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In this supplementary material, we provide the proof of all theoretical results stated in the paper.

1 Proof of Proposition 1

For any (deterministic) g € G, we have
P[Z(9)Z(g9) "] = My(g) ® My,

where ® denotes the Kronecker product,

Mi(g) = (EQ}X) E;Egg(())(())2> M= (11? p) '

Therefore, any eigenvalue of P[Z(g)Z(g)"] is the product of one eigenvalue of M (g) and one
eigenvalue of Ms. It’s easy to verify from Assumption 1 that all eigenvalues of M; (g) and M> are
nonnegative and bounded. Thus, we only need to show inf jeg Apin (Mi1(g)) > 0, Apin (M) > 0.

Through some calculations, one can find out that

S{(Bg(X)? 1) — (BgX)? + 1)~ Var(g(X)) }
War(g(X)) | Var(g(X))
(Bg(X)? + 1)+ /(Bg(X)? + 1P~ War(g(X))  Ea(X) +1
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which leads to
> 0.

. inf eg Var(g(X))
f /\min M > 9€9
4€0 (Mi(g)) 2 supyeg Fg(X)? + 1

On the other hand, A, (M3) > 0 can be deduced from p € (0,1). By combining the above two
inequalities, we conclude the proof.

2 Proof of Proposition 2

For compactness we may write the random variables Z(gy) as Zy and Z (go) as Z. Similarly for
any observation i we write Z;(gy) as 7 k,; and Z;(go) as Z;. We are only interested in convergence
in probability, so we can assume that the inverse matrices in the definition of B ({gx},) and
ﬁ(go) exist, as this happens with probability approaching 1 according to Lemma |2} We have

~

BUGH ) — BH{Gk}E,) = A+ B, where
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Similarly, B(go) — B(g90) = C + D, where
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NZZZT

—Uwﬁn4[§zzm

Py
and

D=[pPizz"]] " H Z[Zm — P[zY]]

G1

We can write [B({Gx },) — B({Gx},)] — [B(90) — B(g0)] = A — C + B — D. We show that
VN||A — C|| =, 0and VN||B — D|| —, 0. From the definitions of I}, and F; above, we have

A=C =R~ A [ % X4 Yier, Zui¥i| + B [ % i Yies, Bra = 2)Yi) - 1
1. \/N[FofFl]H = 0,(1)

2. % Xk Yier, e
3. \/NF1H = 0,(1)

4o |l§ 2k e, (Zri — Z0)Yi

= Op(l)

= 0p(1),

then VN|[A—-C| = o0,(1) as desired. Similarly we writt B — D as B — D =
o1 _ B

[k srzan)” - ez ao+ P2z G- i

s [k srz)] " - pez | = o




6. H\/]VGOH = 0,(1)
7. |PIZZT] 7 = 0,(1)
8. HW[GO - Gl]H = 0,(1)

then VN || B — D|| = 0,(1) as desired. We complete the proof in 8 steps by showing statements 1 -
8 above.

Step 1. We apply Lemma [3| by letting My, = + >, > ics, 2;6,,2,11.,3” = My, =

PIZZT], Ay = May, = &5, PIZ1Z] ), Man = &3 e, ZiZ] . Consequently, Step 1
amounts to verifying the conditions of Lemma 3] In fact, these conditions are guaranteed by Lemma
[T]as well as the following fact: Foreach k = 1,..., K,

1 P N

= (2042, - P21 - 2:2] + P[22 H 5, 0. (1
i€y

We now prove (I). Define Wy, ; = Z”ZL—P[ZCZI] — 7, Z} + P[ZZT], and note that conditional

on the data in If, the function gk, is non-random, and the W, ; are mean zero matrices, uncorrelated
across observations in I,. With slight abuse of notation, we use E[- | If] to denote expectations

conditional on the observations with indices belonging to the set /.. Forany k = 1,2,..., K,
1 ’ 1 |
E =Y Wil |Ii| ==E |u| > W Wi, ||I; 2)
v i€l " i,j €Ik
LT
=—-F tr (W, . W) |Ig
- Z r (W, Wai) |1 3)
Li€ly
1 7 T T 2 c
<= Z H(Z,mZ,m- -~ 7z, )H Ie @)
Li€ I
~ o~ 2
-p {szz,j — ZZTH ] . 5)

