — vo|| > 2||z — vo||, then the norm terms above may be canceled from both sides,




which leaves only the empirical risk terms; overall, this argument ensures both small norm and small
empirical risk. This idea has appeared in a variety of works [Shamir, 2020 J1 et al.| |2020al], and is
used here to provide a convenient norm control, allowing linearization and all other proof parts to go
through. Combining this idea with the earlier generalization analysis and a few other minor tricks
gives the following bounds, which in turn provide most of Theorem [I.T}

Lemma 2.2. Let temperature p > 0, step size n < 4/p?, optimization accuracy €gd > 0, ra-
dius Rgq > 0, network width m > In(emd), reference matrix Z € Rmx*d corresponding scalar
Rz < Ry where Ry > max{1,np, ||Wy — Z||}, and t > 1/(2np?eqq) be given; correspond-
ingly define W<, := argmin{R(W;) : i < t,|W; — Wy < Ry}, Define effective radius

B :=min { Ry, 3Rz + 2¢y/ ntﬁ(o)(Z)}, and linearization and generalization errors

25pB*/3\/dIn(em?2d3/5) 80 (d hrl(ernQd?’/é))?’/2
T = ) Tn = )
m1/6 Vn

and suppose T < 2. Then, with probability at least 1 — 3nd, the selected iterate W<, satisfies
W<, — Wo|| < B, along with the empirical risk guarantee

R(W<y) <2 RON(Z) + € (pRz) %,
and by discarding an additional 160 failure probability, then RO (Z) < RONZ) + pRyT,, and
R(W<;) < RO (Z) + e* (pRz)*€ga + €' (B + Rz)pTy.

This version of the statement, unlike Theorem [I.1] features an arbitrary reference matrix Z. This is
powerful, though it can be awkward, since W} is a random variable.

2.4 Approximation analysis, consistency, and the proof of Theorem [I.1]

Rather than trying to reason about good predictors which may happen to be close to random initializa-
tion, the approach here is instead to start from deterministic predictors over the population (e.g., U),
and to use their structure to construct approximants near the initial iterate, the random matrix Wj.
Specifically, the approach here is fairly brute force: given initial weights Wy with rows (w& j);-”’zl,
the rows ()7L, of the finite width reference matrix U € R™*4 intended to mimic Uy, (which is

after all a mapping U, : R? — R?) are simply

. U (wo )

pvm
By construction, || — Wo|| < R/p, where R := sup, [|[Us (v)||. To argue that R (T7) and R(Us. )
are close, the abstract control over the sphere in Lemma is again used. Plugging this U into

Lemma and introducing Coin (py, P00 ) via Lemma gives the first part of Theorem and the
second part of Theorem [I.]is also from Lemma [B.T]

+w07j. (1)

It remains to prove that for any p,, there exists Uy, with ¢(z — f((2,1)/v/2;Us)) = p, (We must
include a bias term, as mentioned in Remark@. If p,, were continuous, there is a variant of Barron['s
seminal universal approximation construction which explicitly gives an infinite-width network of the
desired form [Barron, 1993 Ji et al., 2020b||. To address continuity is even easier: Lusin’s theorem
[Folland, 1999, Theorem 7.10] lets us take the measurable function p,, and obtain a continuous
function that agrees with it on all but a negligible fraction of the domain. This completes the proof.

As mentioned, a key property of the reference model U, is that it depends on neither the random
sampling of data, nor the random sampling of weights. This vastly simplifies the proof of consistency,
where the proof scheme first fixes an ¢ > 0 and chooses a U, and leaves it fixed as m and n vary.

Corollary 2.3. Let early stopping parameter £ € (0, 1) be given, and for each sample size n, define
a weight matrix W,, € Rm ™ x (@) gpg corresponding conditional probability model ¢, (z) =
o(f((x,1)/v/2;W,,)) as follows. For each sample size n, let (Wi(n))izo denote the corresponding

sequence of gradient descent iterates obtained with parameter choices p(") = (m("))’l/g, and



m™ = n%5 1= and n™ = 4/(p(™)2, and eég) = nf"1 and ™) = n'~¢/8, and choose the

empirical risk minimizer over the sequence, meaning /Wn = arg min {ﬁ(Wl(")) 11 < t(")} (in the
notation of Theorem|I.1} this is W<t with Rgq = oc). Then

R(Wn) — S Ras, ’RZ(Wn) — Y R,as, (/b\n M Dy a.s.,

where the last convergence is in the Lo () metric.

The use of a parameter £ € (0,1) is standard in similar consistency results; see for instance the
analogous parameter in the consistency analysis of AdaBoost [Bartlett and Traskin| [2007]. Proofs, as
usual, are in the appendices.

3 Discussion and proof sketch of Proposition [I.2]

Proposition [I.2] asserts that univariate local interpolation rules — predictors which perfectly fit
the data, and are not too wild between data points of the same label — will necessarily achieve
suboptimal population risk. The proof idea seems simple enough: if the true conditional probability
py is not one of {0, 1/2, 1} everywhere, and is also continuous, then there must exist a region where
it is well separated from these three choices. It seems natural that a constant fraction of the data in
these regions will form adjacent pairs with the wrong label; a local interpolation rule will fail on
exactly these adjacent noisy pairs, which suffices to give the bound. In reality, while this is indeed the
proof scheme followed here, the full proof must contend with many technicalities and independence
issues. It appears in the appendices.

‘While the motivation in Section@]focused on neural networks which interpolate, and also maximum
margin solutions, the behavior on this noisy univariate data is also well-illustrated by k-nearest-
neighbors classifiers (k-nn). Specifically, 1-nn is a local interpolant, and Proposition[T.2]applies. On
the other hand, choosing k¥ = ©(In(n)) is known to provide enough smoothing to achieve consistency
and avoid interpolation [Devroye et al., |1996].

It should be stressed again that even if the remaining pieces could be proved to apply this result to
neural networks, namely necessitating early stopping, it would still be a univariate result only, leaving
open many interesting possibilities in higher dimensions.

4 Concluding remarks and open problems

Empirical performance. Does the story here match experiments? E.g., is it often the case that if
a neural network performs well, then so does a random feature model? Do neural networks fail on
noisy data if care is not taken with temperature and early stopping? Most specifically, is this part of
what happens in existing results reporting such failures [Guo et al.,[2017]]?

Temperature parameter p. Another interesting point of study is the temperature parameter p. It
arises here in a fairly technical way: if p,, is often close to 1/2, then the random initialization of W)
gets in the way of learning p,. The temperature p is in fact a brute-force method of suppressing this
weight initialization noise. On the other hand, temperature parameters are common across many
works which rely heavily on the detailed real-valued outputs of sigmoid and softmax mappings; e.g.,
in the distillation literature [Hinton et al., [2015]]. The temperature also plays the same role as the
scale parameter in the lazy training regime [[Chizat and Bach, [2019]]. Is p generally useful, and does
the analysis here relate to its practical utility?

Random features, and going beyond the NTK. The analysis here early stops before the feature
learning begins to occur. How do things fare outside the NTK? Is there an analog of Theorem [I.T}
still stopping shy of the interpolation pitfalls of Proposition [I.2] but managing to beat random features
with some generality?

The logistic loss. One reason the logistic is used here is its simple interplay with calibration (e.g.,
see the elementary proof of Lemma [B.1I] as compared with the full machinery of classification
calibration [Zhang|, 2004, Bartlett et al., 2006]). The other key reason was the multiplicative error
property Lemma|B.1| Certainly, the logistic loss is widely used in practice; are the preceding technical
points at all related to the widespread empirical use of the logistic loss?
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A Missing figures

Due to space limitations, Figures[T]and [2] referenced in the body, have been moved to this initial
appendix section.

B Proof of Theorem 1.1 and supporting results

This appendix section proves all bounds necessary for Theorem [T.T} and also proves the consistency
statement in Corollary [2.3]

B.1 Technical preliminaries

First, the key logistic loss properties.
Lemma B.1. [. Foranya > b,

~—

< ot and A

a
o(b) ((=b)
In particular, for any f, g with sup ), <, |f(x) —g(z)| <7

eTR(f) < R(g) < €TR(S).
Ifonly maxy |f(z1) — g(a1)| < 7, then ™ R(f) < R(g) < "R(S).

< ea—b

2. Forany f : RY — R and corresponding conditional model ¢¢(z) := ¢(f(x)),

1

§ (Rz(f) _ﬁz)2 < 2/(¢f(‘r) _py(x))Q dﬂx(x) < K:bin(pyy(bf) = R(f) -R.

