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A Proof of Proposition 1

We first show how to connect the loss function associated with MAML to a Meta Least Square
Problem.

Proposition A.1 (Proposition 1 Restated). Under the mixed linear regression model, the expectation
of the meta-training loss taken over task and data distributions can be rewritten as:

~ 1

E [L‘(A,w,ﬁ”; D)} = L(Aw.B") =Epq [HBw . y\ﬂ . (1)
The meta data are given by
1 BT
B :7xout I o 7xm Xm 2
A/ 12 ( ny ) ( )
_ ]‘ out 5tr inT in out ﬁtr out inT in

77\/—”72()( (I X X)0+z XX z) 3)

where X" € R™M*d zin ¢ R™M XU ¢ Rm2Xd gud 704 ¢ R™ denote the inputs and noise for
training and validation. Furthermore,we have

v =BO" + & with meta noise E[€ | B] = 0. 4)

Proof. We first rewrite £(A, w, ") as follows:

(A w ﬂtr _ [ Blr Dm) Doul)}
1 & 2
T oul w Btr Dm)> y;)ul)
]:1
o . o .
—E |: ”Xout %XmTXm)w + %XmTym _ youtHQ
Using the mixed linear model:
ym _ Xine + Zin7 yout — X0u10 + Zout, (5)



we have

L(A, w, B")

1 tr . .
_E [||X"‘“ (I — B—XmTX‘“)w
2n n

r tr
_ (Xout (I 6 Xm Xm) 0 + Zout /6 XoutXm m) ||2:|
=Ep; [HBw vI?].
Moreover, note that @ — 8* has mean zero and is independent of data and noise, and define
1 o ) tr
é- — <X0ul (I _ 5X1HTXIH) (0 _ 0*) + zout 5 Xoulxm zn) . (6)
v/ N2 nq nq

We call € as meta noise, and then we have
y=BO*+¢& and E[£|B]=
O

Lemma A.1 (Meta Excess Risk). Under the mixed linear regression model, the meta excess risk can
be rewritten as follows:

IR
R(wT,ﬂ’ ) = §EH‘UT -0 ”%—Imﬂre

where ||a||3 = a’ Aa. Moreover, the Bayes error is given by

o2 te2 2
AN
2m 2

L(Aw*, ) = 5 tr(SoHn ) +

Proof. Recall that
R(ET, 5[8) £ E [‘C(AawTv ﬂte)} - ‘C(Av w*a Bte)

where w* denotes the optimal solution to the population meta-test error. Under the mixed linear
model, such a solution can be directly calculated [11], and we obtain w* = E[6] = 6*. Hence,

R(@r, %) = By [IBor |~ [BO” — 7],
where
B:X0utT(I_ﬂleXmein)
m

ﬁte outT

te
,7 ZXOUtT (I _ %XlnTxm)g + ZOut Xm m (7)

and x° € R?, z°% € RY, X" € R™*4 and 2" € R™. The forms of B and ~ are slightly different
since we allow a new adaptation rate 5 and the inner loop has m samples at test stage. Similarly

5lr oulT

_ out T o ﬂw in?' ~zin _p* out inT
¢=|x (I —X X)(O 0") +2% X . (8)
3
& &3

Then we have

_ 1 «
R(@r,8%) = Ep 5 | [B@r — Al - [B6" ]
1 .
~ Enq; [IB@r - 677
1 — *
= SEl@r — 6"l .



where the last equality follows because E [BTB] = H,, ge at the test stage.
The Bayes error can be calculated as follows:

1 1
L(Aw*,5%) =By [IBO” —1°] = Enqy [€]

a) 1
@ EE)+EE] +E[g)
1 ﬂte20_2

= i(tr(ngmvﬁxe) + +O’2)

where (a) follows because {1, &, £3 are independent and have zero mean conditioned on X" and
XOUl. D

B Analysis for Upper Bound (Theorem 1)

B.1 Preliminaries

We first introduce some additional notations.

Definition 1 (Inner product of matrices). For any two matrices C, D, the inner product of them is
defined as
(C,D) = tr(C'D).

We will use the following property about the inner product of matrices throughout our proof.

Property B.1. If C = 0 and D = D/, then we have (C,D) > (C,D’).

Definition 2 (Linear operator). Let ® denote the tensor product. Define the following linear operators
on symmetric matrices:

M=EB" @B " @B®B] M:=H, sx0H, » Z:=1c1
T =Hy, pr @I +1I@ Hy, ge — aM, ;7: =Hp, pe @I+ 1@ Hy, gr — aHy, ge @ Hy, g

We next define the operation of the above linear operators on a symmetric matrix A as follows.
MoA=E[BTBAB'B], MoA=H, sAH, s, ToA=A,
ToA=H,, A+ AH,, 3 —oE [B'BAB'B]
ToA=H, sA+AH,, s — aH,, s AH,, s.
Based on the above definitions, we have the following equations hold.
(Z-aT)oA=E[(I-aB'B)A (I-aB'B)]
(Z—aT)oA = (I—-aH,, s3)AI - aH,, ).
For the linear operators, we have the following technical lemma.

Lemma B.1. We call the linear operator O a PSD mapping, if for every symmetric PSD matrix A,
O o A is also PSD matrix. Then we have:

(i) M, M and (M — Mv) are all PSD mappings.
(ii) T —T.T—aT andT — oT are all PSD mappings.

(iii) If0 < a < then T~ exists, and is a PSD mapping.

S S
max; {pi(Hy, | gr)}’

(iv) If0 < o < T loH,, g <L

1
max; {pi (H, gr)}’

W) If0 < a< m, then T—' o A exists for PSD matrix A, and T~" is a PSD
mapping.



Proof. Ttems (i) and (iii) directly follow from the proofs in [14, 22]. For (iv), by the existence of
T-! we have

oo

,7-71 (e] Hn1,5" = ZO{(I - O[%)t (¢] thﬂ(r

~
(=}

OZ(I — aHm’ﬁ")thﬁu(I — O[Hnlﬁnr)t

o

o~
Il
o

M8

<Y ol - aH,, ) H,, 5 = L

~
Il
o

For (v), for any PSD matrix A, consider

T loA = az —aT)*
=0

We first show that Y~ ,(Z — a7 )" o A is finite, and then it suffices to show that the trace is finite,
ie.,

Ztr ((I—aT)kOA) < 00. )
k=0

Let Ay = (Z —yT)* o A. Combining with the definition of 7", we obtain
tr (Ag) = tr (Ap_1) — 2atr (Hy, grAp_1) + o’ tr (AE[B'BB'B]).
Letting A = I in Proposition B.1, we have E [BTBB"B]| =< ¢(3", £) tr(X)H,, gr. Hence

tr (Ag) < tr(Ap_1) — (2a — &®¢(B", X) tr(X)) tr (Hy, peAg_1)
1

c(Br, X) tr(X%)

< (1 - amiin{m(Hm,@.-)}) tr (Agp_1).

<tr ((I — aHnl,B")Ak—l) by a <

Ifa < m, then we substitute it into eq. (9) and obtain
tr(A)
tr (Z —aT)k oA tr (Ag) < - < 0
kzo Z arming {1;(Hy, ) }

which guarantees the existence of 7 1. Moreover, A}, is a PSD matrix for every k since Z — o7 is a
PSD mapping. The 7! o A = a >"77, Aj must be a PSD matrix, which implies that 7' is PSD
mapping. O

Property B.2 (Commutity). Suppose Assumption 2 holds, then for all n > 0, |5| < 1/A\1, H,, g with
different n and 3 commute with each other.

B.2 Fourth Moment Upper Bound for Meta Data

In this section, we provide a technical result for the fourth moment of meta data B, which is essential
throughout the proof of our upper bound.

Proposition B.1. Suppose Assumptions 1-3 hold. Given || < % for any PSD matrix A, we have

E[B'BAB'B| = ¢(8", 2)E [tr(AX)| H,, s

where ¢(8,3) = ¢, (1 + 8181A1/C(B, B)02 + 64/C (B, =)ot 52 tr(z:2)).



