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A. Proofs

In this appendix we present proofs for the theorems and corollaries in the paper.
We first prove the following lemma that states that if two sums of distinct (ignoring the multi-

plicative constant) exponentials of polynomials in y ∈ Rm agree almost everywhere in Rm, then
they must have the same number of terms and there must be a 1-1 correspondence between the
terms.

Lemma 1 Let the number of variable be m ≥ 1 and the degree be p ≥ 1. Let D ≡ {d ∈ Zm
≥0 :

1 ≤
∑m

j=1 dj ≤ p} be the set of nonnegative integer-valued m-vectors with ℓ1 norm ∈ [1, p]. Given
a vector a ∈ R|D| indexed by d ∈ D (i.e. ad ∈ R for all d ∈ D), define

f (m)(y;a) ≡ exp

∑
d∈D

ad
∏
j=1

y
dj
i

 ,

the exponential of the corresponding polynomial of degree ≤ p in y ∈ Rm. Note that f (m) does not
have a constant term, and has degrees d ∈ D and coefficients a.

Suppose we have
Na∑
i=1

ai0f
(m)(y;ai) =

Nb∑
i=1

bi0f
(m)(y; bi) (1)

for almost every y ≡ (y1, . . . , ym) ∈ Rm with respect to the Lebesgue measure, where Na ≥ 0,
Nb ≥ 0, {ai}Na

i=1 are Na distinct vectors in R|D|, {bi}Nb
i=1 are Nb distinct vectors in R|D| (otherwise

just combine the coefficients), and ai0, b
i
0 ∈ R\{0} for all i. In other words, both sides of (1) are a

sum of distinct exponentials of polynomials.
Then we must have Na = Nb and there is a permutation π of {1, . . . , Na} such that ai = bπ(i)

and ai0 = b
π(i)
0 , i.e. there is a 1-1 correspondence between the summands on both sides of (1).

© 2023 S. Yu, M. Drton & A. Shojaie.
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Proof [Proof of Lemma 1] First note that both sides of (1) are continuous functions, and so is their
difference, which is 0 almost everywhere by assumption. Thus, the inverse image of the open set
R\{0} under the difference is also open, and must be the empty set since it has measure 0. (1) thus
holds for all y ∈ Rm.

We prove by induction on m, and first show the result for m = 1. In this case, f (1)(y1;a) ≡
exp(a1y1 + · · ·+ apy

p
1), and a is just a p-vector.

First suppose Na ̸= 0 and Nb ̸= 0. Observe that as x ↗ +∞, if a0 ̸= 0, the function
a0 exp(a1x+ · · ·+ apx

p) goes to

(i) a0 ̸= 0 if a1 = · · · = ap = 0, or

(ii) 0 if admax̸=0(a) < 0 where dmax̸=0(a) is the largest d ∈ {1, . . . , p} such that ad ̸= 0, or

(iii) +∞ if admax̸=0(a) > 0.

Rearrange the terms on the left of (1) so that for each 1 ≤ i < j ≤ Na we have (ai −
aj)dmax̸=0(ai−aj) > 0, and denote this total order as ai > aj . Rearrange the right-hand side
similarly. By the assumption that {ai}Na

i=1 are distinct, ai − aj ̸= 0, so dmax ̸=0(a
i − aj) exists and

this rearrangement is possible. Now dividing both sides of (1) by f (1)(y1;a
1) = exp(a11y1 + · · ·+

a1py
p
1) we have

a10 +

Na∑
i=2

ai0f
(1)(y1;a

i − a1) =

Nb∑
i=1

bi0f
(1)(y1; b

i − a1). (2)

Since a10 ̸= 0, and by the unique maximality of a1, as y1 ↗ +∞, all terms in the summation
on the left go to 0 (case (ii)). Thus, the right-hand side necessarily also goes to a10 ̸= 0, landing us
in case (i) for at least one (and only one because bi are unique) term on the right, i.e. bi − a1 = 0.
(A nonzero finite limit cannot come from a sum of terms that go to +∞ with positive and negative
weights, since they must grow at different rates by uniqueness of bi−a1.) Since summands on both
sides are sorted, we must have b1 = a1.

Then (2) becomes a10− b10+
∑Na

i=2 a
i
0f

(1)(y1;a
i−a1) =

∑Nb
i=2 b

i
0f

(1)(y1; b
i−a1). If a10 ̸= b10,

by the same reasoning there exists another i ∈ {2, . . . , Nb} such that bi − a1 = 0, violating
uniqueness of {bi}Nb

i=1. Thus, a10 = b10 and a1 = b1, and we have reduced the number of summands
on both sides of (2) by 1 to

Na∑
i=2

ai0f
(1)(y1;a

i − a1) =

Nb∑
i=2

bi0f
(1)(y1; b

i − a1).

Continuing this process by each time dividing both sides by f (1)(y1;a
j−aj−1), we would have

matched min{Na, Nb} pairs of coefficients between the a and the b groups. If Na ̸= Nb, assume
Na > Nb without loss of generality, then

N1∑
i=Nb+1

ai0f
(1)(y1;a

i − aNb) = const.

Here the right-hand side is a constant that could be nonzero, because the argument for a10 = b10
in our first elimination step does not apply here. Dividing both sides by f (1)(y1;a

Nb+1 − aNb),
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we have aNb+1
0 +

∑N1
i=Nb+2 a

i
0f

(1)(y1;a
i − aNb+1) = f (1)(y1;a

Nb − aNb+1). By maximality of
aNb+1 among aNb+1, . . . ,aNa , the left-hand side goes to aNb+1

0 ̸= 0 as y1 ↗ +∞, while since
aNb > aNb+1, the right-hand side goes to +∞, a contradiction. Thus, Na = Nb, ai0 = bi0 and
ai = bi for i = 1, . . . , Na, proving the m = 1 case when Na ̸= 0 and Nb ̸= 0.

Now consider the case where one of Na and Nb is 0; assume without loss of generality that
Nb = 0, then by division by f (1)(y1;a

1), the right-hand side is constant 0, while the left-hand side
goes to a10 ̸= 0 unless Na = 0, so Na = Nb = 0.

