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Supplementary Materials for the TMLR submission
“Linear Indexed Minimum Empirical Divergence Algorithms”

A BaseLinUCB Algorithm

Here, we present the BaseLinUCB algorithm used as a subroutine in SubLinIMED (Algorithm .

Algorithm 3 BaseLinUCB

Input: 72%, a= 1/%1}(1%, U, C{1,2,....,t — 1}

Vi=Ii+ Y cq, ¥7a,Tra,

by = ZTE\IH, YA 20 A,

0, =V, b,

Observe K arm features x4 1,%¢2,...,%tx € R4
for a € [K] do

_ T 1,—1
Wia =\ 25 Vi Tt
erﬁa = <9t7xt,a>
end for

—_

© ® T ST W

B Comparison to other related work

Saber et al.[(2021]) adopts the IMED algorithm to unimodal bandits which achieves asymptotically optimality
for one-dimensional exponential family distributions. In their algorithm IMED-UB, they narrow down the
search region to the neighboring regions of the empirically best arm and then implement the IMED algorithm
for K-armed bandit as in [Honda & Takemura| (2015). This design is inspired by the lower bound and only
involves the neighboring arms of the best arm. The settings in which the algorithm in [Saber et al.| (2021)) is
applied to is different from our proposed LinIMED algorithms as we focus on linear bandits, not unimodal
bandits.

Liu et al.| (2024) proposes an algorithm that achieves (3(\/? ) regret for adversarial linear bandits with
stochastic action sets in the absence of a simulator or prior knowledge on the distribution. Although their
setting is different from ours, they also use a bonus term —atf]t_ L in the lifted covariance matrix to encourage
exploration. This is similar to our choice of the second term log(l/,ﬁ’t_l(fy)meﬂf/,l ) in LinIMED-1.

t—1

C Proof of the regret bound for LinIMED-1 (Complete proof of Theorem (1)

Here and in the following, we abbreviate 5;(7y) as f;, i.e., we drop the dependence of 5; on 7, which is taken
to be %2 per Eqn. .

C.1 Statement of Lemmas for LinIMED-1

We first state the following lemmas which respectively show the upper bound of F; to Fj:

Lemma 2. Under Assumption |1}, the assumption that (0*,x14) > 0 for allt > 1 and a € Ay, and the
assumption that /XS > 1, then for the free parameter 0 < T' < 1, the term Fy for LinIMED-1 satisfies:

<
F1_0(1)+TF+O< . e

log (1+ (12)
With the choice of T' as in FEqn. ,

F < O(dﬁlogg T) .
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Lemma 3. Under Assumption and the assumption that /XS > 1, for the free parameter 0 < T < 1, the
term Fy for LinIMED-1 satisfies:

dBrlog T L?BrlogT
F, <2TT ——= 1 1+ ——. 1
b < + O( - og {1+ — 1 (13)
With the choice of T as in FEqn. ,

Fy < O(d\/flogg T) .

Lemma 4. Under Assumptz’on and the assumption that VAS > 1, for the free parameter 0 < T' < 1, the
term Fs for LinIMED-1 satisfies:

(14)

<
F32TF+O( = e

dBrlog(T) log (1 n L?Br log(T))> '

With the choice of T' as in Eqn. ,
F3 < O(d\/flogg T) .

Lemma 5. Under Assumption[d}, for the free parameter 0 < T’ < 1, the term Fy for LinIMED-1 satisfies:
F, <Tr+0Q).
With the choice of T' as in Fqn. ,

Fy < o<d\/cf10g3 T) .

C.2 Proof of Lemma

Proof. From the event C; and the fact that (0*,zf) = A, + (0%, X;) > A, (here is where we use that

(0*,x14) > 0 for all ¢t and a), we obtain maxbeAt<9At_1,xt7b> > (1 - ﬁ)At. For convenience, define
og

A, = arg maxye 4, <§t_1, x1p) as the empirically best arm at time step ¢, where ties are broken arbitrarily,

then use Xt to denote the corresponding context of the arm At. Therefore from the Cauchy—Schwarz
inequality, we have [|0,—1|v,_, | X¢lly,-1 > (-1, Xs) > (1 — —==)A,. This implies that
t—1

\/logT
1
(1 N \/logT)At

16e—1llvi

1Rl >
On the other hand, we claim that Hét,lHth1 can be upper bounded as O(v/T). This can be seen from the
fact that |6, _1||v, , = [|6r—1 — 6% +0*|lv,_, < [|6s—1 —0*|lv,_, +1|6*|lv;_,. Since the event B, holds, we know
the first term is upper bounded by +/8:;—1(7), and since the maximum eigenvalue of the matrix V;_; is upper
bounded by A+ TL? and [|6*|| < S, the second term is upper bounded by Sv/A+ TL2. Hence, ||6;_1|v,_,
is upper bounded by O(\/T) Then one can substitute this bound back into Eqn. , and this yields

1 Xl

1 1
e e I
= (\/T VIogT t)
Furthermore, by our design of the algorithm, the index of A; is not larger than the index of the arm with
the largest empirical reward at time ¢. Hence,

A%’A” + log L < log !
Be—r(DIXIT, Bt MIXeT, 1~ B (MK,

Iy 4, =
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X2 > AL
on Ay such that 2 <Ay <27l for 1 =1,2,...,[Q] where Q = —log, I'

A2 d A7
t }SEZAt.ﬂ{nthl?Vl > 5 } (15)
—1 —1 t—1 t—1

A? - 2 A?
_1}~11{At STH+EY A, -1 {|Xt||vt11 > ﬂt_l}nl{At > T}

t=1

by using Corollary |[l|and the “peeling device” (Lattimore & Szepesvéri, 2020, Chapter 9)

