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Abstract

Though data augmentation has rapidly emerged as a key tool for optimization in
modern machine learning, a clear picture of how augmentation schedules affect
optimization and interact with optimization hyperparameters such as learning rate
is nascent. In the spirit of classical convex optimization and recent work on implicit
bias, the present work analyzes the effect of augmentation on optimization in the
simple convex setting of linear regression with MSE loss.

We find joint schedules for learning rate and data augmentation scheme under which
augmented gradient descent provably converges and characterize the resulting
minimum. Our results apply to arbitrary augmentation schemes, revealing complex
interactions between learning rates and augmentations even in the convex setting.
Our approach interprets augmented (S)GD as a stochastic optimization method
for a time-varying sequence of proxy losses. This gives a unified way to analyze
learning rate, batch size, and augmentations ranging from additive noise to random
projections. From this perspective, our results, which also give rates of convergence,
can be viewed as Monro-Robbins type conditions for augmented (S)GD.

1 Introduction

Data augmentation, a popular set of techniques in which data is augmented (i.e. modified) at every
optimization step, has become increasingly crucial to training models using gradient-based optimiza-
tion. However, in modern overparametrized settings where there are many different minimizers of the
training loss, the specific minimizer selected by training and the quality of the resulting model can be
highly sensitive to choices of augmentation hyperparameters. As a result, practitioners use methods
ranging from simple grid search to Bayesian optimization and reinforcement learning [8} 9, [17] to
select and schedule augmentations by changing hyperparameters over the course of optimization.
Such approaches, while effective, often require extensive compute and lack theoretical grounding.

These empirical practices stand in contrast to theoretical results from the implicit bias and stochastic
optimization literature. The extensive recent literature on implicit bias [[15} 29, |32]] gives provable
guarantees on which minimizer of the training loss is selected by GD and SGD in simple settings,
but considers cases without complex scheduling. On the other hand, classical theorems in stochastic
optimization, building on the Monro-Robbins theorem in [25]], give provably optimal learning rate
schedules for strongly convex objectives. However, neither line of work addresses the myriad
augmentation and hyperparameter choices crucial to gradient-based training effective in practice.

The present work takes a step towards bridging this gap. We consider two main questions for a
learning rate schedule and data augmentation policy:
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1. When and at what rate will optimization converge?

2. Assuming optimization converges, what point does it converge to?

To isolate the effect on optimization of jointly scheduling learning rate and data augmentation schemes,
we consider these questions in the simple convex model of linear regression with MSE loss:

1
LOV:D) = = Y = WX, (1.1

In this setting, we analyze the effect of the data augmentation policy on the optimization trajectory
W, of augmented (stochastic) gradient descenﬂ which follows the update equation

Wt+1 = Wt — ntVWE(W, Dt (12)

Here, the dataset D = (X, Y’) contains N datapoints arranged into data matrices X € R™*" and
Y € RP*N whose columns consist of inputs z; € R™ and outputs y; € RP. In this context, we
take a flexible definition data augmentation scheme as any procedure that consists, at every step
of optimization, of replacing the dataset D by a randomly augmented variant which we denote by
D¢ = (X;,Y}). This framework is flexible enough to handle SGD and commonly used augmentations
such as additive noise [14]], CutOut [12], SpecAugment [23], Mixup [35], and label-preserving
transformations (e.g. color jitter, geometric transformations [20])).

We give a general answer to Questions 1 and 2 for arbitrary data augmentation schemes. Our main
result (Theorem [3.1) gives sufficient conditions for optimization to converge in terms of the learning
rate schedule and simple 2" and 4" order moment statistics of augmented data matrices. When
convergence occurs, we explicitly characterize the resulting optimum in terms of these statistics. We
then specialize our results to (S)GD with modern augmentations such as additive noise [14] and
random projections (e.g. CutOut [12] and SpecAugment [23]). In these cases, we find learning rate
and augmentation parameters which ensure convergence with rates to the minimum norm optimum
for overparametrized linear regression. To sum up, our main contributions are:

1. We analyze arbitrary data augmentation schemes for linear regression with MSE loss,
obtaining explicit sufficient conditions on the joint schedule of the data augmentation policy
and the learning rate for (stochastic) gradient descent that guarantee convergence with rates
in Theorems [3.1] and [3.2] The resulting augmentation-dependent optimum encodes the
ultimate effect of augmentation on optimization, and we characterize it in Theorem [3.1]
Our results generalize Monro-Robbins theorems [23] to situations where the stochastic
optimization objective may change at each step.

2. We specialize our results to (stochastic) gradient descent with additive input noise (§4) or
random projections of the input (§5)), a proxy for the popular CutOut and SpecAugment
augmentations [12} 23]]. In each case, we find that jointly scheduling learning rate and
augmentation strength is critical for allowing convergence with rates to the minimum norm
optimizer. We find specific schedule choices which guarantee this convergence with rates
(Theorems .1 .2] and [5.1)) and validate our results empirically (Figure .T)). This suggests
explicitly adding learning rate schedules to the search space for learned augmentations as in
[18L 9], which we leave to future work.

2 Related Work

In addition to the extensive empirical work on data augmentation cited elsewhere in this article, we
briefly catalog other theoretical work on data augmentation and learning rate schedules. The latter
were first considered in the seminal work [25]. This spawned a vast literature on rates of convergence
for GD, SGD, and their variants. We mention only the relatively recent articles [} [11} 4} [27} 22]] and
the references therein. The last of these, namely [22], finds optimal choices of learning rate and batch
size for SGD in the overparametrized linear setting.

