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ABSTRACT

Risk-sensitive reinforcement learning (RL) aims to optimize policies that balance
the expected reward and risk. In this paper, we present a novel risk-sensitive RL
framework that employs an Iterated Conditional Value-at-Risk (CVaR) objective
under both linear and general function approximations, enriched by human feed-
back. These new formulations provide a principled way to guarantee safety in
each decision making step throughout the control process. Moreover, integrat-
ing human feedback into risk-sensitive RL framework bridges the gap between
algorithmic decision-making and human participation, allowing us to also guaran-
tee safety for human-in-the-loop systems. We propose provably sample-efficient
algorithms for this Iterated CVaR RL and provide rigorous theoretical analysis.
Furthermore, we establish a matching lower bound to corroborate the optimality
of our algorithms in a linear context.

1 INTRODUCTION

Reinforcement learning (RL) (Russell, 20105 Sutton & Barto| 2018)) is a general sequential decision-
making framework for creating intelligent agents that interact with and learn from an unknown
environment. RL has made ground-breaking achievements in many important application areas, e.g.,
games (Mnih et al., 2015} Silver et al.,|2017), finance (Hull, 2003) and autonomous driving (Sallab
et al.l 2017). Despite the practical success, existing RL formulation focuses mostly on maximizing
the expected cumulative reward in a Markov Decision Process (MDP) under unknown transition
kernels. This risk-neutral criterion, however, is not suitable for real-world tasks that require tight risk
control, such as automatic carrier control (Isele et al., 2018; Wen et al.| [2020), financial investment
(Wang et al., 2021} [Filippi et al., 2020) and clinical treatment planning (Coronato et al., [2020). To
address this limitation, risk-sensitive RL has emerged as a promising research area, which aims to
incorporate risk considerations into the RL framework.

A rich body of works have considered various risk measures into episodic MDPs with unknown
transition kernels to tackle risk-sensitive tasks. Among different risk measures, the Conditional
Value-at-Risk (CVaR) measure has received an increasing attention in RL, e.g., Chow et al.| (2015));
Du et al.|(2023); Rockafellar et al.|(2000); |Stanko & Macek|(2019); Bastani et al.|(2022); Wang et al.
(2023a). CVaR is a popular coherent risk measure (Rockafellar et al., [2000), which can be viewed
as the expectation of the worst a-percent of a random variable for a given risk level o € (0,1]. Tt
plays an important role to avoid catastrophic outcomes in financial risk controlling (Filippi et al.,
2020), safety-critical motion planning (Hakobyan et al., 2019)), and robust decision making (Chow
et al.l [2015)

However, existing CVaR-based RL works (Bastani et al.| 2022; Wang et al.,[2023a; |Du et al., 2023;
Xu et al.,[2023) mainly focus on the tabular MDP, where the state and action spaces are finite, and
the complexity bounds scale polynomially in the sizes of state and action spaces. As a result, the
application of tabular MDPs can be limited, since in practical problems, the state and action spaces
are often large or even infinite.
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To extend the risk-sensitive RL theory and handle large state space, in this paper, we study Iterated
CVaR RL with both linear and general function approximations in episodic MDPs (ICVaR-RL with
linear and general function approximations). One key distinction of our work from existing function
approximation results (Jin et al., [2020; Zhou et al., 20214} |Fe1 et al.| |2021) is the Iterated CVaR
objective. Iterated CVaR (Chu & Zhang| 2014; |Du et al., |2023) is an important variant of CVaR,
which focuses on optimizing the worst a-percent performance at each step, and allows the agent
to tightly control the risk throughout the decision process. In this paper, we tackle the ICVaR-RL
with function approximations by two novel sample-efficient algorithms, i.e., ICVaR-L (detailed in
Section[4.1)) and ICVaR-G (detailed in Section4.2)

We further investigate ICVaR-RL with human feedback and present a provably efficient algorithm
ICVaR-HF with general function approximation. Our exploration is motivated by the rapid develop-
ment of Large Language Models (LLMs) such as ChatGPT. These models, as demonstrated in vari-
ous studies (Glaese et al., 2022} Ouyang et al.|[2022; |Lee et al.,|2023}; |Gulcehre et al.|[2023), operate
in diverse conversational landscapes where precisely defining reward signals is challenging. This
challenges the conventional RL paradigm, underscoring the crucial role of infusing human feedback
(Christiano et al., 2017 [Stiennon et al., [2020; Wu et al.| 2021} |Ouyang et al.,|2022). Furthermore,
the risk control in intelligent systems such as ChatGPT is significant for preventing the generation
of harmful or offensive content (Zhuo et al.| [2023; Q1 et al., [2023). This critical imperative under-
scores the need of approaches that are inherently risk-sensitive, especially in the intersection of large
language models and RLHF. Our work infuses risk sensitivity into RLHF paradigms and formalizes
the first risk-sensitive RLHF structure for further theoretical understanding of risk-sensitive RLHF.

However, the Iterated CVaR objective imposes significant technical challenges in the theoretical
analysis of the function approximation and human feedback setting. (i) Since the Iterated CVaR
measure is a quantile expectation on the distorted distribution, it destroys the linearity of the risk-
neutral Bellman equation and makes it hard to estimate the true value function. Therefore, existing
risk-neutral RL algorithms for function approximation fail in ICVaR-RL and new techniques are
needed to handle this nonlinearity (See Section[d.1)). (ii) In our function approximation setting, one
cannot calculate the CVaR operator and estimate the transition by tranditional sample-mean tech-
nique efficiently, since the size of state space can be very large or even infinite. To address these dif-
ficulties, we develop novel CVaR approximation and parameter estimation methods in Section .1}
(iii) The standard regret analysis For risk-neutral RL with human feedback is not suitable for our
risk-sensitive setting. For example, since the preference-based human feedback is a comparison of
the cumulative rewards of two trajectories, it is natural to apply this feedback to the risk-neutral RL
(to maximize the cumulative rewards), while it can be non-trivial to apply this feedback to a risk-
sensitive setting since the regret decomposition process for risk-neutral RLHF fails in analyzing
the risk-sensitive goal. Moreover, previous online reward MLE algorithms focus on a finite reward
function set (Wang et al.l|2023b)), while we are dealing with an infinite reward function set.

In this paper, we present provable efficient algorithms for ICVaR-RL with function approximation
and human feedback, and develop novel technical tools to address the challenges in Section [4] and
Our contribution can be summarized as follows.

(i) We develop a provably efficient (both computationally and statistically) algorithm ICVaR-
L for ICVaR-RL with linear function approximation, which achieves the regret upper bound
5(\/a*(H+1)(d2H4 + dH®)K), where « is the risk level, d is the dimension of state-action fea-
tures, H is the length of each episode, and K is the number of episodes. Moreover, we con-
struct a hard-to-learn instance for ICVaR-RL with linear function approximation, and establish

an Q(vVa~(H-1)d2K) regret lower bound. This shows that algorithm ICVaR-L achieves a nearly

minimax-optimal dependency on d and K, and the factor va—# in our regret bound is unavoidable
in general.

(ii) For ICVaR-RL with general function approximation, we propose algorithm ICVaR-G. We prove
that ICVaR-G achieves a regret bound of O(y/a~(H+1) Dp H4K) based on a new elliptical potential
lemma. Here Dp is a dimensional parameter that depends on the eluder dimension and covering
number of probability set (see Section 2] for the details).

(iii) We further extend ICVaR-RL to encompass Reinforcement Learning with Human Feedback
(RLHF), incorporating general function approximation for both transition probabilities and reward
modeling. We develop the first provably sample-efficient algorithm ICVaR-HF for risk-sensitive
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RLHF with novel discretization of infinite reward function set and regret decomposition method that

achieves a regret bound of O(V K H3a~(H+1) (\/HDp + v/m~1Dg)), where Dp, is a dimensional
parameter for reward function set, and m is the positive lower bound for the gradient of link function.

2 RELATED WORKS

Risk-sensitive RL with CVaR Measure There are two types of CVaR measures, i.e., the static
and dynamic (iterated) CVaR measures. [Boda et al.| (2006)); (Chow et al.| (2015); Ott (2010); |Yu
et al.| (2018)); Stanko & Macek| (2019)) study the static CVaR measure, which considers the CVaR of
cumulative reward in tabular MDPs with known transition kernels. Bastani et al.|(2022); Wang et al.
(2023a) investigate the static CVaR RL with unknown transition kernels. On the other hand, |Du
et al.| (2023)) propose Iterated CVaR RL (ICVaR-RL), an episodic risk-sensitive RL formulation with
unknown transition kernels and the Iterated CVaR measure, and studies both regret minimization
and best policy identification in tabular MDPs. In addition, Xu et al.| (2023) investigate a general
iterated risk measure (including Iterated CVaR) in tabular MDPs. In contrast, we study Iterated
CVaR RL with linear and general function approximations.

RL with Function Approximation For risk-neutral RL, [Yang & Wang| (2020); [Jin et al.| (2020);
He et al.| (2022);|Ayoub et al.|(2020); |[Zhou et al.| (202 1a3b)); Zhao et al.|(2023));|Agarwal et al.|(2022])
study linear function approximation in two types, i.e., linear MDPs and linear mixture MDPs. He
et al| (2022); |Agarwal et al.| (2022) and [Zhou et al.| (2021a) present nearly minimax optimal al-
gorithms for Linear MDP and linear mixture MDP, respectively. |Ayoub et al.,| (2020); [Wang et al.
(2020) study risk-neutral RL with general function approximation, which assumes that transition
probabilities belong to a given function class. They establish sublinear regret bounds dependent on
the eluder dimension of the given function class. [Fei et al.|(2021) consider the first risk-sensitive
RL with function approximation under the entropic risk measure, and |Lam et al.[| (2023)) study RL
with the iterated coherent risk measure with non-linear function approximation under a simulator
assumption. Compared to [Fei et al|(2021) and [Lam et al.| (2023), we investigate the function ap-
proximation for RL with Iterated CVaR measure without the simulator assumption.

RL with Human Feedback |Christiano et al.|(2017) firstly propose the deep reinforcement learn-
ing models that are guided by human feedback. Then, there are many empirical works concentrating
on the framework when the reward is parameterized as a neural network (Ouyang et al.,[2022; |Stien-
non et al.}[2020; Wu et al., 2021} |Ibarz et al., 2018 |Lee et al., 2023 |Gulcehre et al.,2023). Recently,
Zhu et al.| (2023)); Zhan et al.|(2023bja) develop the theory of preference-based RLHF in the offline
setting and present the Maximum Likelihood Estimation (MLE) for reward functions. Wang et al.
(2023b)) present the first online reward MLE algorithm in the risk-neutral RLHF for finite reward
function set. Compared to their results, we formalize the first risk-sensitive RLHF problem, and
present theoretical analysis for ICVaR-RL with general function approximation for infinite transi-
tion and reward function sets and comparison-based human feedback.

3 PRELIMINARIES
3.1 EPISODIC MARKOV DECISION PROCESS (MDP)

We consider an episodic MDP parameterized by a tuple M = (S, A, K, H, {P,}iL | {r,}H ),
where S and A represent the state space and action space respectively, K is the number of episodes,
and H is the length of each episode. For step A, Pj, : S x A — A(S) is the transition kernel.

At the beginning of episode £, an initial state s ; is chosen by the environment. At each step h €
[H], the agent observes the state sy, j,, and chooses an action ay, j, 1= 7 (sg.5), where 78 : § — A
is a mapping from the state space to action space. For step h, P, : S x A — A(S) is the transition
kernel which is unknown to the agent, and rj, : S x A — [0, 1] is the reward function which is
deterministic and known to the agentp Then, the MDP transitions to a next state sy 41 that is
drawn from the transition kernel Py, (- | sk 5, a,n). This episode will terminate at step H + 1, and
the agent will advance to the next episode. This process is repeated K episodes. The objective of
the agent is to determine an optimal policy 7" so as to maximize its performance (specified below).

!'This assumption is commonly considered in previous works [Du et al.[(2023); [Fei et al|(2021); Jin et al.
(2020); |Zhou et al.|(2021a); Modi et al.| (2020).
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3.2 ITERATED CVAR RL

First, we give the definition of the Conditional Value-at-Risk (CVaR) operator which is firstly intro-
duced in |Artzner| (1997). For a random variable X with probability measure [P and given risk level
€ (0,1]: )
CVaRg (X) := sup {x—E [(x—X)*]}, (1)
zeR (€7
which can be viewed as the expectation of the a-worst-percent of the random variable X. In this
paper, we apply Iterated CVaR as the risk-sensitive criterion (similar to|Du et al.|(2023))).The MDPs
with Iterated CVaR measure The Iterated CVaR MDP aims to maximize the objective J(7) which
can be expressed as follows:

J(’/T) = 7"1(81,&1) + CV&R so~P1(|s1,a1) (7’2(82,&2) + CV&R s3~Py(+|s2,a2) (7’3(83,&3)

+ ( - CVaRS, by (fsmr.am o) (TH(SH, “H))> ))

where (sp, ap 1= m,(sp))f_, is the trajectory generated by policy 7 = {m), : S — A} and initial
state s;. Maximizing this objective means finding the optimal policy to maximize the cumulative
rewards obtained when transitioning to the worst a-portion states at each step.

