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A. Proofs

In this appendix we present proofs for the theorems and corollaries in the paper.

We first prove the following lemma that states that if two sums of distinct (ignoring the multi-
plicative constant) exponentials of polynomials in y € R™ agree almost everywhere in R™, then
they must have the same number of terms and there must be a 1-1 correspondence between the
terms.

Lemma 1 Let the number of variable be m > 1 and the degree be p > 1. Let D = {d € VA
1< Z;nzl d; < p} be the set of nonnegative integer-valued m-vectors with {1 norm € [1,p]. Given

a vector a € RIP! indexed by d € D (i.e. ag € R for all d € D), define

) (yia)=exp | Y aa[]u |

deD j=1

the exponential of the corresponding polynomial of degree < p iny € R™. Note that f™) does not
have a constant term, and has degrees d € D and coefficients a.
Suppose we have

Ng Nb
S ah ) (yal) = 3 O (y: b) (1)
i=1 i=1

for almost every y = (y1,...,ym) € R with respect to the Lebesgue measure, where N, > 0,

Ny >0, {a’} e, are N, distinct vectors in RIP|, {bi}i\ibl are Ny distinct vectors in RIP! (otherwise
just combine the coefficients), and a%, bf] € R\{0} for all i. In other words, both sides of (1) are a
sum of distinct exponentials of polynomials.

Then we must have N, = N, and there is a permutation 7 of {1, ..., N,} such that a* = b™®
(%)

and a% = bg , i.e. there is a 1-1 correspondence between the summands on both sides of (1).
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Proof [Proof of Lemma 1] First note that both sides of (1) are continuous functions, and so is their
difference, which is 0 almost everywhere by assumption. Thus, the inverse image of the open set
R\ {0} under the difference is also open, and must be the empty set since it has measure 0. (1) thus
holds for all y € R™.

We prove by induction on m, and first show the result for m = 1. In this case, f(V(y1;a) =
exp(a1y; + -+ apy’f), and a is just a p-vector.

First suppose N, # 0 and N, # 0. Observe that as z " +oo, if ag # 0, the function
agexp(air + - - - + apxP) goes to

(i) ap #0ifa; =---=a, =0,0r
(i) 0ifag,, () <O where dmaxo(a) is the largest d € {1,...,p} such that ag # 0, or

(iii) +ooif ag,, (@) >0

Rearrange the terms on the left of (1) so that foreach 1 < ¢ < j7 < N, we have (ai —
aj)dmax Lo(ai—ai) > 0, and denote this total order as a® > a’. Rearrange the right-hand side
similarly. By the assumption that {ai}f\iﬁ are distinct, @’ — a? # 0, 50 dyax0(a’ — a@’) exists and
this rearrangement is possible. Now dividing both sides of (1) by f()(y1;a') = exp(aly; + - +
ayy}) we have

N Ny
aj+ Y _apfDia’ —a) => bV (b —al). )
i im1

Since a(l) # 0, and by the unique maximality of a', as y; * +o00, all terms in the summation
on the left go to 0 (case (ii)). Thus, the right-hand side necessarily also goes to aj # 0, landing us
in case (i) for at least one (and only one because b are unique) term on the right, i.e. b —a' =0.
(A nonzero finite limit cannot come from a sum of terms that go to +oco with positive and negative
weights, since they must grow at different rates by uniqueness of b* —a'.) Since summands on both
sides are sorted, we must have b' = a'.

Then (2) becomes aj, — b} + Zf\ia abfD(yp;a’ —a') = Zfi’b by fD (y1; b° —al). If a} # by,
by the same reasoning there exists another i € {2,..., N} such that b — a' = 0, violating
uniqueness of {bl}f\ﬁ’l Thus, a} = b} and a' = b', and we have reduced the number of summands

on both sides of (2) by 1 to
Na ) ' Ny 4 '
S abfDya’ —at) =S bW (g b - al).
1=2 i=2

Continuing this process by each time dividing both sides by f()(y1; a/ —a’~1), we would have
matched min{N,, Ny} pairs of coefficients between the a and the b groups. If N, # N, assume
N, > N, without loss of generality, then

N1
Z aéf(l)(yl; a’ — aNb) = const.
i=Ny+1

Here the right-hand side is a constant that could be nonzero, because the argument for aj = b}
in our first elimination step does not apply here. Dividing both sides by f (1)(y1; a’otl — o),
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we have a) ! + SN Ny 12 @ f P (y1;al — a1ty = W (yy;a™r — a™T). By maximality of
a™+1 among @™ot ... aMNe, the left-hand side goes to ag**! # 0 as y; * +oo, while since
a™e > g™t the right- hand 51de goes to 400, a contradlctlon. Thus, N, = N, ag = bg and
a’ =b'fori=1,..., N, proving the m = 1 case when N, # 0 and N, # 0.

Now consider the case where one of NV, and IV, is 0; assume without loss of generality that
N, = 0, then by division by f(1) (y1; @), the right-hand side is constant 0, while the left-hand side
goes to a} # 0 unless N, = 0,s0 N, = N, = 0.

