A Useful Lemmas

Lemma A.1. (Chernoff bounds) ([23|]) Let X1, ..., X,, € {0, 1} be independent random variables
for whichPr[X; = 1) =p. Let X = """ | X; and y = E[X]. Then, the following bounds hold.

e Forany0 <~y <1 Pr[X > (1+~y)u] < o—H0%/3.

s Forany0 <~y <L Pr[X <(1—~)ul < o—182/2.

B Detailed related works

Clustering problems such as k-means and k-center are known to be NP-hard and constant factor
approximation algorithms are known for these problems ([9} [T5] 3]). [21] prove Q(nk) lower bound
on the running time of any constant factor randomized approximation of k-means. k-means++ is a D?-
sampling based algorithm that gives an expected O(log k)-approximation for k-means. ([2}26]) show
how to obtain a bi-criteria (22, O(k))-approximation guarantee for the (k, 2)-clustering problem.

Clustering problems have also been studied in semi-supervised settings. [19] give tight query
complexity bounds for the cluster recovery problem with a membership-query oracle, that on a
query with any two points, answers whether the points belong to the same cluster or not. When
the goal is to obtain is a good approximate clustering solution, a number of works [4} 20] study
clustering problems assuming additional access to a noisy membership-query oracle, also known as
the same-cluster query oracle. [[14] study algorithms for k-means where noisy labels are provided for
each input point using an adversarial or random perturbation of the labels. [6] initiate the study of
clustering problems in the weak-strong oracle model and design constant approximation algorithms
for k-means and k-center problems. They also prove that any constant factor approximation algorithm
for k-means or the k-center problem requires Q(k?) strong-oracle queries in the weak-strong model.
[L3] obtain the following results for clustering problems in a related model. They design constant
factor approximation algorithms for k-means and k-center clustering problems given access to a
quadruplet oracle that takes two pairs (z1, y1) and (22, y2) of points as input and returns whether
the pairwise distances are similar or far from each other.

C Detailed Technical overview

In this section, we describe the main ideas of our algorithms for k-means and k-center problems in
the weak-strong oracle model. One of the most widely used algorithms for k-means is the k-means++
seeding algorithm that works in £ iterations. In the first iteration, it chooses a point uniformly at
random. Each of the remaining (k — 1) iterations samples a point following a non-uniform and
adaptive sampling distribution known as the D? distribution that depends on the previously chosen
centers. Sampling a point from the D?2-distribution is called D?-sampling. The k points sampled
using D2-sampling are returned as the solution for k-means. The D?-distribution is such that the
probability of choosing a point x is proportional to the squared distance d(z, C')2, where C is a set of
chosen centers and d(z, C') = min.cc d(z, ¢). [2] showed a constant factor bi-criteria approximation
for the oversampling version of k-means++ in which O(k) iterations of D?-sampling are used.

One of the main contributions of this work is to show that one can adapt k-means++ to the weak-
strong oracle model. It is easy to observe that one can simulate k-means++ in the strong-oracle
model using O(nk) strong-oracle queries. However, things become complicated in the weak-strong
model, in which the distances returned by the weak-oracle cannot be trusted. To construct the
D?-sampling distribution, one must calculate d(z, C') for any point  and any set C of centers. Since
d(z,C) = min.cc d(z, ¢), if we want to compute this distribution exactly, it would require 2(nk)
strong-oracle queries. Since we don’t want to use too many strong-oracle queries, we proceed as
follows. Using weak-oracle query answers, we compute an estimate d¢5¢ (z, C') such that with high
probability, d(z, C) and d{*! (z;, C') are within some small additive factor. We construct the sampling

distribution to be used by the algorithm using these d{:! (z;, C') values for all points .

Let us see how we compute d (z, C') for all z € X. The main idea here is to exploit the fact

that the weak-oracle distances are wrong independently with probability 6 < 1/2. Consider any
¢ € C. Let us obtain an estimate on d(z, ¢) using only weak-oracle queries. Suppose there are
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many points in a ball B(c,r.) around center ¢ of radius r. for a reasonably small value of 7.
More specifically, suppose 7. is such that B(c,r.) contains Q(logn) points. Then, the key idea
is that the median of the weak-oracle distance queries on pairs (z,y) with y € B(e,r.) is a good

estimate on d(z, ¢). More formally, we use d{! (z,¢) = median{WO(z,y) : y € B(c,r.)} as
an estimate for d(z, ¢). We note that [6] also uses the median of query answers to estimate d(z, c).
However, their algorithm used these values differently, as we will see in the remaining discussion.
Since each weak-oracle query answer is wrong independently with probability at most 1/2, using
Chernoff bounds, one can show that for sufficiently large-sized ball B(c, r..), with high probability,

|d(z,c) — dit (x, )| < r.. Now, to approximate d(x, C), we compute d55! (z,c) + r. forall c € C

km km
and set d55! (z, C') = min.ec{dg! (z,¢) + r.}. Once we have the sampling distribution D? for

which a point z is sampled with probability proportional to d§ (z, C')2, we show that the approach
of [2] can be adapted to obtain a constant factor bi-criteria approximation for k-means that succeeds
with high probability. Even though the analysis becomes non-trivial and we incur an approximation

loss, the high-level analysis ideas of [2] goes through.

The main idea is to run the oversampling k-means++ where we iteratively sample and update the
center set C'. However, the sampling is with respect to d{*! (x, C')? instead of d(z, C')?. The goal is

to pick a good center from every optimal cluster. Let us see why oversampling using d55! (z, C')? will
be sufficient to find good centers from every optimal cluster, and hence obtain a good approximation
guarantee. For the simplicity of discussion, let us first assume that every optimal cluster has Q(log n)
points. We will later see how to drop this assumption. Let us draw a parallel with oversampling
k-means++ that samples using accurate distance values. Why does it manage to pick good centers
from every optimal cluster? Consider an intermediate center set C. Certain optimal clusters will
have a good representative center in C, whereas others remain ‘uncovered’. Sampling using the D?
distribution boosts the probability of sampling from an uncovered cluster, so there is a good chance
that the next sample belongs to an uncovered cluster. Moreover, we can argue that given the next
sample is from an uncovered cluster, there is a good chance that it will be a good center from that
cluster. Let’s see whether the same argument applies when sampling uses d<3! (z, C)? instead of
d(z,C)?. If our center set C has a single good center (or a few) from an optimal cluster, say A, can
we consider the cluster to be covered? No. The probability of sampling from A may remain high
since the distance estimate of points in A to the centers in C' N A may be completely off. When does
the distance estimate start becoming tighter? This happens when there are Q)(log n) good centers
from A in C. This is when we can call the cluster A ‘settled’. So, instead of ‘covering’ every cluster
(if correct distances are known), we care about ‘settling’ every cluster in our current model. So, let us
see if we can settle every cluster if we keep sampling centers. We can show that unless the current
center set C is already good, there is a good chance that the next center will be sampled from one
of the unsettled optimal clusters. Further, we can also argue that conditioned on sampling from an
unsettled cluster, there is a good chance that the sampled center will be a good center (i.e., reasonably
close to the optimal center). So, as long as we sample sufficiently many centers, every optimal cluster
will get settled with high probability. The oversampling factor is O(logn), i.e., we end up with a
centre set C' with O(k log n) centers. Finally, we will use d¢ (z, C') to assign points z to centers
and create a weighted point set C' (the weight of a point in C' is the number of points assigned to it),
on which a standard constant approximation algorithm using strong-oracle queries is used to find the
final set of k centers. Since the set C' has O(k log n) points, we will need O(k? log? n) strong oracle
queries to find all the interpoint distances to run the constant approximation algorithm as well as the
distance estimates. Using known techniques, it can be shown that this final center set gives a constant
approximation. To drop the assumption that all optimal clusters have Q(logn) points, we argue if an
optimal cluster does not have adequate points, the oversampling procedure will sample all the points
from that cluster with high probability, which is also a favourable case.