Proof. Recall that B = \/%X"“‘(I - %Xi“TXi“). With a slight abuse of notations, we write 5" as

0, Xin a5 X in this proof. First consider the case 5 > 0. By the definition of B, we have

E [B'BAB'B]|

=E {(1 - ﬁXTX)iX"“‘TXOU‘(I - ﬁXTX)A(I - EXTX)iX‘“"TXO“‘(I - BXX)]
ny No ny ny no ny
< cE {tr ((I - EXTX)A(I - BXB{)E) (I EXTx)z(I - BXTX)}
ni n1 n1 ni
<R {tr <A(2 + i XTXEXTX)) (I- nﬁXTX)z(I - fXTX)]
1 1

where the second inequality follows from Assumption 1. Let x; denote the i-th row of X. Note
that x; = Z%zi, where z; is independent o,-sub-gaussian vector. For any x;, , x;,, X;,, X;,, where
1 <q,i9,13,14 < n1, We have:

E [tr(Ax“x Bxi,x; ) (I — EXTX)E(I — BXTX)}
n1 ny
=E [tr(z%Azézhzgz%isz;)(I - EXTX)E(I - BXTX)]
ny nq
=Y wAE [(Zluk)(Zluk)(zi"j)(zlvj)(l - 7161 X' X)5(I- nﬁlXTX)]

k,j

where the SVD of 2 A% is Zj pniuu,, the SVD of X is Z Ajv;v; . For any unit vector
w € R%, we have:

éXTX)E(I . ixTX)Hn}%} w

14

E[H zﬁtr(Ax“X ¥x;,x; ) (I —

<Zﬂk)\2\/E (2, w) (2] w) (2], v;)(2] v;)?)]

1 1

x \/]E |:||WTH 21— nﬁxTx)Z(I - nﬂXTX)H > w|2}
< 64,/C(B, 2)0l tr(A%) tr(%?)

where the first inequality follows from the Cauchy Schwarz inequality; the last inequality is due to
Assumption 3 and the property of sub-Gaussian distributions [19]. Therefore,

ﬁXTX)z(I p

ni,B 14 nq n

< 64y/C(B, )0t tr(AZ?)I

]E{H 7 tr(Ax;, x; Bx, %] ) (1 — —X"X)H,* B]

which implies

B

E [tr(Axilx; ExiSXZ)(I ey

XTX)2(I - fXTX)] = 64,\/C(B, )05 tr(AZHH,,, 5.
1
Hence,
E [B'BAB'B|
B p

< cE [tr (A(E +64VColp2s tr(22))) (I >XTX)B(I- -XTX)

< e1(1+ 64y/C(B, D)ot 42 t2(2))E [tx(AZ) | H,, 5.



Now we turn to 5 < 0, and derive

E [B'BAB'B]|

< ¢iE [tr ((I — EXTX)A(I — BXTX)2> (I— EXTX)E(I — EXTX)
L ny ny ny n
2
=ciE [tr | A(Z - é(XTXE + =X X) +ﬁ—2XTXEXTX)
ny ni
L Jl
- EXTX)E(I — BXTX)} .
nq ny
We can bound the extra term J; in the similar way as 8 > 0. For any x;, 1 < i < nj, we have
E [tr (Ax;x; X)) (I - EXTX)E(I — ’BXTX)]
ny ni1
—E [tr (ZIE%AE%zi) 1-2xTx)sa- 6XTX)}
nq ny
=> uE [(zjmk)Q(I - ﬁXTX)z(I — ﬂXTX)}
A n1 ny

where the SVD of £2 A2 is 3 . Lekiig . Similarly, for any unit vector w € R?, we can obtain

e[ (A 2xx) s Dxrom;E w

n

< 3 Bl 0w T 2 - Cxrxm D xrom, fwi
k

< 4/C(, o2 r(AS?)

which implies:

E [tr <Axix2—2)(1— b XTX) (- 5XTX)] < 4,/C(B, )02 tr(AZHH,, 5.
ni ni

Hence,

E [B'BAB'B]

< E [tr (A(E — 88V C02%? 4 64V Cotp*S tr(EQ))) (I— nEXTX)E(I - nﬁxTX)

1 1

=1 (1= 887 V/C(B, 202 + 64y/C(3, D)ot 1r(3?) ) E [tx(AZ) iy, .

Together with the discussions for 5 > 0, we have
c(B,%) = c1(1 +8|3|AV/C(B,2)02 + 64/C (B, X))ot 5% tr(X?)),

which completes the proof. O

B.3 Bias-Variance Decomposition

We will use the bias-variance decomposition similar to theoretical studies of classic linear regres-
sion [14, 8, 22]. Consider the error at each iteration: g; = w; — 8%, where w; is the SGD output at
each iteration ¢. Then the update rule can be written as:

0= (I —aB/B))o,_1 +aB/ &

where By, &; are the meta data and noise at iteration ¢ (see egs. (2) and (6)). It is helpful to consider
©: as the sum of the following two random processes:



« If there is no meta noise, the error comes from the bias:
6 = (- aB/BA" 6" = o
* If the SGD trajectory starts from 8*, the error originates from the variance:
oi* = (I- 0B/ B,)g™, + 0B/ & ¥ =0
and E[o}*] = 0.
With slightly abused notations, we have:
o = o™ + o™

Define the averaged output of g%, oY and g@; after 7T iterations as:

T
—blas _ Z leas7 —var _ Z Qvar or = %Z 0.
t=1
Similarly, we have
or =07 +of
Now we are ready to introduce the bias-variance decomposition for the excess risk.

(10)

Lemma B.2 (Bias-variance decomposition). Following the notations in eq. (10), then the excess risk

can be decomposed as
R(GT, ﬁte) S 2gbias + 2(€var

where

1 ias —bias 1 —var —var
Epias = §<Hm,ﬂ’faE[Qg" & QZ‘ D, Evar= §<Hm,[3’”aE[QT ®07'])

Proof. By Lemma A.1, we have

_ . 1 _ _
R(wr,B°) = §<Hm7B’C>E[QT ® or))
1 —D1as —var —D1as —var
= 5 (Hm g, E(er o1 + o) @ (@ + o))

1
S 2 (2<Hm”@w7]E[ —bias ® §b1a<]> + §

1 var —var
(H, e, E[g © 23 ]>)

(1)

where the last inequality follows because for vector-valued random variables u and v, E||u + v||% <

2
(\/EHqu{ + \/IEHVH%,) and from Cauchy-Schwarz inequality.

Fort=0,1,---,T — 1, consider the following bias and variance iterates:
D,=(Z-aT)oD,_; and Dy=(w,—0")(w;—6")"
Vi=Z—-aT)oV,_ 1+’ and Vy=0
where IT = E[B T ££ " B). One can verify that
D;=E [ bias & Q?”‘s} , Vi=E[g/" ® 0}"].
With such notations, we can further bound the bias and variance terms.

Lemma B.3. Following the notations in eq. (12), we have

T-1
1 _
5bias < TTQ <(I — (I — Oanl’ﬁ“.)T) Hn1175”Hm’5“)7 Z Dt> ’
t=0
T—-1T-1

Evar < T2 Z Z I aHnl ﬁ”) _th,B’”7Vt> .

t=0 k=t

O

(12)

(13)

(14)



Proof. Similar calculations have appeared in the prior works [14, 22]. However, our meta linear
model contains additional terms, and hence we provide a proof here for completeness. We first have

—var —var 1 —— var var
Elef @ o'l = 75 > D Elel™ ® o}"]

PN

1 T—-1T-1
77 2 > Elel" @ of] + Eloi" @ o}
t=0 k=t

where the last inequality follows because we double count the diagonal terms ¢ = k.

Fort < k, E[@}*|0}™] = (I — aH,,, )" ' o™, since E[B] &;|g;—1] = 0. From this, we have

—17T-1
E[g} @ 9% < Z V(I —aH,, 3:)* "+ V,(I—aH,, g)"
t=0 k=t

—=var

Substituting the above inequality into & (H,, ge, E[0}" ® 27']), we obtain:

1 var —var
5.Var = §<Hm,B‘°aE[QT ® or ]>

T—-1T-1
= 2T2 Z Z mge, Vi(l aHTLl,B")k_t> + (Hp e, V(I — aHn1,B“')k_t>
t=0 k=t
T-1T-1
= = Z > (X - aH,, 5r) " H,, g6, Vi)
t=0 k=t

where the last inequality follows from Assumption 2 that F' and 3 commute, and hence H,, ge and
I - oH,, g« commute.