If the RHS of (3)) is 0, (1), we can use Lemma 6.1 of [I] to conclude that || ﬁ >
as required. Some calculations give

Wi ill is 0,(1)

i€y,

1227 — 227||" < 12(6(%) — 0o(X))* + @ (X)? — g0(X)?)?) ©
Then P [(Gk — 90)%] < /PG — 90)*] = 0. Also
P9 — 95)%] = PGk — 90)*(@k + 90)*] (7
< PGk — 90) 1V PI(Gr + 90)"] ®)
< PGk — 90)] sup Pl )
—p 0, (10)

where the second-to-last line follows because g + go € G as G is a vector space. We conclude from
(6) that the RHS of (@) is 0, (1).

Step 2. By the Cauchy-Schwarz inequality,

1 ~ 1 ~ 1

T2 Zi@Yi|| <\ [ 5 2D N Zi@I [ D0 D YR (11
ki€l kgl koigly

As E[Y?] < oo, the second term on the RHS is O, (1) by Markov’s inequality. Also for i € Iy,

B 1Z:0)IP] = B[+ T + Gu(X)? + Tigi(X0)?] < supyeg BI2[1 + g(X,)?]] < oo, and by

Markov’s inequality the first term on the RHS is also O,(1).




.. Z: 7 Tl - .
Step 3. By the central limit theorem, v N [Z@ ~ —PlZZ ]} is asymptotically normal. By the

-1
delta method and invertibility of P[ZZT], VN Hz Ziz/ } - P[ZZT]‘l] is also, and hence

its norm is O, (1).

Step 4. We show that for any k, & > i (Gr(Xi) — go(X:))Y: = 0p(1), from which the result
follows. By Cauchy-Schwarz,

iZ@meMM%;iZ@wmmmw¢;zw

i€l i€l i€l

As'Y has finite second moment by assumption, it remains to show the first term on the RHS is 0, (1).
We have

- (Ge(X:) — g0(X3))* = - Z [(Gk(X:) — 90(X:))? = Pl(Gk — 90)°]] + PL(Gk — 90)°]-
i €1y €1y,

12)

From Lemma 6.1 in [1]], the first term on the RHS in (I2)) is 0,,(1) and by the convergence assumption
on gy, the second term is too.

Step S. By the continuous mapping theorem it suffices to show that

% > % [PIZ(@Gk) Z (k) "] — P[Z(go)Z(go)TH | = o,(1). From the argument in Step 1,
both P[[gx — go]?] and P[[g7 — ¢&]?] are 0,(1) for all k, and hence P[g) — go] and P[g; — g3] are
both 0, (1) for all k. The other entries in the matrix are straightforwardly o, (1).

Step 6. This follows from Step 8 and the fact that by Chebyshev’s inequality,
I 7% 2 12:Y; — PIZY ]} [|= Op(1).

Step 7. P[ZZT]is invertible by assumption.
Step 8. The reasoning here is similar to Step 1. For any k and ¢ € I, define Wy, ; = Z;M-Yi —

P[ZkY] — Z;Y; + P[ZY], and note that conditional on the data in If, the W}, ; are mean zero
matrices, uncorrelated across observations in ;. Then

Zsz

i€l

1 2 . 2
| <-F el =r [HZkY—ZYH } .

> |Gy - z2v)
i€y,

Because P[(gx(X) — go(X))?Y?] < /P[(Gr — 90)*]\/P[Y*] =, 0, the RHS of @) is 0,(1). We

is also 0, (1), from which the result follows.

use Lemma 6.1 of [[1] to conclude that H ﬁ Zielk Wi

3 Proof of Theorem 1

‘We have

ar({grtez1) — @1(90) = |@1({Gr}iz) — B1({Grtizr) — Ba({Gk}izr) ZPQk (13)

— [a1(g90) — B1(g0) — B3(g0)Pgo] (14)
= A+ B, 15)

where
= Br{GHoy) =BG H)] — [Br(g0) — Br(g0)], (16)



and

= BU@H) 5 X k0 (X0 — Ao 5 Zng

i

C (17)

[/33 90)~ Zgo — B3(g90)Pgo | -

D

Proposition 1 has established that A = 0,(1/v/N). Moreover

3

C= (B;({/g\k}f:ﬁ Bs({Gr ey ) ng(l i)+ Bs({grHzr) <;,Z (k) (X P@,&b])