For the k-center problem, we design a simple ball carving algorithm that gives a 6(1 + ¢)-approximate
solution. For the current discussion, we will make the simplifying assumptions that the optimal
radius R is known. We will later see how to drop these assumptions. We will design a ball carving
procedure that runs in k iterations and is guaranteed to carve out all the points of a new optimal cluster
in every round. Carving out a ball means picking a center ¢ and removing all points within a ball of
appropriate radius centered at c. As we did for the k-means problem, we’ll draw a parallel with the
ball carving procedure that works when distances are accurately known. In the perfect case, suppose
we pick an arbitrary point as center in each round and carve out the ball of radius 2R in every round.
For any optimal cluster A and any point @ € A, a ball of radius 2R will contain all points in A. So, in
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every round, the center c is guaranteed to belong to a previous uncarved ball and we are guaranteed
to carve out all points in the optimal cluster to which ¢ belongs. So, in % iterations, we will carve out
all points within radius 2R. This gives us a 2-approximate solution. Let’s see if the same argument
applies to our current weak-strong oracle model. The main issue while carving a ball centered at
the next chosen center c is that we may not have accurate distance estimates. What should be the
appropriate center ¢ and the appropriate radius r so that if we carve out all points whose distance
estimate to c is within r, then all points from the optimal cluster to which c belongs get removed?
Suppose all points from ¢ — 1 optimal clusters have been carved out in the first ¢ — 1 iterations. Let’s
focus on the 7" iteration. If only a few points are remaining, then we can find the centers using
strong queries for all remaining points. Let us assume that at least {2(k log n) points remain. We can
argue that if we randomly sample a set T" of Q(k log n) points from the remaining set of points, then
there is a point ¢ € T such that there are Q(log n) points in B(c,2R) NT. We can use strong-oracle
queries on the set T to locate center ¢ and £2(logn) points from 7" within 2R of ¢. Let ¢ belong to the
optimal cluster A. So, if we consider the closest O(logn) points to ¢ when calculating the median
distance (this is the same as we did for k-means), then our distance estimate is off by an additive
factor of 2R. This means that if we carve out all points within the estimated distance 4R from c,
it is guaranteed to remove all points in A. However, the removed points may also include points
with true distance 6 R away from ¢, which gets assigned to c. So, we will end with an approximation
guarantee of 6. What is the number of strong oracle queries required for the procedure? In each
round, we need O (k2 log? n) strong queries and there are k rounds. So, the total number of strong
queries is O (k3 log2 n). How do we remove the assumption that the optimal radius R is known? This
is done by guessing the radius using binary search in an appropriate range and out of a discrete set
of possibilities determined by the error parameter € > 0. This makes the approximation guarantee

6(1 + ¢) and adds a multiplicative factor of log 10%" to the number of strong oracle queries.

Bateni e al. [[6] show a Q(k?) strong-oracle query lower bound in the weak-strong model for any
constant factor approximation of k-means or k-center problems. However, no such weak-oracle query
lower bound was known for k-means. In this work, we show a Q(#) weak-oracle query lower

bound for any constant approximation of k-means in the weak-oracle model. To show this lower

bound, we use a known Q(%) query lower bound of [20]] for the cluster recovery problem using

a faulty query oracle.

D Clustering in Strong-oracle Model

D.1 Algorithm for k-means clustering

Theorem D.1. There exists an algorithm that makes O(nk) strong-oracle queries and returns a
constant factor bi-criteria approximation for k-means with constant probability.

Proof. We show that the oversampling k-means++ algorithm, which samples centers using D?-
sampling for O(k) iterations, can be simulated using O(nk) strong-oracle queries. Recall that
oversampling k-means++ starts with a center ¢; chosen uniformly at random and initializes a center
set C = ¢;. We query the strong-oracle with (z,c¢;) for all z € X to obtain SO(z, ¢1) for all
x € X, and construct the D2-sampling distribution. This step requires O(n) strong-oracle queries.
In the second iteration, the the oversampling k-means++ algorithm samples a center ¢, following
D?-distribution with respect to C' = {c; }. We update C = C U {c3}. We again query the strong-
oracle for x € X and ¢y, and update the sampling distribution using the query results. In this manner
for O(k) iterations, we make in total O(nk) strong-oracle queries and using the query results, run
the oversampling k-means++ algorithm. Following [2], oversampling k-means++ gives a constant
approximation for k-means with constant probability. O

The above bound on the number of strong-oracle queries is tight for a constant factor approximation
of k-means, following a known lower bound [21].

Theorem D.2. Any randomized algorithm that provides a constant-factor approximation for the
k-means problem with constant probability requires Q)(nk) strong-oracle queries.
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Proof. Mettu and Plaxton [21] prove a Q(nk) lower bound on the running time of any constant factor
randomized approximation of k-means. The 2(nk) query lower bound result follows from this lower
bound of [21]]. O

D.2 Algorithm for k-center clustering

Theorem D.3. There exists a 2-approximation algorithm for the k-center problem using O(nk)
queries.

Proof. We observe that the farthest-point algorithm of [13] can be implemented using only O(nk)
strong-oracle queries. This will give a 2-approximation for the k-center problem. O

E Algorithm for £-means in weak-strong oracle model

For ease of reading, we reproduce here the entire algorithm for k-means clustering and its analysis.
In this section, we design a constant factor bi-criteria approximate solution for k-means in the
weak-strong oracle model with the assumption that all optimal clusters have size at least %.
We remove this assumption later. We prove the following result.

Theorem E.1. Let ¢ € (0,1), § < 1/3. There exists a randomized algorithm for k-means

that makes O(@) strong-oracle queries and O(

nklosny) weak-oracle queries to give a
€

(O( logm) 40(1 + e)) bi-criteria approximation for k-means and succeeds with constant probability,

assuming every optimal cluster has size at least M

E.1 Algorithm and analysis

Since the weak-oracle gives a wrong answer to a query independently with probability § < 1/2, we
define an alternate distance measure between points and a set of centers that we use in our algorithm.
Let C denote a set of centers. For any x € X and any ¢ € C, we query for the distance between

z and ¢ to the weak oracle WO to obtain a possibly wrong answer WO(x c) For any fixed z, we

query the weak-oracle for each center ¢ in C, and use these query answers WO(q;, ¢) to come up
with an upper bound on the distance between a point = and a set C' of centers defined as follows. We
use 6 < 1/3 for this discussion.

Definition E.1. Let x and y be any two points in X and we want to estimate the distance between x
and y. Let radius r,, > 0 be such that the ball B(y,r,) contains at least 180logn points. Then, for

any x € X, we define the distance from x to y as d$t (z,y) = median{ﬁ/\é(a@, z)|z € B(y,ry)}.

We make the following claim with respect to the above distance measure. A similar lemma was
proved in [6]. We add a proof here for completeness.

Lemma E.1. Following Deﬁnitionfor any x € X, with probability at least (1 — n—15), we have
i (2, y) — d(@,y)| <7y

Proof. Let us consider the ball B(y,r,) centered at y and radius r, > 0. By definition, B(y, )
has at least { = 180 logn points inside it. For each point z € B(y,r,), the weak-oracle returns

a wrong answer for WO(sc z) with probability § < 1/3. Hence, the expected number of wrong
answers is at most /3. For each query to the weak-oracle with « and z € B(y,r,), we have

|%(w, z) —d(z,z)| > > 1y with probability at most 1 /3. For the median of the query answers
dest (z,y) = median{WO(z, z) 1 2 € B(y,ry)} to satisfy |di7) (z, y) — d(x, y)| > ry, we need at
least half of the query answers WO(SC z) to satisfy |WO(9: z) —d(z, z)| > ry. Using Lemma
this probability is at most e ~1/31/44/3 < 1 /nb. O

We use the above definition to come up with an upper bound on the distance between a point x and a
set C of centers. For any ¢ € C, let . denote a radius such that B(c, r.) has at least 180 log n points
inside it. We use Definition [E.T|to come up with an upper bound on the distance between « and any
ce Casdt(x,c)+ r.. Following Lemma with high probability, this upper bound holds. That
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is, with high probability, d(z, c) < dzjfl(x, ¢) + 7. Using an union bound over all ¢ € C, all these
upper bounds hold and hence, the minimum of these upper bounds would also hold. This motivates
the following definition on the distance between a point = and a set C of centers.

Definition E.2. Let x be any point in X and let C be a set of centers of size at least 180 logn. For
any c € C, let r. denote a radius value such that the ball B(c,r.) contains at least 180 logn points.
We define the distance between x and C as A (z, C') = mineec{dg! (z,c) + rc}.

km

We state the following lemma with respect to the above distance measure.

Lemma E.2. Let x be any point in X and let C denote a set of centers of size at least 180 logn.
Then, with probability at least (1 — 1/n*), d(x,C) < dst (x, C). In other words, with probability at
least (1 — 1/n"), there exists a center ¢ € C within a distance of d3st (z, C') from x.

