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ABSTRACT

We study best arm identification (BAI) in linear bandits in the fixed-budget regime
under differential privacy constraints, when the arm rewards are supported on the
unit interval. Given a finite budget 7" and a privacy parameter € > 0, the goal is
to minimise the error probability in finding the arm with the largest mean after 7'
sampling rounds, subject to the constraint that the policy of the decision maker
satisfies a certain e-differential privacy (¢-DP) constraint. We construct a policy
satisfying the -DP constraint (called DP-BAI) by proposing the principle of
maximum absolute determinants, and derive an upper bound on its error probability.
Furthermore, we derive a minimax lower bound on the error probability, and
demonstrate that the lower and the upper bounds decay exponentially in 7', with
exponents in the two bounds matching order-wise in (a) the sub-optimality gaps of
the arms, (b) €, and (c) the problem complexity that is expressible as the sum of two
terms, one characterising the complexity of standard fixed-budget BAI (without
privacy constraints), and the other accounting for the e-DP constraint. Additionally,
we present some auxiliary results that contribute to the derivation of the lower
bound on the error probability. These results, we posit, may be of independent
interest and could prove instrumental in proving lower bounds on error probabilities
in several other bandit problems. Whereas prior works provide results for BAI
in the fixed-budget regime without privacy constraints or in the fixed-confidence
regime with privacy constraints, our work fills the gap in the literature by providing
the results for BAI in the fixed-budget regime under the e-DP constraint.

1 INTRODUCTION

Multi-armed bandit problems (Thompson| |1933) form a class of sequential decision-making problems
with applications in fields as diverse as clinical trials, internet advertising, and recommendation
systems. The common thread in all these applications is the need to balance exploration (learning
about the environment) and exploitation (making the best decision given current knowledge). The
exploration-exploitation trade-off has been studied extensively in the context of regret minimisation,
where the goal is to minimise the cumulative difference between the rewards of the actions taken
and the best possible action in hindsight; see [Lattimore and Szepesvari| (2020) and the references
therein for an exhaustive list of works on regret minimisation. On the other hand, the pure exploration
framework, which is the focus of this paper, involves identifying the best arm (action) based on
a certain criterion such as the highest mean reward. The pure exploration paradigm has been a
subject of rigorous study in the literature, predominantly falling within two overarching regimes: the
fixed-confidence regime and the fixed-budget regime. In the fixed-confidence regime, the objective is
to curtail the anticipated number of trials needed to pinpoint the optimal arm, all while adhering to a
predefined maximum allowable error probability. Conversely, in the fixed-budget regime, the aim is
to suppress the likelihood of erroneous identification of the best arm under a predetermined budget.

Motivation: The task of identifying the best arm in a multi-armed bandit setting is non-trivial due
to the inherent uncertainty associated with each arm’s true reward distribution. This problem is
amplified when privacy constraints are considered, such as the need to protect individual-level data
in a medical trial or user data in an online advertising setting (Chan et al.l [2011)). In the context
of such data-intensive applications, the notion of differential privacy (Dwork, [2006) has become
the gold-standard for the modelling and analytical study of privacy. While there has been growing
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interest in the design of privacy-preserving algorithms for regret minimisation in multi-armed bandits
(Basu et al.| 2019; Jain et al., 2012; (Chan et al., 2011} |Guha Thakurta and Smith, 2013} [Mishra
and Thakurtal 2015; [Tossou and Dimitrakakis| 2016)), a comparable level of attention has not been
directed towards the domain of pure exploration. Addressing this lacuna in the literature, our research
aims to investigate differentially private best arm identification within the fixed-budget regime.

Problem Setup: Briefly, our problem setup is as follows. We consider a multi-armed bandit in which
each arm yields independent rewards supported on the unit interval [0, 1]. Each arm is associated
with a known, d-dimensional feature vector, where d is potentially much smaller than the number
of arms. The mean reward of each arm is a linear function of the associated feature vector, and is
given by the dot product of the feature vector with an unknown d-dimensional vector 8 which fully
specifies the underlying problem instance. Given a designated budget 7" and a parameter € > 0, the
objective is to minimise the probability of error in identifying the arm with the largest mean reward
(best arm), while concurrently fulfilling a certain e-differential privacy (¢-DP) constraint delineated
in|Basu et al. (2019). We explain the specifics of our model and define the e-DP constraint formally
in Section 2| below.

Overview of Prior Works: Differential privacy (DP) (Dwork, 2006)) and best-arm identification
(BAI) (Lattimore and Szepesvari, 2020) have both been extensively investigated in the literature,
encompassing a wide array of works. In this section, we discuss a selection of more recent con-
tributions at the intersection of these two topics. |Shariff and Sheffet (2018) prove that any -DP
(viz. (g,0)-DP with § = 0) algorithm must incur an additional regret of at least Q2 ((K logT)/¢),
where K is the number of arms. Building on this result, [Sajed and Sheffet| (2019) propose an
elimination-based algorithm that satisfies the e-DP constraint and achieves order-wise optimality
in the additional regret term. Zheng et al.[(2020) study regret minimisation with the (e, §)-local
differential privacy constraint, a stronger requirement than (e, §)-DP, for contextual and generalised
linear bandits. |Azize and Basu| (2022) study the e-global differential privacy constraint for regret
minimisation, and provide both minimax and problem-dependent regret bounds for general stochastic
bandits and linear bandits. [Chowdhury and Zhou|(2023)) and [Solanki et al.|(2023)) explore differential
privacy in a distributed (federated) setting. Chowdhury and Zhou|(2023)) explore regret minimization
with the (g, 0)-DP constraint in a distributed setting, considering an untrustworthy server. They
derive an upper bound on the regret which matches order-wise with the one obtainable under a
centralized setting with a trustworthy server; for a similar work that studies regret minimisation in the
distributed and centralised settings, see |Hanna et al.| (2022)). |Solanki et al.| (2023) study federated
learning for combinatorial bandits, considering a slightly different notion of privacy than the one
introduced in Dwork| (2006)). We observe that the existing literature on bandits mainly focused on
regret minimisation with DP constraint and the pure exploration counterpart has not been studied
extensively.

In the pure exploration domain, Carpentier and Locatelli| (2016) study the fixed-budget BAI problem
and obtains a minimax lower bound on the error probability; the authors show that their bound is
order-wise tight in the exponent of the error probability. [Yang and Tan|(2022) investigate fixed-budget
BALI for linear bandits and propose an algorithm based on the G-optimal design. They prove a
minimax lower bound on the error probability and obtain an upper bound on the error probability
of their algorithm OD-LINBALI. Despite the significant contributions of (Carpentier and Locatelli
(2016), Yang and Tan| (2022), Komiyama et al.[(2022), and |[Kato et al.[(2023), these works do not
take into account DP constraints. [Nikolakakis et al.| (2021)) and Rio et al.| (2023) study BAI in the
fixed-confidence setting with e-DP constraint and propose successive elimination-type algorithms,
but these works do not derive a lower bound that is a function of the privacy parameter €. Our work is
thus the first to study differentially private best arm identification in fixed-budget regime and provide
a lower bound explicitly related to the privacy parameter €.

Our Contributions: We present a novel algorithm for fixed-budget BAI under the -DP constraint.
Our proposed algorithm, called DP-BALI, is based on the principle of maximizing absolute determi-
nants (or MAX-DET in short). A key aspect of our algorithm is the privatisation of the empirical
mean of each arm via the addition of Laplacian noise. The amount of noise added to an arm is
inversely proportional to the product of the privacy parameter € and the number of times the arm is
pulled. Recognising the trade-off between the number of arm pulls and the level of noise injected
for privatisation, the MAX-DET principle minimises the maximum Laplacian noise injected across
all arms, thereby ensuring a small probability of error in identifying the best arm. We believe our
work can open for future exploration in precise control over Laplacian noise (crucial to meet the
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e-DP guarantee) and using other popular techniques in fixed-budget BAI, such as G-optimal designs
(Kiefer and Wolfowitzl [1960;|Yang and Tan, |2022) and X )-adaptive allocations (Soare et al., [2014),
with DP-constraint. We find it analytically convenient to leverage the properties of the MAX-DET
collection (cf. Definition [3.1) to satisfy the e-DP constraint. See Remark 2| for a brief justification on
why extending other popular techniques for fixed-budget BAI such as G-optimal design (Yang and
Tan| 2022)) to the differential privacy setting of our work is not readily feasible.

Additionally, we establish the first-known lower bound on the error probability under the e-DP
constraint for a class of “hard” problem instances. We demonstrate that both the upper and lower
bounds decay exponentially relative to the budget 7. The exponents in these bounds capture the
problem complexity through a certain hardness parameter, which we show can be expressed as the
sum of two terms: one measuring the complexity of the standard fixed-budget BAI without privacy
constraints, and the other accounting for the e-DP constraint. We also present some auxiliary findings,
such as the properties of the so-called early stopping version of a BAI policy (see Lemmas [§.3]
and[4.5)), that contribute to the derivation of the lower bound, which may be of independent interest
and could prove instrumental in deriving lower bounds on error probabilities in several other bandit
problems. Our work stands out as the first in the field to provide precise and tight bounds on the error
probability for fixed-budget BAI under the e-DP constraint, achieving order-wise optimal exponents
in both the lower and the upper bounds.

2 NOTATIONS AND PRELIMINARIES

Consider a multi-armed bandit with K > 2 arms, in which each arm yields independent and
identically distributed (i.i.d.) rewards, and the rewards are statistically independent across arms. Let
[K] :== {1,..., K} denote the set of arms. For ¢ € [K], let v; denote the rewards distribution of
arm 7. As in several prior works (Chowdhury and Zhou, [2022; |Shariff and Sheffet, [2018; Zhou and
Chowdhuryl, [2023), we assume throughout the paper that v; is supported in [0, 1] for all ¢ € [K]. We
impose a linear structure on the mean rewards of the arms. That is, for each 7 € [K], we assume that
arm ¢ is associated with a feature vector a; € R<, where d is the dimension of the feature vector, and
the mean reward of arm 7 is given by ji; := a; 8" for some fixed and unknown 8* € R¢. We assume
that the feature vectors of the arms {a; } X, are known beforehand to a decision maker, whose goal it
is to identify the best arm ¢* = argmax;¢ g p;; We assume that the best arm is unique and defined
unambiguously.

The Fixed-Budget Regime: The decision maker is allowed to pull the arms sequentially, one at each
time ¢ € {1,2,...}. Let A; € [K] denote the arm pulled by the decision maker at time ¢, and let

Ny = 22:1 1 4,—4 denote the number of times arm ¢ is pulled up to time ¢. Upon pulling arm
Ay, the decision maker obtains the instantaneous reward X 4, v At € [0,1]; here, X ,, ~ v; denotes
the reward obtained on the nth pull of arm 7. Notice that E[X; ] = p; = a,/ 8" for all i € [K] and
n > 1. For all ¢, the decision to pull arm A; is based on the history of arm pulls and rewards seen
up to time ¢, i.e., A; is a (random) function of H¢ := (A1, Xy, N, 15+ Ae—1, XA, 1 N4, 1)
Given a fixed budget T' < 0o, the objective of the decision maker is to minimise the probability of
error in finding the best arm after 7" rounds of arm pulls, while also satisfying a certain differential
privacy constraint outlined below. We let I denote the best arm output by the decision maker.

The =-Differential Privacy Constraint: Let X' := {x = (2;¢)ic[x]teir)} C [0,1]%7 denote the
collection of all possible rewards outcomes from the arms. Any sequential arm selection policy of the

decision maker may be viewed as taking inputs from X" and producing (A4, ..., Ap, fT) € KT+
as outputs in the following manner: for an input x = (x;;) € X,

Output attime ¢t =1 : Ay = Ay,
Outputattime t =2 : Ay = As(A1,24,,N4, 1)

Outputattimet =3 : Az = A3(A1, 74, N4, 1> A2, T Ay N, 2)s

Outputattimet =T : Ap = AT(AlaxAl,NAl,lw--7AT—1793NAT_1,T—1)a

Terminal output : Ir = —fT(AlaxAl,NAl,n el AT,[L'NAT’T). e))
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We say that x = (z;+) and X" = (z} ;) are neighbouring if they differ in exactly one location, i.e.,
there exists (i,t) € [K] x [T] such that x; ; # 2}, and x; s = 2,  for all (j,s) # (i,t). With the
viewpoint in (T)), we now introduce the notion of e-differential privacy for a sequential policy of the

decision maker, following the lines of |Nikolakakis et al.[(2021, Section 5).

