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A PROOF OF THEOREM 1

A.1 A LEMMA

Lemma 1 Let h be µh - strongly convex and z
+ = prox�h(z). Then for all x 2 Rd the following

iniqulity holds:
hz

+
� z, x� z

+
i � �

⇣
h(z+)� h(x) +

µh

2
kz

+
� xk

2
⌘
. (14)

Proof: We use �µ-strong convexity of the function �h (8):

�
�
h(x)� h(z+)

�
� h�rh(z+), x� z

+
i �

�µh

2
kx� z

+
k
2
.

With definition of prox and necessary optimality condition: �rh(z+) = z � z
+, it completes the

proof.

⇤

In the next theorem we will use the following notation:

g
k = F (wk), g

k+1/2 = Q
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"
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M

MX
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Q
dev
m (Fm(zk+1/2)� Fm(wk))

#
+ F (wk).

A.2 DETERMINISTIC CASE: THEOREM 1

.

Proof of Theorem 1: By Lemma 1 for zk+1/2 = prox�h(z̄k � �g
k) and z

k+1 = prox�h(z̄k �

�g
k+1/2) with x = u we get
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Then we sum two inequalities and make some rearrangement:
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Multiplying by 2 and using definition of z̄k, we have
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For the first and second lines we use identity 2ha, bi = ka+ bk
2
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2
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2, and get
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A small rearrangement gives
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We now consider the two cases of the theorem separately.

A.3 STRONGLY MONOTONE/CONVEX CASE

Let substitute u = z
⇤, take full mathematical expectation and get
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Let us work with E
⇥
kg

k+1/2
� g

k
k
2
⇤
, with (1) we get

E
h
kg

k+1/2
� g

k
k
2
i
= E

2

4
�����Q

serv

"
1

M

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk))

#�����

2
3

5


q

serv

M2
E

2

4
�����

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk))

�����

2
3

5

=
q

serv

M2

MX

m=1

E
���Qdev

m (Fm(zk+1/2)� Fm(wk))
���
2
�

+
q

serv

M2

X

m 6=l

E
h
hQ

dev
m (Fm(zk+1/2)� Fm(wk));Qdev

l (Fl(z
k+1/2)� Fl(w

k))i
i

15



Under review as a conference paper at ICLR 2022

Next we apply (1) and Assumption 2 for the first term and independence and unbiasedness of Q for
the second term:
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Let us define new constant Cq =
q

qserv
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m and then connect (16) and (17):
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The property of the solution (3) gives
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And by Assumption 2 in strong monotone case we have
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One the other hand we get
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Summing two previous inequalities:
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We have Lyapunov function in the left side:
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Next we work with the last line of (18):
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µh

4

⌘
· (1� ⌧)E

⇥
kw

k
� z

⇤
k
2
⇤

 �
�

4

⇣
µF +

µh

4

⌘
⌧E

⇥
kz

k
� z

⇤
k
2
⇤
�

�

4

⇣
µF +

µh

4

⌘
E
⇥
kw

k
� z

⇤
k
2
⇤

+
�

2

⇣
µF +

µh

4

⌘
⌧E

⇥
kz

k
� w

k
k
2
⇤

 �
�

4

⇣
µF +

µh

4

⌘
⌧E

⇥
kz

k
� z

⇤
k
2
⇤
�

�

4

⇣
µF +

µh

4

⌘
E
⇥
kw

k
� z

⇤
k
2
⇤

+ �

⇣
µF +

µh

4

⌘
⌧E

h
kz

k+1/2
� z

k
k
2
i
+ �

⇣
µF +

µh

4

⌘
⌧E

h
kz

k+1/2
� w

k
k
2
i
.
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Substituting this into (18), we get

