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A.1 Theoretical results in continuous time

Summary. In this section, we present all the results derived in continuous time. More precisely:

* We formally define our model (Def. A.1) and constrained optimization problem (Def. A.2)
in continuous time.

* We state and prove our algorithm baseline, the continuous adjoint state method (ASM)
for this constrained optimization problem (Theorem A.1). To ease the comparison of the
continuous ASM with Recurrent Hamiltonian Echo Learning (RHEL) in continuous time,
we state re-parametrized version of the continuous ASM where time is indexed backwards
(Corollary A.1). Finally, we also state a variant of the continuous ASM when the loss
function is only defined at the final timestep (Corollary A.2) to ease the comparison between
the continuous ASM and Hamiltonian Echo Backprop (HEB, [10]).

* We introduce two technical results (Lemma A.1-A.2) which enable us to prove the time-
reversal invariance property of our model (Lemma A.3). We then show that the direct
consequence of this property is the time-reversibily of our model upon momentum flipping
(Corollary A.3), the key mechanics which fundamentally underpins our algorithm. All these
intermediate results allow us to finally introduce RHEL in continuous time and prove its
equivalence with the continuous ASM (Theorem A.2).

* Lastly, we connect HEB [10] with the continuous ASM when the loss is defined only at the
final time step (Theorem A.4). We highlight some key differences between HEB and RHEL.

A.1.1 Definitions & assumptions

Definition A.1 (Continuous Hamiltonian model). Given 8 € R%, T ¢ R% and an input sequence

t—u(t) € (Rd“)[_T’O], the continuous Hamiltonian model prediction t — ®(t) € (Rd‘l’)[_T’O] is.

by definition, implicitly given as the solution of the following ODE:

i

®(-T)=x, Vte|[-T,0]: 0,P(t)=J -VaH[®P(t),0,u(t)], J:= [ 0 I:| .

-I 0
We assume that:

1. H is time-reversal invariant:
V& e Rd‘l’, VO ¢ Rde, Vu € R% : H[®,0,u]l=H[X, ®,0,u], X,:= [I D ]

® — H[®,, | is twice continuously differentiable,
6 — H|[-,0,] is differentiable,
ViQH exists and is continuous with respect to t,

LA WD

u — H|[, -, u] is continuous,
6. ® -V H|[®,-,-]and ® — Vo 1H[®, -, | are Lipschitz continuous.

Remark 1. While some of these assumptions will be used explicitly in our derivations, they are
all needed to guarantee the existence of partial derivatives of s as an implicit function of x and 0
through Eq. (1) and we refer to [28] for such claims given these assumptions.
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Definition A.2 (Continuous constrained optimization optimization problem). Given a continuous
Hamiltonian model (Def. A.1), we consider the following constrained optimization problem:

min L := /0 dtlt, ®(t),0] st Vie[-T,0]: 0;®(t)=J -VaH[P(L),0,u(t)],
o 7

where we assume that:
1. 0 is time-reversal invariant:
V® c R, VO cRYP Vie[-T,00: ([t 0] =/It3,- & 0]
2. t — L[t,, ] is continuous,
3. 0 = ([, -, 0] is differentiable,
4. t — Vol[t,-, ] is continuous.

026 5. ® — ([, ®, ] is twice differentiable,

g2z Remark 2. Note that while we did not assume in the main part of this manuscript that { depended
828 on 0, we assume it in the appendix for the generality of our derivations.

829 A.1.2 Proof of the continuous adjoint state method (ASM)

Theorem A.1 (Continuous adjoint state method ([28])). Given assumptions A.1-A.2, the gradients of
L with respect to 8 and x are given by:

0
doL — / go(t)dt, duL = A(0)
T

witht — gg € (Rd")[_T’O} defined as:
ge(t) := Vollt, ®(t),0] + V,ZI,,QH[@(t), 0,ut)]-JT-A(t) Vte[-T,0]
and X solving for the adjoint ODE:

A(0) =0
{ () = —VLH[B(1),0,u(t)]  JT - A(t) — Vallt, B(t), 0]

830

831 Proof of Theorem A.1. With slight adaptations, our proof mostly follows that of [32] and also assume
a2 the existence of the partial derivatives of ® = ®(¢, x, 0) as an implicit function of ¢, x and 6 — we
833 defer to [28] for the proof of this claim.

834 We start off defining the Lagrangian associated with the constraint optimization problem:

L(®,X,0,u) = /O dt (([t, ®(,0),0] + X" (t) - (J - Ve H[®(t,0),0,u(t)] — 0,(t,0))),
-T

835 wheret — A(¢) € (Rd“’) =1.0] denotes the Lagrangian multiplier associated to the constraint.

sss Derivation of dg L. For readability, we emphasize the dependence of ® on ¢ and 0, as we will
837 leverage the existence of its partial derivatives with respect to these variables. Then, given Assump-
g3s tions A.l, the total derivative of the Lagrangian with respect to 0 exists and reads:

doL = /O dt (0p®(t,0)" - Val[t, ®(t,0),0] + Vollt, 2(t,0),0])

+ /0 dt [0e®(t,0)" - VEH[®(1,0),0,u(t)]- I + Vg o H[®(t,0),0,u(t) -J" —05,8(t,0)"] - A(t).
-T
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We can transform the last term of the integrand with 9 . ® (¢, @) by applying Schwartz’s theorem and
and integration by parts as:

0 0

—/ dtde ®(t,0)" - X(t) :—/ dtd; o ®(t,0)" - X(t)
T =T o

= [—80‘1’(t,9)T~)\(t)](iT+/ dtdog®(t,0)" - (1)

=T

= —89@(0,0)T-A(0)+/0 dtdg®(t,0)" - O, \(t)
-T

where the contribution of the first term at ¢ = —7T" vanishes because:
®(-T,0) =x = 9pP(0,0) =0
Plugging this back into dg L yields:
dgL = —0g®(0,0)" - \(0)

+/O dtop®(t,z,0)" - [Val[t,®(t,0),0] + V3 H[®(t,,0),0] - T - X(t) + O A(t)]
-T

+ /O dt (Vollt, ®(t,0),0] + V3 o H[®(t,x,0),0] - T - A(t))
-T

Denoting ®., the solution of the (primal) ODE and by defining A, as the solution of the adjoint ODE:
O (t) = —=VELH[®,(t,0),0,u(t)]- T - X.(t) — Valt,®.(t,0),0], X.(0)=0
we have:

0
doL := dg/ dteft, ®(t,0), 0]
-T
=dgL(P., A, 0)
0
= / dt (Vollt, ®.(t,0),0] + Vi o H[®.(t,2,0),0] - T - X (t))
-7
Derivation of d, .. Similarly, we can prove that:

dpl = 0,®(0, )" - [V[@(0,2)] — A(0)]

+/0 dtoz®(t, )" - [Vallt,2(t,0),0] + V3 H[®(t,z),0,u(t)] - T - A(t) + O ()]
-T
+A(0)

Using the same ®., and A, we get d, L = A(0). O

Reparametrization of the continuous adjoint method. To ease the comparison of the continuous
adjoint state method with our algorithm, we slightly reparametrize the variables introduced in
Theorem A.1.

Corollary A.1. Under the same assumptions as Theorem A.1, the gradients of L with respect to 0
and x are given by:

T
doL = / ge(t)dt, dyL =X(T)
0

witht — gg € (Rd")[o’ﬂ defined as:
go(t) i= Vol[—t, ®(—1), 6] + Vi o H[®(—1),0,u(~t)] - JT - A(t) ¥t € [0,7]
and X solving for the adjoint ODE:

{ A(0) =0
OA() = VEH[®(—t),0,u(~1)] - JT - A(t) + Val[—t, B(—t),0]
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Proof of Corollary A.1. Immediately stems from Theorem A.1. O

Edge case: loss at the final timestep only. The backward ODE can be differently parametrized
when a loss is defined only at the last time step. We need this formulation for later convenience.

Corollary A.2. Under the same assumptions as Theorem A.1, and assuming:
lt,-, =0 Vvtel0,T), LT, :="Lp,

the gradients of {1 with respect to 0 and x are given by:
T
dggT[‘ﬁ(O), 0] = VQKT[(I)(O), 0] i / gg(t)dt, d.L = )\(T)
0

witht — gg € (Rd")[oﬂ defined as:
go(t) = Vi o H[B(~1),0,u(=1)] - JT - A() V¢ € [0,T]
and X solving for the adjoint ODE:
A(0)  =Valr[®(0),0]
{ OA(Et) =VELH[®(-1),0,u(-t)]-J" - A1)
Proof of Corollary A.2. Starting from the Lagrangian:

L(®,N,0,u) = (r[®(0,0),0] + /0 dt (AT (t) - (J-VeH[®(,0),0,u(t) — 0,8(t,0))),

-T

the proof reads in the exact same fashion as that of Theorem A.1. O
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A.1.3 Proof of Theorem 3.1

Technical Lemmas. We first introduce two technical Lemmas which will be needed for the
derivation of our main result.

Lemma A.1 (Block-wise Pauli matrices and associated properties). Defining 3,,%,,%, € Rée*xde

as.
0 Iy 0  —ily, | P 0
3= =2 P = || R D3 o 2
[Idé/g 0 Y ZIdé/g 0 0 —Idé/g

where i denotes the imaginary unit, the following equalities hold:

1

2.

3%, %,=i%,3%, %, =%, %, 5, =i%,
4. %, %, =-%;-%,foranyi # j € {z,y,z}.