Definition 2.1. Given any £ > 0, a randomised policy M : X — [K|T*! satisfies e-differential
privacy if, for any pair of neighbouring x, x’ € X,

PM(M(x) € S) <efPMM((X) e S) VS c [K]TH. )

Remark 1. A generalization of the notion of e-differential privacy is that of (e, d)-differential
privacy (Dwork et al.| 2014, Chapter 2). For the sake of simplicity in exposition, in the main text,
we provide details for the former. An extension of our algorithm, called DP-BAI-GAUSS, will
be shown to be applicable to the latter (generalized) notion of differential privacy. The details and
accompanying analyses of the performance of DP-BAI-GAUSS can be found in Appendix

While the actual sequence of rewards observed under M is random, it is important to note that a pair
of reward sequences, say (x,x’), is fixed when specifying the e-DP constraint. In (2)), P denotes
the probability measure induced by the randomness arising from only the arm outputs under M. In
the sequel, we refer to the tuple v = ((a;)ic(k], (i)ic[k], 0", €) as a problem instance, and let P
denote to be the set of all problem instances that admit a unique best arm. Given v € P and a policy
m, we write P to denote the probability measure induced under 7 and under the instance v. When
the dependence on v is clear from the context, we simply write P™.

3 OUR METHODOLOGY

To meet the -DP guarantee, our approach is to add Laplacian noise to the empirical mean reward of
each arm, with the magnitude of the noise inversely proportional to the product of ¢ and the number
of times the arm is pulled. Intuitively, to minimize the maximum Laplacian noise that is added (so
as to minimize the failure probability of identifying the best arm), we aim to balance the number of
pulls for each arm in the current active set. To this end, we employ the MAX-DET explained below.

The MAX-DET Collection: Fix d’ € N. For any set S € R? with |S| = d’ vectors, each of
length d’, let DET(S) to denote the absolute value of the determinant of the d’ x d’ matrix formed by
stacking the vectors in S as the columns of the matrix.

Definition 3.1. Fix d’ € N. Given any finite set A C R? with |A| > d’, we say B C A with
|B| = d’ is a MAX-DET collection of A if

DET(B) > DET(B’) forall B’ C Awith |[B'| =d'. 3)

Thus, a MAX-DET collection B C A has the maximum absolute determinant among all subsets of A
with the same cardinality as B. If span(.A) = d’, the vectors in B are linearly independent, and any
b € A may be expressed as a linear combination of the vectors in B. Call the coefficients appearing
in this linear combination expression for b as its coordinates (Meyer, [2000, Chapter 4). The set of
coordinates of each b € A is unique, and b may be expressed alternatively as a d’-length vector of its
coordinates. In this new system of coordinates, the vectors in 3 constitute the standard basis vectors.

3.1 THE DIFFERENTIALLY PRIVATE BEST ARM IDENTIFICATION (DP-BAI) PoLICY

We now construct a policy based on the idea of successive elimination (SE) of arms. Our policy for
Differentially Private Best Arm Identification, called DP-BAI, operates over a total of M phases,
where M is designed to have order O(log d). In each phase p € [M], the policy maintains an active
set A, of arms which are potential contenders for emerging as the best arm. The policy ensures that
with high probability, the true best arm lies within the active set in each phase.

Policy-Specific Notations: We now introduce some policy-specific notations. Let

A =inf{8 >2: gD > K — [d%/4]}, 4)

Let {g; }i>0 and {h; };>0 be defined as follows:
go = min{ K, [d?/4]}, gi = [gi-1/2] Vi>1, 5)
ho = max{K — [d*/4],0}, h;=[(hi.1+1)/A] -1 Vi>1. (6)
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Let so = go + ho, and for each p € [M], let s, = |.A,| denote the number of active arms at the
beginning of phase p, defined via

. — {goJrhp—l, 1<p< My,

P -y, My <p<M+1

For a > 0, let Lap ( ) denote the Laplacian distribution with density fo(z) = § e~ 21, 2 e R.

(N

Initialisation: We initialise our policy with the following parameters:

My = min{i € N: h; = 0}, M=M +min{ieN:g; =1} -1,
T =T — Myd— (M — M)[d*/4], a'” =a;Vie K],
do=d, Ty=0, A = [K]. (8)

Policy Description: We now describe the DP-BAI policy. The policy takes as inputs the differential
privacy parameter €, budget T', the number of arms K, and the feature vectors of the arms {a; : i €
[K]}. With the initialisation in (8], the policy operates in phases. In each phase p € [M], the first
step is dimensionality reduction (Yang and Tan, |2022)), whereby the dimension of the set of vectors

{a?V : i € A} is reduced using a linear transformatlon here, al” " € Rd-1 forall i € A,

More specifically, suppose that dj, := dlm(span{a i € A,}). The policy chooses an arbitrary

orthogonal basis U,, = (ugp)7 o (p)) Y

al? = [@P V), . forall e A, ©

(2

for bpan{a i € A,}, and obtains a new set of vectors

where [v]y,, denotes the coordinates of v w1th respect to U,. Subsequently, the policy checks if
dp < \/3p, Where sp = | Ap| is as defined in (7). If this is true, then the policy constructs a MAX-DET

collection B, C A, con51stmg of | B,| = d, arms, and pulls each arm i € B,, for [ 1 1 many times,
and sets T, = Tp—1 + dp, [0 ] On the other hand, if d > . /Sp, then the policy pu]ls each arm in

Ay, for [ 15— ] many times, and sets T, = Tpp—1 + 8p [ 10— s, ~]. After pulling the arms according to the
preceding rule, the policy computes
1 Ni,1,
B = > X (10)

3,1y 3, Tp 1 s=Ni, T 1+1

for each arm ¢ € A, that was pulled at least once in phase p, and subsequently computes its private

empirical mean u(p )

,L"Ep) [LE:D) + Sp), (11)

where 51’ ) ~ Lap (m) is independent of the arm pulls and arm rewards. For i € A,

that was not pulled in phase p, the policy computes its corresponding private empirical mean via

i = ey, (12)

JEBY

where (o ;) es, is the unique set of coefficients such that a(p ) = die B, Qija (p ). At the end of
phase p, the policy retains only the top s, arms with the largest pr1vate emp1r1cal means and
eliminates the remaining arms; intuitively, these arms are most likely to produce the highest rewards
in the subsequent phases. At the end of the Mth phase, the policy returns the only arm left in A/
as the best arm. For pseudo-code of the DP-BAI policy, see Algorithm|[I]

Remark 2. It is natural to wonder why we do not devise a differentially private version of OD-
LinBAI (Yang and Tan| 2022), the state-of-the-art linear fixed-budget BAI algorithm, which uses
G-optimal designs. A proposal to do so, called DP-OD, is provided in Appendix [E| However, the
error probability in identifying the best arm under DP-OD depends not only on the suboptimality
gaps of the arms, but is also a function of the arm vectors. For example, in a 2-armed bandit instance,
leta; = [2,0], a3 = [0,y] " withz,y > 0,and 0* = [(0.5+A)/x, 0.5/y]". Then, 1 = 0.5+ A,
pe = 0.5, and the suboptimality gap A = u; — po. For this instance, the upper bound on the error

probability of DP-OD is exp (—Q (W)) We observe that ivy can be made arbitrarily

zAy

large. Thus, this bound is inferior to the upper bound of DP-BAI (equal to exp(—Q(W))
and independent of the arm vectors). See Appendix [E|for further details.
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Algorithm 1 Fixed-Budget Differentially Private Best Arm Identification (DP-BAI)
Input:
e: differential privacy parameter; 7": budget; {a; : ¢ € [K]}: d-dimensional feature vectors.
Output: I7: best arm.
1: Initialise Tp = 0, A; = [K], ago) = a; forall i € [K]. Set M and T” as in (B).
2: for pe {1,2,...,M} do

3: Setd, = dim(span{aﬁpil) 11 € Apt).
4:  Obtain the new vector set {agp) 11 € Ay} from the set {agp_l) 11 € Ay} via (9).
5:  Compute s, using ([7).
6 ifd, < /5, then
7: Construct a MAX-DET collection B, C A,.
8: Pull each arm in B, for (Md | many times. Update Ty Tp1 + dp{%]
9: Obtain the empirical means {m( ) i€ By} via (10).
10: Generate £ ~ Lap fori € B,.

l—Aldp-‘
11: Setﬂgp)<—/}§p)+£§ foralli € B,,.
12: Forarm i € A, \ B, compute ﬁ§” ) via (12).
13:  else
14: Pull each arm in A, for (A}F | many times. Update T}, - T),_1 + s) [Mg ]
15: Obtain the empirical means {u(p )iie Ay} via (10).
16: Generate £ ¥ ~ Lap ( —— | fori e Ap.

Ms,,

17: Set il « aP) 4 €P foralli € A,
18:  end if

19:  Compute sy using (7).

20:  Ap41 < the set of 5,41 arms with largest private empirical means among {,u(p )iie Ayt
21: end for

22: Iy < the only arm remaining in Ay

23: return Best arm fT.

4 THEORETICAL RESULTS

We now present theoretical results for the DP-BAI policy, followed by a minimax lower bound on
the error probability. We write IIpp_ga; to denote the DP-BAI policy symbolically. The first result
below, proved in Appendix[H asserts that IIpp_ga1 meets the e-DP constraint for any € > 0.

Proposition 4.1. The DP-BALI policy with privacy and budget parameters (g, T) satisfies the e-DP
constraint, i.e., for any pair of neighbouring x,x’ € X,

]P)HDPrBAI (HDP-BAI(X) c S) < et }P’HDP'BAI (HDP—BAI(X/) S S) VS C [K]T—H- (13)

In (T3), the probabilities appearing on either sides of (I3)) are with respect to the randomness in the
arms output by IIpp_ga; for fixed neighbouring reward sequences x, x’ € X’ (see Section . The
use of Laplacian noise for the privatisation of the empirical means of the arms (see Lines 10-11 and
16-17 in Algorithm I]) plays a crucial role in showing (I3).

4.1 THE HARDNESS PARAMETER

Recall that a problem instance v may be expressed as the tuple v = ((a;)ic(x], (Vi)ic[k], 0" €)-
In this section, we capture the hardness of such an instance in terms of the instance-specific arm
sub-optimality gaps and the privacy parameter . Recall that the arm means under the above instance
v are given by p; = a] " forall i € [K]. Let A; == Hix(») — i denote the sub-optimality gap of
arm ¢ € [K]. Further, let (I1,...,lx) be a permutation of [K] such that A;; < A, < ... < Aj,
and let A(;) == Ay, for all i € [K]. The hardness of instance v is defined as

H(v) == Hpa1(v) + Hpi(v), (14)
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where )
% and  Hpyi(v) =
(@)

Going forward, we omit the dependence of H, Hga1, and Hpy,; on v for notational brevity. It is
worthwhile to mention here the quantity in (I4) specialises to the hardness term “Hs” in [Audibert
et al[(2010), which is identical to Hga1, when K < d? and ¢ — +oo. The former condition K < d?
holds, for instance, for a standard K -armed bandit with K = d, 8* € R< as the vector of arm means,
and {a; }¢_, as the standard basis vectors in RY. Intuitively, while Hp a1 quantifies the difficulty of
fixed-budget BAI without privacy constraints, H,; accounts for the e-DP constraint and captures the
additional difficulty of BAI under this constraint.

Hpar(v) == m

ax max
2<i<(d?AK)

. 2<i<(d2AK) A(i)'

E ! (15)
E

4.2 UPPER BOUND ON THE ERROR PROBABILITY OF DP-BAI

In this section, we provide an upper bound on the error probability of DP-BAI.