E [Vk+1]  ⌧E
⇥
kz

k
� z

⇤
k
2
⇤
+ E

⇥
kw

k
� z

⇤
k
2
⇤

�

⇣
(1� ⌧)� 2�2

C
2
q � �

⇣
2µF +

µh

2

⌘⌘
E
h
kz

k+1/2
� w

k
k
2
i

�

✓
1

2
+ �µh

◆
E
h
kz

k+1
� z

k+1/2
k
2
i
�

⇣
1� 3�

⇣
µF +

µh

4

⌘⌘
⌧E

h
kz

k+1/2
� z

k
k
2
i

�
�

4

⇣
µF +

µh

4

⌘
⌧E

⇥
kz

k
� z

⇤
k
2
⇤
�

�

4

⇣
µF +

µh

4

⌘
E
⇥
kw

k
� z

⇤
k
2
⇤
. (19)

It remains only to choose �  min
np

1�⌧
4Cq

; 1�⌧
4(µF+µh)

o
and get

E [Vk+1] 

✓
1� � ·

µF + µh

16

◆
· E [Vk] .

Running the recursion completes the proof.

A.4 MONOTONE/CONVEX CASE (µh = 0, µF = 0)

We start from (15) with additional notation gap(zk+1/2
, u) = hF (zk+1/2), zk+1/2

�ui+h(zk+1/2)�
h(u):

2� · gap(zk+1/2
, u) + kz

k+1
� uk

2
 ⌧kz

k
� uk

2 + (1� ⌧)kwk
� uk

2

� ⌧kz
k+1/2

� z
k
k
2
� (1� ⌧)kzk+1/2

� w
k
k
2 + 2�2

kg
k+1/2

� g
k
k
2

� 2�hgk+1/2
� F (zk+1/2), zk+1/2

� ui.

Adding both sides kwk+1
� uk

2 and making small rearrangement we have

2� · gap(zk+1/2
, u) 

⇥
⌧kz

k
� uk

2 + kw
k
� uk

2
⇤
�

⇥
⌧kz

k+1
� uk

2 + kw
k+1

� uk
2
⇤

� ⌧kw
k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2

� ⌧kz
k+1/2

� z
k
k
2
� (1� ⌧)kzk+1/2

� w
k
k
2 + 2�2

kg
k+1/2

� g
k
k
2

� 2�hgk+1/2
� F (zk+1/2), zk+1/2

� ui.

Then we sum up over k = 0, . . . ,K � 1, take maximum of both sides over z 2 C, after take
expectation and get

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
⌧kz

0
� uk

2 + kw
0
� uk

2
⇤

+ E
"
max
u2C

K�1X

k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2
⇤
#

�

K�1X

k=0

h
⌧E

h
kz

k+1/2
� z

k
k
2
i
+ (1� ⌧)E

h
kz

k+1/2
� w

k
k
2
i
� 2�2E

h
kg

k+1/2
� g

k
k
2
ii

+ 2�E
"
max
u2C

K�1X

k=0

h
hg

k+1/2
� F (zk+1/2), u� z

k+1/2
i

i#
.
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Applying (17) for E
⇥
kg

k+1/2
� g

k
k
2
⇤
, we get

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
⌧kz

0
� uk

2 + kw
0
� uk

2
⇤

+ E
"
max
u2C

K�1X

k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2
⇤
#

�

K�1X

k=0

h
⌧E

h
kz

k+1/2
� z

k
k
2
i
+ (1� ⌧)E

h
kz

k+1/2
� w

k
k
2
i

� 2�2
C

2
qE

h
kz

k+1/2
� w

k
k
2
i i

+ 2�E
"
max
u2C

K�1X

k=0

h
hg

k+1/2
� F (zk+1/2), u� z

k+1/2
i

i#
.

With � 

p
1�⌧
2Cq

we get

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
⌧kz

0
� uk

2 + kw
0
� uk

2
⇤

+ E
"
max
u2C

K�1X

k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2
⇤
#

+ 2�E
"
max
u2C

K�1X

k=0

h
hg

k+1/2
� F (zk+1/2), u� z

k+1/2
i

i#
. (20)

To finish the proof we need to estimate terms in two last lines. We begin with

E

max
u2C

K�1P
k=0

hF (zk+1/2)� g
k+1/2

, z
k+1/2

� ui

�
. Let define sequence v: v

0 = z
0, v

k+1 =

prox�h(vk � ��k) with �
k = F (zk+1/2)� g

k+1/2. Then we have

K�1X

k=0

h�
k
, z

k+1/2
� ui =

K�1X

k=0

h�
k
, z

k+1/2
� v

k
i+

K�1X

k=0

h�
k
, v

k
� ui. (21)

By the definition of vk+1 (property of prox), we have for all z 2 Z

hv
k+1

� v
k + ��

k
, z � v

k+1
i � 0.