Proof of Lemma A.1. Because of the block-wise structure of 3,3, 3, these equalities can be
easily checked. O

Lemma A.2. Under the assumptions of Def. A.1, the following equalities hold for all ®, 8, u.:
VeH[®,0,u] =X, Ve H[P*,0,ul,
VaH[®,0,u] =3, V3. H[®*,0,u]- %,
Vq>7gH[¢, 0, u] = VQ*70H[¢*, 0, 'U,} ° Ez

Proof of Lemma A.2. The above equalities can be simply obtained by differentiating through the
time-reversal invariance hypothesis — which is possible because of the differentiability of H with
respect to ® and 0 — and using the chain rule. Namely, given some ®, 0, u:

VeH[®,0,u] = Ve (H[®*,0,u])
= (06®") - Vo H[®*, 0, u]
=3 Ve H[® 0,u] =3, Vg H[®,0,ul,

since * := X, - ®. The other equalities are derived in the same way. O

Time-reversal invariance. We highlight here how the assumption H[®,-,:] = H[X, - ®,-, ]
given inside Def. A.1 entails time-reversal invariance of the dynamics — up to time-reversal the input
sequence.

Lemma A.3 (Time-reversal invariance of the dynamics). Under the assumptions given in Def. A.1, if
® the solution of the ODE:
0®(t)=J -VeH[P(t),0,u(t),

the function ®* : t — X, - ®(—t) = [¢p (—t), —7 | (=1t)]" is solution of the same ODE with the
time-reversed input sequence t — u(t) := u(—t).

Proof. Lett € [T, 0]. We have:

9,®*(t) = —%. - 9, ®(—t) (Def. of ®* and chain rule)
=-X,-J -VaH[®(-1),0,u(-1)] (by assumption)
=+4J X, -VaH[®(—1),0,u(-1)] (Lemma A.1)
=J -3%2.Vg.H®*(—1),0,u(—1)] (Lemma A.2)
= J Ve H[®*(t),0,u(—t)] (Lemma A.1)
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Time reversibility. A direct consequence of the time-reversal of the dynamics under consideration
(Lemma A.3) is time reversibility: upon flipping the momentum of ® at time ¢t = 0 (7w (0) <— —(0))
and presenting the input sequence in reversed order, the system evolves backward to its initial state.

Corollary A.3 (Reversibility of the dynamics). Under the same assumptions as Lemma A.3, we define
®° as the solution of the ODE:

B°(0) = ®*(0), 9®(t) = J - Ve H[®(t),0,u(—t)] Vi€ [0,T].

Then: _
Vi e [0,T]: @) = B*(t)

Proof. ®° and ®* satisfy: i) the same initial conditions (®*(0) = ®*(0) = ®°(0)), ii) the same
ODE (Lemma A.3), therefore by unicity of the solution of the ODE, they are equal at all time over
the domain of definition of &®. O

Main result. We are now ready to state and demonstrate our main result in continuous time.

Theorem A.2 (Equivalence between RHEL and the continuous ASM). Under the assumptions of
Def. A.1 and Def. A.2, let ® be the solution of the ODE fort € [—T,0]:

S(-T) =z, 0,®(t)=J VaH[®(),0,ut).
Given @, let ¢ be defined as the solution of the other ODE for t € [0, T):
3°(0) = ®*(0), 9, ®(t,¢) = JVae H[®(t,¢), 0, u(—1)] — eJVapel[—t, (2, ), 6].
Defining:
1

AFTEL(t €) := Vol[—t, ®°(t,€), 0] + 7 (VoH[®C(t,€),0,u(—t)] — Vo H[®(t, —¢),0,u(—t)]),

1
ARHEL (¢ ¢) = 2—235 - (P(t,€) — P(t, —¢)),

€

we have:

Vte[0,T], XA(t) = lim AZ™E(t e), go(t) = lim AGTF(t, €)

=1i =1i
e—0 e—0
where X\ and gg are defined in Corollary A. 1.
Proof. Defining AFHEL(#) := lim,. o ARHEL (¢, €) and AFHEL(¢) = lim,_,0 AFTEE (2, €), note
that:
ASHEL (1) = 3, - 0.®°(t, €)|c=0
AGHEL (1) = Vgl[—t, ®°(t,0), 0] + 0. (Vo H[®C(t,¢),0,u(—1)]) |c=0

Derivation of A(¢) = lim._,o ARHEL(2 ¢).  Given t € [0, T, differentiating the ODE satisfied by
®° with respect to € at € = 0 yields:

Ot (0 ®C(t, €)|c=0) = Oc(0r®°(t, €))|c=0 (Schwartz Theorem)

= 0.(J - Ve H[®(t,€),0,u(t)] — eJVael[t, ®E(t,€),0])|c—o
=J -V H[®(t,0)] - 0:P(t,€)|c—0 — JVaeL[t, ®°(t,0),0].

By Lemma A.3:
$°(t,0) = B*(t) Vit e [0, 7],
therefore:
O1(0:®C(t,€)|em0) = J - Vo H[®*(—1)] - 0B (t,€)|c=0 — J V- L[t, ®* (1), 0]
=J -2, -VLH[®(—t,0)]- 2, - 0.®°(t,€)|cm0 — J - . - Valt, B(—1),0]
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Additionally, note that we have by Lemma A.1:
J-X,=-3, X, =J -3,
so that:
(DB (t,€)|m) = — Ty VR H[B(—1,0)]-(J-5,)-0.8°(t, )| o+, -V [t, B(—1). 6] (19)

Left multiplying Eq. (19) on both sides by 3, yields:

01 (g - 0:BC(t,€)|c—0) = =22 - VLH[®(—1,0)] - T - (X, - 0cP(L, €)|e—0) + X2 - Val[t, B(—1), 0]

= —VZH[®(—,0)] - T - (X, - 0:B(t,€)|c=0) + Valt, (), 0] (Lemma A.1)
= VéH[q)(_ta 0)] ' JT ' (EI . 66(}6(1‘/, €)|€:0) + V<§€[t, @(—t)’ 0] (JT = _J)
Finally, note that because ®¢(0) = ®* does not depend on ¢, we have that:
O (B - 0.P°(0,€)|e=0) =0,
so that all in all, ARHEL satisfies:
ARFEL(Q) =0
OARHEL () = VI H[®(—t),0,u(—t)]- J" - ARUEL(4) + Vg l[—t, ®(—t), 0]

Therefore ARHEL and X (as defined in Corollary A.1) satisfy the same initial conditions and the

same ODE, therefore they are equal at all times.

Derivation of g (t) = lim._,o ARPPL(¢,¢). Note that by Lemma A.3 and time-reversal invariance

of ¢:

AT (t) = Vgl[—t, ®*(—1,0),0] + 0. (Vo H[®(t,€),0, u(—1)]) =0
= Vol|—t, ®(—t,0),0] + 0. (Vo H[®(t,€),0,u(—1)]) |e=0

As the first term of ARHEL(¢) and gg(t) coincide, the remainder of the derivation focuses on the

second term of ASHEL(2). Given ¢ € [0, T, we have:

Ve oH[®(—),0,u(t)] - T - A(t) = Ve o H[®(t,0),0,u(t)] - =. - T - A(t) (Lemma A.2)
= Vg o H[®°(t,0),0,u(t)] - 3. -i3, - A(t) (J =1i%y)
= +V3e o H[®C(£,0),0,u(t)] - i, - 3, - A(t) (Lemma A.1)
=~V o H[®°(£,0),0,u(t)] - =, - A(t) (Lemma A.1)
= _Véc,GH[(I.e@a 0)7 97 u(t)] ' Ei : ae(I’e(ta 6)|e:O (A = A?,HEL)
= —Vie o H[®(£,0),0,u(t)] - 0:P°(L,€)|e=0 (Lemma A.1)

]

which finishes to prove gg(t) = ARHEL(¢) for t € [0, T). O

A.14 Connection to Hamiltonian Echo Backpropagation (HEB)

Remark 3. The above setup and implementation of RHEL is not exactly that of Hamiltonian Echo
Backprop (HEB, [10]). In particular:

e the loss function in HEB is only defined at the final time step,
* the interaction with £ does not happen simultaneously with H,

* finally, we would like to recover the HEB formula giving the gradient estimate of the loss
with respect to the initial state of the neurons.
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In the following corollary, we make slight algorithmic adjustments to match the seminal HEB
implementation as much as possible while preserving the generality of the sequence modelling
setting, i.e. dependence of H with 6 and w. Note that in the seminal HEB work, H does not depend
on a static set of parameters 6 nor on an input sequence. u.

Corollary A.4. Under the assumptions of Def. A.1 and Def. A.2, and assuming additionally:
qt,,]=0 vtelo,T), T, :=¢r,
let ® be the solution of the ODE, fort € [—T,0]:
®(-T)=x, 0;®(t)=J VaeH[P(t),0,ut),
and the solution of another ODE, for t € [0, €]:
0:®(t) = JValr[®(1),0)].
Let ®° be the solution of the following ODE, fort € [e, T):
®°(0,¢6) = ®(e)*, OP°(t,€) = JVaH[P(L,¢€),0,u(—t)],
Defining:

AFTEE(t,€) = o (Vo H[C(t, €), 6, u(~t)] — VoH[P(t, —¢), 0, u(~1)]),

L
2¢
1
AgHEL(t’ 6) = ?Eﬁ : (ée(ta 6) - (De(tv *6)) )
€
we have:
vt e [0,T], X(t)=lim ARFEL (2 €),  go(t) = lim AFHEN(2, ¢)
e—0 e—0
where X\ and gg are defined in Corollary A.2. In particular:
—ied”. (7 [®(0),0] = ®(T,€)* — ®(—-T) + O(e?)

w o =
x* —

where d, dg denotes the total Wirtinger derivative with respect to x* and i the imaginary unit.