Theorem 4.2. Fixv € P. Let i*(v) denote the unique best arm of instance v. For all sufficiently
large T, the error probability of Ilpp_gar with budget T and privacy parameter € satisfies

]P)EDP—BAI(IAT 7& Z*(U)) < exp ( T ) R (16)

656 M H

where M and T’ are as defined in (8). In (16), PIloret denotes the probability measure induced by
IIpp.gar under the instance v.

This is proved in Appendix|G] Since M = O(logd) and T" = ©(T') (as T' — c0), (I6) implies that

IIpp-Bar( T, % _ _ T
P, (IT # i*(v)) = exp ( Q(Hlogd)) . (17)

4.3 LOWER BOUND ON THE ERROR PROBABILITY

In this section, we derive the first-of-its-kind lower bound on the error probability of fixed-budget BAI
under the e-DP constraint. Towards this, we first describe an auxiliary version of a generic policy that
takes as input three arguments—a generic policy m, n € N, and ¢ € [K]-and pulls an auxiliary arm
(arm 0) whenever arm ¢ is pulled n or more times under 7. We believe that such auxiliary policies are
potentially instrumental in deriving lower bounds on error probabilities in other bandit problems.

The Early Stopping Policy: Suppose that the set of arms [K] is augmented with an auxiliary arm
(arm 0) which yields reward 0 each time it is pulled; recall that the arm rewards are supported in
[0, 1]. Given a generic policy 7, n € N and ¢ € [K], let ES(m, n, ¢) denote the early stopping version
of m with the following sampling and recommendation rules.

* Sampling rule: given a realization H;—; = (a1, 21,...,0t—1,2¢—1), if 22;11 1iq.=,) <mn, then

PES(mm(A, € A| Hyoy) =P (A € A| Heoy) VAC[K], (18)
and if Zi;ll 1¢4,—,} > n, then IP’ES(“*”VL)(At =0 | Hi—1) = 1. That s, as long as arm ¢ is pulled

for a total of fewer than n times, the sampling rule of ES(7, n, ¢) is identical to that of 7. Else,
ES(m,n, ) pulls arm ¢ with certainty.
* Recommendation rule: Given history Hr = (a1,1,...,ar,z7), if Zle 1q,—0y = 0, then
PES(n) (fr € A| Hr) =P~ (Ir € A| Hr) YAC[K], (19)

and if Zstl 1f4,—0y > 0, then PES(mn0) (I = 0 | Hy) = 1. That is, if the auxiliary arm 0 is not
pulled under 7, the recommendation of ES(7, n, ¢) is consistent with that of 7. Else, ES(7,n, ¢)
recommends arm 0 as the best arm.

The next result below provides a “bridge” between a policy 7 and its early stopped version.
Lemma 4.3. Fix a problem instance v € P, policy m, n € N, and v € [K]. For any A C [K| and
F = {fT S A} N {NL,T < Tl},

Py (E) = BSmO(E). (20)
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In addition, let X (™) == {(2;1)ic(x) e © (@it)iexleer) € X € R™ x ... x R, where
n; = T for all i # ¢ and n, = n. Notice that Definition|2.1|readily extends to any randomised policy
that maps X' (%) to {0,..., K'}7*!. We then have the following corollary to Lemma

Corollary 4.4. If 7 : X — [K|"*! meets the c-DP constraint, then ES(m,n,1) : X —
{0, ..., K}T*Y also meets the e-DP constraint.

Given the early stopping version of a policy 7, the following lemma provides a “bridge” between two
problem instances v, v’ € P.

Lemma 4.5. Fix a policy m,n € N, ¢+ € [K], and € > 0, and suppose that M = ES(w,n, ) satisfies
the e-DP constraint with respect to X ™). For any pair of instances v = ((ai)ie(x]s (Mi)ick] 07, €)
and v' = ((a;)ie(x), (V) ie(k], 0" ), with " # 0'", v, # v/, and v; = V] for all i # 1, we have

pM (M((Xs5)ielx),jem)) €S) <€ P! (M((Xi5)icrx)jem) €S) VS CHO,.. -7K}T(;1)
where in 1)), (i) &' = 6en TV (v,,v]), with TV (v,, v]) being the total variation distance between
the distributions v, and v!, and (ii) n; = T for all i # 1 and n, = n.

The proof of Lemma[.5|follows exactly along the lines of the proof of [Karwa and Vadhan| (2018|
Lemma 6.1) and is omitted. Leveraging Lemma[.5]in conjunction with Lemma[4.3|provides us with
a change-of-measure technique, facilitating the transition from P7 to P7, under any given policy .
This change-of-measure technique serves as the foundation that enables us to derive the subsequent
minimax lower bound on the error probability.

Definition 4.6. A policy 7 for fixed-budget BAI is said to be consistent if
TEIEOO Py (I #1i*(v)) =0, YveP. (22)

Theorem 4.7 (Lower Bound). Fix any (31, B2, B3 € [0, 1] with 81 + B2 + B3 < 3, a consistent policy
w, and a constant ¢ > 0. For all sufficiently large T, there exists an instance v € P such that

T (7 5k T
Py (I7 # i*(v)) > exp ( oz P (Han (1) & Hpri(v)53)>' (23)
Consequently,
inf liminf PT (I #i*(v)) T >1
TrC(}r%ixtent ZLI—I}-}-EO igg o \UT N b C(log d)ﬁl (I{E»Al(v)ﬁ2 + Hpri(v)ﬁs) -

(24)
forany ¢ > 0and By, B2, B3 € [0,1] with 51 + B2 + 83 < 3.

Theorem proved in Appendix [H] implies that for any chosen 3 € [0, 1) (arbitrarily close to
1), there does not exist a consistent policy 7 with an upper bound on its error probability assuming

any one of the following forms for all instances v € P: exp (fQ ((103; d)B(HBAT;(U)+H _(U)))),

exp (fQ ((logd)(HBAI?;)ﬁ+Hpr;(v))))’ or exp (fQ ((logd)(HBAIEFvHHpn(v)f’)))' In this sense, the
dependencies of the upper bound in on logd, Hga1(v), and Hp,i(v) are “tight”. Also, in this
precise sense, none of these terms can be improved upon in general.

Remark 3. 1t is pertinent to highlight that the upper bound in applies to any problem instance,
whereas the lower bound in (23)) is a minimax result that is applicable to one or more hard instances.
An ongoing quest in fixed-budget BAI is to construct a policy with provably matching error probability
upper and lower bounds for all problem instances.

5 NUMERICAL STUDY

This section presents a numerical evaluation of our proposed DP-BAI policy on synthetic data, and
compares it with BASELINE, an algorithm which follows DP-BAI but for Lines 6 to 13 in Algorithm|[T]
i.e., BASELINE does not construct MAX-DET collections. We note that BASELINE is e-DP for any
€ > 0, and bears similarities with SEQUENTIAL HALVING (Karnin et al.,|2013)) when ¢ — +o0 (i.e.,
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Figure 1: Comparison of DP-BAI to BASELINE, OD-LINBAI and DP-OD for different values of €.
Note that ¢ is not applicable to OD-LINBAI

non-private algorithm). However, because it does not exploit the linear structure on the arm means,
we will see that it performs poorly vis-a-vis DP-BAI. In addition, we compare DP-BAI with the
state-of-the-art OD-LINBAI (Yang and Tan| [2022) algorithm for fixed-budget best arm identification,
which is a non-private algorithm and serves as an upper bound in performance (in terms of the error
probability) of our algorithm. Also, we consider an e-DP version of OD-LINBAI which we call
DP-OD. A more comprehensive description of the DP-OD algorithm is presented in Appendix [E.T]

Our synthetic instance is constructed as follows. We set K = 30, d = 2, and §* = [0.045 0.5] ",
a; =[01]",a, = [009]T, a3 = [100]7, and a; = [l w;]" foralli € {4,...,30}, where
w; is randomly generated from a uniform distribution on the interval [0, 0.8]. Clearly, 3 = 0.5,
po = p3 = 0.45, and p; = w;/2 + 0.045 for all ¢ € {4,...,30}, thereby implying that arm 1
is the best arm. The sub-optimality gaps are given by As = Az = 0.05 and A; > 0.05 for all
1 € {4,...,30}; thus, arms 2 and 3 exhibit the smallest gaps. In addition, we set v;, the reward
distribution of arm 4, to be the uniform distribution supported on [0, 2] for all i € [K].

We run experiments with several choices for the budget 7" and the privacy parameter €, conducting
1000 independent trials for each pair of (7', ¢) and reporting the fraction of trials in which the best
arm is successfully identified.

The experimental results are shown in Figure[I]for varying 7" and € values respectively. As the results
demonstrate, the DP-BALI policy significantly outperforms BASELINE and DP-OD, demonstrating
that the utility of the MAX-DET collection in exploiting the linear structure of the arm means. We
also observe that as € — 400 (i.e., privacy requirement vanishes), the performances of DP-BAI and
the non-private state-of-the-art OD-LINBAT algorithm are similar.

6 CONCLUSIONS AND FUTURE WORK

This work has taken a first step towards understanding the effect of imposing a differential privacy
constraint on the task of fixed-budget BAI in bandits with linearly structured mean rewards. Our
contributions include the development and comprehensive analysis of a policy, namely DP-BAI,
which exhibits exponential decay in error probability with respect to the budget T', and demonstrates
a dependency on the dimensionality of the arm vectors d and a composite hardness parameter, which
encapsulates contributions from both the standard fixed-budget BAI task and the imposed differential
privacy stipulation. A distinguishing aspect in the design of this policy is the critical utilization of
the MAX-DET collection, instead of existing tools like the G-optimal designs (Yang and Tan, [2022)
and X Y-adaptive allocations (Soare et al.,2014). Notably, we establish a minimax lower bound that
underlines the inevitability of certain terms in the exponent of the error probability of DP-BAI.

Some interesting directions for future research include extending our work to incorporate generalized
linear bandits (Azizi et al.,[2022)) and neural contextual bandits (Zhou et al., 2020). Additionally, we
aim to tackle the unresolved question brought forth post Theorem does there exist an efficient
fixed-budget BAI policy respecting the -DP requirement, whose error probability upper bound
approximately matches a problem-dependent lower bound?
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Supplementary Material for
“Fixed-Budget Differentially Private Best Arm Identification”

A USEFUL FACTS

In this section, we collate some useful facts that will be used in the subsequent proofs.

Lemma A.1 (Hoeffding’s inequality). Let X1, ..., X,, be independent random variables such that
a; < X; < b; almost surely for all i € [n], for some fixed constants a; < b;, i € [n]. Let

S,=X1+--+X,.
Then, for all € > 0,

2¢?
P(S, —E[S,] >¢€) < —_ |, 25
( [Sn] > €) <exp ( SN ai)2> (25)
P (|Sy —E[S,]| > €) < 2exp B, (26)
- Sy (b — )

Definition A.2 (Sub-exponential random variable). Let 7 € R and b > 0. A random variable X is
said to be sub-exponential with parameters (72, b) if

27_2
E exp(AX)] < exp (2

) VA< % 27)

Lemma A.3 (Linear combination of sub-exponential random variables). Let X1,..., X, be in-
dependent, zero-mean sub-exponential random variables, where X; is (Tf, bi)-sub-exponential.
Then, for any ai,...,a, € R, the random variable Y, a;,X; is (7%,b)-sub-exponential, where

2 =3"" | a?r? and b = max; b; |a;|.

Lemma A.4 (Tail bounds of sub-exponential random variables). Suppose that X is sub-exponential
with parameters (72, b). Then,

2 2
y ) L 0<e<

_
exp (—-— —,
P(X —E[X] >¢) < < 272 b (28)

Clew(-5). 3
exp ) € b
B AN EXAMPLE OF THE POLICY-SPECIFIC NOTATIONS IN SEC.[3.1]

Consider d = 16, K = 10,000. Then, we have gy = 64, hg = 9936, M; = 4, M = 10 and
A = 27.65. In the following table, we display the values of s, forp =1,..., M;.

p Sp (Sp—1 —90)/(8p — go)

1 1000 N.A.