2

To evaluate the performance of RL algorithms, we adopt the regret minimization task. Consider the
value function V;" : & — R and Q-value function @} : S x A — R under the Iterated CVaR
measure as the cumulative reward obtained when transitioning to the worst a-portion states (i.e.,

with the lowest a-portion values) at step h,h + 1,--- | H
Qr(s,a) = (s, a) + CVaRy p, (s,0)(Vik1(s))
Vi (s) = Qf (s, mn(s)) 3)

Viii(s) =0,Vse S

For simplicity, we use C to denote the CVaR operator:

[CE(V)](s,a) := CVaRg, p(|s.a)(V(s)) = sup {x - E[P(x - V)*](S,a)} ; )

zeR «
where [P(z — V) T](s,a) = >, csP(s" | s,a)(x — V)*(s’). Let 7* be the optimal policy which
gives the optimal value function V,ZT}k (s) = max, V;"(s) for any s € S. Prior work (Chu & Zhang

(2014) shows that 7* always exists. In the regret minimization task, the agent aims to minimize the
cumulative regret for all K episodes, which is defined as

Regret(K Z < (Sk,1) Vl’Tk (sk,l)) , (5)

where 7 is the pohcy taken by the agent in episode k, and V™" (s 1) — VI (s;C 1) represents the
sub-optimality of 77%. Notice that when o = 1, the CVaR operator becomes the expectation operator,
and Iterated CVaR RL degenerates to classic risk-neutral RL.

3.3 LINEAR AND GENERAL FUNCTION APPROXIMATION

Assumption 1 (Linear function approximation |Ayoub et al.| (2020); |[Fe1 et al.| (2021); Zhou et al.
(20214)). In the given episodic MDP M, the transition kernel is a linear mixture of a feature basis
$:S xS xA—RY e, forany step h € [H], there exists a vector 0, € R% with |0}, ]2 < v/d
such that

Pu(s" | s,a) = (On, d(s',5,a)) (6)

holds for any (s',s,a) € S x § x A. Moreover, the agent has access to the feature basis ¢.

In this paper, we assume that the given feature basis ¢ satisfying [¢f(s, a)|, < 1 where ¢ (s, a) :=
Diges @(s',s,a) f(s") for any bounded function f : S — [0,1] and (s,a) € S x AEI A episodic
MDP with this type of linear function approximation is also called a linear mixture MDP.

In addition to the above linear mixture model, we also consider a general function approximation
scenario, which is proposed by |Ayoub et al. (2020) and also considered in |Fei et al.| (2021)).

This assumption is also considered in|{Zhou et al.| (2021azb)); /Ayoub et al.|(2020); Fei et al.|(2021).
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Assumption 2 (General function approximation). In the given episodic MDP M, the transition
kernels {IP’h}hH:l < P where P is a function class of transition kernels with the formP : § x A —
A(S). In addition, the agent has access to such function class P.

Denote the bounded function set B(S, [0, H]) with form f : S — [0, H]. With the given candidate
set P, we define a function class Z

Z = {z(s,0,V) = Y, P(s' | 5,a)V(s') : P P}, (7)
s'eS

where zp is a function with domain S x A x B(S, [0, H]). For simplicity, we denote [PV](s,a) :=
Yves P(s' | s,a)V(s) for function V : S — R

We measure the efficiency of RL algorithms under Assumption [2| using the eluder dimension of
Z and covering number of P (similar to previous works [Wang et al.| (2020); |Ayoub et al.| (2020);
Fei et al.|(2021))). The formal definitions of eluder dimension and covering number is detailed in

Appendix

4 TCVAR-RL WITH FUNCTION APPROXIMATION

4.1 ICVAR-RL WITH LINEAR FUNCTION APPROXIMATION

In this section, we propose ICVaR-L (Algorithm [I]), an optimistic value-iteration algorithm designed
for ICVaR-RL with linear function approximation. ICVaR-L is inspired by the algorithm ICVaR-
RM proposed in [Du et al.| (2023)) for tabular MDPs, and incorporates two novel techniques: an
e-approximation of the CVaR operator and a new ridge regression with CVaR-adapted features for
estimating the transition parameter 6y,.

Algorithm [T] presents the pseudo-code of ICVaR-L. ICVaR-L performs optimistic value iteration in
Lines where the key component is to calculate the optimistic Q-value function @;% 1N Line@
with an approximated CVaR operator and an exploration bonus term. Notice that directly calculating
the CVaR operator [Cg, (V)](s,a) = sup,epo u) {& — = {On, Y(a—v)+ (s,a))} is computationally
inefficient. To maintain computational efficiency, we introduce a novel approximation of the CVaR
operator:

where ¢ is an accuracy parameter, N is a dlscrete e-net of [0, H], i.e., Nt := {ne :n € [|H/e|]}.

(CS’NE takes a supremum over the discrete finite set N; instead of a continuous interval [0, H],
which can be computed efficiently. Notably, this approximation guarantees that the error between
the approximated CVaR operator and the true CVaR operator is at most 2¢ (shown in Lemma |l|in

Appendix [D.T).
We execute 7" to play episode & in Llne. which is greedy with respect to the optlmlstlc Q-value

function. After that, we calculate the transition parameter estimator Qk“ n in Lines by anew
ridge regression:

~ k N 2
Orsr =g min |03+, (in=Tins)* ine) =00, 0y (siain) ) - )
0’eR ’ ’

Note that we consider {w (win—Vr }+1)+}
{vp, . }#_, used in previous risk-neutral linear mixture MDP works (Zhou et al., |2021aib). The

spemﬁc value of x5, is determined in Line(I12] Intuitively, the agent will explore the direction of the
maximum norm of w(m—f/k pan)F (Sk,hs ak,n) for every x € N¢, such that every possible direction is

eventually well explored.

", as the regression features, which are different from

Computation Efficiency The efficient approximation technique and novel ridge regression en-
ables us to effectively handle risk-sensitive RL problems with CVaR-type measures while main-
taining computational efficiency. Moreover, the space complexity and computation complexity of
ICVaR-L are O(d*H + |NZ||A|HK) and O(d?|N;||A|H?K?), respectively. Please refer to Ap-
pendix [E] for more detailed discussions.

We state the regret guarantee for Algorithm [I]as follows.

5
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Algorithm 1 ICVaR-L
Require: risk level a € (0, 1], approximation accuracy € > 0, regularization parameter A > 0,
bonus multiplier £3.

1: Initialize Klﬁh <~ A, 51_’;1 ~ 0, ‘7k,H+1(') «— Oforany k € [K] and h € [H].
2: for episode k = 1,..., K do

3: forsteph=H,..,1do

4: // Optimistic value iteration

5: Brn(y-) = g SUPzen. ”dj(sz/k’hﬂﬁ (, ')Hf\ki}h

6 Qual) =) +[C5N (Vensn)l(-) + 22 + Bia ()

7: Viern(+) Hmin{maxaeAQk)h(-,a),H}

8: 7 (-) < argmaxsea Qp.n (-, a)

9:  end for

10: forsteph=1,---,H do

11: Observe the current state sy, 5, and take the action ay, j, = wﬁ(sk,h)

12: Calculate xy, , < arg maxgen. W(m—f/k,h“rr (Sk,hs ak’h)”f\ilh

13: Aerrn < Den + 9, 9+ kb 06 m)W 911y (ks arn) T
-~ /\_ k L .

14: O — N i1 Yo o 0nn oyt (Sihs @) (@i — Vins1) ™ (sins1) # Solution to
ridge regression

15:  end for

16: end for

Theorem 1. Suppose Assumption |I| holds, and for given § € (0,1], set A\ = H? ¢ =
dHA\/af=3/K, and the bonus multiplier B = H,/dlog (H%KHS) + V/\. Then, with probabil-
ity at least 1 — 20, the regret of ICVaR-L (Algorithm([l)) satisfies

K ~ | KH
2 |
Regret(K) < 4dH et 2ﬁ\/aH+1\/8dHlog(K) + 4H3log

4log2K+8- (10)

]
Comparison to Tabular ICVaR-RL Theorem [I| states that ICVaR-L enjoys a regret bound
O(\/a~(H+D) (@2 H* + dHS)K). Intuitively, the exponential term of a is due to the inherent hard-
ness of the learning in risk MDPs, and the term d expresses the complexity of the environment of
MDPs. In comparison to the regret bound O(va—(H+1) 52 AH3K) for tabular ICVaR-RL in Du
et al.[(2023)), our result has the same order of dependence on o and K as the tabular setting, but does
not depend on .S, which, in our setting, can be extremely large or even infinite. The detailed proof
of this theorem is given in Appendix D}

To bound the regret of Algorithm[I] we develop several novel analytical tools. (i) We present a novel

lemma which shows that the error of approximating [Cg, (V)] (s, a) by [(Cf;}’LNE V)](s,a) is at most
2¢ (Lemmal[I]in Appendix [D.T). By this lemma, we have a computationally efficient method to cal-
culate an e-approximation of the CVaR operator, which contributes to the computational efficiency
of Algorithm|[I] (ii) We establish a novel concentration argument in Lemma [2]in Appendix [D.2]

which exhibits that the transition parameter ¢y, lies in an ellipsoid centered at the estimator 0y, p,.
Then, we can bound the deviation between the transition parameter 6, and the estimator for the

CVaR operator §k - This result is formally present in Lemma in Appendix

Moreover, we construct a hard-to-learn MDP instance for ICVaR-RL with linear function approxi-

mation, and establish a regret lower bound E[Regret(K)] = Q(dva~H+1K). The formal theorem
(Theorem ) and proof are detailed in Appendix [F] due to space limit. We can see that ICVaR-L

achieves a nearly minimax optimal with respect to factors d and K, and the factor va—H in our
regret upper bound is unavoidable in general.
4.2 ICVAR-RL WITH GENERAL FUNCTION APPROXIMATION

In this section, we present our results for Iterated CVaR RL with general function approximation
defined in Section[3.3] Specifically, we propose algorithm ICVaR-G (Algorithm 3. In each episode,



Published as a conference paper at ICLR 2024

ICVaR-G (i) estimates the confidence set of the transition kernels by constructing a set centered at
the empirical mean with radius 7, and (ii) choose the policy with the highest possible ICVaR value in
this confidence set of the transition kernels. The pseudo-code and detailed description of ICVaR-G
presented in Appendix [G]due to space limit), and establish the following performance guarantee.

Theorem 2. Suppose Assumption I 2| holds and for some positive constant § € (0, 1], we set the esti-

mation radius 7 := 4H?(21o (2H Ne (P, ” o1 I/K) )+ 1+ +/log(5K?2/6)). Then, with probability
at least 1 — 20, the regret of ICVaR-G (Algorlthml) satisfies

AKH ~ . 4logy K + 8
Regret(K) < \/OéHJrl 2H +2dg(2)H? + 8ydg(Z)H log(K) + H3 log Qf

; (1)

where dp(Z) := dimg(Z,1/VK) is the eluder dimension of Z, and No(P, | - |w.1, 1/K) is the
1/K-covering number of function class P under the norm | - Hoo,l'EI By setting the dimensional pa-
rameter Dp = dp(Z)log(Ne (P, | - ||wo, 1/K)), we have Regret(K) < O(v/a~(H+D)Dp HAK).
The dominating term of the regret bound in Theorem [2|is O(y/a~(H+1) Dp HAK), which enjoys
the same order of o, [ and K as the result of ICVaR-L in Theorem Moreover, in_the case
where Assumption |1| holds (i.e., linear function approximation), we have dg(Z) = O(d) and
log(N¢ (P, ||« |1, 1/K)) = O(d). This means that we can recover the O(Va~(H-Dd2H4K)
bound in Theorem[I} The main analytical novelty of Theorem [2]includes a novel elliptical potential
lemma for a more fine-grained analysis of regret summation. We begin with bounding the deviation
term supP,Eﬁk,h[Cﬁ/Vk,hH](s, a) — [(C]%th’h+1](S, a) < égkyh(s, a), where gy n(s,a) is defined
as

Gk,n(s,a):= sup zp (&a,(xk,h(&a)—Vk7h+1)+)— inf 2ps <37a7(33k,h(5aa)_Vk,h+1)+) (12)
P’E'ﬁk,h P'€Pk,n

Intuitively, gk 5(s,a) can be interpreted as the diameter of 73k n- Then, our new elliptical po-
tential lemma (Lemma [9] in Appendlx [H.3) provides a more refined result by demonstrating
ok 2on Gep (Skonyaxn) = O(log(K)) in terms of K. This result is tighter than existing result

Dok 2o koh (Skohs Qrn) = O(\/E) in previous works Russo & Van Roy|(2014); Ayoub et al.| (2020);
Fei et al.| (2021). With the refined elliptical potential lemma, we can then perform a more fine-
grained analysis of regret summation similar to the proof of Theorem The detailed proof of
Theorem 2]is deferred to Appendix [H]

5 ICVAR-RL wiITH HUMAN FEEDBACK

We further extend our results to investigate risk-sensitive RL in the human feedback (RLHF) setting.
In this setting, the ground truth reward functions are unknown and the agent cannot observe numer-
ical reward signals, but only receives comparison feedback. Specifically, the agent provides two
trajectories to a human expert, and the expert judges which trajectory is better. Below we introduce
the formal definition of comparison feedback, following previous risk-neutral RLHF works (Wang
et al.| [2023b} [Zhan et al., 2023afb). First, we assume that there is an underlying reward function
which guides the feedback of human.

Assumption 3 (Underlying reward (Christiano et al., [2017)). There is a unknown underlying re-
ward v* € R for some known infinite function set R := {r : T — [0,H]|}. Every reward
r consists of H reward functions, ie, v = {r, : S x A — [0,1]}}_,, and satisfies that
for every trajectory T = (s1,a1, -+ ,$g,ag) € T, we have r(1) := Zf;l rr(sn, ap). For
a fixed trajectory 79 = (S0,1,G0,1," " ,S0,H, 00,1 ), we define a regularized reward r,,(T) =
Zthl rh(Sh, an) — 1801, @0,1) based on benchmark .