For the bias term, similarly we have:

T—1T—
1
Epias < 72 Z Z <(I - O‘Hnlﬁlr)k_thﬁ‘C? Dt) 15)
t=0 k=t
=
= W <(I —_ (I — aHnl,ﬁ“’) ) H;l /B"Hm’ﬂle’ Dt> (16)
t=0
1
< (= (T—aHy, g0)T) H L Ho g, Z D) (17)
which completes the proof. O

B.4 Bounding the Bias

Now we start to bound the bias term. By Lemma B.3, we focus on bounding the summation of Dy,
ie. ZtT;()l D,. Consider S; := 22;10 Dy, and the following lemma shows the properties of S;

Lemma B.4. S; satisfies the recursion form:
St = (I — OéT) o St,1 + DQ.

. 1 .

Moreover, if a < FERE) then we have:
Dp=S0=81 = =28«

where Sog :=> 1o (T —aT)f oDy =a 17!



Proof. By eq. (12), we have

t—1
ZDk_ZI—aT)koDO
k=0

t—2
=Dog+(Z—-aT)o (Z(Z —aT)ko D0>

k=0
=Dg+ (I— OéT) o St—l-

By Lemma B.1, (Z — «T) is PSD mapping, and hence D, = (Z — a7 ) o D;_; is a PSD matirx
for every ¢, which implies S;_1; < S;_; + D; = S;. The form of S, can be directly obtained by
Lemma B.1. O

Then we can decompose S; as follows:
S =D+ (Z—aT)oS_1+a(T —T)oSi
=Do+(Z—aT)oSi_1+a*(M—M)oS,_,
<Do+ (Z—aT)oS_1+a*MoSyp

=N "(Z-aT)fo(Dy+a*MoSr) (18)

where the inequality follows because S; <X St for any ¢ < T'. Therefore, it is crucial to understand

Mo ST.
Lemma B.5. For any symmetric matrix A, if o < m it holds that

C(Btr’ ) (EH; 5”A>
-1 . i
MoT oA = 1—0[C(ﬂ”, ) (2) H,, gr.

Proof. Denote C = 7 ! o A. Recalling T=T+aM — aﬂ, we have

%oC:ToC—I—aMOC—a./,\/IVOC
<A+aMoC.

Recalling that 7~ exists and is a PSD mapping, we then have

MoC=<aMoT toMoC+MoT oA

(aMoT o (MoT ToA). (19)

k=0

By Proposition B.1, we have M o T~ o A < ¢(8", %) tr(27 ! 0 A) H,,, sr. Substituting back

J
into eq. (19), we obtain: ’
Z (aMoT Hro(MoT 1oA) = Z(OéMO%fl)ko(hHm-ﬂ")
k=0 k=0
i (ac(B", %) (%)) Ho o = %2 H,,
o PS8, B) ()P

where the second inequality follows since 7~'_1 oH,, gr = I (Lemma B.1) and M o1 =
c(p", ) tr(X)H,,, g (Proposition B.1).

10



Finally, we bound J5 as follows:

tr (2%*1 o A) — atr (i (I — aH,, g AT - aHmﬂr)k>

k=0

= atr (Z (1 aHm,Bu)%A)
k=0

— tr (3 (2H, v — aH2, 5) ' A)

<tr(TH;!,A)

where the second equality follows because 3 and H,,, gr commute, and the last inequality holds

since o < m Putting all these results together completes the proof. O

Lemma B.6 (Bounding M o St).

(B", ) - tr (ZJHnl a [I —(z- off)T} o DO)

S+ < : Hn L)
MeSr = o1~ (57, Do (D)) v
Proof. St can be further derived as follows:
T—1
Sr=Y (I-aT)foDy=a'T 'o[I-(Z-aT)"]oDy.
k=0

Since 7 — T is a PSD mapping by Lemma B.1, we have Z — oT <T—aT. Hence T — (Z—aT)T
T — (Z — aT)T. Combining with the fact that 7! is also a PSD mapping, we have:

Sr<a T to [I —(Z- a'f)T} o Dy.
Letting A = [I — (- a’7~')T} o Dy in Lemma B.5, we obtain:

MOSTja_lMOT_lo[I—(Z—a%)T} oDy

(87, %) - tr (szl " [I —(T- a7~')T} o DO)
a(l — (T, X)atr(X))

=< “Hp, pr.

Now we are ready to derive the upper bound on the bias term.
Lemma B.7 (Bounding the bias). If o < WN(E) for sufficiently large nq, s.t. p;(H,,, gr) >0,

V1, then we have

2
2 w; i (Hyp, g )
gbzav < Z < 272 ,u7 /1Jrr)2—alT + e (Hnl75")1,LL7;(H"17[311-)<QIT> Mz‘(Hm,/B”)Q

2(8", %) 1 )
1 Tal - AW
 Ta (= o D t(®) 2 il ) B oz + T00at, ey ) A

1 5 1i(Hy,y 57)
x 2 (T%(Hm g + T (o, ) 1m<Hn1,an><;T> ()

7

11



Proof. Applying Lemma B.6 to eq. (18), we can obtain:

61 _ [ac(BT®) 0 (EH;L} o [I —(T- a7~')T] o Do)
S; < 71— 7 : Hn & D
b= k:()( oT)"o 1—¢(B,X)atr(X) npe+ Do
t—1
= (I - O‘Hnl-ﬂ")k'
k=0
ac(f, ) - tr (2H;11 (Do — (T— aH,,, g0)TDo (1 - aHn)T)>
’ M Hn tr D
1= c(B", D)atr(S) 820
G2
Gy
: (I - aHnl’ﬁ")k'
Letting t = T', and substituting the upper bound of S into the bias term in Lemma B.3, we obtain:
T-1
1 _
Ebias <~ <((I —aH,, go)* — (I—aH, ) " H, [ H,, g, G1 + G2>
k=0
=
—5 2 (T = By, 50) = (L= aHy, o) THH ] 3 i e, G+ G
We first consider
=
di = 5 3 (1= aHyy )" = (L= aHy, o)) H, | Ho e, G ).
k=0

Since H,,, g«, H;;, ge and I — aH,,; g« commute, we have

(8%, ) - tr (TH ! 4 (Do — (T = aHy, 50) Do (I — aHy, 1))

ny,["

(1 —¢(B", X)atr(X))T?

dq

T-1
x Y (= aH,, go)* — (I aH,, g0) ™) Hpype) .
k=0

For the first term, since 3, H,,, gr and I — aH,,, g can be diagonalized simultaneously, considering
the eigen-decompositions under the basis of ¥ and recalling ¥ = VAV T, we have:

tr (zH—1 Do — (I — aH,, 5)TDo(I - aHnl,ﬁu)T})

ny,B"
=3 (1 (0 ()T - (fwo — wva)
P i (Hp, )
s
* 2 i
- 221‘: (1/\i(Hn,g)2ﬁ + Taﬂi(Hn,B)lm(Hnl75")<ﬁ) ~((wo — W™, vy)) m
where the last inequality holds since 1 — (1 — ax)?T < min{2, 2T ax}.

For the second term, similarly, H,,, ge and I — oH,,, gv can be diagonalized simultaneously. We
then have

=

(@ = aHy, 5)" — (T = aHy, 50) ") Hy )
0

T—1
<3571 - ap(Hay ) — (1= apa(Hay 50)) ™ (Hlp )
k=0

%

>
Il

1 i (Hym g )
== 1= (1= aui(H,, )" s

a Z PO (Hy,y )

1 5 9 i (Ho )
SE Z (1>‘77(Hn,13)2ﬁ + T /\i(H"vﬁ)lM(Hn,BK#) f1i(Hp, po)’

)
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Now we turn to:
1 — _
d2 = aT? Z <((I - aHn17B")k - (I - Oéthﬁtr) +k)Hn1 B Hp, g, G2> '

Considering the orthogonal decompositions of H,, g« and H,,, g« under V, H,,, gv = VA, VT,

H,, g = VA2 VT, where the diagonal entries of A; are j1;(H,,, gv) (and p;(H,, ge) for Ag). Then
we have:

dy = T22< (IT—aAy)” (I—aAl)T+k)A11A2,VTDOV>

J3
1« k T4k] Wi i (Hi pe)
PIpY (1= api(H ) = (1= apus(HLy, o))" 4| BT

,ui(HﬂJﬁ“)
2 2 i (Hy )
= 1 — a,uL(H’!L , lr))T:| T AT m, 07
a2T2 Z { o 13 (Fy, o)

2, (H
w; i (i e )

<7§ 1, T2 (Hy, po)1, ) ’

= o 4 ( piH,,, )= T O i (Hn, ) pi(H,, ) gr)<3p w2 (Hy, p)

where w; = (wo — 0*,v;) is the diagonal entry of VTD,V and the second equality holds since J3
is a diagonal matrix. O

B.5 Bounding the Variance

Note that the noisy part IT = E[BT££ " B] in eq. (12) is important in the variance iterates. In order to
analyze the variance term, we first understand the role of II by the following lemma.

