Supplementary Material

In this section, we present definitions that were not explicitly stated in the main manuscript, alongside
additional validation experiments that showcase the robustness of our algorithms, and theoretical
proofs of Lemma 2 and Theorems 3 and 4.

A Definitions

Definition 5 (Laplacian operator) The Laplacian operator [8] L : Ri(p “D/2 _ RPXP \which takes
a nonnegative vector w and outputs a Laplacian matrix Lw, is defined as

—Wits(5)s lf i> jv
[Ew]” = [/J'w]ji, lf 1< j, (23)
7Zi;ﬁj[‘cw]ij» if i=7,
where s(j) = %(Qp —4)— 3.

Definition 6 (Degree operator) The degree operatord : RP®P—1)/2 — RP which takes a nonnegative
vector w and outputs the diagonal of a Degree matrix, is defined as

dw = diag(Lw). (24)
Definition 7 (Adjoint of Laplacian operator) The adjoint of Laplacian operator [8] L* : RP*P —
RP(P—1)/2 s defined as
(L*P)y; 5 =Pii—Pij— Pj;i + P (25)
where s(1,7) =1 —j + %(2})—]’),2‘ > j.

Definition 8 (Adjoint of degree operator) The adjoint of degree operator 0* : RP — RP(P=1)/2 jg
given as
Y sy = ¥i T Y5 (26)

where s(i,j) =i — j + 155 (2p — j),i > j.
Definition 9 (Modularity) The modularity of a graph G [49] is defined as Q : G — R:

L1 did;
Q0 £ g 3 (W5t ) 1= 7

where d; is the weighted degree of the i-th node, i.e. d; = [0 (w)),, t; is the type (or label) of the i-th
node, and 1(-) is the indicator function.

B Additional Experiments

B.1 Empirical Convergence
In this section, we illustrate the empirical convergence performance of the proposed algorithms. All
the experiments were carried out in a MacBook Pro 13in. 2019 with Intel Core i7 2.8GHz, 16GB of

RAM. In Figure 9, we observe that the Lagrangian function quickly approaches a stationary value
after a transient phase typical of ADMM-like algorithms.

C Proofs

C.1 Proof of Lemma 2

Proof We define an index set §;:

Qté{l:[ﬁx]tt_le}a tell,2,...,pl (28)

LEQ:
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Figure 9: Empirical convergence for Algorithm 1 (panels (a) and (c)), i.e. connected graphs, and
Algorithm 2 (panels (b) and (d)), i.e., k-component graphs, with cryptocurrencies data (panels (a)
and (b)) and foreign exchange data (panels (c) and (d)).

Then we have

p(p—1)/2 P
Amax (L*L) = sup x' L*Lx = sup ||£acHF— sup 2 Z xk+z ([Lx)i)
llzl=1 ll=l=1 llzl=1 k=1 i=1
p(p—1)/2
= sup 4 Z xi—l—z Z 2y <44 sup fZ Z xf—i—x?
llz|l=1 t=114,j€Q, i#] =12 t=114,j€Q, i#j
p(p—1)/2
S @2l -1) s S ad=2p,
[lz|l=1 k=1
with equality if and only if 2 = -+ = 2pp_1)2 = \/% OF Ty = - = Tpp_1))2 =

— /W. The last equality follows the fact that |Q;| = p — 1.

Similarly, we can obtain

p(p—1)/2
Amax (0°0) = sup x'0*0x = sup [[oz|® = sup 2 Z szrZ Z ;T
=ll=1 z||=1 lzl=t = t=14,jEQy, i#]

p(p—1)/2

<2+ sup fz Z x?+x§z(2+2(|§2t|—1 sup Z i =2p—2,

ll|l= 1 t=114,7€Q,, i#j llz]=1
with equality if and only if z1 = -+ = Zpp_1)/2 = W Or 1 = +++ = Tp(p_1)/2 =
2
p(p—1)/2°
Finally, we have

Mmax (L*L40%0) = sup ' (L*L+00)x

[l]|=1

< sup ' (L*L)x+ sup y' (0°0)y (29)
[l]|=1 lyll=1

=4p — 2.