Near initialization (Any parameters)

Early-stopped Zero training error

Figure 1: The setting of this paper, contrasted with standard settings. Theoremconsiders iterate
W<, which is somewhere in the early-stopped ball around the initial random choice Wj. This
early-stopped ball is well inside the near initialization or NTK ball, since in noisy settings, the
early-stopped ball will not reach zero training error, whereas the NTK ball will. Meanwhile, the NTK
itself requires early stopping and is a subset of the space of all parameters.

(e]e) (o} (o}
pf\ j)!/
7~ N

X XX X
(a) Conditional model p, and some noisy data. A (b) A local interpolation rule working very hard to
smoothed prediction rule would perform well. fit the noisy data.

Figure 2: When data is noisy, it’s best to give up on a few points. The shaded region here highlights
consecutive points with the wrong label; as in Proposition [I.2] prediction rules that locally interpolate
will have a large population risk in these regions.
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Proof. 1. Since a > b, then e®~% < 1, and

¢(a) _ 1 + 671) _ 6afb ebia +eia < 6afb
p(b)  1+ea 1+e@ |~ ’

whereby b b
/_(; ¢(r)dr = /_OO d(r+ (a—0))dr < pa—b /_OO 6(r) dr.

Consequently,

e’} e’} a b
l(—a) = — O(rydr = ¢(—r)dr = / o(r)dr < e‘l*b/ o(r)dr = e*(=D).
The first set of claims for risk follow from the fact that for any pair (x,y) and 7 > 0,

Uyr +y°r) < Lyr) < Lyr — y>7),

whereby
R(f) =El(yf(z)) <BLlyg(x) —7) < e"BL(yg(x)) = e"R(g)-
The proof for empirical risk is similar, but only relies upon behavior on the finite sample.

2. From standard results in the literature on classification calibration [Zhang} 2004} Bartlett et al.,
2006]], the optimal logistic loss pointwise satisfies

Ty = igﬂ%py(x)ﬁ(r) + (I = py(2))l(—r) = —py(z) Inpy(x) — (1 — py(x)) In(1 — py(x)).

Consequently, for any predictor f : R — R and corresponding probability model ¢ () :=
o(f(x)), note that

R = [ () (1 + exp(= @)+ (1 = py ) 001 -+ exp((2)) (0
= [ (nafe) (@) = (= py ) 11 = 650)) ),

and thus .
R(f) =R = Kyin(py, ¢)-
By Pinsker’s inequality,

Kon(py65) = [ <py<x> in U+ (1= o) m%) A ()

> 5 [ (@) = 0@ 410 = py ) + (1 = b)) dialz)
=2 [ (nyfa) - 01(@)" s o).
If sen(6,(x) — 1/2) # sgn(p, (2) — 1/2). then | (2) — py (2)] > |py (2) — 1/2], and so
Ru(F) =R = [ Lisgn(os(e) ~ 1/2) # senlpy (o)~ 1/2)] - 20,(c) = 1l (o)
<2 [ 16s(@) - py(2)| dpa(2)

< 2\//(¢f(x) = py(2))? dpig ().

O

The remainder of this technical subsection develops a variety of concentration inequalities used
throughout, most notably the control over the sphere in Lemma[B.3] First, a few standard Gaussian
inequalities, included here for completeness.
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Lemma B.2. Suppose W € R™* has iid Gaussian entries W; ;. ~ N (0, 1), and let (w
the rows.

1. For any T > 0, with probability at least 1 — 39,
Z]l [|w;x| < 7'Hx||] < mt+ +/8m7In(1/6).
j=1

2. With probability at least 1 — 0,
W]l < Vm +Vd+/2In(1/5).

3. With probability at least 1 — 26,

—llzllv2In(1/6) < [lox(W2)|| = Ello(W2)|| < |[2][v/2In(1/5),

where

=1 ( m_ V;ﬂ) < B2 < ol 3-

4. With probability at least 1 — 6, w € R? with coordinates w; ~ N(0, 1) satisfies
wl| < Vd+ v/21n(1/9).

Proof. 1. For any row j, define an indicator random variable
Py = 1fjule| < fla])].

1)jLq denote

By rotational invariance, P; = 1[|w;,1| < 7], which by the form of the Gaussian density gives

2
Pr[Pj =1 < — <.

As such, by a multiplicative Chernoff bound [Blum et al.| 2020, Theorem 12.6], with probability

at least 1 — 39,

ZP <mPr[P, = 1]+ /8mPr[P; = 1]In(1/6) < mr + /8m7In(1/6),

Jj=1
as desired.

2. This is a standard spectral norm concentration bound for Gaussian matrices [Davidson and

Szarek, 2001, Theorem II.13],

3. For the expectation, first note for a single row w" by rotational invariance of the Gaussian that

|
2
As such, for a full matrix W, the expected norm can be upper bounded via

Ello:(Wa)|| < VE[or(Wa)|* = %Z l)1? = [l v/m/2,
i=1

1
Eoy(w's)® = |lol"Boy(w:)? = 5 lz]*Ew? =

and by a second-order lower bound, letting & = x/||x|| for convenience, and dividing through

by \/m/2 to ease notation,

2||oe(Wa)|[2/m = ||z[[E\/2[lor(WZ) ]2 /m

> |l2|E (14 @lo (W) fm — 1)/2 = o (W)|2/m —1)2/2)

= Jlall (1~ EQlo(Wa)||?/m — 1)2/2)
)

= o (& - 2L o
B 2 2m?  2m?2
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For the concentration part, note firstly that o, is ¢5-Lipschitz when applied coordinate-wise,
since

m

lov(w) = o (W)IIP = D (or(us) = 0r(v:))* < Y (ws —v3)* = Ju— o,
i=1

i=1
and thus
loc(Az)|| = llov(Ba)|| <||ov(Az) — or(Bz)|| <||Az — Bx|| <||A - B| |||,

and thus by standard Gaussian concentration, with probability at least 1 — 9,

|oe(Wa)|| — El|oe(Wa)|| < [|lzllv/2In(1/6),
and vice versa.

4. This is a subset of the preceding proof: w — ||w|| is 1-Lipschitz, thus by standard Gaussian
concentration, with probability at least 1 — 4,

lwll < Eljw[| + v/21n(1/9),
where E||lw|| < /E[w[?2 = Vd.

Next, finally, the control over the sphere, Lemma@ This lemma perhaps looks a bit underwhelming
or simply abstract or overly complicated, but is a key tool in many steps of the proofs here; in
particular, since it allows consideration for all ||z|| < 1, it may be applied over the distribution.
This consideration over the entire sphere contrasts this lemma (and its applications) from similar
inequalities in prior work [Allen-Zhu et al., 2018b |Chen et al., 2021].

Lemma B.3. Let scalars Ry > 0, and € € (0,1/(md)), and m > In(edm) be given, along with
a filter set Sy C R™*4, and define S := Sy N {V € R™*% : |V — Wy|| < Ry}. Let a function
hy : R4 — R be given with parameter V € S, and define functions

H = {x = hy(z) + (Vf(; Wo),V —Wy): V € S} .
Moreover, let additional scalars 1,72, satisfy the following conditions.

1. For every x and z with ||z — z|| < €, then supy s |hv (z) — hy (2)| < 1.

2. For any fixed ||z|| < 1, with probability at least 1 — 6, then sup,cy |h(2)] < 72.

Then with probability at least 1 — (\/d /€)%,

sup sup |h(z)| <rg+ri+11Ryp
lzl|<1heH

<ln(edm/§) ) 1/4 ‘

The proof of Lemma [B.3]| will need two technical lemmas. The first is a basic property of inner
products and arccosine which also makes a later appearance in Lemma|B.11

LemmaBd4. If|z — z|| < eand x,z # 0, then

2
> <x2> 2122 ad arceos <IZ> o8
]l 111l ] (Il ||



Proof. The first inequalities follow from

>< T oz >
A\ =l 2]

2

_ 1‘ A
21 [zl [zl
=1- %Hxlld\ —z||z[| + z(]| 2] - IIxII)H2
2|12 2|l
_ 12 2 2 _ 2
S |z — 2% 2|l +2||2H 2‘<||Z|| )
ll]|2]| 2|
12 2
S 2||w ;II H;H
[l
2¢2
- [l]|2”

To finish, since arccos is decreasing along [0, 1], and since for any a € [0, 1],

arccos(1 — a

2€? 2¢? 8
arccos <x’z> < arccos 1—% <2 %zi
][]l [EA] ||l [kl

The main heavy lifting in Lemma[B.3|is encapsulated in the following concentration inequality. In
words, it controls the behavior of the initial features within a tiny localized region of the sphere; the
proof of Lemma B3| combines this local control with a discrete cover of the sphere, together giving
control over the entire sphere.

then

O

Lemma B.5. Let any fixed ||z|| < 1 be given (independent of W), along with a scalar € > 0 with
e < 1/(dm), where m > In(edm). Then, with probability at least 1 — 0,

W, In(edm/é
| suﬁ) |V f(z; Wo) — V(2 0)||2 < 113p2 %
rT—z SG

flzl| <1

Proof. Throughout the proof, simplify notation via W := W, and let (w )m denote the rows of
W, and furthermore write
-

g(z, z;w) : x]lw:r>0]—z]l[wz>0]”.