Now suppose the result holds for some m — 1 > 1, and suppose either N, # 0 or N, # 0,
otherwise there is nothing to prove. We denote a; as the subvector of a corresponding to d with
di > 1,ie. {ag}tdep, d,>1, and a_; as that of a with d; = 0. Separating out the terms involving

y17

p
" (y;a’) =exp Y
d=1

€D, d;

=Y (yr;al,(y—1)) F" D (y_1;a’y),

where a’,(y_1) : R™~! — RP is a vector-valued function in y_1, with d-th coordinate a polyno-

aizHyjj y? exXp Z afznyjj

d =d j=2 deD,d1=0 j=2

. ; d; . . ; .
mial ) deD, dy—=d Yd H?:g y;’,and coefﬁcg:nts correspondmg to a}. Note that there is a one-to-one
correspondence between such a function aj, and vector aj. So we can rewrite (1) as

> ahfD(ial,(y-1) f "V (yo1ialy) Zb Y13 b (y-)) D (g 6L)

i=1

for all y € R™. Then collecting terms with the same f(!) (same a} (a?,) or b% (b},)),

¢ kb
Zf( y1701* y_ 1 Zaoijfm 1) (y_ La Z] +Zb fjf(m 1) (y_ ’bjj) :O, (3)
/=1

Jj=1 Jj=1

where C' > 0, each ¢} (coefficients for ¢f,) is some a} or b}, and {c{}5_, are distinct. Here, let
{k{y,... ,k:in(f, co kR k‘%n%} be a permutation of {1,..., N,}, and {k},, ... ,k:ll’ b

k%l, ... ,kgnb } a permutation of {1,..., Ny}.
C

Since {c{}7 , are distinct, {c!,}7 , are distinct finite polynomials in y_; € R™~L. For each
pair of such distinct polynomials, the lemma of Okamoto (1973) implies that they only agree at a
Lebesgue-null subset of R” 1, so all polynomials are distinct except on a null set. Thus, for almost
every fixed y_; € R™~1, the left-hand side of (3) is a sum of C' > 0 distinct f Mg in 4, multiplied
by constant weights depending on y_;. But the right-hand side is a sum of 0 terms, so by the result
for m = 1 we necessarily have

Za“ﬂm D(y_1;a"9) Z gt fn D (g6 )
7=1

7j=1

forall £ = 1,...,C for almost every y_1. lemg E E {1,...,C}, forany 1 < ji < jo < nf,

£j2

ka. ka. k k .
a1 # a %2 and a1 = a,”? implies a_]' # a_ ’2 , and similarly for b. Thus, each term on
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the left-hand side of (4) has its unique coefficients, and similarly for the right-hand side. Since (4)
holds for almost every y_1, by the result for m — 1 variables, we must have nj = n’g and each

k2. Kb .. k2. Kb .
ao“ = boem) and af{ = bff @) for some permutation 7 of {1,... ,ng}, which in turn implies
a b
a’li = bFix6) for all j=1...,n} by construction of the groups £ = 1,...,C. Since this holds
forall 4, N, = Zz 1ny = Zf 1 ”g Ny, and we have thus again matched each a’ with a b’ as
well as the corresponding ag’s with by’s. This ends the proof for m, and the entire proof. |

Proof [Proof of Theorem 6] Suppose G and G’ have the same node set V and are Markov equivalent,
otherwise the distributions represented by them are trivially not identical.

Now suppose p(Y') is Markov and faithful with respect to G and G’, and factorize w.r.t. both
graphs with strong Hurdle polynomial parameters. Then by Proposition 8, there exist V; and V5
such that Vi — Vo in G, Vo — Vi in G’ and P = pag(V2)\{Vi} = pag/(V1)\{V2}. Following
the arguments in the proof of Proposition 8 in Peters et al. (2014), recursively marginalizing out
nodes without children but having the same parents in both graphs, we eventually obtain structures
as follows, where .4 and B are some unknown node sets and V5 does not have any children in Graph

g:

Vi Vp Vi Vp
NN\ ENDZRN
Vi—=V, Vi<V,
{ {
Vi Vi
Graph G Graph G’

We consider the (a, 3, k)-parametrization only, since the result for the (p, ;1, %) naturally fol-
lows from their relationship (5). For notational simplicity write V; and V5 as nodes 1 and 2. Suppose
after marginalization above we are left with nodes V3 C V which include 1, 2, V4, Vg and Vp
illustrated above. Now let Yy = 0 for all U € Vy\{2}, and let Yo # 0. Then the joint distribution
p(Ya = y2 # 0, yy, = 0) using G is proportional to

H exp{av ypag(V))]lyv + By (ypag(V))yV - k\/yv/2}
vey, V 27T/kV exp{av ypag(V ) + BV(ypag(V ) /(2kV)} +1

y270,4yg\ {2} =0
o exp{Ba(0)y2 — koy3/2}

since 2 does not have any child in G. But using G, the same joint distribution is proportional to

H exp{ozv ypag/(V)) yy T Bv(ypag/(\/)) - k(/y\Q//Q}
AL B TR explady (Upag ) + By (Ypag, ()2 (2K} )} + 1

o exp{ﬁé( Yy2 — k: 93/2}

y270,yp\ {21 =0

1
X
ety 01 VTP 001+ s OF B
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where in the case where pag/(2) = @ replace o4 (0) and 35(0) by constants o4, and (35, and
ay;(y2,0) and 3}, (y2,0) denote setting all parents other than 2 in the Hurdle polynomials oy, and
By, to 0. Since the two joint distributions derived from both graphs must be proportional to each
other, we get for yo # 0

exp [y2{B3(0) — B2(0)} — (k) — k2)y3/2]
o 11 \/ 27 /Ky exp {ags (g2, 0) + B (y2,0)%/(2k) } + 1| . (5)

UecPU{1},2€pag (U)

Note that 2 € pag, (1) and thus the product on the right of (5) has at least one term. Thus, supposing
that for at least one of U € P U {1} such that 2 € pag (U), a};(Y2,0) + 3;;(Y2,0)%/(2ky,) is
nonconstant in Y2 # 0, then the right-hand side of (5) can be expanded into a sum of at least two ex-
ponentials of polynomials in ¥ (including the constant 1 as a degenerated exponential polynomial),
while the left-hand side is a single polynomial in 4. This is a contradiction according to Lemma
1, and thus the assumption of having strong Hurdle polynomials as the parameters in the Hurdle
conditionals implies that p(Y") cannot be represented by both G and G’, which ends the proof. W