T
ES A, 1{B,C.D} 1 {||Xt||2’vt11 >

t=1

T
—E> a1 {1, 2
t=1 -

T [Q] AQ
gTF+EZZAt-1{||Xt||‘2/1 > —t }-11{2l <Ay <27
t—1

t=1 1=1 Pr—1
T [Q] 272l
ey Sl 2 20
t=1 1=1 Br
[Ql 2
—Il+1 ﬂT 2L ﬁT
<TF+E22 22l1g<1+)\.22l
[Q] 204172
2 L
— TF—HEZZl -12dBr log (1 + )\ﬁT)
1=1
Q] 2Q+372
2 L
< TF—}—IEZT -12dBr log (1 + ABT>
1=1
22Q+3L2
=TT + (2/91 — 1) - 24dBr log <1 + ABT>

48dBr 8L*fr
<IT + T log <1+ T2

Then with the choice of I' as in Eqn. ,

T A2
]EZAt-]l{Bt,C’t,Dt}-]l{Xt||%/t11 > }

P Br-1
8L23rT
<d\/>log2T+ BT\/» g<1+BTS)
log2 T Ad?log® T
< O(d\/flog% T) . (16)

Otherwise we have ||Xt||%/,1 < BA— then log 7— > 0 since A; < 1 . Substituting this into
L

1

[XellT
t—1

Eqn. , then using the event D; and the bound in , we deduce that for all T sufficiently large, we

have HXtHf/:l > Q(W?T/Af))' Therefore by using Corollary |1f and the “peeling device” (Lattimore &

Szepesvari, 2020, Chapter 9) on A; such that 27! < A; < 27! for | = 1,2,...,[Q] where I := 27% is a
free parameter that we can choose. Consider,

A2
581,000 1 I < )
t=1

A2
<E g At']]-{BtaCth}']]-{AtSQI—Q-l}']]-{”Xt”%/tl < —t }
t:l t—1

ﬁtfl

T
AQ
+E2At-1{3t,ct,Dt}-]1{At>2—TQW} {Xt||v <3 1}
t=1 -
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T
A? _
<O()+TT+EY :At-n{XtIIQV_l ZQ(MET/AQ))}R{A,:>2 WW}
t—1 _— t

t=1
< O(l)+TP+]E§T:§EAt 1 {||Xt|2 - >Q(A%)} {27 <A, <2711}
B t=1 1=1 Viei ™ ﬁt—l IOg(T/AE) o
T [Q] 9-21
<O(1)+Tr+E 2l+1-11{X 2_1>Q}
(1) g; Xl - (ﬁt_llog@.zzz))
[Q1 T 921
=0(1)+TT +E) 27! 11{X2_129}
W ; t=zl | tHVt‘l (5t—110g(T'221))
Q] 2 . 92l .92l
< O(1)+TT+E Zzl+1o(221dﬂT log(T - 22 log (1+2L 2 BTAlOg(T 2 ))>
=1
[Q] 2 T
T L*Brlog(+s)
<O()+1TT + EZ o+l 0<d5T log(ﬁ) log (1 + TF)
=1
dprlog({z) L?Brlog(#)
< - -/ — P TTeArE s
_0(1)+TF+O< T log (1—|— N ) ,

This proves Eqn. . Then with the choice of the parameters as in Eqn. 7

T
A2
B8 1 (5D 1 {IXilEy < 2}
t=1 -

. T2 VT L2BrT T2
<O0(1) +dVT1 2T+O<d 1 1 (1+ ) ))
S o8 frlog <d2 log® T) dlog2 T 8 A2 log® T o8 (d2 log® T>
< o(d\/Tlog% T) .

Hence, we can upper bound F} as

F :EZAt~n{Bt,Ct,Dt}-11{||Xt2V11 > 5 t1}+E At~]1{Bt,Ct,Dt}-]1{Xt||%/11 <3 tl}
t=1 - t= t=1 b t=

< o(dﬁlog% T) + O(dﬁlog% T)

< O(dﬁlog% T),
which concludes the proof. O
C.3  Proof of Lemma[3l

Proof. Since C; and D; together imply that (9*,z}) —J < & + (ét_l,Xt>, then using the choices of § and
e, we have (f,_, — 0*,X,) > —AL—. Substituting this into the event B; and using the Cauchy Schwarz

\/logT

inequality, we have
A7
Bi-1(7)log T

Again applying the “peeling device” on A; and Corollary [1} we can upper bound F; as follows:

X2 >
1 >

2 A7
Fy, < EE Ay - 111X P ——
2 < t {|| tH‘;711 < 511 T}

t=1
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-l —Il+1
STU+EY Y A {||Xt||v L2 5o logT}.n{z <A <271

t=1 =1

T [Q] 9—2l
STU+E) ) 27t {thl > 5 logT}

t=1 [=1

[Q] 2A+1 | 72
921+1 . 123, 10g T
ST +EY 279122 6dBp(log T) log <1+ A*BT o8 )

=1

[Q1 2[Q1+1 . 72
2 - L2BrlogT
<TP+EY 2" 12d8r(log T) log <1+ \ frlog >

=1
22[Q1+1 . 123, 10gT>
A

=TT + (2[Q1 — 1) - 24dBr(log T) log (1 +

48dS3r log T 8L2Brlog T
—_— log 1 + T

2
:TF—I—O(dﬁTlOngog (1+ L 6TlogT)>

<TT +

T A2
This proves Eqn. . Hence with the choice of the parameter I' as in Eqn. ,

< dﬁlog% T+0 <d\FT10gg T>
< 0<dﬁlog3 T) .