2 423 ~ 27.65

3 77 ~ 27.68
I(=0) | 64 ~27.62

Forp = M; +1,..., M, we simply have s, = 2'977 i, s5 = 32,86 = 16,...,510 = 1.

Notice that the values in the third column of the above table (apart from the first row which is
not applicable) are nearly equal to the value of A\. Based on the above table, we may bifurcate
the operations of our algorithm into two distinct stages. Roughly speaking, in the first stage (i.e.,
phases 1 to M), the algorithm aims to reduce the number of arms to a predetermined quantity
(i-e., go) as quickly as possible. Following this, in the second stage (i.e., phase M; + 1 to M), the
algorithm iteratively halves the number of arms. This process is designed to gradually concentrate
arm pulls on those arms with small sub-optimality gaps (including the best arm) as much as possible,
thereby improving the accuracy of estimating the mean of the best arm and encouraging effective
identification of the best arm.

12
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C EQUIVALENCE OF OUR NOTION OF DP WITH THE NOTION OF TABLE-DP
OF|AZIZE AND BASU| (2023))

In this section, we discuss the notion of fable-DP introduced in the recent work by |Azize and Basu
(2023], Section 2), and we will show that our definition of differential privacy in Definition @] is
equivalent to the notion of table-DP. Firstly, to maintain notational consistency with|Azize and Basu
(2023)), we introduce a dual decision maker who obtains the reward X 4, ; rather than the reward
XA,,Na4,, upon pulling arm A; at time step ¢; see Section@]for other relevant notations. Then, for
any policy 7, we write D() to denote its dual policy obtained by substituting its decision maker
with the dual decision maker. Clearly, in the non-private setting, any policy is equivalent to its dual
policy. We demonstrate below that the same conclusion holds under DP considerations too. To begin,
we formally define DP for the dual policy.

Definition C.1 (Column-neighbouring). We say that x,x’ € X are column-neighbouring if they

differ in exactly one column, i.e., there exists ¢ € [T'] such that x. ; # x; and x. ; = x/ , for all

s #t, where x. == (X;,)/; and x/ , := (x;,s)iK:1 .

Definition C.2 (Table-DP). Given any ¢ > 0 and a randomised policy M : X — [K]TT!, we say
that the dual policy D (M) satisfies e-table-DP if, for any pair of column-neighbouring x, x’ € X,

PPM) (D(M) (x) € S) < £ PP (DIM)(x') € S) VS c [K]T+HE
Forany z = (z,)1 ! € [K]T*!, we denote [z]’ == (z,)]_, € [K]?~*+1. Then, we have the following
alternative characterization of table-DP.
Corollary C.3. Given any e > 0 and a randomised policy M : X — [K|T*1, the dual policy D(M)
satisfies e-table-DP if and only if for any t € [T| and any pair of column-neighbouring x,x' € X
with X. 4 # xfyt,

PPM) (ID(M) (x)]THE € §) < e PP ([D(M)(x')]fjf € s) VS C [K]|TtH

In the following, we demonstrate that the notions of DP in Definition [C.2] and Definition [2.1] are
equivalent after some slight modifications in notations.

Proposition C.4. Fix any policy w. If w satisfies e-DP, then D(n) satisfies e-table-DP.

Proof. Fix any z = (2;)]_* € [K]7*!, and any pair of column-neighbouring x”, x'? € X. For

i€ [K]andt € [T], we let

T
Nit = Z 1{zt:i}~ (29)
t=1

Notice that n; ; is equal to N; ; if A, = 2, for all 7 < ¢. Then, we construct X, x’' € X by defining
forall ¢t € [T

_ D / /D
=X ¢ and Xoime, o = Xzt (30)

and for all (i, j) € [K] x [T]\ {(zt,n2,4) | t € [T]},

th,"zt,t N

x;j =0 and xj,:=0.

Hence, the fact that x” x'P? € X are column-neighbouring, implies that either x and x’ are
neighbouring or x = x’. That is, by the assumption that 7 satisfies e-DP, we have

P (7(x) =2) < P (n(x') = 2z). 31
In addition, by (29) and (30) we obtain that
P (7(x) =z) = pP ™ (D(?T)(XD) =z) and
P™(n(x') = z) = PP (D(r)(x'P) = z). (32)
Finally, combining and (32)), we have
PP (D(n)(xP) = 2) < PP (D(7)(x'P) = 2),

which completes the desired proof. O

13
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Proposition C.5. Fix any policy w. If D(r) satisfies e-table-DP, then w satisfies e-DP.

Proof. Fix any z = (2;)7,' € [K]T*!, and any pair of neighbouring x, x’ € X. Again, for i € [K]

and ¢ € [T] we let

T
nig = i) (33)
t=1

Then, we construct x, x'P € X by defining for all ¢ € [T]

and xP, =x (34)

XD
zt,t " Zt5Mzy,t)

Zt,t

and for all (z,7) € [K] x [T]\ {(2,1) | t e [T]},

T thnzt,t

D ._ /D ._
X = 0 and X = 0.

Hence, the fact that x,x’ € X are neighbouring, implies that either x” and x’P are column-
neighbouring or x” = x’P. That is, by the assumption that D(r) satisfies e-table-DP, we have

PP (D(n)(xP) = 2) < PP (D(7)(x'P) = 2). (35)
In addition, by and we obtain
P (7(x) =z) = pP ™ (D(T()(XD) =z) and
P (n(x') = 2) = PP (D(m)(x"") = 2). (36)
Finally, combining and (36), we have
P™(n(x) = z) < P" (n(x) = z),

which completes the proof. O

Combining Propositions [C.4]and [C.5] we obtain the following corollary.
Corollary C.6. A policy w satisfies e-DP if and only if D(r) satisfies e-table-DP.

This proves the equivalence betweeen our notion of DP in Definition [2.1] and the notion of table-DP
appearing in the work of|/Azize and Basu| (2023)).

D EXTENSION OF OUR RESULTS TO (¢, §)-DIFFERENTIAL PRIVACY

Below, we first define the (¢, ¢)-differential privacy constraint formally.

Definition D.1 ((¢, §)-differential privacy). Given any ¢ > 0 and § > 0, a randomised policy
M : X — [K]|T+! satisfies (e, §)-differential privacy if, for any pair of neighbouring x,x’ € X,

PMM(x) €S) <efPMM(x)eS)+6 VS cK|THL

The above definition particularises to that of e-differential privacy when § = 0. Therefore, it is clear
that any policy that satisfies the e-DP constraint automatically satisfies (e, §)-DP constraint for all
d > 0. In particular, our proposed DP-BAI policy satisfies the (¢, §)-DP constraint for all 6 > 0.

However, DP-BAI has been specifically designed for (¢,0)-DP, and does not adjust the agent’s
strategy for varying values of §. Therefore, exclusively for the (e, §)-differential privacy constraint
with 6 > 0, we provide a variant of our proposed algorithm called DP-BAI-GAUSS that utilises the
Gaussian mechanism (Dwork et al.||2014)) and operates with additive Gaussian noise (in contrast to
Laplacian noise under DP-BAI). The pseudo-code of DP-BAI-GAUSS is shown in Algorithm
where the differences from DP-BAT are highlighted in red.

Proposition D.2. The DP-BAI-GAUSS policy with privacy and budget parameters (£,0,T) satisfies
the (g, 8)-DP constraint, i.e., for any pair of neighbouring x,x' € X and ¥S C [K]T*1,

PHor-earcsss (T pap Gauss(X) € S) < e PHorearcass (TTpp gy Gauss (X)) € S) + 6. 37
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Algorithm 2 DP-BAI-GAUSS
Input:
g, ¢: differential privacy parameters; T: budget; {a; : i € [K]}: d-dimensional feature vectors.
Output: Ip: best arm.
I: Initialise Tp = 0, A; = [K], a\”) = a; forall i € [K]. Set M and T” as in ().
2: for pe {1,2,...,M} do
Setd, = dim(spzem{a(p_1 i€ Ap}).
Obtain the new vector set {a\”) : i € A,} from the set {a?~ " : i € 4,} via ().

3

4

5:  Compute s, using (7).
6: ifd, < ,/s, then
7.
8
9

Construct a MAX-DET collection B, C A,.

Pull each arm in B,, for (%1 many times. Update T}, < T,—1 + d, [%W
Obtain the empirical means {{;(p) : i € By} via (10).

£(p)

10: Generate ;" ~ Gaussian | 0, 210g(1.25/9) ) for j € Bp.
(T )2
11: Setﬁ(p)eﬂ(p)—i—gp) forall i € B,.
12: Forarm i € A, \ B, compute ,u(p ) via
13:  else ,
14: Pull each arm in A, for “\f 1 many times. Update T}, <+ Tp—1 + Sp[ 1o |
15: Obtain the empirical means {l%' i € Ay} via (10).
16: Generate £ ~ Gaussian (0, % fori € A,.
17: Set it a7 4 €W forall i € A,.
18:  endif

19:  Compute sy using (7).

20:  Apyi ¢ the set of 5,41 arms with largest private empirical means among {ﬁl(.p ) iie Ayt
21: end for

22: I < the only arm remaining in Ap; 41

23: return Best arm fT.

The proof of Proposition[D.2]is deferred until Section[I} Below, we present an upper bound on the
error probability of DP-BAI-GAUSS.

Proposition D.3. For any problem instance v € P,
2

. T T
IEDEDP-BAI-GAUSS (IT £ i*(v)) <exp | -0 A ,

Hpar logd log(%) Hp,i logd

where Hgar and Hy,; are as defined in (13).

The proof of Proposition [D.3] follows along the lines of the proof of Theorem 2] by using sub-
Gaussian concentration bounds in place of sub-exponential concentration bounds. The proof is
deferred until Section[]l

Remark 4. Tt is pertinent to highlight that the contribution of our algorithms do not lie in the
introduction of a novel privacy mechanism such as Laplace and Gaussian mechanisms. Instead,
we propose a new sampling strategy based on the MAX-DET principle for fixed budget BAI. This
strategy can be seamlessly integrated into any differential privacy mechanism, including the Laplace
and the Gaussian mechanisms.

Table |1| shows a comparison of the upper bounds for DP-BAI-GAUSS and DP-BAI (from Theo-
rem[4.2). Because DP-BAI is (e, d)-differentially private for all § > 0 as alluded to earlier, the
preceding comparison is valid.

We observe that DP-BAI-GAUSS outperforms DP-BALI for large values of § and 7. In the small §
regime, however, DP-BAI performs better than DP-BAI-GAUSS. In particular, when § = 0, the
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Condition on 7" and DP-BAI-GAUSS DP-BAI
2
T T T T
(Vo) 2w | o (-0 ()¢ o (-0 (i)
2 2
T T T _ T (_ ( T ))
Hlogd = (\/bg(%)Hpn logd) < Hparlogd| P < Q ( /ﬁg(%)Hmilogd> ) V| exp (= Froga
2 2
T T _ T _ T
<\/108(%)Hpri logd> < Hiogd P ( & (\/log(%)Hpralogd> ) exp( @ (Hlo%d)) v
6=0,T>0 exp(—(1)) (vacuous) exp (—Q (ﬁgd)) v

Table 1: Comparison between the upper bounds of DP-BATI and DP-BAI-GAUSS. The ticks indicate
the tighter of the two bounds under the given condition.

additive noise in the Gaussian mechanism is infinite and thus vacuous. That is, DP-BAI-GAUSS is
not applicable when § = 0. The above trends are not surprising, given that DP-BAI is designed for
0 = 0 and is hence expected to work well for small values of §. Finally, in order to keep the analysis
simple and bring out the main ideas clearly, we hence only discuss -DP criterion in our main text,
and the discussion regarding of (¢, §)-DP is presented in this section of the appendix.

