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A BASIC FACTS

This section collects some basic facts concerning the loss function. First, as we state in Section 2, the
pseudo-Huber loss (2.1) exhibits behavior similar to the Huber loss (Huber, 1964), approximating
x2/2 when x2 . ⌧2 and resembling a straight line with slope ⌧ when x2 & ⌧2. To see this, some
algebra yields (

✏2�2(1+✏)
2✏2 x2  `⌧ (x)  x2

2 , if x2  ⌧2 · 4(1 + ✏)/✏2,
⌧ |x|
1+✏  `⌧ (x)  ⌧ |x|, if x2 > ⌧2 · 4(1 + ✏)/✏2.

Second, we give the first-order derivatives and the Hessian matrix for the empirical loss function. Let
⌧ = v

p
n/z throughout the appendix. Recall that our empirical loss function is

Ln(µ, v) =
1

n

nX

i=1

`(yi � µ, v) =
1

n

nX

i=1

(p
n

z

r
nv2

z2
+ (yi � µ)2 �

⇣ n

z2
� a

⌘
v

)

=
1

n

nX

i=1

⇢p
n

z

⇣p
⌧2 + (yi � µ)2 � ⌧

⌘
+ a · ⌧

z
p
n

�
.
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Algorithm 1 An alternating gradient descent algorithm.
Input: µinit, vinit, v0, V0, ⌘1, ⌘2, (y1, . . . , yn)
for k = 0, 1, . . . until convergence do
µk+1 = µk � ⌘1rµLn(µk, vk)
evk+1 = vk � ⌘2r⌧Ln(µk+1, vk) and vk+1 = min{max{evk+1, v0}, V0}

end for
Output: bµ = µk+1, bv = vk+1

The first-order and second-order derivatives of Ln(µ, v) are

rµLn(µ, v) = � 1

n

nX

i=1

yi � µ

v
p
1 + z2(yi � µ)2/(nv2)

= �
p
n

z
· 1
n

nX

i=1

yi � µp
⌧2 + (yi � µ)2

,

rvLn(µ, v) =
1

n

nX

i=1

n/z2p
1 + z2(yi � µ)2/(nv2)

�
⇣ n

z2
� a

⌘
=

n

z2
· 1
n

nX

i=1

 
⌧p

⌧2 + (yi � µ)2
� 1

!
+ a

where a = 1/2. The Hessian matrix is

H(µ, v) =

2

4

p
n
z

1
n

Pn
i=1

⌧2�
⌧2+(yi�µ)2

�3/2
n
z2

1
n

Pn
i=1

⌧(yi�µ)
(⌧2+(yi�µ)2)3/2

n
z2

1
n

Pn
i=1

⌧(yi�µ)
(⌧2+(yi�µ)2)3/2

n3/2

z3
1
n

Pn
i=1

(yi�µ)2

(⌧2+(yi�µ)2)3/2

3

5 .

B AN ALTERNATING GRADIENT DESCENT ALGORITHM

This section presents an alternating gradient descent algorithm to optimize (3.1). The algorithm
generates the solution sequence {(µk, vk) : k � 0} with the initialization (µ0, v0) = (µinit, vinit).
At the working solution (µk, vk) for any k � 0, the (k + 1)-th iteration involves the following two
steps:

1. µk+1 = µk � ⌘1rµLn(µk, vk),
2. evk+1 = vk � ⌘2r⌧Ln(µk+1, vk) and vk+1 = min{max{evk+1, v0}, V0},

where ⌘1 and ⌘2 are the learning rates and

rµLn(µ, v) = � 1

n

nX

i=1

yi � µ

v
p
1 + z2(yi � µ)2/(nv2)

,

rvLn(µ, v) =
1

n

nX

i=1

n/z2p
1 + z2(yi � µ)2/(nv2)

�
⇣ n

z2
� a

⌘
.

The above two steps are repeated until convergence. The algorithm routine is summarized in
Algorithm 1. The learning rates ⌘1 and ⌘2 can be chosen adaptively in practice. In our experiments,
we utilize alternating gradient descent with the Barzilai and Borwein method and backtracking line
search.

C COMPARING WITH LEPSKI’S METHOD

We compare our method with Lepski’s method. Specifically, we employ Lepski’s method to tune the
robustification parameter v and, consequently ⌧ = v

p
n/z, in the empirical pseudo-Huber loss:

Lh
n(µ, v) :=

1

n

nX

i=1

⇣
⌧
p
⌧2 + (yi � µ)2 � ⌧2

⌘
.

Lepski’s method proceeds as follows. Let vmax be an upper bound for �, and ⌧max = vmax
p
n/z

with z =
p
log(1/�). Let n be sufficiently large. Then with probability at least 1� �, we have

|eµ(vmax)� µ⇤|  6vmax

r
log(4/�)

n
=: ✏(vmax, �),

12
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where eµ(vmax) = argminµ Ln(µ, vmax). Let us by convention set ✏(vmax, 0) = +1. Clearly,
✏(vmax, �) is homogeneous in the sense that

✏(vmax, �) = B(�)vmax, where B(�) = 6

r
log(4/�)

n
.

For some parameters V 2 R, ⇢ > 1, and s 2 N, we choose the following probability measure V for
vmax

V(vmax) =

⇢
1/(2s+ 1), if vmax = V ⇢k, k 2 Z, |k|  s,
0, otherwise.

Let us consider for any vmax such that ✏(vmax, �V(vmax)) < 1 the confidence interval

I(vmax) = eµ(vmax) + ✏(vmax, � V(vmax))⇥ [�1, 1],

where

✏(vmax, � V(vmax)) = 6vmax

r
log(4/�) + log(2s+ 1)

n

if vmax = V ⇢k for any k 2 Z and |k|  s. We set I(vmax) = R when ✏(vmax, �V(vmax)) = +1.

Let us consider the non-decreasing family of closed intervals

J(v1) =
\

{I(vmax) : vmax � v1} , v1 2 R+.

In this definition, we can restrict the intersection to the support of V , since otherwise I(vmax) = R.
Lepski’s method picks the center point of the intersection

\
{J(v1) : v1 2 R+, J(v1) 6= ;}

to be the final estimator bµLepski. Then the following result is due to Catoni (2012).
Proposition C.1. Suppose | log(�/V )|  2s log(⇢). Then with probability at least 1� �

|bµLepski � µ⇤|  12⇢�

r
log(4/�) + log(2s+ 1)

n
.

If we take the grid fine enough such that s = n, then the upper bound above reduces to

12⇢�

r
log(4/�) + log(2n+ 1)

n
,

which agrees with deviation bound for our proposed estimator, up to a constant multiplier. Therefore,
our proposed estimator is comparable to Lepski’s method in terms of the deviation upper ound.
Computationally, our estimator is self-tuned and thus computationally more efficient than Lepski’s
method; detailed numerical results can be found in Section 4.

D PROOFS FOR SECTION 2

D.1 PROOFS FOR THEOREM 2.3

Proof of Theorem 2.3. We prove first the finite-sample result and then the asymptotic result. Recall
that ⌧⇤ = v⇤

p
n/z.