Cl CQ

and

= (@(90 = Bs(g0 ) Zgo <ﬂ3 90)]1[ > lgo(Xi) - Pgo]) : (19)

%

D1 D2
We show C; — Dq and Cy — D5 are op(l/\/ﬁ) to conclude. In fact

€1 = Dy = (B({3H) — B3 HL) — Baloo) + Bolo0)) v o (X,

+ (Bolao) = slo0)) 7 3 [k (X0) = 90(X0)] = 0, (1VR). 20)
This is because

. @({ﬁk}f ) - ﬁs({ﬁk}ff:l) - @(90) + B3(g0) = 0,(1/'N) from Proposition 1;

© N i k) (Xi) = 5 325 90(X0) + % 3 (Gr(i) (X)) — 90(Xi)) = Op(1) from the LLN
and the same logic bounding (T2)) above;

. ﬂg(go) — B3(g0) = O,(1/+/N) from the CLT and the fact that P(Z(go)Z(go)T) has all
eigenvalues bounded away from 0;

© % 23 (Gr(i)(Xi) — 90(Xi)) = 0p(1) again from bounding argument applied to (T2).
Similarly,
K 1 . .
Cy— Dy = 53({gk}k:1) N Z [[gk(i)(Xi) - ng(i)] - [Q(J(Xi) - Pgoﬂ

+ ((53({51@}?:1) — B3(90)) %Z [90(X:) — P90}> = 0,(1/VN), (21)
which results from the following facts:
. 53({§k}K 1) = Bs(90) + (B3({Gk}izr) — Bs(90)) = Op(1);

~ Z Hgk(z)( i) — Pﬁk(i)} — [g0(X;) — Pgo]] = op(l/\/]v) from the same reasoning
apphed to bound (T));

« B3({Gx <)) — B3(go) = 0,(1) due to convergence of gy, to go, continuity of 33(-), and the
continuous mapping theorem;

* ¥ 2 l90(Xi) — Pgol = Op(l/\/ﬁ) from the CLT.

Combining the above arguments, we conclude that B = 0,(1/v/N).



4 Proof of Proposition 4

We first show that @"(/g\k(i) (Xi)) —p 0. We have

P (00 = 3 31 T [Kz S g (x ] @)

i€l i€l

By the same logic as in Step 1 of the proof of Proposition 1, foreach £ = 1,2,..., K,

% > [Gr(X:)? = Pyl

i€l

2

I7| =50,

and so + diel, Gr(X;)? — Pg} —, 0. Since PgZ —, PgZ, it follows that £ dier, 9k(Xi )2 =y
Pgg. Similarly £ 37, Gx(X;) =, Pgo. Hence @"(/g\k(i)(Xi)) —p 02. Also, by Proposition 1,

|Btt@HD) = BU@HI | =0 0 @3)
and by continuity of 5(+) and the continuous mapping theorem,
18({Gk}=1) = Blgo)|| = 0- (24)
Consequently H 3({%}521) - 5(90)H —, 0. By the continuous mapping theorem, we conclude that
7% —, o2

5 Proof of auxiliary lemmas

Lemma 1. Given Assumption I,

H;] S Zn; 25 - %ZP(Z@T)
k

k jel

-~ 0,0V

Proof. Since the number of splits K is bounded, we only need to verify for any k € {1,2,..., K},

1 o N
|+ > 2,2, - P@ED | = 0,0/vR)

JEI
Below we’ll prove
~ Z T77(X;) — E[T73(X))|I7] = Op(1/v/m). (25)
JEIk
The other terms can be derived in the similar manner.

First, since P(gx — go)* —p 0 as n — oo, we know that for any subsequence {n,;} of N, it further
has a subsequence {n;}, such that P(gy — go)* — 0 a.s. as [ — oo. Our next step is to prove

fZT” E[T7g: (X)) = Op(1) (26)

JE€Ik

as | — oo.

