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ABSTRACT

Analyzing the similarity of internal representations within and across different
models has been an important technique for understanding the behavior of deep
neural networks. Most existing methods for analyzing the similarity between rep-
resentations of high dimensions, such as those based on Centered Kernel Align-
ment (CKA), rely on statistical properties of the representations for a set of data
points. In this paper, we focus on transformer models and study the similarity
of representations between the hidden layers of individual transformers. In this
context, we show that a simple sample-wise cosine similarity metric is capable of
capturing the similarity and aligns with the complicated CKA. Our experimental
results on common transformers reveal that representations across layers are pos-
itively correlated, with similarity increasing when layers get closer. We provide a
theoretical justification for this phenomenon under the geodesic curve assumption
for the learned transformer, a property that may approximately hold for residual
networks. We then show that an increase in representation similarity implies an
increase in predicted probability when directly applying the last-layer classifier to
any hidden layer representation. This offers a justification for saturation events,
where the model’s top prediction remains unchanged across subsequent layers, in-
dicating that the shallow layer has already learned the necessary knowledge. We
then propose an aligned training method to improve the effectiveness of shallow
layer by enhancing the similarity between internal representations, with trained
models that enjoy the following properties: (1) more early saturation events, (2)
layer-wise accuracies monotonically increase and reveal the minimal depth needed
for the given task, (3) when served as multi-exit models, they achieve on-par per-
formance with standard multi-exit architectures which consist of additional clas-
sifiers designed for early exiting in shallow layers. To our knowledge, our work
is the first to show that one common classifier is sufficient for multi-exit mod-
els. We conduct experiments on both vision and NLP tasks to demonstrate the
performance of the proposed aligned training.

1 INTRODUCTION

As one of the most significant breakthroughs in deep neural network (DNN) architectures developed
in recent years, the transformer model (Vaswani et al., 2017) has driven recent advances in various
vision and NLP tasks, such as vision transformer for image classification (Dosovitskiy et al., 2020)
and image generation (Yu et al., 2021; Ramesh et al., 2021; Yu et al., 2022), BERT (Devlin, 2018),
GPT (Radford et al., 2019), and other various large language models (LLMs) (Zhao et al., 2023)
for natural language understanding and generation. It has been viewed as a promising foundation
model that can be adapted and extended to various applications and domains (Bommasani et al.,
2021). Additionally, researchers have found that increasing the size (by stacking more layers and/or
making them wider) can consistently improve performance, resulting in models of significant size
(e.g., the 175B-parameter GPT-3 and the 540B-parameter PaLM). However, the ever-increasing size
has posed a significant challenge in studying and understanding exactly how these models solve
tasks and in efficiently deploying them.

Given the success of deep learning models, attributed to their ability to learn increasingly complex
internal representations as they go deeper through their layers, a promising direction for understand-
ing these models is to study the hierarchical feature learning across layers. Recent work (Papyan
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(a) Cosine Similarity (b) Layerwise Accuracy  (c) Cumulative Saturation Events

Figure 1: lllustration of the DeiT-S (Touvron et al., 2021) (pretrained on ImageNet) ne-tuned on
CIFAR-10 with standard method and the proposed aligned training in terms of (a) cosine similarity
of features from shallow and the last-hidden layer, (b) layer-wise testing accuracies by applying the
last-layer classi er to each layer, as well as (c) cumulative saturation events (Geva et al., 2022).
We observe that our proposed aligned training can substantially enhance layer-wise representation
similarity, thereby improving layer-wise accuracies and promoting more early saturate events.

et al., 2020; Fang et al., 2021; Zhu et al., 2021; Thrampoulidis et al., 2022; Tirer et al., 2023)
have uncovered an intriguing phenomenon regarding the last-layer features and classi er of DNNs,
called Neural CollapseNC), across many different datasets and model architectures. Roughly
speakingN C refers to a training phenomenon in which the last-layer features from the same class
become nearly identical, while those from different classes become maximally linearly separable.
Beyond the last-layer features, recent studies have also shown that deep classi ers progressively
compress within-class features while enhancing the discrimination of between-class features from
shallow to deep layers (He & Su, 2023; Rangamani et al., 2023; Wang et al., 2023). Another line
of work attempts to compare the representations within and across DNNs. Various approaches have
been proposed to quantify the representation similarity, such as the Canonical Correlation Anal-
ysis (Thompson, 2000), Centered Kernel Alignment (CKA) (Kornblith et al., 2019), Orthogonal
Procrustes Transformation (Hamilton et al., 2016) and Pointwise Normalized Kernel Alignment
(PNKA) (Kolling et al., 2023). Representation similarity analysis has also been widely used in
computational psychology and neuroscience as well (Edelman, 1998; Kriegeskorte et al., 2008).

