A  Proofs

A.1 Proof of Lemma 1

We begin by restating the result of Lemma 3.1.

Lemma. Let ¢ : W x Z — [0, 1] be a bounded loss function, then for allt > 0, w € W, and
2" e Z,

n t2c? n
Eyu [exp (t - (loo-cv(w, 2", u)))] < exp < ) Cn = g 24)
Proof: To show this, we use tools from [30]. Let £ € [0,1]™ and ¢ > 0. For u € [n], we define:
1
fllow)=—=>" (25)

If we obtain a bound on E,, i [exp(¢ - f(¢,w))] for every £ € [0, 1]™, then we also obtain a bound on
Ey~u [exp (¢ - (loo-cv(w, 2™, u)))] for all 2™ € Z™, w € W. Now,

Eyu lexp(t- f(4,u))] = %exp (nil Z&) Zexp (—ct;) =: %g(f). (26)
=1/ j=1

where ¢ := te, = t(1 + ﬁ) Since the maximum of g must be at a stationary point, then

39(6) _ t l - . S —cl; —cl;
o, —n_lexp<n_1z&> (Ze ne , 27

i=1 i=1

Setting (27) to 0, then the right-hand side expression of (27) must be 0. This implies that ¢; is either
at the extremities or we must have a value of In(b)/c, where

I o
=— 2

Let m be the number of ¢; that are 0, and k the number of ¢; that are 1. Solving for b using (28), we
get that
m+ ke™ ¢
b= ———. 29
m+k (29)
We find that b depends on ¢ only through the number of Os and 1s in ¢. Writing g(¢) with respect to
m, k and b, we obtain

t m+k
0) = —k In(b 30
g(0) nexp<n_1 +— n()>7 (30)
Hence, finding the maximum of g(¢) is equivalent to finding the solution for the following optimization
problem.

t k
k+m+

max
m,k>0 n—1

st. m+k<n.

In(b) 31)

Since m and k are bounded non-negative integers, we can find the solution of the above maximization
through a brute-force search. However, we can relax the constraints of (31), and allow m, k to take
non-integer values over [0, n]. Using the method of Lagrange multipliers, we have that:

( t m+k

k +

min max L(m,k,\) = min max
n—1 n

min max, min max, In(b) — AM(m+k — n)) . (32)

The partial derivative of (32) with respect to m and & are given by:

_ k(l—e79) In(b)
VL = o oy +— A, (33)

ot m(l—e ¢  1In(b)
Vil = n—1 n(m+ ke ©) + n A (34
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Setting the partial derivatives of (33) and (34) to O yields

1—e ¢—ce ¢

c—1+e¢ (35)
[l —ec) B
m+k= (C—1—|—6_c 1) k. (36)

Substituting these expressions in (32), we see that we now need to find

t k<1+ (1—e™) 1n<1_6 )>
k>0 n—1 c—1+e¢ c

max
_14ec
st k< g
c(l—e°)
Since 1 + ﬁ;i;:{ In (l—ﬁ’c) > 0 for all ¢ > 0, this expression is maximized by the largest value

k can take. Hence, the we obtain our maximum for

m* =n—k,

k*

ol
&
Plugging into our expression, we have
1—e ¢
g(f) < nexp <—1 + ¢ + log ( ¢ )) , (37)
1—ec c
Recalling that E,, i/ [exp(t - f(¢,u))] = 1/ng(£), we obtain
c 1—e7¢
Eymws [exp(t- f(4,u))] < exp (—1 + T + log ( . )) (38)
Using the Taylor expansion of the exponent in the right-hand side of (38), we have that:
1—e ¢ 2
-1+ + log c << (39
1—ec¢ c 8
Finally, we obtain
Ey~u [exp (t - (loo-cv(w, 2", u)))] < Eymis [exp(t - f(£,u))] (40)
2
< exp( ). (1)

Recalling that ¢ = tc,,, we obtain the desired result.

A.2 Proof of Theorem 3.1

We begin restating the Theorem.
Theorem. Let A : Z"~1 — W be a training algorithm. Let { : W x Z — [0, 1] be a bounded loss

function, then
c
L E,npny/loo-CMI(A, z7), (42)
V2

We state a series of lemmas and definitions that are essential for the proof.