For notational simplicity, define Vi ; := T7g2(X;) — E[T7g7(X;)|If]. Since {Vi;}jer, are
independent conditioned on I, for any ¢t € R we have

Eexp (zt/\/> Z ij) ZEE{GXP (Zt/\/;; ZVk,j)

JEIk JEIk

- {1y 11}




Furthermore,

hm FEexp (zt/\/> Z ij) = llgrolo E{E[exp (Zt/\/;g . Vk’j) c} }”§
J€Ik

. , M
— E Jim {E[exp (zt/\/nf : V,w-)‘[k]} . @7)
Our goal is now to derive the limit in the last term so that we can infer the limiting distribution of
1/\/ ny - Zje[k Vies-

First, we conduct the Taylor expansion

L L t?
exp (Zt/ n; . Vk’j) =1+1t. n; . Vk’j — Tngvk%j + Rk’j.
(i1 Vi) = [ 1 o
Ry =exp (it/+/n] - Vi) — [1+it/y/n)-Vi; — — V]|
J ! J 1 TR
[exp (Zt/q/ V;w)’lk} = 1—|—zt/1/ EVi ;\1I:]—

2
m /

Here

Thus

[ijllk] + B[Ry ;| Il =1 - [ijlfk] + B[Ry ;| 1¢] (28)

2 /
First, with probability 1,
lim BV2|15] = lim {E[T}G(X))|1) - BTG (X)) }
l—o0 > l—o0

=p-Pg;—p* (Pg3)*. (29)

Next, we bound |E[Ry, ;|I5]|. In fact,

3 ’
e sl
= 2+ \F‘VMH—Q" |Vi;j|?  otherwise.
This means
B[Rl IE]1< BIR()ITE) + BIRE)|IE),
(1) _ 213
where Ry | = %/2|Vkvj|31{|vk]|<\ﬁ/(2t)}’
(2) _
Rk,j =(2+ \lew 2n Vi 1)1 {IVi j1>+/n]/(20)}
On the one hand,
1-6/2
BRI < 20 e (fugsze) ]
25/2t2+5/2

} 92+842+5/2

E[ITfﬁi(Xj) — BTG (X)[*2|17) < Gl

— 51 Llox
n21+6/4

n;1+5/4

On the other hand, by Markov’s inequality,

2+5/2
E[Rl(cz,guls] < 2E[(2t/\/n72> |Vk,j|2+6/2

I;;} +t/\/n7~

1+6/2 i t2
B[ Vil (2t/y/nf) " Wi 02| 1] + o
l
5/2 96+042+6/2
B[ Vies P (21/4/mg) " Wil | 1] < =g Pl
1




Combining the above two bounds, we deduce that

9T+642+0/2 s
|E[Ry 5| I;] < WP\QH :
I

Thus with probability 1, E[Ry, ;|I] = o(1/n}).
Combining the above bound, (28) and (29), we obtain that with probability 1,

llim nylog E {exp (it/\ /n] - Vk,j) Iﬁ}
— 00

2
:zlim nf log <1 — —,E[Vﬁﬂ]ﬁ] + E[Rk,j|I,§}>
o0 l

t2
== 5P Pgg — 1 (Pg5)’).
!

Finally we plug the above into and conclude that

hm FEexp (Zt/\/7 ZV;”) exp{;[p Pg§p2.(ng)2]}.

J€lk

This implies that % > je 1. Vk,; converges in distribution to a centered normal random variable
n

with variance p - Pgg — p? - (Pg3)?, and (26)) follows.

Finally, since for any subsequence {n;} of N, it further has a subsequence {n;} such that (26) holds,

it can only be the case that (23) is true.

Lemma 2. The following hold with probability tending to 1:

-e zz,“z,m)_Q;nfxmm<P[Z<g>z<g>T]> Vke {12, K}

Proof. According to Weyl’s inequality,

1 5 5T 5T
>\min (’I’L Z Zk;iZk,i) > )\min( (Zka H Z Zk JZkJ (Zka )H
i€y JjEI}
1 SN N
> 1 duin (P22 - |1 3 22, - P2 |
S

On the other hand, from the proof of Lemmam we know

This implies that

n—0o0 ge

JEI)

Combining the above, we obtain (30). (31)) can be proved in a similar way.

lim P(Hi " 7z, - P(Z1Zy )H ; inf Amm(P[Z(g)Z(g)T])> =0.