Now suppose the result holds for some m − 1 ≥ 1, and suppose either Na ̸= 0 or Nb ̸= 0,
otherwise there is nothing to prove. We denote a1 as the subvector of a corresponding to d with
d1 ≥ 1, i.e. {ad}d∈D, d1≥1, and a−1 as that of a with d1 = 0. Separating out the terms involving
y1,

f (m)(y;ai) = exp


p∑

d=1

 ∑
d∈D, d1=d

aid

m∏
j=2

y
dj
j

 yd1

 exp

 ∑
d∈D, d1=0

aid

m∏
j=2

y
dj
j


= f (1)

(
y1;a

i
1∗(y−1)

)
f (m−1)(y−1;a

i
−1),

where ai
1∗(y−1) : Rm−1 → Rp is a vector-valued function in y−1, with d-th coordinate a polyno-

mial
∑

d∈D, d1=d a
i
d

∏m
j=2 y

dj
j , and coefficients corresponding to ai

1. Note that there is a one-to-one
correspondence between such a function ai

1∗ and vector ai
1. So we can rewrite (1) as

Na∑
i=1

ai0f
(1)(y1;a

i
1∗(y−1))f

(m−1)(y−1;a
i
−1) =

Nb∑
i=1

bi0f
(1)(y1; b

i
1∗(y−1))f

(m−1)(y−1; b
i
−1)

for all y ∈ Rm. Then collecting terms with the same f (1) (same ai
1 (ai

1∗) or bi1 (bi1∗)),

C∑
ℓ=1

f (1)(y1; c
ℓ
1∗(y−1))


na
ℓ∑

j=1

a
kaℓj
0 f (m−1)(y−1;a

kaℓj
−1) +

nb
ℓ∑

j=1

b
kbℓj
0 f (m−1)(y−1; b

kbℓj
−1)

 = 0, (3)

where C > 0, each cℓ1 (coefficients for cℓ1∗) is some ai
1 or bi1, and {cℓ1}Cℓ=1 are distinct. Here, let

{ka11, . . . , ka1,na
1
, . . . , kaC1, . . . , k

a
Cna

C
} be a permutation of {1, . . . , Na}, and {kb11, . . . , kb1,nb

1
, . . . ,

kbC1, . . . , k
b
Cnb

C
} a permutation of {1, . . . , Nb}.

Since {cℓ1}Cℓ=1 are distinct, {cℓ1∗}Cℓ=1 are distinct finite polynomials in y−1 ∈ Rm−1. For each
pair of such distinct polynomials, the lemma of Okamoto (1973) implies that they only agree at a
Lebesgue-null subset of Rn−1, so all polynomials are distinct except on a null set. Thus, for almost
every fixed y−1 ∈ Rm−1, the left-hand side of (3) is a sum of C > 0 distinct f (1)’s in y1 multiplied
by constant weights depending on y−1. But the right-hand side is a sum of 0 terms, so by the result
for m = 1 we necessarily have

na
ℓ∑

j=1

a
kaℓj
0 f (m−1)(y−1;a

kaℓj
−1) =

nb
ℓ∑

j=1

−b
kbℓj
0 f (m−1)(y−1; b

kbℓj
−1) (4)

for all ℓ = 1, . . . , C for almost every y−1. Fixing ℓ ∈ {1, . . . , C}, for any 1 ≤ j1 < j2 ≤ na
ℓ ,

a
kaℓj1 ̸= a

kaℓj2 and a
kaℓj1
1 = a

kaℓj2
1 implies a

kaℓj1
−1 ̸= a

kaℓj2
−1 , and similarly for b. Thus, each term on

3
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the left-hand side of (4) has its unique coefficients, and similarly for the right-hand side. Since (4)
holds for almost every y−1, by the result for m − 1 variables, we must have na

ℓ = nb
ℓ and each

a
kaℓj
0 = b

kb
ℓπ(j)

0 and a
kaℓj
−1 = b

kb
ℓπ(j)

−1 for some permutation π of {1, . . . , na
ℓ}, which in turn implies

akaℓj = b
kb
ℓπ(j) for all j = 1, . . . , na

ℓ by construction of the groups ℓ = 1, . . . , C. Since this holds
for all ℓ, Na =

∑C
ℓ=1 n

a
ℓ =

∑C
ℓ=1 n

b
ℓ = Nb, and we have thus again matched each aℓ with a bℓ as

well as the corresponding a0’s with b0’s. This ends the proof for m, and the entire proof.

Proof [Proof of Theorem 6] Suppose G and G′ have the same node set V and are Markov equivalent,
otherwise the distributions represented by them are trivially not identical.

Now suppose p(Y ) is Markov and faithful with respect to G and G′, and factorize w.r.t. both
graphs with strong Hurdle polynomial parameters. Then by Proposition 8, there exist V1 and V2

such that V1 → V2 in G, V2 → V1 in G′ and P ≡ paG(V2)\{V1} = paG′(V1)\{V2}. Following
the arguments in the proof of Proposition 8 in Peters et al. (2014), recursively marginalizing out
nodes without children but having the same parents in both graphs, we eventually obtain structures
as follows, whereA and B are some unknown node sets and V2 does not have any children in Graph
G:

VA VP VA VP

↘ ⧸↘ ↖ ↙ ⧹
V1 → V2 V1 ← V2

↓ ↓
VB VB

Graph G Graph G′

We consider the (α, β, k)-parametrization only, since the result for the (p, µ, σ2) naturally fol-
lows from their relationship (5). For notational simplicity write V1 and V2 as nodes 1 and 2. Suppose
after marginalization above we are left with nodes V0 ⊆ V which include 1, 2, VA, VB and VP
illustrated above. Now let YU = 0 for all U ∈ V0\{2}, and let Y2 ̸= 0. Then the joint distribution
p(Y2 = y2 ̸= 0,yV0 = 0) using G is proportional to

∏
V ∈V0

exp{αV (ypaG(V ))1yv + βv(ypaG(V ))yV − kV y
2
V /2}√

2π/kV exp{αV (ypaG(V )) + βV (ypaG(V ))2/(2kV )}+ 1

∣∣∣∣∣∣
y2 ̸=0,yV0\{2}=0

∝ exp{β2(0)y2 − k2y
2
2/2}

since 2 does not have any child in G. But using G′, the same joint distribution is proportional to