Proof [Proof of Theorem 10] As in the proof of Theorem 6 using Proposition 8, under the assump-
tions there exist V7 and V5 such that P = pag(V2)\{Vi} = pag (V1)\{V2} with Vi — V2 in G
and Vo — V7 in G'. Following the arguments in the proof of Proposition 8 in Peters et al. (2014),
recursively marginalizing out nodes without children but having the same parents in both graphs,
we again obtain structures as follows:

V4 Vp V4 Vp
NN ANIVARN
Vi—V i<V,
I l
Vi Vi
Graph G Graph G’

To ease the notation assume we again write V7 = 1 and Vo = 2.Note that the distribution of each
node conditional on some other nodes is the sum of a point mass at 0 and a continuous distribution
over R, which follows by induction and the fact that the indefinite integral of a continuous density
is continuous and that the sum of continuous densities is continuous. We focus on the continuous
components, and wish to reach the conclusion using the factorization

P(y1,2|Yp = yp) = P(1|Yr = yp)P(y2|y1. YP = yp)
= P(y2|Yr = yp) P(y1ly2, Y = yp),

where the second terms in both decompositions are a regular Hurdle conditional w.r.t. G and G,
respectively, and we write the first terms as

P(y1|Yp = yp) o< exp{ly, 61 + fi(y1)}



YU DRTON SHOIJAIE

and

P(y2|Yp = yp) oc exp{1ly,d + f5(y1)}
in terms of the conditional densities w.r.t. \. Here f; and f} are continuous functions in R with no
additive constant term, and ¢; and 0}, are constants.

We prove the results in the («, 3, k)-parameterization only, since results for the (p, 1, o?)-
parameterization would follow from their relationship (5). In our model, we assumed the « and
5 parameters for each node to be polynomial in the parents and their indicators. We also assumed
that for each node, either the 3 function is nonconstant in any of the parents, or o depends on the
value of all of its parents.

Consider a generic 8 function associated with some generic parent set P = P; U {pg} with
po € P1 # & and suppose that [ is nonconstant in any of P, and write (yp) equivalently as
B(Ypoyp,). Then B(yp) has the form B_1(yp,) + Bo(yp,) Ly, + Sory Bi(yp,)y;. where by
construction 5_; through [}, are (potentially constant or even zero) Hurdle polynomials in yp,, but
there must exist some j = 0,...,k such that 3; is nonzero. By the lemma of Okamoto (1973),
Bj(yp,) # 0 for (Lebesgue) almost every yp, € RP1l, Thus, 8 (Ypo> Yp, ) is nonconstant in y,,, for
almost every yp, € RIPAI, Formally, define

V8. poPr = {yp1 eRPl:p (Ypo, yp, ) nonconstant function in ypo} .

Thus RI71| \V3,po,P, has zero Lebesgue measure assuming 3 is nonconstant in its any of 7. Hence,
by a similar argument, under the assumptions of the theorem, letting

Vo B poPr = {ypl eR™l: 3 (Ypo> yp, ) nonconstant function in y,,, or

a (Ypo, yp,) depends on the value of y, } ,

the set RIP1\Y), 5., p, has zero Lebesgue measure.

Now we go back to G and G’. Suppose P # & and that the Hurdle density of node 2 conditional
on {1} P in G have « and (3 parameters o (y1, yp) and B2(y1, yp), and let those for 1 conditional
on {2} UP in G’ be o] (y2,yp) and [} (y2, yp). We also denote YV, = Y, 8,12 N Vei, 82,75
which by discussion above contains almost every yp C RI7!.

From now on we thus fix yp € Y, and condition on Y» = yp, and omit the dependency of the
« and f functions on P, and write them as scalar functions instead notation-wise. By discussion
above, (32 becomes a nonconstant function in y; and ﬁi becomes a nonconstant function in y,. Note
that for P = @, we do not fix or condition on any parent variables and o/l, a9, 5{ and (39 are
automatically univariate functions, with 8] and 3 nonconstant by assumption.

The joint density of P(y1,y2|Yp = yp) w.r.t. A thus has two characterizations (up to normaliz-
ing constants)

exp{Ly, 01 + fi(y1) + Ly, c2(y1) +y2Ba(y1) — y3ka/2}
V27 [kyexp{az(y1) + Ba(y1)?/(2k2)} + 1
exp{ly, 05 + f3(y2) + 1y, 4 (y2) + 1181 (y2) — yiki/2}
V27 [k explad (y2) + {81 (y2) }2/(2k1)] + 1 7

where ao(y1) has the form ca, —1 + Cap,0ly; + Cavays + -+ + camky’f with coefficients being
polynomials in yp and their indicators (or constants if P = &), and similarly for S2(y1), ¢/} (y2)

(6)
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and 3] (y2). Note that if the values of 1, and 1,, are given, these four functions are just polynomials
in y; and yo, respectively.