As these approaches are designed to be invariant to certain transformations (such as orthogonal
transformation) and can be applied to features with possibly different dimensions, they rely on
statistical properties of the representations for entire training data. For instandéCthealysis
captures the variance of the features from each class, while the widely used CKA for representation
analysis replies on the inter-example structures; see Section 2 for the detailed de nition of CKA.
Consequently, it has been observed that CKA is sensitive to outliers and may give unexpected or
counter-intuitive results in certain situations (Davari et al., 2022). In this paper, we are motivated by
the following questionHow are the representations of individual inputs progressively transformed
from shallow to deep layers?

Contribution In this work, we focus on transformer models, which have particular properties
compared to other architectures: a transformer contains identical blocks with residual connections
in each block. Thus, the features in a transformer model have the same dimension and may ex-
hibit less rotation difference across layers. Motivated by this observation, we study the layer-wise
representation similarity for transformer models on a per-sample basis, allowing us to directly ap-
ply the last-layer classi er right after any hidden layer for classi cation or text generation tasks.
This enables an effortless multi-exit model that allows early exit during inference, thereby saving
computation time. Our contributions can be summarized as follows.

» Sample-wise cosine similarity captures representational similaritfWe introduce a straight-
forward yet ef cient sample-wise cosine similarity metric to examine the similarity of internal
representations in transformers. Experiments show that the cosine similarity aligns with CKA,
which is based on statistical properties of all the features, and is suf cient to re ect representa-
tion similarity. In addition, as illustrated in Figure 1 (a), our experimental results (Standard) on
common transformers show that representation similarity increases as layers become closer. We
provide a theoretical justi cation for this phenomenon under the geodesic curve assumption for
the learned transformer, a property that approximately holds for residual networks (Gai & Zhang,
2021), and hence for transformers.
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» Analysis for saturation eventsThe similarity with last-layer representation suggests that the
last-layer classi er can be directly applied right after any hidden layers for decision-making, also
known as the logit lens approach. Geva et al. (2022) discover a phenomenonsadillestion
events where the model's nal prediction becomes the top candidate in a certain shallow layer
and remains unchanged across all subsequent layers, indicating that the shallow layer has already
learned the necessary knowledge. We show that an increase in representation similarity implies
an increase in predicted probability across layers. This offers a justi cation for saturation events,
stating that if a sample is correctly predicted at thih layer, it will continue to be correctly
predicted in subsequent layers, as the predicted probability increases progressively across layers.

« Aligned training for enhancing layer-wise representation similarity We propose an aligned
training method to improve the effectiveness of shallow layers by increasing the similarity of
internal representations between different layers. Motivated bilBehenomenon, where fea-
tures from the last-hidden layers align with the common classi er, our aligned training approach
deploys the common classi er to each layer and then minimizes the average of the cross-entropy
losses from all the layers. As shown in Figure 1, the aligned training can substantially enhance
layer-wise representation similarity, thereby leading to more early saturation events and improving
layer-wise accuracies. Consequently, the aligned training method can help identify the minimal
number of layers needed by unleashing the power of shallow layers to transform features faster
towards classi er across layers and push the redundancy behind.