A number of articles have also pointed out in various regimes that data augmentation and more
general transformations such as feature dropout correspond in part to /o-type regularization on model
parameters, features, gradients, and Hessians. The first article of this kind of which we are aware is [3l],

>Both GD and SGD fall into our framework. To implement SGD, we take D, to be a subset of D.



which treats the case of additive Gaussian noise (see §4). More recent work in this direction includes
[5L 130} [19} 21]]. There are also several articles investigating optimal choices of ¢y-regularization
for linear models (cf e.g. [33|[31} 2]]). These articles focus directly on the generalization effects of
ridge-regularized minima but not on the dynamics of optimization. We also point the reader to [20],
which considers optimal choices for the weight decay coefficient empirically in neural networks and
analytically in simple models.

We also refer the reader to a number of recent attempts to characterize the benefits of data augmenta-
tion. In [24], for example, the authors quantify how much augmented data, produced via additive
noise, is needed to learn positive margin classifiers. [6], in contrast, focuses on the case of data
invariant under the action of a group. Using the group action to generate label-preserving augmenta-
tions, the authors prove that the variance of any function depending only on the trained model will
decrease. This applies in particular to estimators for the trainable parameters themselves. [[10] shows
augmented k-NN classification reduces to a kernel method for augmentations transforming each
datapoint to a finite orbit of possibilities. It also gives a second order expansion for the proxy loss
of a kernel method under such augmentations and interprets how each term affects generalization.
Finally, the article [34] considers both label preserving and noising augmentations, pointing out the
conceptually distinct roles such augmentations play.

3 Time-varying Monro-Robbins for linear models under augmentation

We seek to isolate the impact of data augmentation on optimization in the simple setting of augmented
(stochastic) gradient descent for linear regression with the MSE loss (I.I). Since the augmented
dataset D at time ¢ is a stochastic function of D, we may view the update rule (T.2)) as a form of
stochastic optimization for the proxy loss at time t

Li(W) := Ep, [L(W;D;)] G.D

which uses an unbiased estimate of the gradient of £(W;D,) from a single draw of D;. The
connection between data augmentation and this proxy loss was introduced in [3} 5], but we now
consider it in the context of stochastic optimization. In particular, we consider scheduling the
augmentation, which allows the distribution of D, to change with ¢ and thus enables optimization to
converge to points which are not minimizers of the proxy loss £;(W) at any fixed time.

Our main results, Theorems [3.1)and [3.2] provide sufficient conditions for jointly scheduling learning
rates and general augmentation schemes to guarantee convergence of augmented gradient descent
in the linear regression model (I.T)). Before stating them, we first give examples of augmentations
falling into our framework, which we analyze using our general results in §4and §5]

e Additive Gaussian noise: For SGD with batch size B; and noise level o, > 0, this
corresponds to X; = ¢;(XA; + 04 - Gy) and Y; = ¢;Y A, where G is a matrix of i.i.d.
standard Gaussians, A; € R™V>*P¢ has i.i.d. columns with a single non-zero entry equal to 1
chosen uniformly at random and ¢; = 1/ N/ By is a normalizing factor. The proxy loss is

L:(W) = L(W;D) + o} |W][7, (3.2)

which adds an ¢, penalty. We analyze this case in §4]

e Random projection: This corresponds to X; = I[;X and Y; = Y, where II; is an
orthogonal projection onto a random subspace. For ~; = tr(Il;) /n, the proxy loss is

_ 1 1
Li(W) = NHY - wWX|%+ N

adding a data-dependent /> penalty and applying Stein-type shrinkage on input data. We
analyze this in §5]

1 -
(L=7) X7 - W7 + O™,

In addition to these augmentations, the augmentations below also fit into our framework, and
Theorems [3.1]and [3.2] apply. However, in these cases, explicitly characterizing the learned minimum
beyond the general description given in Theorems [3.1]and [3.2]is more difficult, and we thus leave
interpretion of these specializations to future work.
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Figure 3.1: Schematic diagrams of augmented optimization in the parameter space R™*P.

o Label-preserving transformations: For a 2-D image viewed as a vector x € R", geometric
transforms (with pixel interpolation) or other label-preserving transforms such as color jitter
take the form of linear transforms R™” — R™. We may implement such augmentations in
our framework by X; = A; X and Y; = Y for some random transform matrix Ay.

e Mixup: To implement Mixup, we can take X; = X A; and Y; = Y A;, where A, € RV*B:
has i.i.d. columns containing two random non-zero entries equal to 1 — ¢; and ¢; with mixing
coefficient ¢; drawn independently from a Beta(ay, ;) distribution for a parameter a.

3.1 A general time-varying Monro-Robbins theorem

Given an augmentation scheme for the overparameterized linear model (I.I)), the time ¢ gradient
update at learning rate 7, is
) 2my T
Wiy =Wy + N (Y; = Wi X)Xy, (3.3)
where D; = (X, Y}) is tEe augmented dataset at time ¢. The minimum norm minimizer of the
corresponding proxy loss £; (see (3.1)) is

Wi =RV, X/ |E[X: X][]T, (3.4)

where E[X; X[ ]t denotes the Moore-Penrose pseudo-inverse (see Figure [3.1a). In this section
we state a rigorous result, Theorem [3.1] giving sufficient conditions on the learning rate 7, and
distributions of the augmented matrices X, Y; under which augmented gradient descent converges.
To state it, note that (3.3) implies that each row of W1 — W} is contained in the column span of the
Hessian X; X, of the augmented loss and therefore almost surely belongs to the subspace

V] := column span of E[X, X, ] C R", (3.5)

as illustrated in Figure The reason is that, in the orthogonal complement to V)|, the augmented
loss L(W;D;) has zero gradient with probability 1. To ease notation, we assume that V| is inde-
pendent of ¢. This assumption holds for additive Gaussian noise, random projection, MixUp, SGD,
and their combinations. It is not necessary in general, however, and we refer the interested reader to
Remark in the Appendix for how to treat the general case.