Lastly, for any = € R? under consideration, then ||z < 1, so this condition will often be implicit.
Note that

02
sup ||Vf(x; W) = Vf(z;W)|? = sup Z |z1[wjz > 0] — 21 [w;z > 0]]12

lo—zll<e M oz <e S

o g,
”x_ZHSEjzl

Next note that this quantity, treated as a function of the m rows of W, satisfies bounded differences
with constant p?/m: letting W' be a copy of W which differs only in a single row w/, and noting
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sup Zga:,z,wj sup ngzw

[|z— zH<e [|z— zH<e

m m
= swp Sg@zw) = swp (9w zw) - glazw) + Y gl mw))
lo—zll<e = lz—2]|<e =
2
/
< sup_ gl mw) - glazw)| < 2.

lz—zl<e
As such, by McDiarmid’s inequality, with probability at least 1 — 4,
sup [V f(z; W) = Vf(z;W)|* < v/p*In(1/5)/(2m)

llz—z|l<e

+Ew sup [[Vf(m; W) =Vf(W)> (@2

llz—=l<e

It remains to analyze this expectation. First consider the case that ||z|| < 3+/¢; then, for any W,

2 m
H su[”)< IV f(x; W) = VE(z;W)|?* = % ” su[H)< Z |z1[wjz > 0] — 21 [w;z > 0]]12
z—z||<e r—z||<e
2p* - 2
< —— sup [l + ||zl
M lz—z||< 62( )
2p 2
< — 16 9¢) < 50¢p”. 3
_mZ( €+ 9¢) < 50ep 3

j=1
For the rest of the proof, suppose ||z|| > 3+/€, which also implies ||z|| > 2+/€ for every x satisfying
[ —z]| < e

Since z is fixed, and in particular does not depend on W, we may use the rotational invariance of W
to leverage the condition ||z — z|| < e. Specifically, define a matrix M € R4*? whose first column is
z/||z||, and the remaining columns are orthonormal (we can not use « in the definition of M, since

x varies within the expectation). Defining (for any x) the two projections z, := zx"2/||z||> and
xt =2 — 1z, (whereby 2"z = 0), we may rotate the rows of W by M, giving
L[(Mw;)'z>0] =1 [wj1]lz] > 0]
=1 [wj1 2 0],

1 [(ij)Tac > 0] =1 :ij-MT(xZ —|—acL) > O}
=1 [w12"2/||2] > —w}MT:z:L}

’UJ}—MT:EL‘|

=1 o> 1 T
Il

where the last division does not change the sign due to ||z — z|| < e and ||z|| > 3+/e, for instance as
verified by upcoming invocations of Lemmal@ Now let E; denote the event that for this w;, there
exists ||z — z|| < e such that these two indicators are not equal. Letting 7 > 0 denote a free parameter
to be optimized later, this event is implied by the union of two simpler events: let w; 2. € R4-1
denote all but the first coordinate of w;, and define

L
wi 2. - ||x <z
Ejy = [Jwjal <], Ejo = [ sup o] - o= |- =] > T];

=
llz—=lI<e Zx

by construction (and Cauchy-Schwarz), if the negation of both events holds, then the indicators are
the same. To upper bound the probability of the first event, by the form of the Gaussian density,

2
PrlE;4] < T\/7 <T.
7r
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To control the various terms in F; o, firstly by Lemma@ with probability at least 1 — €, then

wjz | < Vd—1++/2In(1/e) < \/2d — 2+ 41n(1/e);

this will be the only step of the derivation controlling Pr[E); ], and note that it depends only on w;
and z and not on any specific . Next, by Lemma[B.4] for any ||z — z|| < €, since ||| > 2¢ (whereby

262/||33||2 < 1),
T )2 T 2
1P = flal? = E2 g (1 - []
E Tl

2
2¢2 4et
<P (1= 1= S| | =42 - = <4
[l [l

Similarly by Lemma[B4] using ¢ < 1,

Combining all these pieces, with probability at least 1 — e,

2€

< /2d — 2+ 4In(1/¢) <\/E) < 44/deln(e/e).

Jlwg2e [l -l - =]

ZTx
This right hand side does not depend on the specific choice of x, and holds for any ||z — z|| < e. As
such, set 7 := 44/deln(e/¢), whereby

Pr[E;] <Pr[Ej 1]+ Pr[E;s] < T+e.

Moreover, by a multiplicative Chernoff bound [Blum et al., 2020, Theorem 12.6], with probability
at least 1 — 3¢, the events (E;)7-; hold for at most m. := m(7 + €) 4+ 1/8m(7 + €) In(1/e) rows.
Now let £ denote the event that (£;)}2; holds for at most m., rows. Then

Ew sup [[Vf(z; W)=V f(zW)|>

lz—=|l<e

=Ew l sup [|Vf(z; W) = Vf(z;W)|* | Br | Pr[E;]

lz—z|<e

+Ew | sup [[Vf(z; W)=V f(z;W)|?| ES

llz—zl<e

m my
<2 swp (Do s+ TGl 4119+ sup (3ellel? + 1)

llz—=zl|<e r—z||<e

Pr(E7]

2m,
< 2p? <e2 + % + 6e> . “)

The proof will now be completed by returning to the McDiarmid application resulting in eq. (2)), and
combining all preceding bounds. Starting with a simplification via the assumption € < 1/(dm) and
m > In(edm), note

T =4+/deln(e/e) < 4 M,

m

M b et /B0 T O/ m

<5 /ln(iclim) N \/40\/ln(edm) In(edm) <12 ln(edm)'

m3/2 m
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Combining the preceding simplifications with egs. (3) and (@), continuing from the McDiarmid
application in eq. (2)), with probability at least 1 — 4,

In(1/6 2m,
sup V£ W) — VW) < 7 [ /) 4 50e 4 2 ( L 66>
[|lz—=2||<e m m
lz]|<1
In(1/6) 50 2 In(edm) 12
< p? = 48y [ ) 22
_p< 2m +md+m2d2+8 m +md
< 113p2 M.
m

Finally, the proof of Lemma [B.3]via the preceding technical lemmas.

Proof of Lemma[B3} Let C denote a cover of each coordinate of ||z| < 1 at scale ¢/v/d, meaning
IC| < (v/d/e)® (the grid elements can be 2¢/+/d apart), and for any ||z|| < 1, there exists z € C with

This cover C will be used throughout the proof; it is crucial that its construction makes no reference
to Wy, and in particular that the cover elements are independent of Wj.

Union bound together and discard |C|§ failure probability so that for every z € C, then
supyeqy |h(2)| < ro. Additionally union bound together and discard |C|é failure probability corre-
sponding to instantiating Lemma [B.5|for each z € C, whereby

1
max sup [V f(x Wo) — V(W) < 11307/ 2edm/9),
z€eC Hm*ZHSE m
llzll<1

Now let an arbitrary ||z|| < 1 be given, and let z € C be a nearest cover element, whereby ||z —z|| < e.
Then

sup [1(2)| < sup (|h(2)| + |A(2) = h()])
heH heH
<o+ sup |hy(z) — hy ()| + sup | (V f(z; Wo) — Vf(z; W),V — Wo) |
ves ves

<ro+ri+ ‘S}u%HVf(I;WO) — V£ (z W)l -[IlV — Woll
S

(m(edm/a) ) 1/4 _

<ryg+r+11Ryp
]

As a first application of Lemma the range of the mappings can be bounded for all ||z| < 1,
which is used later in the generalization analysis.

Lemma B.6. Let Ry > 0 be given.
1. For any x € R%, with probability at least 1 — 35, every V. € R™*4 satisfies
(V£ W), V)| < pllzll (IV = Wolls +21n(1/9)).
2. Suppose Ry > 1 and m > In(emd). With probability at least 1 — (1 + 3(md>/?)%)s,
sup sup ‘<Vf(x;WO),V>‘ < 18Ry pln(emd/?).

IV-Wol<Rv [zl|<1
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Proof. For convenience throughout the proof, write W := W,
1. Splitting terms viaV =V — W + W,
(F1 @ W), V)| < (Vs W), W)| 4+ [T (a5 W), V= W)

For the first term, since W is independent of a and can be treated as fixed, by Hoeffding’s
inequality, with probability at least 1 — 24 over the draw of «,

](vmw ‘—|f:cW <T||arwx||\/ n(1/8)/2

By Lemma B.2] with additional failure probability §,

o (Wa)|| < Bllo(Wa)l| + |l2llv/21n(1/3) < ||| (v/m/2 + v/21n(1/3))

Together,

‘(W(J; W), ‘ < pllall (1+ V2In(1/8)/m) Vin(1/5)/2.