Lemma A.1. Let 2" € Z", and let w € W, then

gen(A) <

Ey~ts [loo-cv(z", w, u)] = 0. 43)
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Proof. We have that:

1
. - n — ) —
n - By [loo-cv (2", w, u)] — Zf(w,zz) Lw, z,) |, (44)
u=1 iFu
1 n n
=D > twz) =y Hwz), (45)
u=1 i#u u=1
1 n n
i=1 u=1
= 0. @7)
O
Lemma A.2. Let A: Z"~1 — W be a training algorithm, then
gen(A) = [E4znmpr unu [loo-cv(z", A", 1), u)] | (48)
Proof.
gen(A) = [Eenpns [L(AG: E(A(z“*), =] 49)
_ ‘E A tpri [Ez Y, )] — E(AGE"Y, zn—l)} ) . (50)
- ‘IE APt | £(A ) — LAY, zﬁgl)} : (51)
= |]E_A’Zn,\_,7)n7u~u [100 -ev(z", u A( " 1)))] | (52)
O
Definition A.1. We say that a random variable X ~ Py is 02 —subgaussian if:
202
oy toxp( ~ Bovr, o] < xp (55 ). 63)

Lemma A.3 (Lemma 1, [31]). Let A, B be arbitrary random variables. Let A', B’ be independent
copies of A, B such that Pys g = Pas Ppr. Suppose f(A’, B') is o02-subgaussian, then

|Ea,5[9(A, B) —Ear 5 [g(A", B)]]| < \/2021(A; B). (54)

Now, fix Z"™ = 2", and let A = A(zfal) and B = U, and let
f(A, B) =loo-cv(z", A, B). (55)

Using Lemma A.1, Ea g f(A’, B') = 0. Moreover, we use f(A’, B') is 0?-subgaussian with
0? = ¢2 /4 using Lemma 3.1. This gives us that:

—u 7

2
|E.A7u~lxl [loo—cv(z",A(z" h ” <A/ ZI(W;U | z7), (56)

where W = A(2"}'). Taking the expectation over 2™ on both sides, we get that:

2
E.npn |EA umts [loo—cv(.A(z" b, 2" H < E,nwpn C?"I(W; Ul zn). (57)
Since g(+) = |-| is a convex function, then

gen(A) = |E4 znapru~us [loo—cv(A(zf;1)7z",u)H (58)
< E.nepn [Eauau [loo-ev(A(221), 2", )] | (59)

Cn
< —ZEenpn VI(WSU [ 27). (60)

\/>
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A.3 Proof of Theorem 3.2

We begin by restating the Theorem.

Theorem. Ler ¢ : R x Y — [0, 1] be a bounded loss function. Let U be a uniform random variable
over [n], then

c
L E.n~pn+/floo-CMI(h, 2"), 61
o Eenep (h,z") (61)

This proof is nearly identical to the proof of Theorem 3.1. Here, we use the prediction function
instead of the weights. We use the alternate definition of the loss £ : R x J — [0, 1]. Let g € R"

be a set of prediction, then we also use an alternate definition of the leave-one-out cross validation
where

gen(h) <

loo-cv(2", g, u) = —— ZE 9i,Yi) = UGus Yu)- (62)
1;£u
Lemma A4. Let 2" € Z", and let g € R™, then
Ey~us [loo-cv(z™, g, u)] = 0. (63)
Lemma A.5. Leth : Z"~! x X — R be a training algorithm, then
gen(A) = |Ep .0 pn u~y [l00-cv(z", h(2"5 1, 2™), u)]] . (64)

Now, we use Lemma A.3 with A = h(zfgl, ™), B=U,and
f(A, B) =loo-cv(z", A, B). (65)

The proof then follows in the exact same way as it did for Theorem 3.1, and we get the desired result:

gon(h) < “EBennpr \JI(A(1 am); U] 27). (66)

A.4 Proof of Theorem 4.1

We begin by restating the Theorem.

Theorem. Let A be a parametric algorithm with prediction function h. Let U, Z™, W be defined as
before. Let U’ be an identical independent copy of U, then

IOO-CMI(A, Zn) < 7]Eu,\,]/{ [IHEU/NZ/{ [exp (7KL(pW | 27 u || Pw | zn,u/))ﬂ s (67)
00-CMI(h, 2") < ~Eqnty [InBurntr [ex0 (~KLpy -y | 2yann))]] - 69)

We begin by proving a more general result. Let W ~ Py, U ~ Py be arbitrary random variables.
Suppose w € W and u € U. Let g(u’) be any probability distribution over U, then we define

Ny wl g (Pl G
waw). = [ ptol) [ oty (ZEDIEY quau. (69)

We begin with the following lemma.
Lemma A.6.