Let us denote by Q) : R™ — R™ the orthogonal projection onto V} (see Figure @I) As we already
pointed out, at time ¢, gradient descent leaves the matrix of projections W;(Id —Q)) of each row of
W, onto the orthogonal complement of V| unchanged. In contrast, |[W;Q — W;*|| decreases at a
rate governed by the smallest positive eigenvalue Amin, v, (E [XtXtT ] ) of the Hessian for the proxy




loss £;, which is obtained by restricting its full Hessian E [ X, X/ | to V. Moreover, whether and at
what rate W; Q) — W;* converges to 0 depends on how quickly the distance

B =W, - W (3.6)
between proxy loss optima at successive steps tends to zero (see Figure[3.1b).

Theorem 3.1 (Special case of Theorem B.1). Suppose that V| is independent of t, that the learning
rate satisfies ;. — 0, that the proxy optima satisfy

Y IEF < oo, 3.7)
t=0
ensuring the existence of a limit W2 := lim;_, o, W[, that
> e dminy; (B[X: X[]) = 00 (3.8)
t=0
and finally that
(oo}
SORE[IXXT - ELXGXTE + [V XT — B, XT3 < oo (39)
t=0

Then, for any initialization Wy, we have that WtQH converges in probability to WZ,.

If the same augmentation is applied with different strength parameters at each step ¢ (e.g. the noise
level o7 for additive Gaussian noise), we may specialize Theorem to this augmentation scheme.
More precisely, translating conditions (3.7), (3.8), (3.9) into conditions on the learning rate and
augmentation strength gives conditions on the schedule for 7, and these strength parameters to ensure
convergence. In §d4]and §5] we do this for additive Gaussian noise and random projections.

When the augmentation scheme is static in ¢, Theorem @]reduces to a standard Monro-Robbins
theorem [23] for the (static) proxy loss £;(W). As in that setting, condition (3.8) enforces that the
learning trajectory travels far enough to reach an optimum, and the summand in Condition (3.9)
bounds the variance of the gradient of the augmented loss £(W; D;) to ensure the total variance of
the stochastic gradients is summable. Condition is new and enforces that the minimizers W;" of
the proxy losses £;(W) change slowly enough for augmented optimization procedure to keep pace.

3.2 Convergence rates and scheduling for data augmentation

Refining the proof of Theorem 3.1|gives rates of convergence for the projections W; Q) of the weights
onto V| to the limiting optimum W5,. When the quantities in Theoremhave power law decay, we
obtain the following result.

Theorem 3.2 (Special case of Theorem B.4). Suppose V) is independent of t and the learning rate
satisfies n; — 0. Moreover assume that for some 0 < o < 1 < 1, B2 and v > « we have

Medmin vy (BX X)) = Q) [IEf ]l = O ™) (3.10)
as well as
nE( X X{ — E[X X/ ][5 = 0(t™) (3.11)
and
RE[[EWI(XXT ~EXXT]) - (BXT EWXTDIR] =0 ™). 612
Then, for any initialization Wy, we have for any € > 0 the following convergence in probability:
B2

tmin{[ﬁ—lv T }_EHWtQ” - W;o”F £> 0.

It may be surprising that E[IV;] appears in condition (3.12). Note that E[WW] is the gradient descent
trajectory for the time-varying sequence of deterministic proxy losses £; (W ). To apply Theorem
one may first study this deterministic problem to show that E[TV;] converges to W at some rate and
then use (3.12) to obtain rates of convergence of the true stochastic trajectory W; to W .

In {4 and §5|below, we specialize Theorems [3.1]and [3.2]to obtain rates of convergence for specific
augmentations. Optimizing the learning rate and augmentation parameter schedules in Theorem [3.2]
yields power law schedules with convergence rate guarantees in these settings.



4 Special Case: Additive Gaussian Noise

We now specialize our main results Theorem [3.1] and [3.2] to the commonly used additive noise
augmentation [[14]. Under gradient descent, this corresponds to taking augmented data matrices

X =X +0:Gy and Y, =Y,

where G; € R"*¥ are independent matrices with i.i.d. standard Gaussian entries, and o; > 0 is a
strength parameter. Under SGD (with replacement), this corresponds to augmented data matrices

Xt = Ct(XAt + oy - Gt) and Y} = CtYAt7

where A; € RNV*5t has i.i.d. columns with a single non-zero entry equal to 1 chosen uniformly at
random and ¢; = \/N/B; is a normalizing factor. In both cases, the proxy loss is

1
Lo, (W) i= SV = WX[[E + o7 [WI[E, @.1)

which to our knowledge was first discovered in [3].

Before stating our precise results, we first illustrate how jointly scheduling learning rate and augmen-
tation strength impacts GD for overparameterized linear regression, where

N = #data points < input dimension = n. 4.2)

The inequality (@.2)) ensures £(W; D) has infinitely many minima, of which we consider the minimum
norm minimizer
Whin == Y X (XXT)*
most desirable. Notice that steps of vanilla gradient descent
2

Wigr = W, — % (Y - W X)XT 4.3)
change the rows of the weight matrix W; only in the column space V} = colspan(X X T C R™
Because V|| # R" by the overparameterization assumption (.2), minimizing £(W; D) without
augmentation cannot change W; |, the matrix whose rows are the components of the rows of W;
orthogonal to V). This means that GD converges to the minimal norm optimizer Wy,;,, only when
each row of Wy belongs to V). As this explicit initialization may not be available for more general
models, we seek to find augmentation schedules which allow GD or SGD to converge to Wy,in
without it, in the spirit of recent studies on implicit bias of GD.