Proving the finite-sample result. On one side, if v⇤ = 0 and by the definition of v⇤, v⇤ satisfies

1� az2

n
= E

p
nv⇤p

nv2⇤ + z2"2
= 0,

13
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which is a contradiction. Thus v⇤ > 0. Using the convexity of 1/
p
1 + x for x > �1 and Jensen’s

inequality acquires

1� az2

n
= E

p
nv⇤p

nv2⇤ + z2"2
= E 1p

1 + z2"2/(nv2⇤)
� 1p

1 + z2�2/(nv2⇤)
� 1� z2�2

2nv2⇤
,

where the last inequality uses the inequality (1 + x)�1/2 � 1 � x/2, i.e., Lemma H.4 (i) with
r = �1/2. This implies

v2⇤  �2

2a
.

On the other side, using the concavity of
p
x, we obtain, for any � 2 [0, 1), that

1� az2

n
= E

p
nv⇤p

nv2⇤ + z2"2
= E 1p

1 + �2z2"2/(nv2⇤)



s

E
✓

1

1 + z2"2/(nv2⇤)

◆



s

E
⇢✓

1� (1� �)
z2"2

nv2⇤

◆
1

✓
z2"2

nv2⇤
 �

1� �

◆
+

1

1 + z2"2/(nv2⇤)
1

✓
z2"2

nv2⇤
>

�

1� �

◆�



s

1� (1� �)E
⇢
z2"2

nv2⇤
1

✓
z2"2

nv2⇤
 �

1� �

◆�



s

1� (1� �)
E {"21 ("2  �⌧2⇤ /(1� �))}

nv2⇤/z
2

, (D.1)

where the second inequality uses Lemma D.1, that is,

(1 + x)�1  1� (1� �)x, for any x 2

0,

�

1� �

�
.

Taking square on both sides of inequality (D.1) and using the fact that n � az2 together with Lemma
H.4 (i) with r = 2, aka (1 + x)2 � 1 + 2x for x � �1, we obtain

1� 2az2

n

✓
1� az2

n

◆2

 1� (1� �)
E{"21("2  �⌧2⇤ /(1� �))}

nv2⇤/z
2

,

or equivalently

v2⇤ �
�2
'⌧2

⇤

2a
,

where ' = �/(1� �). Combining the upper bound and the lower bound for v2⇤ completes the proof
for the finite-sample result.

Proving the asymptotic result. The above derivation implies that v⇤ < 1 for any a > 0. By the
definition of v⇤, we obtain

az2

n
= 1� E 1p

1 + z2"2/(nv2⇤)
. (D.2)

We must have nv2⇤/z
2 ! 1. Otherwise assume

lim sup
n!1

nv2⇤/z
2  M < 1.

14
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Taking n ! 1, the left hand side of the above equality goes to 0 while the right hand is lower
bounded as

1� E 1p
1 + "2/M

� 1�

s

E
✓

1

1 + "2/M

◆

� 1�
r
1� E {"21("2  M)}

2M

� 1�
r

1

2
> 0,

where the first two inequalities follow from the same arguments in deriving (D.1) but with � = 1/2,
and the third inequality uses the fact that

E{"21("2  M)}  M.

This is a contradiction. Thus nv2⇤/z2 ! 1. Multiplying both sides of the above equality by n, taking
n ! 1, and using the dominated convergence theorem, we obtain

az2 = lim
n!1

E
 
n ·

p
1 + z2"2/(nv2⇤)� 1p
1 + z2"2/(nv2⇤)

!

= lim
n!1

E
 
n · 1p

1 + z2"2/(nv2⇤)
·
p
1 + z2"2/(nv2⇤)� 1

z2"2/(2nv2⇤)
· z

2"2

2nv2⇤

!

=
Ez2"2

2 limn!1 v2⇤
,

and thus limn!1 v2⇤ = �2/(2a). This proves the asymptotic result.

D.2 PROOF OF PROPOSITION 2.4

Proof of Proposition 2.4. The convexity proof consists of two steps: (1) proving that Ln(µ, v) is
jointly convex in µ and v; (2) proving that Ln(µ, v) is strictly convex, provided that there are at least
two distinct data points.

To show that Ln(µ, v) = n�1
Pn

i=1 `
p(yi � µ, v) in (2.5) is jointly convex in µ and v, it suffices

to show that each `p(yi � µ, v) is jointly convex in µ and v. Recall that ⌧ = v
p
n/z. The Hessian

matrix of `p(yi � µ, v) is

Hi(µ, v) =

p
n

z
· 1
�
⌧2 + (yi � µ)2

�3/2


⌧2 (

p
n/z) ⌧(yi � µ)

(
p
n/z) ⌧(yi � µ) (

p
n/z)2 (yi � µ)2

�
⌫ 0,

and thus positive semi-definite. Therefore, Ln(µ, v) is jointly convex in µ and v.

We proceed to show (2). Because the Hessian matrix H(µ, v) of Ln(µ, v) satisfies H(µ, v) =
n�1

Pn
i=1 Hi(µ, v) and each Hi(µ, v) is positive semi-definite, we only need to show that H(µ, v)

is of full rank. Without generality, assume that y1 6= y2. Then

H1(µ, v) +H2(µ, v) =

p
n

z
·

2X

i=1

1
�
⌧2 + (yi � µ)2

�3/2


⌧2 (

p
n/z) ⌧(yi � µ)

(
p
n/z) ⌧(yi � µ) (

p
n/z)2 (yi � µ)2

�
.

Some algebra yields

det (H1(µ, v) +H2(µ, v)) =
n2⌧2

z4
· (y1 � y2)2

(⌧2 + (y1 � µ)2)3/2(⌧2 + (y2 � µ)2)3/2
6= 0

for any ⌧ > 0 (v > 0), and µ 2 R, provided that y1 6= y2. Therefore, H1(µ, v) +H2(µ, v) is of full
rank and thus is H(µ, ⌧), provided v > 0, µ 2 R, and y1 6= y2.
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D.3 SUPPORTING LEMMAS

Lemma D.1. Let 0  � < 1. For any 0  x  �/(1� �), we have

(1 + x)�1  1� (1� �)x.

Proof of Lemma D.1. To prove the lemma, it suffices to show, for any � 2 [0, 1), that

1  (1 + x)� (1� �)x(1 + x), 8 0  x  �

1� �
,

which is equivalently to

x

✓
x� �

1� �

◆
 0, 8 0  x  �

1� �
.

The above inequality always holds, and this completes the proof.

E RESULTS AND PROOFS FOR THE FIXED v CASE

This section presents the theoretical results concerning the minimizer of the empirical penalized
pseudo-Huber loss in (2.5) with v fixed, aka Theorem E.2 and Corollary E.4, and their proofs.
Corollary E.4 is a rigorous version of the informal result, aka Theorem 2.1, in Section 2.

E.1 RESULTS FOR THE FIXED v CASE

With an abuse of notation, we use bµ(v) to denote the minimizer of the empirical penalized pseudo-
Huber loss in (2.5) with v fixed. Recall that we have used bµ(⌧) to denote the minimizer of the
empirical pseudo-Huber loss in (2.2), and bµ(v) is equivalent to bµ(⌧) with ⌧ = v

p
n/z. We begin

by examining the theoretical properties of bµ(v). We require the following locally strong convexity
assumption, which will be verified later in this subsection.
Assumption E.1 (Locally strong convexity in µ). The empirical Hessian matrix is locally strongly
convex with respect to µ such that, for any µ 2 Br(µ⇤) := {µ : |µ� µ⇤|  r},

inf
µ2Br(µ⇤)

hrµLn(µ, v)�rµLn(µ⇤, v), µ� µ⇤i
|µ� µ⇤|2 � ` > 0

where r > 0 is a local radius parameter.
Theorem E.2. For any 0 < � < 1, let v > 0 be fixed and z2 = log(1/�). Assume Assumption E.1
holds with any r � r0(`) := �1

`

�
�/(

p
2v) + 1

�2 p
log(2/�)/n. Then, with probability at least

1� �, we have

|bµ(v)� µ⇤| < 1

`

✓
�p
2v

+ 1

◆2
r

log(2/�)

n
=

C

`

r
log(2/�)

n
,

where C = (�/(
p
2v) + 1)2 only depends on v and �.