∏
V ∈V0

exp{α′
V (ypaG′ (V ))1yV + β′

V (ypaG′ (V ))yV − k′V y
2
V /2}√

2π/k′V exp{α′
V (ypaG′ (V )) + β′

V (ypaG′ (V ))2/(2k
′
V )}+ 1

∣∣∣∣∣∣
y2 ̸=0,yV0\{2}=0

∝ exp{β′
2(0)y2 − k′2y

2
2/2}

×
∏

U∈P∪{1}, 2∈paG′ (U)

1√
2π/k′U exp{α′

U (y2,0) + β′
U (y2,0)

2/(2k′U )}+ 1

4
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where in the case where paG′(2) = ∅ replace α′
2(0) and β′

2(0) by constants α′
2 and β′

2, and
α′
U (y2,0) and β′

U (y2,0) denote setting all parents other than 2 in the Hurdle polynomials α′
U and

β′
U to 0. Since the two joint distributions derived from both graphs must be proportional to each

other, we get for y2 ̸= 0

exp
[
y2{β′

2(0)− β2(0)} − (k′2 − k2)y
2
2/2

]
∝

∏
U∈P∪{1}, 2∈paG′ (U)

[√
2π/k′U exp

{
α′
U (y2,0) + β′

U (y2,0)
2/(2k′U )

}
+ 1

]
. (5)

Note that 2 ∈ paG′(1) and thus the product on the right of (5) has at least one term. Thus, supposing
that for at least one of U ∈ P ∪ {1} such that 2 ∈ paG′(U), α′

U (Y2,0) + β′
U (Y2,0)

2/(2k′U ) is
nonconstant in Y2 ̸= 0, then the right-hand side of (5) can be expanded into a sum of at least two ex-
ponentials of polynomials in y2 (including the constant 1 as a degenerated exponential polynomial),
while the left-hand side is a single polynomial in y2. This is a contradiction according to Lemma
1, and thus the assumption of having strong Hurdle polynomials as the parameters in the Hurdle
conditionals implies that p(Y ) cannot be represented by both G and G′, which ends the proof.

Proof [Proof of Theorem 10] As in the proof of Theorem 6 using Proposition 8, under the assump-
tions there exist V1 and V2 such that P ≡ paG(V2)\{V1} = paG′(V1)\{V2} with V1 → V2 in G
and V2 → V1 in G′. Following the arguments in the proof of Proposition 8 in Peters et al. (2014),
recursively marginalizing out nodes without children but having the same parents in both graphs,
we again obtain structures as follows:

VA VP VA VP

↘ ⧸↘ ↖ ↙ ⧹
V1 → V2 V1 ← V2

↓ ↓
VB VB

Graph G Graph G′

To ease the notation assume we again write V1 = 1 and V2 = 2.Note that the distribution of each
node conditional on some other nodes is the sum of a point mass at 0 and a continuous distribution
over R, which follows by induction and the fact that the indefinite integral of a continuous density
is continuous and that the sum of continuous densities is continuous. We focus on the continuous
components, and wish to reach the conclusion using the factorization

P (y1, y2|YP = yP) = P (y1|YP = yP )P (y2|y1,YP = yP)

= P (y2|YP = yP)P (y1|y2,YP = yP),

where the second terms in both decompositions are a regular Hurdle conditional w.r.t. G and G′,
respectively, and we write the first terms as

P (y1|YP = yP) ∝ exp{1y1δ1 + f1(y1)}

5
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and
P (y2|YP = yP) ∝ exp{1y2δ

′
2 + f ′

2(y1)}
in terms of the conditional densities w.r.t. λ. Here f1 and f ′

2 are continuous functions in R with no
additive constant term, and δ1 and δ′2 are constants.

We prove the results in the (α, β, k)-parameterization only, since results for the (p, µ, σ2)-
parameterization would follow from their relationship (5). In our model, we assumed the α and
β parameters for each node to be polynomial in the parents and their indicators. We also assumed
that for each node, either the β function is nonconstant in any of the parents, or α depends on the
value of all of its parents.

Consider a generic β function associated with some generic parent set P ≡ P1 ⊔ {p0} with
p0 ̸∈ P1 ̸= ∅ and suppose that β is nonconstant in any of P , and write β(yP) equivalently as
β(yp0 ,yP1). Then β(yP) has the form β−1(yP1) + β0(yP1)1y1 +

∑k
i=1 βi(yP1)y

i
1, where by

construction β−1 through βk are (potentially constant or even zero) Hurdle polynomials in yP1 , but
there must exist some j = 0, . . . , k such that βj is nonzero. By the lemma of Okamoto (1973),
βj(yP1) ̸= 0 for (Lebesgue) almost every yP1 ∈ R|P1|. Thus, β(yp0 ,yP1) is nonconstant in yp0 for
almost every yP1 ∈ R|P1|. Formally, define

Yβ,p0,P1 ≡
{
yP1 ∈ R|P1| : β (yp0 ,yP1) nonconstant function in yp0

}
.

Thus R|P1|\Yβ,p0,P1 has zero Lebesgue measure assuming β is nonconstant in its any of P . Hence,
by a similar argument, under the assumptions of the theorem, letting

Yα,β,p0,P1 ≡
{
yP1 ∈ R|P1| : β (yp0 ,yP1) nonconstant function in yp0 or

α (yp0 ,yP1) depends on the value of yp0} ,

the set R|P1|\Yα,β,p0,P1 has zero Lebesgue measure.
Now we go back to G and G′. Suppose P ≠ ∅ and that the Hurdle density of node 2 conditional

on {1}⊔P in G have α and β parameters α2(y1,yP) and β2(y1,yP), and let those for 1 conditional
on {2} ⊔ P in G′ be α′

1(y2,yP) and β′
1(y2,yP). We also denote Y∗ ≡ Yα2,β2,1,P ∩ Yα′

1,β
′
1,2,P ,

which by discussion above contains almost every yP ⊂ R|P|.
From now on we thus fix yP ∈ Y∗ and condition on YP = yP , and omit the dependency of the

α and β functions on P , and write them as scalar functions instead notation-wise. By discussion
above, β2 becomes a nonconstant function in y1 and β′

1 becomes a nonconstant function in y2. Note
that for P = ∅, we do not fix or condition on any parent variables and α′

1, α2, β′
1 and β2 are

automatically univariate functions, with β′
1 and β2 nonconstant by assumption.