This underlying reward assumption is a common assumption for comparison feedback and widely
used in |(Christiano et al.| (2017); (Zhu et al.| (2023); Zhan et al.| (2023ab); Wang et al.| (2023b).
Following |Wang et al.| (2023b), we assume that the human’s preference is drawn from a Bernoulli
distribution parameterized by a general link function o.

Assumption 4 (Comparison oracle|Wang et al|(2023b)). A comparison oracle takes in two trajec-
tories T1, Ty and returns

o~ Ber(o(r*(m) — r*(m))),
Forany P,P' € P, [P = P'|lco,1 = SUP(, a)csx 4 Lres [P(s' | s,0) = P'(s' | s,a)|.
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where o(-) is a known link function, e.g., sigmoid function. Here o is the human preference over
(11, 72). The output o = 1 indicates 71 > 7o, and o = 0 indicates 7o > 1. Moreover, we assume
that the link function o satisfies the following properties:

* Completeness: (0) = 3, and for any x € [—H, H], we have o(x) + o(—x) = 1.

* Regularity: For any x € [—H, H|, we have o'(x) = m for some constant m > 0.

Remark The Bradley-Terry-Luce (BTL) model Bradley & Terry|(1952)), a famous RLHF model, is
exactly the case when the link function o () is chosen as the sigmoid function 1/(1+exp(—x)). The
completeness assumption is based on the common knowledge that the consistency of the comparison
between two trajectories should be upheld regardless of their given order. Thus, since P[7; > 73] =
or*(r) —r*(n)=1—-P[r > n]=1—0(*(r2) —r*(n1)), we have o (r* () — r*(r2)) +
o(r*(ma)—r*(71)) = 1. The regularity assumption is common in the bandit literature (Filippi et al.,
2010; |L1 et al. 2017) and necessary for the existence of optimal policy (Wang et al., | 2023b).

Here we consider the general function approximation settrng defined in Section [3.3] For given
reward functions 7, and possible transition kernel set P := {P,}/L,, we define the optimistic

value function ‘N/hp recursively as follows.
QY (s,a;75,) = ra(s,a) — ri(so.n, aon) + sup C% ' ‘Sﬂ)(Vhﬁl(s’;rm))

PePy,

VP (5:720) = max OF (s, ai ) (13)
‘71219+1(S; ) =0,VseS

Inspired by [Wang et al.|(2020); |Ayoub et al.| (2020); [Fei et al.| (2021)), we develop our risk-sensitive
algorithm ICVaR-HF. As shown in Algorithm [2] in Line[I} we choose a benchmark trajectory 1y by
executing an arbitrary pohcy In every episode, we select an estimated reward 7* to maximize the
optimistic value function V1 *(sk,1;Tr,) in Line 4 I We calculate the optimistic value and Q-value
functions Qk, hs Vh by value iteration, and determine the policy 7* in Lines I- I In Line |§I, we

execute the policy 7% and generate the trajectory 7, and in Line we feed trajectories (7, 70)
to the comparison oracle. In Line [TT} we adopt MLE to update the confidence reward function set

Ry.+1, where we use the following log-likelihood function (which is also considered in |Zhu et al.
(2023)); /Zhan et al.[(2023a3b)); Wang et al.| (2023b)):

Z log (6°(04, 71 (73))) , (04, 71 (2)) := 0; - (T, (73)) + (1 — 05) - o (—7ry (73)) (14)

i<k
In Lines l . we apply the transition estimation. ]P’k n to estimate the transition kernel ]Ph in
Line|13[by a novel distance function Dist 5, : P x P — Ry, and select a confidence set Pk nin
Line , where [P}, belongs to Pk,h with high probability (as detailed in LemmalEIm Appendix .
The construction of distance function Disty 5, : P x P — Ry is inspired by previous risk-neutral
works|Ayoub et al.|(2020); [Fei et al.|(2021). Recall the definition of function class Z = {zp : P € P}

inEq. 7). Let X := Sx AxB(S, [0, H]) be the domain of zp. We use the functions in Z to measure
the difference between two probability kernels in P. Specifically, for all (s, a) € S x A, let x 1 (s, a)

maximize the diameter of Py, j, by function zp(s, a, (z — Vi p41)1):

T n(s,a):=argmax< sup zp (s,a, (x—‘A/k’hH)"’)— inf zps (s,a, (x—‘A/k’hH)‘*) . (15)
$E[O7H] P/E’ﬁk,h ]P/G’Pk,h

Denote Xy 5, := (Skh, Gk, s (Th,h (Sk by Qin) — XA/k n+1)T) € X. Then, we can define the distance
functions Disty, », (P, P’) := (zp (Xk ) — zp (X, h))2 for IP’ P’ € P. Equipped with this distance
function, we can estimate P}, by IPk h 1= arg minpep Z Disti7h(IP”, Ok.n), where Ok p,(Sk.h+1 |
s,a) = 1 and g p(s" | s a) 0 for any s" # sk p4y1. That is, I@’k n is the one with the lowest
gap to the sequence {J;, h}z 1 which contains the information of history trajectories. In addition,

Pk » 1s the confidence set centered at ]P’;c n with radius 7. The theoretical guarantee for ICVaR-HF
is presented below.
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Algorithm 2 ICVaR-HF

1: Execute an arbitrary policy to collect trajectory 7o = (S0,1,a0,1," - »S0,H, @0,H)-
2: fork=1---K do
3:  Receive the initial state sy, 1

4:  Choose the estimated reward 7% « arg max, n ViP*(sg.1575, ). // Choose the estimated
reward 7%

5 forh=H,---,1do

. 2 ok ok %

6: Qurn() = 70 ) = 758000 a0,8) + supprep, [Co (Vas)]( )

7: Vi () < maxaea Qu,n(-; a), T () = arg maxae s Qr,n (-, a)

8: end for

9:  Execute the policy 7% := {7F}L . In every step h, receive state sj ; and execute action
ag.h = Wk,h(vsk,h)- Then collect the trajectory T = (Sk71, k15, Sk,2,0k,2," " * »Sk,H> ak,H).

10:  Compare two trajectories 7y, 7o and collect observation o from human feedback.

11:  Update the reward confidence set ﬁkﬂ —{reR: Lr(r) > maxmer Li(r') — BR}.
12:. forh=1,---,H do

13: Piy1, < arg minpep Zle Dist; 5, (', 8k.1,) // Estimate the transition kernel Py,
14: 73;@_5_17;1 = {]P” eP: Zle Dist; 5 (P, ]?Di,h) < ’72} // Construct the confidence set
15:  end for

16: end for

Theorem 3. For some positive constant 6 € (0, 1], we set the estimation radius Br = clog(K -

NB(R, | - |20, 1/K)/8) and § = 4H? (2log (HNePeplealIO) 11 4\ /log(5K2/3)) for

some constant c. Denote Then with probability at least 1 — 40, the regret of Algorithm[2]satisfies

Regret(K) < O (\/KH3a—H—1 (\/HDP + \/m—lDR)> : (16)

where the dimension parameters Dy, := dp(Z)10g(Nc(P, |- |1, 1/K) detailed in Theorem[2} and
Dg :=dg(R)1og(Np(R, || |lx, 1/K)). Here dg(R) := dimg(R, 1/v'K) is the eluder dimension
of R, and Np(R, | - |0, 1/K) is the 1/K -bracketing number of R under norm || - | . [

The full proof is presented in Appendix [I} Notice that the regret bound for Algorithm [2|is sublinear
to K, making ICVaR-HF the first provably efficient algorithm for risk-sensitive RLHF. The first
term of the regret is similar to the result in Theorem 2] for ICVaR-RL with general function approx-
imation, which is the cost of learning the transition estimation. The second term is cost of learning
the unknown reward functions, which requires our novel regret decomposition method to bridge
the gap of the dislocation of the risk-sensitive value function and cumulative reward served for hu-
man feedback comparison oracle. Moreover, we apply the discretization method to R to get the
log(Np(R, | - e, 1/K)) term (instead of the log(|R|) term in[Wang et al. (2023b))), which remains
finite even when R is an infinite reward function set.

6 CONCLUSION AND FUTURE WORKS

In this paper, we investigate the risk-sensitive RL with an ICVaR objective, i.e., ICVaR-RL, with
linear and general function approximations and human feedback. We propose two provably sample
efficient algorithms, ICVaR-L and ICVaR-G for function approximation ICVaR-RL, by developing
novel techniques including an efficient approximation of the CVaR operator, a new ridge regression
with CVaR-adapted regression features, and a refined elliptical potential lemma. We also develop
the first provably efficient risk-sensitive RLHF algorithm ICVaR-HF with general function approx-
imation, and develop novel theoretical techniques for regret decomposition of risk-sensitive RLHF
and the reward MLE for infinite reward set. This paper leaves several interesting directions for fu-
ture works, e.g., further closing the gap between the upper and lower regret bound for ICVaR-RL
with function approximation on o and H, and extending the risk-sensitive RLHF problem to more
risk measures and more human feedback settings.

“The formal definition of bracketing number is detailed in Deﬁnitionin Appendix which is a common
discretization for function class in MLE analysis (Geer, 2000; |L1u et al., |2023).
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A NOTATIONS

In this appendix, we present the basic notations used in this paper.

For a positive integer n, [n] := {1,2,--- ,n}. For a non-zero real number r € R\{0}, the sign
operator sgn(r) := r/|r|. For a d-dimension vector x € R? and a positive definite matrix A €
R4 |x|s := vaT Az be the norm of vectors in R? under a positive matrix A. The operator
(z)* := max{z, 0}. For two positive sequences {A,}, {Bn}, A, = O(B,,) if there exists a positive
constant ¢ such that A, < ¢B,, for any n > 1, and A,, = Q(B,,) if there exists ¢ > 0 satisfying
0<¢B, <A, foranyn > 1. 5() further suppresses the polylogarithmic factors in O(-).

Measurable space and c-algebra. To discuss the performance of the algorithm on any MDP
instance, we should establish the formal definition of the probability space considered in the
problem. Since the stochasticity in the MDP is due to the transition, we define the probabil-
ity space as = (S x A)K# and the probability measure as the gather of transition proba-
bilities and the policy obtained from the algorithms. Thus, we work on the probability space
(Q,F,P), where F is the product o-algebra generated by the discrete o-algebras underlying S
and A. To analyze the random variable on step h in episode k, we inductively define Fj ;, as
follows. First let Fq;, = o(s11,a1,1,°-* ,81,h,a1,,) for any h € [H]. Then set Fyj :=
0(Fhe1,H:8k1,Qk,1, "+, Sk,h, Qk,p) forany k € [K] and h € [H].

B THE OBJECTIVE OF ICVAR-RL

The fourmulation investigated in this paper is iterated CVaR MDP, which is also studied by [Hardy
& Wirch| (2004); |Osogami| (2011)); |Chu & Zhang|(2014); Du et al.| (2023). The Iterated CVaR MDP
aims to maximize the objective J () which can be expressed as follows:

sa~Py1(-[s1,a1) s3~Pa(:[s2,a2)

+ ( - CVaR{, p, (fsu_r.an_y) (TH(SH, aH))> ))’

where aj, = 7 (sy,) for h € [H] and s; is the initial state. Maximizing this objective means finding
the optimal policy to maximize the cumulative rewards obtained when transitioning to the worst
a-portion states at each step. With this objective, we consider the regret minimization setting to
evaluate the efficiency of our RL algorithms.

J(m) =ri(s1,a1) + CVaR (7‘2(32, as) + CVaRY (T3(33, as)
17

Application Intuitively, the ICVaR-RL concerns the worst c-portion situations at each step. This
formulation is most suitable for safety-critical applications where there is a fatal failure probability
that leads to catastrophic states at each decision stage. Our goal is to find a policy that guarantees
safety even when disaster might happen at each transition. For example, consider the financial
dynamic investment (Devolder & Lebeguel 2017), where one needs design a risk-sensitive dynamic
investment strategy. There is a small probability, at each time during execution, that the investor
encouters a catastrophic states. In order to guarantee safety at each step, [Devolder & Lebegue
(2017) studies iterated CVaR measure under a Black—Scholes—Merton market.
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C NUMERICAL EXPERIMENTS FOR ALGORITHM 1]

In this section, we evaluate the empirical performance of ICVaR-L (Algorithm [I). Since there
is no other prior comparable efficient algorithms for ICVaR-RL with function approximation, we
compare our algorithm with the ICVaR-VT algorithm |Du et al.|(2023) which is designed for ICVaR-
RL in Tabular MDPs, and the LSVI algorithm [Zhou et al.| (2021b) for risk-neutral RL in linear
mixture MDPs. These two baselines are the closest comparable algorithms to ICVaR-L in ICVaR-
RL with linear function approximation. The empirical performance is evaluated with respect to the
cumulative regret defined in Eq. 3}

C.1 EXPERIMENT ENVIRONMENT

In our experiments, we consider a risk MDP with states space S = {sg, s1, 2, Sdis} U S1 U So
and action space A = {a*} U Agsup. The agent will start at the initial state sq. In this state, the
agent will not receive reward. Then with action a*, the agent will transfer to a conservative state
s1,1.e. P[s1 | sg,a™] = 1. Otherwise, the agent will transfer to an aggressive state s with action
Asup € Asub, 1.€., P[s2 | S0, asup] = 1. With any action a € A, the agent will receive no reward
in state sq, 7(s1,a) = 0.5 in state s1, and 7(s2,a) = 1 in state s5.  The conservative state s; is
associated with S;. The agent at s; will transfer into s € S; with equal probability by action a*.
With sub-optimal action as,p € Asus, the agent will not move in state sq, i.e. P[s1 | 1, asup] = 1.
In s € Sy, the agent will receive reward (s, a) = 0.6 and transfer back to s; with P[sq | s,a] =1
for any a € A.