The above theorem states that under the assumption of locally strong convexity, bµ(v) achieves a
sub-Gaussian deviation bound when the data have only bounded variances. In particular, if we choose
v = � in the theorem, we obtain

|bµ(�)� µ⇤|  1

`

⇣�
�
+ 1

⌘2
r

log(2/�)

n
 4

`

r
log(2/�)

n
.

Assumption E.1 essentially requires the loss function to exhibit curvature in a small neighborhood
Br(µ⇤), while the penalized loss (2.4) transitions from a quadratic function to a linear function
roughly at |x| = ⌧ /

p
n. Quadratic functions always have curvature, so intuitively, Assumption E.1

holds as long as

p
n & r � r0(`) /

r
1

n
.
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The condition above is automatically guaranteed when n is sufficiently large. Choosing r to be the
smallest r0(`) results in Assumption E.1 being at its weakest. In other words, in this scenario,
the empirical loss function only needs to exhibit curvature in a diminishing neighborhood of µ⇤,
approximately with a radius of

p
1/n. The following lemma rigorously proves this claim.

Lemma E.3. Suppose v � v0. For any 0 < � < 1, let n � Cmax
�
z2(�2 + r2)/v20 , log(1/�)

 
for

some absolute constant C. Then, with probability at least 1� �, Assumption E.1 with ` = 1/(2v)
and any local radius r � r0(`) = r0(1/(2v)) holds uniformly over v � v0 > 0.

The first sample complexity condition, n � Cz2(�2 + r2)/v20 , arises from the requirement that
⌧2v0 := v20n/z

2 � C(�2 + r2). Because the robustification parameter ⌧2v0 = v20n/z
2 determines the

size of the quadratic region, this requirement is minimal in the sense that Assumption E.1 can hold
only when ⌧2v is larger than r2 plus the noise variance �2. As argued before, Assumption E.1 holds
with any r such that

p
n & r &

p
1/n. For example, we can take r / � to be a constant, and this

will not worsen the sample complexity condition. Finally, by combining Lemma E.3 and Theorem
E.2, we obtain the following result.
Corollary E.4. Suppose v � v0. For any 0 < � < 1, let n � Cmax

�
(r2 + �2)/v20 , 1

 
log(1/�)

for some universal constant C, where r � 2r0(1/(2v)). Take z2 = log(1/�). Then, for any v � v0,
with probability at least 1� �, we have

|bµ(v)� µ⇤|  2v

✓
�p
2v

+ 1

◆2
r

log(4/�)

n
. v

r
1 + log(1/�)

n
.

This section collects proofs for Theorem E.2, Lemma E.3, and Corollary E.4. Recall that ⌧ = v
p
n/z,

and the gradients with respect to µ and v are

rµLn(µ, v) = � 1

n

nX

i=1

yi � µ

v
p
1 + z2(yi � µ)2/(nv2)

= �
p
n

z
· 1
n

nX

i=1

yi � µp
⌧2 + (yi � µ)2

,

rvLn(µ, v) =
1

n

nX

i=1

n/z2p
1 + z2(yi � µ)2/(nv2)

�
⇣ n

z2
� a

⌘
=

n

z2
· 1
n

nX

i=1

 
⌧p

⌧2 + (yi � µ)2
� 1

!
+ a.

E.2 PROOF OF THEOREM E.2

Proof of Theorem E.2. Because bµ(v) is the stationary point of Ln(µ, v), we have

@

@µ
Ln(bµ(v), v) = � 1

n

nX

i=1

yi � bµ(v)
v
p
1 + z2(yi � bµ(v))2/(nv2)

= �
p
n

z
· 1
n

nX

i=1

yi � bµ(v)p
⌧2 + (yi � bµ(v))2

= 0.

Let � = bµ(v) � µ. We first assume that |�| := |bµ(v) � µ⇤|  r0  r. Using Assumption E.1
obtains

`|bµ(v)� µ⇤|2 
⌧
@

@µ
Ln(bµ(v), v)�

@

@µ
Ln(µ

⇤, v), bµ(v)� µ⇤
�



�����
1p
n

nX

i=1

"i

z
p
⌧2 + "2i

����� |bµ(v)� µ⇤| ,

or equivalently

`|bµ(v)� µ⇤| 

�����
1p
n

nX

i=1

"i

z
p
⌧2 + "2i

����� .

Applying Lemma E.5 with the fact that
��E

�
⌧"i/(⌧2 + "2i )

1/2
���  �2/(2⌧), we obtain with probabil-

ity at least 1� 2� that

`|bµ(v)� µ⇤| 

�����

p
n

⌧

1

n

nX

i=1

⌧"i

z
p
⌧2 + "2i

����� 
p
n

z⌧

 
�

r
2 log(1/�)

n
+
⌧ log(1/�)

3n
+
�2

2⌧

!
,
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or equivalently

`|bµ(v)� µ⇤| 

s
2 log(1/�)

z2⌧2/�2
+

log(1/�)

3z
p
n

+

p
n�2

2z⌧2
.

Since ⌧ = v
p
n/z, we have

`|bµ(v)� µ⇤| 
 p

2�

v
+

p
log(1/�)

3z

!r
log(1/�)

n
+

1

2
· �

2

v2
· zp

n
.

Taking z =
p
log(1/�) then yields

`|bµ(v)� µ⇤| 
 p

2�

v
+

p
log(1/�)

3
p
log(1/�)

!r
log(1/�)

n
+

1

2
· �

2

v2
·
r

log(1/�)

n


 p

2�

v
+

1

3
+

1

2
· �

2

v2

!r
log(1/�)

n

<

✓
1 +

�p
2v

◆2
r

log(1/�)

n

for any � 2 (0, 1/2). Moving ` to the right hand side and using a change of variable 2� ! �, we
obtain

|bµ(v)� µ⇤| < 1

`
·
✓
1 +

�p
2v

◆2
r

log(2/�)

n

= r0  r.

This completes the proof, provided that |�|  r0.

Lasty, we show that |�|  r0 must hold. If not, we shall construct an intermediate solution between
µ⇤ and bµ(v), denoted by µ⌘ = µ⇤ + ⌘(bµ(v)� µ⇤), such that |µ⌘ � µ⇤| = r0. Specifically, we can
choose some ⌘ 2 (0, 1) such that |µ⌘ � µ⇤| = r0. We then repeat the above calculation and obtain

|bµ(v)� µ⇤|  1

`
·
 p

2�

v
+

1

3
+

1

2
· �

2

v2

!r
log(2/�)

n

< r0 =
1

`
·
✓
1 +

�p
2v

◆2
r

log(2/�)

n

which is a contradiction. Therefore, it must hold that |�|  r0.