The joint density of P (y1, y2|YP = yP) w.r.t. λ thus has two characterizations (up to normaliz-
ing constants)

exp{1y1δ1 + f1(y1) + 1y2α2(y1) + y2β2(y1)− y22k2/2}√
2π/k2 exp{α2(y1) + β2(y1)2/(2k2)}+ 1

∝ exp{1y2δ
′
2 + f ′

2(y2) + 1y1α
′
1(y2) + y1β

′
1(y2)− y21k

′
1/2}√

2π/k′1 exp[α
′
1(y2) + {β′

1(y2)}2/(2k′1)] + 1
, (6)

where α2(y1) has the form cα2,−1 + cα2,01y1 + cα2,1y1 + · · · + cα2,ky
k
1 with coefficients being

polynomials in yP and their indicators (or constants if P = ∅), and similarly for β2(y1), α′
1(y2)

6
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and β′
1(y2). Note that if the values of 1y1 and 1y2 are given, these four functions are just polynomials

in y1 and y2, respectively.
First condition on the event 1y1 = 1y2 = 1 that has a positive probability. Then (6) becomes

exp{f1(y1) + α2(y1) + y2β2(y1)− y22k2/2}√
2π/k2 exp{α2(y1) + β2(y1)2/(2k2)}+ 1

1y11y2 ,

∝ exp{f ′
2(y2) + α′

1(y2) + y1β
′
1(y2)− y21k

′
1/2}√

2π/k′1 exp{α′
1(y2) + (β′

1(y2))
2/(2k′1)}+ 1

1y11y2 , (7)

for all (y1, y2) ∈ (R\{0})2. (7) has the form

exp{f1(y1) + P1(y1, y2)}
exp{P2(y1)}+ 1

=
exp{f ′

2(y2) + P3(y1, y2)}
exp{P4(y2)}+ 1

,

where P1 and P3 are polynomials in y1 and y2 simultaneously, possibly with interactions from the
y2β2(y1) and y1β

′
1(y2) terms, and P2 and P4 are univariate polynomials in y1, y2, respectively. By

cross-multiplication,

exp{f1(y1) + P1(y1, y2) + P4(y2)}+ exp{f1(y1) + P1(y1, y2)}
= exp{f ′

2(y2) + P3(y1, y2) + P2(y1)}+ exp{f ′
2(y2) + P3(y1, y2)}. (8)

Differentiating both sides of (8) with respect to y1,

[
∂

∂y1
{f1(y1) + P1(y1, y2)}

]
exp {f1(y1) + P1(y1, y2) + P4(y2)}

+exp{f1(y1) + P1(y1, y2))}

=

[
∂

∂y1
{P3(y1, y2) + P2(y1)}

]
exp

{
f ′
2(y2) + P3(y1, y2) + P2(y1)

}
+

{
∂

∂y1
P3(y1, y2)

}
exp

{
f ′
2(y2) + P3(y1, y2)

}
. (9)

Plugging (8) into the left-hand side of (9),

[
∂

∂y1
{f1(y1) + P1(y1, y2)}

] [
exp

{
f ′
2(y2) + P3(y1, y2) + P2(y1)

}
+ exp

{
f ′
2(y2) + P3(y1, y2)

}]
=

[
∂

∂y1
{P3(y1, y2) + P2(y1)}

]
exp

{
f ′
2(y2) + P3(y1, y2) + P2(y1)

}
+

{
∂

∂y1
P3(y1, y2)

}
exp

{
f ′
2(y2) + P3(y1, y2)

}
,

7
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which simplifies to[
∂

∂y1
{f1(y1) + P1(y1, y2)− P3(y1, y2)− P2(y1)}

]
× exp

{
f ′
2(y2) + P3(y1, y2) + P2(y1)

}
+

[
∂

∂y1
{f1(y1) + P1(y1, y2)− P3(y1, y2)}

]
× exp

{
f ′
2(y2) + P3(y1, y2)

}
= 0.

Since exp {f ′
2(y2) + P3(y1, y2)} ≠ 0, this becomes[

∂

∂y1
{f1(y1) + P1(y1, y2)− P3(y1, y2)− P2(y1)}

]
exp {P2(y1)}

+

[
∂

∂y1
{f1(y1) + P1(y1, y2)− P3(y1, y2)}

]
= 0. (10)

Focusing on the components that involve y2, we see that[
∂

∂y1
{P1(y1, y2)− P3(y1, y2)}

]
[exp {P2(y1)}+ 1]

does not depend on y2. Since (exp(P2(y1)) + 1) > 0, we have

∂2

∂y1∂y2
{P1(y1, y2)− P3(y1, y2)} = 0.

Recall that

P1(y1, y2)− P3(y1, y2) = α2(y1) + y2β2(y1)− y22k2/2− α′
1(y2)− y1β

′
1(y2) + y21k

′
1/2. (11)

So 0 = ∂2

∂y1∂y2
{P1(y1, y2)− P3(y1, y2)} = dβ2(y1)

dy1
− dβ′

1(y2)
dy2

implies that β2 and β′
1 are both linear

with the same coefficient on the linear term. Now that β2 has the form β2(y1) = cβ2,−1+cβ2,01y1 +
cβ2,1y1, write β2;−1,0 ≡ cβ2,−1+ cβ2,0 = β2(0)+ cβ2,0 as a shorthand notation for β2 with indicator
set to 1 while y1 set to 0. Similarly define β′

1;−1,0 ≡ cβ′
1,−1 + cβ′

1,0
= β′

1(0) + cβ′
1,0

. Then for
y1, y2 ̸= 0 since cβ2,1 = cβ′

1,1
, we necessarily have

y2β2(y1)− y1β
′
1(y2) = y2(cβ2,−1 + cβ2,0 + cβ2,1y1)− y1(cβ′

1,−1 + cβ′
1,0

+ cβ′
1,1

y2)

= y2β2;−1,0 − y1β
′
1;−1,0,

and so by (11)

P1(y1, y2)− P3(y1, y2)

=
(
α2(y1)− y1β

′
1;−1,0 + y21k

′
1/2

)
−
(
α′
1(y2)− y2β2;−1,0 + y22k2/2

)
≡P1,3(y1)− (function in y2 only).