The aggressive state so is associate with Sy and disaster state s4;5. For any s € Ss, we still have
r(s,a) = 1 for any a € A. However, the disaster state satisfies 7(s4;5,a) = 0 for any a € A. With
probability 0.5, the state s and s € Sy will transfer to s4;5, i.6. P[sais | S2,a] = Plsais | s,a] =
0.5. Otherwise the agent will stay in {s3} U Ss.

In this MDP, the agent will receive a higher expected cumulative reward if it chooses a, at initial
state to reach the aggressive state so. However, it is not a risk-sensitive choice. This is because with
small a, the Tterated CVaR MDP prefer the conservative choice a* which gives stable return, where
the aggressive choice may lead to a disaster state.

C.2 NUMERICAL RESULTS

We evaluate the cumulative ICVaR-type regret defined in Eq. 5] for algorithms ICVaR-L, ICVaR-VI
(Du et al.} 2023) and LSVI(Zhou et al.,[2021b), where ICVaR-L is our Algorithm (1| for ICVaR-RL
with linear function approximation, ICVaR-VI is the algorithm for ICVaR-RL in tabular MDPs (Du
et al.,|2023), and LSVI is the risk-neutral RL for MDP with linear function approximation (Zhou
et al.| 2021b).

In our experiment, we set A = 2, H = 6 and « € {0.15,0.30}. We explore MDPs with different
sizes of state space and dimensions, denoted by (.5, d). We set (S, d) = (20, 2) and (5, d) = (40,4)
to represent small and large MDPs, respectively, with d as the feature dimension in Assumption
For each case, we conduct 10 independent runs and report the average regret across runs with 95%
confidence intervals. The results are presented in Figures [T]and 2]
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Figure 2: Cumulative regret for the case S = 40 and d = 4.

As depicted in Figures [I] and 2} ICVaR-L consistently exhibits a sublinear regret with respect to
the number of episodes, validating our theoretical result in Theorem [T} Notably, for each o €

{0.15,0.30}, the regret of ICVaR-L is significantly lower than those of other algorithms.

Comparing ICVaR-L with the tabular algorithm ICVaR-VI, our algorithm demonstrates faster learn-
ing of the optimal risk-sensitive policy, highlighting its efficiency in adopting linear function approx-
imation. Furthermore, LSVI exhibits a nearly linear regret with the number of episodes, indicating

its struggle to learn the optimal risk-sensitive policy.

These experimental evidences demonstrate the efficiency of ICVaR-L in risk-sensitive linear RL

scenarios, providing empirical supports for its theoretical advancements.

D PROOF OF THEOREM [I: REGRET UPPER BOUND FOR ALGORITHM [I]

In this section, we present the complete proof of Theorem|T]

First, we give an overview of the proof. In Appendix we bound the approximation error of
CVaR operator from taking the supremum in finite set A instead of interval [0, H] in Eq.[8] We
propose Lemma (1| which bounds the error of approximating [Cg(V')](s, a) by [Cp Ne (V)](s,a). In

Appendix we establish the concentration argument with respect to our estimated parameter 6y, 5,
and the true parameter 6}, for step h. Lemmashows that [0, — 0|3, , < B with high probability,
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Figure 3: Illustrating example for Lemmal|[I]

and Lemmaupper bounds the deviation term based on the concentration of é\k,h. In Appendix

Lemma implies that our calculation of functions @k, n and Vk,h is optimistic. Finally, we apply
regret decomposition method and bound the regret of Algorithm|[I]in Appendix

D.1 ERROR OF CVAR APPROXIMATION

Below we show that the error of approximating the CVaR operator by the technique of taking supre-
mum on the discrete set NV, is small.

Lemma 1. Assume the transition kernel P is parameterized by transition parameter 0, i.e. P(s’ |
s,a) ={0,¢(s,s,a)) forany (s',s,a) € S x § x A. We denote

[C5(V)](s,a) == [CE(V)](s,0),  [C5(V)](s,0) = [C2Y(V)](s,0). (18
For a given constant € > 0 and fixed a value function V : S — [0, H], we have

[Co™ (V)] (s,a) — [C5(V)](5,0)| < 2. (19)

Proof. First, we denote [Cy™"(V)](s,a) := z— = [P(x—V)](s,a). Leta* := VaRg (V) € [0, H].
Then, we have [Cy(V)](s,a) = [(Cg’w*(V)](s,a) by propterties of CVaR operator (Rockafellar
2000).

If z* € N, we have [(CZ"NE(V)](S, a) = [C§(V)](s,a). It suffices to consider 2* ¢ N-. Suppose
x* € (me, (m + 1)e) for some positive integer m € [|H /e]].

By the property of CVaR operator, we have
(€5 (V)](5.@) = max {[C5 (V)] (s, ), [C5 "V (V)] (5, 0)} (20)

Then, we assume Sy := {s' € S: V(s') < me}, §; :={s' € S : me < V(s') < 2*}. Denote s* as
V(s*) = x*. Noticing that z* = VaRg (V'), we have:

Z P(s' | s,a) < a, Z P(s' | s,a) = a. 21

s’€S, LSt s'eS, S U{s*}

We give Figurewhere we sort the successor states s’ € S by V(') in ascending order, and the red
virtual line denotes the a-quantile line. The black virtual line denotes the value of me, x*, (m+1)e,
and the sets of states Sy, S1 are marked on the figure.

By the Figure we can write the exact form of [Cy"""](s, a) and [(Cg""”*](s, a) as

[C5™](s,a) = me — é Y, B(s'[s,a)(me = V(s)", (22)

s’'eSy
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a,z* 1 / /
[Co 1(s,a) =a* = — SZ . P(s']s,a)(z* = V(s") T, (23)
s'€So+S1

respectively.

Then, we have

[C5 " )(s,a) — [C5™](s, a)

<o* —me+ é ( SR | s,a)@t —me) + S P | 5, a)(@* — V(s’))>
(24)

s'eSy s'eSy
1
<e+ — Z P(s" | s,a)(x™ — me)
S/ESOUS]
<2e,

where the first inequality holds by triangle inequality, and the second inequality holds by the defini-
tion of 81, and the last one holds by the definition of «.

Thus
1C5Y (V)](s, @) = [C5(V)](s, )
=[C5"" (V)]s @) — max {[C5 (V)](s, 0), [C5 V5 (V)](5,0)} (25)
<€ 1(s,0) — [ (s, )| < 22,
where equality holds since [C3(V)](s,a) = [C5V* (V)] (s, a) by definition. O

D.2 CONCETRATION ARGUMENT

We show that our estimated parameter 0, 5, is a proper estimation of the true parameter 6, for all

episodes k and steps h. In fact, we can prove that é\k,h falls in an ellipsoid centered at 6;, with high
probability. In order to define the bonus term, we define a function Xy 5 (-, -) that chooses the ideal
x based on given state-action pair (s, a) by

Xi,n(s,a) = arg g:}ja\i Hw(x_f/mﬂﬁ (s, a)”f\;}h- (26)
Then, we denote )y, (s, a) as the maximum norm of |\w(179k pen) (s,a)||z—1 for z € N. with a
SRt k,h
given state-action pair (s,a) € S x A:
Vkn(s,a) = ¢(Xk,h(37ﬂ)—‘7k,h+1)+(S’a)' 27)

Lemma 2 (Concentration on ). For d € (0, 1), we have that with probability at least 1 — §/H,

~ ~ H+ KH?
[6r — 9k7h||;\m <fB= H\/dlog () +vA (28)

)
holds for any k € [K] and h € [H].

Proof. First, we fixed an h € [H]. Let A, = '(/)k,h(sk,h, ak,h) and ny = <9h7'(/)k,h(3k,ha ak,h)> —

(xg,n — 17;@7h+1)+(sk7h+1). We have Ay, is Fj j, measurable, n is Fj 41 measurable. And {n}x
is a martingale difference sequence and H-sub-Gaussian. We have

k—1

eh*é\k,h ZJA\;;}L (Z Vi n(Sih, Gih) (<9h, Vi n(Sih, Gih)y — (Tih — ‘Z‘,h+1)+(51,h+1)> + )\9h>
i=1

k—1
:K;’}L Z Aznz + )\7\;29}7‘
=1
(29)
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Then, we can write

[0h = Oknlz, , < i +MOnlz e <

871

il

+ V), (30)
At
k,h

Where first inequality is due to Eq. 29 and triangle inequality, and the second one comes from
Ak B> M.

By Lemma. 17| (Theorem 2 in |Abbasi-yadkori et al.|(2011))), we have that with probability at least

1-6/H2,
2 4
A, S H\/dlog <H+5KH) +VA 31)

161, — By,

Thus, by uniform bound, we have the above inequality holds for any h € [H| with probability at
least 1 — 6/H. O

Combined with the concentration argument above, we can bound the deviation term of 8y, and 0, 5,
with respect to the CVaR operator.

Lemma 3. For § € (0,1), any k € [K] and any h € [H], we have that with probability at least
1 — 6/H, the following holds:

~

€5 (D], 0) — (€57 (Tea) s, )] < D s, 0)l 5 32)

Ok,h

Proof. Apply the same definition of [Cy**(V)](s,a) := z — L[P(z — V)T](s,a), we can write
(€57 (V))(5,0) = sup,en: [C5 7 (V)] (5, ). We have

(€5 (Vo)) (5,0) = (€5 (Vi) (5. )|

sup [Cy. (Vk,hﬂ)](saa) — sup [CZ* (Viens1)](s, @)

yEN zeN- k,h
Y (17 .y (1)
< sup [[C5 (P )i, ) = IG5 (P ) 33)
= Lo L@
= sup ly - SOy 0 (8000 =y Oy gy, (8500

1 ~
<E\|9k,h —Onlz, ;GUAI; (7 A A G)HZ\;}}L,

where the first inequality holds by the property of supremum, and the second inequality holds by
triangle inequality. Recall the definition of X}, 1, (s, a) and ¢y, ;, in Eq. m 26(and|27] By Lemma' we
have that with probability at least 1 — §/H,

[C5 Tinn)](s,0) ~ O3 T, 0)| < ~Blgwn(s iy 69

O

Q

D.3 OPTIMISM

We use upper confidence bound-based value iteration as in Jin et al.| (2020); Zhou et al. (2021a) to
calculate the optimistic value and Q-value functions Vk hs Qk n, and construct the policy 7 in a
greedy manner. Then, we prove the optimism of Vk,h below.

Lemma 4 (Optimism). For ¢ € (0,1], s € S, and any k € [K], h € [H], with probability at least
1 — 6, we have

Vin(s) = Vi¥(s). (35)
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Proof. We prove this argument by induction in k. For h = H +1, we have XA/k, aHi1(8) = Vi 1(s) =
0 for any k € [K] and s € S. For h € [H], assume that with probability at least 1 — (H — h)d/H,
f/k,hﬂ(s) > V¥ ((s) forany k € [K] and s € S. Consider the case of h. For any k € [K] and
(s,a) € S x A, we have that with probability at least 1 — §/H,

@k,h(sv a) - Q;‘:(Sa a)

N B .
=G5 Prns)l(s,0) +25 4 5 sup [, g, , o (s s, = [CF, 051)) (o)

k}

~

(Vs )](s,0) = [CoN (Vina1)](5,0) + 26 + gl\wk,h@’ a)la

On.n
[(Ca’ “(Vens1)](s,a) = [C8, (Vins1)](s,a) + [CG, (Vins1)1(s,a) — [C5, (ViE1)](s, @)
>[C5, (Vinr1)](s,0) — [C5, (Vi¥1)](s, a)

—[CaN:

(36)
where the inequality comes from Lemma [I|and Lemma [3| which show that
(€57 (Vens)](5:0) = [C5, (Vensn)](5,0) > —2 (37)
and
[C5 N (Vi) (s, @) = [C57 (Vinsn)](s,0) > fguwk,h@, 0z (38)

Since ‘7]{’}14,1(8 ) = Vi¥, ,(s) forany s’ € S and k € [ K] with probability at least 1 — (H — h)d/H.
Then by union bound, we have @kvh(s, a) = Q}(s,a) holds for any k € [K] and (s,a) € S x A
with probability at least 1 — (H + 1 — h)d/H. Take the supremum on the left and right side for
a€ A, wehave Vj, ,(s) = V,*(s) forany k € [K] and s € S with high probability. This implies the
case of h. By induction, we finish the proof. O

D.4 REGRET SUMMATION

In this section, we provide the proof of the main theorem. Here we follow the definitions in|Du et al.
(2023)).

For a fixed risk level « € (0, 1], value function V' : & — R, and a transition distribution P(- :
s,a) € A(S), we denote the conditional probability of transitioning to s’ from (s, a) conditioning

on transitioning to the a-portion tail states s’ as Qf;’v(s’ | s,a). QF ,(s' | s,a) is a distorted
transition distribution of P based on the lowest c-portion values of V' (s'), i.e.,

CVaR$ o) (V(s) = X QY (s | s,0)V (). (39)

s'eS

Moreover, let [QS"Y f](s,a) := 3,cs Q2" (s’ | 5,a) f(s') for real valued function f : S — R.