For the second term, due to the scale of the first term, it suffices to worst-case everything: by
Cauchy-Schwarz,

(V5@ W),V = W)| < IVF @ W)l IV = Wlle < pllz] - [V = W]le.
Combining everything, with probability at least 1 — 34,

‘<fow ‘<,0||;UH(|V Wil + v/In(1/8)/2 + In(1/6)/v/m)
< pllzll (IV = W + 2In(1/))

2. This item proceeds by combining the previous item with the covering argument from Lemma[B.3]
Concretely, define the function
hy (2) = fO(x);

that is, hy has no dependence on V' € R™*¢, but note that
<Vf(x W), > (Vf(z; W),V —W)+ <Vf(:v;W),W> = <Vf(x; W),V = W)+hy(z),

which is precisely the expression controlled by Lemma[B.3] Let # denote the class of functions
defined there.

By the preceding item, for any fixed ||z|| < 1, with probability at least 1 — 4,
sup |h(z)| < p (Ry +2In(1/68)) =: .
heH

Moreover, by Lemma with probability at least 1 —4, then || W |2 < /m-+vd++/21In(1/4),
thus for any ||z — z|| <'e, with € to be determined later,

[f (2 W) = f(zW)] < %Hall AW (@ = 2) || < plWll2flz — 2|

< p(vm+ Vd+/2In(1/8))e =: .

As such, by Lemma choosing € := 1/(md) and Sy = R™*9, with probability at least
1 — 3(md>/%)4s,

sup sup hy(x) <ro+r +11Ryp
IV-WI<Rv [z]I<1

<ln(edm/5) ) 1/4

< p(Ry +2In(1/4))
+ p(v/m +Vd 4 \/2In(1/6))e

1/4
+11Ryp (ln(ef;”/‘s)) :

< 18Ry pln(emd/9).
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O

Next, the linear approximation bounds; the last two items use Lemma [B-3]to control all points on
the sphere. As mentioned before, this is in contrast to prior presentations of linear approximation
inequalities, which only establish the bounds on the finite training sample [Chen et al.| 2021} |Allen-
Zhu et al.,[2018b]]. Note that the bounds over the sphere have a more restrictive statement; the present
proof does not handle the more general form presented for a finite sample.

Lemma B.7 (See also Lemma[2.1). Let scalars § > 0 and Ry > 1 and Rp > 0 be given.

1. For any fixed x € R, with probability at least 1 — 36, for any V. € R™*% and B € R™*% with
|V —Woll < Ry and | B — Wy|| < Rp,

Rp + 2Ry) R/’ In(e/8)/*
m1/6 -

’(Vf(x;V) — Vf(x;wo),3>‘ < el=ll(

LT

2. Let 7y be as in the previous part. With probability at least 1 — 3n6,
RO(B
sup sup sup Ai() < e?m,
W= Woll <Ry |W; ~Wo | <Rv [ B-Wol<Rp R (B)

3. Suppose m > In(edm). With probability at least 1 — (1 + 3(d?m)?)s,
25pRy/°\/In(edm /b
sup sup <Vf(x;V) *Vf(x;Wo),V>‘ < Pty n(edm/9)

1
IV=Wol <Ry ||z]|<1 m'/6

4. Let T3 be as in the previous part and again suppose m > In(edm). With probability at least
1 — (1 + 3(d*m)?)s,
R(W:)

sp oo <
W —wo | <rv RO (W;)

T3

Proof of Lemmas[2.1)and[B.7} The first item implies the second via Lemma [B.I] and moreover
implies the third item via Lemma|[B.3] Similarly, the third item implies the fourth via Lemma [BT]

Throughout the proof, write W := W, with rows (wT-)}":1 for convenience.

J

1. Fix x € R?. Fix a parameter r > 0, which will be optimized at the end of the proof. Let V and
B be given with ||V — W|| < Ry and | B — W| < Rp.

Define the sets
$11={j € ] : jwjal < rllall},
Sz = {j € [m] : [lvj —wyl| >}
S:=5,U8s.
By Lemma|[B.2] with probability at least 1 — 34,
51| < rm + /8rmIn(1/6).
On the other hand,

Ry > [V =W[*> " o —wj|* > [Sa]r?,
JES2

meaning |Sa| < R, /r?. Forany j ¢ S, if wjz > 0, then
vjz > wix — |lv; —w;ll - ||zl > [lz]| (r =) =0,
meaning 1[wz > 0] = 1[vjz > 0]; the case that j ¢ S and wjx < 0 is analogous. Together,
R2
IS| <rm 4 +/8rmIn(1/6) + =X and j ¢ S = 1wz > 0] = 1[v;z > 0].

r2
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Continuing,
Y9103 V) - V(@ ), B)
< VR |(v @) - Vi @m), v+ “f\wm; V)= Vi@ W),V - B),

= |a" (diag(1[V"z > 0)) — diag(1[W"z > 0])) Var

f@%@W%ZW—&@mW%ZNDW—Bmw

Handling these two terms separately, the second term is easier: by Cauchy-Schwarz,

" (diag(1[V7e > 0]) — diag(1[W7e > 0))) (V = B)a| < V/IS[|(V = W ~ (B~ W)al
|S| (Rv + Rp) |||.

For the first term,

a’ (diag(1[VTz > 0]) — diag(1[W"z > 0])) Vx‘ < Z 1[sgn(vjz) # sgn(wjx)] - [vjzl.
j=1

If vz and wixr have different signs, then |viz| < |viz — wiz| < [lv; — wy|| - ||z[|; plugging
this in, by Cauchy-Schwarz,

Znsgnvx ) # sgn(wja)] - o] x|<znsgnw ) # sen(wle)] - lv; — ;] - [le]

<Z||UJ wj| - |||

JES
< VISV = Wle||z|
< Ry /|S5]||z||.
Combining these derivations,

(Vi(@:V) = Vi W), B)| < < (VIS (B + Ba) ] + Ry v/[ST)])

pv/Bllzl 2Ry + Rp)

<
< Jm
Rearranging, and expanding the definition of |S| with the choice r := Rf//gm_l/ 3 and using
Ry > 1.
Rp + 2Rv R2

m~+ /8rmln(1/6) +
vm \/

1/3,.1/3] 1/4
< ol B+ 20 "t T Eoa

_ 30llell (Rs + 2Ryv) Ry Ine/0) "

= m1/6

(V1@ v) = w5y < AL

2. Union bounding the previous part over all (z)7_,, with probability at least 1 — §, for any
iterations (7, j) and for any matrices (W, W}, B) satisfying max{ ||W;—Wy||, |W; =Wy, || B—
Woll} < Rv

max|(V £ (2 W) = V(2 W), B) | < 7.
In particular, by Lemma [B.T]




Applying this twice gives

or, _ RO(B) (RO(B)) _ RY(B)
¢ - RO(B) \RW(B)) RU(B)

S 627'1 .

3. This part follows from the first via Lemma[B.3] As such, for every ||V — W|| < Ry, define
hv(z) = f(z; W) = f(2;V);
by this choice,
(Vi@ V) =V [(a;W), V) =(V[(;V),V) = (V[ (x; W), W) = (V[f(x; W),V = W)
= f(@;V) = fas W) = (Vf(&: W),V = W)
=—hy(z) — <Vf(m; W),V — W> ,
which matches the (negation of) functions considered in the function class H in Lemma@

By the previous part, with R := 0, for any fixed ||z|| < 1, with probability at least 1 — 34,

4/3 1/4
< 6pR/ " In(e/6) .

h
sup |h(z)| /s

Next, with probability at least 1 — §, Lemma [B.2] gives
W2 < vm + Vd+/2In(1/9),
and thus for any ||z — z|| < ¢, since the ReLU is 1-Lipschitz even when applied to vectors,
lhv (2) = hy (2)] < [f(2; V) = f(z V)] + | f@; W) = f(z W)
S pll(V =W+ W)z = 2)[ + plW(z - 2]
< 2pe(Ry /2 + v/m + Vd + /2In(1/8)) =t 1.