C.4 Proof of Lemma [4

Proof. For F3, this is the case when the best arm at time ¢ does not perform sufficiently well so that the
empirically largest reward at time ¢ is far from the highest expected reward. One observes that minimizing
F;5 results in a tradeoff with respect to F7. On the event C';, we can apply the “peeling device” on (0*,x7) —
(B;—1,x7) such that L6 < (0*,27) — (B,—1,27) < L26 where ¢ € N. Then using the fact that I, 4, < Lt ar,
we have

log ! o +log ——5— . (17)
Bi— 1||thlv_1 46t_1\|:c ||V_1 ﬂt_1||xf||%/t__ll
On the other hand, using the event B; and the Cauchy—Schwarz inequality, it holds that
Jaglly oy > LD (18)
¢ 2¢/Bt-1
If ||Xt||%/t,1 > —t the regret in this case is bounded by O(dy/TlogT) (similar to the procedure to get from

1 o
Eqn. to Eqn. (L6))). Otherwise log m > log 3z > 0, then combining Eqn. and Eqn.

t—1

+1)252 q2
PN Ut ey |
Xy 2 75 o " v

implies that

Notice here with VAS > 1, HXt”v—l < 5f - < ﬁt - < 1, it holds that for all ¢ € N,
(q+1)%0° < ¢ >
—_— - <1. 19
48, exp (q+1)2 (19)
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Using Corollary [} one can show that:

§ 2 A%
A IL B,C ]]. X -1
! { ! t} { t”it—1 < ﬁt—l}

t=1

T [Q]

2
gTr+ZZAt-1{Bt,ct}-n{Xt||2vl < —t }-]l{2‘l<At§2‘l+1}
=1 =1 e -1
T [Q] o 2
+1 +2 A
gTF+ZZZAt-]l{Bt}-]1{q26<<9 5 — (B 1,xt><q6} {||Xt2vll <3 tl}
t=1 =1 g=1 o P
1{27t <A <27
T [Q] oo 252 2
(g+1)% < q )} —1 141
<TT + A-1{12X2 >3V expl ———— ) b1{2t<cA, <27
;lzzl; t || t”thll 4/8t_1 p (q+1)2 { t }
T [Q] oo 2
((J+1) A? ( q )} -1 141
=TT + A 11> X2 > 2 Ztexp( — —2 ) V- 1{27 <A, <271
I Y iz 2 S S e (- L)1 <oty
T Q] oo 2 9-2I 2
_ +1)%-2 q
<TT + 2”1-]1{12 X 21>(qexp(—>}
;;; H t|“471 46T10gT (q+1)2
Q] o oxp (min) 22 . 812BrlogT (@in>
<TT + 27+ 220 24dBr(logT) - —————2 - log (1+ : )
S rlos D) ¢ 1y ) CEmE
[Q] oo exp <(q_¢~1_21)2> 22+l . 128,100 T
<TF+222l+1-24d5T(1ogT)-2-1og< + )
= (g+1) A
[Q 2+1 . 72 oo €X ( 1 )
2241 . 1287 1og T tn?
=70+ 2% 24dBr(log T) - log <1+ ﬁT °8 )Z
=1 q=1 (q+1)
[Q] 2041 . 72
2241 . 128 10g T
<TT+) 2 24dBr(log T) - log (1+ *BT o8 ) (1.09)
=1
[Q1 2041 12
2241 . 128 Jog T
<TD+Y 2. 27dBr(log T) - log <1+ BT °8 )
=1
<l 2[Q1+1 . 12
2 - L2BrlogT
<TT+ 2. 27dBr(log T) - log <1+ S frlog >
=1
@l 216dBylog T 8L2fr log T
<TP+Z# 10g<1+)\r‘2>
B dBrlogT L?BrlogT

Hence

2

) T
_ ) 2 i :
Fs = thl Ay 1{B;,Ci} -1 {HXtthl <3 } + ;At 1{B;,C;} - 1 {|Xt||vt11 > BH}

dpr L?Br dfprlogT L?*BrlogT
< O(Flog (1 + 5 ) ) +2rr o L 10y (1+ — )

20
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<2IT+ O

dBr log(T)
<I‘ log (1 +

2 (0]
L 531{5@))) '

This proves Eqn. . With the choice of T" as in Eqn. ,

dVTBrlogT < TL?ﬁTlogT»
——log |1+ ———————

F3§2d\/flog3T+O< 3 3
dlog2 T Ad?log® T

< 2dﬁ10g% T+ O(d\/flogg T)

= O(d\/flogg T> .
O
C.5 Proof of Lemma
Proof. For Fy, the proof is straightforward by using Lemma [I] with the choice of . Indeed, one has
T - T [Q] o
Fy=EY A 1{B} <TT+EY Y A 1{27' <A, <27} 1{B,}
t=1 t=1 1=1
T [Q] . T Q] B T Q]
STO+EY Y 27" {B} <Tr+ > Y 27'P(B,) <TT+ ) Y 27!ty
t=11=1 t=1 =1 t=1 1=1
I Lo-T n?
_ —l41 _ - _
_TF+Zt—222 =TI+ ) 5 <TT+ 5 =TT +0(1).
t=1" i=1 t=1
With the choice of T as in Eqn. ,
Fy < dVTlog? T + o(1)
< O(dﬁlogg T> .
O
C.6 Proof of Theorem[Il
Proof. Combining Lemmas and
Rr=F+F+F3+Fy
<0 (d\/f log? T) +0 <d\/:ﬂog3 T) +0 (d\/f log? T) +0 <d\/:ﬂog3 T)
= O(d\/flogg T) .
O
D Proof of the regret bound for LinIMED-2 (Proof of Theorem 2]
We choose v and T as follows:
1 vV logT
t VT

21
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D.1 Statement of Lemmas for LinIMED-2

We first state the following lemmas which respectively show the upper bound of F; to Fj:

Lemma 6. Under Assumption and the assumption that VAS > 1, for the free parameter 0 < T' < 1, the
term Fy for LinIMED-3 satisfies:

dPrlogT L?Brlog T
< _ —_— .
FlTF—i—O( T >log<1+ N

Lemma 7. Under Assumptz’on and the assumption that /XS > 1, for the free parameter 0 < T < 1, the
term Fy for LinIMED-3 satisfies:

dprlogT L?BrlogT
<1Tr —_— 14— .
FQ_T +O< T >log< + 2

Lemma 8. Under Assumption and the assumption that /XS > 1, for the free parameter 0 < T < 1, the
term Fs for LinIMED-3 satisfies:

dprlogT L?BrlogT L?BrlogT
< e R S = \/ = R .
F3 5TF—|—O< T log (1 \[? ) +0 TlogT log N

Lemma 9. Under Assumption with the choice of v = %2 as in Eqn. , for the free parameter 0 < T" < 1,
the term Fy for LinIMED-3 satisfies:

F, <TT +0(1) .

D.2 Proof of Lemma

Proof. We first partition the analysis into the cases A; # A, and A, = A, as follows:

T
Fy =EY Ay 1{B;,Cy, D1}

t=1
T T

== EZAt . ]l{Bt,Ct,Dt} . ]l {At 7é At} +E2At . ]l{Bt,Ct,Dt} . ]]. {At = At}
t=1 t=1

~ AZ

Case 1: If A; # A,, this means that the index of A; is I} 4, = W + log W Using the
X X
t—1 t—1

fact that I; 4, < I, 4, e have:

A2
At,At

—+1lo
BalXz ., "
t—1

1
It:At = D)
Br—1| X: ||th11

<logT Nlog ——————
Bl Xe H%/’fl

<logT.

Therefore

A 2
At,At

Bi—1 HXtH%,:l

+ log <logT . (22)

1
|1 Xl -
ﬁt 1|| t||‘/;711
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If ||XtH2 > , using the same procedure to get from Eqn. ) to Eqn. , one has:

B

T
A AQ
EZAt . H{Btuctth} : ]1 {At # At} ' ]1 {”Xt”f/ﬁll Z Bt—tl}

t=1
4 , A
< . >
<EYa, {ixe, > 24
48 dﬁT 8L25T
<TIT + —— T log (1 + 2

BT L?Br
o s (1 22

2
Else if ||Xt||2 1 < ﬁ?_fl, this implies that logW
°

t—1

> logAi% > 0. Then substituting the event

D, := {At,At > ¢} into Eqn. (22)), we obtain

2

€
- <logT.
BlX
With vAS > 1 we have 8;_1 > 1, then one has
2
€
X2 > —
I t”VH = Bi_1logT

Hence

T
N A2
E§ At'H{thtaDhAt#Ata'XtH%/11 < B tl}
t— t—
T ) 82
<E Ay -1 X520 =2 ———— 3.
<Y a1 {1l >

With the choice of ¢ = (1 —

device” on A; yields

ﬁ)At, when T > 149 > exp(5), € 16, then performing the “peeling
og

2

T
9
_1 . >
s {ii > i 1t

T [Q] 2
l I+1 €
<149+ E g E Ay - {2 <Ay <27 ||Xt\| 7& 1log‘T}

t=1 =1

[Q] 2
R 9—l+1 X2, > e
+ Z Z H t”Vt—ll ,Bt_llogT

fQT 2—2l
E 2~ +1 X 2 o>
)+ Z Z 1Xellv— = 605108 7

rQw
<O(1)+EY 271" .27 600dBr(log T)log (1 +
=1

2. 200 L% Br log T>
A
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<O()+ED 21 .600dB7(logT)1
<o)+ ;:1 Br(logT) log 3
4800dSr log T 800L%B7 log T

T Og< BTy

Q] 2[Q] 2
(1 ﬁT 0og )

<0+
Considering the event {A; < T'}, we can upper bound the corresponding expectation as follows

T 2 T
9

1 B e < . .
E;:l: Ay - {||thlv 2 5t110gT} 1{A; <T} < E;:l: Ay 1{A, <T}<TT

Then

T
]EZA,: -1 {BtactthaAt # Aty ”XtH%/,le < 5t—t1 }

2

T
9
<E A X —
<mY o {10 2 5 )

2

T
€
=EY A 1LX)3 - >}-]1 A>T
tz:; t {” t”foll_ﬁt—llogT 2T}

2

T
13
+E§jAt-n{|Xt|v 2 T}-]l{At<F}
t=1

4800d 5 log T 800L2Brlog T
———log(1l+ ————

<
<O()+TT+ - N

Hence

IEET:At 1{Bi,Co, Dy, A # A,

T
A A2
:EZAt']]_{Bth,Dt,At#At,HXt%/;11 2 ﬁ t }

t—1
T

R A?
+1E§ At.]l{Bt,Ct,Dt,At#At,||Xt|‘2/ 5 tl}
t—1 +—

dﬁT 257“ 4800dﬂT lOg T 800L26T log T
< e Pl Te
_TFJrO( log < N +O0(1)+1T + T log {1+ 2

dBT log T L2ﬂT log T
< Al o ).
_TI‘+O< T log (1+ 2

Case 2: If A, = Ay, then from the event C; and the choice § =

\/lAtiTwe have
og

« 1

01 — 0", X ><1—7)A.