Note that the equality in (29) can be achieved because the eigenvectors of £*£ and 9*d associated
with the maximum eigenvalue are the same. Therefore, we conclude that .y (L*L£ + 0%0) = 4p—2,
completing the proof. |

C.2 Proof of Theorem 3

Proof To prove Theorem 3, we first establish the boundedness of the sequence { (@l, w', Y, yl) }
generated by Algorithm I in Lemma 10, and the monotonicity of L, (G)l, w!, Y, yl) in Lemma 11.
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Lemma 10 The sequence {(@l, w!, Y, yl)} generated by Algorithm 1 is bounded.

Proof Let w", Y and y° be the initialization of the sequences {w'}, {Y"'} and {y'}, respectively,
and ||'uJ0 ,|[Y° ||F and Hyo H are bounded. We prove the boundedness of the sequence by induction.

Recall that the sequence {@l} is established by

1
e = %U“l <r“ +/ (0% 4 4pI> U, (30)

where T''~1 contains the largest p — k eigenvalues of pLw'™! — Y~ and U'~! contains the

corresponding eigenvectors. When [ = 1, I‘OHF is bounded since both ||wOH and HYOHF are
bounded. Therefore, we can conclude that | e! ||F is bounded.
The sequence {w'} is established by solving the subproblems of the form
m>ir(1) ng @2+ LL)w— (w, L* (Yl_1 + p@l) -0 (yl_1 —pd))
w=
PV z, Lwz;
7N Il Bkt 20 I
I s (1 2
Let
P T N DU z] Lwz;
gl(w)ziw (O*D+£*£)w+<w,a>+TZIOg 1+LT , 31)

i1
where a! = —L£* (Y71 + p©') + 2* (y'~! — pd). Note that HalH is bounded because HY0|
|°||. and ||©" ||, are bounded.

From Lemma 2, we known that £*L£ is a positive definite matrix with minimum eigenvalue
Amin (£*L£) = 2. On the other hand, 9*0 is a positive semi-definite matrix as follows,

o

TN
T 0°0x ox, 0x
)\min (0*0) = sup T = sup <T7> > 0. (32)
z#£0 L T x#£0 r X

T Lwx;
Since log <1 + W) > 0 for any w > 0, we have
v

(w)> lim pw'w+ (w,a') = 4oo. (33)

g1 =z
lw]|—+o0 [lw]|—+o0

Thus g; (w) is coercive. Recall that we solve the optimization (31) by the MM framework. Hence,
the objective function value is monotonically decreasing as a function of the iterations, and w' is a
stationary point of (31). Then the coercivity of g1 (w) yields the boundedness of le ||

According to the dual variable updates, we obtain

Y'=Y"+p(0' - Lw'), (34)
and

y'=y°+p(ow! - d). (35)

It is obvious that both HYlHF and Hylﬂ are bounded. Therefore, it holds for [ = 1 that
{(©",w', Y y")} is bounded.
Now we assume that { (@'~ w'~!, Y'~! ¢'~1)} is bounded for some [ > 1, and check the
boundedness of {(®',w',Y",y")}. Similar to the proof in (30), we can prove that ||®!|| is
bounded. By (31), we can also obtain the boundedness of leH We can also obtain that HYl ||
- |Yl’1H and ||yl’1||. Thus,
{ (@l ,wh, Y yl) } is bounded, completing the induction. Therefore, we establish the boundedness
of the sequence {(G)l, w!, Y, yl) } |

and ||y||" are bounded according to the boundedness of e w!

>
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Lemma 11 The sequence L, (G)l, w!, Y, yl) generated by Algorithm 1 is lower bounded, and
L, (@ wt Yyt <L, (0w Y y'), VieNy, (36)
holds for any sufficiently large p.

Proof According to Problem (1) in the manuscript, we have

n TE I
L@, w!, Y yl) = ”JFT” 3 log (1 + w;’“”) — log det (0 + J) + (y', 0w — d)
=1

2 2

+ 2w —d|l; + (¥'.0' - Lw') + £ |© - Lw';. (37)
We can see that the lower boundedness of the sequence L, (©',w', Y, y') can be established by
the boundedness of { (@', w', Y"*, ')} in Lemma 10.
We first establish that

L,(@" 1w Y y) <L, (0w Y y"), VieN,. (38)
One has
Lp(®l+1, wl’ }/l7 yl) _ Lp(®l+1, ’UJl+17 Yl+1, yl—‘,-l)
_ <yl,D’LUl _ d> _ <yl+1,0wl+1 _ d> + <);l7 ®l+1 _ Ewl> _ <Yl+1’ ®l+l _ £wl+1>
Il I2

p 2 p 2
(2w —r () + 2 Jow' — d] £ owt*1 ]