Together, by Lemma choosing ¢ := 1/(dm) and Sy := R™*9, with probability at least
1 — (14 3(md®/?)4)s,

sup sup |h(z)| <rg+ri +11Ryp
llz]|<1heH

In(edm/4) L/4 < 25pR%,/3\/ln(edm/5)
m - ml/6 ’
4. By the previous item, with probability at least 1 — (1 + 3(md>/2)?)g,

sup  sup |£0(as W) — f(a5 W)
Wi =Wol|<Rv lzl|<1

Consequently, by Lemma[B.1] for any W; with |[W; — Wy | < Ry,
R(Wi) = Eqyl(yf(a; W3)) < €PEq £y (a3 W3)) = e RO (W)

< T3.

B.2 Generalization proofs

As mentioned before, the usual hard part of such a proof is the Rademacher complexity estimate, but
here it is easy: linear predictors, as this bound is applied after linear approximation. The difficult step
is to control the range, which was presented before in Lemma[B.6 which invokes the sphere control
technique in Lemma B3]

Lemma B.8. Let Ry > 1 and m > In(edm) be given. With probability at least 1 — 69,

. 80pRy (d1n(em2d3/6))*?
sup ROW) - ROWV) < pRy (dIn(em?d*/s))

IV—Wol <Rv vn

Similarly, the negation of this bound holds with probability at least 1 — 60.
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Proof. This proof will use a constant dy, chosen at the end. First note that the Rademacher complexity
is as for linear predictors:

nRad <{x'—> (Vf(z;Wo), V) - ||V — Wyl <Rv}) E. sg)jZek V(i Wo), V)
k=1

=E. SupZek V(e Wo), V — Wo + Wo)
Vevy

=E. bupZek Vf(xi; W),V — Wo>
vevs

<V = Wolley| DIV F(@rs Wo) |12
k=1

< pRy+/n.

Next, by Lemma with probability at least 1 — (1 + 3(md?)?)dy, the mappings (z,y) ~
((yf©(z;V)) are nonnegative, centered at £(0), and vary by at most 18pRy In(emd/dy), thus take
their amplitude to be 36p Ry In(emd/dp) for simplicity. As such, since ¢ is 1-Lipschitz, by a standard
Rademacher bound [Shalev-Shwartz and Ben-David, 2014]], with additional failure probability at
most 29,

~ 2pR 108pRy 1 d/o In(1/6
sup RO(V) = RO (V) Py + pRyv In(emd/by)+/In(1/do)
IV =Woll<Rv vn V2n
80pRy In(emd/dy)>/?

< 9

< NG
and the bound is complete by noting the total failure probability was at most (3 + 3(md?)%)dy <
6(md?)%6y, and setting 5y := & /(md?)¢ and simplifying.

IN

For the reverse inequality, it follows by negating every element in the loss class and repeating the
proof.

B.3 Optimization proofs

First, a smoothness inequality which fixes the feature mapping across a pair of iterates. This lemma
doesn’t seem to have appeared before, but is not necessarily an improvement, other than allowing
slightly larger step sizes.

Lemma B.9. For any step size n > 0,
(1= np* (B VRV < RE (W) = RY (W),
Ifn < 8/p?, then ﬁ(i)(WiH) < ﬁ(l)(Wl) and any choice n < 4/p?* grants
SIVROW)|? < ROW) = RO (Wi,

Proof. For notational convenience, define g, (W) = yi f(xg; ) and g( )(W) =y fO (2, W),
whereby Vg (W) = y,. V f(xr; W). Since £ is 1/4-smooth and since, for every example (zx, Y ),
IV f(zr; V)IIZ = p? 3272 llajlw]zy > Olay]|? /m < 1, then

(4) (@) r¢ () Q] ( ) L (@ 2
Ugt (Wis)) < g (WD) + £/ (9" (Wi (gl (Wisn) = o7 (W) + 5 (o1 (W) — 97 (W)
1
8

= U (W) + <€'(g,(j)(W¢))ng(W) Wisy — W> + = (Vgr(Wh), Wigy — W;)

~ 2
{van W), nVR(W:) )

= gl (W) = (¢ (o” (W) Vg (W), TR(W;) ) +

< gl (Wi)) =0 (£ (g (W) Vo (W), TR(W:) ) +

2

)

o
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which after averaging over examples gives

2

ROWia) < ROW) = T3 (06 W) VW), VROW:) ) + 225 |9 R (W)
k=1

=ROW;) = n(1 - pzn/S)HVﬁ(Wi) 2

)

which rearranges to give the first inequality. Lastly, note if n < 4/p?, then n (1 — #*n/s) > /2. O

Next, the familiar regret inequality, making use of feature mappings induced by specific gradient
descent iterates. Note that this inequality does not need to make any assumptions on nonlinearity and
activation changes, though such effects must be controlled in the eventual application of this bound.

Lemma B.10. For any step size n < 4/p?, any Z € R™*? and any t,
IWe = ZIP + 20 ) RO Wipa) < [Wo — ZI + 20 ) RV(2).
i<t i<t
Proof. As usual, using Lemma [B.9]
IWiss = 212 = IWi = Z|[2 = 20 (TR(W), Wi = Z ) + [ VR(W)) |
< ||Wi = Z|* +2n <V7€(W1)a Z - Wz> +2n (ﬁ(i)(Wi) - ﬁ(i)(Wi+1)) )
where

(VRO Z W) = = 37 0y s W) (¥ f o W), Z — W5)
k

: Zgl(ykf(xh Wi)) ykf(i)(xk;Z) - ykf(i)(xk; W)
n
k

1 , _
< n Z (é(ykf(l) (21; Z)) — Ly fD (3 WZ))>
k
=RO(2) - ROW),
together giving

~.

[Wiss = 2|2 < Wi = Z|]2 + 20 (RO(2) = RO (Wiy))

which after telescoping and rearranging gives the final bound. O

Lastly, the proof of Lemma[2.2} the central optimization guarantee, which immediately yields the
bulk of Theorem [ 1]

Proof of Lemma([2.2] The start of this proof establishes a few inequalities used throughout. By

the second part of Lemma with probability at least 1 — 3nd, for any iterations (i, ) with
HW1 — W()” S B and ||W] — W0|| S B,

RO(V)

sup =

IV-woll<B RUW(V)

Crucially, eq. (3) holds with V := Z, since B > Ry by definition. Additionally, by Lemma [B.T0}

the following inequality holds unconditionally for every j < t:

W, = Z)2 + 20y ROWi) < [Wo — Z|> + 27> RD(2). ©6)

1<j 1<j

<e. &)

The remainder of the proof is broken into three parts, for the three separate guarantees:

W<y —Wo|| < B (norm), (7)
ﬁ(Wgt) < e™RO(Z) + e"(pRz)*€w (empirical risk), (8)
R(W<;) < e RO(Z) + 37 (pRy)eqa + € p(B + Ry)7, (risk).  (9)
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Norm guarantee (cf. eq. ). There are two cases to consider: B = Rgq, or B < Rgq. If B = Ry,
the claim follows by the definition of W<;.

Now suppose B < Rgq, meaning B = 3Rz +2e ntﬁ(o) (Z). Tt will now be argued via contradiction

that max; <, ||W; — Wy|| < B. Assume contradictorily the claim does not hold, and let s < ¢ be the
earliest violation. But that means the claim holds for all ¢ < s, which also means, combining eq. (E])
(which must hold for all i < s) and eq. (6)) and using 7 < 2 and £ > 0,

B? < |Wy = Wo* < 2[|Ws — Z||” + 2| Z — Wo|?
<2 We = Z|* + 40> RO (Wigr) + 21| Z — Wo|?
i<s
<4Wo— Z|? + 40> RO(Z)
1<s

< 4| Wo — Z|? + ante*RO(2)

2
< <2|W0 2+ 2 ntﬁ@(Z)) < B,
a contradiction.

Empirical risk guarantee (cf. eq. (8)). Now let 7" denote the earliest time when | W; =W, || > 2R,
or T' = oo if this situation never occurs. Note that for any ¢ < T,

[Wi —Wo| < 2Rz < B,

and even for Wr,

[Wr = Woll < [Wr—1 = Wo|l +nl|[VR(Wr-1)|| < 2Rz +np < B;
as such, eq. @ holds for all W; with ¢ < T', including the edge case Wr. The remainder of the proof
divides into two cases: either 7' > ¢ (which includes the situation 7' = 00), or T' < ¢.
If T < t, by the triangle inequality,

2 Z = Wol|l < [[Wr = Wo|l < || Z = Wl + [|Z — W,

which rearranges to give || Z — Wyl| < [|Z — Wr||, and thus, by eq. (6),

1Z = Woll> + 20> " e TR(Wip1) < [|[Wr = Z|* + 27> RO (Wiga)

i<T i<T
<1z - Wol*+21Y RD(2)
i<T
<||Z - Wol*+21Y " RO (2),
i<T

which after canceling from both sides and using the definition of W<y,
5 - 1 5 27.5(0)
R(W<y) < rigl;lR(Wi) < T ;R(Wi) < e TRVN(Z),
establishing eq. (8) when 7" < ¢.