I(W;U) <Eyop, [®(q,u)]. (70)
Proof. We note that
w(g) = [ ptut) [ oy (ZEDD) auau an
/Wp wlu) / (u') In (W) du’dw. (72)
= ptutBesn [ (BT ) | v 72
>~ [ ol 1“( i [i&ﬁ'@fﬁfjﬁbdwa 7
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where the last inequality follows from the concavity of In and Jensen’s inequality. Continuing from
(74), we obtain

D(g,u) > —/ p(w|u) In <Eu/NpU {W}) dw (75)

Y ( u))f]’( ,')) du') (76)

— _ [ pwhm (/u P “”:M “) g u’) dw )

— [ plwfm (;ZEU ) 78)

= KL( (wlw) || p(w)). (79)

Since I(W;U) = Ey~p, [KL (p(w|u)]||p(w))], we obtain the result of the lemma. O

To find a tight bound, we minimize ®(g(u'), u) with respect to the probability distribution ¢(u').
Since ¢(q(v’,w) is an upper bound to KL (p(w|u)||||p(w)) for any ¢(u’), the infimum of ® with
respect to g(u') is still an upper bound. Since we are trying to find the infimum with respect to a
probability distribution, the Lagrangian is given by

d(q(u)) = /Wp(w|u) /u q(u’)In <W> du/dw + A (/u q(u')du’ — 1> . (80)

We "differentiate” with respect to g(u’), and obtain

) —ﬁﬁ“"l<mwwmwn>d*‘+k ®D
(

Setting (81) to 0, and solving for g(u') for every ' € U, we obtain

Pl )e—KL<p<w|u>uup<w|u’>>

* !
g (u') = T (@ ) pwla)qg, ®2

To find the expression for ®(g*(u’), u), note that:

KMfWHWWD—m( mwe“WWMMM“wQLf@%@@wMHMMwmm

u
(83)
Plugging in the above into ®(¢* ('), u), we obtain
O(q" (), u) = / ¢" (u")KL(p(w|w) || p(w|u’))de’ + KL(g" (u') || p(u')) (84)
u
I ( / p(u)e KLl | p<w|u’>>du/> (85)
u
—ImE,.p, {efKL(p(wlu) I p(w\u/»] (86)
Finally, taking the expectation with respect to U and using Lemma A.6, we obtain that
I(W;U) < =Eywpy [~ In Eu/wp,, [KL(pw ) | pw w)]] - (87)
We apply the above to I(W;U|z") and I(h(z";",2™),U | ™) to obtain the expressions of Theorem
4.1.

A.5 Proof of Theorem 4.2

We begin a restatement of the theorem and the following lemma:

Theorem. Let A : Z"~1 — W be a deterministic algorithm, and let { : W x Z — R be the loss
that a set of weights incur on a sample. If {(w, -) is L-Lipschitz in the weights, then if A has e-weight

stability relative to a positive semi-definite 3, then gen(A) < y/4cp,eLy/tr(X).
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Lemma A.7. Let A: 2"~ — W be a deterministic algorithm Let the loss { : W x Z — R be
L-Lipschitz in the weights. Let ¥ be a positive definite matrix, then

gen(A) < gen(As) + 2L+/tr(X). (88)
Proof. We have that:
gen(A) = [Eaznapn [£(AG") = Z(AG"), 2| (89)
r 1 n
= EA,Z"N'P",Z’EP K(A(zn), Z/) - ﬁ ;E(A(zn)v Zz)] ‘ . (90)

1
= |Eannpn ep [L(As(2"),2)) +6 — - Z (U(As(2"), z;) + 0;)

L i=1

i ; (€29

IN

Euennprvep [(An("),2) — 3 (HA("), 20)

i=1

/ 1 =
6]+ nZl@-] ! (93)

i=1

1 n
8+ = 0 2
+| '%;' . ©2)