2
P

+ g H®l+1 . ﬁle g ||@l+1 . Lwl+1”i‘, (39)

pHVan w:LiL'Z>

where (L) - i1 log (1 +

From the dual variables updates, it is easy to see that
L+DL=0Y — LY w —wth) — plow! ! —d; - p||©F! — LwL.  @40)

According to the convergence result of the majorization-minimization framework [35, 36], w1 is a
stationary point of the following problem

minimize r(Lw) + ng @+ LL)w— (w, L5 (Y +pO ) —2o* (y' —pd)). (4D

The set of the stationary points for the optimization (41) is defined by
X = {w|Vgl(w)T(z —w) >0, Vz >0}, (42)
where g;(w) is the objective function in (41). The existence of the limit point can be guaranteed by
the the coercivity of g;(w), which has been established in the proof of Lemma 10. By taking z = w'
and w = w'*" in (42), we obtain
(L% (Vr (Lw™™)) + p (@0 + L7L) w' ™ — £* (Y + p@+1) 4% (y' — pd)) ' (w' — w' ™) > 0.
Thus, we have
<D*yl — LY w - wl+1> > — <V7" (Cw”l) ,Lw! — Ewl+1>

43
+p (= @+ L L) w T + L0 + 07 d, w —w!T), N
Plugging (40) and (43) into (39), we obtain
LP(GH_I, ,u;l7 Yl, ,yl) _ Lp(®l+1, 'U_}l+1, YH_I, yl+1)
p 2 p 2 2 2
22 o — w2+ 2 cwt - ol - pow' — df} - pllcwt - @
+7r (,Cwl) —r (Lle) — <Vr (Ew”l) , Lw! — Ewl+1>
p 2 p—0L, 2 1 2 1 2
> 2 owt ™ —ow! |3+ £ wt - w2y =y - S - YR
(44)
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where the last inequality is due to the fact that r(L) is a concave function and has L,.-Lipschitz
continuous gradient, in which L,. > 0 is a constant, thus we have

r (Lwl) —-r (.Cwl+1) — <VT (E'wl'H)  Lw! — Ewl+1> > —% HEle — Elei. (45)
By calculation, we obtain that if p is sufficiently large such that

1
2 2\ 2
Oy =Y+l - o))

p > max | 2L,, max - |, (46)
(w1 — Lawt][f + ottt —out[3)”
holds with some constant C' > 2, then, together with (38), we conclude that
LP(@la wla Ylv yl) 2 LP(®Z+1a wla Yla yl) 2 LP<@I+13 wl+1a Yl+17 yl+1)7 (47)
forany [ € N.. |

Now we are ready to prove Theorem 3. By Lemma 10, the sequence {(©', w' Y y')}
generated by Algorithm 1 is bounded. Therefore, there exists at least one convergent
subsequence { (@©'s,w's, Y, yl*)} |, which converges to the limit point denoted by
{(©'=,w'= Y= y'=)} By Lemma 11, we obtain that the sequence L, (©',w', Y’ y') de-
fined in (37) is monotonically decreasing and lower bounded, implying that L, (©',w', Y, y') is
convergent.

We can then obtain lim, ;o L, (0", w!, Y, y') = L, (©'= w'=, Y'= yl=) Then, (44), (46),
and (47) together yield

L/}(@l’ ’Ll)l, }/‘l7 yl) _ Lp(@l+17 wl+1, Yl+1, yl+1)

2 _ (48)
> Tt (Jlew' — @+ out — d]3).

The convergence of L, (@l, w', Y, yl) yields
liiinoo ||£wl — @lHF =0, and liiinoo wal — d||2 =0. (49)

By the updating of Y**! and 4y'*!, we can get
ziiinoo HYl+1 ~Y! ||F =0, and liiinoo ||yl+1 — ylH2 = 0. (50)

Together with (44), we obtain
lim wal+1 - leHQ =0 and lim Hﬁwl+1 — EleF =0. on
=400 l— 400

For the limit point { (©'=, w'=, Y= y'=)} of any subsequence { (©':, w':, Y y'*) }SGN, Ol
minimizes the following subproblem

©'= = arg min — logdet(® + J) + <®,Yl°°_1> 4+ P H@ — Ewl""_lui
80 2

o T loo B _ loo 2
= arg min log det(® + J) + (©,Y'=) + T [|© — Lw'~ |,

—(©,Y'> —Yl="1) 4+ p(0, Lw' — Lw'="T).