» Multi-exit models with a single classi er Another important application of the proposed aligned
training is to improve the inference ef ciency of large models. During inference, the model al-
lows early exit to save computation time. Previous works (Xin et al., 2020; Geng et al., 2021,
Xin et al., 2021) design multi-exit models by introducing different classi ers to each layer, which
may substantially increase the model size for a large number of classes, such as ImageNet with
1000 classes and GPT3 (Brown et al., 2020) with a vocabulabg,@57tokens. Instead of using
separate classi ers for each exit, our multi-exit model employs a common classhéeh to our
knowledge is the rst of its kindmaintaining the early exit capability and achieving performance
on par with models that use multiple classi ers. We demonstrate the performance of the proposed
aligned training method in both pretraining ViT and ne-tuning LLMs in NLP tasks, including
ne-tuning BERT (Devlin, 2018) for text classi cation tasks on the General Language Under-
standing Evaluation (GLUE) benchmark (Wang et al., 2018) , and GPT2 (Radford et al., 2019)
model for text generation on the Wikitext-103 dataset (Merity et al., 2016).

The MatFormer (Kudugunta et al., 2023) introduces a nested structure into the Transformer by
jointly training all submodels of different widths. In contrast, our method jointly trains submodels
with varying layers. Exploring the potential integration of these approaches will be a focus of future
research. While we mainly focus on transformer models, the proposed aligned training can be
applied to other deep architectures, provided they have the same dimensions in each layer. Extending
this approach to accommodate varied feature dimensions is the subject of future work.

2 MEASURING LAYER-WISE REPRESENTATIONALSIMILARITY

In a transformef with L layers, the representations gradually evolve across layers, with the pro-
gression from one layer (sayth layer) to the next following a residual update pattern:

HOD = HO+f o (HO); (1)
whereH () 2 RY s are input feature sequence of lengttwith hidden dimension ofl. The

residual block ,(): RY S 1 RY s describe the sequence-to-sequence function mapping with

parameters() that mainly comprises two complementary stages of data transformation: the Multi-
head Self-Attention across tokens and the MultiLayer Perceptron layer across features. Predictions

are typically based on a speci c token of last layer representatiéh’. For instance, ViT uses
the representation of a class token [CLS] to classify the image, while auto-regressive based lan-
guage model (such as GPT) uses the representation of the previous tokens to predict the next word.

Consequently, we will focus on the feature (or representation) of this particular tokeh Inde-
noted byh( ) 2 RY at the'-th layer. A linear classierg( ) is applied to the last layer feature
h™) to make predications 4g(h ")) = arg max[SoftMaxW h ())];, where[ ]; denotes th¢-th

There is also a bias tertnin classi cation layer, but we omit it for simplicity of presentation.
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entry andW 2 RX 9 maps thed dimensional features tk dimensional logits. We may also
direqtly apply the last layer classi‘eg( ) to the hidden layer featurés ) to make predictions via
g(h( )) = arg max[SoftMax'W h ( ))],- . Given data sampleS := fXxy; g, wherex; represents

thei-th sample of clask withi 2 [n]:= f1;:::;ngandk 2 [K], we de ne layer-wise accuracy as
. 1 XX .
Acct) = < 1fg(h{)) = KI: @)
k=1 i=1

Existing work on measuring representational similarity Similarity analysis is widely applied

in the literature, including research on learning dynamics (Morcos et al., 2018; Mehrer et al., 2018),
effects of width and depth (Nguyen et al., 2020), differences between supervised and unsupervised
models (Gwilliam & Shrivastava, 2022), robustness (Jones et al., 2022; Nanda et al., 2022), eval-
uating knowledge distillation (Stanton et al., 2021), language representation (Kudugunta et al.,
2019; Shi et al., 2022), and generalizability (McCoy et al., 2019; Lee et al., 2022; Pagliardini
et al., 2022). To enable measuring the similarity of features from from different architectures or
layers that have different dimension, most existing methods for analyzing the similarity between
representations of high dimensions, such as those based on Canonical Correlation Analysis (CCA)
and widely used Centered Kernel Alignment (CKA) (Kornblith et al., 2019) , rely on statistical
propegies of the represgntations for a set of data points. For instance, given input feature sequence

z = h(l)1 h% 2 R% N denoting the features & = Kn training samples, the widely-
used CKA with a linear kernel quanti es similarities between feat@resindz "’ as

CKA=TH( ZyZ" @)yZ)«(2 @Yy 2@ L) 3)
CKA relies on the similarity of inter-example structures since the gram mériy>Z 2 RN N
captures the pair-wise similarity of different samples, focusing on the consistency of relative po-

sitions among features. Consequently, the CKA is invariant to orthogonal transformations and
. . . . . 0 . . .
isotropic scaling, and can be applied for the case whéreandh ' ? have different dimensions.