Proof. Let x be any point in X. Using Lemma|[E.T] for any ¢ € C, we have with probability at least
(1—1/n®), d{st (2, ¢) + 7. > d(z, c). Using a union bound over all ¢ € C, with probability at least

(1—1/n%), all these upper bounds on d(z, c) hold. Hence, d$5! (x, C') = mincec{d$s! (z,c)+r.} >
min.cco d(z,c) = d(z,C), with probability at least (1 — 1/n*). Since with probability at least
(1 — 1/n%), these upper bounds d(z,c) < d§t (z,c) + r. hold for ¢ € C, and the minimum over
these upper bounds also hold. This implies that with this probability, there exists a center ¢ € C'

within distance d§5! (z, C) from . O

Estimating d55' (z,C) in weak-strong oracle model Next, we describe how we estimate
dst(z,C) for all z € X in the weak-strong oracle model. We assume that there are at least
1801log n centers in C. Consider any ¢ € C. We query the strong-oracle SO with all pairs ¢;,c; € C
to obtain the exact distances between centers ¢; and ¢; as SO(c;, ¢;). For each ¢ € C, we find
the smallest r.. such that B(c, r..) contains at least 180 logn points in C. Consider any 2 € X for

which we want to estimate d§ (x, C'). We query the weak-oracle with  and y € B(c, ) to obtain

%(m, y) for all y € B(c,7.), and use these weak-oracle query answers to compute d{! (z, c)
following Deﬁnition We compute d¢st (z, ¢) for all ¢ € C. Finally, to compute d¢st (z, C'), we

find the minimum over all ¢ € C of d§s! (z, ¢) + 7, as mentioned in Definition

Algorithm 3: Algorithm for k-means in weak-strong oracle model

Input :Dataset X and an integer k > 0, ¢ € (0,1),6 = 1/3.

Output : A set of O(%) centers and an assignment of x € X to centers.
> Let C; be a set of 180 1og n points chosen arbitrarily from X .;

Sett = 74320?200000 - klogn.;

fori=1totdo

> For each z € X, compute d$%! (z, C;) following Definition ;

km

> Construct distribution D? that samples a point 2z € X with probability proportional to
difﬁi(x’ Oi)z';

> Sample a point s; € X using distribution D2.;

> Make a strong-oracle query with SO(s;, ¢) forall ¢ € C;.;

> Update Ci+1 — Cl U {Sl}

end

>Let {c1,ca, ..., cy} be an arbitrary ordering of the centers in C;1, where h = 1801logn + t.
> Initialize weights w(c;) = 0 for i € [h].

for z € X do

> Compute d¢! (x, Cy41) and determine ¢, for which the minimum is achieved in
Definition
> Assign x to ¢,..;
> Update w(c,)  w(cz) + 1.
end
return C, 1 and the assignment of each v € X to a center in Cyy.

Let C be any set of centers of size at least 180 logn. Let D? denote the proportional sampling
distribution over points in X with respect to C. The probability of sampling a point € X following
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distribution D2 is proportional to d$! (z, C')2. For any point z € X, the probability of sampling x

de <t
with respect to C' is given as % Using Lemma with a union bound over all points

z € X, we have that with probability at least (1 — ), the distance estimates d{>’ (z, C') given by
Definition [E.2|provide valid upper bounds for d(z, o ) for all z € X. For the followmg discussion,
we condition on this high probability event &.

Lemma E.3. Let C be any set of centers of size at least 1801logn. Let £ denote the event that
d¢st (x, C) > d(x, C) for all points © € X. Then, £ holds with probability at least 1 — 1/n3.

Proof. The proof follows by using Lemma[E.2|for all z € X and applying a union bound. O

Since we do not know the exact distances for most pairs of points in a cluster, we define below the
cost of a cluster using the distance estimates defined in Definition [E.2]

Definition E.3. (Cost of a cluster) Let A be any optimal cluster and let C denote a set of centers.
Then, the cost of cluster A with respect to center set C'is given as ®(A,C) = 3, d5st (z, C)2.

km\T
We next define the notion of settled clusters that give good approximation guarantees with respect to
the set C' of centers chosen by the algorithm.

Definition E.4. (Settled clusters) Let C be a set of centers. An optimal cluster A is said to be settled
with respect to C if ®(A, C) < 20(1 +¢€) - OPT(A). Otherwise, the cluster A is said to be unsettled.

Let C;_1 denote the set of centers at the end of iteration (¢ — 1). Let A be an optimal cluster. Let
the set of sertled optimal clusters at the start of iteration ¢ be given as G; = {4 : ®(A,C;_1) <
20(1+¢€)- OPT(A)} and the set of unsettled optimal clusters be given as B; = {A: ®(A,C;—1) >
20(1+¢€)-OPT(A)}.

Lemma E.4. During the i'" iteration ofAlgorithmE] either ®(X,C;_1) < 40(1 4 €) - OPT or the

probability of sampling a center from some unsettled optimal cluster A € B; using distribution D? is
at least 1/2.

Proof. If ®(X,Ci_1) < 40(1 + €) - OPT, then C;_; gives a 40(1 + ¢)-approximation. For the
following, we assume ® (X, C;_1) > 40(1 + ¢€) - OPT. We show the probability of sampling a point
from an unsettled optimal cluster A € B; is at least 1/2. Let x be a point sampled using distribution

135. Then,
Sacn, ®(A4,Ciy)

Pr(x€e A,AeB;) =

(i(Xv Ci—l)
_,_ 2aca D(A,Civ)
®(X,Ci_y)

2 aeq, OPT(4)
> 1-20(1 e
= 00+ B+ a-0PT
> 1-1/2=1/2

This completes the proof of the lemma. O

Let A € B, be an unsettled optimal cluster. Let 4 be the centroid of A. We define r to be the average

radius of cluster A given as r = \/OPT(A)/|A|. We define an inner ring I R(A, ) around pi4 of
radius ar, for some e > 1 to be chosen later. Formally, IR(A,a) = {x € A : || — pal| < ar}.

One of the main ideas in the analysis of Algorithm [3]is to show that once we sample at least
1801og | A| centers from the inner ring of an unsettled optimal cluster A, the cost of cluster A with
respect to the set of centers becomes at most a constant times its optimal cost OPT(A) with high
probability. Fix any point x € A. Let C; denote the set of centers at the end of iteration ¢ such that
it contains at least 180 log | A| points from the inner ring I R(A, «) of the optimal cluster A. Using
arguments similar to LemmaE.3| we can show with probability at least (1 — 1/| A|?), there exists
a center ¢, in C; within distance d§5! (z, C;) from x and this holds for all z € A. Since C; has at
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least 180 log | A| points from the inner ring of A, with probability at least (1 — 1/|A|?), the distance
dst (z, C;) from  to ¢, is at most the distance from z to its farthest point in the inner ring of A plus
the diameter of the inner ring. This corresponds to ¢, € C; N IR(A, ) being the farthest point in
the inner ring from « and r., < 2ar.

Lemma E.5. Let C;_1 denote the set of sampled centers at the end of iteration (i — 1), and let us
assume that during iteration i, we have sampled a point such that C; has at least 1801og n points
Sfrom the inner ring IR(A, o) of A, where A is an unsettled optimal cluster with respect to C;_1. For

o > 1, we have ®(A, C;) < 2(1 4 9a2) - OPT(A) with probability at least (1 — 1/|A]?).
Proof. Following Lemma with probability at least (1 — 1/n?), for all points x € A, we have

d¢st (x, C;) to be at most d>" (z, ¢;;) + re,, Where ¢, € C; N IR(A, ) with radius 7., < 2ar. We
have the following.

®(A4,C)) =) din (2,Cy)°

€A
< Z T, c,) + 2ar)?, where ¢, € C; NIR(A, a)

€A
< Z x,pua) + 3ar)?

€A
< Z[QdQ(x,,uA) + 18277

r€A
<20PT(A)+ 18 Z (ar)

T€A
OPT(A
<20PT(A)+18-|A]- a2|A|() =2(1+9a%) - OPT(A)
This completes the proof of the lemma. O

Next, we show that the probability of sampling a point following distribution D2 from the inner ring
IR(A, ) of an unsettled optimal cluster A is not too small. First, we show that the inner ring of an
unsettled optimal cluster A contains a significant fraction of points of A.