First condition on the event 1,,, = 1,, = 1 that has a positive probability. Then (6) becomes

exp{f1(y1) + 2(y1) + y282(y1) — yska/2} 1
V2 /kyexplaa(yr) + Ba(y1)?/(2k2)} +1
i f(ye) + i (y2) + 1B (o) — yiki/2}
V2 [R; exp{ad (y2) + (81 (y2))2/(2k5)} +1 7"

(N

for all (y1,v2) € (R\{0})2. (7) has the form

exp{fi(y1) + Pi(y1,92)} _ exp{fo(y2) + Ps(y1,92)}
exp{P(y1)} + 1 exp{Py(y2)} +1

where P, and Ps are polynomials in y; and y» simultaneously, possibly with interactions from the
y2P2(y1) and y1 3} (y2) terms, and P» and Py are univariate polynomials in y1, y2, respectively. By
cross-multiplication,

exp{fi(y1) + P1(y1,92) + Pa(y2)} + exp{f1(y1) + Pi(y1,92)}
= exp{f3(y2) + P3(y1,y2) + Pa(y1)} + exp{f5(y2) + P3(y1,%2)}. (8)

Differentiating both sides of (8) with respect to y1,
[0
o {fi(1) + Pi(y1,y2)}| exp {fi(y1) + Pr(y1, y2) + Pa(y2)}

+exp{fi(y1) + Pi(y1,92))}

- 5(31 {Ps3(y1,92) + P2(yl)}} exp {fa(y2) + Pa(y1,y2) + Paly1) }

+{8aylP3(y1,y2)}exp{fé(y2)+P3(y1,y2)}, )

Plugging (8) into the left-hand side of (9),

8(?/1 {fi(p) + Pl(ylay2)}:| lexp { fa(y2) + Ps(y1,y2) + Pa(11) }
+ exp { fo(y2) + P3(y1,92) }]
0

= o {Ps(y1,92) + Pz(yl)}] exp { fo(y2) + Ps(y1,y2) + Pa(11) }

+ {aaylpi’)(yl, y2)} exp {fé(yQ) 4 P3(y1,y2)} :
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which simplifies to

; {fi(y1) + Pi(y1,92) — P3(y1,92) — Pz(yl)}]
Y1
X exp {fé(yz) + P3(y1,y2) + P2(yl>}
+ ai {fily1) + Pr(y1,y2) — Pg(y1,y2)}]
Y1

x exp { fo(y2) + P3(y1,42)} = 0.

Since exp { f4(y2) + Ps(y1,y2)} # 0, this becomes

aayl {fi(y) + Pi(y1,y2) — P3(y1,92) — P2(y1)}] exp {P2(y1)}

+|:aayl{fl(y1)+P1(y1’y2)_P3(y1,3/2)} =0. (10)

Focusing on the components that involve y5, we see that

- (Palno02) - P3<y1,yz>}] fexp {Payn)} + 1

does not depend on ys. Since (exp(P2(y1)) + 1) > 0, we have
82
0y10y2

{P1(y1,y2) — P3(y1,y2)} = 0.
Recall that
Pi(y1,92) — Ps(y1,y2) = a2(y1) + y2B2(y1) — yaka/2 — & (y2) — v181(y2) + yiki /2. (11)

2 d ds! . . .
S(? 0= W{Pl (yl, y2) — Pg(:yl, y2)} = %1531/1) — %1532’2) implies that B2 and (3] are both linear
with the same coefficient on the linear term. Now that /35 has the form 52 (y1) = ¢, —1+¢g,,01y, +
CBy Y1, Write Bo._10 = €g, —1+Cs,,0 = P2(0) + ¢s,,0 as a shorthand notation for 35 with indicator
set to 1 while y; set to 0. Similarly define 3._; o = ¢ _1 + cg0 = B1(0) + cg; 0. Then for

y1,y2 7 0since cg, 1 = gy 1, We necessarily have

Y202(y1) — 181 (y2) = y2(cpy—1 + o0 + Cap151) — y1(car 1 + cpr o+ o 1y2)
= 420210 — ¥181._1.0,
and so by (11)

Pi(y1,y2) — Ps(y1,92)
= (o2(y1) —n1B1_10 + ¥ik1/2) — (o) (y2) — y2B2 10 + Y3 k2/2)
= P 3(y1) — (function in y only).

Plugging this into (10), we get
d d
— {1(y1) + Prs(yr) — Pa(y1)} | exp{Pa(y1)} + | — {/1(y1) + Prs(y1)}
dyp dy

8



SUPPLEMENTARY MATERIAL FOR CAUSAL DISCOVERY FOR ZERO-INFLATED DATA

equals 0, or equivalently

o )+ P1,3<y1>}} exp{Pa(yn)} + 1) = {dP2(y1)} exp {Pa(un)}

dyr
Then
fily) = / exp{ii(ggj}z{(jf}(?ﬁ)l/ fu} dyr — Pr3(y1)
= log [1 + exp{P2(y1)}| — P1,3(y1) + const.
So for y; # 0,

1 + exp{P(y1)}
exp{P13(y1)}

_ 1+ /2n/kyexplas(yr) + Ba(y1)*/ (2k2)}
exp{az(y1) — B1,_1 091 + ¥k /2}

= exp{—a2(y1) + y18._10 — yik}/2}
+/ 27 ko exp{y1 81,10 + Ba(y1)?/ (2k2) — yik1/2}. (12)

exp(f1(y1))

Now condition on the event 1,,, = 1 and 1, = 0. Then (6) becomes

exp{/f1(y1)}
V2 [kz exp{aa(y1) + B2(y1)?/(2k2)} + 1

which implies that for y; # 0,

1, exp{ylﬂi(o) - Z/% /1/2}]1?;17

exp { f1(y1)} o< exp{y181(0) — yiki/2}
+ /21 /ka exp {y181(0) — YTk /2 + az(y1) + Ba(y1)?/(2k2) } . (13)

Applying Lemma 1 to (12) and (13), by matching the terms we have (conditional on y; # 0) either

—aa(y1) + 181,10 = y181(0) + const;  or (14)
—aa(y1) + 18110 = 1151(0) + aa(y1) + Ba(y1)?/(2ky) + const  and
Y1810 + B2(y1)?/(2k2) = y151(0) + const. (15)