2.1 SAMPLE-WISE LAYER-WISE REPRESENTATIONAL SIMILARITY IN TRANSFORMERS

In this work, we speci cally focus on transformer architectures that obey the following particular
properties of features across laye(s) the features have the same dimension across layers since
transformers are generally constructed by stacking identical bl¢iRsthe features may have no

or less rotation ambiguity due to the residual connection (1). Based on these observations, for each
samplexy.; we propose to simply measure the cosine similarity of the corresponding feature vectors

h©) andh” atlayers and*’ ag
N N N ~0y . s ~0
cosh);hi)) = thi);hii=kh{)kokh{; ko

The above COsine Similarity (COS) measures the angle between feature vectors, providing a clear
geometric interpretation of feature alignment and similarity at the layer level. Unlike CKA (3), COS

is not invariant to all transformations except for isotropic scaling. Furthermore, COS is computed
for each individual sample and does not rely on inter-example structures. In the experiments, we
compute the average COS over all the training samples.

To verify whether the proposed sample-wise COS is a good indicator of similarity structure within
transformers, we train the DeiT-S model (Touvron et al., 2021) (a data-ef cient vision transform)
from scratch on both the CIFAR-10 and ImageNet-1K datasets. The feature dimension is set to 384
for both tasks across all layers. In Figure 2(a, b), we compute CKA and average cosine similarity
between the features in each layer and the last layer. Additionally, we plot average COS between
all pairs of layers and display the results as a heatmap in Figure 2(c, d). Based on these results, we
make several observations.

Observation 1: Simple-wise COS is suf cient and re ects CKA to measure layer-wise repre-
sentation similarity We observe from Figure 2(a, b) that COS aligns with CKA and is suf cient to

The features in each layer are centered by reducing the global mean of all the samples.
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(a) CIFAR10 (b) ImageNet1K (c) CIFAR10 (d) ImageNet1K

Figure 2: lllustration of a DeiT-S model trained with standard training on CIFAR-10 and ImageNet
in terms of (a-b) similarity of features from shallow layers and the last-hidden layer measured by
CKA and COS, as well as layerwise validation accuracy, and (c-d) cosine similarities between all
pairs of layers. For both datasets, cosine similarity can re ect the trend of layerwise accuracy.

re ect the layer-wise representation similarity in transformer models. In other words, since CKA

is invariant to orthogonal transformations while COS is not, there is little or no rotation difference
among the features from different layers. This is attributed to the residual connections in (1), which
create smoother transitions between layers and potentially lead to more stable feature representa-
tions throughout the network. In the Appendix B.2, we design additional experiments on multi-
layer perceptrons (MLPs) with and without skip connections to verify the effect of skip connections

in eliminating rotation ambiguity.

Observation 2: Progressively increasing layer-wise representation similarity. For models

trained on small datasets, we observe a ridge-to-plateau pattern in the heatmap plot in Figure 2(c):
the initial layers undergo signi cant transformations, suggesting that lower layers rapidly re ne the
features to extract the most relevant information for classi cation tasks; in contrast, the higher layers
exhibit a plateau in similarity scores, indicating that feature transformations stabilize and converge
toward an optimal representation. This plateau also suggests redundancy in the higher layers, imply-
ing that removing these redundant layers could improve ef ciency without signi cantly sacri cing
performancé. On the other hand, for models trained on large datasets, Figure 2(d) shows a con-
sistent ridge pattern, characterized by a rapid decay in similarity between adjacent layers. This
indicates a dynamic and continuous re nement process throughout the network. Nevertheless, for
both Figure 2(c, d), we observe almost all nonnegative average cosine similarity between different
layers, albeit the features are almost orthogonal when the layers are far apart. Moreover, in both
Figure 2(c, d), we observe a progressive increase in representation similarity as the two layers get
closer; across each row or column, the cosine similarity increases as it approaches the diagonals. In
appendix D, we observe similar phenomena on multi-modality models (CLIP).