Lemma E.6. For any unsettled optimal cluster A, there are at least |A|(1 — 23 ) points in the inner
ring IR(A, «) of that cluster, where o > 1.

Proof. We have:

OPT(A)> > |lo—palP
z€A\IR(A,a)

> |A\IR(A,a)|(ar)?

- (1 - IRS{“”) @?OPT(A)

Rearranging terms, we get [TR(A, )| > [A|(1 — 25). O

Lemma tells us that the inner ring of an unsettled optimal cluster A contains at least (1 — 1/a?)-
fraction points of cluster A. Conditioned on sampling a point from an unsettled optimal cluster A
following distribution D2 during the i*" iteration, the probability of sampling a point from the inner

% To get a lower bound on this probability, we need a lower bound on
i—1

®(IR(A,a),C;_1) and an upper bound on ®(A, C;_;). We show the following.

ring of A is

LemmaE.7. Pr(z € IR(A,a) |z € A,A€ B;) > (1— 1/(12)(7%.
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Proof. Conditioned on sampling a point from an unsettled optimal cluster A, the probability of
sampling a point from the inner ring of that cluster during the i*" iteration is given as

B(IR(A,a),Ci_1)

Pr(z € IR(A,a) |z € A,A€ B;) = ——
B(A,Ci_1)

Let ¢,,, denote the center in C;_; for which d{5! (ua, Ci—1) is minimized. Let v = d 35 (pa, Ci—1).
Recall that for any point x € A, ¢, denotes the center in C;_1 for which d§ (z, C;— 1) is minimized.

Claim E.1. Let x and y be any two points for which d$st (z, C;_1) and d5t (y, C;_1) are minimized
by centers c; € C;_1 and c, € C;_1, respectively. Then assuming event £ holds for all iterations
oéﬁlgorithm we have d5t (y, c,) < d(z,y) + dgt (v, ¢p) + 2rc, and d§t (z,cy) < d(z,y) +
dih (Y, cy) + 27,

Proof. Let z be a point in the optimal cluster A. Since d§5! (z,C;_1) is minimized by ¢, € C;_1,
for point x, the center ¢, minimizes min.cc, , (d¢ (z,¢) + r.) and the ball B(c,, ., ) has at least
180 log n points in it. Conditioning on event 5 for all iterations of Algonthm@ we have for both
d¢st (x, ;) and d§5 (y, ), the median distances are realized by points inside the ball B(cy, e, ).

Hence, d$5t (y, ¢,,) < d(x,y) + dgSt (z, i) + 27, . Similarly, the other inequality holds. O

Next, we obtain an upper bound on ®(A, C;_;).

(A, Cimy) = Z dit (2, Ci1)?

z€EA

= Z dZ?fz (2, ¢z) +rcm)2
z€A

< Z (d$5t (, Cua +rCuA)2
r€A

< Z (z,p14) +dE (A, cpy) +3rCM) (using Claim [EZT))
z€A

< (d(w, pa) + 3d53t (na, Cio1))?
z€A

< D (2d(x, pa)? + 18455 (1a, Cio)?)
T€EA

= (2d(z, pa)* + 180%)
z€A

= 20PT(A) + 18|A]v?
= 2|A|(r* + 9?)

Now, we compute a lower bound on ®(/R(A,a),C;_1). Let b be any point in the inner
ring IR(A, ) of optimal cluster A and let ¢, be the center in C;_; for which df (b, C;_y
is minimized. We observe that d{*f (ua,Ci—1) < d$t(pa,cp) + 7¢,. Using Claim [E.1}
At (pa,cp) + 1o, < d(pa,b) + deSlt (b, cp) + 3re, § d(pa,b) + 3dst(b,Ci—1). Hence,
d”t(b Ci—1) > (dgt (pa, Cizq) — d(uA7 b))/3 = (v — ar)/3. We obtain the following.

km

Q(IR(A,q),Ciq) = > digh(h,Cin)?
bEIR(A,q)

v —ar)?
2|IR(A,0¢)|%



Therefore, we have Pr(z € IR(A,a) |z € A,A € B;) > %. Since A is an unsettled

optimal cluster with respect to C;_;, we cannot have v = de“ " (1a,Ci—1) to be very small. We
obtain a lower bound on v as follows. Since A is an unsettled optlmal cluster with respect to C;_1,

we have ®(A,C;_1) > 20(1 +¢€) - OPT(A).
20(1+¢€) - OPT(A) < ®(A,Ci_1)
< 2(OPT(A) + 9|A|v?))
Simplifying, we get

>\/(18+206)-0PT(A) ESTTIR

18[A]

Substituting the above value for v, we get the probability of sampling a point from the inner ring of
an unsettled optimal cluster A, conditioned on sampling a point from A is at least Pr(z € IR(A, o) |

2
veA A€ B;) > (1—1/a2) W IE0/07a) O

180(1+€)

For o = 1 + ¢/3, we have 2(1 + 9a2) < 20(1 + €). For this choice of «, following Lemma
we obtain that the cost of an optimal cluster becomes at most 20(1 + ¢) times its optimal cost once
180 log n points are sampled from its inner ring. The probability of sampling a point from the inner

. (v/14+10e/9— (1+e/3))2
ring of A becomes Pr(z € IR(A,a) |z € A, A€ B;) > (1— (1+51/3)2) TRO(TTe

2 2
so0000 = 9(€), where g(€) = g56550- We show that during iteration i of Algorithm , a point

sampled following the D? distribution will belong to the inner ring of an unsettled optimal cluster
with probability at least g(€)/2. We bound the number of required samples such that the sampled set
C contains at least 180 log n points from the inner rings of all unsettled optimal clusters with high
probability.

LemmaE.8. Let C C X denote a set of % points sampled using distribution D2 in Algorithm

[l Then, the total number of samples from the inner rings of unsettled optimal clusters in C is at least
180k log n with probability at least 1 — n—l,‘

Proof. Let C denote a set of % points sampled following distribution D2 in Algorlthm We

will show that C' contains at least 180k log n points from the inner rings of unsettled optimal clusters
with high probability. Let s; be a point sampled during iteration ;. We define a random variable X;
as follows:

Y. 1 if s; belongs to the inner ring of an unsettled optimal cluster
! 0 otherwise

Let! = % Then, X = Zi: 1 X; represents the total number of sampled points that belong

to the inner rings of unsettled optimal clusters. From Lemma|[E.4]and Lemma [E.7] the probability
that a point sampled using distribution D? belongs to the inner ring of an unsettled optimal cluster is:
Pr[X; =1] =Pr[z € IR(A,a) : A € Bj]
=Prlx € IR(A,a) |z € A,A€ B;]-Prlx € A, A € By]

1
25 g(e)
Therefore, we have E[X;] > % - g(€). The expected number of centers in C that belong to the
inner rings of unsettled optimal clusters is E[X] = E [Zi 1 X-] = Zi 1EXG]) > 15 g(e) =
2160k logn Using Chernoff bounds (Lemmam the probability Pr[X < 180klogn] = Pr[X <
(1— 1) 2160k logn] < e~ 2100klogn 133 < L O

Lemma E.9. With probability at least (1 — 1/n*)(1 — 1/n?), all optimal clusters become settled

once a set C of 4322’;% points are sampled following distribution D2 in Algorlthml
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Proof. Following Lemma m with probability at least (1 — 1/n¥), a set C' of % points
sampled following distribution D? contains at least 180k log n points from the inner rings of unsettled
optimal clusters. Using Lemma|[E.5] we know that once 180 log n points are sampled from the inner
ring of an unsettled optimal cluster A, with probability at least 1 — 1/n3, that cluster becomes settled.
We condition on the event that unsettled optimal clusters become settled once 180 log n points are
sampled from their inner rings, and using a union bound over £ optimal clusters, this event happens
for all k optimal clusters with probability at least (1 — 1/n?).

Note that as long as there is an unsettled optimal cluster, a sampled point in C' will belong to the inner
ring of some unsettled optimal cluster with probability at least g(€)/2, and crucially, this probability
is independent of the number of unsettled optimal clusters. Once an unsettled optimal cluster becomes
settled with 180 log n points sampled from its inner ring, it stops contributing to the probability of
sampling a point from the inner rings of unsettled optimal clusters. Subsequently, points sampled in
C' with probability at least g(€)/2 would account for the number of points sampled from the inner
rings of the remaining unsettled optimal clusters.