If T > ¢, the proof is simpler: since max;<; ||W; — Wy|| < 2Rz < B, then eq. (5) holds for all W;
with ¢ < ¢, and thus by eq. @ and the definition of W<y,

e S RWiar) < 203 ROWia) < [Wi = Z|* + 27 S RO (W)
i<t i<t i<t
< [Wo - 2| + 20 Y RO(2)
i<t
< [Wo — 2| + 2t9e™ RO (2),
which after rearranging and using the definition of W<, gives

TNWo — Z 2 R
n € || 20t ” < eQTR(O)(Z) + eT(pRz)Qegm
n

. 1 ~ ~

R(Wep) < 5 S R(Wiy) < 2"RO(2)
i<t

completing the proof of eq. (8).
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Risk guarantee (cf. eq. (9)). By Lemma|B.8|applied once with radius B and once with radius R,
with probability at least 1 — 126

ROW<) < ROWey) + pBrn,  RO(Z) < RO(Z) + pRy7n.
Moreover, by the last part of Lemma[B.7]applied with radius B with probability at least 1 — 44,
R(W<p) < e™RO(Wey).
Combining all these inequalities with the empirical risk guarantee,
R(W<y) < e™RO (W)

< eTﬁ(O)(Wgt) + e pBT1,

< ¥ R(W<y) + € pBry,

< e RO (Z) + ¥ (pRz)?ega + € pBT,

<eRO(Z) + 3T (pRz) %€ + p (eTB + 64TR2> T,

thus establishing eq. (9) and completing the proof. O

B.4 Approximation proofs

First, the lemma and proof that we can sample from U,.; as the gap is over the risk, the proof uses
the technique in Lemma[B.3]to control all points on the sphere. This proof also makes crucial use of
the arccos bound in Lemma|[B.4l

Lemma B.11. Let Uy, be given with R := sup,cpa ||Uso (v)||, and suppose m > In(emd). With

probability at least 1 — 66,

— — 20R+/dl 2d3 /6§
ROT) < e R(Ux), where 7 < 6pdIn(emd?/§) + OR/dlnem?d?/ )

mi/4

Proof of Lemma[B11} Throughout this proof, the subscript will be dropped and simply W := W},
with rows (wj)7L;.

The bound on RV (T) — R(U,, ) follows by showing that with probability at least 1 — 66,

sup | (23 Uuc) = O (:0)| < 7,

lzll<1

and then as usual applying Lemma and taking an expectation to obtain a bound between R(*) (T)

and R(UOO). Meanwhile, this intermediate bound is first established for any fixed x € R4, and then
general ||z|| < 1 are handled via Lemma|B.3

Fix an example = € R and failure probability y to be determined later when Lemmais invoked.
To first calculate the expected difference, note by definition of U that

E<Vf(x;W),U— W> = E\;%i;aj <ﬂj —wj, l[wjz > 0]>

m

_ %ZE (Teo (), w1 [ > 0])

= f(l‘;UOO),
whereas .
E(Vf(@; W), W) =Eq Y a;Ey,or(wjz) =0,
j=1
thus

EfO@;0) =B (£O ;T = W) + 7O ;W) ) = f(2;To).
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Controlling the deviations (still for this fixed ) will also consider the terms separately. The term
O (2; U —W) will use McDiarmid’s inequality; to verify the bounded differences property, consider
pairs (a, W) and (a/, W’) which differ in only one element (a’;, w;), which also defines pairs U and

U differing in just one j, meaning the vectors %; and ﬂ; by Cauchy-Schwarz and the definition of
R’

(T W), 0 = W) = (Vf(W'), 0" = W)

:‘\/%aj <ﬂj — wj, rl[wjz; > 0]> - #a; <ﬂ; — w2l [(w}) x> 0]>‘
T m ?<U°°(wj>’x]l[w}$j 2 0}> — (a})? <Uoo(w§),x]l[(w;)ij > o]>’
< 28|l=]

m
Thus, by McDiarmid’s inequality, with probability at least 1 — 24y,

— — — — 2R?||z||? In(1/6
0@ = o U] =[O0 T) — B 00| < | L L)
Meanwhile, the term f(°)(z; W) is explicitly controlled in in the first part of Lemma with

probability at least 1 — 34,

/O (@ W) < 2pl|]| In(1/60).-
Together, with probability at least 1 — 5dg,

— — 21n(1/4

7O @) ~ £ T0)| < 20mn(1/0) + Ry 22 .
Controlling the behavior for all ||z| < 1 simultaneously now relies upon LemmaB.3] but invoked to
control a single matrix, namely choosing Sy := {U}, and radius Ry := R/p > ||U — W/||. For the
sake of applying Lemma define for any V' € R™*? the mapping

hy (2) = f(; W) — f(2;Usc),

which has no dependence on V, and note a corresponding function i € H as defined in Lemma[B.3|
has the form

h(z) = f(&; W) = f(2;Us) + (Vf(; W),V = W) = (Vf(&; W), V) — f(2;Us0);

since Sp = {U}, we only need to check the conditions of Lemmafor V =U. As above, for any
fixed ||z|| < 1, with probability at least 1 — 54, |h(z)| < r2. To invoke Lemma|B.3] the restricted
continuity property must be established. Specifically, let ||z — z|| < e be given, with € > 0 determined
later. Writing

)

v (@) = By (2)] < |£ (@3 W) = £z W) +|£(@:Toc) = f(23Toc)

it suffices to check the restricted continuity property in both terms separately. For the first term, by
Lemma [B.2] with probability at least 1 — &,

Wl < vm 4+ Vd+ /21n(1/6),

whereby the 1-Lipschitz property of the ReLU over vectors gives

@ W) = £z W)] < pllo(Wa)-ouW2) | < plW(e—2)]| < p (Vim + Vi + V2 n(1/50)) e

For the other term, first note by a standard Gaussian calculation that

’f(z;UOO) - f(z,ﬁoo)‘ = /<Uoo(v),zll[sz >0 —alp'z > O]>dN(v)

< R/Hz]l[sz > 0] — 2lvz > 0]]| AN (v)
< R||z — x| UER/ [1[v"z > 0] = 1[v"z > 0]]
+ R(llll + [|2[) Pr [1lv"z > 0] # 1[o"z > 0]]

2arccos(<x/||xH, Z/HZH>)
2w .

< Rz — x| + Rl + [I21)
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If ||z|| < 2, then z < 3¢, and the last term can be upper bounded as 5Re. On the other hand, if
|z]| > 2€, whereby ||z|| + ||z|| < 2[|z|| + € < 3||z||, then Lemma[B.4]implies

2arccos((z/ ||z, z/|=)) V8
R([|lz[l + =) < o ) < R(llzll + 2Dz BE < 3Re,
Thus, by Lemmawith radius Ry := R/p and filter set Sy := {U} as above, and additionally

choosing ¢ := 1/(dm), with overall probability at least 1 — (1 + 5(+/d/€)?)do,

U U 21n(e/d
sup ‘f(O)(x; U) - f(=; UOO)’ < 2pln(e/5o) + R 21n(e/do)
llz]l <1 -
+6p(f+f+ 21n( 6/50) + (1+5)Re
1/4
+11Ryp (hl(edm/%))
m
1 d 5 1/4
< 6pn(e/do) + 20Ryp (n<:§/>) |
and the final bound comes via the choice g := ¢ /(mdQ)d' .

The next result establishes that for any p,, there exists a conditional probability model defined by
U, which is arbitrarily close, which is one of the keys to the consistency proof (cf. Corollary .
As discussed briefly in Remark [I.1] this construction requires a bias term, which is simulated by
replacing the input = € R with (x,1)/v/2 € R4+, and otherwise proceeding without modification.
Lemma B.12. Suppose (i, and p, are Borel measurable, and i, is supported on ||z|| < 1. Given
any v € RY, let & := (x,1)/v/2 € R denote the vector obtained by appending the constant
1. Then for any € > 0, there exist infinite-width weights Uy @ R¥FL 5 R satisfying R =
SUpPgera+1 Uoo (D) < 00 and
R(Us) <R +e.

Proof. Throughout this proof, define 7 := min{e/4,1/2}.