By (50) and (51), we conclude that @'~ satisfies the condition of stationary point of
L,(®,w,V,Y, y) withrespect to ©. Similarly, from the convergence results of the MM framework,
we know that w'e is a stationary point of the subproblem

minimize in(D 0+ LL)w + (w, 0 (y' — pd)) — (w, L* (Y + p@©'=))

+ <£w, Y~ — Yl°°_1> + <Ow, yle—t — yl°°> + r(Lw).
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By (50) and (51), w'= satisfies the condition of stationary point of L,(®,w,Y,y) with respect to
w.

To sum up, we can conclude that any limit point {(©'= w'= Y'= yl<)} of the sequence
generated by Algorithm 1 is a stationary point of L,(®,w,Y , y). |

C.3 Proof of Theorem 4

Proof Similarly to the proof conducted for Theorem 3, to prove Theorem 4, we first establish the
boundedness of the sequence { (@l, w!, VY, yl) } generated by Algorithm 2 in Lemma 12, and

the monotonicity of L, (@l, w!, VL Y! yl) in Lemma 13.
Lemma 12 The sequence { (@l, w!, VLY, yl) } generated by Algorithm 2 is bounded.

Proof Let w’, VO, Y and y° be the initialization of the sequences {w'}, {V'}, {Y'} and {y'},
respectively, and ||w®||, | V°||,.. [|[Y°||; and ||y°|| are bounded.

s

F’

We prove the lemma by induction. Recall that the sequence { @'} is established by
1
o'=_U'"! <rl—1 +4/(D-1)* + 4pI> Ut (52)
0

where T'~! contains the largest p — k eigenvalues of pLw!~! — Y!=1, and U'~! contains the
corresponding eigenvectors. When [ = 1, ||T'°||, is bounded since both ||w?|| and ||Y°||,, are

bounded. Therefore, we can conclude that | e! ||F is bounded.

I

The sequence {wl} is established by solving the subproblems that tantamount to (31) except for
the additional linear term n{w, £* (V'V'T)). Hence, g1 (w) + n{w, L* (VIV1T)) is still coercive,
which implies that ||w’|| is bounded.

The feasible set of V' is the set of ordered orthonormal k-frames in RP, thus || VY| . is bounded for

I
any [ > 1.

From the updates of Y and v, it is obvious that both HY1
holds for [ = 1 that {(@l, w!, VLY, yl)} is bounded.

||F and ||y1H are bounded. Therefore, it

Assume that {(@l’l, wlil, Vlfl, Yl’l,ylfl)} is bounded for some [ > 1, i.e., each term in
{ (@lil, w! =, Vit yl-t ylil) } is bounded under ¢5-norm or Frobenius norm. Following (52),
we can obtain that || e! ||F is bounded.

Due to the coercivity of g;(w) + n{w, £L* (V'V'T)), we can get that ||w'|| is bounded. It is also

obvious that HYZ H and ||y||l are bounded, because of the boundedness of H@l‘ - wt], [[Yt-1 H
and ||y'~!||. Thus, {(©',w', V!, Y y')} is bounded, completing the induction. Therefore, we
can conclude that the sequence { (@', w', V!, Y, y')} is bounded. [ |

Lemma 13 The sequence L, (@l, w!, VL Y!, yl) generated by Algorithm 2 is lower bounded, and
L, (@ @t vIFL yitt o) < L (0L w', VI Y y!), VieN, (53)
holds for any sufficiently large p.

Proof According to Problem (16) in the manuscript, we have
n T Loryl
Lol vl oyl gy P TV x; Lw ! Lyl T
L@, w!, VLY yl) = T§log (1+ y) +tr(£'w (nv (V) ))
—logdet* (') + (y', 0w’ — d) + g [ow! — d|>

+ (v e —tw') + L]0 - Luw|y. (54)
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We can see that the lower boundedness of the sequence L, (©', w', V!, Y, y') can be established
by the boundedness of { (@', w', V!, Y, y')} in Lemma 12.