Lemma B.8 (Bounding the noise).
I =E[B"£¢B] < f(B”,n2,0,%, 3)H,, s
where (8,n,0, %, o) = [c(8, ) tr(£e ) + 4e1020232/C (B, £) tr(52) + 02 /n].

Proof. With a slight abuse of notations, we write 5" as 3 in this proof. By definition of meta data
and noise, we have

Il =EB'¢"B]

0_2 BZ
= —H,, s +EB'BS¢B'B|+0°:
no n2n1

E [BTXOule XmXoutT B]

The second term can be directly bounded by Proposition B.1:
EB'BYsB'B| < ¢(8,2) tr(ZeX)H,, 5.

For the third term, we utilize the technique similar to Proposition B.1, and by Assumption 1, we have:

2 . .
0_2. B 2]E [BTXOUtXmTXmXOulTB]
nany
< o2 - 6—21}3 {tr(XmTX‘“E)(I _ B xinTxinysyq — 2 xin T xiny
ny ny m

Following the analysis for J; in the proof of Proposition B.1, and letting A = I, we obtain:

1 . . . . .
E {tr(Xm Xiny)(1 — Dxin T xinys(1 BX”‘TX“’)} < 4y/C(B,%)o2 tr(S2)H,, 5.
n1 n ni
Putting all these results together completes the proof. O

Lemma B.9 (Property of V). If the stepsize satisfies o < m, it holds that

O‘f(ﬂt n2, 0, 2729)
C Tl —ac(pr, X)) tr(X)

0=V =XV, <...<XV

13



Proof. Similar calculations has appeared in prior works [14, 22]. However, our analysis of the meta
linear model needs to handle the complicated meta noise, and hence we provide a proof here for
completeness.

We first show that V;_; < V,. By recursion:
Vi=(Z—-aT)oV, 1+l

t—1

@ 42 Z(Z —aT)koll
k=0

=V, 1 +a*(Z—-aT) ol

(b)

= Vi1

where (a) holds by solving the recursion and (b) follows because Z — T is a PSD mapping.

The existence of V, can be shown in the way similar to the proof of Lemma B.1. We first have

t—1 [e%s}
Vi=a’> (I-aT)follza®) (IT-aT)koll.
k=0 k=0

Ay

By previous analysis in Lemma B.1 , if « < m, we have

tr (Ag) < (1 - amiin{,ui(Hmﬁu)}) tr (Ag_1).

Therefore,
oo atr(II)
tr (Vi) < o? tr(Ag) < .
r(V) <a ; () S T, ]~

The trace of V is uniformly bounded from above, which indicates that V . exists.

Finally, we bound V . Note that V o, is the solution to:
Voo = (Z—aT)o Vg + 1L

Then we can write Vo, as Vo, = 7 ! o oll. Following the analysis in the proof of Lemma B.5, we
have:

7~'oVC>O —ToT toall
< all + aM oV
j O‘f(ﬁtrv na, o, 27 EG)Hnl,ﬁ" + aM o Voo
where the last inequality follows from Lemma B.8. Applying 7!, which exists and is a PSD
mapping, to the both sides, we have
Voo 2 af(B",02,0,8,59) - T L oH,, ge +aT oMoV

(a) e ~ t
2 af (B n2,0,5,5) - Y (anl OM) 0T ' oH,, s

t=0

8

(%) af(B ne,0,3,39) Y (ac(B",X)tr(X))'T

t=0
_ af(ﬁtra n2, 0, 27 29)
1 —ac(Br, 2) tr(X)

where (a) holds by directly solving the recursion; (b) follows from the fact that 7! o H,, g <1
from Lemma B.1 and M oI < ¢(8", X) tr(X)H,,, gr by letting A = I in Proposition B.1. O

Now we are ready to provide the upper bound on the variance term.

14



Lemma B.10 (Bounding the Variance). If a < (5 21) wE) for sufficiently large n, s.t.

wi(Hy, gr) > 0, Vi, then we have
£ < f(ﬂtr7n270"z’ze)
(1= ac(fr, B (X))
1 5 9 i (Hy g )
p i ni,B
Proof. Recall
Vi=(Z—-aT)oV, 1+l
=(Z—-aT)o Vi1 +a*(M—M)oV,_; + I
= (- a7~') oVi_1+a’MoV,_q +’Il. (20)
By the uniform bound on V; and M is a PSD mapping, we have:
Mo Vt j Mo Voo
(a) t
< Mo af(ﬁ 7n270a2729)
- 1 — (B, X0) tr(X)
®) af(B", g, 0,3, 3g)c(f", ) tr(X) H
1— ac(B", =) (%) A

where (a) directly follows from Lemma B.9; (b) holds because M o I < ¢(8", X) tr(3)H,,, gv

(letting A = I in Proposition B.1). Substituting it back into eq. (20), we have:
afe(f",X) tr(X)
2 . Hnl,B"‘ + OéQanl,Bu-

< (Z—aT _
Viz(Z—aT)o Vit o o e S e (s)
an(Blr, ng, o, 27 29)
H,, g
1 — ac(fr, ) tr(X)

=(Z-aT)oVi+
(a) azf(ﬁtr’nQ’o—’x’Ee) i(]:* a%)k OH B

1 — ac(fr, ) tr(X) —
(I— (I~

(b) af(ﬁlr’nz,O',E,ze) t
1— O(C(ﬁtr, E) tI‘(Z) OéHn,ﬁ) )

where (a) holds by solving the recursion and (b) is due to the fact that

t—1

t—1
Z(I - aT)k © Hnl;ﬂ" = Z(I - aHn17B")an1,5"(I - O‘Hnlﬁ")k

k=0
t—1

k=0
=D (I—aHy, 5) " Hy, v

k=0
1
= [1- (1 aH,, )

Substituting the bound for V; back into the variance term in Lemma B.3, we have

T-1T-1

1
5var S ﬁ Z Z <(I — O[Hnl,[gu)k Hmyﬁle7vt>
t=0 k=t
_1}B"H”L’ﬂle’ Vt>

1 T—1
Z <(I — (I — O[thﬁlr)T t)Hn1
t=0

=2 <I (- aH, )" (I (I-aH,,)") H;lﬁHm,,]> .

oT?
T—1

f(ﬁtrv na, o, Za 20)
(= ac5, ) ()12 2

15



Simultaneously diagonalizing H,,, g« and H,,, g as the analysis in Lemma B.7, we have

f(B",n2,0,3, )
(1 — ac(B*, Z) tr(X)) 17

— T—t £\ 1i(Hi ge)
DS (1 - (= (o)) (1= (1= apn(F, o)) 22
7 t=0

Evar <

/’Li(Hnl 7/3“)

< f(ﬂ“,nQ,cr,E,Eg)
ST ac(3%, ) e (@)T7

. ZTzz_l (1 - (- aui(Hnl»B"’))T) (1 — (1 = api(Hy, gv)) ) (( s

H,, ﬂ")
i (Hop, ge)
)T Z (1 -(1- O‘,U/i(Hnl,ﬁ"))T) 1 (H Ll )

ni ﬁlr

_ f(ﬁ" ng,0,3, X
(1 — ac(BT, X) tr(X
< f(B" ng, 0, %, Eg

(1 —ac(BT, X) tr
< f(ﬁtr’n2’0.72720)
(1 — ac(Br, X) tr(X))

1 9 /u'i(Hm,ﬁ‘e)
S (Fttrt e T o,y ) S

i(Hyp, e
T Z (min {1, T p;(Hy, 5[:)})2 Hi(Hm,ge)

)
)
)
) Hi (Hnlyﬁ")