<gen(As) + Eg napn 2iep

where &' = ((A(2"),2") — £(Ax(2™),2') and 6; = L(A(2"), z;) — €(Ax(2™), z;). Recalling that
As(2") = A(2") + N where N ~ N(0,X), we have that |§'| < L || N|| (also for |§;]). This gives
us that:

gen(A) < gen(As) +E npn ep

! 1 S
10 +n2|5i|] ! (94)

i=1
= gen(Az) + 2L [N, (95)
< gen(Ax) + 2L/tr(X), (96)
where the last inequality follows from the fact that for N ~ A (0, %), E[|| V] < tr(Z). O

Now, suppose A has e-weight stability relative to X, and let o > 0, then using (10) and (18), we have

gen(Ag,zy) < 97)

Cn€
20
Hence, for all o > 0, we have that:
gen(A) < % + 2L/t (D). 98)
«

Finding the minimum of the above with respect to «, we obtain:

Cp€

gen(A) <2 5 2L+/tr(%), (99)

= \/depeln/tr(X). (100)

A.6 Proof of Theorem 4.3

We begin with a restatement of the theorem, and the following lemma where proof is identical to the
lemma used in Section A.5.

Theorem. Let h: Z" x X — R% be a deterministic prediction function. Assume that h has [-train
stability and 31 -test stability. Assume the loss function £ : R x Y is L-Lipschitz continuity in the first

coordinate, then gen(A) < \/4an nd(nfB? + 2%).

Lemma A.8. Leth : Z" ' x X — R C R? be a deterministic prediction function. Let the loss
¢:R x Y — Ry be L-Lipschitz in the predictions. Let o2 be a positive definite matrix, then

gen(h) < gen(hy) + 2LoVnd. (101)
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Figure 4: floo-CMI bound and dataset size. For Caltech256.

Now, for a prediction function h with S-train stability and 31 -test stability, we have that

(hy) < 2V =2B2+ 268 eny/nf? +261 (102)

en
& 20 - 20

Hence, we have that
2 2 2

(h) < VI T W +2Lov/nd. (103)
o

gen

Optimizing the right-hand-side of the above over o, we obtain the desired result:

gen(h) < \/4an\/nd(n51 +23%). (104)

A.7 Proof of Lemma 4.1

We restate the lemma.

Lemma. Let the gradient update rule be v-bounded. Suppose we run SGD for T steps, and we use
the same starting value for the weights, then gen(Ayz25) < 4/ piaijw

Definition A.2 (Definition 2.4, [14]). An update step G is said to y-bounded if for all w € WV,

1G(w) —wl| < /7. (105)

Lemma A.9 (Lemma 2.5, [14]). Let G1,...,Gr and GY, ..., G be two arbitrary sequences of

updates. Let wy = wj, (same initial weights), and let 6; = ||w; — w}| where wy and w;, are defined
recursively through w11 = G(w;) and wi , = Gi(wy). If Gy and G} are y-bounded, then

Sep1 < 01+ 2. (106)

Let G, ...,Gr be the sequence of updates made when SGD is used with the dataset zf;l, and

let G, ..., G be the sequence of updates made when SGD is used with the dataset zf;l. If the

previous updates are y-bounded, then Lemma A.9 gives us a bound on ||w_; — w_;|| if we use T'
iteration of SGD, and we obtain the desired result.

B Experimental Details and Additional Experiments

We fine-tune an ImageNet pre-trained ResNet-18 model on MIT67 and Oxford Pets datasets. In
order to compute the information bounds we use the results in corollary 4.1. We compute w_; /h_;
by removing sample ¢ from the training set and re-training from scratch. For all the experiments
we remove 10 samples one at a time across 3 random seeds and use corollary 4.1 to compute the
information bounds. We used 2 NVIDIA 1080Ti GPUs and the experiments take 1-2 days. We also
include the results of fine-tuning on the Caltech256 dataset [10] (with ~30000 samples).
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C Societal Impact and Limitations

C.1 Societal Impact

Our work is of a theoretical nature, and so there is no direct social impact. However applications
of deep neural networks, if not done properly, could have several consequence in society, including
in terms of fairness, ability for misinformation etc. However, theoretical work that attempts to
understand & predict the performance of deep neural networks could give tools to ameliorate these
issues.

C.2 Limitations and Future Work.

There are several open questions that remain from this work, pointing to some of its limitations.
Natural ones include tighter bounds on the generalization gap, obtaining impossibility results in terms
of error performance among several others.
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