Then, we consider the visitation probability of the trajectories. Let {r* }sz1 be the polices produced
by ICVaR-L in the Let wy, 1, (s, a) denote the probability of visiting (s, a) at step h of episode k, i.e.
the probability of visiting (s, a) under the transition probability of the MDP P;(- | -, -) with policy

ﬂf atstep ¢ = 1,2,--- ,h — 1, starting with state s, ; initially. Similarly, we use wg\hf‘iR VT

to denote the conditional probability of visiting (s, a) at step h of episode k conditioning on the

gy

distorted transition probability QP ,+) and policy 7F at stepi = 1,2,...,h — 1.

Equipped with these notations, now we present our proof of the main theorem for ICVaR-RL with
linear function approximation.
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Proof of Theorem[I] First we perform the regret decomposition. The following holds with proba-
bility at least 1 — ¢:

‘7k 1(3k 1) — Vfrk(sk,l)
=[Co™* (Vi) (i, axn) + 26 + Bra(sw,ana) = [CF, (V7 )] (se1, ax.)

[(Cgkj\lf (Vk 2)](sk1,0k1) — [Cg{NE("}k’Q)](Sk’l, ak,1)

I
+ [CoNe (Vo)) (511, ann) — [C8, (Vi2)] (58,15 an1) (40)
I
+[Cg (Vie2)) (5,15 1) — [(C%(Vz”k)](sk,l, ak,1) +2€ + By 1(8k,1,ak,1)

I

k
Vit s K
<2(2¢ + Bri(sk,15081)) + [Qp, 2 (Vi — V37 )] (sk,1,ak,1)

where the inequality holds by applying Lemma [3[T] and 20|to bound 1, I, and I3 respectively. By

recursively apply the same method of Eq. to Vien — th"" for h = 2,3,---, H, we have that with
probability at least 1 — 4,

k

‘Afk@(sk,l) -V (Sk 1)

a, V. * > 7rlC
<2(2e + By1(Sk,1,0k,1) Z Qp, : (s2lsk1,ak,1) (Vi,2(s2) — Vo' (s2))

SQES

H k
. 41
Z Z w,?,iaR’a’v (s,a)(2e + By n(s,a)) 4D

)eS><.A

He 5 CVaR,a,V™"
aH I Z D w5, )b, (s, @)

h=1 (s,a)eSx A

where we denote by, ;,(s,a) 1= ||t n(s, a)HA L= = aBy (s, a)/ﬁ then b7 , (s,a) < H. The first
ineq uahty is exactly Eq M0l the second 1nequahty holds by recursively apply the same method of
Eq to Vi — Vh for h = 2,3,---, H, and the last inequality holds by w, \h]aR V(s a) <

a~H=1) py Lemma Then, we have that with probability at least 1 — 9,

K
Regret(K) = Z v (8k,1) — Vfrk(sl)

(42)

4HKe 28 & & o
IR ST el e s (s, a)

We can bound term I by similar approach in|Du et al.| (2023)). By Cauchy inequality, we have

K H
k k
2 wIS’XaR,a,Vﬂ' (s,a)b?h(s, a) Z Z Z w]g\’:aR,a,Vw (870,)

1(s,a)eSxA k=1h=1(s,a)eSxA

"
D=
M=

=
Il
—

h

I
M=
i

ok
Z w,gxaR’o"V (s,a)b%h(s,a)\/ KH
S

A

>
Il
—

(s,a)eSx

(43)
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where the equality holds due to >}, ) w gXaR V" (s7 a) = 1 by definition. By Lemma , we
have

5L CVR Vi
Z Z Wi b (Sva)bi,h(&a)
k=1h=1(s,a)eSxA
1 K H
Sorm 2 2 2 wea(s o), (s0) (44)

k=1h=1(s,a)eS x A

K
- Z (sh,an) Nd" Z bk h Sh’ah

where d;r: , denotes the distribution of (s, a) pair playing the MDP with initial state sj ; and policy

7k Let G := Fr,m, where Fy g is defined in Appendix We have 7% is G;,_; measurable.
2

Set T}, := \/ZhH=1 b%’h(sk}h, ar.n), we have |Ty;|> < H3, and T}, is G, measurable. According to
Lemma[I9] we have the following holds with probability 1 — 4.

4logy K + 8
Z (sh,an) ~d7r lz bkh Sh; Qn ] <81§ ; bkh Skhyale)+4H31 g72§ 45)

Notice that we can apply the elliptical potential lemma (Lemmal[T8)) to the first term on the right hand
side. Thus we can bound term I in Eq.[#2] with high probability. Combine the arguments above, we
have that with probability at least 1 — 20,

4HK5 28 S CVaRa,Vyr
Regret(K) < 2 Z Z w0 (s,a)bi,h(s,a)\/KH
k=1h=1(s,a)eSxA

H

4HKe 23 K
< E . b2, (sn, KH
aH-1 + \/W\ 1;1 (sh,an ~dS:)1 Lzl k,h(Sh ah)]F

4HK 253 ] 4log, K + 8
LA b 831 S 82 (st apn) + 4H3 log —E2 2 BV

S H-1 + /aH+1\ P ot 5
_4dHVE 28

4log, K + 8
3 +/
\/aH+1 A 8dH log(K) + 4H3 log 5 KH
(46)
where the first inequality is due to Eq. @2] and Eq. [43] the second inequality is due to Eq. [#4] the

third inequality holds by Eq. and the last inequality holds by ¢ = dH+/af—3/K and elliptical
potential lemma (Lemma [T8). O

E SPACE AND COMPUTATION COMPLEXITIES OF ALGORITHM 1]

In this section, we discuss the space and computation complexities of Algorithm [I| We consider
the setting of ICVaR-RL with linear function approximation, where the size of S can be extremely
large and even infinite. We will show that the space and computation complexities of Algorithm [1]
are only polynomial in d, H, K and |.A|. Noticing that ¢ = dH+/a—3/K is given by Theorem
we have [N| = |H/e| < /K /(aH—=3d?) + 1 is also polynomial in d, H, K. We will include the
size of AV into the complexities of Algorithm [I]

E.1 SPACE COMPLEXITY

Though in episode k € [K], we calculate the optimistic Q-value function Qk (s, a) for every
(s,a)-pair in Line E] of Algorithm ' we only need to calculate the Q-value and value functions
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for the observed states {sj ,}L, to produce the exploration policies {7}}Z | in episode k, and
calculate the estimator 61 5, for any h € [H] in episode k. Thus we need to store the covariance

matrix Ay 5, regression features 1 (Sk,n,a) for any x € N, a € A and value (x5 —

(Vi n1)*

?k,h+1)+(5k,h+1). The total space complexity is O(d’H + |N||A|HK).

E.2 COMPUTATION COMPLEXITY

By the above argument, we only need to calculate the optimistic value and Q-value functions for the
observed states {s 5 }L | in episode k. We show that the total complexity is O(d?|N:||A|H2K?)
by analyzing the specific steps of Algorithm[I]in two parts.

E.2.1 CALCULATION OF THE OPTIMISTIC VALUE AND Q-VALUE FUNCTIONS
We discuss the complexities of calculating optimistic value iteration steps (Lines[3}{9) in this section.

First, we need to calculate @k 1 (Sk.n,a) for every action a € A to produce the exploration pol-
icy wh(sk n) at step h in episode k. In Line @ calculating the approximated CVaR operator

[(CO‘ NEV;C hr1](s,a) = supen {2 — 7<9k V(oD )+ (850)} costs O (d|N¢|) operations. Cal-
culatlng [y h“ﬁ(s a) costs O(K H) operations since the number of non-zero elements of
Vk;,h_i,_]_( ) is at most K H. Computing the bonus term By, 1, (s, a) needs O(d?|\;|) operations. Thus,
calculating @k,h(sk7;17 a) for any h € [H] needs O(d?|N.||A|H?K) operations.

Since we have @k 1 (Sk.n,a), we can calculate Vk 1 (sk,n) by O(]A]) operations in Line |7 I and

7 (sk,n) by O(|A|) operations in Line [8] I In all, computing the optimistic functions will cost
O(d?|N:||A|H? K?) operations.

E.2.2 CALCULATION OF THE PARAMETER ESTIMATORS

At step h of episode k, we choose the specific value x j, in Line which needs O(ol2 A
operations. Then, Line takes O(d2) operations to calculate the covariance matrix Ak+1 h. In

)+(Sz,h; a;n)(xin — Vz,h+1) (Si,n+1) and

calculate §k+1,h with O(d?) operations. Thus the total complexity for calculating the parameter
estimators is O(d?|N.|HK).

Llne we can store the prefix sum Zi:l w(m' o Vinin

F REGRET LOWER BOUND FOR ICVAR-RL WITH LINEAR FUNCTION
APPROXIMATION

In this section, we present the brief introduction to the idea of the lower bound instance and the
complete proof of Theorem ] The formal theorem for regret lower bound in ICVaR-RL with linear
function approximation is presented below.

Theorem 4. Let H > 2, d > 2, and an interger n € [H — 1]. Then, for any algorithm, there exists
an instance of Iterated CVaR RL under Assumption[l} such that the expected regret is lower bounded

as follows:
E[Regret(K)] = Q (d(H —n)A/ 5‘) . 47)

First we briefly explain the the key idea of constructing the hard instance. Consider the action space
as A = {—1,1}9"! and a parameter set Y = {—A, A}¥~! where A is a small constant. The
instance contains n + 3 states with n regular states s1, - - - , s,, and three absorbing states x1, X2, 3.
Moreover, we uniformly choose a vector p from U. Set 0, = (1,") for any h € [H]. Then, we
can generate the transition probabilities and reward function shown in Figure |4| by properly define
the feature mapping.

Intuitively, the structure of the instance in Firgure [ is combined with a chain of regular states
§1 — S — -+- — &, and a hard-to-learn bandit state s,, — {x2,x3} (inspired by the construction
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Reward 0.8

1—a+(d—1)A+y

—>Sn1

S
Take Action ap
' / a—(d—NA—=(u, a,) Reward 0.2

Reward 1

O

Figure 4: A hard-to-learn instance for Theorem [4]

for tabular MDP in |Du et al.| (2023))). With probability of «, the agent can move from s; to s;41
for i € [n — 1]. Since we consider the worst-a-portion case under the Iterated CVaR criterion, the
CVaR-type value function of s; only depends on the state s; 1 for ¢ € [n — 1]. At state s,,, there is a
linear-type hard-to-learn bandit (inspired by the construction for the lower bound instance of linear
bandits (Lattimore & Szepesvaril [2020)). By construction, the absorbing state x is better than x3.
Hence, the best policy at s, is a¥ = sgn(p) := (sgn(u1),--- ,sgn(pg_1))". As a result, the agent
needs to learn the positive and negative signs of every element of u by reaching s,, and pull the
bandit.

Proof of Theoremd] We define the hard-to-learn instance (shown in Figure ), which is inspired
by the lower-bound instances constructed in |Du et al.| (2023); Zhou et al.| (2021a); |Lattimore &
Szepesvari (2020). For given integers d, H, K, n € [H — 1] and risk level « € (0, 1], consider the
action space as A = {—1,1}%"! and a parameter set I/ = {—A, A}¥~1, where A is a constant to be
determined. The instance contains n + 3 states with n regular states s1, - - - , s,, and three absorbing
states x1, T2, r3. Moreover, we uniformly choose a p from .

Then, we introduce the reward function of this instance. For any step h € [H], the reward function
ri(s;,a) = 0 for any regular state s; with ¢ € [n] and action a € A. The reward functions of
absorbing states are rp,(x1,a) = 1, rp(z2,a) = 0.8, and 7, (23, a) = 0.2 for any step h € [H] and
action a € A.

For the transition kernels, set @, = (1,")T forany h € [H]. For any i € [n — 1] and action a € A,
let ¢(sit1,8i,a) = (a,0,---,0)T and ¢(z1,s;,a) = (1 — ,0,---,0)". Then the transition
probabilities at regular state s; are P;(s;+1 | si,a) = o and P;(x1 | s;,a) = 1 — « since we will
only reach s; at step h = i. For any action a,, € A, let ¢(x2, $n,a,) = (1—a+(d—1)A,a,) " and
(23,80, an) = (a—(d—1)A,a,)) . Then, we have Py, (x2 | $n,a,) = 1 —a+(d—1)A+{u, an)
and Py, (23 | Sn,an) = a—(d—1)A —{u,ay,) for any h € [H]. For the absorbing states x; with i €
{1,2,3}, let ¢(x;, z5,a) = (1,0,--- ,0)" and ¢(s,x;,a) = O for s # x;. Thus Pp,(x; | z4,a) = 1
forie {1,2,3} andanya € A, h € [H].

In this instance, we have

H—n

Vi (s1) = (0.2(cr — 2(d — 1)A) + 0.8(2(d — 1)A)) (48)

H-—n
Vi (s1) =

(02(a = (d— 1A + {uymn(sn)) + 0.8((d — 1)A — {u,mn(sn))))  (49)
Thus we have

*

d—1
Vet (o)~ Wisn) = RS (0 ma (50,0, 50)
i=1
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where (g, T (sn), 1) = L(sgn(u;) = sgn(m,(8n)i))- Then if Algorithm produces policy w =
(7*)ker) in K episodes, we have

1.2(H —n)A H—n)A ' X
Regret(K) = Z <2 I(p, sn) z)> 51

Since we uniformly choose 1 from U/, we have

K
E[Regret(K)] = Z ZE,LKZlf(umi(sn),i))]. (52)
k=1

MEZ/I

Denote [E,, be the conditional expectation on the fixed 1 € U. For fixed i € [d — 1], we denote
(i) i= (1, 5 i1, — iy i1, 5 d—1) Which differs from g at its i-th coordinate.

Assume N(p,m,i) := Zk (1 — I(u,mk(sy,),1)). By Pinsker’s inequality (Exercise 14.4 and
Eq.12, 14 in|Lattimore & Szepesvari (2020)), we have the following lemma.