E A DIFFERENTIALLY PRIVATE VERSION OF OD-LINBAI (YANG AND TAN,
2022)) AND ITS ANALYSIS

E.1 DETAILS OF IMPLEMENTING DP-OD

To achieve e-DP for DP-OD, a variant of OD-LINBAI (Yang and Tan, [2022), one of the natural
solutions is to use the idea of [Shariff and Sheffet| (2018)), which is to add random noise in the ordinary
least square (OLS) estimator; we note that OD-LINBAI uses the OLS estimator as a subroutine,
similar to the algorithm of |Shariff and Sheffet (2018)). Specifically, given a dataset {(x;, v;)}7 4.
one of the steps in the computation of the standard OLS estimator (Weisberg, [2005, Chapter 2) is to
evaluate the coefficient vector B via

Gp="U,

where G is the Gram matrix in the OLS estimator and U = Z?zl x;y; is the moment matrix.
While [Shariff and Sheffet] (2018]) add random noise to both G and U, we do not add noise to G
as the feature vectors are determined and known to the decision maker in our setting. Instead, we
add independent Laplacian noise with parameter % to each element of U of the OLS estimator,
with L = max;¢(k1|/ai||; we use Laplacian noise instead of Gaussian or Wishart noise, noting from
Shariff and Sheftet| (2018, Section 4.2) and Sheffet| (2015, Theorem 4.1) that the latter versions of
noise can potentially be infinite and hence not particularly suitable for satisfying the e-DP constraint.
Using [Shariff and Sheffet (2018 Claim 7), we may then prove that the above method satisfies the
e-DP constraint.

E.2 A BRIEF ANALYSIS OF DP-OD

The error probability of identifying the best arm under DP-OD depends not only on the suboptimality
gaps of the arms, but also inherently a function of the arm vectors, as demonstrated below.

Proposition E.1. Let K = 2, a; = [z,0]", ay = [0,y]" with z,y > 0, and 6* = [(0.5 +
A)/xz, 0.5/y]" for some fixed A > 0. The upper bound on the error probability of DP-OD for the

above bandit instance is
T
-0 .
ex"( (AZ%MN))

Proof. Note that there is only one round in DP-OD for the two-armed bandit instance. Let 77 and 75
be the number of arm pulls for arm 1 and arm 2, respectively. By the sampling strategy of DP-OD,
we have Ty = ©(T) and T = O(T') (as T — oo). From the description in Section[E.1] we note that
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the moment matrix is given by U = ZZT:ll a1 Xy + ZlTil a X5 ;. We denote U to be the moment
matrix with Laplacian noise, i.e.,

U=U+[.8)], (38)

where El and Eg are independent Laplacian noises with parameters % and L = x V y, respectively.
The estimates of the expected reward of arm 1 and arm 2 are

i = (G7'U,a;) (39)
and ~
<G’1U as), (40)
where the Gram matrix G = T1a1a1 + T 2a2a2 Then, the event {{i; > [io} implies that the
decision maker successfully identifies the best arm. In other words,

P(Ip # 1) < P(fiy < fia). (41)
By (39) and ({@0), we have
T T> g =~
- 1 1 & &2
= =S XS X, (252 ),
Hr = p2 T Z b Ty ; 20+ (le yT2>

i=1

Hence,
T Ts
IS X1, A Xo A
P(ji; — <P : B B ' =
(Fir — iz < 0) < (2_; 7o<m 4)+ <§_; T >u2+4>
& A & A
Pl < 2 ) 4p( 252, 42
+ (:Z?Tl < 4 + yTQ > 4 ( )
By Lemma[A.T] we have
Ty
P 2L 2 < L 43
(; To<m 4>_exp( < 2>7 (43)
and .
2
p( S 220 2) < —=2). 44
(§5me) sen(2) “
For sufficiently large 7 and 75, by Lemmal[A.4] we have
gl A TlAE
- < —— < 45
(le 4 = oxp 8(x Vy /a; 43)
and
A ToA
( 62 > ) < exp (—2€> . (46)
yIr ~ 4 8(zVy)/y

Recall that T} = O(T') and T = O(T) (as T — o0), and by combining @#2), @3), @4), @5)

and (6), we have
T
P < p2) < —Q .
(111 uz)eXP< <A T IVIA) 1))

O

Noting that ;Xz can be arbitrarily large, the above bound is inferior to the upper bound of DP-

BALI (equal to exp(fﬁ(ﬁ)) for the above bandit instance). Figure [2|shows the empirical

performances of DP-BAI and DP-OD by fixing « and varying y in this problem instance, where

A = 0.05, z = 1is fixed, and y > 1 is allowed to vary, and the reward distribution is uniform

distribution in [0, 2u;] for arm 4 = 1, 2. The success rates are obtained by averaging across 1000
xVy

independent trials. We observe that when the ratio Y increases, the performance of DP-OD

becomes worse. However, the performance of DP-BAI is essentially independent of this ratio
as the theory suggests. The numerical results presented in Section 5 of our paper as well as this
additional numerical study, showing the empirical performances of DP-BAI and DP-OD, reaffirm
the inferiority of DP-OD.
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Figure 2: Comparison of DP-BAI to DP-OD for different values of % in the two-armed bandit

instance introduced in Appendix [E.2}

F PROOF OF PROPOSITION [4_1]

Let N i(p ) —

5, 1,- Under the (random) process of DP-BAI, we introduce an auxiliary random

mechanism 7 whose input is x € X, and whose output is (Ni(P), ﬁgp ))1’6[ K],pe[M]» Where we define

ﬁz(-p ) = 0ifi ¢ A,. By Dwork et al|{(2014, Proposition 2.1), to prove Proposition it suffices to
show that 7 is e-differentially private, i.e., for all neighbouring x, x’ € X,

P (7(x) € S) < efPT(7(x) €S) VS CQ, (47)
where € is the set of all possible outputs of 7. In the following, we write PT to denote the probability
measure induced under 7 with input x € X'.

Fix neighbouring z,z’ € X arbitrarily. There exists a unique pair (3, t) with z, ,, # z; ,,. In addition,

!/
nn’

fix any ng ?) ¢ N and Borel set XE P C C [0,1] for ¢ € [K] and p € [M] such that
o<a” <n® <. <™ <1 vie[K]
Let
M4, ifn™ <n 48)
k min{p € [M] : n{") > n}, otherwise.
For any j € [M], we define the event
D; = {¥(i.p) € [K] x [f]: N{” =n” 5" € x{"'}

and
D} =D;_ 1 N{NP =},
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Forj e {j+1,...,M}
D= {V(i,p) € [K] x {j+1,...,5'}: NP =n® 5o} ¢ )y
In particular, Dy and Dy, as are events with probability 1, i.e.,

P (DoN D) =1 Vx€AX.

(M)
i

Then, if n < n, by the definition of 7™ we can have

Py (Dy) =Pj (D). (49)

(M)

In the following, we assume ;" > n and we will show

P (D) < exp(e)Pf, (D) (50)
which then implies that 7 is e-differentially private.

For x € {z,7'}, we denote

Ny =y

(p)
n;
: >
="y D 6]
z i j:n;g_l)—&-l

(»)

That is, pux is the value of /i, in the condition of D;, under probability measure PZ.

Then, by the chain rule we have for both x € {z,z'}

P7 (Da) = BF (D) % (7 € x| D) B (Dyar | D)

=P (D'B) /xex‘.“ frap(@ — pix)PL (DB,M | D, N {ﬁg) = x}) dz (51

where fr.ap(+) is the probability density function of Laplace distribution with parameter e 1 T
e(n;~ —n;~

i

Note that by definition it holds

i (D'B) = P7, (Dé)
21 (Dyar | D0 (Y = at) = B (Dpar | D2 = a}) wrex® 5D
Frap(® = tz) < exp(E) frap(z — par) Vo € 1
Hence, combining (31)) and (52), we have
P} (D) < exp(e)Py, (Day)

which implies 7 is e-differentially private.

G PROOF OF THEOREM

Lemma G.1. Fixd € N and a finite set A € R? such that span(A) = R . Let B= {by,...,ba}
be a MAX-DET collection of A. Fix an arbitrary z € A, and let 31, . .., By € R be the unique set of
coefficients such that

d
zZ = Z ﬂzbz
i=1

Then,

Bi| < 1foralli € [d].
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Proof. Fixz € ALet B=[by by ... bg]bethed x d’ matrix consisting of vectors in /5. Let
B=[B B ... ,B’d/]—r to be a vector consisting of the members 31, ..., Ba.

Then, by the definition of j3; for i € [d’], we have
B3 =z.

In addition, let B be the matrix that is identical to B except the ¢-th column is replaced by z, i.e.,

BY =[b; ... biy z by ... byl forie [d]. Note that by the definition of MAX-DET
collection, we have

|det(B)| < |det(B)]. (53)
By Cramer’s Rule (Meyer}, 2000, Chapter 6), we have
(@)
= (?e(t(BB))' 54)
Finally, combining (53) and (54), we have for all ¢ € [d']
8 <1
O

Lemma G.2. Fix an instance v € P and p € [M]. Let i*(v) denote the unique best arm under v.
For any set Q C [K] with |Q| = s, and i*(v) € Q, let dg = dim(span{a; : i € Q}). We have

P (i 2 i, | A = Q)

A2 T’ eA; T’
-7 |- =y -
< 2exp <_ 16 {M(dé A sp)D 2 exp ( 16 Lwdg2 A sp)D (55)

for all T’ sufficiently large and j € Q \ {i*(v)}.

Proof. Fix j € Q\ {i*(v)}. Notice that the sampling strategy of IIpp.ga; depends on the relation
between |Q| and d¢g. We consider two cases.

Case1: dg > +/|9Q|.
In this case, note that each arm in Q is pulled [#/Ql-‘ many times. Let
By =i — i), + 8 = 8;/2) (56)
Let X; s = X, s — p; foralli € [K] and s € [T). Notice that X; ; € [—1, 1] for all (i, s). Then,
PUHDP—BAI(El |A _ Q)

R B N
S D D D S S a1
s=Nj,1, s=Ni*(v),1p

(3 al)

where (a) follows Lemma[A.T] Furthermore, let

By ={& — ¢l > A;/2}. (58)
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We note that both & ](-p ) and fz(*p gv) are (72, b) sub-exponential, where 7 = b = ﬁ Lemma

Mol |
then yields that £ J(p ) fl(p ()U) is sub-exponential with parameters < 2f > , T . Subse-
{ MIQI ] [Al W
quently, Lemma yields that for all sufficiently large 77,
Aj/2
]PJEDP-BAI (E2 | Ap — Q) <exp | — J4/
[ wrar |
it | =
J
= exp —% . 59)

‘We therefore have
Bl (1) > 78, | 4, = Q)
< Persn (By U By | A, = Q)

2 (-] ) sF] )
SIRY i ST P R

where (a) follows from the union bound.
Case 2: dg < +/|9)].
(P _

In this case, each arm in B, C Q is pulled for {MT—;Q—‘ times. Recall that we have a;’ =

DieB, ¥ d ( ). Using O, th1s implies a; =}, ;i a;, which in turn implies that (a;, 0*) =
Dien, Qi <al, 6*). Using (12, we then have

B (] A, = Q) = . (61)
If j ¢ B,, we denote
A(p) Z aj, #L (62)
LEB,
and _
&V =" a;.&P. (63)
EB,

Note that (62) and (63) still hold in the case of j € B,. We define the event

N A;
G = {/é’p) —Hj 2 4]}

Then, we have

PEDP—BAI (Gl ‘ Ap — Q)

T T A
_ pllbp-par ~ (P) — ) > =7

LeB,  s=N, T 71+1
(a) 2([1”‘1@—‘ A;j/4)?

<exp|—
dq {Md’Qw
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[ ,

1 T’ ,

where (a) follows LemmalG_Tﬂ and Lemma[A.1] In addition, we define the event
_faw o A
G2 - {EJ > 4} .