‘We first establish that
L,(®" 1w VY y) <L, (0w, Vi Y y), VieN;. (55)
We have

PV x| Lw'z; T
L@ w VY y) = ;bg (1 + V) Yt (Ewl (nvl (V) ))
—logdet* (@) + (y', 0w’ — d) + g [ow! — d|:
+ <Yl’®l+1 _ Ewl> + g ||@z+1 _ £lei.
Then we obtain
L@ w' VY yh) - L0, w' VY y') = —logdet* (0') + (V! ©)
+ 2@ — Lw'||; — (~logdet” (©') + (Y, 0') + £ |0 — Lu|[}).

Note that ®'*! minimizes the objective function

Ol = argmin  —logdet*(®) + (©,Y") + L |© - Ele; : (56)
rank(®)=p—k 2
©-0
Therefore
L@ w VY yl) —L,(0w', VY y") <0 (57)
holds forany [ € N_.
One has

Lp(®l+1, ’LUl7 ‘/‘l7 Yl, yl) o Lp(®l+1, ’U}l+1, Vl+1’ Yl+1, yl+1)
=r(Lw') — r(Lw'™h) +tr (nﬁwl (Vl (VI)T>) —tr (nﬁ'wl“ (V”l (V”l)T))
I
+ (' ow' —d) — (¥ 0w —d) + (Y, 0 — Lw') — (YT, @ — L't
Iy I

P 2 P 2 p 2 p 2
+5 107" — La|[ = 517 — Lo + 5 [ouw! — d, - S [low™ —df[,, (58)

-
n ; L i .
Yo log (1 + w) The term I; can be written as
1%

I =tr (nﬁwl (Vl (VZ)T)> —tr (nﬁle (Vl (VI)T))
Lt (Tlﬁwlﬂ (Vl (Vl)T)> —tr (nﬁlerl (Vl+1 (Vl+1)T)) .

Iiq

where r(L) = ptv

Note that V'!*+1 is the optimal solution of the problem

min tr (VT Lw™ V), subjectto V'V =1. (59)
VeRpXk

Thus the term I, > 0, and we can obtain
I; > tr (nﬁwl (Vl (VZ)T>) —tr (77£§'wl+1 (Vl (VI)T)) . (60)
For the term I, we have
L = {y', 2w’ —d) — (y, 0wt —d) — p (pw'"! — d,ow'*! — d)

w1 I+1 I+1 2 (61)
= (y w' —w'™h) —plpw™ —df;,
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where the first equality is due to the updating of y'*! as below
Yy =y +p (dw'™ —d). (62)
For the term I3, similarly, we have

I3 = <Yl,®l+1 . ﬁwl> _ <Yl, ®l+1 _ Ewl+1> _ p<®l+1 _ Ewl+1’ ®l+1 _ ﬁwl+l>

(63)
:<£qﬂﬂ¢+y_w§_pH®H1_£wHw@7
where the first equality follows from
Yt =Y+ p (0! — Lw!'t?). (64)

Therefore, we can obtain

L+ Iy = (oY — LY w! —w ) — pow'™ —d|) — p[|@ — Lw L. (65)

Recall that w'*! is a stationary point of the problem

mini210ize r(Lw) + ng @+ LL)w

—(w, L* (Y + p@ —pV'VIT) —o* (y' — pd)). (66)
The set of the stationary points for the optimization (66) is defined by
X = {w|Vg(w)" (z —w) >0, Vz > 0}, (67)

where ¢;(w) is the objective function in (66). By taking z = w' and w = w'*t! in (67), we obtain
<0*yl — LY w — wl+1> > — <VT (EwH'l) ,Lw! — Ewl+1>

68)
+p<_(a*a +£*£) wl+1 +£*®l+1 +D*d— gvlvl—rvwl —wl+1>7 (
p

Substituting (65) and (68) into (58), we obtain
Lp(®l+1, wl’ Vl, 1;l7 yl) _ Lp(@l+1, wl+1, Vl+1, Yl+1, yl+1)
>8 fow!*t —ow!|[, + L |Lw!* — Lo, — p [ow' ! — d|f, - p [ Lt — @

+7r ([,wl) —r (ﬁwlﬂ) — <Vr (ﬁle) Lw! — Ewl+1>

p_Lr
2

1
>0 Jow! ™ —ou!f; + ew™t = cwl]l =y =yl = Y=Y

1
P
(69)
where the last inequality is due to the fact that #(L) is a concave function and has L..-Lipschitz
continuous gradient where L, > 0 is a constant, and thus we obtain