Since a sampled set C of size 4322’(“% contains 180k log n points from the inner rings of unsettled

optimal clusters with probability at least (1 — 1/n*), the probability that all optimal clusters become
settled using sampled set C is at least (1 — 1/n*)(1 — 1/n?). O

Lemma E.10. Let C C X be a set of % - klog n sampled points. Then, we obtain ®(X,C) <

40(1 + €) - OPT with probability at least (1 — 1/n*)(1 — 1/n?)(1 — 1/n).

g(e)
the D2-sampling distribution, the probability that C' contains at least 180k log n points from the inner
rings of the optimal clusters is at least 1 — nik Following Lemma for a sampled set C' of size
at most % - klogn, all clusters become settled with probability at least (1 — 1/nF)(1 — 1/n?).

Using Lemma the probability that event &£ holds for all iterations of Algorithm [3]is at least
(1 —1/n). Hence, Algorithm 3|gives a 40(1 + €)-approximation for k-means with probability at least

(1—1/nF)(1 — 1/n?)(1 — 1/n).

Query complexity: We initiate the algorithm with 180 log n centers, and at the end of the algorithm,

we have in total 180logn + w -klogn = O (k log n/ez) centers. In every iteration, we

Proof. Using Lemma we know that if we sample a center set C' of size 232VL log n following

sample a center, and for that center, we query the weak oracle WO for every x € X to get the
distances. Hence, we make n weak-oracle queries in each iteration. Since there are O (k logn/ 62)

iterations, in total, we make O (nklogn/€®) queries to the weak-oracle. To compute dg3! (z, C;) for
all 7 in Algorithm[3] we need to perform strong-oracle queries. We make these strong-oracle queries
to find the distances between any two centers in C;. Hence, the number of strong-oracle queries
2 2

required by Algorithmis at most O(klg#).

With probability at least (1 — 1/n2), we sample at most 180 log n points from the inner ring of any
unsettled optimal cluster A. We require the number of points in the inner ring, (1 — 1/a?)|A|, to be
at least 180 log n. This gives a lower bound on the size of each optimal cluster A of %, for

a=1+¢/3. O

E.2 Removing lower bound assumption on cluster sizes

In Section we showed that conditioned on each optimal cluster having at least % points, there
exists an algorithm for k-means clustering that gives a 40(1 + ¢)-approximation with high probability.
In this section, we describe how do adapt the algorithm when there are optimal clusters with fewer
than 2821°2™ points. These are the optimal clusters A for which the inner ring TR(A, a) contains
fewer than 180 log n points in it. We know that following Lemma[E.7)and Lemma[E.8] points from
the inner ring of an unsettled optimal cluster are sampled with probability at least g(e)/2 and once we
sample % - k log n points, we sample 180 log n points from the inner rings of all optimal clusters.
Now, if there are less than 180 log n points in the inner ring of some optimal clusters, it implies that
we sample all points of those inner rings. However, since the number of points sampled from the
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inner ring is less than 1801log n, we cannot apply Lemma to claim that the unsettled optimal
cluster A would become settled.
We modify our algorithm as follows. Since there might exist small clusters with less than %

480logn
€

points, we increase the total number of points to be sampled to ensure that points will be

sampled from any unsettled optimal cluster. The set C' of samples will have size O( k:;’(gé)” ). For
optimal clusters with more than 180 logn points in their inner ring, as before, the Algorithm
will sample 180 log n points from their inner rings and those clusters will become settled with high
probability. For optimal clusters with fewer than 180 log n points in their inner rings, either all points
of those clusters will be sampled or the cluster will become settled. Substituting g(e) = O(€?), we get

the sample complexity of this modified algorithm to be O( k IG%% ), and for the same approximation

guarantee of 40(1 + ¢)-approximation, the number of strong-oracle and weak-oracle queries will be
O(@) and O (nklogn/e?), respectively.

Theorem E.2. Let ¢ € (0,1) and § < 1/3. There exists a randomized algorithm for k-means
nk logn)
3

2 2
that makes O(kl:#) strong-oracle queries and O( weak-oracle queries to yield a

(O( 105%," ,40(1+¢€))) bi-criteria approximation for k-means, and succeeds with at least some constant
probability.

E.3 Constant approximation for £-means in weak-strong oracle model

Theorem E.3. There exists a randomized algorithm for k-means in the weak-strong oracle model that
2 2
computes a constant factor approximation with constant probability using O(klz’#)
nklogn )
€3

strong-oracle

queries and O( weak-oracle queries.

Proof. We use the algorithm of Theorem [E.2]to obtain a bi-criteria approximation guarantee for
k-means. Let Cy; 1 denote the resulting set of centers. Each center ¢; € C;,1 is initialized with
weight w(c;) = 0. Next, we assign every point z to the center in Cy41 for which d§5! (z, Cyyq) is
minimized. This create a weighted k-means instance with O(klf#) points where each center c¢; in
Ci41 is assigned w(c;) points. Since we have used strong-oracle queries for all pairs of points in
this weighted instance, we know the exact distances between all pairs of points. We run a constant
factor approximation algorithm, such as the algorithm by [21]] on this weighted k-means instance to
obtain a constant factor approximation for k-means. The constant factor approximation guarantee for
k-means follows using Proposition 20 of [6]. ]

F Lower bound in the weak-oracle model

In this section we show that any randomized algorithm giving a constant factor approximation for
the k-means problem in the weak-oracle model requires to make expected Q(%) queries. For

simplicity of calculations, we show this result for the k-median problem. Similar results follow for
the k-means problem as well.

Theorem F.1. Let 6 € (0,1/2). Any randomized algorithm in the weak-oracle model giving any
constant factor approximation for the k-median problem with probability at least 3 /4 must make
Q(#) of queries in expectation to the weak-oracle.

Proof. To prove the lower bound, we construct a hard instance for which any randomized algorithm
giving any constant factor approximation for k-median with high probability requires to make a lot of
weak-oracle queries. Consider an instance X with n points. These n points are partitioned into k
groups, each containing 7 points. We denote these partitions as C1, Ca, . . ., Cj.. We define distances
between points in X as follows: for any two points z, y belonging to the same partition C;, we set
d(z,y) = 1, and for points = € C; and y € C;, where i # j, we set d(x,y) = [, where [ is a large
number. These distances satisfy the metric property. For this instance, the optimal k-median solution
has cost n — k.

Recall that an algorithm for k-median in the weak-oracle model gets access to distance values only
through the weak-oracle. Suppose that all points in X have been clustered correctly except for one
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point, v. We need to assign v to its correct cluster, say C,,. If v gets assigned to an incorrect cluster,
then the cost for v would be {. Hence, the k-median clustering cost would be at least (n — k — 1) + L.
For | = ¢- (n — k) for some constant ¢ > 0, the k-median cost of a clustering that misclassifies even a
single point is at least some constant times the value of the optimal solution. Therefore, the algorithm
needs to correctly classify all input points to achieve a constant factor approximation for k-median.

Let d(z,y) denote the value returned by the weak-oracle for any two input points z,y. Then, the
following holds.

with probability 1 — ¢ if z,y belong to the same cluster
with probability § if z,y belong to the same cluster
with probability 1 — ¢ if x, y belong to different clusters
with probability § if z,y belong to different clusters

d(x,y) =

—_ T~ S~

For our query lower bound in the weak-oracle model, we use a lower bound result for the Query-
Cluster problem studied by [20]. The authors consider a setup where there is an unknown ground
truth k-clustering of a set X of n points, and the algorithmic task is to recover the ground truth
clustering using queries to an oracle that answers whether any two points belong to the same cluster
or not. Moreover, the query answers are wrong independently with probability § < 1/2. The authors
prove a Q(%) lower bound on the number of oracle queries for this Query-Cluster problem that
recovers the ground truth k-clustering.