Rewriting this inequality, we get

h��
k
, v

k
� zi  h��

k
, v

k
� v

k+1
i+ hv

k+1
� v

k
, z � v

k+1
i

 h��
k
, v

k
� v

k+1
i+

1

2
kv

k
� zk

2
�

1

2
kv

k+1
� zk

2
�

1

2
kv

k
� v

k+1
k
2


�
2

2
k�

k
k
2 +

1

2
kv

k
� v

k+1
k
2 +

1

2
kv

k
� zk

2
�

1

2
kv

k+1
� zk

2
�

1

2
kv

k
� v

k+1
k
2

=
�
2

2
k�

k
k
2 +

1

2
kv

k
� zk

2
�

1

2
kv

k+1
� zk

2
.

With (21) it gives
K�1X

k=0

h�
k
, z

k+1/2
� ui 

K�1X

k=0

h�
k
, z

k+1/2
� v

k
i+

1

�

K�1X

k=0

✓
�
2

2
k�

k
k
2 +

1

2
kv

k
� uk

2
�

1

2
kv

k+1
� uk

2

◆



K�1X

k=0

h�
k
, z

k+1/2
� v

k
i+

�

2

K�1X

k=0

k�
k
k
2 +

1

2�
kv

0
� uk

2
.
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We take the maximum on u and get

max
u2C

K�1X

k=0

h�
k
, z

k+1/2
� ui 

K�1X

k=0

h�
k
, z

k+1/2
� v

k
i+

�

2

K�1X

k=0

kF (zk+1/2)� g
k+1/2

k
2 +

1

2�
max
u2C

kv
0
� uk

2
.

Taking the full expectation, we get

E
"
max
u2C

K�1X

k=0

h�
k
, z

k+1/2
� ui

#
 E

"
K�1X

k=0

h�
k
, z

k+1/2
� v

k
i

#

+
�

2

K�1X

k=0

E
h
kF (zk+1/2)� g

k+1/2
k
2
i
+

1

2�
max
u2C

kv
0
� uk

2

= E
"
K�1X

k=0

hE
h
F (zk+1/2)� g

k+1/2
| z

k+1/2
� v

k
i
, z

k+1/2
� v

k
i

#

+
�

2

K�1X

k=0

E
h
kF (zk+1/2)� g

k+1/2
k
2
i
+

1

2�
max
u2C

kv
0
� uk

2

=
�

2

K�1X

k=0

E
h
kF (zk+1/2)� g

k+1/2
k
2
i
+

1

2�
max
u2C

kv
0
� uk

2
. (22)

Now let us estimate E

max
u2C

K�1P
k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1 + uk

2 + kw
k+1

� uk
2
⇤�

, for this

we note that

E
"
max
u2C

K�1X

k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2
⇤
#

= E
"
max
u2C

K�1X

k=0

⇥
�2h(1� ⌧)zk+1 + ⌧w

k
� w

k+1
, ui � (1� ⌧)kzk+1

k
2
� ⌧kw

k
k
2 + kw

k+1
k
2
⇤
#

= E
"
max
u2C

K�1X

k=0

⇥
�2h(1� ⌧)zk+1 + ⌧w

k
� w

k+1
, ui

⇤
#

+ E
"
K�1X

k=0

�(1� ⌧)kzk+1
k
2
� ⌧kw

k
k
2 + kw

k+1
k
2

#
.

One can note that by definition w
k+1: E

⇥
(1� ⌧)kzk+1

k
2 + ⌧kw

k
k
2
� kw

k+1
k
2
⇤
= 0, then

E
"
max
u2C

K�1X

k=0

⇥
�⌧kw

k
� uk

2
� (1� ⌧)kzk+1

� uk
2 + kw

k+1
� uk

2
⇤
#

= 2E
"
max
u2C

K�1X

k=0

h(1� ⌧)zk+1 + ⌧w
k
� w

k+1
,�ui

#

= 2E
"
max
u2C

K�1X

k=0

h(1� ⌧)zk+1 + ⌧w
k
� w

k+1
, ui

#
.
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Further, one can carry out the reasoning similarly to chain for (22):