As is standard in the theory of classification calibration [Zhang, 2004, Bartlett et al., 2006], for the
logistic loss, the optimal population risk is achieved by a measurable function f : R — R which
satisfies

7 . - byT
f(z) := argmin p, (2)€(r) + (1 — p,(2))l(=7) = ¢ *(py(z)) = In (@) Hy-a.e. T,
rERU+ 00 1 —py(z)
which may take on the values £oc. To avoid these £oo, define a clamping of p, as
p1(x) := max{7, min{l — 7, p,(x)}},
and clamped logits fi(z) := ¢~1(py(x)) (which now is bounded). As is again usual in the literature
on classification calibration [Zhang], |2004} Bartlett et al., 2006]],

R(R) =R = [ (sl n 245 1=y o) 0 =245 ) o)

p1(2) 1—pi(z)
= / (py(x)lnpy(x) +(1—py(x))1n1;py(x)> gt (2)
py(x)€[0,T) T — T
py(@) 1 - py()
+ /py(w)e(l_f’” (py(x) In S5+ (1= py (2)) In 7) dpie ()

< < 27.

1—7
Since p; is Borel measurable (due to Borel measurability of p,), then f; is Borel measurable (since
¢! is continuous along [7, 1 — 7]), and therefore we may apply Lusin’s Theorem [Folland, 1999,
Theorem 7.10]: there exists a continuous function g and a set .S satisfying

c T
gl LAl <swlA@l <00 s = (s w5 < s TrT
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whereby since ¢ is 1-Lipschitz,

R(g) — R(f1) < / 1z € $9¢(~yg(z)) du(z,y)

< / 1z € 590(g(x)]) dpa ()
< e (S€)(£(0) + sup lg9()])

<T.

Since g is continuous, it is uniformly continuous over ||z|| < 1, and thus there exists a & > 0 so that
the modulus of continuity w,(9) at scale J is at most 7, meaning

sup |g(z) — g(a')] < wy(0) < 7.
lo—a']|<6

By results in neural neiwork universal approximation [Ji et al.} 2030b, Theorem 4.3], there exists
infinite-width weights U, : R¥1 — R4+ satisfying R := sup; ||Uso(%)|| < co and

sup |£(2: Unc) = g(x)| < wy(8) <7,
lzll<1

which again by the 1-Lipschitz property of £ means R(Us,) — R(g) < 7. Combining all these pieces,
R(Ux) ~ R = [R(Ux) = R(9)| + [R(9) = R(W] + [R(f) - R| <7+7+27 <,
as desired. O

B.5 Proofs of main results: Theorem [I.I)and Corollary

The proof of Theorem|I.1]and a precise restatement are as follows. This restatement has fully explicit
constants, and is invoked in the proof of Corollary [2.3]to ease sanity-checking.

Theorem B.13 (Refined restatement of Theorem [I.1). Let temperature p > 0 and reference model
Uso be given with R := max{4, p,sup, ||Us(v)[|} < oo, and define a corresponding conditional
model ¢oo(x) = ¢(f(x;Us)). Let optimization accuracy €gq and radius Req > R/p be given,
define effective radius B := min {Rgd, % + %ﬁ\/ e R(Us) + Ry } where generalization
error T, and additionally linearization error Ty and sampling error g are defined as

_ 80 (d 111((317”L2d3/6))3/2

Tn - NG ,
_ 100pB*/3/dIn(enm?2d3/5)
T1 = m1/6 s
20R+/dl 2d3 /6
70 1= 6pdIn(emd?/5) + OR n(em*d>/9)

ml/4 ’
where it is assumed 71 < 2 and m > In(emd). Choose step size 1) := 4/p?, and run gradient descent

fort :=1/(8¢€u) iterations, selecting iterate W<, := arg min{R(W;) : i < t, |W; — Wo|| < Ry}
with simultaneously small norm and empirical risk. Then, with probability at least 1 — 250,

R(W<) — R (logistic error)
< Koin(Py, Poo) + (eTﬁT" - 1) R(Us) (reference model error)
+ e R26gd (optimization error)
+ e (pB+ R)my (generalization error),
where the classification and calibration errors satisfy

R(W<;) - R (logistic error)
> 2 / (¢(f(x, W<y)) — py)2 dpeg () (calibration error)

1 \2
> 3 (Rz(Wgt) — RZ) (classification error).
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Lastly, for any € > 0, there exists U(Ej) with sup,, ||U(§2)(v)|| < oo and whose conditional model

O (@) = o (2, 1)/VE TL)) satisfies Kon(py, 6) < c.

Proof of Theorem|[I.I|and simultaneously Theorem[B.I3] This proof focuses on the first inequality,
upper bounding R(W<;) — R; for the other two statements, the chain of inequalities with other
error metrics are from Lemma@ and the approximation of arbitrary Borel measurable p,, is from
Lemma[B.12] (The only difference between Theorem [B.13|here and Theorem [I1]in the body is that

the “O” hides constants and In(m) and In(d) (but not In(n)).

Returning to the first inequality, let U be the canonical sample of U, as in eq. , where [T —W,|| <
R/p by construction. By Lemma|B.11} with probability at least 1 — 66, then R(?)(T) < e™R(Us,),
where 79 is as in the statement (cf. Theorem [B:13).

Next instantiate Lemma with reference matrix Z = U and Rz := R/p, whereby the definition of
R gives Rz > {1,np, U — Wo||} as needed; as such, ignoring an additional failure probability at
most 194, setting 7 := 71 /4 in the invocation, and lastly subtracting R from both sides,

R(Wei) =R < e"ROU) + €™ (pRz) ega + €™ (pB + pRz)T0 — R
< (€M7 = 1) R(Uso) + Koin(py, doo) + €7 R¥€qa + €7 (0B + R)7y.

This invocation of Lemmaalso guarantees RO (U) < RO(U) + R, which together with the

earlier inequality R(?)(T7) < ™R (U,,) provides the form of B used in the statement (this B upper
bounds the one defined in Lemma[2.2] which is fine since it only relaxes the guarantees provided
there). O]

Making use of Theorem [B.13] the proof of the consistency statement, Corollary [2.3] is as follows.
Note that we are always working with bias-augmented inputs within this statement and its proof; e.g.,

W, € R x(d+1),

Proof of Corollary[2.3] Let ¢ > 0 be arbitrary, and define the event
E, = [R(Wn) >R+ e} .

Following a standard scheme for consistency proofs [[Schapire and Freund| 2012| Corollary 12.3], it
suffices, thanks to the Borel-Cantelli lemma, to prove

ZPr[En} < 00; (10)

n>1

that is to say, by the Borel-Cantelli lemma, eq. implies lim sup,, , R(Wn) — R < e almost
surely, and since R(W,,) > R and since € > 0 was arbitrary, it follows that R(W,,) — R almost
surely. Moreover, by Lemma [B-T] for each n there are the inequalities

1 — N2 ~ —~ _

5 (Ral) = R.) " <2 [(G(e) = by () (o) < ROV - R,
thus R(Wn) — R also implies an — py in Lo (p,) almost surely, and RZ(W\H) — R, almost surely.

To establish eq. , first use the last part of Theorem to fix a Uy, with KCpin(py, g’gn) < €/2,
and define R := sup, ||Ux(v)|| < oo. To bound Pr[E,], instantiate Theorem for every n
with reference model U, and corresponding R < oo, and failure probability §(*) := 1/n2, and
optimization radius Rgg = 0o, meaning a corresponding effective radius given by Theorem @ as

1 n e
B = —_ <3R+ 4e\/t(7>\/eﬂ5 "R(U) + Rm) :

p(”)

Inspecting all the terms in Theorem [B.13] it will now be argued that while the term Ky (p,,, bn)
stays level and is at most €¢/2 independent of 7, all other terms go to 0. Returning to B (") since
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7 = O(1/y/n) and 7" — 0 (which will be shown later), then B™ = O(vt(") /p(™)), whereby

_ [ ) (Bn)4/3 _ (n))2/3
5P (B™") -5 (")
(m(m)1/6 (m())176(p(m)1/3
= [ )3\ n31-9) e
© ((mm))l/s =0\ gae ) = (1) =0

n A n 1 ~ 2(¢— B

Next,

(n

which together with the asymptotics of 7™ gives exp(7{™ + ™) =1 = 0 and exp(Tl(”))R%ég) —
0. The final term to consider is

n ~ t(n) ~
exp(Tl( ))p(n)B(n)Tn -0 ( ) = @(n—s/z) - 0.
n
As such, all terms go to zero with n (excepting Cpiy (py7 (;Aﬁn) < ¢/2, which is fine), and there exists
Ny so that for all n > Ny, all conditions of the bound are met, and with the exclusion of a failure

probability of §(), the bound implies R(W,,) < R+¢. Thusn > Ny implies Pr[E,] < 6(") = 1/n2,

and )
1 s
n>1 n<No n>No
which establishes eq. (T0) and completes the proof. O

C Proof of Proposition [I.2]

Proposition[I.2]is a consequence of the following more refined statement, which also suggests the
method of proof, and is consistent with Figure

Lemma C.1. Suppose marginal distribution i, is continuous and compactly supported on [0, 1],
py is continuous, and that either pi,(p;*((0,1/2))) > 0 or p,(p, *((1/2,1)) > 0, meaning p, is
outside {0,1/2,1} on a set which has positive measure according to i.