7

which completes the proof. O

B.6 Proof of Theorem 1

Theorem B.3 (Theorem 1 Restated). Let w; = (wo — 0%, v;). If |5"],|6%] < 1/A1, nq is large
ensuring that j1;(H,,, g) > 0, Viand oo < 1/ (¢(8", ) tr(X)), then the meta excess risk R(wr, %)
is bounded above as follows

R(wr, ") < Bias + Var

where

Bias = =
o Z H, ﬁ,,)

2 =
T T D () (Z “Z)

' 1 i(Hn /r)2%
X[f(B",n2,0, 0, %) +2c(6", 2) ¥, (w) + 1001, o<y ) N

Proof. By Lemma B.2, we have

R(UTa B[e) < 2gbias + 2gvar-
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Using Lemma B.7 to bound &g, and Lemma B.10 to bound &,,,, we have
R(UTa 5&:)
2f(ﬁtr7 na2, o, Ea EG)
T (1 ac(Br,E) tr(X))
22 (Hm ﬂle)

X Z (T wi (Hn1 ﬂ'r)ZaT + Ta i (thﬁlr)luz( nl /3tr) ) m

46(6&’ ) 1 2
+ Ta(l - 0(5“,2)04 tr(X)) Z Tl“ (H,, o025 T Ty (Hy,y o) L, go<ar
1

« Z(
wi i (o, ge)

2 5
+22( 272 Lii(H,, )2 T H <Hmﬁ")1m<nnl,m<&) 10 (FL,, pr)?

* 2
1M(le g)> et Talul(Hnlﬁlr)<;T> ‘i ({wo — 0%, vi))

7741 ﬂ!r

Incorporating with the definition of effective meta weight

y te y tr tr >
(2,0, T) = {Mz(Hm,ﬂ )/ (Thi(Hpy pr))  pi(Hy, ) ;

’ 2n
TQZM(HM,ﬂ“)Ui(sz,ﬁ‘s) i (Hm,ﬁ“)

%\“%\f

we obtain

1 pi(Hpmge)
(Tlui(Hnl oz +Ta? s (Hm,/ﬁ")lm(Hm,B")<;T) (o, o) SHONCIR

Therefore,
R(wr, ) < Bias + Var

2
Wi

2
Bias = =
2T ; Zﬂi(Hn17[3(r)

2 =
VA= (B, B (D)) (; Hl)

iy T s (HL, “’)7&
X[.f(ﬁt y N2, 0, 29, E) + 26(6t ; E) Z (W + 1Hi(Hn1)ﬁlr)<a1T) AZ(U?}

Vs

Note that the term V5 is obtained by our analysis for &;,s. However, it originates from the stochasticity
of SGD, and hence we treat this term as the variance in our final results. O

C Analysis for Lower Bound (Theorem 2)

C.1 Fourth Moment Lower Bound for Meta Nosie

Similarly to upper bound, we need some technical results for the fourth moment of meta data B and
noise & to proceed the lower bound analysis.

Lemma C.1. Suppose Assumption 1-3 hold. Given |5"| < /\1—1 for any PSD matrix A, we have

b
EB'BAB'B] = H,,, 5rAH,,, s + n—l tr(H,, s A)H,, s (22)
2
1
II t ;29(6”7”170” 2972)Hn1,5” (23)

where g(3,n,0,%,%q) := 02 + by tr(2ZeH,, ) + B215§061 tr(X?)/n.
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Proof. With a slight abuse of notations, we write B as 3, Xin a5 X in this proof. Note that
x € R? ~ P, is independent of X", We first derive

EB'BAB'B]|
1
= —E {(1 — éXTX)XXT(I — EXTX)A(I — EXTX>XXT(I — BXTX)}
na ni ny niy ni
-1
+ 2R {(I - EXTX)E(I — EXTX)A(I — ﬁXTX)z(I — ﬁXTX)}
Nna N9 ni ni ny
(@ b
> LE {tr(A(I — éXTX)E(I — éXTX))(I — éXTX)Z(I — ﬁXTX)}
No n n n n
+ Hm,ﬁAHnl,ﬁ
b
i*l tr(thﬁA)HnLB + Hn1,5AHn1,B
n9 ’
where (a) is implied by Assumption 1.
Recall that II takes the following form:
2 2
I=2H, ;+EB BXB B]+0?- LQE[BTXO“‘XTXX"“‘TB].

N2 nany
The second term can be directly bounded by letting A = 3¢ in eq. (22), and we have:
b
E[B'BZ¢B B| = — tr(H,, s%¢)H,,, 4.
na2
For the third term:

iE[BTxouthxxoutTB]

ur
1
= —E {(1 - EXTX)XXTXTXXXT(I - ﬂXTX)]
n2 ni ni
-1
+ 2" g [(I _ X TXymXTXR(1 - 'BXTX)]
N9 ny ni
niby tr(X?
- 117()Hn1,,815§0
n2
Putting these results together completes the proof. O

C.2 Bias-Variance Decomposition

For the lower bound analysis, we also decompose the excess risk into bias and variance terms.

Lemma C.2 (Bias-variance decomposition, lower bound). Following the notations in eq. (12), the
excess risk can be decomposed as follows:

R(GT, Ble> Z gbias + gvar

where
1 T-1T-1
gbias W <(I — OéHnlﬂ/r)kith"ﬁm7 Dt> 5
t=0 k=t
1 T—-1T-1
gvar ﬁ <(I — &Hnlwglr)k_thwgm, Vt> .
t=0 k=t

Proof. The proof is similar to that for Lemma B.3, and the inequality sign is reversed since we only
calculate the half of summation. In particular,

v 1 1 .
Eef @ofl=2 >, Eeea+s Y. Ele"ee
1<t<k<T—1 1<k<t<T—1
1 var I
sz Y. Ele"ee)
1<t<k<T-1

18



Fort < k, E[0}*|0}™] = (I — aH,, g)* ' 0™, since E[B, &;|0;—1] = 0. From this

T-1T-1

E[ef © 07'] = 75 Z > Vil —aHy, g
t=0 k=t

Plugging this into £ (H,, g, E[@"" ® 2}]), we obtain:

1 var I
= (Hp pe, E[oF" @ 07'])

2
T-1 T-1
. sz > D (Hupe, Vi(I—aHy, 5o)" )
t=0 k=t+1
=
=57 > (@ - aHy, g) T Hy, ge, Vi)
t=0 k=t
= &var-
The proof is the same for the term Epyg. O
C.3 Bounding the Bias
We first bound the summation of Dy, i.e. S, = f;ol D,.

Lemma C.3 (Bounding S;). If the stepsize satisfies o < 1/(2max;{p;(Hy, gr)}), then for any
k > 2, it holds that

S - 4% r ((I - aHmﬂ,,)W) Do) . (I - aHm,m)’“/Q)

k—1
+3 (I—aH,, s)" Dy (I—aH,, )"

t=0

Proof. By eq. (18), since M — MisaPSD mapping, we have

Sk :D0+(I—a%)osk_1 +012(M —M)osk_l (24)
k—1
=Y (Z—aT) oDy
t=0
k—1
= (I- Oanl,gtr)t ‘Do - (I- O‘Hnl,ﬂ")t'
t=0

Note that for PSD A,
(M—M)oA=EB"BAB"B] - H,, srAH,, s

By Lemma C.1, we have

— b
(M = M)oSi = 1= tr (Ha, prSe) Hyy o

k—1
b1
no tr (Z(I - aHnl,ﬁ")thnl,ﬁ" : DO) Hnl,ﬁ"
0
1

t
k—
b
o Z(I - 2aHn1-B“')tHn1,5" Do | Hp, po
2 =0 /

b
Qn;a tr ((I— (I - aH,, s)*) Do) Hy, g (25)

\ Y

Y

Y
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Substituting eq. (25) back into eq. (24), and solving the recursion, we obtain

= bia
Sk =) (I—-aT)'o {21 tr (I— (I—aH,, g )" " 7") Do) H+ DO}

t=0 n2
biav k—1
1 —1—
:% tr ((I — (I — Canlngnr)k 1 t) Do) . (I — O‘Hnl.ﬂ")%Hnl,ﬁ"
t=0
Js
k—1
+Y (I—aH,, g) Do (I—aH,, g)".
t=0

The term J4 can be further bounded by the following:

k—1

Jy = Z tr ((I -(I- aHm,ﬁ")k_l_t) DO) ~(I= QQHnl,ﬁ")th,ﬁ"
t=0
k/2-1
Ztr ((I B (I - aHn17ﬁ")k/2) DO) ' Z (I - 2aHn1,5"’)tHn1;5"
t=0

1
= % tr ((I —(I- OéHnl,,@lr)k/Q) Do) . (I —(I- O‘Hnl,ﬁ"‘)k/Q)

which completes the proof. O

Then we can bound the bias term.