(Or—1 +) Tog T t

Furthermore, using the definition of the event B;, that implies that

)2A¢

(1——F4
log T
IXelf2 0 > — 22—
Bio1

When T > 8 > exp(2), (1 — —2—)2 > -5, then similarily, we can bound this term by O(MTT) log(1+

\/logT 167

24
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Summarizing the two cases,

2
Fi <O(1)+TT + 0<d5T1°gT> log (1 N LﬁTlogT)

r A2
dBrlogT L2Brlog T
< ST 25 )
_TI‘—i—O( T log [ 1+ N
O
D.3 Proof of Lemmal[7l
Proof. Recall that
T —_
Fy = EZAt -1{B;,Cy, D} .
t=1
From C; and Dy, we derive that:
(0*,a7) =6 < e+ (011, X,).
. . A, - . 2
With the choice 6 = JoeT e=(1 lOgT)At, we have
R A,
01— 0", X . 23
< t—1 ) t> > \/@ ( )
Then using the definition of the event B; in Eqn. yields
A2
Xel2 0 > ——t .
I t”VH = Bi_1logT
Using a similar procedure as in that from Eqn. to Eqn. , we can upper bound Fy by
dprlogT L?Brlog T
< M=l Z TS )
FgTF-i—O( T log { 1+ 2
O

D.4 Proof of Lemma @

Proof. From the event Cy, which is maxpe 4, <§t_1, by < (0*,xF) — 0, the index of the best arm at time ¢ can
be upper bounded as:

(<0*,$:> —0— <ét717x)tk>)2 + IOg

Lia: < SR —
“ 5t—1||332k||%,t:11 5t—1||95fo/t—_11

Case 1: If A, #+ Ay, then we have

1 > 1 > 1 71
ar Z 1t,A, = 10 .

et = S A

t—1

Suppose %16 <0, a7y — (By_y,27) < %5 for ¢ € N, then one has
1 252
2 S d *[|2
BthHXt”V;ll 4B ||Vt:11

log + log

1
Bt*l‘lxinf/t:ll .
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On the other hand, on the event By,

If || X2 , using the same procedure from Eqn. (15) to Eqn. (16), one has:

Vlfﬁ

T 2
B> 8 1{BC 1 {A£ af {2 20

t=1

T ) A2
<E Ay -1 X
<EY A, {| A2, ,BH}

48dBr SLZBT
<TIT + T log <1+ T2

B dfBr L?Br
TFJrO(Flog(lJr 2 .

Else if ||XtH - < BA— this implies that logmr > log > 0. Then combining Eqn. and

t—l
Eqn. imphes that

+1)252 2
HXtH%/t:ll > u exp ( S .

4B (¢+1)

Then using the same procedure to get from Eqn. to Eqn. , we have

T . AZ
§ A -1{B;,Ci} -1 {||Xt||‘2/11 < ﬂ—tl,At £ At}
t— t—

t=1
dprlogT L?BrlogT

T (26)

log (1 +

A 2
Case 2: A; = A;. If ||X,5Hf/,1 > %, using the same procedure to get from Eqn. (15 to Eqn. (16)), one
t—1 -

has:

. 1 la . oA
IEZAt-]l{Bt,Ot}.H{At:At}-]l{|Xt||Vt_11 > ﬁtl}

t=1
¢ 2 A
<E E Ap- 1[I Xellf-0 > 5
t=1 . t—1

48dpBr 8L?fr
<IT + —— log <1+ ST

5T L?pp
_TF+O< T g<1+ 2 ))

2
Else ||X,5H2 1 <z _fl implies that log 5-

1 1
STxE o, s ar 20
3 ,

t—1
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If log ﬁtfl\l)%t\lf/_l < logT, then using the same procedure to get from Eqn. to Eqn. , we have
t—1
T
_ A2 1 T
A 1{B, OV -1 |1 X2 < —, A, = A lo <lo
; o 1B, i | tHfoll Bii ! o8 ﬂt—1||Xt||%/71 8 Be—1
t—1
dBrlogT L?Brlog T
T +0 ————1 (1 7)
< + ( T og|l+ A2
If logW > log T, this means now the index of A; is I 4, = logT, by performing the “peeling

t 1

device” such that q';16 < (0%, xF) — (O, x7) < %25 for ¢ € N, we have

q262 1 ( )
logT < ———5— +log ——rg—. 27
Boaleill . E Bl
On the other hand, using the definition of the event By,
] (g+1)8
=il =2 —F==. (28)
2y
Combining Eqn. and , we have
2
2exp(z+mye)
(¢+O)VT
. A, .. .
Then with § = JoeT this implies that
2
2\/ 1OgTeXp(2(qu)2)
t < .
(¢q+O)VT

+1 L 2Ly/Bt—1logT
On the other hand, from %=0 < ‘/Bt—lni’::”v;:ll < /Br_1- 5, we have ¢ +1 < —a Hence,

2

T
_ A A 1
ZAt -1 {Btact} 1 ||XtH%/t—_11 < /3t7t1’At = Ay, log W >logT,Ay > T
= a B Vil
|2VPrloeT >
VAL T 2\/ 10gTeXp(2(qu)2)
<E Z ZAt 1 At = ( + l)ﬁ
a=1 t=1 q
LMW

Mo 2¢/Tog T exp( 2(q+1 5)

=" Z Z (¢+ VT

L2me ]
0 2y/TTog T exp(

2
)
—E 2(g+1)2
S

q=1
|2/PrRsT
-k ”Z 2/ey/TlogT

q+1

q=1
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2L4/1
< 2y/ey/Tlog T'log ( 8T 1)

VAL
< O<\/TlogT10g <L ﬁ/\TFl;)gT>) .