E.3 PROOF OF LEMMA E.3

Proof of Lemma E.3. We first prove that, with probability at least 1 � �, Assumption E.1 with
` = 1/(2v) and radius r holds for any fixed v � v0. Recall that ⌧ = v

p
n/z. For notational

simplicity, let � = µ� µ⇤ and ⌧v0 = v0
p
n/z. It follows that

hrµLn(µ, v)�rµLn(µ
⇤, v), �i =

*
1p
n

nX

i=1

"i

z
p
⌧2 + "2i

� 1p
n

nX

i=1

yi � µ

z
p
⌧2 + (yi � µ)2

, �

+

=
1p
n

nX

i=1

⌧2

z(⌧2 + (yi � eµ)2)3/2
�2,

where eµ is some convex combination of µ⇤ and µ, that is, eµ = (1� �)µ⇤ + �µ for some � 2 [0, 1].
Obviously, we have |eµ� µ⇤| = �|�|  |�|  r. Since (yi � eµ)2  2"2i + 2�2�2  2"2i + 2�2 
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2"2i + 2r2 the above displayed equality implies that, with probability at least 1� �,

inf
µ2Br(µ⇤)

hrµLn(µ, v)�rµLn(µ⇤, v), µ� µ⇤i
|µ� µ⇤|2

�
p
n

z
· 1
n

nX

i=1

⌧2

(⌧2 + 2r2 + 2"2i )
3/2

=

p
n

z
· ⌧2

(⌧2 + 2r2)3/2
· 1
n

nX

i=1

(⌧2 + 2r2)3/2

(⌧2 + 2r2 + 2"2i )
3/2

�
p
n

z
· ⌧2

(⌧2 + 2r2)3/2
·
 
E

(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2"2i )
3/2

�
r

log(1/�)

2n

!

=

p
n

z
· ⌧2

(⌧2 + 2r2)3/2
·
 

I �
r

log(1/�)

2n

!
, (E.1)

where the last inequality uses Lemma E.6.

It remains to lower bound I. Using the convexity of 1/(1 + x)3/2 and Jensen’s inequality, we obtain

1

n

nX

i=1

E
(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2"2i )
3/2

= E
(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2"2i )
3/2

= E 1

(1 + 2"2i /(⌧
2
v0 + 2r2))3/2

� 1

(1 + 2�2/(⌧2v0 + 2r2))3/2

=
(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2�2)3/2
.

Plugging the above lower bound into (E.1) and using the facts

⌧3

(⌧2 + 2r2)3/2
�

⌧3v0
(⌧2v0 + 2r2)3/2

for ⌧v0 � ⌧ and
⌧3

(⌧2 + 2r2)3/2
 1,

we obtain with probability at least 1� �

inf
µ2Br(µ⇤)

hrµLn(µ)�rµLn(µ⇤), µ� µ⇤i
|µ� µ⇤|2

�
p
n

z
· ⌧2

(⌧2 + 2r2)3/2
·
 

(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2�2)3/2
�
r

log(1/�)

2n

!

�
p
n

z⌧
· ⌧3

(⌧2 + 2r2)3/2
·
 

(⌧2v0 + 2r2)3/2

(⌧2v0 + 2r2 + 2�2)3/2
�
r

log(1/�)

2n

!

=

p
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⌧3

(⌧2 + 2r2)3/2
·

(⌧2v0
+ 2r2)3/2

(⌧2v0 + 2r2 + 2�2)3/2
� ⌧3

(⌧2 + 2r2)3/2
·
r

log(1/�)

2n

!

�
p
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1

(1 + (2r2 + 2�2)/⌧2v0)
3/2

�
r

log(1/�)

2n

!

=
1

v

 
1

(1 + (2r2 + 2�2)/⌧2v0)
3/2

�
r

log(1/�)

2n

!

� 1

2v

provided ⌧2v0
� 4r2 + 4�2 and n � C log(1/�) for some large enough absolute constant C.
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Lastly, the above result holds uniformly over v � v0 with probability at least 1 � � since the
probability event does not depend on v.

E.4 PROOF OF COROLLARY E.4

Proof of Corollary E.4. Recall z =
p
log(1/�) and

r � 2v

✓
�p
2v

+ 1

◆2
r

log(2/�)

n
.

If n � Cmax
�
(r2 + �2)/v20 , 1

 
log(1/�), which is guaranteed by the conditions of the corollary,

then Lemma E.3 implies that, with probability at least 1� �, Assumption E.1 holds with ` = 1/(2v)
and radius r uniformly over v � v0. Denote this probability event by E . If Assumption E.1 holds,
then by Theorem E.2, we have

P
 
|bµ(v)� µ⇤|  2v

✓
�p
2v

+ 1

◆2
r

log(2/�)

n

���� E
!

� 1� �.

Thus
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|bµ(v)� µ⇤| > 2v

✓
�p
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+ 1

◆2
r

log(2/�)

n

!

= P
 
|bµ(v)� µ⇤| > 2v

✓
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+ 1

◆2
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log(2/�)

n
, E

!

+ P
 
|bµ(v)� µ⇤| > 2v

✓
�p
2v

+ 1

◆2
r

log(2/�)

n
, Ec

!

 P
 
|bµ(v)� µ⇤| > 2v

✓
�p
2v

+ 1

◆2
r

log(2/�)

n

���� E
!

+ P (Ec)

 2�.

Then with probability at least 1� 2�, we have

|bµ(v)� µ⇤|  2v

✓
�p
2v

+ 1

◆2
r

log(2/�)

n
.

Using a change of variable 2� ! � finishes the proof.

E.5 SUPPORTING LEMMAS

This subsection collects two supporting lemmas that are used earlier in this section.

Lemma E.5. Let "i be i.i.d. random variables such that E"i = 0 and E"2i = 1. For any 0 < � < 1,
with probability at least 1� 2�, we have

�����
1

n

nX

i=1

⌧"ip
⌧2 + "2i

� E ⌧"ip
⌧2 + "2i

�����  �

r
2 log(1/�)

n
+
⌧ log(1/�)

3n
.
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Proof of Lemma E.5. The random variables Zi := ⌧ ⌧ ("i) = ⌧"i/(⌧2 + "2i )
1/2 with µz = EZi and

�2
z = var(Zi) are bounded i.i.d. random variables such that

|Zi| =
���⌧"i/(⌧2 + "2i )

1/2
���  |"i| ^ ⌧  ⌧,

|µz| = |EZi| =
���E

⇣
⌧"i/(⌧

2 + "2i )
1/2

⌘��� 
�2

2⌧
,

EZ2
i = E

✓
⌧2"2i
⌧2 + "2i

◆
 �2,

�2
z := var(Zi) = E

�
⌧"i/(⌧

2 + "2i )
1/2 � µz

�2

= E
✓

⌧2"2i
⌧2 + "2i

◆
� µ2

z  �2.

For third and higher order absolute moments, we have

E|Zi|k = E
�����

⌧"ip
⌧2 + "2i

�����

k

 �2⌧k�2  k!

2
�2(⌧/3)k�2, for all integers k � 3.

Using Lemma H.2 with v = n�2 and c = ⌧/3, we have for any t > 0

P
 �����
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�
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����� �
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2n�2t+

⌧ t
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 2 exp (�t) .

Taking t = log(1/�) acquires that for any 0 < � < 1

P
 �����
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!
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This completes the proof.