4.1 Joint schedules for augmented GD with additive noise to converge to W ,;,,

We specialize Theorems [3.1]and [3.2]to additive Gaussian noise to show that when the learning rate
and noise strength o, are jointly scheduled to converge to 0 at appropriate rates, augmented gradient
descent can find the minimum norm optimizer Wiy, .

Theorem 4.1. Consider any joint schedule of the learning rate 1, and noise variance o7 in which

both n; and o? tend to 0 and oy is non-decreasing. If the joint schedule satisfies
o0 o0
Zntaf =00 and ana? < 00, 4.4)
t=0 t=0

then the weights W, converge in probability to the minimal norm optimum W, regardless of the
initialization. Moreover, the first condition in [@4)) is necessary for E[W,] to converge 1o Wyyin.

If we further have 1, = ©(t~%) and 02 = O(t~Y) withx,y > 0, x +y < 1, and 2x +y > 1 so that
ny and o? satisfy , then for small € > 0, we have tmi“{y’%w}_8|\Wt — WainllF 2.

The conditions of (4.4) require that 7; and o be jointly scheduled correctly to ensure convergence
to Whyin and are akin to the Monro-Robbins conditions [25] for convergence of stochastic gradient
methods. We now give an heuristic explanation for why the first condition from (@.4) is necessary. In
this setting, the average trajectory of augmented gradient descent

E[Wit1] = E[Wy] — nvwﬁgt(WﬂW:E[Wt] 4.5)
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Figure 4.1: MSE and ||W;_| || for optimization trajectories of GD with additive Gaussian noise
augmentation and SGD with additive Gaussian noise augmentation under different augmentation
schedules. For both GD and SGD, jointly scheduling learning rate and noise variance to have polyno-
mial decay is necessary for optimization to converge to the minimal norm solution W,,;,. Gauss const,
Gauss exp, and Gauss pow have Gaussian noise augmentation with o7 = 2,2e~%0% 2(1 4 £;)=933,
respectively. All other details are given in §4.3]

is given by gradient descent on the ridge regularized losses L, (W). If oz = o > 0 is constant, then
E[W}] will converge to the unique minimizer W} of the ridge regularized loss L. This point W
has zero orthogonal component, but does not minimize the original loss L.

To instead minimize £, we must choose a schedule satisfying o; — 0. For the expected optimization
trajectory to converge to Wiy, for such a schedule, the matrix E[Wt, 1] of components of rows of
[E [W;] orthogonal to V}; must converge to 0. The GD steps for this matrix yield

t

EWii1,1] = (1 —mo?)EW; 1] = [](1 = neod)E[Wo, 1. (4.6)
s=0

Because 1,07 approaches 0, this implies the necessary condition Y _,°  n.07 = oo for E[W, ] — 0.

This argument illustrates a key intuition behind the conditions (4.4). The augmentation strength o
must decay to 0 to allow convergence to a true minimizer of the training loss, but this convergence
must be carefully tuned to allow the implicit regularization of the noising augmentation to kill the
orthogonal component of W; in expectation. In a similar manner, the second expression in (4.4)
measures the total variance of the gradients and ensures that only a finite amount of noise is injected
into the optimization.

Although Theorem [4.1]is stated for additive Gaussian noise, an analogous version holds for arbitrary

additive noise with bounded moments. Moreover, optimizing over x, y, the fastest rate of convergence
guaranteed by Theorem is obtained by setting 1, = t~2/3%¢ ¢? = t~1/3 and results in a

O(t=1/3+¢) rate of convergence. It is not evident that this is best possible, however.



4.2 Joint schedules for augmented SGD with additive noise to converge to W.,,;,

To conclude our discussion of additive noise augmentations, we present the following result on
convergence to Wy, in the presence of both Gaussian noise and SGD (where datapoints in each
batch are selected with replacement).

Theorem 4.2. Suppose o2 — 0 is decreasing, n; — 0, and we have
o0 o0
Zmaf =00 and Zn? < oo. 4.7
t=0 t=0

Then the trajectory Wy of SGD with additive noise converges in probability to W, for any initializa-
tion. If we further have n, = ©(t™*) and 0 = ©(t™Y) withz > 1,y > 0 and x + y < 1, then for

any € > 0 we have that tmi“{y’%m}*EHWt — Whinll F .

Theorem [4.2] is the analog of Theorem .| for mini-batch SGD and provides an example where
our framework can handle the composition of two augmentations, namely additive noise and mini-
batching. The difference between conditions for SGD and (#.4)) for GD accounts for the fact
that the batch selection changes the scale of the gradient variance at each step. Finally, Theorem[4.2]
reveals a qualitative difference between SGD with and without additive noise. If 7, has power law
decay, the convergence of noiseless SGD (Theorem [FI)) is exponential in ¢, while Theorem [4.2] gives
power law rates.

4.3 Experimental validation

To validate Theorems and we ran augmented GD and SGD with additive Gaussian noise
on N = 100 simulated datapoints. Inputs were i.i.d. Gaussian vectors in dimension n = 400,
and outputs in dim p = 1 were generated by a random linear map with i.i.d Gaussian coefficients
drawn from A(1,1). The learning rate followed a fixed polynomially decaying schedule 7, =
0905 . (batch size) - (1 4 25) %6, and the batch size used for SGD was 20. Figure shows
MSE and |W; | || » along a single optimization trajectory with different schedules for the variance
o? used in Gaussian noise augmentation. Complete code to generate this figure is provided in
supplement . zip|in the supplement. It ran in 30 minutes on a standard laptop CPU.