Lemma C.4 (Bounding the bias). Let w; = (wg — 0*,v;). If a < W)H(E) for sufficiently large
ny, s.t. pi(Hy, gr) > 0, Vi, then we have

w? b1 _

2 — .

& ias =T 5 Ei
b =90002T zz: wi(Hy, pr) * 1000n2(1 — ac(pr, X) tr(X))

1 1
pi(Hy | gr)> 57 2
X ; ( Top;(Hy, gr) + lui(Hnl,ﬁb-Kﬁ))‘z%'

Proof. From Lemma C.2, we have

1 T—-1T-1
Erias = 272 Z Z (X- O‘Hm,,@")k_th,,@m,Dt>
t=0 k=t
1 —1
- 2072 ) <(I N (I N aHmﬁ") ) H;1 B"Hm,ﬂ‘ea Dt>

t=0

T/2
1 _
> 5 <(I (I—aH,, z)77? ) L Ho e, ZDt>

> 2aT2 (1= (1= By, 50)7/2) By !y Ho e, S )

Applying Lemma C.3to S T,we obtain:

gbias Z@ + @
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where

b gt (10 a7 D)

X <<I - (I- athﬁ“)T/g) H, | 5 Hy, e, (I -(I- aHnl,B")T/4)>

1 T/2) 37-1
@ = W <<I — (I — O[Hnl,glr) ) Hnl,[germ,B‘ea

T/2—1
> (T—aH,, )" Dy (I- O‘thﬂ")t> '
t=0

Moreover,

T/2—-1
1
dy > o ( (T (L= aFLuy o)™/ By Ho e, - (T= 20H,, 0)' Dy )
2aT" t=0
> 1 I-(I-aH T/2 2H‘2 H D
= 40272 — (I —aHy, g) ny,potim,pe; Do ) -

Using the diagonalizing technique similar to the proof for Lemma B.7, we have

b1 ‘ T/4\ 2
ﬁ 2 80[7L2T2 (zzz (1 - (1 - O‘Ml(Hﬂlﬁ")) )wi (26)
2 i (Hpp ge)
« 1— (1 — aps(Hy, go))™74 Hi(Hin ge) 7 27)
(Z (10wt ™) g
1 7/a\? pi(Hp pe) o
> — — : tr —ws.
@ - 4a2T2 ; (1 (1 O[JU’I(HTU,B )) ) U?(Hnl,ﬁ“‘)wz (28)

We use the following fact to bound the polynomial term. For hy(z) = 1 — (1 — 2) %, we have

1
s x>1/T
h ><{2 =
1(16)_{?1, r<1/T
. T/4 1 api(H,, | gr) e
ie,1—(1 —ap;(Hy, gr) '~ > slow,, >t T 5 Lap(H, w<i ) Substituting
this back into eqs. (27) and (28), and using the definition of effective meta weight =; complete the
proof. O

C.4 Bounding the Variance
We first bound the term V.
Lemma C.5 (Bounding V). If the stepsize satisfies o < 1/(max;{u;(Hy, g~)}), it holds that

ag(ﬁtranla Ea 29)

Vi = 5

. (I — (I — aHnl,Brr)Qt) .
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Proof. With a slight abuse of notations, we write g(8", n1, 3, Xg) as g. By definition,

Vt = (I — OéT) o Vt,1 + a2H
=T -aT)oVi_i+(M=M)oV,_1+a’l

= (T—aT)oV,_i+a’gH,, s
) t—1 »
=’y Y (T - aT) o Hy, oo
k=0
t—1 ~
=a’g- Y (I-aH,, g)"*H,, ge(I - aH,, g)*  (by the definition of Z — aT)
k=0
ag - (I —(I- aHn1,6")2t) (2D - aH’ﬂl,[jlr)71

—~

c

e
- 79 A(I— (I - aH,, 5)%)

~

where (a) follows from the Lemma C.1, (b) follows by solving the recursion and (c) holds since we
directly replace (21 — aH,,, g) " by (21)~1. O

Lemma C.6 (Bounding the variance). Lef w; = (wo — 0*,v;). Ifa < m,ﬁ)r sufficiently
large ny, s.t. p;(H,,, gr) > 0, Vi, for T > 10, then we have

g(B" 1, 3, 29
5¥ar 2 —e
100n2(1 — ac(p, X Z

Proof. From Lemma C.2, we have

T—1T-1
Euar = > (T =By, p0)" " Hy e, Vi)
t=0 k=t
1 -1
T— -1
B 2aT? . <(I B (I N aHnlﬁu) t) Hnnﬁ"Hmﬂlcv Vt> '

t=0

Then applying Lemma C.5, and writting g(3", n1, X, 3g) as g, we obtain

T-1
(c/'va'r‘ 2 L . Z <(I - (I — aHnl’ﬁlr)T_t) H;i[ierm,B‘e» (I — (I — aHnl’ﬁu)2t)>
t=0

AT?
Tfl
M’L m, te -
i 2t Z > (1= (1= aps(H )™ ))(1 = (1= apis(Flay )*))
Hy, g t=0
T—l
/'[/Z te —t—
= 4T2 Z Zt (1 — (1 — Oé,ui(Hnl,,Blr)T K 1))(1 - (1 - aui(Hnlﬁ")t)) (29)
Hy, pr) t=0

where the equality holds by applying the diagonalizing technique again. Following the trick similar
to that in [22] to lower bound the function ha(z) := 2/ (1 — (1 —2)T=*"1) (1 - (1 — )"
defined on = € (0, 1), for T > 10, we have

Substituting this back into eq. (29), and using the definition of effective meta weight =; completes
the proof. O
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C.5 Proof of Theorem 2

Theorem C.1 (Theorem 2 Restated). Let w; = (wo — 0*,v;). If |57],|8%| < 1/A1, ny is large
ensuring that (1;(Hy, gr) > 0, Viand o < 1/ (c(8", %) tr(X)). For T > 10, the meta excess risk
R(@r, ) is bounded below as follows

1 w; 1
R — te > Ez [ 7 =
@r,5%) 2 100a2T zl: wi(Hy, ) + ny (1-— ac(b’” Z

1 i b1 1Mi(Hn1,/3")Zﬁ 2
*[79g9(F" 71, % Bo) + 1505 Z ( Top(Hy, o) 1‘”(H"l’ﬂ”)<ﬁ)&wi]'

Proof. The proof can be completed by combining Lemmas C.4 and C.6. O

D Proofs for Section 4.2

D.1 Proof of Lemma 1

Proof of Lemma 1. For the single task setting, we first simplify our notations in Theorem B.3 as
follows.

C(O’ E) = C1, f(07n270-a Ea 0) = 0'2/7’l2, Hnl,B" = 3.
By Theorem B.3, we have

. w? i (Hi )
Bias = QTZ< 1y>2 +T0¢)\1k<>>\27

K2

2 3 w; i (i, )
S ﬁ : (aAzlAlzﬁ +O[Ai1)\i<u1 )T
For large m, we have p1;(H,, ge) = (1 — 8°)\;)?\; + o(1). Therefore,
. 2(1 - B*Ag)? 2 1
< — - < —).
Bias < T EZ w; < O(T)

For the variance term,

2 1 ,Uq(Hm ﬁle)
Var = m———=s > (71 Ta?)21 i (Hn, )
o (1 — acq tr(E)) z’L: (T AiZﬁ t1a i )\i<alT> )\Z
Js
? 13> ,
X[n2+2clz< Ta/\T —|—1)\1<(1 ))\sz]

It is easy to check that

]')\iZL 9 1&'2# 1 )
Z ( Ta)\iT + 1)\i<ulT> Aiw; < Z ( Ta —+ Oa71)\i<alT> wi < O(1/T).