E
"
max
u2C

K�1X

k=0

⇥
⌧kw

k
� uk

2 + (1� ⌧)kzk+1
� uk

2
� kw

k+1
� uk

2
⇤
#



K�1X

k=0

E
⇥
k(1� ⌧)zk+1 + ⌧w

k
� w

k+1
k
2
⇤
+max

u2C
kv

0
� uk

2

=
K�1X

k=0

E
⇥
kEwk+1 [wk+1]� w

k+1
k
2
⇤
+max

u2C
kv

0
� uk

2

=
K�1X

k=0

E
⇥
�kEwk+1 [wk+1]k2 + Ewk+1kw

k+1
k
2
⇤
+max

u2C
kv

0
� uk

2

=
K�1X

k=0

E
⇥
�k(1� ⌧)zk+1 + ⌧w

k
k
2 + (1� ⌧)kzk+1

k
2 + ⌧kw

k
k
2
⇤
+max

u2C
kv

0
� uk

2

=
K�1X

k=0

⌧(1� ⌧)E
⇥
kz

k+1
� w

k
k
2
⇤
+max

u2C
kv

0
� uk

2
. (23)

Substituting (22) and (23) in (20) we get

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
(2 + ⌧)kz0 � uk

2 + kw
0
� uk

2
⇤

+
K�1X

k=0

h
⌧(1� ⌧)E

⇥
kz

k+1
� w

k
k
2
⇤
+ �

2E
h
kF (zk+1/2)� g

k+1/2
k
2
ii

. (24)

Next we work separately with E
⇥
kF (zk+1/2)� g

k+1/2
k
2
⇤
:

E
h
kF (zk+1/2)� g

k+1/2
k
2
i

= E

2

4
�����Q

serv

"
1

M

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk))

#
+ F (wk)� F (zk+1/2)

�����

2
3

5

= E

2

4
�����Q

serv

"
1

M

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk))

#�����

2
3

5+ E
h
kF (zk+1/2)� F (wk)k2

i

+ E
"
hQ

serv

"
1

M

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk))

#
;F (zk+1/2)� F (wk)i

#
.

With (17) we get

E
h
kF (zk+1/2)� g

k+1/2
k
2
i
 C

2
qE

���zk+1/2
� w

k
���
2
�
+ E

h
kF (zk+1/2)� F (wk)k2

i

+ E
"
h
1

M

MX

m=1

Q
dev
m (Fm(zk+1/2)� Fm(wk));F (zk+1/2)� F (wk)i

#

= C
2
qE

���zk+1/2
� w

k
���
2
�
+ 2E

h
kF (zk+1/2)� F (wk)k2

i

 C
2
qE

���zk+1/2
� w

k
���
2
�
+

2

M

MX

m=1

L
2
m · E

���zk+1/2
� w

k
���
2
�
.

(25)
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With new notation L
2 = 1

M

MP
m=1

L
2
m from (24) and (25) we have

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
(2 + ⌧)kz0 � uk

2 + kw
0
� uk

2
⇤

+
K�1X

k=0

h
⌧(1� ⌧)E

⇥
kz

k+1
� w

k
k
2
⇤
+ �

2(C2
q + 2L2)E

h
kz

k+1/2
� w

k
k
2
ii

.

With � 

p
1�⌧

2
p

C2
q+2L2

we deduce to

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
(2 + ⌧)kz0 � uk

2 + kw
0
� uk

2
⇤

+ (1� ⌧)
K�1X

k=0

h
E
⇥
kz

k+1
� w

k
k
2
⇤
+ E

h
kz

k+1/2
� w

k
k
2
ii

 max
u2C

⇥
(2 + ⌧)kz0 � uk

2 + kw
0
� uk

2
⇤

+ 3(1� ⌧)
K�1X

k=0

h
E
h
kz

k+1
� z

k+1/2
k
2
i
+ E

h
kz

k+1/2
� w

k
k
2
ii

.