For both GD and SGD, Figure .1 shows that the optimization trajectory reaches Wiy, only when
both learning rate and noise variance decay polynomially to zero. Indeed, Figure shows that if o7
is zero (blue) or exponentially decaying (green), then while the MSE tends to zero, the orthogonal
component W; | does not tend to zero. Thus these choices of augmentation schedule cause W, to
converge to an optimum which does not have minimal norm.

On the other hand, if atz remains constant (orange), then while W, | tends to zero, the MSE is
not minimized. Only by decaying both noise strength and learning rate to 0 at sufficiently slow
polynomial rates (red) prescribed by Theorem [E] do we find both MSE and W; | tending to 0,
meaning that augmented (S)GD finds the minimum norm optimum W,;, under this choice of
parameter scheduling.

5 Special Case: Augmentation with Random Projections

We further illustrate our results by specializing them to a class of augmentations which replace each
input x in a batch by its orthogonal projection IT; X onto a random subspace. In practice (e.g. when
using CutOut [12] or SpecAugment [23])), the subspace is chosen based on a prior about correlations
between components of X, but we consider the simplified case of a uniformly random subspace of
R"™ of given dimension.

At each time step ¢ we fix a dimension k; and a fixed k;-dimensional subspace S"t of R™. Define the
random subspace S; by

Sy = Qt(gt) ={Qz |z € gt},
where Q; € O(n) is a Haar random orthogonal matrix. Thus, S; is uniformly distributed among all
k;-dimensional subspaces in R”. At step ¢, we take the augmentation given by

Xt = HtX Yrt = Y7 Ht = Qtﬁth—v


supplement.zip

where I1, is the orthogonal projection onto S, and hence II, is the orthogonal projection onto 5.
Denoting by v = k; /n the relative dimension of S, a direct computation (see LemmalE. 1)) reveals
that the proxy loss £:(W) equals L(:W; D) plus

1y —)
N

1—)(1/n—2/n? 1
X0 11 + 2G2S G2 A + CIX I W) 6.

Neglecting terms of order O(n 1), this proxy loss applies a Stein-type shrinkage on input data by -,
and adds a data-dependent /5 penalty. For v; < 1, the minimizer of the proxy loss (5.1)) is

w+1/n—2/n* L= X
W :YXT(—XX Id) .
m 1+1/n—-2/n? +1+1/n72/n2 n

Again, although W7 does not minimize the original objective for any v, < 1, the sequence of these
proxy optima converges to the minimal norm optimum in the weak regularization limit. Namely,
we have lim,, ;- WJ = Wi,. Specializing our general result Theorem (3.1} to this setting, we
obtain explicit conditions under which joint schedules of the normalized rank of the projection and
the learning rate guarantee convergence to the minimum norm optimizer Wyi,.

Theorem 5.1. Suppose that n; — 0,y — 1 with v non-decreasing and

Zm(lf’yt) =00 and an(lf%) < 0. (5.2)
t=0 t=0

Then, Wy % Wiyin. Further, if 1y = Ot )andy =1—-0O(tY)withz,y >0, x+y < 1, and
2z +y > 1, then for small € > 0, we have that tmin{y’%x}faﬂwt — Wil 7 0.

Comparing the conditions (5.2) of Theorem [5.1to the conditions (@.4) of Theorem[.1] we see that
1 — v; is a measure of the strength of the random projection preconditioning. As in that setting, the
fastest rates of convergence guaranteed by Theoremare obtained by setting 7; = t~2/3+¢ and
vy =1 —t"1/3, yielding a O(t~'/3%¢) rate of convergence.

6 Discussion and Limitations

We have presented a theoretical framework to rigorously analyze the effect of data augmentation. As
can be seen in our main results, our framework applies to completely general augmentations and
relies only on analyzing the first few moments of the augmented dataset. This allows us to handle
augmentations as diverse as additive noise and random projections as well as their composition in a
uniform manner. We have analyzed some representative examples in detail in this work, but many
other commonly used augmentations may be handled similarly: label-preserving transformations
(e.g. color jitter, geometric transformations) and Mixup [35]], among many others. Another line of
investigation left to future work is to compare different methods of combining augmentations such as
mixing, alternating, or composing, which often improve performance in the empirical literature [16].

Though our results provide a rigorous baseline to compare to more complex settings, the restriction
of the present work to linear models is a significant constraint. In future work, we hope to extend our
general analysis to models closer to those used in practice. Most importantly, we intend to consider
more complex models such as kernels (including the neural tangent kernel) and neural networks
by making similar connections to stochastic optimization. In an orthogonal direction, our analysis
currently focuses on the mean square loss for regression, and we aim to extend it to other losses such
as cross-entropy. Finally, our study has thus far been restricted to the effect of data augmentation on
optimization, and it would be of interest to derive consequences for generalization with more complex
models. We hope our framework can provide the theoretical underpinnings for a more principled
understanding of the effect and practice of data augmentation.

Broader Impact

Our work provides a new theoretical approach to data augmentation for neural networks. By giving a
better understanding of how this common practice affects optimization, we hope that it can lead to



more robust and interpretable uses of data augmentation in practice. Because our work is theoretical
and generic, we do not envision negative impacts aside from those arising from improving learning
algorithms in general.
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A Analytic lemmas

In this section, we present several basic lemmas concerning convergence for certain matrix-valued
recursions that will be needed to establish our main results. For clarity, we first collect some matrix
notations used in this section and throughout the paper.

A.1 Matrix notations

Let M € R™*" be a matrix. We denote its Frobenius norm by || M || 7 and its spectral norm by || M ||2.
If m = n so that M is square, we denote by diag(M) the diagonal matrix with diag(M);; = Mj;.
For matrices A, B, C of the appropriate shapes, define

Ao (B®C):= BAC (A.1)
and
Var(A) := E[AT ® A] — E[AT] @ E[A]. (A2)

Notice in particular that
tr[Id oVar(A)] = E[|| A — E[A]||%].