(2

Moreover,

1
Js < (1— ﬂ‘eAd)QZ (T1A > +Ta’M1y, <) :

i
The term ), (% 1> + Ta2)\1421>\i<%) has the form similar to Corollary 2.3 in [22] and we
directly have J5 = O (log~?(T')), which implies
Var = O (logfp(T)) .

Thus we complete the proof. O
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D.2 Proof of Proposition 2

Proof of Proposition 2. We first consider the bias term in Theorems B.3 and C.1 (up to absolute
constants):

2 1 w?i(Hyy, ge)
Bias = ——_ -1 2702 (H,, 40)1 L P\t Tm B )
= T Z (T (8, )2 o+ o T (Hay pe) /‘i(Hnl,ﬂ“)<alT> pi(Hp, po)?

If pi(Hpy ov) > g5 7 < api(Hay po); and if i (Hy, pe) < g, then o®Tpi (Hy, o) <
ap;(Hy,, gr). Hence

. 1 LUZ/,Lz (Hm Blc) 2 j273 (Hm ﬂlc) 2 1
Bias < ! P < - max = ||wo — 07 = O(=).
a?T Z Hi (Hnl,ﬁ") a?T v M (Hnlﬁ") T

Moreover,

> Toyp;(Hy,, ﬁlr)
(a)

= aTZuz

.Ufz(Hnl B )> aT 2
Z + llii(Hnl,ﬁlr)<ﬁ Aiwi

’ﬂl /8"
1 A 1
< A _ 0* 2 — O
aT maX ’L(thﬂlr) Hwo || (T)

where (a) holds since we directly upper bound f1;(H,,, gr) by = when p;(H,,, gv) < —=. There-
fore, it is essential to analyze f(8",ns,0,%,%g) (>, Zi) and (8%, n1,0,3,3g) (>, Z;) from
variance term in the upper and lower bounds respectively.

Then we calculate some rates of interesting in Theorems B.3 and C.1 under the specific data and task
distributions in Proposition 2.

If the spectrum of X satisfies \, = k=1 log P (k + 1) then it is easily verified that tr(X ) =
for s = 1,--- ,4. By discussions on Assumption 3 in Appendix F, we have C(3,%) = O(1
given 3. Hence

o)
) for

(8, %) =0(1)
f(B",n2,0,2,%9) = c(B", 2) tr(XeX) + O(1)
g(ﬁlr7 ni, o, 27 29) = bl tr<29Hn1,ﬁ") + 9(1)
If 7 > 2p — 1, then we have g(8",n1,0, %, 3g) > Q (log" ?71(d)) > Q (log" "*H(T)).

Let kT := card{i : yu;(Hy, pv) > 1/aT}. Forlarge ny, we have p1;(H,,, gr) = (1—B8%\;)2Xi+o(1).
If k= O (T/log”(T + 1)), then

12 i) = (T[log(T) li)g;li)aoga’)np) — (:D

which contradicts the definition of k'. Hence kT = Q (T'/log?(T + 1)). Then

0o k).

Therefore, by Theorem C.1, R(w, 8°) = Q (log" ~***H(T)).

For r < 2p — 1, if d = T", where [ can be sufficiently large (d > T') but still finite, then
cIfp—1<r<2p—1, f(B" ns0,% 5p) < Olog" P+ T);

e Ifr <p-—1, f(B", n2,0,%,3g) < O(log(log(T))).
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Following the analysis similar to that for Corollary 2.3 in [22], we have ), Z; = O(

by Theorem B.3
1
— tey
R(@r, %) =0 <logp(rp“)+(T)> '

). Then

logp T)

D.3 Proof of Proposition 3

Proof of Proposition 3. Following the analysis in Appendix D.2, it is essential to analyze
f(B% n2,0,%,%86) (3, Z;). If d = T', where [ can be sufficiently large but still finite, then

F(B",n2,0, 5, 3g) = O(1)
for \, = k9 (¢ > 1) or \y = e *.

Following the analysis similar to that for Corollary 2.3 in [22], we have

s If N, =K% (¢ > 1), thenzul—(’)< >;
T 7
S I A = e then 30,5 = O (15D,

Substituting these results back into Theorem B.3, we obtain
« If \y = k7 (¢ > 1), then R(@p, ) = O (}_1>,
T 4

« If \j, = e~ ¥, then R(wr, B¢) = O (7)-

E Proofs for Section 4.3

E.1 Proof of Proposition 4

Proof of Proposition 4. Following the analysis in Appendix D.2, it is crucial to analyze
f(B",n2,0,%,50) (32, Zi)-

Then we calculate the rate of interest in Theorems B.3 and C.1 under some specific data and task
distributions in Proposition 4. We have tr(X?) = % + == @(%). Moreover, by discussions
on Assumption 3 in Appendix F, C(8,X) = O(1). Hence

(3,5) = e1 + O(1):

2 /1
F(B.1,0, 2, 5) 1= 2,0(1) + = + O () |
n T
By the definition of =;, we have

= —0 (S - pa (Hip ) L _Tﬂd(Hmﬁ")Md(Hm,ﬂ‘e)>
Tlufl(Hnl 5") d—s /\Z

_ 1 1 (Hy ) 1 pra(Hny o) pa(Hon pe)
=0 <1ng(T)) 1(H nl,ﬁ") * O(Iqu( )) )\c21
)

1 (1—p%N)? 1
=0 o )= B2 (1 = BA)?
() =+ Olgrray )0~ 007015730
where the last equality follows from the fact that for large n, we have y; (H,, g) = (1—8X\;)?X;+o(1).
Combining with the bias term which is (’)(%), and applying Theorem B.3 completes the proof. [J

%
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E.2 Proof of Corollary 1

Proof of Corollary 1. Fort € (s, K], by Theorem C.1, one can verify thatt = é(K ) for diminishing
risk. Let t = K log™'(K), where p > | > 0. Following the analysis in Appendix E.1, we have

i ~ 1 2
R@;", ) £ O) + (201 + ) (30)

— Be))? . 2 N 2
ol = o) - -]

To clearly illustrate the trade-off in the stopping time, we let [ = 0 for convenience. If R(wtﬂ “, g <
€, we have

0'2 0'2
U = O<(2011/2 o1~ 5%)2) and Uy = O((201V2 71~ ﬁ%ﬁ).

The arguments are similar for the lower bound, and we can obtain:

_ U
(1 _ ﬁlr)\l)Q

D=

te < exp (e_% [ + U(1 - ﬁtr)\d)ﬂ

where

L= 0((21”—” L0 ﬁtexl)Q) and L = 0((21’;” 50— 5%1)2).

n2 n2

F Discussions on Assumptions

Discussions on Assumption 2 If P, is Gaussian distribution, then we have
F = E[xx' Ixx'| =2%% 4 T tr(X?).
This implies that F and 3 commute because 32 and 3 commute. Moreover, in this case
B2 B2

(F »3) = (23 + 3 tr(2?)).

Therefore, if n > A1 (A + tr(EQ)), then the eigen—space of H,, 5 will be dominated by (I — 3X)?%

Discussions on Assumption 3 Assumption 3 is an eighth moment condition for x := 32z, where
z is a 0, sub-Gaussian vector. Given 3, for sufficiently large n s.t. p;(Hy, ) > 0, Vi, and if tr(Ek)
are all O(1) for k =1, - - , 4, then by the quadratic form and the sub-Gaussian property, which has
finite higher order moments, we can conclude that C(3, %) = O(1).