Lemma 5. For fixed i € [d — 1], we have

Eu[N(p, 7, 0)] = By [N (s, 7,4)] = — KL(Pu|[Ppu)), (53)

f

where P,, denotes the joint distribution over all possible reward sequences of length K under the
MDP parameterized by .

Denote (i) := (f1, -+, i1, —fhis i+1, " - 5 a—1) Which differs from p at its é-th coordinate.
Let w(s,,) be the probability to reach s,, in each episode. By construction, we have w(s, ) = o™~ L.
Denote Ber(p) as the Bernoulli distribution with parameter P. Let Ber,, := Ber(a — (d — 1)A —
{, 7F (5,))). By definition of KL divergence, we have KL(Ber(a)|| Ber(b)) < 2(a — b)?/a

2 — (i), 7 (sn))” 8A2
G (s> +a — (d— 1)A] Sa—2d-na Y

Let A = ¢4/ =57 Where c is a small constant such that 2(d — 1)A < «/2. Then, we have

E,[KL(Ber, || Ber, )] < E, [

K
KL(P,[|P,y) = > w(sn)E, [KL (Ber,, || Ber, ;)] < 160" > KA. (55)
k=1
Combined with above equations, we can bound the expectation of the regret as:

E[Regret(K)] =1'2( —n)A le T Z Z E,[N(u, m,1)]

pneU i=1

d—1
:u LS S B [N (i 0)] + By [N (), 7, 1)

pel i=1
12(H-n)A 1 « ‘&
SR S S K A BN ()] - By N wi)) OO
pel i=1
1.2(H —n) A 1 o ey
p,EZ/{z 1
6(H —n)A
:70 SUH = MA (1) (K - 22K AV 7E),
!
where the inequality holds by Lemmaand Eq. Since A = ¢4/ ﬁ, we have
K
E[Regret(K)] = Q (d(H —n) ) . (57)
an
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G ALGORITHM FOR ICVAR-RL WITH GENERAL FUNCTION
APPROXIMATION: ICVAR-G

Overall, in each episode, the algorithm first calculates I@k n, to estimate the transition kernel PP, by a
least square problem in Lmel and selects a confidence set ’Pk p, in Line E such that PP, is likely
to belong to Pk . with high probability (as detailed in Lemma E in Appendix ). Subsequently,
the algorithm calculates the optimistic value functions in Line , based on the selected set 73kh
and chooses the exploration policy 7* using a greedy approach in Line

Algorithm 3 ICVaR-G
Require: estimation radius 7.

1: Initialize ‘A/hHH = 0 forany k € [K].
2: for episode k =1, ..., K do

3: forsteph=H,...,1do

4 // Optimistic value iteration

5 Qk,h(' ) = rh( , ) + SUPprep, |, [ ]%’(VkJL-f-l)]('v )

6 Vk,h()‘_mln{maXaEAQk h(ﬂ),H}

T T (") « arg maxge Qk,h( ,a)

8 end for

9 for horizonh =1,--- , H do

10 Observe state sy, 1, play with policy 7F, ag.p < ¥ (sk.1).

11: IP’kH h <« arg mmz 1 Dist; n (P, 0.1) // Estimate the transition kernel Py,
PrepP

12: Pk+1,h — {IP” eP: Zi:l Dlstivh(]}”’,]@’i,h) <7 } // Construct the confidence set

13:  end for

14: end for

H PROOF OF THEOREM 2 REGRET UPPER BOUND FOR ALGORITHM

In this section, we present the full proof of Theorem [2]for ICVaR-RL with general function approx-
imation under Assumption [2] The proof cons1sts of two parts. In Appendix [H.2] we establish the

concentration argument which shows P, € Pk r, with high probablhty in Lemma @ With the con-

centration argument, we can prove the optimism of Qk, » and ka pin Lemma and further bound
the deviation term for general setting in Lemmal(§] In Appendix we present our novel elliptical
potential lemma in Lemma[9] and prove Theorem [2]by regret decomposition and regret summation.

H.1 DEFINITION OF ELUDER DIMENSION AND COVERING NUMBER

To introduce the eluder dimension, we first define the concept of e-independence.

Definition 1 (e-dependence [Russo & Van Roy| (2013)). For ¢ > 0 and function class Z whose
elements are with domain X, an element x € X is e-dependent on the set X, := {x1,x2, -+ ,Tp} C

X with respect to Z, if any pair of functions z,z' € Z with \/22;1 (z(x;) — z’(gci))2 < € satisfies
z(x) — 2/ (x) < e. Otherwise, x is e-independent on X, if it does not satisfy the condition.
Definition 2 (Eluder dimension Russo & Van Roy| (2013)). For any € > 0, and a function class
Z whose elements are in domain X, the Eluder dimension dimg(Z, €) is defined as the length of
the longest possible sequence of elements in X such that for some € > €, every element is €'-
independent of its predecessors.

Next we give the formal definition of the covering number. It is a widely used definition (Ayoub

et al.| [2020; Jin et al., 2020; Fei et al.| [2021).

Definition 3 (Covering Number). For the function set F with norm ||-| and a given positive constatn
e > 0, we can define the c-net of F as F. such that for any f € F, we have f' € F. satisfying
If — f'll <e. The e-covering number No(F, | - ||, €) is the minimum size of the e-net of F.
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H.2 CONCENTRATION ARGUMENT

In this section, we apply the techniques firstly proposed by Russo & Van Roy| (2013) and also used
in |Ayoub et al.| (2020); [Fei et al.| (2021) to establish the concentration argument, which shows that

P, is belong to our confidence set ﬁk,h with high probability.

Lemma 6. We have that for § € (0,1], with probability at least 1 — 6, P, € 73;“;1 holds for any
ke [K]and he [H]

Proof. Firstly we fix h € [H]. By definition of Dist; j, (-, -) and the delta distribution dy, 5, we have

k=1 ~ 5
Py = ar@grgm Z ( zin—Ving)t (sint1) — [P/ (@i — V%,h+1)+](5i,h7ai,h)) ,  (58)

‘e i=1
and ﬁk,h = {P/ eP: 25;11 DiSti,h(P/,ﬁDkyh) < &2} Let Xk,h = (sk,h; Qg h, (mk,h — ?k,h+1)+)

and Yy, = (m;) — ‘A/i7h+1)+(si,h+1). Then, we have that X}, ;, is Fj , measurable and Y}, 5, is
F,n+1 measurable. Note that {Y} , — zp, (X)}, is H-sub-gaussian conditioning on {F} 1, } 1, and
E[Yin — 26, (Xi.n) | Frnl =

Moreover, by definition of ]ﬁ’k,h and function class Z, we have

k—1
%, , = arg min Z on — 2 (X, h))2 . (59)

Zp! ez i=1

2
Let Zi 1(y) = {ZP/ € Z: Zi:ll <Z]P>/(Xiyh) — 25, h(XLh)) < 72}. By Lemma , for any o >
0, with probability at least 1 — §/H, for all k € [K], we have zp, € Z, 1 (7x). Here

0 H k
= Bl 0) = SH Vg N (2, Lo I ) /) + Ao (2 + 2 fogl08{E + 173)
(60)
where S, is defined by Eq.[121]in Lemma 22 and No(P, | - |u,1,1/K) is the covering num-
ber of Z with norm | - |, and covering radius H/K. Since zp, € Zjp(vx), we have P, €
2
{P/ eP: Zz:l (Z]pw (Xz) — pr)k,h (Xl)) < ’Yk}.
Moreover, we have
l2p — 2p |00 = sup P(s' | s,a)V(s") — Z P'(s" | s,a)V(s")
(S,a,V)ESX.AXB s’'eS s’'eS
<H sup P(s' | s,a) P'(s' | s,a)
(5,a,V)ESXAXB | sics szels (61)

<H sup Z |P(s" | s,a) —P'(s' | 5,a)|
(8,a,V)ESXAXB sics

:HHP - HOO,la
where the first inequality holds by V (s) € [0, H] for any s’ € S, the second inequality holds by

the triangle inequality, and the third equality is due to the definition of nor | - |,,1. Thus we have
Nc(Z,| |, H/K) < Ne(P,| - |01, 1/K). Since

3 = 4H? (210g <2H : NC(P’!' leo.1, I/K)) +1+ 1og(5K2/5)> >y, (62)

we have P, € 73k7h for any k € [ K| with probability at least 1 — §/H.

Finally, by union bound, we have P}, € ﬁk,h holds for any (k, h) € [K] x [H] with probability at
least 1 — 4. [

27



Published as a conference paper at ICLR 2024

With the concentration property in Lemma@ we can easily show the construction of ‘7& n and @ kb
is optimistic in Algorithm

Lemma 7 (Optimism). If the event in Lemmal6 happens, we have

Vin(s) = Vi*(s), Vsed. (63)

Proof. Since the event in Lemma@happens, we have Py, € 73k p holds for any k and h. Thus by the
definition of Qy, p, in Algorithm

Qrn(s,a) = ri(s,a) + sup [CEVins1](s.a) = ra(s,a) + [CE, Vins1](s,a).  (64)
]P’E'Pk,h,

By similar argument of induction in Lemmald] we can easily get the result. O

The following lemma upper bounds the deviation term by g, (s, a)/cv.

Lemma 8. If the event in Lemma|[| happens,
1

0< sup [(Cﬁ,f/k,hﬂ](s,a) — [C%h‘?kﬁﬂ](s,a) < Egkyh(s,a) (65)
]P"E'Pk,h

Proof. The left side holds trivially by the result of Lemma[6] We only need to prove the right side.

sup [CEVins1](s,a) — [CE, Vins1](s, )
P/Eﬁkﬁh

= sup {xl inf [P'(ka,h+1)+](s,a)} sup {x;[Ph(IVk7h+1)+](s,a)}

z€[0,H ] « P'ePr.n z€[0,H]
1 , - -

<— sup { inf [P'(z— Vins1)T](s,a) + [Pr(x — Vi ns1) (s, a)}
& zel0,H] P'ePr,n
1 . . N

<— sup { sup [P(z — Vint1)t](s,a) — inf [P(x — Vi ni1)T](s, a)}
@ 2¢[0,H] | PePy, 1 PePy 1,
1 . . .

=— sup [P'(zn(s,0) = Vine1)"1(s,0) = inf [P'(zgn(s,a) = Vine1) (s, a)
@ P/E’ﬁk)h Plepk,h
1

—agk,h(sa a),

(66)
where the first inequality holds by the property of supremum, and the second inequality holds by

holds by P}, € Py j, under the event happens in Lemma |§l, and the rest equalities are due to the
definition of @ (s, a) in Eq.[15)and gy » (s, a) in Eq. O

H.3 REGRET SUMMATION

In this section, we firstly propose a refined elliptical potential lemma for ICVaR-RL with general
function approximation. Then, we apply the similar methods in the proof of linear setting to get the
regret upper bound.

Noticing that Russo & Van Roy] (2014) presents a similar elliptical potential lemma (Lemma 5
in [Russo & Van Roy| (2014)) used in |Ayoub et al.| (2020); [Fei et al.| (2021) which shows that

ZkK=1 ZhH=1 9k, (Sk.hy ak,n) = O(VK) with respect to the term of K. Inspired by this version
of elliptical potential lemma, our Lemma[J]is a refined version which gives a sharper result.

Lemma 9 (Elliptical potential lemma for general function approximation). We provide the elliptical
potential lemma for general function approximation. We have

K H
D00 GEn(skns arn) < H + dimp(2,1/VEK)H? + 47 dimg(2, 1/VK)H(log(K) + 1) (67)
k=1h=1
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Proof. Our proof is inspired by the proof framework of Lemma 5 in Russo & Van Roy
(2014). First we recall the definition of X} ; € A in the proof of Lemma @ ie, Xpp =

(Sk,hs @k by (T n (Skon, Gln) — Vi h+1)T).  For simplicity, let Grn = Grn(Skh,akn) =
SUDpcp, |, zP/(Xk,h)—ian,epk 2P (Xk,n). Then for fixed h € [H|, we know gi j, (S p, ak,p) < H

since 0 < 2zp(Xk,,) < H for any probability kernel P € P. Then, we can reorder the sequence
(Gin, -+ Grn) = (Gjin, -+, Gjen) such that G, p = Gy, n = -+ - G p. Then, we have

K K
D Gin= Z Gion= Z Gion UGy = K72+ Y G5 1{Gyn < K72} (68)
k=1 k=1

k=m+1

for some m € [K]. Since the second term is less than 1 trivially, we only consider the first term.
Then, we fix ¢t € [m] and let s = G}, j, and we have

K
DA(Gin=s) >t (69)
i=1
By Lemma[23] we have
K 4R
Z < dimp(Z, 5) (Z n 1) . (70)
- s
For simplicity, we denote dp(Z) := dimg(Z,K~?). Since t € [m], we have Gj, =

s = K72, which implies dimp(Z,s) < dg(Z). By Eq.[70l we have s = Gj, <
\/(47dp(Z))/(t — de(Z)). Notice that this property holds for every fixed ¢t € [m]. Combined
with G} 5, < H, we have

K
Z Gk: h \1 + Z le h ]I{ij,h Z K_1/2}
k=1

K ~

4vdg (2 71

<U+dg(Z)H>+ Y % 7y
k=dp(Z2)+1 " 5(2)
<1l +dr(2)H? + 4Ade(Z)(log(K) + 1),

where the first inequality is due to Eq. |6_§|, the second inequality holds by Gj,;, <

v/ (47dE(2))/(t — dp(Z)) for any t € [m] and Gy, < H, and the last inequality is due to the
property of harmonic series. Sum over Eq.[71|for h € [H], we get the result. O

Combined by this refined elliptical potential lemma, we can prove the main theorem of ICVaR-RL
with general function approximation.