Let us go back to (19) with µh = 0, µF = 0, � 

p
1�⌧
4Cq

and get that

E [Vk+1]  E [Vk]�
�
(1� ⌧)� 2�2

C
2
q

�
E
h
kz

k+1/2
� w

k
k
2
i

�
1

2
E
h
kz

k+1
� z

k+1/2
k
2
i

 E [Vk]�
(1� ⌧)

2
E
h
kz

k+1/2
� w

k
k
2
i

�
(1� ⌧)

2
E
h
kz

k+1
� z

k+1/2
k
2
i
.

Hence substituting this we go to the end of the proof:

2�·E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
 max

u2C

⇥
(2 + ⌧)kz0 � uk

2 + kw
0
� uk

2
⇤
+ 6

K�1X

k=0

[E [Vk]� E [Vk+1]]

 max
u2C

⇥
(2 + 7⌧)kz0 � uk

2 + 7kw0
� uk

2
⇤

 max
u2C

⇥
16kz0 � uk

2
⇤
.

It remains to slightly correct the convergence criterion by monotonicity of F and Jensen’s inequality
for convex functions:

E
"
max
u2C

K�1X

k=0

gap(zk+1/2
, u)

#
= E

"
max
u2C

K�1X

k=0

h
hF (zk+1/2), zk+1/2

� ui+ h(zk+1/2)� h(u)
i#

� E
"
max
u2C

K�1X

k=0

h
hF (u), zk+1/2

� ui+ h(zk+1/2)� h(u)
i#

� E

K ·max

u2C

⇥
hF (u), z̄K � ui+ h(z̄K)� h(u)

⇤�

= K · E
⇥
Gap(z̄K)

⇤
,
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where we additionally use z̄
K = 1

K

K�1P
k=0

z
k+1/2. This brings us to

E
⇥
Gap(z̄K)

⇤


8maxu2C
⇥
kz

0
� uk

2
⇤

�K
.

Theorem 1 is completely proved for deterministic case.

⇤

A.5 STOCHASTIC CASE

The case of a finite sum (stochastic) is proved in a similar way. We need to replace Fm with Fm,⇡k
m

.

B MASHA2: HANDLING CONTRACTIVE COMPRESSORS

Now we present a method for working with biased compression operators – MASHA2. Algorithm 1
and Algorithm 2 are similar. The main and key difference is the error feedback technique Karimireddy
et al. (2019), which is classic for working with biased compressors. To do this, we need to introduce
additional sequences the sequence em. The purpose of these sequences is to accumulate error -
something that is not communicated in previous iterations. Additionally, for Algorithm 2, we consider
a simpler setting than for Algorithm 1, namely Z = Rd and h = 0. In this case prox�h(z) = z. Also,
in the case of comps, we compress the information in one direction - the server makes a full broadcast.

Similarly to Theorem 1 we use Lyapunov function
V̂k = ⌧kẑ

k
� z

⇤
k
2 + kŵ

k
� z

⇤
k
2
,

where ẑ
k = z

k
�

1
M

MP
m=1

e
k
m, ŵk = w

k
�

1
M

MP
m=1

e
k
m.

Theorem 2 Let Assumptions 1 and 2 (SM) be satisfied. Then, if �  min
⇣

1�⌧
4µF

,

p
1�⌧

60�L ,
µF (1�⌧)
105⌧2�2L2

⌘
,

the following estimates holds

E
h
V̂K

i


�
1� � ·

µF

4

�K�1
· V̂0.

The proof of the above theorem can be found in Appendix C.