The following lemma further shows that if Py is a Gaussian distribution, we can derive the analytical
form for C'(5, 3).
Lemma F.1. Given |5 < )\%,for sufficiently large n s.t. p1;(Hy, ) > 0, Vi, and if Px is a Gaussian
distribution, assuming 3 is diagonal, we have:

4 t 22 2
C(3,%) = 2101 + L)

(1—5)\1)4)'

Proof. Lete; € R? denote the vector that the i-th coordinate is 1, and all other coordinates equal 0.
For x ~ Py, denote xx " = [2;]1<;, j<4. Then we have:

_1 153 15} _1
Ele/ H, }(I- “XTX)B(I- X X)H, %ol

< E[lle] H,, 3(1 - fxx ) (I — fxx )H, 2ei||?
2

=E |(e/H, se,)” | Y B°Naf; + Xi(1 — Bzii)?
J#i
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For Gaussian distributions, we have

INFA? j=kand #1i
Elz};23,] = ¢ 105A} i=j=k
3NNy i GEk

‘We can further obtain:

B 8
E[”e;an,%(I - E

n

X'X)H,, zeill’]

2

XTX)%(1

<105(e/ Hy ei)* | D B°A2 + (1— BA)?
J#i

(a)

< 210(e/ H, ;e,)*[B* tr(2?)* + (1 - BA:)*]

®)

< 210[(e; H, e;)?* tr(2%)* + 1]

where (a) follows from the Cauchy-Schwarz inequality, and (b) follows the fact that (e; H;’%ei)z =

1 < _ . 4.
[(1=BA)AZHEZ (A2 4r(32)N)]2 — 1/ =BX)

Therefore, for any unit v € R4, we have

B

n

B

n

EllvTH, 31— DXTX)S(I - CXTX)H, v

4 22 2
< max210[(v T H,, [;v)?8" tr(%)? + 1] < 210 (1 * W) '

G Further Related Work

G.1 Underparameterized Setting

Provable guarantees of meta-learning have been extensively studied in the underparameterized regime,
i.e. the number of tasks or the data size is much larger than the data dimension. Here we highlight
some existing related studies and discuss their differences from ours.

[4] provides the generalization error bounds for S/Q meta-learners. Their generalization error bound
is O(B+v/n) + O(%) where the (3 is the uniform stability parameter, n is the number of task, and A

is the uniform bound on the loss function. Note that with the square loss as considered in our setting,
M can be as large as the dimension d of the input. For the overparameterized regime, where d > n,
the bound becomes asymptotically large and not useful.

[9] shows the generalization guarantees of MAML on recurring and unseen tasks respectively, where

the excess risk bound is roughly O(%Q) + O(%), depending on the total iterations 7', the number of
tasks m, the available data size for each task n, and the uniform bound for gradient norm G. Notice
that the gradient norm typically scales polynomially with the input dimension d. Therefore, in the
overparameterized regime (d > mn), the bound again becomes vacuous.

[6] aims to theoretically characterize the performance between MAML and the standard Empirical
Risk Minimization (ERM). Firstly, they show that the empirical training solutions will converge

to their population-optimal values with concentration bounds, which have terms O(%) or O(%)

where n is the sample size and 7 is the number of training episodes per task. Such bounds will be
crude in the overparameterized regime(d >> n, 7). Then from the generalization perspective, they only
give excess risks for the population-optimal solutions, whereas we analyze the generalization property
of empirical training solutions based on their optimization trajectory. Moreover, the comparison
between the excess risk of MAML and ERM for the population-optimal solutions requires m = §2(d),
where m is the number of task. Therefore, such comparison does not apply to the overparameterized
regime (d > m).
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From what has been discussed above, all of these bounds, are useful (i.e., yield small or vanishing
error) only for underparameterized regime, where sample size n is much larger than the dimension
d of input (i.e., n > d), but become vacuous (i.e., yield large error bound) for overparameterized
regime, where n < d. Thus, they fail to explain why the overparameterized neural network can still
generalize well.

In contrast, our work provides a much more refined data-dependent upper bound by incorporating

the data and task roles. Our bound can be written in a concise form as O(M) (see Theorem
1 in Section 4 for exact form of the bound), where the function h(-) is determined by data and
task covariances X and Yy, step-size « and the total number 7' of SGD iterations (here 7" scales
linearly with the sample size). Note that the dimension d is implicitly captured in 3, ¥y. In the
overparameterized regime with d >> T, the function h(-) explicitly captures the effect of data and
task conditions to guarantee the value of h(+) to be small compared to 7', and thus the excess risk
can diminish under overparameterization. In Propositions 2 and 3, we further give specific examples
about data and task covariances X, 3y that yield small excess risk and good generalization.

Besides the above key difference, our paper also provides the following important results that were
not studied in [4, 9, 6]. (a) We provide the lower bound to justify the tightness of our results in the
overparameterized regime, whereas [4, 9, 6] do not have such a result. (b) Our results capture how
the task diversity affects the excess risk in the overparameterized regime. In particular, we give an
example (in Proposition 2), for which the excess risk exhibits a phase transition with respect to task
diversity. Such an interesting behavior is not captured in [4, 9, 6].

G.2 Overparameterized Setting

Despite the overparameterization is crucial to demystify the remarkable generalization ability of
deep meta-learning [21, 13], there are only a few theoretical analysis being developed to study
the generalization of MAML in the overparameterized regime. [20] studied the MAML with over-
parameterized deep neural nets with a generalization gap quantifying the difference between the
empirical and population loss functions at their optimal solutions. However, their bound is derived
by conventional complexity-based techniques and does not consider the data or task-dependency
similarly as [4, 9, 6] discussed in Appendix G.1, which tends to be weak in the high dimensional,
especially in the overparameterized regime. Most related to our work are recent studies [2, 24],
where they develop more precise generalization bounds for overparameterized setting under a mixed
linear regression model. Yet, their empirical training solutions are directly calculated by taking
the closed-form of training objective’s minimum, which are not obtained by trained with SGD as
ours. More crucially, they consider only the simple isotropic covariance for data and tasks, which
are directly scaled by d, i.e. ¥ = éI. Thus, they do not explicitly capture how the generalization
performance of MAML depends on the data and task distributions.

H Future Directions

This work takes a step towards understanding the benefits of overparameterization for MAML from
the generalization aspect. There are many important future work directions, and we elaborate some
interesting directions in this section.

H.1 Generalizing to Other Learning Methods

Our result can directly extend to the random feature(RF) model, adopting the similar analysis for
nonlinear model in [12] : the data x is generated by o(Wz), where W is the random feature matrix
and o(-) is the nonlinear (activation) function. Hence, the RF model can be regarded as training a
two-layer neural network where the weights in the first layer are chosen randomly and then fixed and
only the output layer is optimized.

Beyond the fixed feature approach, understanding the overparameterization in neural networks is
much more challenging. Recently, [3] made important progress towards this aspect. They studied the
benign overfitting phenomenon in training a two-layer convolutional neural network, and provided
new analysis to tackle the neural network learning process. One possible direction is to generalize
our analysis to neural networks by further advancing the techniques in [3].

28



H.2 Meta-batch Setting

‘We can consider to incorporate a practical meta-batch setting in our framework, i.e. given a set of
tasks in advance, and at each iteration, the task is sampled from the set with replacement uniformly at
random and will be visited multiple times during optimization. This is broadly referred as multi-pass
SGD [16], while we have studied the single-pass setting, that each task is used only once. For
multi-pass SGD, the iterate analysis in Appendix B.3 will be more challenging since we have to
consider the dependence on history that leads to a complicated calculation of the expected error
matrix. To handle such complication, we may adopt some analysis techniques recently developed
for multi-pass SGD [23, 17, 16], and further advance them to analyze meta-batch MAML in meta
learning.

Intuitively, we expect in such a setting, meta-batch size (of tasks) will play an important role in
determining the excess risk. Specifically, how meta-batch size compares with the effect of data
covariance and task diversity (coupled with the number of SGD iterations) will determine whether
benign fitting in the overparameterized regime can occur.

H.3 Longer Inner Loops

Another important direction is to study the MAML beyond the one-step gradient update in the inner
loop. Two possible cases are discussed as follows.

If the inner loop continually takes gradient updates towards the per-task loss function until converges
(additionally regularized by the distance between task-specific parameter and the model parameter),
then the algorithm is equivalent to another well-known meta method, iIMAML [18]. Under the mixed
linear regression model, similarly, we can reformulate the problem as a meta least square problem
with modified meta inputs and output responses [7, 1]. Therefore, our analysis can directly generalize
to such a setting with modified meta least square problem.

If the inner loop only takes a few steps of gradient updates, the analysis will be more challenging,
because the update of meta parameter in the outer loop will involve Hessian, and the analysis of such
an algorithm will need to handle the complicated statistical correlation between the gradient and
Hessian estimators [15], where new techniques are required. Recently, [5] proposed that one can treat
the Hessian as identity operator in theoretical analysis, where the corresponding algorithm is called
FO-MAML, and FO-MAML typically achieves a performance similar to MAML in practice [10].
Such relaxation may make the problem more tractable. Then the remaining problem is to extend our
technique for overparameterized MAML to FO-MAML, which is an interesting research direction
for future study.
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