Proof of Theorem[2] This proof is similar to the proof of Theorem [I] with tiny adaption. Firstly, by
standard regret decomposition method, we have that with probability at least 1 — &, the event in
Lemma [ happens and

Vir(s6.1) = Vi* (s51) = sup [C& (Vio)] (51, ar1) — [CE, (V5 )] (5,1, an 1)

P’E'ﬁkwh
= sup [CE(Vi2)](sk,1, ar1) — [CE, (Vie2)](sk,1, ar1)
P’E'ﬁk,h
+ €8, (Vie2)] (58,15 ar1) — [C8, (VS )] (58,1, 1)
1 aAVZ’rk

(Vi = Vi )](sk,15 ar1),

where the inequality holds by Lemmaand Lemma Here Q is defined above in qu Next
we use the techniques of the proof in Section @ to bound the regret. Specifically, we have

<agk,1 (8k,1,ak,1) + [Qp

~ <k
Vir(s6.1) = Vi* (s11) Z Y w YT (s, a) gk (s, a). (72)
h 1(s,a)eSxA
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This implies that the regret of the algorithm satisfies

k

K
Regret(K) = Z Vi (sk) — 1” Sk,1) 1(86,1) = Vi (Sk,1)

HMN

K ) ) (73)
VaR,a, V™

< . 9 9 , ,

5 Z Z wy (s,a)gr,n(s,a)

with probability at least 1 — 29. Here w (Ch " is defined in Appendix M By Cauchy inequal-
ity, we have

Regret(K)

4 CVaR,a,V7k e CVaR,a,V7©*
Z Z wk,ha @, (s,a)gi’h(s,a) Z Z Z wk)ha V™ (6 a)
h=1(s,a)es k=1h=1 (s,a)eS

N
QI
||MN

s;«lle
D=
Mm

~
Il
—
>
Il
—

<k
Z wﬁXaR’“’V (s,a)g} (s, 0)VEH,
a)eS

(74)

wCVaRa VT (s, a) = 1 by definition. By Lemma , we

where the equality holds due to >}, ) wy 'y,
have

vVKH et CVaR o, Vyr*
Regret(K) < a Z Z Z k h (S? a)g]%’h(sa (1)

k=1h=1(s,a)eSx.A

vKH
e Z Z > wenls,a)gf,(s.0) (75)
k=1h=1 (s,a)eSx.A
VKH 1 &
T o QH-1 Z E(sh,,ah,)~d7f Z gkh Shsan)
k=1 B h=1

where d;r: , denotes the distribution of (s, a) pair playing the MDP with initial state sy 1 and policy

7" Since \/Z,IL{:I 92 1 (8k.ns akn) < VHS3, by Lemma we have

X a0, 5, 5, Alog, K +8
§ (smoan)~dz" > Gen(snian) | <80 D ghnlsknsann) +4H log —=——.
k=1 k) h=1 k=1h=1

(76)
Apply Lemma@to 2211 Zthl g,i 1 (Sk.n, k), we can bound the regret with probability at least
1—-20

K H
4logy K + 8
. | KH 2 2
Regert(K) < QH+1 E: 521 9icn(Skhs akn) + 4H? log —

AKH . 4log, K + 8
< \/ —rr\ 2H + 2d5(2)H? + 87dg(2) H(log(K) + 1) + H? log —2_

)

(77
where dp(2) = dp(Z,1/V/K), the first inequality holds by Eq. . E and the second inequality
holds by Lemma 9] O

I PROOF OF THEOREM 3 REGRET UPPER BOUND FOR ALGORITHM [2]

In this section, we present the proof of Theorem[3] First we give some notations used in this section.
We denote V;™(sp,; ) presents the value function for MDP with transition kernels {P;,}/_, and
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reward function r. Thus we define 7* := arg max, V" (s1;r™*), the regret can be write as
K k
Regret(K Z (sk.1;7%) = VI (sp.157%). (78)

Overall, we bound the reward estimation error in Appendix [[.T]and apply the regret decomposition
method to bound the regret summation in Appendix [J|

I.1 REWARD ESTIMATION ERROR

Definition 4 (Bracketing number, \Geer| (2000); |Liu et al.| (2023))). Given a function set F, let | and
r be two functions belonging to F. Suppose that l < r. The interval [l,r] denotes the set of all
functions f € F satisfying | < f < r pointwisely. [l,7] is referred to as an e-bracket set if the norm
[ — 1| < e according to a given norm | - |. Then the minimum number of the c-bracket sets needed
to cover F is defined as the bracketing number Ng(F,| - |,€), where | - || represents the chosen
norm. And we denote F. := {r : [l,7] is a member of the minimum e-brackets covering } as the
e-bracketing covering of F.

In this section, we denote R+, as the 1/K-bracketing of R with norm | - ||, and the bracketing
number is Ng(R, | - |«,1/K). Then for every r € R, there exists a 7 such that 7(7) — r(7) < €
and 7(7) = r(7) forevery T € T.

Then we present the reward concentration in the following lemma.

Lemma 10. For 6 € (0,1) and some constant ¢ > 0, with probability at least 1 — 6, we have

e Z log (J? o7 ETi - :(7(07)0))) < clog(K - Np(R, | - |, 1/K)/8).  (79)

Proof. The proof of this lemma is inspired by Lemma D.1 in Wang et al.|(2023b)). Notice that Wang
et al.| (2023b)) only deal with the setting when R is a finite set, and in our problem the reward function
set R might be infinite. We expand the proof to infinite situations inspired by [Liu et al. (2023}
2022) which present the MLE analysis to transition probabilities and including the discretization
techniques such as e-bracketing number in partially observed MDPs (POMDPs).

First we denote d*  as the distribution of trajectory when the agent starts with the initial state sy, 1
and executes the policy ;. And we use 7 to represent the set of all possible trajectories. For every
T € Ry/k, we have

E o exp Zkzlog( d(0i,7(7i) — T(10)) )
(oo~ it b | PR\ G5 o, () = 7))
k=l ON'(Oi,F )
:E(Tiaoi) ds 1’1 1,k eXp Z log 5(0 ’I"*
&(ox, (i) — 7(10)) ” 0)

E(m,ok)ng:’l |:5(Ok, T*(Tk) — T*(Tg))
k—1 ~r =
o(0;,7(1;) — 7(10))
~E(ri00~azi, iz, b [exp (Z tog <a(oi,r*(n) - T*(To))))

Y Bulr [aéf’;fiﬁii a1 1

TeT
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where P [7] denotes the probability of generating trajectory 7 by executing the policy 7. If we fix
some 7 € T, we have

= ae vty |7 ]

—o(r¥ (1) — r* (7 o(1,7(r) —7(m)) e 5(0,7(r) —7(10))
~o(r*(r) = r* () 7 = (1 (%) — o)) s —
e OO @) Lol ()
~o(r*(r) = () T (1= oo () — 1 () T =T
=o(7(7) = 7(10)) + o(T(70) = 7(7)) = 1,
8D

where the first equality comes from the orcale of human feedback defined in Assumption [4] the
second equality comes from the definition of & in Eq. E [14] and the third and forth equalities are due
to the completeness of link function o in Assumption[dl Thus we have

E(qu.,ol)~d:ii i=1, .k [exp <lle log ( ((:1,;,,:8.—3 : :i?;-?»))] <L (82)

Thus, by Markov’s inequality, we have
(04, 7(7i) —T(70))
1 log(1/d) | < 6.
lZ og< o ) )y ) T Bl | < (83)

Taking a union bound for all 7 € R,k and k € K|, for some constant ¢ > 0, we have

]P’[ max Zlo ( 00“ T(ri) = T(r0)) >>clog(NB(R, ||.|@,1/K)1 <46 (84)

TER 1Kk kE[K] ; i=1 r* (T ) - Ir*(TO))

Since we have for every r € R, there exists 7 € Ry, 7(7) < 7(7) and 7(7) — r(7) < 1/K for
every T € 1/K, we have
(0i,7(ri) =T(10)) _ (i r(7i) = 7(10))
5(0s,*(1;) — 7%(70)) ~ & (0i, 7*(7i) — 7*(70))’

Vi e [K] (85)
Then we have

max z’“: log (;(oiﬂ“(n) —7(70)) ) . maxzk: log (8((01,7“( ) — 7(70)) ) (86)

TeER1/K ;1 (O’i’ r*(Ti) - 1"*(7‘0)) 0i, T*(Tz) - 7'*(7'0))

which implies

l max Zlog( 00“ r(ri) = 7(r0)) >>clog(NB(’R, |-oo,1/K)] <6 (87)

reR ke[ K] r¥(1;) — 7*(70))

This inequality instantly gives the result. O

Lemma 11. For B = clog(KNg(R,| - |leo, 1/K)/0) and positive constant § € (0,1], we have
r* € Ry for every k € [ K] holds with probability at least 1 — ¢.

Proof. Recall the definition of Ry and log likelihood function L (7). By lemma conditional on
event =, we have the following holds for every k € [ K]

k
(0i, (i) —r(m0)) '\ _ B w7

1 2108 (ST o) L) BT <A 6

Then we have r* € ﬁk. O
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Lemma 12. For constant § € (0, 1], we have the following inequality holds with probablity at least
1 — ¢ foreveryk € [K]

k—1
N |#E () — 7% ()] < (4 + 12BR)/m + 1, (89)
i=1

where m is the positive lower bound of the gradient of link function o.

Proof. The proof of this lemma is inspired by the proof of Proposition 14 in|Liu et al.|(2022) which
develops the analytic tools for transition probabilities’ MLE in POMDPs. In our works, we develop
the techniques for reward MLE.

By Lemma 15 in|Liu et al.[(2022)) and the inquality log x > 1 — z, we have with probability at least
— 0, the following inequality holds for every 7 € Ry k.

S 3(0, 7+, (13)) L (300,70 (7))

; (1_ [ 3(o, 'r*( ))]) <_2i;10g( (0“,,.*( ))) +1og(NB(R, | - [lo; 1/K)/0).
(90)

By algebra, we have

s 0(0,7r(73)) U1 N " 2 1
Z 1-— ]Eo W g Z TTO 7_1 O'(T'TO (7‘2))‘ — 5 (91)
i=1 > To i)

Recall the regularity assumption of link function o, we have o(z)’ = m > 0. Thus we have
k—1 k—1

S T (1) = 7 ()| <m ™Y o7y (7)) — o (e, (7))

i=1 i=1
m (4 + 48R + 81og(Np(R, | - w0, 1/K)/9))
<(4 + 128g)/m.

Moreover, for every 7%, there exists a 7 € Ry such that 7(7) — r(7) < 1/K for every 7 € 1/K.
Thus we have

92)

k—1
~, 2 ~
DURE (r) = R (7)] < (44 12BR)/m + 1 93)
i=1
This implies the conclusion. O

Inspired by the study of the relation between eluder dimension and sample complexity in Russo
& Van Roy| (2013), we derive the following lemma which is similar to Proposition 3 in Russo &
Van Roy|(2013).

Lemma 13. Forall k € [K] and € > 0, we have

) R
ST (r) —7E (1) > €) < <<4 *128r)/m+1 1) dimp(R, ), (94)

Proof. This proof is inspired by the proof of Proposition 3 in|Russo & Van Roy| (2013). We denote
w; == 7% (1) — 7% (7). If wy > € for some fix t € [k], then we have 7% () — rZ (1) > €. If 7y is

e-dependent on a subsequence (7;,,- - ,7;,) of (71, ,7t—1), then we have
!
Z ,(73,) (Tij))2 > €2 (95)
j=1
Therefore, if 7; is e-dependent on L disjoint subsequences of (71, - ,7¢—1), we have
Lé® < Z(?ﬁo (1) — % (1)) < (4 + 128R)/m + 1. (96)

Then we know that L < w

claim:

. Denote d := dimg (R, €). We want to prove the following
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Claim For any ¢ € [k], there is some 7; in sequence (71, -- - ,7¢) that is e-dependent on at least
t/d — 1 disjoint subsequences of (71, -+, 7;_1).

For an integer L with Ld + 1 < ¢t < Ld + d, we will construct L disjoint subsequences
Ay, Ag, -+ Ar. Firstlet A; = (7;),i = 1,--- , L. If 7,41 is e-dependent on Ay, --, Ar, we
have done. Otherwise select a subsequence A; such that 7,1 is e-independent with respect to A;.
Then add 7741 into A;. Repeat this process for 7; with j > L + 1 until 7; is e-dependent on each
subsequence or j = ¢. If 7; is e-dependent on Ay, - - - , Ap, then we get theresult. If j = ¢ > Ld+1,

then ZZ.L=1 |A;] = ¢t —1 = Ld. Since every element in A; is e-independent of its predecessors by
construction, we have |A;| < d for every ¢ € [L] by the definition of eluder dimension. Thus
|A;| = dfor i € [L]. Thus ¢ cannot be e-independent with respect to any A; by the definition of
eluder dimension. Then we have 7; must be e-dependent on each subsequence, which proves our
claim.

Take (7;,,---,7;,) as a subsequence consisting of elements 7;, satisfying w;; > e. Then each
7, is e-dependent on L; disjoint subsequences of (71,---,7;,_1). By above argument, we know

Lj < O(Br/€®). Equip with the claim above, there exist a j € [¢] such that 7;, is e-dependent on at

least t/d — 1 disjoint subsequences of (7;,, -+ ,7;,_, ). This shows that t/d — 1 < O(Bg/€*) Then
we have

+1)d, 97)

& ~
4+12 1
Z w; > €) ( hi ﬁ;;)/m i
~ €
which implies the result. O
Lemma 14. For ¢ € (0,1], the error of the reward estimation can be bounded as follows with
probability at least 1 — 6.