Conditional on y; # 0, in the first case (14), as(y1) = Y1cp; o + const; in the second case (15),

as(y1) + B2(y1)?/(2k2) = const and B2(y1)?/(2k2) = —y1¢p o + const, which implies Ba(y1) =
const and ag(y1) = const for y; # 0, and cgro = 0, which in turn implies (14). Thus, in either
case, a2(Y1) = Cay,0ly, + Y105, 0 + const, i.e. as is linear (or constant) in y1 # 0 with coefficient
on y; equal to cg o. By (14) for y1 # 0,

exp{ f1(y1)} o exp{y131(0) — yiki/2}
+ V27 /ky exp{y1 81 _1 0 + Ba(y1)?/ (2k2) — yiki/2}, (16)
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clearly a single univariate Gaussian or a mixture of two univariate Gaussian distributions (since
B2 is at most linear in y;). Similarly, we must have o} (y2) = y282.-1,0 — y252(0) + const =
Y28, 0 + const for yo # 0, and for y # 0

exp{ f5(y2)} o exp{y282(0) — y3k2/2}
+ /27 /K] exp{yaBa—10 + B1(y2)°/ (2K1) — y3ka/2}.  (17)

Now suppose by contradiction that exp { f1(y1)} given y; # 0 has only one Gaussian compo-
nent, instead of being a sum of two Gaussian densities. Then by (16), 31(0) = 1. ;5 and B2(y1)
is a constant given 1, i.e. So(y1) = ¢gy—1 + 8,0 = Po,—1,0 for y1 # 0. Plugging this into
the left-hand side of (6) and integrating w.r.t. A(y;), the continuous part (yo # 0) of the marginal
distribution of 9 given Yp = yp is

exp{f1(0) + a2(0) + 4282(0) — y3k»/2}
/21 k2 exp{az(0) + B2(0)2/(2k2)} + 1

5 exp{d1 + fi(y1) + aa(y1)}
+explysbu-to ~ take/ 2}/]@ V2 [k exploa(yr) + Ba(1n)2/ (2k2)} + 1

which is a mixture between N (52(0)/k2, 1/k2) and N(B2,—1,0/k2, 1/k2), i.e. the variance in both
components are equal. Note that the integral in the second term is a Lebesgue integral. This together
with (17) implies that 3] (y2) cannot depend on the value of yo given yo # 0, i.e. 81 (y2) = cg 1 +
cgr 0 = B1,_1,0- Since we already know that 3;(0) = j3;._; o by discussion above, this implies that
/3] is an absolute constant in y» and 1,,, and also that oy may depend on y; only through 1, , a
contradiction to the assumption of the theorem.

Thus, (16) and (17) will both have to be mixtures of precisely two Gaussians, and so by defini-
tion the joint distribution p(Y") of Y must be of 2-Gaussian type with respect to G and G'. |

exp{f3(y2)}

dyi,

Proof [Proof of Corollary 11] When |V| = 2, in Proposition 8 we always have P = & and V}
does not have a parent in G, so P(Yy; = y|Yy; # 0) by definition is just a Gaussian, not a mixture
two Gaussians, and hence p(Y') cannot be of 2-Gaussian type with respect to any pairs of distinct
Markov equivalent graphs.

Now consider |V| = 3, and assume the two vertices with reversible edges in Proposition 8 are
V1 and V5, and that V; — V5 in G and V; < V5 in G'. If neither V; or V5 has V3 as its parent in both
graphs, then we can marginalize V3 out and it reduces to the 2-d case. Suppose otherwise. Then we
must have (1) V; — Vo <= V3in G, or (2) Vo — V4 < V3 in G, or (3) an additional edge between
V1 and V3 added to (1), or (4) an additional edge between V5, and V3 added to (2).

For (1) and (2) both graphs are the only graph in their Markov equivalence class; for (3) the
reversible edge becomes V;—V3 violating the assumption (and in fact one can marginalize out the
common child V5 and get back to the 2-d case), and similarly for (4). Thus, we have again ruled out
the possibility of any pair of distinct Markov equivalent graphs with respect to which p(Y’) can be
of 2-Gaussian type. |

Remark 2 In the proof of Theorem 10, we proved that whenever p(Y') factorizes with respect to
two distinct graphs G and G' (whenever identifiability does not hold), everything up to (17) in the

10



SUPPLEMENTARY MATERIAL FOR CAUSAL DISCOVERY FOR ZERO-INFLATED DATA

proof must hold. Specifically, conditioning on almost every yp, as and B3 in G as well as o/ and
B in G’ can be at most linear in yy and vy, respectively, namely

Bi(y2) = car 1+ ¢ oly, +c1y2,  Ba(yn) = cpy—1 + g 0ly, +cgy191,

/
1
/

1(y2) = Callzfl + Callvo]lyQ + CO/lvly27 CYZ(yl) = Ca2771 + Ca270]1y1 + Ca2,1y17

Q

with coefficients depending on yp where

Caf1 = €820, Casd =Cplo, Cpr1 = Cphyl- (18)
It is noted that, although not used in deriving our conclusion involving 2-Gaussian type distribu-
tions, we in addition also have the following results.
Cal,—1 = Caz,—1, Caf,0 = Caz,00  Cal,—1 T Caf 0 = Caz,~1 1 Ca0 = 0.
These might shed some light on how to show that distributions of 2-Gaussian type do not exist for a

general m > 4.