Proof of Corollary A.4. The derivation is almost exactly similar to that of Theorem 3.1 with two key
differences:

* the version of the continuous ASM against which this version of RHEL is compared is
different (Corollary A.2),

* the interaction of ® with £ and H do not happen simultaneously but on disjoint intervals.

We will simply show that the interaction with ¢ and conjugation ® — ®* yields the correct initial
conditions and defer to the proof of Theorem 3.1 for the remainder. We will also use the same
notations and denote AFHEE () = lim._,0 AFHEL (¢, €), AFHEL (1) := lime 0 AFTEE (2, €).

Derivation of A(t) = lim._,o ARMEL(¢ €). Integrating the ODE satisfied by ® between 0 and T
yields:

®(e) = ®(0) + /EdtJ -Val[®(t),0]
= ®(0) + aOI -Val[®(0),0] + O(e?)
Therefore, the initial state of ®¢ can be written as:
B(e) = ®*(0) + 3. - J - Val[8(0), 0] + O(c?)
= ®*(0) + €%, - Val[®(0),0] + O(€%) (Lemma A.1).
By differentiating the last equality with respect to € at € = 0, we obtain:

AGTER(0) = Va([2(0), 6]
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925 Proceeding exactly as in the proof of Theorem A.2, we obtain that:

{ AGTEL0) = Val[2(0),6],
OAGTEH(t) = VEH[®(—1),0, u(—t)] - T - AGHEL(D)

o6 Therefore ARPEL and X (as defined in Corollary A.2) satisfy the same initial conditions and the
927 same ODE, therefore they are equal at all times.

28  Derivation of gg(t) = lim._,o ARTEL(¢,€).  See proof of Theorem A.2.

929 Connection to HEB formula. In particular, we have:

dng[q)(O)v 9] = )‘(T) =3, - 86 (@(T, 6) ‘€=0

_ %z (®°(T, ) — (T, 0)) + O(c)

= %296 (®°(T,e) — ®*(—T)) + O(e) (Lemma A.3)
= —EEy -3, - (®(T,e) — ®*(—T)) + Ole) (Lemma A.1)
. _ézy (@(T, &) — B(—T)) + O(e)
930 Left multiplying on both sides by ieX,, and noticing that idg. = —iX, - dg, we finally obtain:
—ied”, L7 [®(0),0] = ®°(T,¢e)* — ®(—-T) + O(¢?)

931 O
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A.2  Theoretical results in discrete time
Summary. In this section, we introduce all the results derived in discrete time. More precisely:

* We first formally define Hamiltonian Recurrent Units (HRUs, Definition A.3). HRUs
can be regarded as the discrete-time counterpart of the continuous model introduced in
the previous section (Definition A.1), namely as an explicit and symplectic integrator of
the continuous Hamiltonian model which preserves the time-reversal invariance and time-
reversibility properties in discrete time. We also introduce the constrained optimization
problem naturally associated with HRUs (Definition A.4), which is the discrete time counter-
part of the constrained continuous optimization problem introduced in the previous section
(Definition A.2).

* We then formally define Hamiltonian State Space Models (HSSMs) as stacks of HRUs
(Definition A.5) and the multilevel constrained optimization problem which is naturally
associated to these models (Definition A.6).

* We state and prove our algorithmic baseline, Backpropagation Through Time (BPTT),
through the lens of the Lagrangian formalism to establish a clear connection with the
continuous ASM. We first introduce and derive BPTT in its general form (Theorem A.3)
and then apply it more specifically to a HRU as defined in Definition A.3 (Corollary A.5).

* As we did in continuous time, we introduce a series of technical Lemmas needed to extend
RHEL in discrete time. We first demonstrate the time-reversibility of HRUs on a single time
step (Lemma A.4), which then enables us to extend the time reversibility property derived in
continuous time (Corollary A.3) to discrete time (Corollary A.6). After introducing one last
technical result (Lemma A.5), we then state and prove RHEL in discrete time when applied
to HRUs (Corollary A.7). As the algorithm prescribed by Corollary A.7 includes solving an
implicit equation, we finally introduce a slight practical (i.e. fully explicit) variant of RHEL
in discrete time (Corollary A.8).

* Lastly, we show how to estimate gradients end-to-end in HSSMs by using RHEL—chaining
(Theorem A.4). We also highlight that in practice, when using feedforward transformations
across HRUs, the algorithm prescribed by Theorem A.4 implicitly requires to chain RHEL
through HRUs and automatic differentiation through these feedforward transformations
(Remark 8). This remark fundamentally underpins the actual algorithmic implementation of
RHEL which was used throughout our experiments.

A.2.1 Definitions & assumptions
Definition A.3 (Hamiltonian Recurrent Unit). Given 8 € R%, K € N* and an input sequence
(uk)ke[—K,o] E (Rd“)K, the Hamiltonian Recurrent Unit (HRU) prediction is given by:
D1 = Mps[Pr,0,ur] VE=-K--- -1,
with H :=T +V and:
Mpus = MrpspoMysoMrsp, Mrsi=®+06J VT, Mys:=®+0J -VaV

We assume that:

1. H is separable, i.e. V and T only depend on ¢ and T respectively:
VI[®,0,u]l =V[p,0,u], T[®,0,ul="T[r 0, ul
2. T and 'V are time-reversal invariant:

T[®,0,u] =T[S, - ®,0,u],

de d, duy .
V& € R VO € R Yu € R%™ : {V[@,B,u]:V[2Z~‘I>,0,u]

3. T andV are twice differentiable with respect to ®, 0 and wu.

Remark 4. Note that My s is simply a Leapfrog integrator associated with H. We justify each of
our design choices below:
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* 3 steps-parametrization. We write the Leapfrog integrator in a three-steps fashion to yield a
reversible integrator.

* Separability of the Hamiltonian. In the case where ¢ and ¢ can be separated out in the
Hamiltonian function, the Leapfrog integrator becomes explicit [33].

e TandV as functions of ®. Although T’ and V only depend on 1 and ¢ respectively, we
choose to define them as functions of ® so that the proof of RHEL in the continuous case
seamlessly translates to the discrete case.

Definition A.4 (Constrained optimization optimization problem in discrete time). Given a continuous
Hamiltonian model (Def. A.1), we consider the following constrained optimization problem:

mlnL Z f (I’k, S.1. q’k—&-l = MH75[(I’]€,0,’U,1€] Vk=-K- - —
—K+1

where we assume that:
1. Y is time-reversal invariant:
V® cRI¥* VO c R Vhk=—K,---,0: /([® 0] =0, P,0]

2. U is twice differentiable with respect to ® and 6.

Definition A.5 (Hamiltonian State Space Models). Given (81, --. (V) ¢ (Rdﬂ)N, K € N* and

an input sequence (uk)ke[_K 0 € (Rd")K, a Hamiltonian State Space Model (HSSM) is defined as
the composition of HRUs defined in Def. A.3 as:

o0 :=m, Wwelo,N-1], Vke[-K,0]: &7 =My, @1 00 80

or in a vectorized fashion as:

20 =7, veefo,N-1]: 37 =M, @Y 00 3

Definition A.6 (Multilevel optimization problem in discrete time). Given a HSSM (Def. A.5), we
consider the following constrained optimization problem:

mmL Z Py, k] st &0 .— 7,
k=—K+1

vee[o,N—1]: 3 = m¥

(z+1) —(0)
H® 5 ’0(2)’ ® ]

where we assume that { satisfies the same assumptions as in Def. A.4.
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977 A.2.2 Backpropagation Through Time (BPTT)

978 General form. We first state and prove Backpropagation Through Time (BPTT) for any integrator
79 Mps.

Theorem A.3 (Backpropagation Through Time (BPTT)). Given assumptions in Def. A.3-A.4, the
gradients of the loss with respect to the parameters 0 and the inputs w_y, are given by:

K—-1
doL =Y go(k), du_, ., L=gu(k) Vke[0,K—1],
k=0

with:
{ go(k) = V2l[® 4,0, —k] + oM 5[®_(k41),0,u_(ky1)] " - Ak
gu(k) = 0 Mu 5[®_(511), 0, u_ (k1)) " - Ak,

and where () satisfy the following recursion relationship:

Ao = V1([®q, 0],
Aey1 = A Mus(®_(541), 0, u_(jt1) " - Ap + Vil[P g1y, —(k+1)] VE=0,--- K1

980

981 Proof of Theorem A.3. BPTT can classically be derived through the application of the “chain rule”
982 backward through the inference computational graph defined in Def. A.3. Another useful viewpoint
983 though, which directly connects BPTT as the discrete counterpart of the continuous ASM and will be
984 useful later in the appendix, is to derive it through the method of Lagrangian multipliers. Namely, the
985 Lagrangian associated to the constrained optimization problem in Def. A.4 reads as:
K—1
£(¢a )‘7 97 u) = E[Q—k’a 0, 7k] + A; : (MH,(S [‘i—(k-i-l)) 07 u—(k-‘rl)] - (I’—k)
k=0
oss Extremizing £ with respect to ® and X yield ®4, . and Ay, ,:
Vk = 0,--,K—-1: a)\kﬁ(é*, >‘*7 0,’11,) = MH,(S [é—(k:-i-l),w 07“’—/4 - é—k,* =0,
0a,L(®s, A, 0,u) = V1 {[®(,,0,0] — Xg. =0