Lemma E.6. For any 0 < � < 1, with probability at least 1� �,
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3/2
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Moreover, with probability at least 1� �, it holds uniformly over ⌧ � ⌧v0 � 0 that
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Proof of Lemma E.6. The random variables Zi = Zi(⌧) := ⌧3/(⌧2 + "2i )
3/2 with µz = EZi and

�2
z = var(Zi) are bounded i.i.d. random variables such that

0  Zi = ⌧3/(⌧2 + "2i )
3/2  1.

Therefore, using Lemma H.1 with v = n acquires that for any t > 0
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The second result follows from the fact that Zi(⌧) is an increasing function of ⌧ . Specifically, we
have with probability at least 1� �
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This finishes the proof.

F PROOFS FOR THE SELF-TUNED CASE

This section collects the proofs for Theorems 3.1 and 3.2.

F.1 PROOF OF THEOREM OF 3.1

Proof of Theorem of 3.1. Recall that ⌧ = v
p
n/z. For simplicity, let b⌧ = bv

p
n/z. Define the profile

loss Lpro
n (v) as

Lpro
n (v) := Ln(bµ(v), v) = min

µ
Ln(µ, v).

Then it is convex and its first-order gradient is

rLpro
n (v) = rLn(bµ(v), v) =

@

@v
bµ(v) · @

@v
Ln(µ, v)

���
µ=bµ(v)

+
@

@v
Ln(µ, v)

���
µ=bµ(v)

=
@

@v
Ln(bµ(v), v),

(F.1)

where we use the fact that @/@µLn(µ, v)|µ=bµ(v) = 0, implied by the stationarity of bµ(v).

Assuming that the constraint is inactive. We first assume that the constraint is not active for any
stationary point bv, that is, any stationary point bv is an interior point of [v0, V0], aka bv 2 (v0, V0). By
the joint convexity of Ln(µ, v) and the convexity of Lpro

n (v), (bµ(bv), bv) and bv are stationary points of
Ln(µ, v) and Ln(bµ(v), v), respectively. Thus we have
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���
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b⌧2 + (yi � bµ(bv))2

�
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⌘
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rLpro
n (v)

���
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= rLn(bµ(bv), bv)
���
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=
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���
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=
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Ln(µ, v)

���
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= 0,

where the first two equalities are on partial derivatives of Ln(µ, v) and the last one is on the derivative
of the profile loss Lpro

n (v) ⌘ Ln(bµ(v), v).
Recall that ⌧ =

p
nv/z. Let f(⌧) = z2rLpro

n (v)/n, that is,

f(⌧) =
1

n

nX

i=1

⌧p
⌧2 + (yi � bµ(v))2

�
✓
1� az2

n

◆
.

In other words, b⌧ =
p
nbv/z satisfies f(b⌧) = 0. Assuming that the conststraint is inactive, we split

the proof into two steps.
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Step 1: Proving bv  C0� for some universal constant C0. We will employ the method of proof
by contradiction. Assume there exists some v such that

v > (1 + ✏)
p
r2 + �2 and rLpro

v (v) = 0;

or equivalently, there exists some ⌧ such that

⌧ > (1 + ✏)
p

r2 + �2
p
n/z =: ⌧̄ and f(⌧) = 0, (F.2)

where ✏ and r are to be determined later. Let ⌧v0 = v0
p
n/z. Then, provided n is large enough,

Lemma E.3 implies that Assumption E.1 with ` = 1/(2v) and local radius r � r0(`) holds
uniformly over v � v0 conditional on the following event

E1 :=
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Conditional on the intersection of event E1 and the following event
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,

where z .
p
log(n/�) and C is some constant, and following the proof of Theorem E.2, for any

fixed v and thus fixed ⌧ = v
p
n/z, we have
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Thus, for any v such that v0 _ v̄0 := v0 _ (1 + ✏)
p
r2 + �2 < v < V0, we have on E2 that
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which, by Lemma E.3, yields
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2
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z
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=: r. (F.3)

The above r can be further refined by using the finer lower bound v̄0 of v instead of v0, but we use v0
for simplicity. Let � = µ⇤ � bµ(v), and we have |�|  r. Let the event E3 be

E3 :=

(
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p
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Thus on the event E1 \ E2 \ E3 and using the fact that 1� 1/
p
1 + x is an increasing function, we

have
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

p
1 + 2(a� 1/3)� 1p

2
,

or equivalently

✏ �
p
4a+ 2/3 + 2/3 +

p
2� 2a

2(a� 1/3)
=: ✏(a).

In other words, conditional on the event E1 \ E2 \ E3 and taking ✏ � ✏(a), f(⌧) > 0 for ⌧ > ⌧̄ :=
(1 + ✏)

p
r2 + �2

p
n/z. This contradicts with (F.2), and thus

b⌧  (1 + ✏)
p

r2 + �2
p
n/z.

If a = 1/2 and conditional on the same event, the above holds with

✏ = 9 � ✏ (1/2) .

If n is large enough such that 12� � 10
p
r2 + �2, then conditional on the event E1 \ E2 \ E3, we

have

v0  bv  C0�,

where C0 = 12.

Step 2: Proving bv � c0
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�1 for some universal constant c0. We will again
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Assume there exists some v such that

v < c and
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@v
Ln(bµ(v), v) = 0;

or equivalently, assume there exists some ⌧ such that

⌧ < c
p
n/z =: ⌧ and g(⌧) = 0. (F.4)

It is impossible that c  v0 because any stationary point v is in (v0, V0). Thus c > v0. Let
� = bµ(v) � µ⇤. Then on the event E1 \ E2, using the facts that
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In other words, conditional on the event E1 \ E2 \ E4 and taking any c satisfying the above inequality,
we have

g(⌧) < 0 for any ⌧ < ⌧ = c
p
n/z.

This is a contradiction. Thus, b⌧ � ⌧ = c
p
n/z, or equivalently bv � c > v0. Using the inequality
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1 + x� 1 � 1(x � 3) +

x

3
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3
^ 1 8 x � 0,
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Therefore we can take c = 5�1(�⌧2
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/2�1/�⌧2
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/2�1. Thus on the event E1 \ E2 \ E4, we
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v0
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where c0 = 1/5 is a universal constant. This finishes the proof of step 2.

Proving that the constraint is inactive. If bv 62 (v0, V0), then bv 2 {v0, V0}. Suppose bv = v0, then
bv = v0 < c. Recall that ⌧v0 = v0

p
n/z. Then we must have f(⌧v0) � 0, and thus g(⌧v0) � 0.

However, conditional on the probability event E1 \ E2 \ E4, repeating the above analysis in step
2 obtains g(⌧v0) < 0. This is a contradiction. Therefore bv 6= v0. Similarly, conditional on
probability event E1 \ E2 \ E3, we can obtain bv 6= V0. Therefore, conditional on the probability event
E1 \ E2 \ E3 \ E4, the constraint must be inactive, aka bv 2 (v0, V0).

Using the first result of Lemma E.6 with ⌧2 and "2i replaced by ⌧2v0 + 2r2 and 2"2i respectively,
Lemma F.1, Lemma F.2 with ⌧2 and w2

i replaced by ⌧̄2 and 2(r2 + "2i ) respectively, and Lemma F.3,
we obtain

P(E1) � 1� �, P(E2) � 1� �, P(E3) � 1� �, P(E4) � 1� 2�,

and thus
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Putting the above results together, and using Lemmas F.1 and F.3, we obtain with probability at least
1� 5� that
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Using a change of variable 5� ! � completes the proof.