Proof [Proof of Remark 2]
By (6), (16), (17), the joint distribution of Y7 and Y5 conditional on Yp has two characterizations
(up to normalizing constants)

exp{1y,01 + y181(0) — y7k1 /2 + Ly, ca(y1) + y282(y1) — y3ka/2}
V2 kg exp {az(y1) + Ba2(y1)?/(2k2) } + 1
n V27 [y exp{1ly, 61 + 181,10 + Ba(y1)?/(2ka) — YK} /2 + yy0n(yn) + y2Ba(y1) — y3ka/2}

V2 k exp {oa(un) + Ba(yn)/(2ha)} + 1
o P{Ly 85 +122(0) — y3ka/2 + 1y, 01 (y2) + 1181 (y2) — wike /2}
V2m [k exp {o; (y2) + B1(y2)2/ (2k))} + 1

L V2K exp{lly, 0 + 21,0 + B1(y2)*/ (2K1) — y3ka/2 + Ly, o (y2) + 1181 (y2) — yfki/2}_
V2 /Ky exp {a) (y2) + B1(y2)?/(2K1)} + 1
(19)

Divide both sides by exp(y1 31 (0) +y282(0) — y3k} /2 — y2ka/2) and expanding 3] (y2) and B2(y1),
this becomes

exp{ly, 01 + Ly, ca(y1) + y2cs, 01y + y1y2¢s,,1}
V27 [kg exp {az(y1) + Ba(y1)?/(2k2)} + 1
Y 21 kg exp{1Ly, 01 + y1cgr o + B2(y1)?/(2k2) + Ly, a0(y1) + yacs, 01y, + Y192¢5,1}
V27 kg exp {aa(y1) + B2(y1)?/(2k2) } + 1

exp{lly, 05 + Ly, & (y2) + y1cp; oLy, + y1y2cs; 1}
V2m /Ky exp o (y2) + B1(y2)?/(2k))} + 1
V2m [k exp{1Ly, 8 + y2cp, 0 + B1(y2)?/ (2K1) + Ly, @1 (y2) + y1cg; oLy, + y1yacs; 1}
V2m /Ky exp {of (y2) + B1(y2)?/(2k1)} + 1 '

11
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Now expanding o} (y2) and a2 (y1) and using the relationships in (18), we divide both sides by
exp(Y1€as,1 Ly, + Y2¢, 01y, + y1y2¢8,1) = exp(ylcﬁwlly2 + yacar 11y, + Y1Y2Cs,,1) and get
exp{1ly, 61 + Ly, (Can,—1 + Can0ly, )}
V2m [k exp {aa(y1) + B2(y1)?/(2k2)} + 1
V2 Rz exp {1,601 + y1cgy 0+ Ba(y1)2/(2K2) + Ly (a1 + Canoly) |
V27 [k exp{aa(y1) + B2(y1)?/(2ka)} + 1

—C, eXP{]lyzéé + 1y, (Co/l,—l + Ca’170]1y2)}

V2m /Ky exp {aq(y2) + Bi(y2)?/(2K1)} + 1

V27 [k exp{1y, 85 + yacs, 0 + B (y2)?/(2k7]) + 1y, (Ca’l,—l + ca’l,O]l?ﬂ)}

_|_

0 7 / / 2 / (20)
v2m/kyexp{a)(y2) + B (y2)?/(2k1)} + 1
for some Cp. Setting 1,,, = 1,, = 0 (20) becomes
14+ /27 /ko exp{c%2’_1/(2k2)} _ o 1+ /27 /K] exp{c%il7_1/(2k’1)}
V27 [ kg exp{ca,,—1 + 0%27_1/(214:2)} +1 \2m [k} exp{ca/lv,l + C%’;,—1/(2k/1)} +1’
2D
and with 1, # 0, 1, = 0 (20) becomes
1+ /21 /kg exp{yica o + Ba(y1)?/(2k2)}
exp(d1) 2
V27 k2 exp{Cay,—1 + Cay,0 + Can1y1 + Ba(y1)?/(2ka) } + 1
1+ /27 /k; exp{c?,, _,/(2k})}
— Coexplca; 1) B 22)

V2m [k exp{cy; -1 + 0?3;,—1/(2k11)} +1
Since the right-hand side of (22) is a constant, by matching the numerator and the denominator of
the left-hand side using Lemma 1, we must have either (i) y1cg o + B2(y1)?/(2k2) = Cay,—1 +

Car0 + Can1y1 + Pa(y1)?/(2k2), or (i) yicg o + Ba(y1)?/(2k2) = const for y1 # 0. But (ii)
implies that cg, 1 = cgro = 0, which by Cai1 = CByl implies that /3] is an absolute constant in
y2 € R, a violation to the assumption. Thus (i) holds, and by cs; o = ca,,1 this implies that

02,-1,0 = Cap,—1 T Cap,0 = 0, and by symmetry a3, 1 = ca 1+ Car0 = 0. (23)

Thus the left-hand side of (22) is just exp(d;). Note that the right-hand side of (22) is exp(ca/1 1)
times the right-hand side of (21). So by equating the left-hand side of (22) with exp(ca/1 1) times
the left-hand side of (21) we have

Ly Resp (¢, /(26))

exp(d1) = exp (c’alﬁl) 5 (24)
VrTRexp {1+, (2} +1)
and similarly
/ 1+ \/2r/k] exp {0%117_1/(%'1)}
exp(ds) = exp (Cag,—1) (25

V2 [k exp {co/ly_l + cgi,fl/(%;)} 1

12
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Now by (23), with 1,, = 1,, = 1, (20) simplifies to exp(d1) = Cp - exp(d5). Thus by (21), (24)
and (25), one get

14+/27/ka exp? 2 2k
G)X[)(C/:17 1) /2 {62,71/( 2)}
exp(él)

o \/ 27 /ka exp{c%_,,1—&—%21_1/(21@2))-&-1} exp(c’alv_l)
0 pr— pr— pr—
exp(d3) 14++/27 /K, exp{c;/lil/@ki)} exp(Cay,—1)
1,

explc —
p( az, 1) . 5 ,
\/ 27 /K] exp callyilJch/ 71/(2k1) +1
iz

Co

and thus ¢;,, 1 = Ca,,—1. Combining with (23), we get

Ca/,—1 = Caz,—1,  Ca/,0 = Ca2,0, Caf,—1 + Ca,0 = Cag,—1 + Cay,0 = 0. (26)

Note that this result holds as long as we assume identifiability does not hold. |

B. Results of Additional Numerical Experiments

Here we provide additional details and results of numerical experiments.