VE=1,- \K—1: 0p_  L(®:\,0,u)=VUP _,0,—k] + I Mps[®_1,0,u_p]" - Aoy — A =0,
987  Finally, the total derivative of L with respect to @ reads as:
dgL = dgﬁ(@*, )\*, 0, u)
= 0pL(®s, A, 0,u) + 0P, - 06 L(®., A\, 0,u) +0pA, - OAL(Ps, A\, 0, 1)

=0 =0
K—1
= Vol[® i, 0, —k] + oMy 5[®_(141), 0, u_x41)] | - Ak
k=0
988 The total derivative of L with respect to u_y, is derived in the exact same fashion. O

989 Remark 5. Note that using the vectorized notations introduced in subsection 3.3, the Lagrangian of
990 the constrained optimization problem defined in Def. A.4 re-writes:

L=17T . 4&,6] +Tr [(MH,,;[é,e,m - &) -XT}

991 with Tr denoting the trace matrix operator and:

1 ([®,,6,0]
1:=|: e RExL, E[:I;,O} = e REX1,
il (@ 11y, 0, —(K — 1)]
N [ My s[®o,0,u]
My 5(®,0,u) = : € RExd=
| Mus[®_(x-1),0,u]
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Detailed BPTT. For the needs of our derivation of RHEL in discrete time, we now introduce a
finer-grained version of BPTT given model assumptions given in Def. A.3.

Corollary A.5 (Detailed BPTT). Given assumptions in Def. A.3-A.4, the gradients of the loss with
respect to the parameters 0 and the inputs u_y, are given by:

K—1
doL = Z gﬂ(k)7 duka = gu(k)a
k=0
with:
)
go(k) := Vol[®_;, 0, —k] + 5viQT[@_(,m/g),9,u_(,€+1)] ST

1)
+ 6V VI®_(hr2y3), 0, u— ()] - I T - Mgy + §V%72T[‘I’—(k+1)a 0, u_(j1)) - I Apyass,

)
gu(k) = §V%,3T[‘I>—(k+1/3),B,U—(k+1)] APV

6
+6V3 SVI®_(5r2/3), 0, u— (o)) - T | Ay + ivigT[(I)—(k-&-l)a 0, u_rr1)) - I Apyasa,
and where (Ay,) satisfy the following recursion relationship, with Ay = Vg£[®¢] and Vk € [0, K —1]:
Aetiz =X+ SVET[® (1 y1/3),0,u_ (o)) - T A

Aet2/3 = Mey1/3 + OVIVI®_(xq2/3), 0, u_(rry] - I T - Apgays
Ait1 = Apgos + IVIT[®_(h41), 0, u_ ()] - I T - Aoz + VL[ @ (5p1), 0]

Proof of Corollary A.5. Direct application of Theorem A.3 with the inference computational graph
details defined inside Def. A.3. O
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A.2.3 Proof of Theorem 3.2

Time reversibility in discrete time. We first derive the discrete counterpart of Lemma A.3 as a
technical pre-requisite for the extension of RHEL to the discrete-time setting.

Lemma A.4 (Reversibility of My s). Under the assumptions of Def. A.3-A.4:
V), € R¥* VO € R% VYu e R™: & = Mpys[®k, 0,u] = My s[®;,,,0,u] = D}

Proof of Lemma A 4. Let @y, P € R4 be such that:
D1 = Mps[Pr,0,u]
which rewrites, given Def. A.3:
i1z = Or+ SVaT[my, 0,u]

Tk+1/3 = Tk
Pri2/3 = Pry1/3
: 20
Mits Tit2/3 = Tpt1/3 — 0V VI dri1/3,0,u] 20)
i1 = Priays + SVaT M0y, 0,u]
Tk+1 = Tk42/3

It becomes apparent from Eq. (20) that M g 5 is invertible with respect to its first argument and that
inverting My s amounts to change  to —:

Priz/s = Pri1 — 5VaTlmei1,0,u]
TE+2/3 = Tkl
1. ) Pry1/3 = Drr2s 21
MH,(S . 7Tk+1/3 :7'l'k+2/3+5v¢v[¢k+2/3507u} ( )
¢k = ¢k+1/3 - gvﬂ'T[Trk)+1/37 G,U]
Tk = Tk+1/3

and therefore:
q@k = j»1};}5[4@k‘F17 6)71L] = “A/1]{>"5[q@k‘F17 ‘771L}

Denoting v* := —r, note that by time-reversal invariance hypothesis in Def. A.3 and Lemma A.2,
we have that V. T[r, 0, u] = —V . T[7*, 0, u]. Therefore, Eq. (21) rewrites as:

Prt2/3 = Pry1 + %Vﬂ*T[r,’;+1, 0,u]

Thio/s = Tt

Pri1/3 = Pri2y3

7"1:+1/3 = 7"1:+2/3 —0VeVpri2/3,0,u] > 22)
Pr = Gpt1/3 + %Vw*T[miH/sa 0, u]

L = 7"2+1/3

where equations bearing on 7 have been multiplied on both sides by —1. Finally note that Eq. (22)
simply rewrites as:

MH,5[¢'Z+1> 0,u] = @

O

Corollary A.6. Under the assumptions of Def. A.3, if ® satisfies the following recursive equations:

P_x =, Vk:_K7 ,—1: @k-i-l :MH,é[Qkaoauk]
and P° is subsequently defined as:
®;=®), Vt=0,--- , K—1: ‘i'i+1 ZMH,(;[@Z,B,U,(;C+1)]
Then:
vVt=0,--- , K —1: L=®%,

Proof of Corollary A.6. This result is immediately obtained by iterating Lemma A.4 over the whole
trajectory. O
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A technical pre-requisite. Finally, we need one last technical Lemma to handle subtleties pertaining
to Jacobian evaluation which only occur in discrete time.

Lemma A.5. Under the assumptions of Def. A.3, if we have, for some 6 € R% and u € R%:
‘I’k+1 = MHﬁ[q)ka 0, U’];
then:

T[¢k+1/37 0, 'U,] = T[@k, 0, ’U,],
V[§k+2/3u 07“} = V[§k+l/37ovu]
T[q’k-‘rh 07 u] = T[(Ek+2/3a Oa 'U,]

Proof. This can be seen by simply writing M g 5 explicitly for ¢» and 7:

Pri1/3 bk + SV Tk, 0, ul
Tk+1/3 = Tk
o) Pryoz = brgys
Mus : Thi2/3 = Ter1/3 — VeV Pryi1y3,0,u]
Grr1 = Grroy3+ SVaT[mhi2)3, 0,4
T+1 = Tk42/3

Discrete-time RHEL. We are now ready to state the main result of this section.

Corollary A.7. Under the assumptions of Def. A.3-A.4, let (®},), satisfy the recursive equation.:
@,K:w, @k+1 :MH,(;[@kvavuk] Vk:_Kv a_]-v
and let ®° satisfy:
@8(6) =P5+ X, - Val[®g,0,0],
Vk=0,---,K—1:
D 1 /5(6) = My s [R5(€), 0, u_(hy1))

‘I’z+2/3(€) = Mv,a[<1>i+1/3(6), 0,u_(r41)]
D71 (6) = M52 P 0/5(6), 0, u_(311)] — €J - Vo l[R] 1,0, —(k + 1)],

Then defining:
€ 1 € e
H'2[@5(6), 0, u_ (1)) 1= 5 (HIf11/5(6), 8, 1] + HIDE yo/5(0), 0,u_grsn)])
ARHEL (€)= Vo 0[®E (¢), 0, —K]
)

(VaH 2@ (), 8, u_(en)] — VaH2[@5 (=€), 0, u_ry)])

€

5
ARHPL (k, €) i= — o (Vs H'2(®f(6), 6, u_ryn)] — VsH2[Bf(=), 8,u 1))

2

ARk, ) 1= 5B, - (B5(0) — BY(-0),

we have:
—0 ... 1. _ RHEL _ RHEL
Vk=0,---,K—1: X lgmo Apg™(kye), go(k) lgmo AgT (kye),

Ju(k) = lg% AEHEL(kﬂ €),

where (Ar)kefo,x], (96(K))kefo,x—1] and (gu(k))re[o,x —1] are defined inside Corollary (A.5).
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1021 Proof of Corollary A.7. Let k € [0, K — 1]. We define:
ARHEL () .= lim ARHEL (B ) = %, - 0.®(k, €)|c=o

AL (k) 1= lim AR (k, €) = V((®7,(0), 0, ~K] — 60, (V2H'2[®5(€), 8,4 11)]) leo

ARHEL (1) . Jim ARHEL (1 o) — 59, (V3H1/2[q>;(e),e,u,(,m)]) oo

e—0

1022 Derivation of A\, = lim._,o AgHEL (k,€e). We proceed exactly as in Theorem A.2 with some subtle
1023 adaptations which we highlight. Differentiating the dynamics of ®¢ between k and k + 1/3 and
1024 proceeding as in the proof of Theorem A.2 using Lemma A.1, Lemma A.2 and Corollary A.6 (as the
1025 discrete counterpart of Lemma A.3 which was used for Theorem A.2), we obtain:

5
ATk +1/3) = Mg (k) + SV T[® . 0,u )] - I T AgTH(R)

1026 However note that this does not correctly match the dynamics satisfied by X inside Corollary A.5
1027 between k and k + 1/3: the Hessian V%7 should instead be evaluated at ®_(141/3). Fortunately,
1028 using Lemma A.S:

VaT[® i, 0,u_(i1)] = VHT[®_(111/3), 0, U (s 1)
1029 Therefore we get:
)
ARHEL (1 1/3) = ARREL () 4+ SURTI® (i), 0,0 e T T - ARHEL(E)

1030 Proceeding the same way on @} , /3 and ®7_ |, we get altogether:

ARIEL(: 1 1/3) = ARL(R) 4 SURTI® 000, uqen]- 97 ARER)

AL+ 2/3) = AR (1 1/3)L 0VRVI® (uangs), O] T ARkt 1/3)

A (ke +1) = AGTPU(E +2/3) + SVET[®_(k11), 0, u—quin)] - I T - AP (k +2/3)
+V<I>£[§_(k+1)7 07 7(k + 1)}

1031 ARHEL qatisfying the same equations as (A )y given by BPTT, together with same initial conditions:

ASHEL(0) = Vgl[®0, 0,0
1032 yields the desired equality.