C PROOF OF THEOREM 2

We first introduce useful notation:

ẑ
k = z

k
�

1

M

MX

m=1

e
k
m, ẑ

k+1/2 = z
k+1/2

�
1

M

MX

m=1

e
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k+1/2

� � · (F (zk+1/2)� F (wk)). (26)

23



Under review as a conference paper at ICLR 2022

Algorithm 2 MASHA2 (handling contractive compressors)
Parameters: Stepsize � > 0, number f iterations K.
Initialization: Choose z

0 = w
0
2 Z , e0m = 0.

Server sends to devices z0 = w
0 and devices compute Fm(w0) and send to server and get F (w0)
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Sends to devices one bit bk: 1 with probability 1� ⌧ , 0 with with probability ⌧
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end for

Because of such a beautiful property for hat sequences, we will use them in the proof.

Proof of Theorem 2: We start from these two equalities:
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kẑ
k+1

� z
⇤
k
2 = kẑ
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Using that ka+ bk
2
 2kak2 + 2kbk2 and (26), we get

kẑ
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Additionally, here we use that F is L Lipschitz, where L
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k
, z

k+1/2
� z

⇤
i  2h� · (F (z⇤)� F (zk+1/2)), zk+1/2

� z
⇤
i+ 2hz̄k � z

k
, z

k+1/2
� z

⇤
i

 �2µF �kz
k+1/2

� z
⇤
k
2 + 2(1� ⌧)hŵk
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kẑ
k+1

� z
⇤
k
2
 kẑ
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We can weight (31) by p
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Next we will take an full expectation from the both side of previous inequality. Since wk+1 is chosen,
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Summing this one and (32), we get
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k
���
2
+ 4��2

L
2
·
1

M

MX

m=1

��ekm
��2

 (1� 1/2� + 4��2
L
2)

1

M

MX

m=1

��ekm
��2 + 4��2

L
2
·

���zk+1/2
� ŵ
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We weigh the sequence as follows
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(33) us to the finish line of proof:
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K+1
� z

⇤
k
2 + kŵ
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D MOTIVATING EXAMPLES

Let us motivate the utility of considering VIs in machine learning on a handful of examples.

Lagrangian multipliers and SVM. Lagrange multipliers are a standard approach to solving con-
strained optimization problems. This technique reduces the original problem to a saddle point
problem. This approach is one of the basic and classic for SVM (Shalev-Shwartz & Ben-David,
2014):

min
w,b

max
�

1
N

NP
n=1

�n(yn(hw, xni+ b)� 1) + �
2 kwk

2
, (34)

where w are the weights of the model, b – some number, {(xn, yn)}Nn=1 are pairs of the training data
and labels, and � � 0 is a regularization parameter.

GANs. A simple GAN setup consists of two parts: the discriminator D aimed at distinguishing
real samples x from adversarial ones by giving probability that a sample is real, and the generator
G trying to fool the discriminator by generating realistic samples from random noise z. Following
Goodfellow et al. (2014), the value function V (G,D) used in such a minimax game can be expressed
in a saddle point form as

min
G

max
D

V (D,G) := Ex⇠pdata(x)[logD(x)] + Ez⇠pz(z)[log(1�D(G(z)))]. (35)

Adversarial loss. To force a model to be more stable and robust, it can be trained in a constructive
way, for example, by introducing adversarial noise (Madry et al., 2017; Nouiehed et al., 2019). For
example, the approach of Liu et al. (2020); Zhu et al. (2019) works well in NLP. From the point of
view of theory, this latter approach reduces to the saddle point problem

min
w

max
k⇢1ke,...k⇢Nke

1

N

NX

n=1

l(f(w, xn + ⇢n, yn)
2 +

�

2
kwk

2
�

�

2
k⇢k

2
, (36)

where w are the weights of the model, {(xn, yn)}Nn=1 are pairs of the training data and labels, ⇢ is
the so-called adversarial noise which introduces a perturbation in the data, and � > 0 and � > 0 are
the regularization parameters. The main difference from a standard approach is in explicit training of
⇢ so that the noise from it is harmful, and for w to adapt to this noise.

Online transport and Wasserstein barycenters Online transport or Wasserstein Barycenter (WB)
problem can be rewritten as a saddle point problem (Dvinskikh & Tiapkin, 2021). This representation
comes from the dual view on the transportation polytope.
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