Our weak-oracle query lower bound of Q(%) follows by observing that one can reduce the

Query-Cluster problem to the cluster recovery problem on an instance generated as above by the
weak-oracle. Hence, the weak-oracle query lower bound Q(%) holds for any algorithm giving
any constant factor approximation of k-median in weak-oracle model. O

G Algorithm for £-center in weak-strong oracle model

We start by exploring whether known algorithms for the k-center problem can be implemented in the
weak-strong oracle model. One key challenge is the assignment of points to centers. This means that
even if we can locate k good centers, we also need to output a mapping of points to the nearest center.
This implies that we need to be able to calculate the distances of every point to a set of centers. Since
we can use only a sublinear number of strong-oracle queries, we do not have accurate distances for
doing this mapping. The lack of accurate distances also comes in the way of finding good centers
since mapping and finding good centers go hand-in-hand in k-center algorithms. So, the important
question is: Can we get a reasonably accurate estimate of distances using weak-oracle queries? We
faced similar issues while designing an algorithm for the k-means problem as well. We will show
that the distance function as defined in Definition [E.T| will help in designing an algorithm for the
k-center problem as well.

We will design a randomised algorithm within the weak-strong model that gives a (6 + ¢)-
approximation for the k-center problem. The main idea of the algorithm can be better understood in
a simpler setting where the accurate distances are known. Let us see the outline of this algorithm.
We shall assume that the optimal k-center radius 7, is knownE] The algorithm is a simple “greedy
ball-carving” procedure that is commonly used in the context of the k-center problem and can be
stated as the following pseudocode (also stated as Algorithm 3 in [6]):

*This is not an unreasonable assumption to make since we can guess the optimal radius with (1 & ¢) by
iterating over discrete choices of the radius.
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Algorithm 4: Greedy Ball Carving

Input :Set of points .S, radius Rad
Output : A set of C' = {cy, ..., ¢} centers and assignment of points in S to centers in C
> Initialize: C' = {}
while S is not empty do
> Pick an arbitrary point ¢ € S

> Treat ¢ as a center and assign any point s € S to ¢ if d(¢, s) < 2Rad.

> Add c to C' and remove all points assigned to ¢ from S.
end

We execute the above algorithm with inputs S = X and Rad = r,,:. We can argue that the greedy
ball carving algorithm terminates after picking at most k centers and assigning all points in X. This
means that the algorithm gives a 2-factor approximation guarantee.

Lemma G.1. Let (X, k) be any instance of the k-center problem and let r,y; denote the optimal
k-center radius for X. The greedy ball carving procedure, when executed with inputs S = X ; Rad =
Topt, gives a 2-approximate solution for the instance (X, k).

Proof. Let{cj,...,c}} bethe optimal k centers and let X7, ..., X; be the corresponding % clusters
of dataset X. So, for every ¢, X;* C B(c},ropt). If the k centers chosen by the greedy ball carving
algorithm belong to k distinct optimal clusters X7, ..., X} and we assign points by carving out balls
of radius 2r,,; around every chosen center, then all points are guaranteed to get assigned to a center
within a distance 27, giving a 2-factor approximation. So, all we need to show is that the algorithm
chooses centers from all of the distinct optimal clusters. We can show this by induction on the
iteration number. The statement trivially holds for the first iteration. Suppose the algorithm chooses
centers from distinct clusters jy, ..., j; in the first ¢ iterations. Note that in the next iterations, the
algorithm picks centers from the set of pornts that does not contain any of the points in X7 X7
as they have been carved out when removing points within balls of radius 27, around the chosen
centers. So, the (i + 1) center will be chosen from a new optimal cluster. So, the ball carving
algorithm terminates after picking k centers from k distinct optimal clusters. This completes the
proof of the lemma. O

The reason we discussed the greedy ball carving algorithm and its analysis is that our 6(1 + ¢)-factor
approximation follows the same template. The only complication is that during the ball carving step,
where we remove all points within the radius 2r,,;, we need accurate distances, which we do not
have in the weak-strong oracle model. So, we need to do more than choose and center, and carve out
a ball of radius 27,,; in every step. Let us continue assuming that the optimal radius 7, is known.
We will give a 6-factor approximation under this assumption, which changes to 6(1 + &) when the
assumption is dropped. To enable distance estimates, along with a center c;, we must also pick a
set of nearby points to c;, which will help in estimating the distance of any point y to ¢; following
LemmalE.T] A reasonable way to do this would be to uniformly sample a set T; of points (instead of
one), use the strong-oracle queries on the subset and pick a center ¢; € T; with the largest number
of points in 7; within a radius 27,,;. Let S;, denote the subset of points in 7; within a distance of
2ropt to ¢;. We can now obtain distance estimates using the tuple (¢;, S, ) using the weak-oracle
queries as in Lemma and carve out those points and assign them to c; that satisfy d§5t (¢;,2) <r
for an appropriate Value of r. Let ¢; belong to the optimal cluster X;. What should the appropriate
value of r be such that the points in .S N X} are guaranteed to get carved out and assigned to ¢;?
Since the distance estimates are inaccurate, we must use r = 4r,,;. However, this may cause a
point that is 67,,; away from c; to get carved out and assigned to ¢;. This is the reason we obtain
an approximation guarantee of 6. This high-level analysis lacks two relevant details: (i) how do we
eliminate the assumption that r,,, is known, and (ii) probability analysis for all points being assigned
a center within distance 67,,;. We remove the assumption about r,,; being known by iterating over
discrete choices for the optimal radius Rad = (1 +¢)°, (1 +¢), (1 +¢)2,.... We will argue that the
ball carving succeeds for the choice Rad = 7,,+(1 + ¢) with high probability. So, the approximation
guarantee we get is 6(1 + ¢). Instead of iterating over the possible choices of Rad linearly, we can do
that using binary search, which results in the running time and query complexity getting multiplied

by a factor of O (log log A) due to this repeated ball carving (once for every choice of Rad), where
A is the aspect ratio. Assuming A to be polynomially bounded (which is a popular assumption), the
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logn

multiplicative factor becomes O <log T) In the remaining discussion, we state our algorithm

more precisely and do the probabilistic analysis.

Algorithm 5: Weak-Greedy Ball Carving

Input :Set of points .S, radius Rad

Output : A set of C' = {cy, ..., ¢} centers and assignment of points in S to centers in C

> Initialize: C' = {}

while S is not empty do
(D) If (|C| = k) abort

(2) If (|S] < 180k log n), use strong-oracle queries to find the remaining centers covering all
points in S within distance 2Rad. If this is not possible, abort. Otherwise, output the k
centers picked.

(3) Pick a subset I' C S of size 180k log (n) uniformly at random

(4) Query the strong-oracle to find distances between elements in 7" and use these to find a
center ¢ € T such that |S,| is maximised, where S. = |B(c,2Rad) N T)|.

(3) If (JS.| < 1801logn) abort

(6) Retain 180 log n points in .S (i.e., remove the extra point)

(7) Treat c as a center and assign any point s € S to ¢ if d! (s, ¢) < 4Rad.

(8) Add c to C and remove all points assigned to ¢ from S.

end
return C and the assignment

We prove the following lemma related to Algorithm 3}

Lemma G.2. Let (X, k) be any instance of the k-center problem and let r,y; denote the optimal
k-center radius for X. Then, Algorithm[3]satisfies the following two properties:

1. For any value of Rad, given that the algorithm does not abort, the probability that all points
are within 6 Rad of the centers chosen is at least (1 — 1/n%).

2. For any Rad > (1 + €)rop, the probability that the algorithm does not abort is at least
(1—1/n%).

Proof. For the second property, we will use the same induction-based argument as in the proof of
Lemma@ Given that in the first ¢ — 1 iterations, the centers cy, ..., c;—1 belong to ¢ — 1 distinct
optimal clusters X7 ,..., X7  and S does not contain any points from these clusters, we will
show that the probability that the next chosen center ¢; belonging to a new cluster X carves out
any point z € SN X is at least (1 — 1/n°). Note that by our choice of center ¢; and the fact
that Rad > (1 + €)ropt, we have |S.,| > 180logn. Consider any point z € X7 N S. We have
d(z,¢;) < 2Rad and from Lemma E. 1} Pr(|dgs! (2, ¢;) — d(z,¢;)| < 2Rad] > 1 — . From this

km

we get Pr[dg®! (z,¢;) < 4Rad) > 1 — . So, with probability at least (1 — ), z gets assigned to

nd

the center ¢;. So, the probability that there is a point in X M .S that does not get assigned to ¢; is at
most % So, by union bound, the probability of a point in X that does not get assigned to centers
C1,...,Ck 1S at most 7%4

For the first property, let us bound the probability that a point z gets assigned a center that is at a
distance > 6Rad. Suppose the z is assigned a center in iteration ¢. So, it gets assigned center c;.
This means that d§s! (z, ¢;) < 4Rad. The probability that d(z, ¢;) > 6Rad is at most - from the
previous discussion. So, the probability that there is a point that gets assigned a center which is
> 6Rad distance away is at most ,%4 from the union bound. So, property (1) follows. O

Let us see why calling Algorithm [5|with input (X, Rad) while doing a binary search over Rad gives
a 6(1 + ¢)-approximate solution with high probability. From Lemma if Rad < (14 €)Topts
and the algorithm does not abort, then with probability at least (1 — 1/n*) all points are assigned a
center that is within distance 6 Rad < 6(1 + €)rp;. On the other hand, if Rad > (1 + €)74p¢, then
the algorithm does not abort with probability at least (1 — 1/n*). So, the binary search will terminate
with a 6(1 + ¢)-approximate solution with high probability.
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Query complexity: The number of strong-oracle queries in every iteration of the weak greedy ball
carving algorithm is O(k? log® n). So, the total number of strong queries across k iterations is
O(k?*log® n). The number of weak Oracle queries is O(nk log n). Taking into account the binary

search over Rad, the number of strong-oracle and weak-oracle queries are O (k3 log® nlog 10%)

£

and O (nk log n log X8 "), respectively.