Plugging this into (10), we get[
d

dy1
{f1(y1) + P1,3(y1)− P2(y1)}

]
exp {P2(y1)}+

[
d

dy1
{f1(y1) + P1,3(y1)}

]
8
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equals 0, or equivalently[
d

dy1
{f1(y1) + P1,3(y1)}

]
[exp{P2(y1)}+ 1] =

{
d

dy1
P2(y1)

}
exp {P2(y1)} .

Then

f1(y1) =

∫
exp{P2(y1)}{dP2(y1)/ dy1}

exp{P2(y1)}+ 1
dy1 − P1,3(y1)

= log [1 + exp{P2(y1)}]− P1,3(y1) + const.

So for y1 ̸= 0,

exp(f1(y1)) ∝
1 + exp{P2(y1)}
exp{P1,3(y1)}

=
1 +

√
2π/k2 exp{α2(y1) + β2(y1)

2/(2k2)}
exp{α2(y1)− β′

1;−1,0y1 + y21k
′
1/2}

= exp{−α2(y1) + y1β
′
1;−1,0 − y21k

′
1/2}

+
√
2π/k2 exp{y1β′

1;−1,0 + β2(y1)
2/(2k2)− y21k

′
1/2}. (12)

Now condition on the event 1y1 = 1 and 1y2 = 0. Then (6) becomes

exp{f1(y1)}√
2π/k2 exp{α2(y1) + β2(y1)2/(2k2)}+ 1

1y1 ∝ exp{y1β′
1(0)− y21k

′
1/2}1y1 ,

which implies that for y1 ̸= 0,

exp {f1(y1)} ∝ exp{y1β′
1(0)− y21k

′
1/2}

+
√
2π/k2 exp

{
y1β

′
1(0)− y21k

′
1/2 + α2(y1) + β2(y1)

2/(2k2)
}
. (13)

Applying Lemma 1 to (12) and (13), by matching the terms we have (conditional on y1 ̸= 0) either

−α2(y1) + y1β
′
1;−1,0 = y1β

′
1(0) + const; or (14)

−α2(y1) + y1β
′
1;−1,0 = y1β

′
1(0) + α2(y1) + β2(y1)

2/(2k2) + const and

y1β
′
1;−1,0 + β2(y1)

2/(2k2) = y1β
′
1(0) + const. (15)

Conditional on y1 ̸= 0, in the first case (14), α2(y1) = y1cβ′
1,0

+ const; in the second case (15),
α2(y1)+β2(y1)

2/(2k2) = const and β2(y1)
2/(2k2) = −y1cβ′

1,0
+const, which implies β2(y1) =

const and α2(y1) = const for y1 ̸= 0, and cβ′
1,0

= 0, which in turn implies (14). Thus, in either
case, α2(y1) = cα2,01y1 + y1cβ′

1,0
+ const, i.e. α2 is linear (or constant) in y1 ̸= 0 with coefficient

on y1 equal to cβ′
1,0

. By (14) for y1 ̸= 0,

exp{f1(y1)} ∝ exp{y1β′
1(0)− y21k

′
1/2}

+
√

2π/k2 exp{y1β′
1;−1,0 + β2(y1)

2/(2k2)− y21k
′
1/2}, (16)

9
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clearly a single univariate Gaussian or a mixture of two univariate Gaussian distributions (since
β2 is at most linear in y1). Similarly, we must have α′

1(y2) = y2β2;−1,0 − y2β2(0) + const =
y2cβ2,0 + const for y2 ̸= 0, and for y2 ̸= 0

exp{f ′
2(y2)} ∝ exp{y2β2(0)− y22k2/2}

+
√

2π/k′1 exp{y2β2;−1,0 + β′
1(y2)

2/(2k′1)− y22k2/2}. (17)

Now suppose by contradiction that exp {f1(y1)} given y1 ̸= 0 has only one Gaussian compo-
nent, instead of being a sum of two Gaussian densities. Then by (16), β′

1(0) = β′
1;−1,0 and β2(y1)

is a constant given 1y1 , i.e. β2(y1) = cβ2,−1 + cβ2,0 = β2;−1,0 for y1 ̸= 0. Plugging this into
the left-hand side of (6) and integrating w.r.t. λ(y1), the continuous part (y2 ̸= 0) of the marginal
distribution of y2 given YP ≡ yP is

exp{f ′
2(y2)} ∝

exp{f1(0) + α2(0) + y2β2(0)− y22k2/2}√
2π/k2 exp{α2(0) + β2(0)2/(2k2)}+ 1

+ exp{y2β2;−1,0 − y22k2/2}
∫
R

exp{δ1 + f1(y1) + α2(y1)}√
2π/k2 exp{α2(y1) + β2(y1)2/(2k2)}+ 1

dy1,

which is a mixture between N (β2(0)/k2, 1/k2) and N (β2;−1,0/k2, 1/k2), i.e. the variance in both
components are equal. Note that the integral in the second term is a Lebesgue integral. This together
with (17) implies that β′

1(y2) cannot depend on the value of y2 given y2 ̸= 0, i.e. β′
1(y2) = cβ′

1,−1+
cβ′

1,0
= β′

1;−1,0. Since we already know that β′
1(0) = β′

1;−1,0 by discussion above, this implies that
β′
1 is an absolute constant in y2 and 1y2 , and also that α2 may depend on y1 only through 1y1 , a

contradiction to the assumption of the theorem.
Thus, (16) and (17) will both have to be mixtures of precisely two Gaussians, and so by defini-

tion the joint distribution p(Y ) of Y must be of 2-Gaussian type with respect to G and G′.