Figure 1 shows the true DAG structures used in the simulation studies in Section 5.

In Figure S2, we present pairwise scatter plots of one instance of data generated with the chain
graph (upper row) and the complete graph (lower row), respectively, both with (p, p, k)-linear
parametrization. Since the true topological ordering is 1 — 2 — 3 — 4 — 5, for clarity we
exclude the source and sink nodes (1 and 5) and only include nodes 2, 3 and 4. Plots on the left are

®

Chain, m =5 Complete, m = 5 Lattice, m = 9
Star-in, m = 9 Star-out, m = 9 Tree, m = 10

Figure 1: Example graph structures used in our experiments.

13



YU DRTON SHOIJAIE

plotted in the order 2, 3, 4 and those on the right are reversed. In the histograms on the diagonals we
only plot the continuous part.

The scatter plots indicate a slight difference in the respective marginal distributions of nodes 2
and 4 conditioned on node 3 being O (and vice versa). This difference intuitively explains how the
orientation 2 — 3 — 4 versus 4 — 3 — 2 can be identified. It is worth noting that other than
this difference, the marginal statistics for the three nodes are indistinguishable and there is little
noticeable difference between plots on the left and on the right.

B.1. Additional Results for Exhaustive Search

Recall that we consider the following DAG structures: (i) chain graph with m = 10, (ii) complete
graph with m = 10, (iii) lattice graph with m = 9; see Figure 1 in B for an illustration of the DAG
structures.

The results for correctly specified models are shown in Figures S3—S5. Each figure has one true
underlying DAG from those mentioned above. In all figures, each row indicates one choice of true
data generating parametrization—(c, (3, k)-linear, and (p, u1, o2)-linear and quadratic—and each
column shows the results using each estimating parametrization. Thus, plots on the diagonal (with
bold titles) correspond to correct parametrizations, where the estimating parametrization agrees with
the truth. Off-diagonal plots, in contrast, correspond to cases where the model parametrization is
misspecified.

The results indeed indicate that in all settings, exhaustive search with correct parametrization
almost always identifies the exact DAG for large n. Surprisingly, model misspecification does
not seem to negatively impact the results by a significant amount. Overall, our simulation studies
confirm the identifiability theory (Theorem 6).

Figure S6-S8 show exact recovery rates. In the plots, exact success rates are measured by the
percentage of times (out of B = 100 iterations for each setting) that the exact DAG is recovered,
whereas the equivalent success rates stand for the percentage of times the equivalence class of DAG
is correctly identified, and are thus no less than the exact success rates.

B.2. Results for Greedy Search (GDS)

To evaluate the performance of greedy search we consider the following graphs: (i) chain graph
with m = 100, (ii) complete graph with m = 10, (iii) lattice graph with m = 100, (iv) star-in graph
withm = 20 (5 — 1 for j = 2,...,m), (v) star-out graph with m = 100 (1 — j for=2,...,m),
(vi) tree graph with m = 100 (j — 2j for j < [m/2] and j — 2j + 1 forj < |(m —1)/2]).

Results for the greedy search algorithm are shown in Figures S9 and S10, where each row
corresponds to a different true graph, and each column corresponds to one of the three aforemen-
tioned parametrizations, where for simplicity we only present the results with correctly specified
parametrization.

The results indicate that GDS works reasonably well in all settings but may require larger sam-
ples for recovering the structure of complete/ very dense graphs, or graphs with high in-degrees.
While exhaustive search often succeeds with high probability even with small samples, it may not
be scalable for large m. In such cases, the greedy and faster GDS method, which shows promising
results, provides a viable alternative. Utilizing the stability selection method of Shah and Samworth
(2013) can further improve the GDS results.

14
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Variable 2 Variable 4
Cor: Cor: Cor: Cor:
-0.45 0.22 -0.43 0.22
; Variable 3 1 Variable 3

- Cor: o Cor:
. -0.43 o] -0.45
. Variable 4 1 Variable 2

Cor: Cor: Cor: Cor:
-0.30 -0.061 -0.25 -0.061
: Variable 3 - Variable 3

Cor: Cor:
° -0.25 ] -0.30
- Variable 4 7 Variable 2

b
|
T
0

Figure S2: Pairwise scatterplots of zero-inflated data generated using chain graphs (upper row) and
complete graphs (lower row), both with topological ordering 1 — 2 — 3 — 4 — b;
only nodes 2, 3 and 4 are plotted. Plots on the left are plotted in the order 2, 3, 4, and
4,3, 2 on the right. Only the continuous part is plotted in the histograms on the diago-
nals. There is little noticeable difference between the histograms and scatter plots when
we reverse the graph order, yet our methods can still determine the correct topological
ordering.
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Estimated with a, B, k, linear Estimated with p, p, o2, linear Estimated with p, W, 2, quad
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Legend & TP A FDR
Figure S3: Chain graph, m = 10, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘¢’ with solid lines: true positive
rate; ‘A’ with dashed lines: false discovery rate.
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1.00- 1.00- 1.00-
0.75- 0.75- 0.75-
0.50- 0.50- 0.50-
A AL
0.25- A -A 0.25- =N 0.25- "A--a
ad L
0.00- 0.00- 0.00-
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
n n n
Estimated with a, B, k, linear Estimated with p, p, 0% linear Estimated with p, u, 62, quad
1.00- 1.00- 1.00-
0.75- 0.75- 0.75-
0.50- 0.50- 0.50-
025 A 1 0.25- 0.25-
T Al T
0.00- SA--- A 0.00- D---A---A 0.00- D---A---A
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
n n n
Estimated with a, B, k, linear Estimated with p, p, 62, linear Estimated with p, y, o°, quad
1.00- 1.00- 1.00-
0.75- 0.75- 0.75-
0.50- 0.50- 0.50-
S
0.25- 2 0.25- 0.25-
AL A A
0.00- B ---A 0.00- D---A---A 0.00- D---A---A
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000
n n n