F.2 PROOF OF THEOREM 3.2

Proof of Theorem 3.2. On the probability event E1 \ E2 \ E3 \ E4 where Ek’s are defined the same
as in the proof of Theorem 3.1, we have
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For any v such that c00�⌧2
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which yields
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where C is some constant only depending on �/�⌧2
v0

/2�1, c00, and C0. Putting the above pieces
together and if log(1/�)  z2  log(n/�), we obtain with probability at least 1� 6� that
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Using a change of variable 6� ! � and then setting z = log(n/�) gives
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with a lightly different constant C, provided that log(n/�) � 1, aka n � e�. This completes the
proof.

F.3 SUPPORTING LEMMAS

We collect supporting lemmas, aka Lemmas F.1, F.2, and F.3, in this subsection.

Lemma F.1. Let 0 < � < 1. Suppose � . V0 and z .
p

log(n/�). Then, with probability at least
1� �, we have
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where C is some constant.

Proof of Lemma F.1. To prove the uniform bound over [v0, V0], we adopt a covering argument. For
any 0 < ✏  1, there exists an ✏-cover N of [v0, V0] such that |N |  3(V0 � v0)/✏. Let ⌧w = w

p
n/z.

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565
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Thus with probability at least 1� �, we have
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provided z .
p
log(n/�), where C is a constant only depending on �2/(v0V0). When v0 and V0

are taken symmetrically around 1, v0V0 is close to 1. Multiplying both sides by z/
p
n finishes the

proof.

Lemma F.2. Let wi be i.i.d. copies of w. For any 0 < � < 1, with probability at least 1� �

1
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Proof of Lemma F.2. The random variables
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p
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p
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with µz = EZi and �2
z = var(Zi) are bounded i.i.d. random variables such that
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For third and higher order absolute moments, we have
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Therefore, using Lemma H.2 with v = nEw2
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Taking t = log(1/�) acquires that for any 0 < � < 1
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This finishes the proof.

Lemma F.3. For any 0 < � < 1, we have with probability at least 1� � that
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For any 0 < � < 1, we have with probability at least 1� � that
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Consequently, we have, with probability at least 1�2�, the above two inequalities hold simultaneously.

Proof of Lemma F.3. We prove the first two results and the last result directly follows from first two.
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First result. Let Zi = "2i 1
�
"2i  ⌧2/2� r2

�
. The random variables Zi with µz = EZi and

�2
z = var(Zi) are bounded i.i.d. random variables such that
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For third and higher order absolute moments, we have
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Using Lemma H.2 with v = n⌧2�2
⌧2/2/2 and c = ⌧2/6, we have for any t > 0
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Taking t = log(1/�) acquires the desired result.

Second result. With an abuse of notation, let Zi = |"i|1
�
"2i  ⌧2/2� r2

�
. The random variables

Zi with µz = EZi and �2
z = var(Zi) are bounded i.i.d. random variables such that
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�
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Using Lemma H.2 with v = n�2
⌧2/2 and c = ⌧/(3

p
2), we have for any t > 0
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Taking t = log(1/�) acquires the desired result.

G PROOFS FOR SECTION 3.2

This section collects proofs for results in Section 3.2.

G.1 PROOF OF THEOREM 3.5

Proof of Theorem 3.5. First, the MoM estimator bµMoM = M(z1, . . . , zk) is equivalent to

argmin
kX

j=1

|zj � µ| .

For any x 2 R, let `(x) = |x| and define L(x) = E`0(x+ Z) where Z ⇠ N (0, 1) and

`0(x) =

8
<

:

1, if x > 0,
0, if x = 0,
�1, otherwise.

31



1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727

If the assumptions of Theorem 4 of Minsker (2019) are satisfied, we obtain, after some algebra, that

p
n
�
bµMoM � µ⇤� N

✓
0,

E(`0(Z))2

(L0(0))2

◆
.

Some algebra derives that

E(`0(Z))2

(L0(0))2
=
⇡�2

2
.

It remains to check the assumptions there. Assumptions (1), (4), and (5) trivially hold. Assumption
(2) can be verified by using the following Berry-Esseen bound.

Fact G.1. Let y1, . . . , ym be i.i.d. random copies of y with mean µ, variance �2 and E|y�µ|2+◆ < 1
for some ◆ 2 (0, 1]. Then there exists an absolute constant C such that

sup
t2R

����P
✓p

m
ȳ � µ

�
 t

◆
� �(t)

����  C
E|y � µ|2+◆

�2+◆m◆/2
.

It remains to check Assumption (3). Because g(m) . m�◆/2,
p
kg(m) .

p
km�◆/2 ! 0 if

k = o(n◆/(1+◆)) as n ! 1. Thus Assumption (3) holds if k = o(n◆/(1+◆)) and k ! 1. This
completes the proof.

G.2 PROOF OF THEOREM 3.3

In this subsection, we state and prove a stronger result of Theorem 3.3, aka Theorem G.2. Theorem
3.3 can then be proved following the same proof under the assumption that E|"i|2+◆ < 1 for any
prefixed 0 < ◆  1.

Theorem G.2. Assume the same assumptions as in Theorem 3.1. Take z2 � 2 log(n). If E"4i < 1,
then

p
n


bµ� µ⇤

bv � v⇤

�
 N (0,⌃) , where ⌃ =


�2 � E"3i /2

� E"3i /2 (�2E"4i � �6)/4

�
.

Proof of Theorem G.2. Now we are ready to analyze the self-tuned mean estimator bµ = bµ(bv). For
any � 2 (0, 1), following the proof of Theorem 3.1, we obtain with probability at least 1� � that

|bµ(bv)� µ⇤|  sup
v2[v0,V0]

|bµ(v)� µ⇤|  2C · V
2
0

v0
· log(n/�)

z
p
n

.

Taking z2 � log(n/�) with � = 1/n in the above inequality, we obtain bµ ! µ⇤ in probability.
Theorem G.3 implies that bv ! � in probability. Thus we have kb✓ � ✓⇤k2 ! 0 in probability, where

b✓ = (bµ, bv)T, and ✓⇤ = (µ⇤,�)T.

Using the Taylor’s theorem for vector-valued functions, we obtain

rLn(b✓) = 0 = rLn(✓
⇤) +Hn(✓

⇤)(b✓ � ✓⇤) +
R2(✓)

2

�b✓ � ✓⇤
�⌦2

,

where ⌦ indicates the tensor product. Let ⌧� = �
p
n/z. We say that Xn and Yn are asymptotically

equivalent, denoted as Xn ' Yn, if both Xn and Yn converge in distribution to some same random
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variable/vector Z. Rearranging, we obtain
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where the second ' uses the fact that
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We proceed to derive the asymptotic property of (I, II)T. For I, we have

I =
p
n ·

 
1

n

nX

i=1

⌧�"i

�
p
⌧2� + "2i

� E
"

⌧�"i

�
p
⌧2� + "2i

#!
+

p
n · E

"
⌧�"i

�
p
⌧2� + "2i

#

 N
 
0, lim

n!1
var

"
⌧�"i

�
p
⌧2� + "2i

#!
+ lim

n!1

p
n · E

"
⌧�"i

�
p
⌧2� + "2i

#
.

It remains to calculate
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For the former term, if there exists some 0 < ◆  1 such that E|"i|2+◆ < 1, using the fact that
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where the first inequality uses Lemma H.4 (ii) with r = 1/2, that is,
p
1 + x  1 + x/2 for x � �1.