Proof [Proof of Corollary 11] When |V| = 2, in Proposition 8 we always have P = ∅ and V1

does not have a parent in G, so P (YV1 = y|YV1 ̸= 0) by definition is just a Gaussian, not a mixture
two Gaussians, and hence p(Y ) cannot be of 2-Gaussian type with respect to any pairs of distinct
Markov equivalent graphs.

Now consider |V| = 3, and assume the two vertices with reversible edges in Proposition 8 are
V1 and V2, and that V1 → V2 in G and V1 ← V2 in G′. If neither V1 or V2 has V3 as its parent in both
graphs, then we can marginalize V3 out and it reduces to the 2-d case. Suppose otherwise. Then we
must have (1) V1 → V2 ← V3 in G, or (2) V2 → V1 ← V3 in G′, or (3) an additional edge between
V1 and V3 added to (1), or (4) an additional edge between V2 and V3 added to (2).

For (1) and (2) both graphs are the only graph in their Markov equivalence class; for (3) the
reversible edge becomes V1—V3 violating the assumption (and in fact one can marginalize out the
common child V2 and get back to the 2-d case), and similarly for (4). Thus, we have again ruled out
the possibility of any pair of distinct Markov equivalent graphs with respect to which p(Y ) can be
of 2-Gaussian type.

Remark 2 In the proof of Theorem 10, we proved that whenever p(Y ) factorizes with respect to
two distinct graphs G and G′ (whenever identifiability does not hold), everything up to (17) in the

10
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proof must hold. Specifically, conditioning on almost every yP , α2 and β2 in G as well as α′
1 and

β′
1 in G′ can be at most linear in y1 and y2, respectively, namely

β′
1(y2) = cβ′

1,−1 + cβ′
1,0
1y2 + cβ′

1,1
y2, β2(y1) = cβ2,−1 + cβ2,01y1 + cβ2,1y1,

α′
1(y2) = cα′

1,−1 + cα′
1,0
1y2 + cα′

1,1
y2, α2(y1) = cα2,−1 + cα2,01y1 + cα2,1y1,

with coefficients depending on yP where

cα′
1,1

= cβ2,0, cα2,1 = cβ′
1,0

, cβ′
1,1

= cβ2,1. (18)

It is noted that, although not used in deriving our conclusion involving 2-Gaussian type distribu-
tions, we in addition also have the following results.

cα′
1,−1 = cα2,−1, cα′

1,0
= cα2,0, cα′

1,−1 + cα′
1,0

= cα2,−1 + cα2,0 = 0.

These might shed some light on how to show that distributions of 2-Gaussian type do not exist for a
general m ≥ 4.

Proof [Proof of Remark 2]
By (6), (16), (17), the joint distribution of Y1 and Y2 conditional on YP has two characterizations

(up to normalizing constants)

exp{1y1δ1 + y1β
′
1(0)− y21k

′
1/2 + 1y2α2(y1) + y2β2(y1)− y22k2/2}√

2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

+

√
2π/k2 exp{1y1δ1 + y1β

′
1;−1,0 + β2(y1)

2/(2k2)− y21k
′
1/2 + 1y2α2(y1) + y2β2(y1)− y22k2/2}√

2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

∝ exp{1y2δ
′
2 + y2β2(0)− y22k2/2 + 1y1α

′
1(y2) + y1β

′
1(y2)− y21k

′
1/2}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

+

√
2π/k′1 exp{1y2δ

′
2 + y2β2;−1,0 + β′

1(y2)
2/(2k′1)− y22k2/2 + 1y1α

′
1(y2) + y1β

′
1(y2)− y21k

′
1/2}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

.

(19)

Divide both sides by exp(y1β
′
1(0)+y2β2(0)−y21k

′
1/2−y22k2/2) and expanding β′

1(y2) and β2(y1),
this becomes

exp{1y1δ1 + 1y2α2(y1) + y2cβ2,01y1 + y1y2cβ2,1}√
2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

+

√
2π/k2 exp{1y1δ1 + y1cβ′

1,0
+ β2(y1)

2/(2k2) + 1y2α2(y1) + y2cβ2,01y1 + y1y2cβ2,1}√
2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

∝
exp{1y2δ

′
2 + 1y1α

′
1(y2) + y1cβ′

1,0
1y2 + y1y2cβ′

1,1
}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

+

√
2π/k′1 exp{1y2δ

′
2 + y2cβ2,0 + β′

1(y2)
2/(2k′1) + 1y1α

′
1(y2) + y1cβ′

1,0
1y2 + y1y2cβ′

1,1
}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

.

11
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Now expanding α′
1(y2) and α2(y1) and using the relationships in (18), we divide both sides by

exp(y1cα2,11y2 + y2cβ2,01y1 + y1y2cβ2,1) = exp(y1cβ′
1,0
1y2 + y2cα′

1,1
1y1 + y1y2cβ2,1) and get

exp{1y1δ1 + 1y2(cα2,−1 + cα2,01y1)}√
2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

+

√
2π/k2 exp

{
1y1δ1 + y1cβ′

1,0
+ β2(y1)

2/(2k2) + 1y2(cα2,−1 + cα2,01y1)
}

√
2π/k2 exp {α2(y1) + β2(y1)2/(2k2)}+ 1

=C0

exp{1y2δ
′
2 + 1y1(cα′

1,−1 + cα′
1,0
1y2)}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

+C0

√
2π/k′1 exp{1y2δ

′
2 + y2cβ2,0 + β′

1(y2)
2/(2k′1) + 1y1(cα′

1,−1 + cα′
1,0
1y2)}√

2π/k′1 exp {α′
1(y2) + β′

1(y2)
2/(2k′1)}+ 1

(20)

for some C0. Setting 1y1 = 1y2 = 0 (20) becomes

1 +
√
2π/k2 exp{c2β2,−1/(2k2)}√

2π/k2 exp{cα2,−1 + c2β2,−1/(2k2)}+ 1
= C0

1 +
√

2π/k′1 exp{c2β′
11,−1/(2k

′
1)}√

2π/k′1 exp{cα′
1,−1 + c2

β′
1,−1

/(2k′1)}+ 1
,

(21)

and with 1y1 ̸= 0, 1y2 = 0 (20) becomes

exp(δ1)
1 +

√
2π/k2 exp{y1cβ′

1,0
+ β2(y1)