Theorem G.1. There exists a 6(1 + €)-approximation algorithm for the k-center problem that makes

logn
€

O <k3 log® nlog log "> strong-oracle and O (nk lognlog ) weak-oracle queries and succeeds

g

with probability at least (1 — 1/n*)2.

H Experimental Results

We run our algorithms for k-means and k-center problems on synthetic as well as real-world datasets
to demonstrate that our algorithms can be implemented efficiently in practice, and in particular, our
algorithms outperform the algorithms of Bateni et al. [6]]. In our experiments, we vary the failure
probability d of the weak-oracle and run our algorithms on datasets of different sizes, and report how
the cost of clustering varies with the number of oracle queries.

Remark H.1. In our discussions of strong-oracle queries so far, we interpret a strong-oracle query
as a query for the distance between two points. We note that Bateni et al. [6], in their experiment
results, report the number of point queries, where an oracle on a point query provides the embedding
of the point. Consider the following example for more clarity about the relation between the number
of point queries and the number of strong-oracle queries. Let us have a set S of points, and let us
make a point query for each of the |S| points. This will give us the embedding of all points in the set
S, and using these embeddings, we can compute the pairwise distances between all pairs of points in
S. On the other hand, to find the pairwise distances between all pairs of points in S, one must make

(l‘; I) strong-oracle queries.

For ease of comparison of our results with Bateni et al. [6l], we report the percentage of point queries
used by our algorithms in our experimental results.

Experimental setup The initial experiments were carried out on a Mac Mini with an M2 chip and
8GB RAM. Subsequently, the computationally intensive experiments were performed on a server
having 1.5 TB RAM with 64 CPU cores. It took about 10 days to obtain the experimental results.

Datasets We run our algorithms on synthetic as well as real-world datasets, and compare the
performance of our algorithms with those of Bateni ef al. [6]]. The datasets used in our experiments
are described as follows. We generate synthetic data using the Stochastic Block Model (SBM)
([24, [1). We use three synthetic datasets in our experiments with the number of points n being
10k, 20k and 50k, respectively. Each of these datasets has k = 7 clusters, and the points in the
datasets belong to a seven-dimensional space. The points in the ¢th cluster of the datasets are drawn
from a Gaussian distribution N (u(*), I'), where p(9[i] = 10° and (9[j] = 0 for j # 4. This ensures
that the points within the same cluster are close to each other, while the optimal clusters remain well
separated.

For the real-world data, we use the MNIST dataset ([[10, 25]). The MNIST dataset has ten clusters,
k = 10. The dataset has n = 60k images, each with a dimension of 28 x 28. Similar to Bateni et
al. [6], we apply SVD and t-SNE embeddings to embed the dataset into d = 50 dimensions and
d = 2 dimensions, respectively.

Construction of the weak-oracle In order to construct the weak-oracle, we first create a perturbed
distance matrix for both datasets as follows. This matrix is initialized with the actual distances
between the points in the dataset. For the SBM-based synthetic dataset, for any two points ¢ and j, if
they belong to the same cluster, independently with probability J, the (i, j)th entry of the perturbed
matrix is set to 10°. And if ¢ and j belong to different clusters, independently with probability J, the
(4, j)th entry of the matrix is set to one. This is how we create the perturbed matrix using which the
weak-oracle responds to a query for the SBM-based synthetic dataset.
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For the MNIST dataset, if two points belong to the same cluster (i.e., the same digit class), we replace
the distance between the points in the matrix with a randomly chosen inter-cluster distance between
two points in different clusters. If the points belong to different clusters (i.e., different digit classes),
we assign them a randomly chosen intra-cluster distance. Bateni et al. [6] notes that the SBM and
MNIST datasets embedded using t-SNE with d = 2 and SVD with d = 50, have clear ground-truth
clusterings. Since we know the ground-truth clustering for these embeddings, we can construct the
weak-oracle in the manner described above.

Baselines in our experiments We run the k-means++ algorithm on these datasets using the strong
oracle, and use its output as the strong baseline in our experiments for k-means. Similarly, we run the
k-means++ algorithm on these datasets using the weak oracle, and use its output as the weak baseline.
In our experimental results, we compute the approximation factor of our algorithm by calculating the
ratio of the cost of our algorithm with this strong baseline.

We compare the performance of our algorithms for k-center with the baselines computed as follows.
The output of the farthest point algorithm of Gonzalez [[15] gives us the baseline for both the
SBM-based synthetic dataset as well as the MNIST dataset. The strong and weak baselines for the
experiments on k-center are obtained by running the algorithm of [[L5]] with the strong-oracle and
weak-oracle, respectively. In the experiments, we report the approximation factors obtained by our
algorithms as the ratio of the cost of our algorithm with the strong baseline.

Experimental results on k£-means clustering In our experiments, we run our k-means algorithm
on SBM-based synthetic datasets of size n = 10k, 20k and 50k, and set the failure probability ¢ of
the weak-oracle to be 0.1,0.2 and 0.3. For each of the above choices, we run our algorithm with

the number of point queries, decided as follows. Using our theoretical results, O((lk/lzoif&”)z) point

queries suffice to get a constant approximation. In the experiments, we vary the constant factor in the
expression O ((1]“/1207%;)2) from 0.01 to 3 and observe the resulting clustering cost.

MNIST % of point queries Approximation factor
0=0116=02 [d=03 |06=01 | 6=02 | §=0.3
SVD | 0.116 0.141 0.158 1.019 1.03 1.008
t-SNE | 0.233 0.283 0.3 1.1595 1.1433 1.0906
Table 3: Performance of our k-means algorithm on MNIST dataset

n % of point queries Approximation factor
0=01 [6d=02 [ =03 |6=01 |6d=02 | d=0.3
10k | 0.77 0.79 0.79 2.156 0.9664 0.998
20k | 0.45 0.47 0.495 1.065 1.089 1.0695
50k | 0.2 0.21 0.214 1.043 1.058 1.015

Table 4: Performance of our k-means algorithm on SBM-based synthetic data

Tables [3|and ] show our experimental results for k-means clustering on the MNIST dataset with SVD
and t-SNE embeddings, and on SBM-based datasets of sizes n = 10k, 20k, and 50k. We conducted
experiments for different combinations of failure probability 4 and the number of point queries. In
Table @ we mention the results for the setting for which the value of (number of point queries x
log(cost of clustering)) is minimized.

Comparison of performance of our k-means algorithm with Bateni ez al. [6]: We compare the
performance of our k-means algorithm with the k-means algorithm of [6] as follows. Figures[3|and ]
capture how the clustering cost varies with the number of point queries when these algorithms are run
on SBM-based synthetic datasets of size 10k and 20k, respectively. The blue, green, and red lines in
the plots represent results for 6 = 0.1, § = 0.2, and § = 0.3, respectively. The solid lines show how
the clustering cost behaves as the number of point queries is changed in our algorithm. The dotted
lines represent the results from [6]. Note that since we don’t have their exact data, we reported these
values by visually interpreting their plots.
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We observe in the experiments that as the number of point queries increases, the clustering cost given
by our algorithm as well as the algorithm in [6] decreases. Take any value of 6, say § = 0.1. The cost
versus the number of point queries behavior of our algorithm is represented by the solid blue line,
while the performance of the algorithm of [6] is shown using the dotted blue line in Figures 3]and f]
We observe that in both Figures [3|and 4] our algorithm achieves a lower cost with significantly fewer
point queries. Similar observations hold for other values of . Our algorithm makes at least 73%
fewer point queries compared to [6] for every choice of 6 € {0.1,0.2,0.3} and n € {10k, 20k, 50k}

We note that the costs of k-means solutions of [6], given enough point queries, as shown in Figures[3]
and[] tend to be smaller than the cost achieved by our k-means algorithm. It seems that the strong
baseline used by [6] achieves a lower cost compared to the strong baseline used by our algorithm.
Note that we use k-means++ with strong-oracle queries to compute the strong baseline for k-means.