For the second term, we have
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�
p
⌧2� + "2i

,
n
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·
p
1 + "2i /⌧

2
� � 1p

1 + "2i /⌧
2
�

!

= lim
n!1

E
 

⌧�"i

�
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⌧2� + "2i

· n

z2
·
p

1 + "2i /⌧
2
� � 1p

1 + "2i /⌧
2
�
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=
E"3i
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.

Thus
p
n (b✓ � ✓⇤) N (0,⌃),

where

⌃ =


� 0
0 �3

� 
1 E"3i /(2�3)

E"3i /(2�3) (E"4i /�4 � 1)/4

� 
� 0
0 �3

�
=


�2 �E"3i /2

�E"3i /2 (�2E"4i � �6)/4

�
.

Therefore, for bµ only, we have
p
n (bµ� µ⇤) N (0,�2).

G.3 CONSISTENCY OF bv

This subsection proves that bv is a consistent estimator of �. Recall that

rvLn(µ, v) =
n

z2
· 1
n

nX

i=1

 
⌧p

⌧2 + (yi � µ)2
� 1

!
+ a

where a = 1/2. We emphasize that the following proof only needs the second moment assumption
�2 = E"2i < 1.
Theorem G.3 (Consistency of bv). Assume the same assumptions as in Theorem 3.1. Take z2 �
log(n). Then

bv �! � in probability.

Proof of Theorem G.3. By the proof of Theorem 3.1, we obtain with probability at least 1� � that
the following two results hold simultaneously:

sup
v2[v0,V0]

|bµ(v)� µ⇤|  2C · V
2
0

v0
· log(n/�)

z
p
n

=: r, (G.2)

v0 < c0�⌧2
v0

�1  bv  C0� < V0, (G.3)
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provided that z2 � log(5/�) and n is large enough. Therefore, the constraint in the optimization
problem (3.1) is not active, and thus

rvLn(bµ, bv) = 0.

Using Lemma G.4 together with the equality above, we obtain with probability at least 1� � that
c0
V 3
0

|bv � �|2  c0
bv3 _ �3

|bv � �|2  ⇢`|bv � �|2

 hrvLn(bµ, bv)�rvLn(bµ,�), bv � �i
 |rvLn(bµ,�)| |bv � �|



�����
n

z2
· 1
n

nX

i=1

 
⌧�p

⌧2� + (yi � bµ)2
� 1

!
+ a

����� |bv � �| .

Plugging (G.2) into the above inequality and canceling |bv � �| on both sides, we obtain with
probability at least 1� 2� that

c0
V 3
0

|bv � �| 

�����
n

z2
· 1
n

nX

i=1

 
⌧�p

⌧2� + (yi � bµ)2
� 1

!
+ a

�����
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µ2Br(µ⇤)

�����
n
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· 1
n

nX

i=1

 
⌧�p

⌧2� + (yi � µ)2
� 1

!
+ a

�����

=
n
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· sup
µ2Br(µ⇤)

�����
1

n

nX

i=1

 
⌧�p

⌧2� + (yi � µ)2
� 1

!
+

az2

n

�����

 n

z2
· sup
µ2Br(µ⇤)

�����
1

n

nX

i=1

 
1� ⌧�p

⌧2� + (yi � µ)2

!
� E

 
1� ⌧�p

⌧2� + (yi � µ)2

!�����

+
n

z2
· sup
µ2Br(µ⇤)

�����E
 
1� ⌧�p

⌧2� + (yi � µ)2

!
� az2

n

�����

=: I + II.

It remains to bound terms I and II. We start with term II. Let r2i = (yi � µ)2. We have

II =
n

z2
· sup
µ2Br(µ⇤)

�����E
 
1� ⌧�p

⌧2� + (yi � µ)2

!
� az2

n

�����

= max

(
sup

µ2Br(µ⇤)

 
n

z2
· E

p
1 + r2i /⌧

2
� � 1p

1 + r2i /⌧
2
�

� a

!
, sup

µ2Br(µ⇤)

 
a� n

z2
+ E 1p

1 + r2i /⌧
2
�

!)

=: II1 _ II2.

In order to bound II, we bound II1 and II2 respectively. For term II1, using Lemma H.4 (ii), aka
(1 + x)r  1 + rx for x � �1 and r 2 (0, 1), and a = 1/2, we have

II1 = sup
µ2Br(µ⇤)

 
n

z2
· E

p
1 + r2i /⌧

2
� � 1p

1 + r2i /⌧
2
�

� a

!

 sup
µ2Br(µ⇤)

⇢
n
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·
✓
1 + E r2i

2⌧2�
� 1

◆
� a

�

 n

z2
· E"

2
i + 2r|"i|+ r2|

2⌧2�
� 1

2
(a = 1/2)

 r

�

⇣
1 +

r

2�

⌘

 2r

�
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if n is large enough such that r  2�. To bound II2, we need Lemma D.1. Specifically, for any
0  � < 1, we have

(1 + x)�1  1� (1� �)x, for any 0  x  �

1� �
.

Using this result, we obtain

E 1p
1 + r2i /⌧

2
�



s

E 1

1 + r2i /⌧
2
�

(concavity of
p
x)



s

E
⇢✓

1� (1� �)r2i
⌧2�

◆
1

✓
r2i
⌧2�

 �

1� �

◆
+

1
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2
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✓
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>
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◆�
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s

1� (1� �)E
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1
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◆◆
(Lemma D.1)


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✓
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⌧2�
1

✓
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 �
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(8 µ 2 Br(µ⇤))

 1� 1� �

2
E
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"2i � 2r|"i|+ r2

⌧2�
1

✓
2("2i + r2)

⌧2�
 �

1� �

◆◆
,

where the first inequality uses the concavity of
p
x, the third inequality uses Lemma D.1, and the

last inequality uses the inequality that (1 + x)�1  1� x/2 for x 2 [0, 1], aka Lemma H.4 (iii) with
r = �1, provided that

(1� �)E
✓
"2i � 2r|"i|� r2

⌧2�
1

✓
2("2i + r2)

⌧2�
 �

1� �

◆◆
 (1� �)

�2 � 2r� � r2
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 1.

Thus term II2 can be bounded as

II2 = sup
µ2Br(µ⇤)

 
a� n

z2
+

n
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· E 1p
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2
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+

n
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·
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1� 1� �
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E
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⌧2�
1

✓
2("2i + r2)

⌧2�
 �
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2�2
· E"2i +
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2�2
· 2r · E (|"i|)

 a� 1� �

2
+

r(1� �)

�

=
�

2
+

r(1� �)

�
. (a = 1/2)

Combining the upper bound for II1 and II2 and using the fact that, we obtain

II  max{II1, II2}  �

2
+

2r

�
! 0,

if � = �(n) ! 0.

We proceed to bound I. Recall that

I =
n

z2
· sup
µ2Br(µ⇤)

�����
1

n

nX

i=1

 
1� ⌧�p

⌧2� + (yi � µ)2

!
� E

 
1� ⌧�p

⌧2� + (yi � µ)2

!����� .
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For any 0 < ✏  2r, there exists an ✏-cover N ✓ Br(µ⇤) of Br(µ⇤) such that |N |  6r/✏. Then for
any µ 2 Br(µ⇤) there exists a ! 2 N such that |! � µ|  �, and
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nX
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⌧2� + (yi � µ)2
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p
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n
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p
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p
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= I1 + I2 + I3.