2/(2k2)}√
2π/k2 exp{cα2,−1 + cα2,0 + cα2,1y1 + β2(y1)2/(2k2)}+ 1

= C0 exp(cα′
1,−1)

1 +
√

2π/k′1 exp{c2β′
11,−1/(2k

′
1)}√

2π/k′1 exp{cα′
1,−1 + c2

β′
1,−1

/(2k′1)}+ 1
. (22)

Since the right-hand side of (22) is a constant, by matching the numerator and the denominator of
the left-hand side using Lemma 1, we must have either (i) y1cβ′

1,0
+ β2(y1)

2/(2k2) = cα2,−1 +

cα2,0 + cα2,1y1 + β2(y1)
2/(2k2), or (ii) y1cβ′

1,0
+ β2(y1)

2/(2k2) = const for y1 ̸= 0. But (ii)
implies that cβ2,1 = cβ′

1,0
= 0, which by cβ′

1,1
= cβ2,1 implies that β′

1 is an absolute constant in
y2 ∈ R, a violation to the assumption. Thus (i) holds, and by cβ′

1,0
= cα2,1 this implies that

α2;−1,0 ≡ cα2,−1 + cα2,0 = 0, and by symmetry α′
1;−1,0 ≡ cα′

1,−1 + cα′
1,0

= 0. (23)

Thus the left-hand side of (22) is just exp(δ1). Note that the right-hand side of (22) is exp(cα′
1,−1)

times the right-hand side of (21). So by equating the left-hand side of (22) with exp(cα′
1,−1) times

the left-hand side of (21) we have

exp(δ1) = exp
(
c′α1,−1

) 1 +
√

2π/k2 exp
{
c2β2,−1/(2k2)

}
√
2π/k2 exp

{
cα2,−1 + c2β2,−1/(2k2)

}
+ 1)

(24)

and similarly

exp(δ′2) = exp (cα2,−1)
1 +

√
2π/k′1 exp

{
c2β′

11,−1/(2k
′
1)
}

√
2π/k′1 exp

{
cα′

1,−1 + c2
β′
1,−1

/(2k′1)
}
+ 1

. (25)

12
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Now by (23), with 1y1 = 1y2 = 1, (20) simplifies to exp(δ1) = C0 · exp(δ′2). Thus by (21), (24)
and (25), one get

C0 =
exp(δ1)

exp(δ′2)
=

exp(c′α1,−1)
1+
√

2π/k2 exp
{
c2β2,−1/(2k2)

}
√

2π/k2 exp
{
cα2,−1+c2β2,−1/(2k2))+1

}

exp(cα2,−1)
1+
√

2π/k′1 exp

{
c2
β′11,−1

/(2k′1)

}
√

2π/k′1 exp

{
cα′

1,−1+c2
β′1,−1

/(2k′1)

}
+1

=
exp(c′α1,−1)

exp(cα2,−1)
C0

and thus c′α1,−1 = cα2,−1. Combining with (23), we get

cα′
1,−1 = cα2,−1, cα′

1,0
= cα2,0, cα′

1,−1 + cα′
1,0

= cα2,−1 + cα2,0 = 0. (26)

Note that this result holds as long as we assume identifiability does not hold.

B. Results of Additional Numerical Experiments

Here we provide additional details and results of numerical experiments.
Figure 1 shows the true DAG structures used in the simulation studies in Section 5.
In Figure S2, we present pairwise scatter plots of one instance of data generated with the chain

graph (upper row) and the complete graph (lower row), respectively, both with (p, µ, k)-linear
parametrization. Since the true topological ordering is 1 → 2 → 3 → 4 → 5, for clarity we
exclude the source and sink nodes (1 and 5) and only include nodes 2, 3 and 4. Plots on the left are

Chain, m = 5 Complete, m = 5 Lattice, m = 9

Star-in, m = 9 Star-out, m = 9 Tree, m = 10

Figure 1: Example graph structures used in our experiments.

13
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plotted in the order 2, 3, 4 and those on the right are reversed. In the histograms on the diagonals we
only plot the continuous part.

The scatter plots indicate a slight difference in the respective marginal distributions of nodes 2
and 4 conditioned on node 3 being 0 (and vice versa). This difference intuitively explains how the
orientation 2 → 3 → 4 versus 4 → 3 → 2 can be identified. It is worth noting that other than
this difference, the marginal statistics for the three nodes are indistinguishable and there is little
noticeable difference between plots on the left and on the right.

B.1. Additional Results for Exhaustive Search

Recall that we consider the following DAG structures: (i) chain graph with m = 10, (ii) complete
graph with m = 10, (iii) lattice graph with m = 9; see Figure 1 in B for an illustration of the DAG
structures.

The results for correctly specified models are shown in Figures S3–S5. Each figure has one true
underlying DAG from those mentioned above. In all figures, each row indicates one choice of true
data generating parametrization—(α, β, k)-linear, and (p, µ, σ2)-linear and quadratic—and each
column shows the results using each estimating parametrization. Thus, plots on the diagonal (with
bold titles) correspond to correct parametrizations, where the estimating parametrization agrees with
the truth. Off-diagonal plots, in contrast, correspond to cases where the model parametrization is
misspecified.

The results indeed indicate that in all settings, exhaustive search with correct parametrization
almost always identifies the exact DAG for large n. Surprisingly, model misspecification does
not seem to negatively impact the results by a significant amount. Overall, our simulation studies
confirm the identifiability theory (Theorem 6).

Figure S6–S8 show exact recovery rates. In the plots, exact success rates are measured by the
percentage of times (out of B = 100 iterations for each setting) that the exact DAG is recovered,
whereas the equivalent success rates stand for the percentage of times the equivalence class of DAG
is correctly identified, and are thus no less than the exact success rates.