By Lemma |A.3 and Lemma we have E§” ) = >en, a;,&" is a sub-exponential random

, T) Then, by Lemmal|A 4] it
Bk

A /4

dmax,en, |y,
T/
IVT\/IdQ‘IE

[MdQW 2y
16

variable with parameters (], .z oz? L(%)Q,
v g |

holds that for 7" sufficiently large

PEDP—BAI (G2 ‘ Ap — Q) < exp

<exp |-

T/
’VJM(d?Q/\sp)—‘ el;

< oxp 16

(65)

Define the events

_ ) A = A;
Gs = {,Ltif(v) Hix () < 4} and G, = {fif(v) < 4]} )
Similar to (64) and (63)), we have

TIpp-pal — _1 771/ — 2
HDv (G3 | 'AP - Q) < exp ( ] ’VM(dé A Sp) 1-‘ A]) (66)

and for sufficiently large 7",

| e | <2

Bl (G | A, = Q) < exp |~ 2

(67)

Hence, in Case 2, for sufficiently large 7" we have
IIpp. ~(p) 5 (@)
I[DUDPBAI (:uj > 7 () ’A )
< PEDP'BA' (Gl UG UG3 UGy ‘ Ap = Q)

1 T’ 1 T’
<2 S |—— I N 2 —— | eA; 68
< exp( g {M(dé/\sp) —‘ j>+ exp( 6 ’VM(dé/\sp)—‘E J> (68)

Finally, combining both Cases 1 and 2, for sufficiently large 7", we have

P (12 3, 4y =)
1 T 1 T

<9 g A2 o P A,

eXp( { M(@ A sp) ]>+ eXp( 6 {M(dé/\sp)-‘s J)

1 T 1 T
<2 L A?) 42 E— .
eXp( 16 ’VM(dé/\sp)—‘ >+ eXp( 16 ’VM(dé/\sp)—‘E J)
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1] Recall the definitions of X in @) and g in (8). For

Lemma G.3. Fix instance v € P andp € |
) € Q, it holds when T is sufficiently large

any set Q C [K] with |Q| = s, and i*(v

(

Pyerst (i (v) ¢ Apia | Ap = Q)
1 T 1 r

<2 (o0 (= 55 sz | 80) +o0 (=5 3 | 2e)) @)

Proof. Fix v € P, p € [M;] and Q C [K] with |Q| = s, and i*(v) € Q. Let Q" be the set of
8p — go + 1 arms in Q with largest suboptimal gap. In addition, let

N*® b— E 1, ~
{/L<p)> (5)(1,)}
jeQsub

be the number of arms in QS"P with private empirical mean larger than the best arm. Then, we have

]EUHDP-BAI (Nsub |Ap _ Q)

jeQsub

S p 258 A=)
JjEeQs Pk

(a) 1 T 1 T’

< 2|lexp | —— 5 A2-> + exp (— ’72—‘ EAj))
g ( < 16 {M(dQ Nsp)| 7 16 | M(d§ A sp)

1 T
2
A(Qo)) +exp <_16 ’VM(dZQ A Sp) 5A(90)>>

— A
P
1 T
+ exp ( 16 ’VM(d?Q y Sp)—‘ EA(QO)> ), (70)

where (a) follows Lemma|[G.2} and (b) follows from the fact that min;c oo Aj > A(y).
Then,

PUOY (1°(0) ¢ Apia | Ay = ©)

< ]P)HDPBAI (Nsub > S$pr1 — 9o +1 | -Ap — Q)
( ) EEDP—BAI (NSUb ‘ Ap — Q)
Sp+1 — 9o +1

() 2(sp —go +1) 1 T 5 1 T

< gt ) e |—|a —— |ea

T Spr1—got1 €xp 16 M(d?Q A sp) (90) | T€XP (d2 5p) €2(g0)
@ 2(h, + 1) 1 T 1 T

< 2 T | — = | AZ S A

= Ty +1 (eXp < 16 {M(dé A sp)w <90>> e ( 16 {M(dé A sp)w © (9")))
(e) 1 T’ 1 T’

< 2 —— | ———— | A? — | A

oo (s [ | ) o (G s )

where () follows from the fact that N5uP > Sp+1 — go + 1 is a necessary condition for i*(v) ¢ Ap+1
when A, = Q, (b) follows Markov’s inequality, (c) is obtained from (70). In addition, (d) is obtained
from the definition in (7)), and (e) is obtained from the definition in (6).

INS

O
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Lemma G.4. Fix instancev € Pandp € {M,+1,...,M}. For any set Q C [K] with |Q| = s,
and i*(v) € Q, it holds that when T is sufficiently large

PU (1°(0) ¢ Api | Ay = ©)

1 T ) 1 T
< e I ——
—6<6Xp< 16 W(démﬁ%“pu*”)*eXp< 16 [ M(d% AstA(SW*”))’
(71

where we define sy = 1.

Proof. Fixv € P,p € [M;]and Q C [K] with |Q| = s, and i*(v) € Q. Similarly, let Q5" be the
set of s, — 5,42 arms in Q with the largest suboptimality gaps. Again, let

NS E 1. ~
{ (P) > (P) U)}
]EQZSub

Then, we have
]EHDP-BAI (Nsub | A _ Q)

= ]EHD”“( P>, }|A = )

jegeu

< Z IP)HDP BAI (M ~(f(v ’A )
JEQsub

(a) 1 T’ 1 T’

< 2 | exp (— {2 —‘ A2»> + exp ( ’72 —‘ sAj>>
jeguab ( 16 | M(dg Nsp) | 7 16 | M(d A sp)

(b) 1 T 1 T

< sub - 2 [

< 2[Q°| (exp ( 16 ’V (d2 A Sp)“ A(5p+2+1)> +exp ( 16 ’VM(dQQ A Sp)-‘ 6A(Spﬂ'f‘l)))
1 T 9

= 2(5p - 5p+2) <eXP (16 L\/l(dé/\sp)-‘ A(sp+z+1)>

1 T
+ exp (16 L\ﬂd%/\sp)—‘ 5A(sP+2+1)> >7 (72)

where (a) follows from Lemma@ and (b) follows from the fact that min,;¢ gsuv A > ASP satle
Similarly, we can have

Pyorea (% (v) ¢ Apqr | Ap = Q)
< pllorau (N*™P > 5,401 —sp0+ 1| A4, =0Q)

) EHDP BAI (Nsub ‘ Ap — Q)
Sp4+1 — Sp+2 +1

(c) - /
< 2o~ pr2) exp | 2T Alsyat1)

Sp+1 — Sp42 + 1 16 | M(dg) A sp) Spt2

1 T

TP TG | M Asy) ER(sprat1)
4) 1 T’ 1 T’
<6 N (S N S T |ea, ,
= (eXp< 16 {M(dé/\sp)—‘ “”*2“)) e p( 16 Lw(dg2 Asp)w ) “’”*”))

where (a) follows from the fact that N*"® > s, 1 — 5,2 + 1 is the necessary condition of i*(v) ¢
Ap+1 when A, = Q, (b) follows from Markov’s inequality, (c) follows (72)), and (d) is obtained

from the definition in (7).

o

(

IN

—

O
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With the above ingredients in place, we are now ready to prove Theorem &2}

Proof of Theorem[d-.2} Fix instance v € P. Recall that in DP-BALI, the decision maker eliminates
arms in successive phases, and the decision maker can successfully identify the best arm if and only
if it is not eliminated in any of the phases. That is,

M

Blovss (I (1)) < 3 BION (1%(0) ¢ Ay |5°(0) € 4,). (73)

p=1
Then, we divide the rightmost sum of the probabilities into two parts. Let

M,

Z]P)HDP BAI ~* ¢ Aerl | i ceA )

and
M

Py= > PP (if(v) € Ay | i7(v) € A,) .

p=M;+1

In the case of K < (d2 /41|, by definition we have M7 = 0, which implies that P; = 0. In the case of
K > [d?/4] by Lemma|G.3| we obtain

1777, 1 [T
P1§2M1)\ exp _Tﬁ W A(I'dz/4“) —|—exp _E W 5A(|’d2/4'|)

T T
=200 <eXP <_64MHBAI> e <_64MH)>
pri

T/
< AM N exp (64MH) (74)

In addition, by Lemma|[G.4]

M 1771 1] 1
2
R< ) 6 (eXP (—16 [MJ A(Sp+2+1)) +exp (‘16 {MS W 5A<sp+z+1>>)
p=Mi+1 p p
M
T/ 9 T/
Z 6 (eXp (_MA(Sp+2+1)) + exp <_16]\4%5A(5p+2+1)>)

p=M;+1

M T ) T
S 6 A T A
p=M;+1 (exp ( 16M (4sp12 +4) (S””H)) exp ( 16M (4sp12 + 4)5 ( pﬁﬂ)))

T’ T’
= Z 6 (eXp ( GINT A( )> + exp ( 64Mi€A(i)>)

ZG{SP+2+1 pE{M1+1 ..... M}}

T T
<6(M - M S S
< 6 ) (eXp( 64MHBA1> +eXp( 64MHpri>>

< 12(M — M) exp (— r ) (75)

IA

IA

64MH
Finally, combining (74) and (73), for sufficiently large 7" we have

]PI;IDP-BAI (jT o Z*(U)> <P+ D

64MH

T/
< exp (— 65MH> . (76)

T/
< (12M + 4M7\) exp <—>
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H PROOF OF THEOREM [4.7]

Let P’ be the set of problem instances that meet the following properties: (a) the best arm is unique;
(b) the feature vectors {ai}i}il C R are mutually orthogonal; (¢) K = d > 3 and (d) € < 1. Hence,
we have P’ C P, and it suffices to consider the instances in P’ to prove Theorem 4.7

Note that log(d) > 1, Hga1 > 1 and Hp,,; > 1 when v € P’. That is, for any v € P',T > 0,¢ > 0,
and 3, 8, € [0,1] with 3, > 3. fori € {1,2,3}, we have
( . ) oo ; )
exp | — <exp| — — — — .
c(log d)s ((Hpan) + (Hyi)% ) c(log d)Ps ((Hpan)P: + (Hyi)s )

Hence, besides we consider the instances in P’, it still suffices to show that holds in the cases of
(i) B1 €[0,1), B2 = B3 = 1, (i) B2 € [0,1), B1 = B3 = 1, and (iii) B3 € [0,1), B1 = B2 = 1. In the
following, we will show that cases (i) and (ii) can be satisfied by following the argument of |Carpentier
and Locatelli| (2016), while case (iii) is satisfied by the formula of change-of-measure introduced in
Subsection

First, we present the proof of Lemmaf4.3]in the following.

Proof of Lemma[.3] Fix a problem instance v € P, policy 7, n € N, and ¢ € [K], and event
E = {Ir € AN {N,r < n} for arbitrary A C [K].

By the definition of early stopping policy, we have

PT({N, 1 <n}) =PESmI (N, 1 < n}) (77)
and . A
PT({Ir € A} | {N,r < n}) = PES9 ({17 € A} | {N, .7 < n}). (78)
By the chain rule, we have
PT(E) = PI({N,r < n}))PI({Ir € A} | {N.1r < n}) (79)
and A
PES(n(B) = PESmO ((N, 7 < n})PESTn) (T € A} [ {N, 1 < n}). (80)
That is,
P} (E) = PFSmm)(E). (81)
O

Lemma H.1 (Adapted from Carpentier and Locatelli(2016)). Fix K> 0, H > 0, and a non-priva{e
consistent policy w. For all sufficiently large T, there exists an instance v € P with K > K,
Hga1 > H such that,

(82)

PT (I # i*(v)) > exp < 4017 )

B log(K)Hpa1(v)

Note that (82) still holds even with DP constraint, and the privacy parameter € will not affect Hpaj.
Hence, we can have the following corollary.

Corollary H.2. Fix K>0H>0¢> 0 and a consistent policy . For all sufficiently large T,
there exists an instance v € P’ with K > K, Hga1 > H and € = & such that,

BT (fr # i*(0)) > exp ( 4017 )

- 83
log(K)HBAI(v) ( )

With the above Corollary, we are now ready to discuss Case (i) in Lemma

Lemma H.3. Fix any 8 € [0,1), a consistent policy m, and a constant ¢ > 0. For all sufficiently
large T, there exists an instance v € P’ such that,

(T - 3
Py (Ir #i* (v)) > exp (_ c(log K)P(Hpar(v) + Hpri(v))) o
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Proof. Fixc >0, 8 € [0,1). Let &( f( H,&,T) to be the instance in Corollarythat meets (83).