To understand this phenomenon, we utilize the connection between residual network (ResNet) and
dynamic system, viewing the residual update (1) as a discretization of a dynamic system (Haber
& Ruthotto, 2017; Gai & Zhang, 2021). Speci cally, Gai & Zhang (2021) proved that ResNet
trained with weight decay attempts to learn the geodesic curve in the Wasserstein space. Since
transformer is a ResNet and weight decay is commonly applied in real-world training—for example,
DeiT (Touvron et al., 2021) models are trained using the AdamW optimizer with a weight decay of
0:05—we use the following geodesic curve assumption (Wang et al., 2024).

Assumption 1. (Geodesic curve assumption) At the terminal phase of training, the transformer with
weight decay has learned the geodesic curve in Wasserstein Bg&%, which is induced by the
optimal transport map.

Based on this assumption, the following result shows a monotonic increase in representation simi-
larity as the layers get closer. Proofs are given in the Appendix A.

Theorem 1. (Representation similarity increases monotonically across layers) Under Assumption 1,
for any layers'; <, < 3, we haveCOS(h{; h{*)) < cOsh{?;h{).

3We notice concurrent work (Men et al., 2024; Gromov et al., 2024; Jaiswal et al., 2024) that exploits
representation similarity across layers for pruning redundant layers. For instance, Figure 2(c, d) show hidden
layers obey large similarity, indicating that some of the layers can be skipped (Jaiswal et al., 2024).
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Theorem 1 provides a theoretical justi cation for the phenomenon observed in Figure 2—for in-
stance, the similarity to the last layer features progressively increases from shallow to deep layers.
However, we note that in practice, the geodesic curve assumption may not hold precisely by a prac-
tical network, so some samples may not exhibit a strictly monotonic increase.

2.2 ANALYSIS FOR SATURATION EVENTS

We now use the layer-wise representation similarity to analyze the phenomersatuoétion
events(Geva et al., 2022). To that goal, we rst brie y introduce the neural collaps€) phe-
nomenon (Papyan et al., 2020) and its connection to layer-wise representation similarity.

Neural Collapse NC) Roughly speakingN C concerns the terminal phase of training deep net-
works and states théit) within-class variable collaps®l(C,): the last-layer features from the same

class become nearly identical, i ! pit = 17 h{, (i) maximal distanceN C,): those

from different classes become maximally linearly separable(éindself-duality (N C3): the last-

layer linear classi eravy align with the class-mean featurﬁg). To achieve this, deep classi ers
progressively compress within-class features while enhancing the discrimination of between-class
features from shallow to deep layers (He & Su, 2023; Rangamani et al., 2023; Wang et al., 2023).
Our results show that transformer models achieve progressive compression and separation by pro-
gressively aligning the features with the last-layer classi er from shallow to deep layers.

Alignment between layer-wise cosine similarity and accuracyMotivated by the similarity be-
tween features in shallow and deep layers, we apply the classi er to each hidden layer to obtain the
layer-wise validation accuracy, which is plotted in Figure 2(a, b). We observe a high correlation be-
tween the layer-wise accuracy and the cosine similarity, with layer-wise accuracy also exhibiting a
monotonic increase across layers. Our following result provides a justi cation for this phenomenon,
demonstrating that an increase in representation similarity implies an increase in predicted probabil-
ity across layers.

Theorem 2. (Predicted probability increases monotonically across layers) Assume that Theorem 1
holds athy; , i.e., COS(h{;™ ;h{’) > cos(hi);h{), and that the last-layer features and

|
classifers satisfiN C. Then, the predicted probabilifoftMaxW h (k;i) )]k increases across layers:

[SoftMaxWh ()] > [SoftMaxw h {))]k: (4)