B.2. Results for Greedy Search (GDS)

To evaluate the performance of greedy search we consider the following graphs: (i) chain graph
with m = 100, (ii) complete graph with m = 10, (iii) lattice graph with m = 100, (iv) star-in graph
with m = 20 (j → 1 for j = 2, . . . ,m), (v) star-out graph with m = 100 (1→ j for = 2, . . . ,m),
(vi) tree graph with m = 100 (j → 2j for j ≤ ⌊m/2⌋ and j → 2j + 1 for j ≤ ⌊(m− 1)/2⌋).

Results for the greedy search algorithm are shown in Figures S9 and S10, where each row
corresponds to a different true graph, and each column corresponds to one of the three aforemen-
tioned parametrizations, where for simplicity we only present the results with correctly specified
parametrization.

The results indicate that GDS works reasonably well in all settings but may require larger sam-
ples for recovering the structure of complete/ very dense graphs, or graphs with high in-degrees.
While exhaustive search often succeeds with high probability even with small samples, it may not
be scalable for large m. In such cases, the greedy and faster GDS method, which shows promising
results, provides a viable alternative. Utilizing the stability selection method of Shah and Samworth
(2013) can further improve the GDS results.
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Variable 3

Cor:
−0.43
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Figure S2: Pairwise scatterplots of zero-inflated data generated using chain graphs (upper row) and
complete graphs (lower row), both with topological ordering 1 → 2 → 3 → 4 → 5;
only nodes 2, 3 and 4 are plotted. Plots on the left are plotted in the order 2, 3, 4, and
4, 3, 2 on the right. Only the continuous part is plotted in the histograms on the diago-
nals. There is little noticeable difference between the histograms and scatter plots when
we reverse the graph order, yet our methods can still determine the correct topological
ordering.
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Figure S3: Chain graph, m = 10, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘♢’ with solid lines: true positive
rate; ‘∆’ with dashed lines: false discovery rate.
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Figure S4: Complete graph, m = 10, exhaustive search. Each row corresponds to a different gen-
erating parametrization, and each column a different estimating parametrization. Gen-
erating and estimating parametrizations agree on the diagonal. ‘♢’ with solid lines: true
positive rate; ‘∆’ with dashed lines: false discovery rate.
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Figure S5: Lattice graph, m = 9, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘♢’ with solid lines: true positive
rate; ‘∆’ with dashed lines: false discovery rate.
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Figure S6: Chain graph, m = 10, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘◦’ with solid lines: success rates
of exact DAG recovery; ‘∇’ with dashed lines: success rates for recovery of equivalence
class.
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Figure S7: Complete graph, m = 10, exhaustive search. Each row corresponds to a different gener-
ating parametrization, and each column a different estimating parametrization. Generat-
ing and estimating parametrizations agree on the diagonal. ‘◦’ with solid lines: success
rates of exact DAG recovery; ‘∇’ with dashed lines: success rates for recovery of equiv-
alence class.
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Figure S8: Lattice graph, m = 9, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘◦’ with solid lines: success rates
of exact DAG recovery; ‘∇’ with dashed lines: success rates for recovery of equivalence
class.

B.3. Details on Estimation of Connected Components

In this section we present simulation results validating our the strategy in Section 4.2, namely first
applying the procedure of McDavid et al. (2019), then estimating the directed graphs inside each
connected component of its estimated undirected graph. We measure the quality of the connected
components (CC) estimated compared to the truth. The underlying true graph is a block-diagonal
graph with m = 100 nodes, evenly divided into 10 connected components, where each connected
component has the exact same setting as the complete graph with m = 10 nodes in previous sec-
tions. Specifically in each trial, we apply the method of McDavid et al. (2019), pick the estimate
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Figure S9: Results for GDS for chain graph with m = 100, complete graph with m = 10 and
lattice graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘♢’ with solid lines: true positive rate; ‘∆’
with dashed lines: false discovery rate.

that minimizes the BIC (with the exception of metric (b) below) and use the “and” rule to find the
undirected graph (since the estimate is asymmetric due to their neighborhood selection method).

As in Section B.2, each column corresponds to a different parametrization (estimating parametriza-
tion = truth). As before all results shown are averaged over 100 trials. Each row contains two
different metrics with value in [0, 1], which we explain below.

(a) “Subset/eq CCs”: A trial is count as successful if each true CC is a subset of some esti-
mated CC, i.e. if any two truly connected nodes are estimated to belong to the same CC; the
proportion of successful trials is reported.
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Figure S10: Results for GDS for star in graph with m = 20, star out graph with m = 100 and
tree graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘♢’ with solid lines: true positive rate; ‘∆’
with dashed lines: false discovery rate.

(b) “Correct CCs-Oracle”: From the solution path of McDavid et al. (2019) we take the graph
assuming we know the true number of CCs. Then a trial counts as successful if the estimated
CCs are exactly equal to the truth, and the proportion of successful trials is reported.

(c) “Correct #CCs”: A trial is treated as successful if the estimated number of CCs is equal to the
truth (10), and the proportion of successful trials is reported.

(d) “Avg #CCs/10”: Average of the estimated numbers of CCs over 100 trials, divided by the
truth (10).
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Figure S11: Results for GDS for chain graph with m = 100, complete graph with m = 10 and
lattice graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘◦’ with solid lines: success rates of exact
DAG recovery; ‘∇’ with dashed lines: success rates for recovery of equivalence class.

(e)&(f) “TP/FDR”: The true positive rate and false discovery rate for undirected graph recovery.

A high (a) metric guards against the mistake of failing to keep two truly connected nodes in the
same CC, while (c) and (d) measure how many CCs the procedure actually generates, since the
trivial case where all nodes form a single CC is undesirable. Note this characterizes the statistical
versus computational trade-off discussed in Section 4.2. Metric (b), on the other hand, attempts to
test if the procedure can become perfect had it known the true number of CCs. Metrics (e) and (f)
provide additional information from the edge recovery perspective in terms of undirected graphs.
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Figure S12: Results for GDS for star in graph with m = 20, star out graph with m = 100 and
tree graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘◦’ with solid lines: success rates of exact
DAG recovery; ‘∇’ with dashed lines: success rates for recovery of equivalence class.

Except for (f) which should be close to 0, one would hope for (a)–(e) to be close to 1, which indeed
is the case, except for the number of CCs for the α, β, k parametrization.
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