Summarizing the two cases (fit # A; and A, = Ay), we see that Fs is upper bounded by:

BT L?Br dBrlogT L2BrlogT
F3<TF+O< (1+ T2 +TT + O #log(l—i—T)

dfr L?Br dfrlogT L?Byplog T
+TF+O( lg(1+ o)) 1T+ o tog (1+ e )

L?BrlogT
+TF+O( TﬁTlongog<6/\TF§g)>

log T L2B7log T 1267 log T
§5TF+O(dﬁTPOglog<1+BII_‘Og>)+O<\/T10ngog( ﬁTFOg ))

D.5 Proof of Lemma

Proof. The proof of this case is straightforward by using Lemma |1{ with the choice v = t%:

T
F4:]EZAt~]1{§t}

t=1

—]EZAt ]l{Bt,At<F}+EZAt 1{B;, A, >T}
t=1
T [Q]
<TT+EY > A 1{B,27 <A, <2711}
t=11=1
T [Q]
<TT+EY Y 27" 1{B,}
t=11=1
Q1

<TF+Z2 l“ZP{Bt

[Q] 2

=TTy 2 T
=1

,].(_2
<TT+(2-T)

2

s
<Tl'+ —
+3

=TT +0(1) .

D.6 Proof of Theorem [2]

Proof. Combining Lemmas @ and @ with the choices of v and I" as in Eqn. , the regret of LinIMED-2
is bounded as follows:

Rr =+ +F3+Fy
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2 2
STP+O<MTF10gT) log (1+L5TlogT) +TF+O<dﬂT10gT) log <1+LﬂT1"gT)

N T N
dBrlog T 1287 10g T 1287 10g T
+5TF+O(5TFOg10g<1+%>)+O(\/T10ngog(6)\TF;)g>)

+TT +0(1)
log T L2Brlog T L?BrlogT
<srr4of Prloel (1 LOrlsTAN | (| /Tlog Tiog ( L7108
r 2 A2
= 8\/dTBrplogT + O \/dTBrlog ( 1+ TL” +0(/TlogTlo _rer
- 708 708 Adlog T 08198 \ Xdlog T
= 8dVTlog? T + O<d\/:ﬂog3 T) + o(ﬁlogz’ T>

< O(d\/flogg T) .

E Proof of the regret bound for LinIMED-3 (Proof of Theorem [3)

First we define a; as the best arm in time step ¢ such that af = argmax,¢ 4, (0", ¢,q), and use z} := x4
denote its corresponding context. Define A, := arg max,e 4, UCB¢(a). Let A; := (0%, x7) — (0%, X;) denote
the regret in time ¢. Define the following events:

B; = {Hét—l - 0*HVt—1 < V ﬁt—l(’y)}a Dé = {At,At > 6}'

where € is a free parameter set to be € = % in this proof sketch.

Then the expected regret R = E Zthl A; can be partitioned by events Bj, D; such that:

T T T
Rr =EY A 1{B, D} +EY A 1{B, D} +EY A 1{B[}.
t=1

t=1 t=1

::Fl ::Fz :2F3

For the F; case:
From D; we know A; # A, therefore

Az
Iia, = t7At2 + log - 2 : (29)
B Xl B B
t—1 t—1
From Dj and I; 4, < I, ; <log %, we have
ot maXee Ay Si g
C
Toa, <log (30)
Combining Eqn. and Eqn. 7
AfA 1 C
- +1lo < log — .
Bl X2, B BlXE o, e
t—1 t—1
Then
A%w‘lt 2 C
W < log 5t—1||Xt||V;_1l "2 ) (31)
B Visa
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If ||XtH2 > , using the same procedure from Eqn. (15) to Eqn. , one has:

B

= / / 2 A?
EZAt'H{Btth}']l ”Xt”\/;ll > Bi_1
t=1 -

2

<EiA LR X P > A
It ! HViZ = B

48dPr 8L2Br
<TT + T log <1+ 2

5T L?Br
o (14 22

Else ||Xt|| 1 < /3 ,this implies that 3;_ 1||XtH -1 < A2 plug this into Eqn. and with the choice of

€= % and Dt7 we have

AL og00)
B X2, R
t—1
Since C' > 1 is a constant, then
A2
X2, =t
IXelly - > 96,1 log(9C) °

Using the same procedure from Eqn. to Eqn. , one has:

ESN A, -1{B!, D, ~]1{X 2 <t }
;:1 ¢+ 1{B}, Di} | tIIVt_l B
d 2 A?
<]E§ :A LXK > ——
T = K {” tHVt—l 9ﬂt110g(90)}

2
dﬂT%‘Ogclog <1+ L BTlogC’)) .

T
< +O< N

Hence

I L2571
i) <2Tr+o<dBTF0gC1og (1+BATF;)§C>) . (32)

For the F» case: Since the event B; holds,

max UCBy(a) > UCBy(a7) = (01, 27) + v/Bea a7 lly -1 = (0%, 27) (33)
On the other hand, from D] we have

max UCBy(a) < UCBy(4;) + ¢ = (Or—1: X0) + VBl Xilly 1+ (34)

a€A,; t—

Combining Eqn. and Eqn. 7
<9*5$:> < <ét717Xt> + \//E”Xt”‘/t:ll +e.
Hence

Ay —e < (f1 — 0", Xe) + /Broa | Xilly 1 -
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Then with € = % and By, we have

2
A < 2B Xelly,1

therefore
A2
X2 > 4.
X0y > g5
Using the same procedure from Eqn. to Eqn. , one has:
d L?
F2<TF+O(§Tlog<1+ Aff)) . (35)

For the F3; case:

using Lemma (1| with the choice v = &

2

Py EzT:At«]l{g}
t=1

:EéAt-ﬂ{Bg,At <r}+EiAt-1{Bg,At zr}

T [Q]
<TT+EY. > A 1{B 27 <A <2741}
t=1 =1
T [Q]
<TT+EY Y 271 {E;}
t=1 =1
[Ql T

<Tr+Y 2713 P {?;}
=1 t=1

[Q] 2

=Tr+) 27 T
=1

71_2
<TT+(2-T)-

2

™
<TT+ —
+3

=TT +0(1) . (36)
E.1 Proof of Theorem 3

Proof. Combining Eqn. , , with the choices of v = t% and I' = % and C' > 1 is a constant, the
regret of LinIMED-3 is bounded as follows:

Rr=F+F,+Fs+Fy

< 4TF+O<dBTlOgClog (1+ LQBTIOgC)) +O<d]€T10g <1+ LZﬂT)) +0(1)

r A2 A2
2
< O(d\/flogC’log <1 + LT}I\ogC’)>
=0 (d\/T 1og(T)> :
This completes the proof. O

31



Published in Transactions on Machine Learning Research (04,/2024)

F  Proof of the regret bound for SupLinIMED (Proof of Theorem [4)

Define s; € [[logT]] as the index of s when the arm is chosen at time ¢. For the SupLinIMED, the index

2
A
of arms except the empirically best arm is defined by I, , = (wé;‘l> — 2log(wy?,), whereas the index of
t,a

~

the empirically best arm is defined by I, 4. = log(21') A (=2log(w;";.)) where Ar = arg max, . ;i (07", t,a)-
[ b, Af st
Define the index of the best arm at time ¢ as aj := arg max,¢(x](0", Tt,a)-

Remark 1. Here the upper bound we set for the index of the empirically best arm is log(2T), which is
slightly larger than our previous logT (Line in the LinIMED algorithm) since in the first step of the of
the SupLinIMED algorithm or, more generally, the SupLinUCB-type algorithms, the width of each arm is
less than ﬁ, as a result, the index of each arm is larger than logT.

Let the set of time indices such that the chosen arm is from Step 1 (Lines 6-9 in Algorithm [2) be Wg. Then
the cumulative expected regret of the SupLinIMED algorithm over time horizon T can be defined by the
following equation:

+E | (07, w0 — Xo) (37)
t&Wg

RT = E [Z <9*,Jit,az — Xt>

tew,

Since the index set has not changed in Step 1 (see Line 9 in Algorithm , the second term of the regret is
the same as in the original SupLinUCB algorithm of |Chu et al.| (2011). For the first term, we partitioned it
by the following events:

a+1
«

B; = N {|<9* — 0%, 2,4)| <

wja} , and
te[T],s€[log T],a€[K]

.Dt = {A;fAt > 5},

where o = % In % as in the SupLinUCB (Chu et al.|2011). We choose v = ﬁ throughout. Furthermore,
éts is the 6, obtained from Algorithm |3| with W7 as the input, i.e.,

—1
- .
= (1 X enaala ) X Yo

TE\I/f TE\Ilf

Define A; := (0%, Ttar — X;) as the instantaneous regret at each time step ¢. In addition, choose ¢ = % in
the definition of D;. Then the first term of the expected regret in can be partitioned by the events By

and D; as follows:

> (0 wrar — Xt>] =K

tew,

E ZAt']l{BtaDt} +E +E

tevg

Z A, 1{B, D}

tew,

S Ac1{B)

tevy

=:F =:Fy =:F3
We recall that when t € o, wi’, < ﬁ for all a € A, .

To bound F1, we note that since B; occurs, the actual best arm a} € Ast with high probability (1—-y log? T)
by [Chu et al| (2011, Lemma 5). As such,

A A a+1 2
s 02 ) 2 05 ) 2 0" ) = S i 2 0 ) =

32



Published in Transactions on Machine Learning Research (04,/2024)

where the last inequality is from the fact that v = 51z and o = (/3 1n % > 1. Else if, in fact, the best

arm aj ¢ Ast, the corresponding regret in this case is bounded by:

EZ At-]l{af %Ast} SEZT:AV]I{@I%A&}
t=1

tev

A St 2
(Al4,)
PN

t

Case 1: If A;‘ # Ay, this means that the index of A, is I; 4, = + log aguxluz . Using the fact
t vt,l

that Iy 4, < I, 4. we have
: LAz

(Ayy,)?

— LAl 4 log
X

—  <2logT.
2%

Then using the definition of the event D; and the fact that (w;?,)? = cz2||Xt||%/,1 < 7., we have
’ t

9logT
2 2 2
A7 <9a ”Xt”"ffl logT < T

Hence, A; < 3 ”;%gT. Therefore F) in this case is upper bounded as follows:

Z Svios T <3/TlogT .

E ZAt~]l{Bt,Dt}~]l{A2‘#At}-]l{a;fefls,} N

teWwg

tewy
Case 2: If Af = A;, then using the definition of the event B, we have

2
= (0", X))+ A — —
( t) ‘=77

(03, Xz) = max (05, @e0) > (07 wo0;) > (07, @0) —
aEAst

gl

therefore since event B; occurs,

Ay < (05 — 0, X,)

=

2
+—==< .
VT T
Hence F} in this case is bounded as 2v/T. Combining the above cases,

2
Fy <3yTlogT + 3VT + %ngT <O0(\/TlogT) .
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To bound F5, we note from the definition of B; that

NSt NSt % 2
:23}; <9t amt,a> Z <9t17xt,a:> Z <9 7xt,a,:> - ﬁ
then on the event Dy,
* 2 St At NSt
(0", z4,0x) -7 < réla X (057, wra) < &+ (07, Xy) = 5 T X0,
therefore
3 9
Ay < | (0]t — 0", X < —

<3(0 I+ 7)<

Hence

B=E|Y At-]l{Bt,ﬁt}-]l{a’{ eASt} +E

Lte W,

S Ac1{B, D} 1{ar ¢ Ast}]

T 2
§E ZAt'l{Btaﬁt} +%10g2T

[ T

<E Z Q\QF 1{B,;,D,}

Lt=1

2
T
—log®T
+12 og

+—lo T
2f &

_ 9 ™ 2
—2\/T—|—12log T
<OWT) .

To bound F3, we use the proof as in of |Chu et al.| (2011, Lemma 1), which is restated as follows.