1033 Derivation of gg (k) = lim_,o AFTE(k,€). Proceeding in the same way as in the derivation of
1034 Theorem A.2, starting from the expression of gg (k) derived in Corollary A.5, using ARHEL (k) = Xy,

1035 and paying attention to evaluating Jacobian at the right places using Lemma A.5, we obtain Vk =
10 0,---, K —1:

gg(k) = VQE[QZ(O% 0, _k]
5 e [ e
-2 {ng[ék(e), 0. u_ (1)) + 2VeVI[®5, 1 5(),0,u_(opn)] + VgT[‘I'k+2/3(e),0,u_(k+1)]}‘6:

1037 There again, using Lemma A.5:
VoT[®5(€),0, u_(i1)] = Vol [®f 1 /3(€), 0, u_(iin)],  VoVI®iiy/3(€), 0, u_(rir)] = VoVI[RL 5/5(€), 0, u(i1)];

1038 therefore:
(& 6 e e
go(k) = Vo£[®7(0),0, —k] — 3 e {VGT[‘I’kH/?,(G)a ‘9»“7(“1)] + VOV[‘I’k+1/3(€)a ‘9»“7(“1)]

VOV 405(¢), 0,0 (y1)] + VT B, 5(c), 6, u_(m)}}

e=0 ’
€ 6 € [
= Val[®5,(0),0, K] — 5 O (HIB,1/5(6), 0, usn)] + HIB 05(c). 0, u_esn)])|

— V2l[®},(0),0, K] — 00, (H'/*[®(),0,u qs1)] )|

e=0

_1; RHEL
=0 - ll—% AG (k7 E)
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1039

1040

1041
1042
1043

1044

1045

1046

1047

Derivation of g,, (k) = lim .o ARHEL (L ¢).  Strictly identical to the above paragraph. O
Remark 6. Note that the echo dynamics prescribed by Corollary A.7 are implicit:
PS(e) = B + X, - Val[Po, 0,0],
Vk=0,--- ,K—1:
‘I>2+1/3(6) = MT,6/2[‘I’2(€)7 97“—(k+1)]
‘I’Z+2/3(€) = MV,é[‘I’ZH/g(E)a aauf(k+1)}
i () = MT,6/2[¢2+2/3(5)7 0, u_(i1)) — e - Vo l[R]_ 1,0, —(k+1)],

where ®j . | appears, as highlighted in red, on both sides of the last step. A straightforward way to
make the echo dynamics explicit while preserving the theoretical guarantees of Corollary A.7 is to
linearize the nudging signal, namely using instead the following set of equations:

®E(e) = ®f + €X,, - Val][P, 0,0],
Vk=0,--- ,K—1:
D 1 5(6) = Mrsa[Ri(€), 0, u (1))
(I’Z+2/3(6) = MV’5[@Z+1/3(6)7 6, u_ (ki)
B5 (€)= Mo g2l ®5 5 /5(6), 0, u_ (ki) [ +6 20 - Ve [ (1 1), 0, —(k + 1)),
Note that the eJ of the original implicit equation becomes —e3.,, in its linearized counterpart.

This remark leads us to a slight variant of Corollary A.7.

Corollary A.8. Under the assumptions of Def. A.3-A.4, let (®},), satisfy the recursive equation.:
S =z, Pp=Mpys[Py0,u] Vk=-K, -, —1,

and let ®° satisfy:

PS(e) = Bf + €2y, - Yo,
Vk=0,--- , K—1:
D 1 /5(6) = Mrso [R5 (€), 0, u (1))
‘I’Z+2/3(€) = MV,6[¢Z+1/3(€)7 0, uf(k+1)]
D11 (€) = M52 P55 /5(€), 0, u_(1)] + €30 - Y (k1)

where y € REX® does not depend on ®. Then the same conclusions as Corollary A.7 hold, with
(Ak)ke[o, K —1] satisfying Ao = yo and Vk € [0, K — 1]:

Xirisz =X+ 5VAT[®_(pry3), 0, u_(ern)] - T T - A
Ak+2/3 = Ak"H-/?’ + 6V%V[(§*(k+2/3)a 0, u*(k)«}l)} . JT o Ak+l/3
Aert = Akpayz + §VATI®(krn), 0, ueern)] - T T Aeyays + Y- k)

Proof Corollary A.8. 1dentical to the proof of Corollary A.7. O
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1048 A.2.4 Proof of Theorem 3.3

Theorem A.4. Assuming a HSSM (Def. A.5) and the optimization problem depicted in Def. A.6, we
have:
V=0,--- ,N—1: dgowlL= hnéAa(f)(e),
e—

where AQ®) (€) can be recursively computed backwards, starting from the top-most block as:

(o) = MHW,U,(;[F’(N)(@, OV, V] 4 %, - Vg L
K—-1
AON-V(e) = 3" Var[@g, 0D, k]
k=0
S K—-1 i N N N
’ - _1 67 - _1
— (V2H1/2[<I’Z( (), 001, NV _ w7, 11230 ™) (—e) oW1 oWV )])7
k=0

- é —e,(N _ = (N— —e,(L _ = (N—
A@(N—l)(ﬁ):_i (V3H1/2[(§ ( )(6),0(N 1))@(1\7 1)]_V3H1/2[¢ ( )(_6),0(N 1)7(§(N 1)])

and subsequently for upstream blocks, i.e. Y/ = N — 2, --- 0:

—e,(l+1 e,({+1 = =
3 () = My 5BV (0),00,80] 4 €33, - Agiin (o)

A6 :*Z( Vol 2@ (0,00, 0] - Vo i 2@ Y (<o), 0, 21))

é —e,((+1) = —e,({+1 =
Aw(e)z—z(vgﬂl/?[@ (0,6, 80) - v 2F Y (—e),00), 8))

1049

1050 Proof. Re-using the vectorized notations introduced in subsection 3.3 and used in Remark 5, the
1051 Lagrangian associated to the optimization problem depicted in Def. A.6 reads:

~ . T
L=1T. g[«p(L) oL~ 1) ] + ZTr {(me 5[® G 0(2)7,&@)] . @([+1)> ) (A(Z+1)) ]
=0

N

-1

— (L) (e+1) £+1) 0 (+1)

=Y et o™ +Z(>\ ) (MH(Q(;[@ 00 @) - e
=0

1052 We proceed by induction on the block index starting from ¢ =

3‘

1053 Initialization (/ = L). Let <I>,(€N) and )\,(CN) for k € [0, K — 1] be the critical points of £. By
1054 Theorem A.3:

K-—1
dov-nL =3 Val [cb(_fi),o(N*) ]+62MH<N bs | @) 00D @ 1{)} AW,
k=0

1055 with (A,(CN)),CE[[O, K —1] satisfying the following recursion relationship:

AN = vi@l™M, o -1 0],
VE=0,--- K —1:

.
A = 0 Mugen 5 [0, 08D, @ T AN 4 i [@ ) 6.~k +1)]

106 Given the definition of the dynamics of ®¢(N) by hypothesis, we can directly apply Corollary A.7 to
1057 obtain:
- (V) (V) (N-1)
N N-1 N-1),1/2 e,(N L—1 1
don-vL =3 Vsl [«IL,C 0 >,—1<;} — 50, (V2H< )1/ [<I>k (6), 6L~V & (,M)D .
k=0
N-1 N
dgiv-n L= My @50, 1), 08D, @ T AN
_ N-1),1/2 [ & (N) L-1) g{N-1)
— 50, ( HN-1),1/ [q,k (€),0FV @ <k+1>D5:o
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1058 Induction ({+1 — /). Let us assume that the desired property is satisfied at layer £+ 1. We denote
1059  again @;@Z) and )\,(f) for k € [0, K — 1] the critical point of £. We have, for k € [0, K — 1]:

.
aSMH(l) 5 [(P( D g <I>( )} .)‘(()Z+1)
Vk =0, , K —1:

.
A;(ﬁl =0Mpe-n; {‘I’ (k1) NG S )} -)\,(f) + 3 Mpw s {<I> “ry g0 oY

T
(€+1)
—(k+1 (k+1)° } "A

—(k+1) k

1060 Using the induction hypothesis at layer (¢ + 1):

.
D3 Mo 5 [@_@H) 0 o } A 59, (V?,H o), 1/2[ 35 () 90 3 D

(k+1)° (k+1) —(k+1) -0
=R,
1061 Therefore on the one hand, denoting Ag ) := lim. 0 Agw (€) € REX®  the dynamics on A
1062 rewrite:
@ _
Ay = Aq)éz)
Vk=0,---,K—-1:
-
©  _ (0) - (£-1) (0
Ak-i—l = alMH(l—1)75 {@7(k+1) P2 1(Y) , P (k+1):| . >‘k + Aq)gi)Jrl)
1063 On the other hand, the dynamics of ®¢ () read by hypothesis:
*
‘I>(()Z) = ((I)(()Z)) + Ezm . Aq)(()z) (6)
Vk=0,--- ,K—1:
e,(€) e,(£) (£—1)
0 = My 4 [fp,ﬁ NG <k+1>] S Ay
1064 using Corollary A.8 with y = Ag, we conclude that:
dovy L = lim A8 (¢)
e—0
1065 O
1066 Remark 7. Theorem A.4, and more generally our definition of HSSMs (Def. A.5) assume that the
1067 connectivity pattern of the HRU units is a linear chain. Note that while we chose this hypothesis for
1068  the sake of clarity of our results and their derivations, Theorem A.4 could be seamlessly extended to
1069 any Directed Acyclic Graph (DAG) of HRUs. This allows, for instance as a simple and realistic case,
1070  to use skip connections across HRUs within HSSMs.
1071 Remark 8. Note that RHEL chaining as prescribed by Theorem A.4 implicitly chains RHEL and
1072 automatic differentiation. Indeed, if H explicitly parametrizes feedforward mappings across HRUs
1073 as:
¢ e,(¢+1) HRFAC) _ e e,(£+1) ¢ (@) (©)
HO [@k (6),0, ‘1’7(;“1)] — H® {@k (6,00, F [cpf(,m) 0 H @3
1074 then, denoting u'®) .= F [<I>( (,H_U,B(Z)} we have:
£),1/2 e,(£+1) ¢ (£)
0 (Va2 |20, 01. @ )]
£) e,(¢+1 4
— O F [ . } - 8, (ngWl/? [@k D), 09, u"D »
¢ ¢ 1 ) e, (041 , e,(0+1
~ O F {‘I’Szkﬂ)ﬂg)} . ?6 (VSH(@,I/Q {(I)k( )(6)’0&@’“@] _ng(f) 1/2 (I)k:( )(_6)’0&@’“6})

1075 The red part is done by automatic differentiation and the blue part by RHEL. This underpins the
1076  implementation of RHEL chaining we used in our own code.
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A.3 Models and algorithms details
Summary. In this section, we provide details about our models and algorithms. More precisely:

* In section A.3.1, we first describe our toy model used inside Fig. 2 in terms of its Hamilto-
nian, resulting continuous-time dynamics and RHEL gradient estimators as prescribed by
Theorem 3.1.

* In section A.3.2, we provide details about the HSSMs which we used in our experiments.
We describe in greater details HSSMs made up of linear HRU blocks (section A.3.3). We
describe their Hamiltonian, their resulting dynamics, the associated gradient estimators
prescribed by RHEL and explain how parallel scan can be used on these models, especially
when applying RHEL. Similarly, we describe HSSMs made up of nonlinear HRU blocks
(section A.3.4).

* In section A.3.5, we show how the time discretization § can itself be trained by absorbing it
into the definition of the Hamiltonian function.

* Finally, in the light of Remark 8, we highlight in section A.3.6 how our implementation
hybridizes Automatic Differentiation (AD) and RHEL using Algorithms 3—4.

A.3.1 Toy model

In this section, we provide the gradient estimators for the parameters of the toy model. The toy model
is a simple network of six mechanically coupled oscillators. Each oscillator is described by a state
& = (¢, 7') where ¢’ € R is the position of the oscillator and 7 € R is its momentum. It has a
mass parameter m,; and spring parameter k;. Any pair of oscillators (7, j) is coupled via the spring
parameter k;;. The input to the models is a time-varying external force u(t) € R coupled to oscillator
1. During the echo passes, the nudging force is modelled by a spring coupling with parameter ¢ € R
to an external force y(¢) € R. The Hamiltonian of the system is given by:

_ (m)? 1 2, 1 j )2 1
HI®,0,u] = 3 50—+ 5 3 kilo) +§Z;’%’(¢j*¢) +ug (24)
7 7 T >t
Which gives the following equations of motion:
¢' = forallic {1,6}
A= —k1d! + 305 k(¢ — 61 +u
7:('4 == _k4¢4 + Z],J#‘l k4j (QSJ - ¢4) - 666(¢4 - y)

where d. is the indicator function of the echo pass, it’s equal to 1 during the echo pass and 0 otherwise.

RHEL gradient estimators of the model parameters. For the mass m;, we have:

1
ARHEL ~5 (Vin, H [®(t,€),0,u] — V., H [®E(t, —€), 0,u])

_ 1 (W(tve))2 B (ﬂi(t,—ﬁ))2> (25)

2e me Qm?

For the spring parameters k;, we haves:

1
AfHEL — —5¢ (Vi, H[®(t,¢),0,u] — V}, H[®(t, —¢), 0, u])
1

2e

((6'(t,€)" = (8(t,—€))) (26)
(27)
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For the coupling parameters k;;, we have:

1 € €
AE?EL = 7276 (VkuH[(I) (t’ 6)7 07 u] - vk”H[‘I' (ta 7€)a 0, u’])

= =5 (@7t 6) = &'(t,0))" = (¢ (t, —¢) — ¢ (t, =))") (28)
RHEL gradient estimators of the state sensitivities For the state position sensitivities, we have:

1
ARHBL _ — 5 B (2°(t6) — ®°(t, ~¢))

:7%@%@—H@fm (29)

For the state momentum sensitivities, we have:

ARHEL — —le:gg (®(t,€) — (L, —€))
€

1 ) )
— 5 (#(t0) = 6'(t, ) (30)
€
A.3.2 HSSM architecture

In this section, we outline the detailed architecture of a full multi-layer HSSM architecture. For the
inference, we re-use the same stacking architecture of recurrent blocks and feedforward elements as
the LinOSS model [29]. The model starts by encoding an input sequence u € R% <X via an affine
transformation. The transformed sequence then progresses through multiple HSSM blocks, linear (see
Appendix A.3.3), or nonlinear (see Appendix A.3.4), directly followed by nonlinear transformations.
These transformations include the Gaussian error linear unit (GELU) [55] and the Gated Linear Unit
(GLU) [56], defined as GLU(x) = sigmoid(W1x) o Wax where W 5 represent trainable weight
matrices, accompanied by a residual connection. The sequence output from the final block undergoes
a second affine transformation to produce the model output.

The full linear and nonlinear HSSM is further presented in Algorithm 2. For clarity, when applying
operations to sequence elements denoted with an overline (e.g., ), these operations are implicitly
broadcast across the time dimension. Specifically, for any function f applied to w, we have f(u); =
f(uy) for all time steps ¢ € {1,2,..., K'}.

For the inference of the linear HSSMs, we keep the same recurrent block as LinOSS with a slight
change in the integrator (see A.3.3). For the nonlinear HSSM, we replace the recurrent block by a
UniCORRN recurrent block [30] for which we use the same integrator as for the linear HSSM (see
A3.4).

Algorithm 2 HSSM model

Input: Input sequence w, model type type € {linear, nonlinear}
Output: HSSM output sequence w
@0 W, + bepe
for{=1,...,Ndo
if type = linear then
3" ,_,_ + LINEARHRU(@"~V, 0) > Via parallel scan
else
3" NONLINEARHRU (@~ 0) > Sequentially
end if
z0 — c3" + pu'?
11:  xg® « GELU(ZY)
122 @« GLU(z,"") +a“~ V)
13: end for
14: 0+ Waeet™) + bgee

Ve Ry nhw e

_
e
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A.3.3 Linear HRU Block

Hamiltonian of the recurrence. The linear HRU block is the composition of a nonlinear spatial
transformation and a linear recurrent transformation (see Eq. 17). Here we provide more details
about the linear recurrence that is computed with the RHEL gradient estimator. The linear recurrence
is defined by the following Hamiltonian:

H[é’ 07 u] = T[Tr7 07 u] + V[¢’ 07 u]

1 1
— gl + (0740 - 07Bu) 61
Dynamics. The dynamics of the linear HRU block are defined by the following equations:
oo (32)
T =—A¢ + Bu

Which, after time-discretization with the integrator defined in A.2.1, gives the following equations:
)
Pri1/3 = Pr + §V7rT[7Tka 0, uy]

)
:¢k+§77k

Tt+1/3 = Tk

Pri2/3 = Pry1/3

Thit2/3 = Tit1/3 + VeV drr1/3, 0, ugl (33)
= Tpt1/3 — 0APri1/3 + IBuy,

é
Q1= Pryo/3 + iva[ﬂ'kw/:s, 0, uy]

)
= Qryo/3 + 5 Th+2/3

Tk+1 = Tk42/3

with the initial condition ® _x = (¢, 7 ;)T = .