A.2 One- and two-sided decay

Definition A.1. Let A; € R™*™ be a sequence of independent random non-negative definite matrices
with
sup | A¢]| <2 almost surely,
t

let By € RP*"™ be a sequence of arbitrary matrices, and let Cy € R™*™ be a sequence of non-negative
definite matrices. We say that the sequence of matrices X; € RP*™ has one-sided decay of type

({ A}, {B:}) if it satisfies
Xoi1 = X, (Id —E[A]) + B, (A3)

We say that a sequence of non-negative definite matrices Z, € R™"*"™ has two-sided decay of type

({As}, {Cy}) if it satisfies

Zt+1 = E[(Id —At)Zt (Id —At)] + Ct. (A4)
Intuitively, if a sequence of matrices X; (resp. Z;) satisfies one decay of type ({A:}, {B:}) (resp.
two-sided decay of type ({A:}, {C:})), then in those directions u € R™ for which || A;u|| does not

decay too quickly in ¢ we expect that X (resp. Z;) will converge to 0 provided B; (resp. C}) are not
too large. More formally, let us define
= {u eR”

ﬂ ker lﬁ (Id —E[A,])

and let Q|| be the orthogonal projection onto V. It is on the space V| that that we expect Xy, Z; to
tend to zero if they satisfy one or two-side decay, and the precise results follows.

T
. CRIA D — o
Tlgr;og(ld E[A])u = 0, Vt_l},

A.3 Lemmas on Convergence for Matrices with One and Two-Sided Decay

We state here several results that underpin the proofs of our main results. We begin by giving in
Lemmas and two slight variations of the same simple argument that matrices with one or
two-sided decay converge to zero.

Lemma A.2. Ifa sequence {X;} has one-sided decay of type ({ A1}, {B:}) with
S IBilF < o, (A.5)

then lim;_, o X;Q) = 0.

12



Proof. For any € > 0, choose T} so that 372 . || By||r < § and T so that for t > T we have

< € 1
9 T —1
2|1 Xollr + X0 IBsllr

(ﬁadm a0)e,

S=

By (A3), we find that

2

Xt+1 = XO H(Id 7E[As]) + Z Bs H (Id 7]E[A7"D7
s=0

s=0 r=s+1
which implies for ¢ > T5 that

t

(H(Id ~E[A )Q”

s=0

||Xt+1Q||||F < ||X0HF

+ZIIB IF

Our assumption that || A;|| < 2 almost surely implies that for any T < ¢

‘ (ﬁ(ld ~E[4,)) @y

s=
since each term in the product is non-negative-definite. Thus, we find

Taking t — oo and then € — 0 implies that lim;_, XtQ” = 0, as desired.

r=s+1

t

(TTad-EA))Q

s=0

E

T1—1

[Xe41Q)llF < [HXOHF+ Z | Bl

t

(H(Id _E[A, )Q”

S:Tl

S= T1

Lemma A.3. If a sequence {Z.} has two-sided decay of type ({A:}, {C:}) with
2
=0 forallt>0

T—o0

lim E H ( ﬁ(ld ~4.))Q

2

and -
> 1r(Cy) < oo,
t=0

then lim;_, o QthQH =0.

( H (Id —E[A ]))QH

+ZHB IF <e.

(A.6)

(A7)

(A.8)

Proof. The proof is essentially identical to that of Lemma[A-2] That is, for e > 0, choose T so that

> e, tr(Cr) < § and choose T by (A.7) so that for t > T, we have

¢ 2

( I] aa —As)>QH

S:Tl

5 1
< = .
2tw(Zo) + 05 (Cy)

]E ‘

Conjugating (A.4) by @), we have that

a](TT0a-40) 7( [T0a —As))Q|]

s=0 s=0

Q| Zi11Q) =E

+ZE[Q|( [T aa-a,) ) ( f[ Id—A,) )Q”

r=s+1 r=s+1
Our assumption that || ;|| < 2 almost surely implies that for any 7' < ¢

T

(TTaa-40)Q

s=0

<
2

H(ﬁ(ld -4,))Q
s=0

2
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For t > T5, this implies by taking trace of both sides that

t 2 t t
w(QZi11Q)) < t(Z)E H(H(Id —a0)ey| |+ ueoE ||( I1 tda-4))e
s=0 2 s=0 r=s+1
(A2~9)
Ti—1 t 2 ¢
< |tr(Zp) + Z tr(Cs) | E H( H (Id —As))Q” + Z tr(Cs)
s=0 s=T1 2 s=T,
<e,
which implies that lim;_, o QI"-ZtQH =0. O

The preceding Lemmas will be used to provide sufficient conditions for augmented gradient descent
to converge as in Theorem [B.T|below. Since we are also interested in obtaining rates of convergence,
we record here two quantitative refinements of the Lemmas above that will be used in the proof of
Theorem [B.4l

Lemma A.4. Suppose { X;} has one-sided decay of type ({ A}, {B:}). Assume also that for some
X > 0and C > 0, we have

t

(TTaa-E4,D)e

=S

log

t+1
<X - C/ r~—%dr
2 S
and | By||p = O(t™") for some 0 < oo < 1 < B. Then, || X, Q||| r = O(t*~F).
t
Proof. Denote s ¢ := fs r~%dr. By (A.6), we have for some constants C7, Co > 0 that

t
IXe1Q)llr < Cre™ @Mt 4 Coe™ D (14 5) Pem @rernes, (A.10)
s=1

The first term on the right hand side is exponentially decaying in ¢ since 71 ;41 grows polynomially
in ¢. To bound the second term, observe that the function

f(8) := Cvst1,041 — Blog(s + 1)

satisfies

B B 1/(1—a)
ffs)>0 < C(s+1)_“—1+520 = s>(0> =K.