Lemma 10. For any a € [K], s € [[logT]], t € [T,

a+1 | ¥
P |16 0l > | <

where o = %ln %

Then using the union bound, we have for all ¢ € [T7], s € [[logT], for all a € [K],

* ns +1 s
P @t] =P U {<9 — 0, 200)| > aawt,a}
(K]

te[T],s€[[log T'],a€
at+l |
SIS SR LR EWEE N
te[T] s€[[log 1] aE[K]
< (TK(1+log T))
=v(1+1logT) .

TK
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With the choice v = % and the assumption A; < 1,

F=E

Z Ay -1{B;}
< iIP Bt]

T
1+ logT
< Z 22

Hence the first term in Ry in is upper bounded by:

E [Z (0%, 24 0; — Xt>] < O(T)+O0(logT) + O(y/TlogT)
<O(WTlogT) .

On the other hand, by |Chu et al.| (2011, Theorem 1), the second term in Ry in is upper bounded as
follows:

E|S (0% 0 — X0) SO(\/dTlogg(KT))
tg W,

Hence the regret of our algorithm SupLinIMED is upper bounded as follows:

Ry < O(\/dTlog3(K )) .

This completes the proof of Theorem

G Hyperparameter tuning in our empirical study

G.1 Synthetic Dataset

The below tables are the empirical results while tuning the hyperparameter « (scale of the confidence width)
for fixed T" = 1000.

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
o 0.5 0.55 0.6 0.2 0.25 0.3 0.15 0.2 0.25 0.2 0.25 0.3 0.15 0.2 0.25
Regret | 7.780 | 6.695 | 6.856 | 9.769 | 9.201 | 12.068 | 24.086 | 5.482 | 6.108 | 4.999 | 4.998 | 7.329 | 25.588 | 2.075 | 2.760

Table 2: Tuning o when K = 10,d = 2

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C' = 30)
o 0.5 0.55 0.6 0.1 0.15 0.2 0.2 0.25 0.3 0.2 0.25 0.3 0.2 0.25 0.3
Regret | 7.203 | 6.832 | 7.423 | 54.221 | 7.042 | 7.352 | 6.707 | 6.053 | 8.458 | 6.254 | 4.918 | 7.013 | 4.407 | 2.562 | 3.041

Table 3: Tuning o when K = 100,d = 2
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Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
o 0.5 0.55 0.6 0.1 0.15 0.2 0.15 0.2 0.25 0.2 0.25 0.3 0.15 0.2 0.25
Regret | 7.919 | 5.679 | 7.063 | 69.955 | 6.925 | 7.037 | 24.393 | 5.625 | 6.335 | 6.335 | 4.831 | 7.040 | 41.355 | 1.936 | 2.250
Table 4: Tuning o when K = 500,d = 2
Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
o 0.45 0.5 0.55 0.1 0.15 0.2 0.1 0.15 0.2 0.1 0.15 0.2 0.1 0.15 0.2
Regret | 9.164 | 9.094 | 14.183 | 14.252 | 9.886 | 14.680 | 19.663 | 6.463 | 10.643 | 15.685 | 5.399 | 8.373 | 8.024 | 2.062 | 3.342
Table 5: Tuning o when K = 10,d = 20
Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30)
a 0.25 0.3 0.35 0.1 0.15 0.2 0.05 0.1 0.15 0.1 0.15 0.2 0.05 0.1 0.15
Regret | 7.923 | 7.085 | 10.981 | 14.983 | 9.565 | 19.300 | 58.278 | 6.165 | 9.225 | 8.916 | 8.575 | 13.483 | 142.704 | 2.816 | 3.497

Table 6: Tuning o when K = 10,d = 50

We run these algorithms on the same dataset with different choices of a, we choose the best o with the
corresponding least regret.

G.2 MovieLens Dataset

The below tables are the empirical results while tuning the hyperparameter « (scale of the confidence width)
for fixed T = 1000.

Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30) 1DS
o 0.7 075 ] 08 [ 005 [ 01 [015 | 015 ] 02 [ 025 [ 015 [ 02 [ 025 [ 02 [ 025 ] 03 | 025 ] 03 [ 0.35
CTR | 0.608 | 0.675 | 0.668 | 0.615 | 0.705 | 0.679 | 0.740 | 0.823 [ 0.766 | 0.740 | 0.823 | 0.766 | 0.713 | 0.742 | 0.690 | 0.655 | 0.728 | 0.714
Table 7: Tuning o when K = 20
Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30) DS
a 0.75 ] 08 [ 0.85 0 J005] 01 | 01 JOI5] 02 [005] 01 [015[0.05] 01 [015 | 03 [ 035 ] 04
CTR | 0.708 | 0.754 | 0.713 [ 0.517 | 0.711 | 0.646 | 0.648 | 0.668 | 0.595 | 0.658 | 0.668 | 0.651 | 0.697 | 0.717 | 0.649 | 0.643 | 0.688 | 0.606
Table 8: Tuning o when K = 50
Method LinUCB LinTS LinIMED-1 LinIMED-2 LinIMED-3 (C = 30) DS
« 085 ] 0.9 [ 095 [ 0 [0.05] 01 | 005 ] 01 [015 [ 0.05 [ 01 [ 015 | 0.05 ] 0.1 [ 015 [ 03 [ 0.35 | 0.4
CTR | 0.721 | 0.754 [ 0.745 [ 0.487 | 0.674 | 0.588 | 0.682 | 0.729 | 0.594 | 0.687 | 0.729 | 0.594 | 0.689 | 0.705 | 0.594 | 0.684 | 0.739 | 0.695

Table 9: Tuning o when K = 100

We run these algorithms on the same dataset with different choices of a and we choose the best a with the
corresponding largest reward.
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