For the echo passes, the initial condition are ®§ = ®f + X, - Ap [P, 0]. The dynamics equations
follow below, with modifications from equation 33 highlighted in blue::

)
¢Z+1/3 = ¢Z + 57713
7"2+1/3 =
¢>Z+2/3 = ¢Z+1/3

e e e (34)
Tht2/3 = Thg1/3 — OAP )3+ 0BU_ (1)

€ e 6 e
Phr1 = Prgayz T §7rk+2/3+6v7r£[(1)—(k+1)]

Tyt = Whopo/3 eVl [P (pi)]
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1135 RHEL gradient estimators. The gradient estimators of the parameters of the linear HRU are:

)
AFIEL (k€)= — o= (VAHY2(@5(€), 0, u_ry1)] = VaAH[@5(~6). 0,u_gx11))

2

1)
= - K¢Z+1/3(E)T¢Z+1/3(E) + ¢Z+2/3(5)T¢2+2/3(6))

Ic
~ (415 T farya(—) + Bvas(—6) Bfsays(—9)) |
- [(«bzﬂ/g@f (651/50) ~ (911509 (¢z+1/3<—e>)] (35)

5
ARHEL(f, o) — (vBHl/Q[q»;(e), 0,u_(k11)) — Ve H'?[®{(-¢),0, u7<k+1>])

2

§
= [(#100) + 6427000 wT

- <¢Z+1/3(—€) + ¢Z+2/3(—€)> ’UI(/CH)}

0

= 95 {¢2+1/3(6)UI(1@+1) - ¢Z+1/3(—6)uf(k+1>] (36)

1136 The gradient estimator with respect to the input of the recurrent transformation is:

6 e €
ARAPL (s €) = = - (VuH'2(®((6), 0,0 sn)] = Vu ' 2[@5(—€), 0, u_u 1))

2

_0 [BT (¢Z+1/3(€) + ¢§+2/3(€)>

4e
-BT (¢2+1/3(*6) + ¢Z+2/3(76))}

)
[BTQZ’;H/S(G) - BT¢2+1/3(_6)} (37)

2¢

1137 Parallel Scan. Similarly to the LinOSS model [29], we can compute the recurrence of Linear HRU
1138 with a parallel scan [5] to reduce the computational time. To implement the parallel scan, we need to
1139 put the discretized dynamics in a form that can be computed in parallel. For this we vectorize the
1140 Equation 33:

P = e P03

I

0

I 21 I o 0
o T '([—(M I:|.¢.k+1/3+|:5B'Uk:|>

I

0

g I o] [1 ¢r B .y,
T |~oa 1] |0 T| TT|3

1141 which gives us the discrete dynamics in matrix form:

D1 = MPy + Fy (38)
1142 with:
—ZA SI-2ZA B.
_ 2 [ ;1 ] Fk _ 2 Uk (39)
—6A -2A OB - uy
1143 To compute the echo passes ®¢,k € {1,--- , K}, we only need to adapt F}, to get for the positive
1144 nudging +e€:
62
er _ 73 . ’u,,(k+1) + €Vﬂf[@(k+1)]1 (40)
0B - u_ (1) + €Vl [P (11)]

44



1145

1146
1147
1148

1149

1150

1151

1152
1153
1154
1155

1156

1157

1158

1159

1160
1161

1162

A.3.4 Nonlinear HRU

Hamiltonian of the recurrence. The nonlinear HRU block is the composition of a nonlinear
spatial transformation and a nonlinear recurrent transformation (see Eq. 18). The Hamiltonian of the
nonlinear HRU block is defined by the following equations:

H[®,0,u] =T[r,0,u] +V]p,0,u]

= %||7\'||2 + %Hqﬁ”2 + (A_T -log (cosh (A - ¢+ B-u+b))) 41)

Dynamics. The dynamics of the nonlinear HRU block are defined by the following equations:
oo (42)
7 = — (tanh (A¢ + Bu + b) + ag)

Which, after time-discretization with the integrator defined in A.2.1, gives the following equations:
1)
¢k‘+1/3 = ¢k? + §VTFT[7T]€’ 07 uk}]

= ¢ + gﬂ'k
Tky+1/3 = Tk
Pri2/3 = Pry1/3
Tht2/3 = Thp1/3 T 0V VI [drpr1/3,0, ur] (43)

= Tpy1/3 — O(tanh (A 13 + Bug 4+ b) + adpy1/3)

1)
Qi1 = Pry2/3 + §VwT[ﬂ'k+2/3, 0, uy]

= Qri2/3+ 5™ k+2/3

Th+1 = Tp42/3
A.3.5 Differentiating the time-discretization

In training HRUs, one can also train the multidimensional time-discretization § € R®*%# that is
assumed to be diagonal. For this, it suffices to reparametrize the integrator and the Hamiltonian, so
that the time discretization becomes a parameter of the Hamiltonian. Hence the HRU equation 9
becomes:

Qk-‘rl = Mﬁ[71[¢’k707’u’k’75] Vk=-K---— 1a (44)

with H is a reparametrization of the Hamiltonian H such that My [ @, 0,u,0] =
My 5[®r, 0, ug].

For instance, for the linear HRU, we can reparametrize the Hamiltonian as:

H[®,0,u,0] = %Tﬁaw + <;¢T(5A)¢ - ¢T(5B)u) (45)

And for the nonlinear HRU, we can reparametrize the Hamiltonian as:
. 1 1
H[®,6,u,6] = S om + %¢>T5¢ +5 (A7 -log(cosh (A ¢+ B-u+b))  (46)
47

Note that to match with previous implementations of the nonlinear HRU [30], we used the following
parametrization for the discretization step:

H[®,0,u,0] = %Ha(a)w + %qﬁTU(&)qb + % (o(6)A~ " -log(cosh (A ¢+ B -u+b)))
(48)

where o () is a diagonal matrix with o(8);; = 0.5 + 0.5 tanh(d;;/2).
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Algorithm 3 Custom Reverse Mode Automatic Differentiation for an arbitrary HRU

1: @custom_autodiff

2: fungﬁon HRU@Opggry,w)

3: ® < HRU-HELPER(0, 04y, w, 0)
4 return ®

5: end function

6: function FORWARDHRU (O ri7, w)

7: ® < HRU-HELPER(0, 0y Rry,w,0)
8: return &, ®

9: end function

10: function BACKWARDHRU(r,g, input_forward)

11: 0y ru,u < input_forward
12: @ + REVERSE(W) > Reverse the input sequence
13: Py —7r

14: (I)S,ﬂ:e — 2, P+ eX.gKx
15: @, < HRU-HELPER(®{ _.,0yrv,,3)

16:  Agyny, Aw — LEARNINGHRU (@)
17: return Ag,, ..., Az > Loss gradient with respect to the input of FORWARDHRU(:, -)
18: end function

19: HRU.define_custom_autodiff(ForwardHRU, BackwardHRU)

Algorithm 4 Helper functions for custom Automatic Differentiation

1: function HRU-HELPER(®, Oy ru, w, ) > See Dynamics. in App. A.3.3 and A.3.4 for
concrete examples
2: Input: Initial State P, Piarameters of the recurrence 0y g7, Inputs w, Nudging 7

3: Output: State sequence ®
4: end function

5: function LEARNINGHRU (@ ., @) > See RHEL gradient estimator in App. A.3.3 for a concrete
example

6: Input: Echo passes 516, input sequence time-reversed @

Output: Loss gradient w.r.t to the input of FORWARDHRU(+, -): Ag,, ..., Az

8: end function

~

A.3.6 Echo passes with automatic differentiation

As mentioned in Remark 8, learning in HSSMs with RHEL involves chaining RHEL gradient
estimators with Automatic Differentiation (AD). This design makes RHEL implementation readily
compatible with modern automatic differentiation frameworks such as PyTorch or JAX. These
libraries provide the capability to create custom functions that, when invoked within a computational
graph, are automatically differentiated. Algorithm 3 demonstrates how to implement RHEL/AD
chaining for the recurrent component of an HRU block.

To implement a custom autodiff function HRU, we must define two additional functions required by
AD: ForwardHRU and BackwardHRU. The ForwardHRU function is invoked when the HRU function
is called within a computational graph to be differentiated. The ForwardHRU function returns two
elements: its output for computing the remainder of the computational graph ®, and a residual to
be stored for the backward pass. For the HRU, the residual consists only of the final state ® g from
the forward pass. The BackwardHRU function is called during graph backpropagation. It receives as
input the loss gradient from the upstream portion of the computational graph g, the input from the
forward pass u, and the residual ® . The BackwardHRU function computes the gradient of the loss
with respect to the HRU block parameters, which is subsequently used to update the HRU parameters.
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It also computes the gradient of the loss with respect to the forward pass input «, which is then used
to propagate the loss gradient backward through the computational graph.

These three functions are then registered with the autodiff library wusing the
HRU.define_custom_autodiff function, enabling the library to automatically differenti-
ate the HRU function when it is called within a computational graph.

The three functions utilize two helper functions: HRU-HELPER and LearningHRU. The HRU-HELPER
function implements the HRU dynamics and is employed in both the forward and backward passes.
The LearningHRU function implements the RHEL gradient estimator and is used in the backward
pass to compute the gradient of the loss with respect to the HRU block parameters.s
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A.4 Experimental details
Summary. This last section provides additional experimental details. More precisely:

* We provide details about the datasets at use, the devices we used, as well as detailed
hyperparameters.

 Importantly, we detail how RHEL can be subject to numerical underflow and how we
mitigated this issue — see Fig. 5-6 for details.

A.4.1 Datasets

This series of tasks was recently introduced as a subset of the University of East Anglia (UEA)
datasets with the longest sequences for increased difficulty and recently used to benchmark the linear
HSSM previously introduced [29]

The classification datasets are drawn from a recently introduced benchmark [34] that selects a
subset of the University of East Anglia (UEA) datasets [35], specifically choosing those with
the longest sequences to increase difficulty, and which has been recently employed to evaluate
the linear HSSM model [29]. These datasets include EigenWorms (17,984 sequence length, 5
classes), SelfRegulationSCP1 (896 length, 2 classes), SelfRegulationSCP2 (1,152 length, 2 classes),
EthanolConcentration (1,751 length, 4 classes), Heartbeat (405 length, 2 classes), and MotorImagery
(3,000 length, 2 classes).