Saturation events The approach of applying last-layer
classi cation to intermediate representation is also called
logit lens (nostalgebraist). Recent studies (Belrose et al.,
2023; Pal et al., 2023) use this method to decode hid-
den states into probability distributions over the vocab-
ulary, offering mechanistic interpretability of transform-
ers. (Geva et al., 2022) discover a phenomenon called
saturation events, where the model's nal predicted token
becomes the top candidate in a certain shallow layer and
remains unchanged across all subsequent layers. Speci -
cally, given an input sampbey.; , the saturation laye¥;

for Xy is de ned as the smallest layersuch that Figure 3: The DeiT-S models are

gtht) e :::6 gthi)= = ghy)): trained on CIFAR10 and Imagenet-1K
Results in Appendix C.1 show saturate events also hapggﬁazet fr?m fcrz';}[tch. Wf r;neaSlrJ]rle the
on recently developed LLMs such as LLaMA3 (Dubenﬁgntheeriroavs;;rg goi\i/rfg sﬁni?azarici Va}[/ﬁ r
etal., 2024). Our Theorem 2 offers a justi cation for satté t hidden stat?as More saturateyevents
ration events, stating that if a sample is correctly predic;c]gaﬁearl laver indicates higher cosine
at the-th layer, it will continue to be correctly predicted”. Y lay 9
in subsequent layers, as the predicted probability incrgggggrBYOgressively across layers. To further
illustrate the relation between representation similarity and saturate events, we train a DeiT-S model
on both CIFAR-10 and ImageNet-1K and plot the results in Figure 3. For the same model across
different datasets, we observed that higher layer-wise representation similarity COS correlates with

more early saturation events, suggesting COS is a valuable metric for re ecting saturation events.
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Table 1: Comparison of the number of parameters across different architectures between multi-exit
models with multiple classi ers (different classi ers at each layer) and a single classi er (ours). The
last column shows that the percentage of saved parameters using single classi er.

Models | Hidden Dim  #of Classes #of Layers Multiple Classi ers (#Params)  Single Classi er (#Para#hram Saving
DeiT-S(Touvron et al., 2021) 384 1,000 12 26.27M 22.05M 16.07%
DeiT-B(Touvron et al., 2021) 768 1,000 12 95.02M 86.57M 8.89%
GPT-2(Radford et al., 2019) 768 50,257 12 541.57M 117.35M 78.39%
GPT-3(Brown et al., 2020) 12,288 50,257 96 233.67B 175.63B 25.10%
LLAMA-2 (Touvron et al., 2023) 4,096 32,000 40 75.11B 70.35B 6.81%

3 ALIGNED TRAINING FOR ENHANCING REPRESENTATIONALSIMILARITY

In the previous section, we observed that representations across layers within transformer models
are positively correlated, resulting in saturation events when the last-layer classi er is directly ap-
plied after any hidden layer for early prediction and enabling a multi-exit model that shares a single
classi er. In this section, we propose an aligned training method to enhance the effectiveness of
shallow layers by improving layer-wise feature similarity. This, in turn, promotes more early sat-
uration events, determines the minimal effective depth, and enhances performance when used as a
multi-exit model. To the best of our knowledge, our work is the rst to show that one common clas-

si er is suf cient for multi-exit models. Table 1 shows a single classi er can signi cantly reduce

the number of parameters and the computational complexity for multi-exit models, particularly for
tasks with a large number of classes and large feature dimensions. Examples include ImageNet, with
1000 classes, and LLMs, where the number of classes equals the vocabulary size, i.e., the number
of all possible tokens—for instance, the Llama-2 (Touvron et al., 2023) model has a vocabulary of
32;000tokens while the GPT3 (Brown et al., 2020) #5257 tokens.

3.1 ALIGNED TRAINING FOR ENHANCING SHALLOW LAYER PERFORMANCE

The ability to capture the layer-wise similarity of representations for each sample enables us to
develop ef cient methods for enhancing this similarity during training. A rst approach is to directly
add the cosine similarity betwedri > andh(") for all * < L as a regularization term during the
training process. However, as shown in the appendix (see Figure 14), this approach can only slightly
improve layer-wise similarity and accuracy. We conjecture this is due to the imbalance between
the cross-entropy loss and the cosine similarity. Instead, motivated by the self-duality between the
class-mean features and the linear classi ers, as observed N thphenomenon, we propose a
simple yet ef cient method, named aligned training, to enhance the layer-wise similarity by jointly
optimizing the following aligned loss that is the weighted average of the CE loss from all the layers

bS .
Lalignec(X;Y) = ‘LCE(Wh( );Y); (5)
=1

wherey denotes the corresponding label for - > 0 is the weight for the -th layer. During
the experiments, considering that shallow layers tend to have larger losses compared to deep layers,
we set the weight to linearly increase with layers to put more emphasis on the deepét, iagers

+ =2 =(L(L +1)). Roughly speaking, the aligned loss (5) introduces CE loss for intermediate

layers and would encourage each layer feattrles to align with the common classi ew —as
implied by theN C phenomenon—hence improving the representation similarity across layers.