Then, when K > exp (4011 7 (20)T ) we have
log(K) 7\ B
01 2¢(log(K))”. (85)

In addition, by the definition of H,;; we have

lim Hy(0(K, H,&,T)) =0, (86)

which implies that there exists ¢’ (K, H, T such that when & > ¢/(K, H,T),
Hyi(0(K, H,£,T)) < Hpar(0(K, H,2,T)), (87)

since Hpa1 would not be affected by the privacy parameter.

Finally, combining (83), (83) and (87), we have for all sufficiently large T’

X T
P (Ir #i"(v)) > exp | — ’ %
U( T F# ( )) p ( c(logK)ﬁ(HBAI(U) + Hpri(”))) &9
where v = 17([?,1157 T), &> El(K’HvT)’ and K > exp (4011%[1(26)%)' -

Similarly, we discuss Case (ii) in Lemma[H.4]

Lemma H.4. Fix any 8 € [0,1), a consistent policy m, and a constant ¢ > 0. For all sufficiently
large T, there exists an instance v € P’ such that,

(T 1o d
Py (Ir # 1" (v)) > exp <_ c(log K)(Hpar(v)? + Hpri(“))) )

Proof. Again, fix ¢ > 0, 3 € [0,1). Recall that (K, H,&,T) is the instance in Corollarythat
meets (83). Similarly, when H> (802¢) fﬁ, we have

L oe(i)P (90)

In addition, we have o
lim Hpi(0(K,H,E,T)) =0, 91

E—4o00

which implies that there exists ¢’ (K, H, T, 3) such that when & > ¢/ (K, H, T, ),

Hyi(0(K,H,&,T)) < Hpa1(8(K, H,£,T))". (92)
Finally, combining[83] (@0) and (92)), we have for all sufficiently large T
Py (I # i*(v)) > exp ( L ) (93)
c(log K)(HBAI(U)B + Hprl( ))
where v = ﬂ(f%,f[,éT), g > 6’(K,H,T,ﬁ), and H > (8020)1%& O

Furthermore, before we discuss (iii), we introduce the following lemma.

Lemma H.5. Fix H >0, 8 € [0, 1), a consistent policy T, and K > 3. For all sufficiently large T,
there exists an instance v € P’ with K = K, Hpy > H and Hpi > (Hpar) B such that,

P (fT + 2*(1})) > exp (— bg(I?;;;ri(v)). (94)
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Proof. Fix H > 0, a consistent policy 7, and K > 3. Fix v; € (0, (%)KH) andlety; = v, 1 K
fori =2,... ,f(. We construct K + 1 problem instances 0@ (), U(K eP with K = K
arms as follows. For instance j = 0, ..., K, the reward dlstnbutlon of arm? € [K ]is
= B i ihT )
Ber(s +v:) if i=j

where Ber is denoted to be Bernoulli distribution. In addition, the privacy parameters of these K + 1
instances are set to be the same, and it is denoted by &. By the fact that H,,;(vU )) — +oocasé — 0
forall j =0,.. , K. Then, we choose £ to be any value such that for all j = 0, . K

Hps(v9) > H  and Hp(v?)) > (Hpar(v?))7. (96)
By the fact that 7 is a consistent policy, when T’ is sufficiently large, we have
. 1
Ploy(r=1) > 5 o7

Furthermore, we denote n; = 4E” ) (N; ) to be the expected number of pulls for arm i € [K] in

instance 0 with time budget T'. Then, we define event E; = {N; 7 < n;} N {fT = 1}. Tt then holds
that

:,r(m (EL) =1- Pgm) (_‘Ez)

(@)

> 1= Pl (Nip > 4ny) — Pl (I # 1)

(®) 1
>1- ]P)Z(O) (Ni,T > 4ni) -5
(F) 1 1
>1—=-—=
4 2
1
= - 98
2 ©8)

where (a) follows from the union bound, (b) follows @), and (c) is obtained from Markov’s inequality.
Then, by Lemma[#.3] we have

TN, T 1
PR (By) = PTG, (B7) > 3 (99)
In addition, by Lemma we have for: =1, . f(
ES Tr,ni,,i ES Tr,nq',,i
Pr ™ (B > exp (- GsmTw v )BT ()
(@) 1
> 7P (—6en; TV (v, @ -(0)))
®1
> exp(—12en,7;), (100)
where (a) follows (99), and (b) is obtained by the definition in (93).
In other words, we have
Pl (I # i (v1)) > Pl (E3)
(a) SES(m,n;,i
® 1
> 1 exp(—12en;7;), (101)
where (a) follows Lemmal4.3] and (b) follows (T00).
Zie[f(—l] Ti

) K-1 . K-1 + - : N x;

Observe that for any {z;};-7" C Rand {y;};=;" C R¥, itholds that min,¢(z_,; 7+ <  DR—
. _ _ 1 . .y g

Then, by letting x; = n;,1 and y; = S ety We conclude that there exists i’ € {2,..., K}

such that
K K
nl/&:'yz,Hpn (an> (Z 11( )
prl

=2 =2
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(102)

where (a) follows from the fact that ZZR 5 Ey (Nl 7)< T and (b) is obtained from H,;(v (i)) <
E%Yi, (c) follows from the fact that log(f( ) — log(2 f2 i, dz < Zz 2 i and (d) is obtained by
the assumption that K > 3.

Combining (T0T)) and (T02), we have
1
P (I # i (00 ")) > Zexp(flkniwyi,)

1 12 s
= —exp <—,,€7’Li/’yinri(U(l )))

4 Hpri(v(l ))
1 T

>—-exp| — = 96 — . (103)
4 log(K) Hpyi (v(™))

That is, when T is sufficiently large, we have

PTo (Ir # i (01))) = exp ( log(;})gf.(mm)) '

O

With Lemma [H.3] we are now ready to show that Theorem [4.7]holds in Case (iii) in the following
lemma.

Lemma H.6. Fix any 8 € [0,1), a consistent policy m, and a constant ¢ > 0. For all sufficiently
large T, there exists an instance v € P’ such that,

T (T -k T
B3 #0°0) > o (= S T ) (109

Proof. Fix ¢ > 0, 8 € [0,1). Similarly, let 5(K, H, 3, T) be the instance specified in Lemma
that meets (94). Then, when H > (194c) ﬁ, we have

H 5
5 > 2c(H)P. (105)

Finally, combining (94), (96) and (I03)), we have for all sufficiently large T’

T (T -k T
B #1°00) > 0 ( = o i)+ (o)) (106

Wherev:f)(f{',ﬁ,ﬁ,T),andf{> (194c)ﬁ. O

Proof of Theorem[d.7] Finally, by combining Lemmas [H.3] [H.4] and [H.6] we see that Theorem @]
holds.
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I PROOF OF PROPOSITION [D.2

The proof of Proposition shares some similarities as the proof of Proposition and the
difference is using the property of Gaussian mechanism instead of Laplacian mechanism.

Let N P i1, Under the (random) process of DP-BAI-GAUSS, we introduce an auxiliary

random mechanism 7 whose input is x € X, and whose output is (Ni(P), ﬁgp))ie[K 1.pc[M]> Where

we define ﬁgp) =0ifi ¢ A,. By Dwork et al. (2014} Proposition 2.1), to prove Proposition it
suffices to show that 7 is (¢, §)-differentially private, i.e., for all neighbouring x,x’ € X,

P™(7(x) € S) < efPT(7(X) € S) +46 V¥S C 1, (107)

where € is the set of all possible outputs of 7. In the following, we write PZ to denote the probability
measure induced under 7 with input x € X.

Fix neighbouring z,z’ € X arbitrarily. There exists a unique pair (4, n) with z; ,, # z; ,,. In addition,
fix any n'”) € N and Borel set x\* C [0,1] fori € [K] and p € [M] such that

o<V <n® <. <™ <T vie[K]

Let
M, it n* < n (108)
min{p € [M] : n{") > n}, otherwise.
For any j € [M], we define the event
D ={(i,p) € [K] x [j] : NP =nP 5" € xP}
and : ) ) ~() )
D)= D1 (N =n} 0 i € [K]\ {i}: N7 =nl i € ().
Forj e {j+1,...,M}
Dy ={(.p) € [K]x {j+1,....5}: N® =nlP) 5 ¢\ @Ph
In particular, Dy and Dy, as are events with probability 1, i.e.,
PL(DoNDyar) =1 ¥xeAX.
Then, if néM) < n, by the definition of 7, we have
PT (Dys) = PE (D) . (109)
In the following, we assume néM) > n and we will show
PT (D) < exp(e)PZ, (D) (110)

which then implies that 7 is e-differentially private.

For x € {z,z'}, we denote

1
Hx = ®) (p—1) Z Xi,j

(g—l)_"_1

) -
K2 Jj=n;

That is, ux is the value of [L;B) in the condition of D;, under probability measure P7.

Then, by the chain rule we have for both x € {z,z'}
P% (Du) = P% (Dy) PE (7 € %"’ | D) P% (Dpoar | Dy)

(D;)/l o Jaws(z = p)PE (Dpar | Dy 0 B = 2}) dz (1)

£ 6X7

=PT
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where fGauss(+) is the probability density function of Gaussian distribution with zero mean and

variance —2128(1:25/9) __ Note that by definition it holds
(E(’rz(.g)fn,(.B D )2

¥; (0;) =3 (D})
v (D:’M D0 {%@ - ‘T}) =Py (DB»M | D, N {ﬁ?) = x}) <1 Vrey? (112)

T
z
T
z

By a property of Gaussian mechanism (Dwork et al., 2014, Appendix A), there exists sets 7, v~ C

XEE) withyt Ny~ =0andy" Uy~ = Xg)’ such that

{fm feauss(@ — ) de < & Vx € {z,2'}

(113)
fxE’y"' fGauss(x - Nz) dx S eXP(E) wa'y‘*' fGauss(x - ﬂz’) dz

Hence, combining (TT1)), (TT2) and (T13), we have
P} (Dar) < exp(e)Py, (Dar) +0

which implies that 7 is (e, §)-differentially private.

J  PROOF OF PROPOSITION D3|

The proof of Proposition[D.3|shares some similarities as the proof of Theorem[4.2] and the difference
is using the concentration bound of Gaussian random variables instead of Sub-Exponential random
variables.

Lemma J.1. Fix an instance v € P and p € [M]. For any set Q C [K| with |Q| = s, and i*(v) € Q,
let dg = dim(span{a; : i € Q}). We have

IP)’EIDP—BA[—GAUSS (/j(p) > ﬁgfzv) ‘Ap = Q)

i =

2
A? T e2A2? T
<2exp (-2 |— 0 |]42 - J 114
= eXp( 16 {M(dé/\sp)—D*_ P\ T 3210g(1.25/3) {M(dé/\sp) (114)

Sorall j € Q\ {i*(v)}.

Proof. Fix j € Q\ {i*(v)}. Notice that the sampling strategy of IIpp_par-gauss depends on the
relation between |Q| and dg. We consider two cases.

Case1: dg > +/|9Q|.

In this case, note that each arm in Q is pulled [ MTIW/QI-‘ times. Let

By = {" — g, + 8y > A;/2). (115)
Let X; s = X; s — p; forall i € [K] and s € [T). Notice that X; 5 € [—1,1] for all (i, s). Then,
PEDRBALGAUSS (El ’ Ap — Q)

Nj,Ter{%,QJ N’i*@)vTPJJ%IQJ A T
< IP)E[DP—BAI—GAUSS Z Xjs— Z Kix(v),s = 7j ’7.7\4|Q|—‘ ‘ A, =0
S:Nj,Tp SZN’i*(U)vTP
1 T’ 2
[ 20115)
O 2f
M|Q]|
1 T
_ 1 A2 116
eXp( [ {M@J ) o
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where (a) follows from Lemma[A:T} Furthermore, let
By = {€P) — gffgv) > A;/2}. (117)

‘We note that both § () and & (p )U under DP-BAI-GAUSS are Gaussian random variables with zero

mean and variance %. Hence, £§p ) 5 (* (v) is a Gaussian random variable with zero mean
pvire)
4log(1. 25/6)

(el ot D)

and variance

Subsequently,

Asel-T_7)2
PvHDP—BAI—GAUSS (Eg | Ap _ Q) < exp <_( 35|—M\Q\~|) )

321log(1.25/6)
We therefore have

HDEDP—BAI—GAUSS (ﬁgp) > ﬁgjzv) | Ap = Q)

< PEDP-BAI-GAUSS (El U Es | _Ap = Q)

U A 2
(<) exp< . {(dQT/\sp) A?) +exp< 7( bucill ), (118)

321og(1.25/0)
where (a) follows from the union bound.
Case 2: dg < +/|9)|.