Hence, the summands are monotonically increasing for s greater than a fixed constant K depending
only on «, 3, C. Note that

K
Z(l +3)_5€—C"/s+1,t+1 < Ke_C’YK+1,t+1 < Ke—C’

s=1

tl—a

for some C’ depending only on « and K, and hence sum is exponentially decaying in ¢. Further,
using an integral comparison, we find

t t
Z (14 S)—ﬁe—c’ysﬂ,tﬂ < / (1+ 5)—56—%((t+1)17“—(8+1)17“)d8. (A.11)
s=K+1 K

Changing variables using u = (1 + s)17%/(1 — «), the last integral has the form

gt 1 11—« _
e—C’gt(l _ a)—E/ u—ﬁeCudu’ o 1= ( + l‘) B Oé.
9K

& (A.12)

11—« :1—a

Integrating by parts, we have

gt gt
/ usetdu = C'_lf/ u ¢ eC%du + (u_gecu)|g’k

9K 9K
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Further, since on the range gx < u < g, the integrand is increasing, we have

gt
e_cgtf u el dy < §gt_5
9K

Hence, e~“9¢ times the integral in (A.12)) is bounded above by
O ) + e~ (e ), = 0(g;).

Using (ATT) and substituting the previous line into (A-12) yields the estimate
t

Z (1 + S)—ﬁe—c’}’s+1,t+1 < (1 +t)—/3+04’
s=K+1
which completes the proof. O

Lemma A.5. Suppose {Z,} has two-sided decay of type ({A+},{C:}). Assume also that for some
X >0and C > 0, we have

2
<X-C /

as well as tr(Cy) = O(t=P) for some 0 < a < 1 < 5. Then tr(QH Z,Q) = O(t*P).

(H(Id A ))QH

=S

logE ‘

Proof. This argument is identical to the proof of Lemma[A:4] Indeed, using (A.9) we have that

t
tr (QthQD < Cre O 4 OgeX Z(l + s)fﬁefc%“i“.

s=1
The right hand side of this inequality coincides with the expression on the right hand side of (A-10),
which we already bounded by O(t”~) in the proof of Lemma O
In what follows, we will use a concentration result for products of matrices from [18]]. Let
Y1,...,Y, € RV*Y be independent random matrices. Suppose that
IE[Yillz <a;  and  E[||Y; - E[Yi][3] < b7a?
for some a1, ...,a, and by, ..., b,. We will use the following result, which is a specialization of

Theorem 5.1 in [18] for p = ¢ = 2.
Theorem A.6 (Theorem 5.1 in [18]]). For Zy € RN*", the product Z,, = Y,,Y,_1 - - - Y12 satisfies

E [||Za3] ~7Han%m
EM&—EMMAsGiﬁ*—Q%w%M

Finally, we collect two simple analytic lemmas for later use.
Lemma A.7. For any matrix M € R™*"™, we have that
E[[M]3] > [[E[M]|3-

Proof. We find by Cauchy-Schwartz and the convexity of the spectral norm that
E[|M|3] > E[|M]l2]* > [E[M]]I3. O
Lemma A.8. For bounded a; > 0, if we have Y > o @t = 00, then for any C' > 0 we have

_ t
E are”C 2s=0% < 0.
t=0

Proof. Define b; := Zi:o as so that

oo . oo oo
S = Zate_c Y00 = Z(bt — btfl)e_Cbt < / e “Tdr < o0,
t=0 t=0 0

where we use fooo e~ “*dz to upper bound its right Riemann sum. O
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B Analysis of data augmentation as stochastic optimization

In this section, we prove generalizations of our main theoretical results Theorems [3.1)and [3.2] giving
Monro-Robbins type conditions for convergence and rates for augmented gradient descent in the
linear setting.

B.1 Monro-Robbins type results

To state our general Monro-Robbins type convergence results, let us briefly recall the notation. We
consider overparameterized linear regression with loss

1
LW:D) = = [WX Y|,

where the dataset D of size N consists of data matrices X, Y that each have N columns x; €
R™ y; € RP with n > N. We optimize L(W; D) by augmented gradient descent, which means that
at each time ¢ we replace D = (X, Y") by a random dataset D; = (X¢, Y;). We then take a step

Wt+1 =W, — thWL(WtQ Dt)

of gradient descent on the resulting randomly augmented loss £(W; D;) with learning rate ;. Recall
that we set

Vj := column span of E[X; X/ ]
and denoted by @ the orthogonal projection onto V. As noted in on V), the proxy loss
is strictly convex and has a unique minimum, which is
Wi =E VX[ (QE [XX] Q)"
The change from one step of augmented GD to the next in these proxy optima is captured by
B =W, — W/

With this notation, we are ready to state Theorems [B.T] which gives two different sets of time-varying
Monro-Robbins type conditions under which the optimization trajectory W, converges for large ¢. In
Theorem [B.4] we refine the analysis to additionally give rates of convergence. Note that Theorem [B.1]
is a generalization of Theorem [3.1]and that Theorem [B.4]is a generalization of Theorem3.2]

Theorem B.1. Suppose that V) is independent of i, that the learning rate satisfies n; — 0, that the
proxy optima satisfy