S (rk (75) = % (79)) < 1+ dp(R)H + dp(R)((4 + 128g)/m + 1)(log(K) + 1) (98)

Proof. This proof is very similar to the proof of Lemma @ Let wy, := 7% (1) — r¥ () and
dr(R) = dimg(R,1/+/K). Then we need to bound Zk:1 w?. First we can reorder the sequence
(wy, -+, wk) —> (wil,--- wj, ) such that w;, > w;, = - = w;,.. Then we have

K K L

Z Z w} 1(w;, = K~Y%) 4 Z w? 1(w;, < K1) < Z w? +1, (99)

k=1 k=1 k=1

where L € [K] satlsfylng that w;, > K~%2 > w;, . Fix some t € [L] and denote w = w;, >
K12 we have

K
Z (wi,, = @) > t. (100)

By Lemma [I3| we have
t < dimp(R, w)(((4 + 128R)/m + 1)/w? + 1). (101)

Since @ > K~1/2, we have dimg (R, w) < dimg(R,1/vK) = dp(R). Moreover, with Eq. [101]
we have

@ < \Jdu(R)((4+ 12Bp)/m + 1)/(t — dp(R) (102)

Since ¢t € [L] is chosen arbitrary, we have w;, < \/dE(R)((Zl + 12BR)/m +1)/(t — dg(R)) for
every t € [L]. By definition, wy < H for every k € [ K]. Therefore,

K L
D, wi < ), wi, +1
k=1 k=1

. N
<l +dp(R)H? +
: t=d1§2)+1 t—dg(R)

<1 +dg(R)H? + dp(R)((4 + 1285)/m + 1)(log(K) + 1).
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J REGRET SUMMATION

Lemma 15. With probability at least 1 — 25 for given constant 6 € (0, 1], we have ‘A/k,l(s;ﬂ) >
Vi (skas r}) for every k € [K] and h € [H].

Proof. By the chosen of selected estimated reward 7%, we have

Vieo1 (81,1) = max V7% (sp,15 77, ). (104)
reERL

Since we have P, € 73k7h with probability at least 1 — ¢ by Lemma|§|and r*e ﬁk with probability
at least 1 — § by Lemmal[T1] we have

¥ CoEy _ oAPRYE, o =P . _ 1
VIt (skasry) =V (sk,1577,) < max VI (8,5 770) = Vi1 (Sk,1)s (105)
TreRk
where the second equality is due to the definition of Vin Eq. O

Lemma 16. Given a positive constant § € (0,1]. With probability at least 1 — 6, we have the
following inequality holds for every k € [K].

Vit (s11) — V™ (50,1575

H .
CVaR,a, V™" (7% )
<D X W (sn, an)

(106)
h=1 (Sh,ah,)ESX.A
A ~ 1
(P 0 = Ps00002) = 75500 = 00 + (om0 )
Proof. By similar regret decomposition method in the proof of Theorem 2]in Appendix [H.3|
Vit (sk1) — V™ (0,15 7%)
= (7Y (sk.1,ax1) = Py (50,1, 001)) = (rF (sk.1,ak1) — 75 (501, 00,1))
£ osup €2 (Vo) | (5010 001) = Cpy (g ey (VT (555)
P’E’Pkyl
= (7Y (sk.1,ax,1) = 71 (50,1, 001)) = (rF (sk.1,ank1) — 75 (50,1, 00,1))
~ ~ 107
+ sup [C%(Vk,z)] (Sk15ak,1) — [(Cﬁ?l (Vk,z)] (Sk,15 QK1) (1o7m
P'G'ﬁk,l
+ C?wpl(.\sk,l,ak,l)(Vm(S/)) = Co by (fsp ) (V2 (s's77,))
<(P(sk,1,ak1) — Py (s0,1,00,1)) = (rF (sk1,ax,1) — 75 (50,1, @0,1))
k
a, Vi (k) ~ k
+ g1 (k15 ak,1) + Q32~2]p1(,|skyohak11)(Vk‘,Q(SQ) — V5" (s2375)),
where the inequality is due to Lemma@ Let 51 := sp,1, we can write
Vi1 (sk,1) = VI (sk15757)
<(7¥ (sk.1,ak1) — Pi(50.1,00.1)) = (rF (sk.1,ar1) — 15 (s0.1,00,1))
k
a, V' (»;'r‘f) ~ ok
+ k1 (sk1500,1) + Q) by (s, ap ) (Ve2(52) = V5 (s2:77))
H k (108)
CVaR,a,V™ (1% )
< Z 2 Wk h " (sn, an)
h=1 (sp,ap)eSXA
N ~ 1
' ((Tﬁ(shyah) — (50, a0.1)) — (15 (sn, an) — 7t (s0.n, a0.n)) + agk,h(smah))
O
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Combine with above lemmas, we are ready to prove Theorem 3]
Proof of Theorem 3] By Lemma[I5] we have with probability at least 1 — 4,

K
Regret(K) = . [V7™" (sp.0:7%) = V™ (sk.1;7%)]

K
= 2 [V (i) = r¥ (o) + ¥ (70) = VT (i)
k=1~
L (109)
= 3 [ Gha ) = Vi (st
k=1~
K [ ~
< 2 Vien(sk,1) = V™ (Sk,l;"';ko)] ;
k=1~
where the second equality is due to —r*(7) is fixed. Denote Ay p(sp,an) = (?Z(sh,ah) —

75 (80,1, a0,0)) — (rF (8n,an) — 75 (0,1, ao,n)). Consider the regret decomposition for every episode
k, by Lemma|[I6] we have

Regret(K)

k
CVaR,a, V™ (%)
< 2 Z > W " (sn, an)

k=1h=1(sp,an)eSxA

N 1
(@) = FhGsnnra0)) = (rF(onean) = 1 (sors02) + 2r(onean))

K H k
1 CVaR,a,V"r (-;r:_k ) (110)
<5 22 2 W " (sn, an)gr,n(sn, an)
k=1h=1 (sp,an)eSx.A
I
G CVaR,a.,V“k (~;Tf0)
* Z Z Z Wi p (8, an) Ak n(sh, an)

1h

1 (sh,an)eSxA

-

J
Bounding the first term I is almost same as the proof of Theorem |2 which also gives an insight into
bounding J. Therefore, by Cauchy-Schwartz inequality, we have

CVaR,a, V™" (%)
Z 2 Z wkyha “ "o (&a)gi,h(s,a)

k=1h=1 (s,a)eSxA

M=

% CVaR,a,V™F (%)
Z Z Wk, *(s,a)
k=1h=1 (s,a)eSx A i
K H
1 VARV (r )
T Z Z Z W °(s,a)g7 (s, a)VKH
k=1h=1 (s,a)eSxA
VKH | 1
< «a aH—1 1 (6h,ah o Z gk h (sh,an)

where d™"  denotes the distribution of (s7 a) pair playing the MDP with initial state sy ; and policy

Sk,1

7¥. Since \/Zfﬂ 92 1, (Skn, akn) < VH3, by Lemma we have with probability at least 1 — 4,

g, 58, 5. Alog, K +8
Z (smian)~dz” | };lgk,h(sh,ah) <82 ng’h(sk,h,ak,h)—i—élH logf.

k=1h=1
(112)
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Apply Lemma 9] we have with probability at least 1 — 24,

4logy K + 8

4KH
I <\/ 2H +2dg(2)H3 + 89dg(Z2)H (log(K) + 1) + H3log 3

H+1
att (113)

=0 (yfa MK H (@) log(Ne P | [1,1/K)) )

Bounding the second term J shares almost the same techniques as bounding /. Thus we have with
probability at least 1 — 6,

CVaR,a,V7©F (r¥ )
Z wk,ha ¢ "o (Saa)Ai,h(Sva)

CVaR,a, V¥ ()
Z Wi (s,a)

1| & & CVaR,a,V™F (k) 9 VEH
~a 20 X W (s,0)A% (s, a)VKH
k=1h=1(s,a)eSx.A 114)
VEKH | 1 & a
< E . A2 ;
a \ aH-1 ];1 (sh,,ah)~d5:,1 ;;1 k,h(sh ah)
2
VEH | 1 & a
S a aH-1 Z E(sh7ah)~d§:l Z Akﬁ(sh’ ah)
k=1 *la=1
VEH | 1 & . )
T a QH-1 kZ Er~d;r:1 [7%,(7) — v ()]
=1 '
Notice that by Lemma[T9] we have with probability at least 1 — 4,
K K
N 2 N 2 4log, K + 8
Z E(Shvah)"’d;"k [lrfﬂ (T) - T:{O (T)] < 8 Z [lrﬁo (T) - 7ﬁ‘l""o (T)] + 4H2 log %'
- - - (115)

Since we have bounded the reward estimation error in Lemma[I3] we can bound J by

KH 4log, K + 8 -
J <\/W\/4H2 log % + 8+ 8dp(R)(H? + ((4 + 128r)/m + 1)(log(K) + 1))

<0 (\fa B K Hd (R) 06N (R, | s 1/K))/m )

(116)
where the inequality holds with probability at least 1 — 29

Finally, by Eq. and Eq. we can derive the regret bound for Algorithm 2] with probability at
least 1 — 4.

Regret(K) < O (VKH%—H* - (W di(Z) 10g(No (P, | - |uo.1, 1/K)
(117)

+4/m~1dg(R)log(Np(R, | - e 1/K)))>

K AUXILIARY LEMMAS

In this section, we present several auxiliary lemmas used in this paper.
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Lemma 17 (Hoeffding-type Self-normalized Bound, Theorem 2 in |Abbasi-yadkori et al.| (2011)).
Let {F}2, be a filtration. Let {n:}2, be a real-valued stochastic process such that n; is Fi-
measurable and n; is conditionally R-sub-Gaussian for some R = 0. Let { X}, be a R%-valued
stochastic process such that X; is F;_1-measurable. Assume that V is a d x d positive definite
matrix. For any t > 0, define

t t
Vi=V+ ) X.X], S =) nX.
s=1

s=1
Then for any § > 0, with probability at least 1 — 0, for all t = 0,
det(V Y2 det (V)2
1512 <2R?1Og< et(Vy) ' et(V) )

Lemma 18 (Elliptical Potential Lemma, Lemma 11 in |Abbasi-yadkori et al.| (2011)). For A > 0,
sequence {X:}2, < R% and V; = N + Y\_| X, X/, assume |X;|2 < L forall t. If X >
max(1, L?), we have that

det(V7)

- d\+TL?
Z ||Xt“%/—1 < 2log T < 2dlog ———.
P -1 A

dX

Lemma 19 (Lemma 9 in[Zhang et al.|(2021)). Let {F;}i>0 be a filtration. Let { X;}_, be a sequence
of random variables such that | X;| < 1 almost surely, that X, is F; measurable. For every § € (0, 1),
we have

(118)

n 4

E[X2|Fi1] < D 8X7 +4log <

i=1 i=1 J

Lemma 20 (Lemma 11 in|Du et al.[(2023)). For any (s,a) € S x A, distribution p(- | s,a) € Ag,
and functions V.,V : S — [0, H| such that V (s') = V (s') forany s' € S.

Cva‘R3~p(-|s,a)(V(S/)) - CV&R3~p(-|s,a)(V(S/)) < BOLTV(' | S, a)T(V - V)
Lemma 21 (Lemma 9 inDu et al.|(2023)). For any functions V1,--- , Vg e S > R, k>0, h e [H]
and (s,a) € S x A such that wy p(s,a) > 0.

CVaR,a,V
W p (s,a)

P < ([log, n] + 2)6. (119)

n

1

120

win(s,a) ahl’ (120)

where wS’XaR’“’V(s, a) denotes the conditional probability of visiting (s,a) at step h of episode

k, conditioning on transitioning to the worst a-portion successor states s' (i.e. with the lowest
a-portion values V11 (s') at each step ' = 1,--- [h — 1.

Lemma 22 (Theorem 6 in |Ayoub et al.| (2020)). Let (X,,Yy)p=1,2,.... be a sequence of random
elements, X, € X for some measurable set X and Y, € R. Let F be a set of real-valued mea-
surable function with domain X. Let F = (F,)p—01,.. be a filtration such that for all p > 1,
(X1, Y1, , Xp_1,Yp1, X,) is By measurable and such that there exists some function fy € F
such that B[Y,, | Fp_1]| = f«(X}p) holds for all p > 1. Let f; = argminger Z;zl(f(Xp) -Y,)2
Let N, be the | - |-covering number of F at scale o.. For > 0, define F1(8) = {f € F :
: ~
Y1 (F(Xp) = fr(Xp))? < B},

If the functions in F are bounded by the positive constant C' > 0. Assume that for each s > 1,
(Y, — f«(Xp))p is conditionally o-sub-gaussian given F,_i. Then for any o > 0, with probability
1=, forallt =1, fyx € F1(B:(0, @), where

Bi(8, ) = 802 10g(2N, /8) + 4ta(C + /o2 log(4t(t + 1)/5)). (121)

Lemma 23 (Proposition 8 inRusso & Van Roy|(2014)). Consider the function class Z,P, and ﬁk,h
defined in Section For fixed h € [H], let wy(X) := supp.p, , 2p(Xk) —infpp  2p(Xk), then

K ~
4 .
D L (wi(Ar) =€) < <€Z + 1) dimg(Z, | - [, ), (122)
k=1

forallk e [K] and e > 0.
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