Similarly, in this case, each arm in B, C Q is pulled for {MLd/Q—‘ times. Recall that we have

aﬁp) = YieB, %@ ( ). Using @), this implies a; = > _ieB, ®j.i &, which in turn implies that
(a;,0%) = Zzesp ;i (a;,0%). Using (I2)), we then have

Eflorasons (70| 4, = Q) = . (119)
If j ¢ B,, we denote
=D aup? (120)
LEB)
and _
D=3 0 €. (121)
LEB)y

Note that (T20) and (TZT) still hold in the case of j € BB,. We define the event
. A
Gy = {u?’) — > 4J}.
Then, we have

IP)UHDP—BAI—GAUSS (Gl | Ap = Q)

T T 1A
_ PIIbp-BAr-Gauss - (p) > =J
i ({Mdcew(uj ~#a) ’VMdQ-‘ 4

No, o+ | g |

T 1A
— [DHDP—BA[— AUSS . X' J
v © E E aj7L( L,8 ,U/L) Z ’VMdQ-‘ 4 Ap - Q

LEB, S:NL)TP71 +1

(a) 2([MdQ—‘ A /4)

dq [MdQ —‘
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1| 7 )
<o (3] )

_ 1 T _ 2
exp( g {M(d%mp) 1} Aj> (122)

where (a) follows Lemma|[G.T|and Lemma[AT] In addition, we define the event

D O RRAY;
GQ{fjp 24]}

2log(1.25/4)

(el s D2’

= DB aj@f” ) is a Gaussian random variable with zero mean and variance
p

By the fact that 51" ) is a Gaussian random variable with zero mean and variance

we have E}P )

2 2log(1.25/6) 2
>.eB, awm). Note that 3,5 o, < dg, then we can have

(Ajel 305 1)
© 32dg log(1.25/6)

(AseT 5 )2

IP)’EIDP—BA[—GAUSS <G2 ‘ Ap = Q) < exp (

< - e 123
=P\ T 3010g(1.25/0) (123)
Define the events
_Jow A _[w Aj
G3 = {'U’zf(v) — Hi*(v) < _4J} and G4 - {gl*p(u) < _4J} .
Similar to (122)) and (I123), we have
1
PUpp-Bar-causs (7 — < ol — = 1| A2
v ( 3"’4:0 Q) _exp< 8 M(d%/\sp) —‘ J>
and -
(Ajg(WD?
]P)HDP—BAI—GAUSS G — < Q
v (Ga| Ay =Q) <exp | o5 log(1.25/3)
Hence, in Case 2,we have
]P)EDP-BAI-GAUSS (ﬁ;p) > ﬁgfgv) ’_Ap = Q)
S PvHDP—BAI—GAUSS (Gl U G2 @] G3 U G4 ‘ A[) = Q)
<2 L T/ 1A% ] +2 (AjE[ML[%W
<2exp|—=|-—7——— . exp | s
8 | M(dg A sp) J 32log(1.25/4)
Finally, combining both Cases 1 and 2, for sufficiently large T, we have
]P)EDP-BAI-GAUSS (ﬁy’) > ﬁgfzv) | .Ap = Q)
T 2
1 T (Ajs[M((p Ns )D
<2 S |—— ) N - Q_
=P ( 8 {M(dé A sp) w -7> +oexp 3210g(1.25/0)
<9 ! T | a2) 1o (el sragae 1’
=TOP\TI6 | M@ Ay | Y P 3210g(1.25/0)
O
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Mi]. Recall the definitions of X in @) and go in (8). For

Lemma J.2. Fix instance v € P and p € |
) € Q, it holds

any set Q C [K] with |Q| = s, and i*(v
]IDI;IDP»BAI-GAUSS (Z*(U) ¢ Ap+1 |A _ Q)

([ s | A<90>5)2

1 T
- R A Y _
<2 e ( 16 {M(dé A sp)-‘ Ay | e ( 3210g(1.25/0)

Proof. Fix v € P, p € [M;] and Q C [K] with |Q| = s, and i*(v) € Q. Let Q" be the set of
— go + 1 arms in Q with largest suboptimal gap. In addition, let

NP = E 1, ~
N {Hﬁp)>#(5)(u)}
Jjes

be the number of arms in QP with private empirical mean larger than the best arm. Then, we have

EEDP-BAI-GAUSS (Nsub | A = Q)

_ Z EEDPBAI—GAL‘SS <1{E§p>>~(p) } ’Ap = >

je qub

Z IP),LI:[DP»BAI-GAUSS (ﬁ( 2 2 v) |‘A )

9 1 T A2 (A €[M d2 s )-|)2
g CPN\TT6 | M@ A, | T TP T 0 108(1.25/9)
et

T’ 2

" ) (Ao g sy 1
<92 sub . A2 — g
(% exp< 6 { (& ASJ (g )) exp 3210g(1.25/6)

= —go+1) <eXp ( { (d2T//\ : )w A%go))

(A go)g[mb )

IA

(124)

T exp 3210g(1.25/0)

where (a) follows Lemma and (b) follows from the fact that min ;¢ gsun Aj > A(y).
Then,

IEDHDP-BAI-GAUSS (Z*(U) ¢ Ap+1 | Ap = Q)

(a)
< ]PJHDP BAI-GAUSS (NS“b > Sp+1 — 9o +1 | AP - Q)

(2) EEDP BAI-GAUSS (NSUb ! .Ap = Q)
- Sp+1 — go + 1

T’ 2
72(5’" ) exp fi 711/ A2 +exp | — (A(gn)g[m])
Spr1— 9o+ 1 16 | M(d% Asy) | @) 321og(1.25/0)

,\
INo

L

' (Aol sy 1)

(d) 2(hy, + 1) 1 T 5 (90)= | M (dZ Asp)

S ————lexp |~ | | Al | Texp | —
hpy1 +1 16 | M(dg) A sp) go 321og(1.25/0)

(2) o\ 1 T A2 N (A(Qo)g[ﬂf(dgAsp)1)2
=P T | M@ sy | T ) TP 3210g(1.25/9)
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where (a) follows from the fact that N*"P > s, — go + 1 is a necessary condition for i*(v) ¢ Ap11
when A, = Q, (b) follows from Markov’s inequality, and (c) follows from (T24). In addition, (d) is
obtained from the definition in (7)), and (e) is obtained from the definition in (6).

O

Lemma J.3. Fix instance v € P andp € {My +1,...,M}. Forany set Q C [K] with |Q| = s,
and i*(v) € Q, it holds

]P)I;IDP-BAI-GAL‘SS (Z*(U) ¢ Ap+1 | _Ap = Q)

T’ 2
<6 [ exp T AZ e | - (A(sp“ﬂ)sfm])
B 16 | M(dg Asp) |~ Creett) 3210g(1.25/) ’

(125)
where we define spyryo = 1.

Proof. Fixv € P,p € [M;] and Q C [K] with |Q| = s, and i*(v) € Q. Similarly, let Q5" be the
set of s, — 5,42 arms in Q with the largest suboptimality gaps. Again, let

N = 3" 10
jEQSub {AAEP)ZILEi?)(v)}
Then, we have
IIpp.BAI-GAUS sub _
Ev DP-BAI-GAUSS (N |Ap — Q)

— Elop-par-cavss (1 _ _
> E {u§p)2ugi’)(,u)}|“4 Q

jeQeu
< Z PEDP-BAI-GAUSS (ﬁip) > ﬁgfzv) |Ap = Q)
jeQeuw
T/
05, 1 T A s (Aselsrazmny 1)
e CPN\TT6 | M@ Ay | ) TP 3210g(1.25/3)
J su

T’ 2
Qoo [exp (- L | T |z +oxp [ - D ara ey )
= 16 | M(d2 A sp) |~ ot 3210g(1.25/0)

1 T
= 2(sp — Sp+2) (exp (16 ’VZM(C%/\SP)“ A?Sp+2+1)>

T’ 2
(A($p+2+1)5[M(d§2/\sp)D )

+ exp (126)

321og(1.25/0)

where (a) follows from Lemma and (b) follows from the fact that mincgsu Aj > Ay L, 11.
By a similar calculation,
PEDP—BAI—GAUSS (Z*(U) ¢ Ap+1 ‘ Ap — Q)

(@)
< PngP-BAI-GAuss (NSUb > Sp+1 — Sp+2 + 1 ’ A, = Q)

(2) EUHDP—BAI—GAUSS (Ns‘lb ’ Ap = Q)

Sp+1 — Spy2 + 1

(& 2(sp — spy2) 1 T
< _Z\7p " opt2) = | A2
T Spr1— Spr2 + 1 exp 16 | M(d2 A sp) |~ (ot

(Aot mraz e 1)?
e ( - 3210g(1.25/0) >
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T/
(i) 6l e 1 T A2 e (A(5p+2+1)€|—1\4(d%/\sp)—‘)2
xp | ——= | ———— xp | —
= PATI6 | M(G nsy) | et P 3210g(1.25/9) ’

where (a) follows from the fact that N*"P > s, — 5,15 + 1 is the necessary condition of i*(v) ¢
Apy1 when A4, = Q, (b) follows from Markov’s inequality, (c) follows from (126), and (d) is
obtained from the definition in (7). O

With the above ingredients in place, we are now ready to prove Proposition[D.3]

Proof of Proposition|D.3] Fix instance v € P. Recall that in DP-BAI-GAUSS, the decision maker
eliminates arms in successive phases, and the decision maker can successfully identify the best arm if
and only if it is not eliminated in any of the phases. That is,

M
IP)’EIDP—BA[—GAUSS (fT 7& i* (’U)) < ZIP)’E[DP—BA[—GAUSS (Z*(U) ¢ _Ap+1 ‘ i* (U) c Ap) .
p=1

Then, we split the rightmost sum of the probabilities into two parts. Let
M,
P = ZP?DP-BAI»GAUSS (Z*(U) ¢ Ap+1 ‘ i* (,U) c Ap)
p=1

and
M

Py= Y Bersvons (%(0) ¢ Apy | i%(0) € A4y)

p=M;+1

When K < [d?/4], by definition, we have M; = 0, which implies that P, = 0. When K > [d? /4]
by LemmaJ.2] we obtain

A ) (Agrazyamel 1521)?
Py < 2MiA (exp (—16 [Mdz-‘ A([d2/41>) e (‘ 321log(1.25/9)

2
T T
<2MiA |exp| ——— | +exp | — (127)
! P ( 64MHBA1> P (64MHpm /log(1.25 /5))
In addition, by Lemma
M T 1\2
1 T (A(sp+2+1)5[m1)
P < 6 | exp (— [-‘ A2S ) +exp | — L
p:%;ﬂ < 16 | Ms, | ~ (r+2tl) 321og(1.25/6)
M T’ 2
T (A(speat1)E 717T5, 5 71))
< 6 [ exp (—AQS ) +exp | — “r?
p:%il ( 16M (4,40 + 4) o2t 321og(1.25/9)
2
T’ T/Z-?A(i)
< Z 6 | exp (—,A%i)) +exp | — ( -
i {5t LpE (ML M)} 64 M 64Mi+/log(1.25/6)
2
T T’
<6(M-—-M;)|exp| ————— ) +exp | — . 128
( U e ( 64MHBAI) P (64MHpm/1og(1.25/5)> (128)
Finally, combining (127) and (128)), for sufficiently large 7" we have
]IDI;[DP-BAI-GAUSS (jT 7& Z*(’U))
<SP+ P
2
T T
<exp|—-Q A
Hearlogd =\ | flog(122) Hpi logd
This completes the proof. O
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