F(Lw) — 7 (Lol ™) — (Vr (Cut™), Lot — L' ™) > 27 |lcwt - col|}. @0
By calculation, we obtain that if p is sufficiently large such that

c (vt =y n+ |yt - ofy)

p > max | 2L,, max , 71

[N

(Il = Lot [f + ow'+* — ow[3)
holds with some constant C' > 2, then, together with (57), we obtain that

Lp((")l, wl’ Vl, Yl, yl) 2 LP((_)Z+1’ ’UJl, Vl, Yl, yl) 2 Lp((_)l+1’ ’U}l+1, Vl+1, Yl+17 yl+1)’
(72)
forany ! € N;.
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Now we are ready to prove Theorem 4. By Lemma 12, the sequence
{(©,w', VY y)} is bounded. Therefore, there exists at least one convergent sub-
sequence {(@l ywhe, Vi Yl ylo)} . which converges to a limit point denoted by
{(©'=, w'=, Ve Yl= yle)l. By Lemma 13, we obtain that L, (@', w', V!, Y' y') is
monotomcally decreasing and lower bounded, and thus is convergent. Note that the function
log det* (©) is continuous over the set S = {© € S} [rank(®) = p — k}.

‘We can then obtain

lim L, (@, w' V. Y y')=L1L,0% w>, V= Y>® y®) =L, (0 w Ve Y yle),

=400
Then, (69), (71) and (72) together yields
Lp((")l, ’ll)l, ‘/'l7 }/l7 yl) o Lp((_)l+1, wl+1’ Vl+1’ Yl+1, yl+1)

C?—4 2 2
> = o ([ewtt - @ L+ ow'tt — dlf}).

(73)

Thus, we obtain

lim ||£w —@lHF 0, and lim ||bw —d||2 0. (74)

l— 400 l—+4oc0

Lw's — p — Oand wals — de — 0 also hold for any subsequence as s — 400,

which implies that Y'> and y'> satisfy the condition of stationary point of L,(®,w,V,Y, y) with
respect to Y and y, respectively. By (64) and (62), we also have

Obviously,

Jim (Y =¥l =0, and - lim g™ -y, = 0. (75)
Together with (69), we obtain
l_l:_r:loo wa leH2 =0 and l_léinoo HEwH'l leF = (76)

Recall that V' contains the k eigenvectors associated with the k£ smallest eigenvalues of Lw', and
thus we can check that
lim ||V - VY| =o0. (77

l— 400

For the limit point { (@lOo ,wle Viee Yoo yl°°) } of any  subsequence
{(©, wl, Vi Yl yls) }SGN, ©'>= minimizes the following subproblem
H * — 14 —112
Ol~ = argmin —logdet (©) + <@7Yl°° 1> + 3 H@ — Lw'= 1HF
rank(®)=p—k
©r0

— agmin  —logdet*(®) + (O, V") + 2@ — Luw'~|2
rank(®)=p—Fk 2
©>0

—(©,Y! —Yl="1) 4+ p(©, Lw'> — Lw!~"T).

By (75) and (76), we conclude that ®!~ satisfies the condition of stationary point of
L,(©,w,V,Y,y) with respect to ©. Similarly, w'> minimizes the subproblem

w'= = arg min r(Lw) + g T @+ LL)w+ (w, 0" (y'=~' — pd))
w>0

i <w,£* (nvlmq (Vzooq)T _yle—l _ p®lm)>

= arg min r(Lw )+ng(0 2+ LL)w + (w, 0 (y' — pd))

w>0
<w,£* (nvl (Vi ) _yle _p@lm)> T (Lw, Y= — yle1)

+ (u,y'= =y o (L, V=T (V) T v (Vi) T
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By (75), (76) and (77), w'> satisfies the condition of stationary point of L,(®,w,V,Y,y) with
respect to w. V' °° minimizes the subproblem

Vi~ =argmintr (V' Lw!~V), subjectto V'V =1,
V ERpxk

which implies that V!> satisfies the condition of stationary point of L »(0,w, V.Y y) with respect
to V. To sum up, we can conclude that any limit point { (@'~ w'e=, Vi= Y= yl=)l of the
sequence generated by Algorithm 2 is a stationary point of L,(®,w, V,Y ,y).
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