O

(30)

€2y



Lemma 3. Let {My,,}, {Man}, {Msn}, {Mun},{An}, {Bnr} be sequences of random real symmet-
ric matrices of fixed dimension. Assume that with probability 1, Ao := inf,, Apnin(Br) > 0, and
A, — Bnl|= 0,(1). Moreover, assume that

HMln - AnH: Op(l/\/ﬁ)v HMdn - An”: Op(l/\/ﬁ)v
HMZn - BnH: Op(l/\/ﬁ)a ||M4n - Bn”: Op(l/\/ﬁ)-

If in addition,
\/EHMln + MZn - M?m - M4n||‘>p 0

then
VIIIME + My, = Mg, — M= 0
Proof. Define the event

By :={||An — Bnl||> Xo/2} U {max{|| M1, — Au|[, | M3, — An|} > Xo/2}
U {max{|| Mz, — By ||, [[Man — Bull} > Xo/2} .

Then lim,, o, P(E,) = 0. Now on E¢, according to a Neumann series expansion,

M= [A, + (M, — A7
= AJV2T — A7V (M, — An)ASY? + Dy, AV,

Here Dy,, = ZjEQ[fAﬁlm(Mln —A))A, 1/2]j and we have on E¢

||D1nH < Z‘|A;1/2(M1n - An)Ar_pl/QHj
Jj=2

AP | My — Ay)? 8
< 4 Iul 1 | < 3 1M — A (32)
L= (| A M = Anll = A5
Here we use the fact that on E
2 A
ALY (M — An) A< A2 P M — A< - 5 = 1.
0

Similar expansions hold for Ms,,, M3, and My, and we define Ds,,, D3, and D, accordingly.
Using some simple algebra, we deduce that on E,

M+ Myt — Myt — Myt = Jin + Jon + Jan + Jun,

where
Jin = —A; My, 4+ My, — Ma, — My, AL,
Jon = —A N (My,, — Moy A + Byt (My,, — Ma,)B; b,
_ A—I/Q(Dln —Dgn)A 1/27
Jin = B;Y*(Da,, — Dyyn)B; Y2,
For any € > 0,

4
P(Vn| My, + M| — Mg — M > €) < P(Ey) + Y P(E; N {VnllJem > €/4}). (33)
=1

Combining the fact that lim,,_, ., P(E,,) = 0, we only need to prove that each of the rest of the terms
on the the RHS of (33) has limit 0.

First, lim,,—, oo P(ES N {/n]|J1n|> €/4}) = 0 follows from our assumption. For Ja,,, observe that
Jop = J2(1) + Jéi)7 where

J5) = (Bt = ALY (Muy — M) ALt IS = By (May, — May)(By ' — ALh).

n



We bound the limit of HJQ(,IL)H as follows: For any § > 0, there exists M > 0 such that Vn,
P(y/n|| My, — Ma,||> M) < 3. According to our assumption, there further exists N € N such that

foralln > N, P(||A, — Bnl||> 3’\23]\64) < $. Therefore for all n > N,

P(ES N {vnllJ5) 1> ¢/8})

P(E; N {Vn| A, (A — Bn) By (Myn — May) AL |> €/8})
(
(

P(E; N {[|An — Byl|-V/nl||May — May||> Aje/32})
P(V/n|| My, — My, ||> M) + P(||A,, — B> M3e/(32M)) < 6.

ININCIA

The above argument implies that lim,,_, 1 oo P(ES N {\/HHJQ(? ||> €/8}) = 0. Similarly we have
limy, s 100 P(ES N {y/n]|J52||> €/8}) = 0. Thus

i P(ES 0 (Vi Jan> ¢/4})

< lim _ P(E;O{VallJy) 1> ¢/8)) + lim P(E; 0 {Vall g5 |[> ¢/8}) = 0.

Now we proceed to bound the limit of ||.J3,,||. In fact we have
P(E; N {Vn||Jsn|> €/4}) < P(E; 0 {v/n[|D1n — Dsnl|> €Xo/8})
<P(E;, N {Vn|Dinl|> eXo/16}) + P(E; N {v/n||Dsn||> €Xo/16})
<P(Vn|| My, — An||*> eX3/128) + P(v/n||Ms,, — A, |*> eX3/128).
In the last inequality we utilize (32). Combining our assumptions, we have

lim P(Ey; N {v/nlJsn]|> e/4}) = 0.

Similarly

li_>m P(ES N {vVnl||Jan]|> €/4}) = 0.
We conclude our proof. O
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