SBM-based synthetic data with n=10k SBM-based synthetic data with n=20k SBM-based synthetic data with n=50k

e & e s ¢

k-means cost (Iog)

k-means cost (log)

k-means cost (log)

o .
8 s s
0.0 2.5 5.0 75 10.0 125 15.0 0.0 2.5 5.0 75 10.0 0.0 0.5 1.0 15 2.0 25
Percentage of point queries (%) Percentage of point queries (%) Percentage of point queries (%)
Figure 3: k-means on SBM Figure 4: k-means on SBM Figure 5: k-means on SBM
dataset with n = 10k dataset with n = 20k dataset with n = 50k

Figures [6] and 7] show how our k-means clustering cost changes with respect to the number of strong
queries on the MNIST dataset using SVD and t-SNE embeddings. Unlike SBM-based datasets,
the distances between clusters in the MNIST are relatively smaller. Because of this, there is little
difference between the weak and strong baselines in these figures. Recall that to construct the weak
oracle, if two points belong to the same cluster, we replace their distance with the distance between
two points from different clusters. Since the inter-cluster distances in MNIST (with both SVD and
t-SNE embeddings) are small, the weak and strong baselines end up being quite similar.

We believe that the k-means++ cost on the MNIST dataset using t-SNE embeddings is higher than
the cost using SVD embeddings. However, based on the visualizations of k-means results on MNIST
provided in [6], the baseline cost for t-SNE appears to be lower than that for SVD. Therefore, we
could not directly use the results from [6] for comparison with our own.
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Figure 6: k-means on MNIST

) ° Figure 7: k-means on MNIST
with SVD embedding, n = 60k

with t-SNE embedding, n = 60k

Experimental results on k-center clustering We run our k-center algorithm on SBM-based
synthetic datasets of size n = 10k, 20k and 50k as well as the MNIST dataset with SVD and ¢-SNE
embeddings, and vary the failure probability ¢ of the weak-oracle as 0.1, 0.2 and 0.3. For each of
the above choices, we run our k-center algorithm on the dataset with varied number of point queries.
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The number of point queries used in the experiments is decided as follows. Using our theoretical
~ 2 . X . . .
results, O((’f/gl%gg)’z) point queries suffice to get a constant approximation. In the experiments, we set

the number of points queries to be O(%) and vary the constant factor in the above expression
from 0.01 to 3.6 and observe the cost of clustering mentioned below.

n % of point queries Approximation factor
0=01 [6d=02 [ =03 |06=01 [|6d=02 | d=0.3

10k | 2 2.5 3.86 0.84 0.9 0.86

20k | 1.1 14 2.1 0.78 0.84 0.79

50k | 0.44 0.6 0.9 0.81 0.8 0.77

Table 5: Performance of our k-center algorithm on SBM-based synthetic data

MNIST % of point queries Approximation factor
0=01]16=02 |[6=03 |0=01 |6=02 | d=0.3

t-SNE | 0.25 0.29 0.30 1.276 1.3 1.35

SVD | 0.25 0.25 0.25 2.46 2.45 2.31

Table 6: Performance of our k-center algorithm on MNIST dataset

Tables [5] and [6] show our experimental results on k-center clustering on SBM-based synthetic
datasets of size n = 10k, 20k and 50k and on MNIST dataset with SVD and ¢-SNE embeddings.
We conducted experiments for different combinations of § and the number of point queries. In

Table 5| and Table |6, we report the results for which the value of (number of point queries x
log(cost of clustering)) is minimized.

Comparison of performance of our k-center algorithm with Bateni ez al. [6]: We compare the
performance of our k center algorithm with the k-center algorithm of [6]]. Figures 8] Pl and
illustrate how the clustering cost changes as the number of point queries increases. These results are
based on SBM-based synthetic datasets of size 10k, 20k, and 50k, respectively. In the plots, the blue,
green, and red lines represent the results for 6 = 0.1, 6 = 0.2, and 6 = 0.3 . Solid lines show the
performance of our algorithm, while dotte d lines indicate the results from [6]. Since we do not have
access to their exact data, we estimated their values by visually interpreting their plots. We observe
significant reduction in the number of point queries by our algorithm compared to [6]. Our results

show that our algorithms use at least 47%, 12% and 44% fewer point queries compared to [6] for
n = 10k, 20k and 50k, respectively.

SBM-based synthetic data with n=10k

SBM-based synthetic data with n=20k SBM-based synthetic data with n=50k
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dataset with . — 10k dataset with n = 20k dataset with n = 50k

Performance of k-center on MNIST dataset: Next, we describe the performance of our k-center
algorithm on MNIST dataset with SVD and ¢-SNE embeddings. Figures[TT]and[T2]show how the
clustering cost varies with the number of point queries when these algorithms are run on MNIST
datasets with SVD and ¢-SNE embeddings. We run these experiments for § = 0.1,0.2 and 0.3, and
the results are given as blue, green and red lines in the Figures [[T]and [I2] The dash-dotted line
corresponds to the baseline computed using the algorithm of Gonzalez [15]]. The work [6]] does not
provide any experimental results for the k-center problem on the MNIST dataset. In Figure|12| we
observe that the k-center cost with § = 0.3 is lower than the costs for § = 0.1 and 6 = 0.2. We
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believe this may be due to the nature of the t-SNE embeddings, where the distances between clusters
are relatively small. As a result, the distance between two points in the same cluster can be larger
than the distance between two points in different clusters. Because of this, the weak oracle might
return the distance between two points in the same cluster with a smaller distance.

MNIST with SVD embeddings, n=60k MNIST with t-SNE embeddings, n=60k
o 30 =
g —8— Ours (6=0.1) g —8— Ours (6=0.1)
‘E‘or; 2.90 —8— Ours (6=02) g’ﬁ 4.0 —8— Ours (6=02)
o ~8— Ours (6=10.3) o ~8— Ours (6=10.3)
g —-= Strong baseline g --- Weak baseline
5 2.70 1 --- Weak baseline 5 —-- Strong baseline
O g 3.7 4
2.50
236 e st - 344 R —d
2.30 . . . . . T
0.0 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Percentage of point queries (%) Percentage of point queries (%)
Figure 11: k-center on MNIST Figure 12: k-center on MNIST
dataset with SVD embeddings dataset with t-SNE embeddings
with n = 60k with n = 60k
Datasets k-center k-means
0=01 [6=02 |0=03 |6=01 | 6d=02 | =0.3
SBM, n=10k 5.1 3.2 5.1 51.4 59 0.77
SBM, n=20k 0 3.9 1.0 7.1 6.3 11
SBM, n=50k 7.8 3.9 7.8 12.7 11 7.5
MNIST, n=60k (t-SNE) | 2.3 0 4.0 4.4 6.5 20.0
MNIST, n=60k (SVD) | 3.2 35.0 8.4 0.3 1.3 1.0

Table 7: Variance of experimental results for k-center and k-means clustering problems for different
datasets and failure probability values. The values mentioned in the table are to be multiplied by
1073 to obtain the actual variance results.

Table[/] gives the variance results for the experiments we conducted. These results are computed as
follows. For both the k-means and k-center problems, we first fix the dataset and the value of §. For the
number of strong-oracle queries, we vary the constant in the expression for the number of strong-oracle

queries, given by O ((1]“/1207%6")2), and select the value that minimizes (number of point queries) X

log(cost of clustering) for both k-means and k-center. For k-means, the constant ranges from 0.01 to
3, and for k-center, from 0.01 to 3.6. For each of these choices, we run our algorithm five times. The
average of the clustering costs from these runs is reported as the clustering cost, and the variance
across the five runs is shown in Table [7l
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