Additionally, we evaluate our HSSMs on the PPG-DaLiA dataset [36], a multivariate time series
regression dataset designed for heart rate prediction using data collected from a wrist-worn device. It
includes recordings from fifteen individuals, each with approximately 150 minutes of data sampled at
a maximum rate of 128 Hz. The dataset consists of six channels: blood volume pulse, electrodermal
activity, body temperature, and three-axis acceleration. After splitting the data, a sliding window of
length 49920 and step size 4992 is applied, representing a challenging very long-range interaction
task.

A.4.2 Simulation details and ressource consumption

Simulation details .The code to run the experiments is implemented using the JAX auto-
differentiation framework [57]. All experiments were run on Nvidia V100 GPUs, except for the PPG
experiments, which were run on Nvidia Tesla A100 GPUs due to larger memory demands.

Ressource consumption. For the linear HSSM, training time is approximately 30 minutes for both
classification (SCP1 dataset) and regression (PPG dataset) tasks across all training algorithms (RHEL
and BPPT). The nonlinear HSSM requires approximately 1.5 hours for classification tasks with both
algorithms. For the regression tasks, both BPTT and RHEL require approximately between 10 and
20 hours.

RAM consumption remained consistent across all conditions (learning algorithms, datasets, and
models), reaching 30GB for regression tasks and 24.15GB for classification (SCP1 dataset). This
represents 75% pre-allocation of GPU memory by JAX. While the regression task exceeded the
V100’s 32GB memory capacity, it fit within the A100’s 40GB RAM.

A.4.3 Hyperparameters

We adopted the hyperparameters of [29] without modification, as their experiments utilized the IMEX
integrator, which, like our approach, derives from the LeapFrog integrator. The hyperparameters
are: learning rate (Ir), number of layers (#blocks), number of hidden neurons (hidden dim), state-
space dimension (state dim), and whether the time dimension is sent as input (include time). These
hyperparameters were found by grid search and are presented in Table 3.

We note that the implementation of the linear HSSM models is based on the code of [29] and uses
complex numbers for implementation, which corresponds to doubling the state-space dimension
mentioned in Table 3. We found that this dimensional doubling was necessary to recover the
performance reported in the original paper, so we maintained this approach. We did not need to apply
the same doubling for the nonlinear HSSM.covering the performance reported in the paper, so we
kept
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Table 3: Hyperparameters for the linear and nonlinear HSSM model

Dataset Ir hidden dim state dim #blocks include time
‘Worms 0.0001 64 16 2 False
SCP1 0.0001 64 256 6 False
SCP2 0.00001 64 256 6 True
Ethanol 0.00001 16 256 4 False
Heartbeat 0.00001 64 16 2 True
Motor 0.0001 16 256 6 True
PPG 0.0001 64 16 2 True

For the RH E L algorithm we have two additional hyperparameters: the nudging strength € and the
scaling factor v (see Appx. A.4.4). The nudging strength ¢ was set to 10~ without prior tunning.
For the scaling factor v we did a grid search over the values {10°,10%, 108, 1012} for the regression
task (PPG-DaLiA) and found that the best performing parameter was 10*. For the classification tasks,
we did a grid search over the values {10°,10%, 102, 10} and found that the best performing scaling
was 10* for the averaged score.

We employ different initialization schemes for linear and nonlinear HSSM variants. For the linear
HSSM model, we follow the same initialization scheme as [29]:

* A ~ Uniform(0, 1)

¢ B ~ Uniform ( L L )

" hidden_dim’> hidden_dim

C ~ Uniform ( L ;)

"~ state_dim * state_dim
D ~ N(0,1)
* § ~ Uniform(0, 1)

For the nonlinear HSSM model, we adopt the initialization scheme from [30]:

* A ~ Uniform(0.5, 1)

. 1 1
* B ~ Uniform <_hidden_dim7 hidden_dim)

«C=0
« D~ N(0,1)
b~ N(0,1)

* «a ~ Uniform(0.1, 1.0)
* 6 ~ Uniform(—1,1)

A.4.4 Gradient re-scaling for dealing with numerical instabilities

Analysis From the theoretical results on RHEL, the nudging strength e should be chosen as small
as possible to accurately estimate the gradient of the loss function. However, naive numerical
implementation can encounter underflow issues. In RHEL, gradient information is encoded in small
perturbations to the state ® that generate the echo trajectory ®°. This presents numerical challenges
when the perturbations and state values differ by several orders of magnitude.

In practice, when using finite precision representations (such as floating-point numbers), the perturba-
tions may be lost due to discretization error, where small values cannot be accurately represented or
distinguished from zero in finite precision arithmetic.

To address this numerical challenge, we employ a simple gradient rescaling method. We multiplica-
tively scale the output loss £[-, -] by a constant «y > 1 during the echo dynamics computation. This
amplification ensures that the perturbation-induced changes in the loss remain within the representable
range of floating-point arithmetic. Subsequently, we divide the RHEL parameter gradient estimate
(AEHEL (k, e)) by the same scaling factor «y to recover the unbiased gradient.
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We now demonstrate the effectiveness of this gradient rescaling method on both Linear and Nonlinear
HSSM. To evaluate the effect of gradient scaling, we compare the gradients of RHEL and BPTT.
Given a HSSM model, we randomly sample a tuple (u;,y;) ~ D from the SCPI dataset (see
App. A.4.1) and compute the gradients of the loss function with respect to the parameters of the
recurrence of the HRUs in Fig. SA for the linear HSSM and Fig. 6A for the nonlinear HSSM.

To gain a more fine-grained understanding, we also compute the gradients with respect to the inputs
of the third layer of the HSSM (see Eq. 17 and 18) in Fig. 5B and Fig. 6B. Compared to the
parameter gradients, these input gradients are not time-averaged and hence reveal more detail about
the underflow issues.

Gradient rescaling recovers the underflow issues. As a general pattern across both architectures,
we observe that the unscaled (7 = 10°) parameter and input gradients tend to be biased: they have
a norm ratio above 1.0 and cosine similarity below 1.0. We also note that for both the linear and
nonlinear cases, there exists a scaling factor (10% for linear and 10* for nonlinear) that recovers a
nearly perfect match between RHEL and BPTT.

Additionally, for the input gradients that are not time-averaged (first column of Fig. 5B and Fig. 6B),
there is a large amount of noise in the unscaled gradients, which is eliminated for the best-performing
scaling factor (10 for linear and 10* for nonlinear). We conjecture that this noise is due to the
underflow effects described above.

Linear HSSM: scaling improves gradient matching For the linear analysis, we observe a general
pattern: the more we scale the RHEL gradient, the better it matches BPTT, both for input gradients
and parameter gradients (Fig. SA and B).

Nonlinear HSSM: optimal scaling balances underflow and linearization errors For the nonlin-
ear analysis, we also observe that scaling the RHEL gradient improves the match between RHEL
and BPTT gradients. However, for higher values of the scaling factor (y = 10°), we observe that
both input and parameter gradients show a drop in matching quality. We conjecture that this is due to
linearization errors. If the loss gradient is too large, the nudging it drives will be large, and the finite
difference method used for the learning rule will no longer be valid.

Solution Implemented. For the experiments, we conducted a grid search over the scaling parameter
~. In our initial implementation, we applied gradient scaling without the corresponding downscaling
step, effectively amplifying the gradient magnitude throughout training. This provided valuable
insights into the sensitivity of RHEL dynamics to gradient scaling and improved performance. The
complete rescaling procedure (including both upscaling and downscaling) will be implemented in
the camera-ready version to provide a more comprehensive analysis of the numerical stabilization
approach.
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Figure 5: (A): Parameters gradients comparison between RHEL and BPTT for HSSM. Given
some (u;,y;) ~ D, we perform BPTT and RHEL on six blocks-deep linear HSSMs for different
scaling factor v of RHEL (different colors). We measure, per layer (line plot) and when averaged
across layers (bar-plot), the cosine similarity (top panels) and norm ratio (bottom panels) between
RHEL and BPTT parameters gradients of a linear HSSM (Eq. (17)). (B): Inputs gradient com-
parison between RHEL and BPTT for HSSM. Same setting as (A) but we focus on the gradients
with respect to the inputs of the third layer (u(®), see Eq. 17). We measure, per time steps (line plot)
and when averaged across time (bar-plot), the cosine similarity (top panels) and norm ratio (bottom
panels) between RHEL and BPTT inputs gradients.
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Figure 6: (A): Parameters gradients comparison between RHEL and BPTT for HSSM. Given
some (u;, y;) ~ D, we perform BPTT and RHEL on six blocks-deep nonlinear HSSMs for different
scaling factor v of RHEL (different colors). We measure, per layer (line plot) and when averaged
across layers (bar-plot), the cosine similarity (top panels) and norm ratio (bottom panels) between
RHEL and BPTT parameters gradients of a nonlinear HSSM (Eq. (18)). (B): Inputs gradient
comparison between RHEL and BPTT for HSSM. Same setting as (A) but we focus on the
gradients with respect to the inputs of the third layer (u(®), see Eq. 18). We measure, per time steps
(line plot) and when averaged across time (bar-plot), the cosine similarity (top panels) and norm ratio
(bottom panels) between RHEL and BPTT inputs gradients. For (A) and (B), v = 10® was also tested
but produced numerical instabilities leading to NaN values and is therefore omitted from the results.
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