Legend & TP A FDR
Figure S4: Complete graph, m = 10, exhaustive search. Each row corresponds to a different gen-
erating parametrization, and each column a different estimating parametrization. Gen-
erating and estimating parametrizations agree on the diagonal. ‘{’ with solid lines: true
positive rate; ‘A’ with dashed lines: false discovery rate.
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Legend & TP A FDR
Figure S5: Lattice graph, m = 9, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘¢’ with solid lines: true positive
rate; ‘A’ with dashed lines: false discovery rate.
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Figure S6: Chain graph, m = 10, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘o’ with solid lines: success rates
of exact DAG recovery; ‘V’ with dashed lines: success rates for recovery of equivalence
class.
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Figure S7: Complete graph, m = 10, exhaustive search. Each row corresponds to a different gener-
ating parametrization, and each column a different estimating parametrization. Generat-
ing and estimating parametrizations agree on the diagonal. ‘o’ with solid lines: success
rates of exact DAG recovery; ‘V’ with dashed lines: success rates for recovery of equiv-
alence class.
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Figure S8: Lattice graph, m = 9, exhaustive search. Each row corresponds to a different generating
parametrization, and each column a different estimating parametrization. Generating
and estimating parametrizations agree on the diagonal. ‘o’ with solid lines: success rates
of exact DAG recovery; ‘V’ with dashed lines: success rates for recovery of equivalence
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B.3. Details on Estimation of Connected Components

In this section we present simulation results validating our the strategy in Section 4.2, namely first
applying the procedure of McDavid et al. (2019), then estimating the directed graphs inside each
connected component of its estimated undirected graph. We measure the quality of the connected
components (CC) estimated compared to the truth. The underlying true graph is a block-diagonal
graph with m = 100 nodes, evenly divided into 10 connected components, where each connected
component has the exact same setting as the complete graph with m = 10 nodes in previous sec-
tions. Specifically in each trial, we apply the method of McDavid et al. (2019), pick the estimate
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Figure S9: Results for GDS for chain graph with m = 100, complete graph with m = 10 and
lattice graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘{’ with solid lines: true positive rate; ‘A’
with dashed lines: false discovery rate.

that minimizes the BIC (with the exception of metric (b) below) and use the “and” rule to find the
undirected graph (since the estimate is asymmetric due to their neighborhood selection method).
Asin Section B.2, each column corresponds to a different parametrization (estimating parametriza-
tion = truth). As before all results shown are averaged over 100 trials. Each row contains two
different metrics with value in [0, 1], which we explain below.

(a) “Subset/eq CCs”: A trial is count as successful if each true CC is a subset of some esti-
mated CC, i.e. if any two truly connected nodes are estimated to belong to the same CC; the
proportion of successful trials is reported.
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Figure S10: Results for GDS for star_in graph with m = 20, star_out graph with m = 100 and
tree graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘{’ with solid lines: true positive rate; ‘A’
with dashed lines: false discovery rate.

(b) “Correct CCs-Oracle”: From the solution path of McDavid et al. (2019) we take the graph
assuming we know the true number of CCs. Then a trial counts as successful if the estimated
CCs are exactly equal to the truth, and the proportion of successful trials is reported.

(c) “Correct #CCs”: A trial is treated as successful if the estimated number of CCs is equal to the
truth (10), and the proportion of successful trials is reported.

(d) “Avg #CCs/10”: Average of the estimated numbers of CCs over 100 trials, divided by the
truth (10).
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Figure S11: Results for GDS for chain graph with m = 100, complete graph with m = 10 and
lattice graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘o’ with solid lines: success rates of exact
DAG recovery; ‘V’ with dashed lines: success rates for recovery of equivalence class.

(e)&(f) “TP/FDR”: The true positive rate and false discovery rate for undirected graph recovery.

A high (a) metric guards against the mistake of failing to keep two truly connected nodes in the
same CC, while (c) and (d) measure how many CCs the procedure actually generates, since the
trivial case where all nodes form a single CC is undesirable. Note this characterizes the statistical
versus computational trade-off discussed in Section 4.2. Metric (b), on the other hand, attempts to
test if the procedure can become perfect had it known the true number of CCs. Metrics (e) and (f)
provide additional information from the edge recovery perspective in terms of undirected graphs.
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Figure S12: Results for GDS for star_in graph with m = 20, star_out graph with m = 100 and
tree graph with m = 100. Each row corresponds to a different graph structure, and
each column corresponds to a different parametrization; the generating and estimating
parametrizations are the same in the results. ‘o’ with solid lines: success rates of exact
DAG recovery; ‘V’ with dashed lines: success rates for recovery of equivalence class.

Except for (f) which should be close to 0, one would hope for (a)—(e) to be close to 1, which indeed
is the case, except for the number of CCs for the «, 3, k parametrization.
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