Figure 4 displays the layer-wise representation similarity and accuracy by the proposed aligned
training. We can observe thatigned training can signi cantly increase the layer-wise repre-
sentation similarity and accuracyby aligning all the features to the common classi er. Results in
Appendix B.3 also show that aligned training can enhance progressive separation and compression
from shallow to deep layers. To further illustrate the bene t of aligned training, we de ne the notion

of -effective depth that modi es the notion exploited in Galanti et al. (2022) by replacing nearest
neighbor classi er accuracy with our layer-wise accuracy in (2).

4Such a strategy of increasing weights is also employed in (Schuster et al., 2022). Uniformly weighting all
layers (i.e., - = 1=L) may diminish the importance of the deeper layers. We provide an ablation study for the
comparison of linear increasing weights and uniform weights in Appendix B.3.
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(a) Cos Similarity (b) Layerwise Acc (c) Aligned (d) Multi-exit/classi ers

Figure 4: Comparison of ViT for ImageNet by standard training, proposed aligned training, and
the multi-exit/classi ers, in terms of (a) cosine similarity, (b) layer-wise testing accuracy and (c-d)
cosine similarities between all pairs of layers.

(a) Train Accuracy (b) Training Curve

Figure 5: Comparison of standard training of 6, 9, 12-layer DeiT-small model with aligned training
of 12-layer model on CIFAR-10 in terms of (a) layer-wise train accuracy, and (b) convergence.

De nition 1. ( -effective depth). We de ne theeffective deptld (S;f ) of anL -layer transformer

f over dataset as the minimal layer such thatAccg) 1 . Setd (S;f)= L ifsuch is
non-existent.

Minimal -effective depth Denote the transformers learned by standard training and aligned train-
ing asf standarg@Ndf aignes respectively. We observe that the aligned training yields a model with a
much smaller -effective depth compared to standard training, de(S; f aigned < d (S; f standard-

Speci cally, Figure 5(a) displays the layer-wise training accuracy of three transformers with differ-
ent number of layers 2 [6;9; 12] with standard training and B2-layer transformer with aligned
training. For the standard training models, the train accuracy curves increase until the last layer with-
out plateauing, even for the model with 12 layers, givih(Scirar10; f standard = 12 . While aligned
training models unleash the power of shallow layers to transform features faster towards classi er
across layers and push the redundancy behind, gi¥i(8cirar1o; faiigned 7, Which is smaller

than -effective depth of standarda ON the other hand, the effective detfS; f aigned increases with

the complexity of the task, as demonstrated by comparing the results from CIFAR10 (Figure 5(a))
and ImageNet (Figure 4(b)). Thus, the effective depth, independent of the network's depth, can be
leveraged to derive generalization bounds. This can be achieved by applying the approach from
Galanti et al. (2022), which offers non-trivial estimates of generalization based on effective depth.

Models f aigned With small effective depth also offer several advantages in practical deployment.
First, the layers beyond effective deth{Scirar10; f aligned are redundant, as they do not contribute

to accuracy improvements and can be pruned, leading to more ef cient inference. Second, aligned
training helps determine the minimal number of layers required for a task. While more complex
tasks typically demand more layers, identifying the exact number can be challenging. In standard
training, multiple models of different sizes must be trained to determine the minimal layer count.
In contrast, with aligned models, retraining is unnecessary—one can simply apply the last-layer
linear classi er to intermediate layers. Third, models trained using aligned method not only achieve
slightly higher accuracy when truncated to 6 or 9 layers compared to models of the same size trained
with standard methods (Figure 5(a)), but they also accelerate model convergence (Figure 5(b)) by
providing immediate feedback to each layer, resulting in more effective parameter adjustments.
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