For I1, using Lemma F.2 acquires with probability at least 1� 2� that

I1 

s
E(yi � !)2 log(1/�)

n⌧2�
+

log(1/�)

3n



s
2(�2 + r2) log(1/�)
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
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p
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n
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3n

provided r2  �2. Let

g(x) = � 1

n

nX

i=1

⌧p
⌧2 + (x+ "i)2

.

Using the mean value theorem and the inequality that |x/(1 + x2)3/2|  1/2, we obtain

|g(x)� g(y)| =
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1

n

nX
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(1 + (ex+ "i)2/⌧2�)
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����� 
|x� y|
2⌧�

,

where ex is some convex combination of x and y. Then we have
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�����
1

n

nX

i=1

(e�+ "i)/⌧�

(1 + (e�+ "i)2/⌧2�)
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����� 
✏
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where e� is some convex combination of �w = µ⇤�w and �µ = µ⇤�µ. For II3, a similar argument
for bounding II2 yields

I3 =

�����E
 

(e�+ "i)/⌧�

(1 + (e�+ "i)2/⌧2�)
3/2

!
· �µ ��!
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�����

 E|e�+ "i| ·
✏
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
✏
p
2(r2 + �2)

⌧2�
,

where the last inequality uses Jensen’s inequality, i.e. E|e�+ "i| 
q
E(e�+ "2i ) 

p
2(r2 + �2).

Putting the above pieces together and using the union bound, we obtain with probability at least
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provided that

2
p
2(r2 + �2)  ⌧�.

Putting above results together, we obtain with probability at least 1� (12r/✏+ 2)� that
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z
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Let C 0 = 24CV 2
0 /v0. Therefore, taking ✏ = 1/

p
n, � = 1/log n, and z2 � log(n), we obtain with

probability at least
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log n
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log n

that

|bv � �| .
s

log log n
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log log n
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log n

+ � + r ! 0.

Therefore bv ! � in probability. This finishes the proof.

G.4 LOCAL STRONG CONVEXITY IN v

In this section, we first present the local strong convexity of the empirical loss function with respect
to v uniformly over a neighborhood of µ⇤.
Lemma G.4 (Local strong convexity in v). Let Br(µ⇤) = {µ : |µ � µ⇤|  r}. Assume r =
r(n) = o(1). Let 0 < � < 1 and n is sufficiently large. Take $ such that max{$r

p
n,$} !

0 and $
p
n ! 1. Then, with probability at least 1� �, we have
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where c and c0 are some constants.

Proof of Lemma G.4. Recall ⌧ = v
p
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p
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p
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where e⌧ is some convex combination of ⌧ and ⌧�, that is e⌧ = (1� �)⌧� + �⌧ for some � 2 [0, 1].
Because ⌧3x2/(⌧2 + x2)3/2 is an increasing function of ⌧ , if ⌧$  ⌧ _ ⌧� , we have
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It remains to lower bound I and upper bound II. We start with I. Let f(x) = x/(1 + x)3/2 which
satisfies
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⇢
✏x x  c✏
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and Z = (y � µ)2/⌧2$ in which y ⇠ yi. Suppose r2  c✏⌧2$/4, then we have

inf
µ2Br(µ⇤)

✓
E ⌧3$(yi � µ)2

(⌧2$ + (yi � µ)2)3/2

◆
= inf

µ2Br(µ⇤)
E
 

⌧2$Z

(1 + Z)3/2

!

� ✏ · inf
µ2Br(µ⇤)

E
⇥
(y � µ)21((y � µ)2  c✏⌧

2
$)
⇤

� ✏ · inf
µ2Br(µ⇤)

E
⇥
(y � µ)21("2  c✏⌧

2
$/2� r2)

⇤

� ✏ · inf
µ2Br(µ⇤)

✓
E

(�2 + "2)1

✓
"2  c✏⌧2$

4

◆�
� 8��2

c✏⌧2$

◆

� ✏ ·
✓
E

"21

✓
"2  c✏⌧2$

4

◆�
� 8r�2

c✏⌧2$

◆
.

We then proceed with II. For any 0 < �  2r, there exists an �-cover N of Br(µ⇤) such that
|N |  6r/�. Then for any µ 2 Br(µ⇤) there exists an ! 2 N such that |! � µ|  �, and thus by
Lemma G.5 we have�����
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For II1, Lemma G.5 implies with probability at least 1� 2�
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where the last inequality uses Jensen’s inequality. Putting the above pieces together and using the
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For example, we can pick $ such that
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p
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p
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as n ! 1. This completes the proof.
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G.5 SUPPORTING LEMMAS

This subsection proves a supporting lemma that is used prove Lemma G.4.
Lemma G.5. Let wi be i.i.d. copies of w. For any 0 < � < 1, we have
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Proof of Lemma G.5. We only prove the first result and the second result follows similarly. The
random variables Zi = Zi(⌧) := ⌧3w2

i /(⌧
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i )
3/2 with µz = EZi and �2

z = var(Zi) are bounded
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0  Zi = ⌧3w2
i /(⌧

2 + w2
i )

3/2  w2
i ^

⌧2p
3
^ ⌧ |wi|p

3
.

Moreover we have

EZ2
i = E

✓
⌧6w4

i

(⌧2 + "2i )
3

◆
 ⌧2Ew2

i

3
, �2

z := var(Zi) 
⌧2Ew2

i

3
.

For third and higher order absolute moments, we have
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Therefore, using Lemma H.2 with v = n⌧2 Ew2
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This finishes the proof.

H PRELIMINARY LEMMAS

This section collects preliminary lemmas that are frequently used in the proofs for the main results and
supporting lemmas. We first collect the Hoeffding’s inequality and then present a form of Bernstein’s
inequality. We omit their proofs and refer interested readers to Boucheron et al. (2013).
Lemma H.1 (Hoeffding’s inequality). Let Z1, . . . , Zn be independent real-valued random variables
such that a  Zi  b almost surely. Let Sn =

Pn
i=1(Zi � EZi) and v = n(b � a)2. Then for all
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Lemma H.2 (Bernstein’s inequality). Let Z1, . . . , Zn be independent real-valued random variables
such that
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Proof of Lemma H.2. This lemma involves a two-sided extension of Theorem 2.10 by Boucheron
et al. (2013). The proof follows from a similar argument used in the proof of Theorem 2.10, and thus
is omitted.

Our third lemma concerns the localized Bregman divergence for convex functions. It was first
established in Fan et al. (2018). For any loss function L, define the Bregman divergence and the
symmetric Bregman divergence as

DL(�1,�2) = L(�1)� L(�2)� hrL(�2),�1 � �2i,
Ds

L(�1,�2) = DL(�1,�2) +DL(�2,�1).

Lemma H.3. For any �⌘ = �⇤+ ⌘(���⇤) with ⌘ 2 (0, 1] and any convex loss function L, we have

Ds
L(�⌘,�

⇤)  ⌘Ds
L(�,�

⇤).

Our forth lemma in this section concerns three basic inequalities that are frequently used in the proofs.
Lemma H.4. The following inequalities hold:

(i) (1 + x)r � 1 + rx for x � �1 and r 2 R \ (0, 1);

(ii) (1 + x)r  1 + rx for x � �1 and r 2 (0, 1);

(iii) (1 + x)r  1 + (2r � 1)x for x 2 [0, 1] and r 2 R \ (0, 1).
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