Then there exists a constant ¢ € (0,1/4) (depending only on 1, and p,) so that with probability at
least 1 — 76 over the draw of ((x;,y;))"_, withn > In(1/0)/c, there exists an interval I C [0, 1],
and a subset of pairs of indices indices S C [m)? satisfying the following properties.

1. Either py € [c,1/2 — c] everywhere on I, or p, € [1/2 + ¢, 1 — ] everywhere on I, henceforth
let § := sgn(p, — 1/2) designate the correct (Bayes) prediction over I.

2. If (i,k) € S, then z; < x, = min{xs : 5 > x;}, meaning xy, is the first point to the right of x;,
and moreover the corresponding labels y; = yi, = —1 agree with each other but are incorrect.

3. For any local interpolation rule f € F,, (cf. Proposition ,
R.(f) >R, +ec.

Proof of Lemma|C.1|(and simultaneously Proposition[I.2). Consider any point x where p,(z) ¢
{0,1/2,1} and p, > 0; such a point must exist by the assumptions. Define § := sgn(p,(z) — 1/2)
and ¢; := min{p,(z)/2, |py(x) — 1/2|/2, (1 — p,(z))/2}, where ¢; € (0,1/4) by construction.
Since py and p, are continuous, then there must exist some (potentially tiny) closed interval I
containing « so that sgn(p,(z) — 1/2) = ¢, and for any =’ € I, both p,(z’) > 0 and p,r €
(c1,1/2—c1)U(1/24¢1,1 — 7).

To simplify the rest of the proof, suppose § = —1; the other case is symmetric, but as in the preceding
paragraph, handling both cases simultaneously adds significant notational overhead.

Let S denote all adjacent pairs of points in I where (x;, z;) € S means z; < xp = min{z, : z; >
x;} and y; = yr = —¢. With this choice, all that remains to be shown is the third item, the lower
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bound on the risk.To show this, it suffices to show that a constant fraction of 1, ’s probability mass is
contained between these pairs, meaning

I (U(i,k)esu([%xk])) >y >0,

where crucially c» is independent of n. To see that this suffices to establish the third property, suppose
that f : R — R satisfies the required condition, meaning f(z)y < 0 for z € U iyesp([zi, 2x]);
then by a standard calculation against the Bayes risk [[Devroye et al.l [ 1996],

R.(f)—R,= / |1 — 2py, (2)[1 [sgn(f) # sgn(py(z) — 1/2)] dps ()
> [11-20,@)1 [z € Upayeston,anl] dpo(@)

> 2¢1 g (U(i,k)es[%,xk})

= 20162,

and the final statement and all properties are satisfied if we pick ¢ € (0, min{cy, ¢2,2¢1 (32}] .

As such, it remains to provide a lower bound on ¢, which is independent of n, which will follow a
series of simplifications as follows.

The first step is to lower bound the cardinality of .S. The expected number of points in I is np, (1),
and if n > 321n(1/6)/p,(I), then by a multiplicative Chernoff bound [Blum et al., 2020, Theorem
12.6], with probability at least 1 — 34,
nyig (1)

5

and thus the number of consecutive pairs in I is at least npu, (I)/2 — 1 > nu, (I)/4.

‘{ie[m]:xief}‘z

Since these pairs may share endpoints, consider the set of at least n,. (1) /8 pairs that share no points.
Since the draw of y is independent of x, for each of these consecutive pairs, the probability that
both labels are wrong is at least (1 — ¢;)? (and is independent of other pairs), meaning the expected
number of such points is at least nu, (I)(1 — ¢1)?/8; as such, if n > 256 In(1/8) /(1 (1) (1 — ¢1)?),
by another multiplicative Chernoff bound, with probability at least 1 — 39, the number of pairs with
agreeing but incorrect labels is at least np, (I)(1 — ¢1)?/16. Let Sy denote this set of pairs; by
construction, its cardinality also lower bounds that of S.

It remains to show that the union of the convex hulls of these pairs of points has a significant fraction
of total probability mass.

For any sample (21,...,2y), let (2(1),...,%(,)) be the sample in sorted order, meaning x(;) <
T(9) < -+ < T(y) (strict inequalities almost surely since i, is continuous). Define a distance A and
function F' of the sample as

(D1 ar)?
256m ’

F(xy,...,x,) = {z € [m—1]: p([zw), vu)]) < A}‘ ;

that is to say, ' measures the number of consecutive pairs whose convex hulls have probability mass
strictly less than A. As will be established momentarily, F' satisfies the bounded differences property
with a constant 2, meaning for any two samples (21, ...,z,) and (2}, ..., 2!,) that differ only in a
single example x; # z},
|F(21,...,20) — F(x’l,,x;)’ < 2.

To argue this, suppose the disagreeing example x; occupies position j after sorting, meaning ; = ),
and consider adjusting one sample to the other by renaming this point to x/, removing it from its
current location, and moving it to its final location.

* First we remove z; from the interval (z(;_1), 2(j41)). If neither (x¢;_1y,z}) nor (z}, x(j41))
counts towards F', then neither will (z(j_l), x(j+1)), so F' remains unchanged. If exactly
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one of (z(;_1), ;) and (]}, z(j41)) counts towards F', then (x(;_1),2(;+1)) does not count
towards F', so F’ decreases by 1. If both (x:(;_1y,z}) and (z}, (;41)) counts towards F, then
(x(j—1), T(j4+1)) may or may not count towards ', so I decreases by 1 or 2. So this operation
changes F by any of {—2,—1,0}.

* Then we insert =} into a new interval. The range of possible changes to F is the exact opposite
as removing it from an interval, so this leads to a change by any of {+2, 41, 0}; together the
difference in F' is within [—2, +2].

As such, by McDiarmid’s inequality, with probability at least 1 — 4,
F(xy,...,x) <EF(z1,...,2,) + v/2n1n(1/4).

Upper bounding EF(z1,...,x,) can now be performed in a coarse way as follows. Partition
the support of i, [0, 1], into two systems of intervals, Z and 7, as follows. Z simply contains
the [1 / (QA)W consecutive intervals of mass 2A (except for the last, which may have less mass);
meanwhile, J contains a first initial interval of mass A, and then intervals of mass 2A until a
final interval of mass at most 2A. Due to this staggered behavior, if some pair (a:(i), a:(iﬂ)) has
(2 (i), T(i41))) < A, then the pair must appear in a single interval in either Z or 7 (the staggering
avoids boundary issues). Now consider the creation of the full data sample by sampling the data
points one by one, and the resulting effect on these bins; the goal is to upper bound the number
of times a point is inserted into an occupied bin, as this upper bounds the number of consecutive
pairs of points within some bin, which in turn upper bounds F'. After inserting the :th point (twice),
let A; denote the number of occupied bins, and B; the number of times a point was inserted into
an occupied bin; necessarily, A; = 2i — B; (the factor two coming from simultaneous throws
to Z and J). The probability of landing in an occupied bin (and thus increasing B;) is at most
A;(2A) = (2¢ — B;)(2A). By linearity of expectation,
n—1
EF <EB, < Z 9F1 [, lands in an occupied bin |
i=1

n—1
<4A) (2i —EB;) <4A(n—1)n <

i=1

npe (1) (1 — ¢1)?
64 '

Together, supposing that n > 81921n(1/8)/(u.(I)?(1 — ¢1)*), it follows that with probability at
least 1 — 9,

e (N1 = ¢1)

? itz (1) (1 = c1)?
6 ++v/2nIn(1/6) < ———————.

F ey y) <
(331, , L ) = 32
To finish the proof, since the preceding quantity is less than half the cardinality of Sy, we are
guaranteed that at least half the pairs in Sp have p, ((z;, x5)) > A; letting S denote this half, then

po(Uikesleaoi]) > > pa([zi, 7))
(i,k)€S,

2 21 _ . \4
32 8192

It only remains to determine the final value of the constant c. By the preceding calculation and
the comments near the start of the proof establishing that ¢ € (0, min{cy, c2, 2c1¢2}] suffices, the
quantity c3 here is indeed a lower bound on cg, and thus, defining ¢4 := min{cy, ¢3,2c1c3}, it
suffices to require ¢ € (0, c4]. On the other hand, inspecting all the necessary lower bounds on n
throughout the proof, the maximum across all of them is that we need n > In(1/0)/cs. As such, all
properties are satisfied if we take ¢ := ¢4 > 0 as our final constant, which depends only on i, and p,
(but not on n) as promised. O]

=!cC3.
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