> IElF < o, (B.1)
t=0
ensuring the existence of a limit W := lim;_, W/ and that
> 0 Amin vy (B[X: X[]) = oo, (B.2)
t=0
Then if either
SORE [IXXT ~ BT + YT ~ B XT)IR] < oo ®.3

t=0

or

> 2
> nPE[I1XXT — EX XTI + |[EWICGXT - BRG] - (6XT - EXTD| ] <o
t=0

(B.4)
hold, then for any initialization Wy, we have WtQH LN wZ.
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Remark B.2. In the general case, the column span V|| of E[X; X[ may vary with t. This means that

some directions in R™ may only have non-zero overlap with colspan(E[X;X[]) for some positive
but finite collection of values of t. In this case, only finitely many steps of the optimization would
move Wy in this direction, meaning that we must define a smaller space for convergence. The correct
definition of this subspace turns out to be the following

Vi = ﬁ ker [ﬁ (Id —2;\7;]E[XSX;F])] (B.5)
= tﬂo{u eR" ‘ 113;01'[ (IdeZ:’;]E[X XT]>u = 0}

With this re-definition of V|| and with Q| still denoting the orthogonal projection to V||, Theorem@
holds verbatim and with the same proof. Note that if n; — 0, V}| = colspan(E[X;X[]) is fixed in t,
and @) holds, this definition of V|| reduces to that defined in @)
Remark B.3. The condition (B4) can be written in a more conceptual way as

o0

> (1% XT — B XT3 + ner [1d oVar((BW)X, - Vi) X[ )] < o,

t=0
where we recognize that (E[Wy) X, — Y,) X[ is precisely the stochastic gradient estimate at time
t for the proxy loss Ly, evaluated at B [W}], which is the location at time t for vanilla GD on Ly
since taking expectations in the GD update equation coincides with GD for Ly. Moreover,
condition (B:4) actually implies condition (B3)) (see (]E below). The reason we state Theorem
-wnh both conditions, however; is that (B.4) makes explicit reference to the average E [Wy] of
the augmented trajectory. Thus, when applying Theorem[B_I|with this weaker condition, one must
separately estimate the behavior of this quantity.

Theorem [B.T] gave conditions on joint learning rate and data augmentation schedules under which
augmented optimization is guaranteed to converge. Our next result proves rates for this convergence.

Theorem B.4. Suppose that n, — 0 and that for some 0 < o < 1 < (1, B2 and C1,Cs > 0, we

have )
t t+1
2n, _
log E | (H (Idf " x XT)>QH <0 702/ rdr (B.6)
r=s 2 s
as well as
IEflr = Ot ") (B.7)
and
i [Id oVar(E[W,) X, X7 — Y, X[ )} — O(tP2). (B.8)

Then, for any initialization Wy, we have for any € > 0 that

~Wilr 5 0.

Remark B.5. To reduce Theorem[3.2)to Theorem[B.4| we notice that (B-10) and (B-I1) mean that
Theorem appltes to Yy = Id —2m t L with ag = 1 — Q(t=*) and and b} = O(t™7), thus
implying

The first step in proving both Theorem [B.T| and Theorem B:4]is to obtain recursions for the mean
and variance of the difference W, — W} between the time ¢ proxy optimum and the augmented
optimization trajectory at time ¢. We will then complete the proof of Theorem [B.I]in §B.3]and the

proof of Theorem [B4]in §B.4]

B.2 Recursion relations for parameter moments

The following proposition shows that difference between the mean augmented dynamics E[W;]
and the time—¢ optimum W} satisfies, in the sense of Definition [A.1} one-sided decay of type
({Ad}, {B:}) with

21,

A= N

T —k
XtXt 5 Bt =
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It also shows that the variance of this difference, which is non-negative definite, satisfies two-sided
decay of type ({A:}, {C:}) with A; as before and

4 2
Cy = % [Id oVar(E[Wt]XtXtT — Y, XT )} .
In terms of the notations of Appendix [A-T] we have the following recursions.
Proposition B.6. The quantity E[W;| — W;* satisfies

2
EWer] - Wy = EIW] - W;) (14— ZFEIXX]]) - (B.9)
and Z; := B[(W; — E[W,])T(W; — E[Wy))] satisfies
21 21 Ang
Zi = E|(1d —WtXtXtT)Zt(Id —NtXtXtT)] + 5 [IdoVar(]E[Wt]XtXtT — YtXtT)] .

(B.10)
Proof. Notice that E[X; X,/ Ju = 0 if and only if X, u = 0 almost surely, which implies that
WyE[X. X]] = E[Y: X] |E[X; X" E[X, X]] = E[Y; X/].
Thus, the learning dynamics (3.3)) yield

E[Wea] = E(W:] - S (E[WJE[X, X]] - EY.X]])
= E(W,] — 22 E[W,) - W7 E[XXT]

Subtracting W;*_; from both sides yields (B-9). We now analyze the fluctuations. Writing Sym(A) :=
A+ AT, we have
2
E[Wios1] "E[Wis] = E[WH] TE[W:] + < Sym (E[W,)TE[Y, X]] - EWH|"EW]E[X, X]))

2

3 (R XT W WL, XT 4 ELX, YT LY, X] - Sym(ELX, X] B TELY, X]) ).

Similarly, we have that
2
E[W,T, Wiar] = E[WTWi] + ESym(EW] Y. X — WIW,x,X]))
4n?
+ R EXXWIW XX = Sym(X X WY X]T) + XYV X,
Noting that X and Y; are independent of W, and subtracting yields the desired. O

B.3 Proof of Theorem [B.1]
First, by Proposition we see that E[W;] — W has one-sided decay with

X, X' —x
At = 277,5 t]v ¢ and Bt = —o.
Thus, by Lemmal[A.2]and (B.I)), we find that
Jim (B[W:]Qy — W) =0, (B.11)

which gives convergence in expectation.

For the second moment, by Proposition[B.6 we see that Z; has two-sided decay with
pevel
N

and Oy = %75 [Id oVar(E[Wt]XtXtT — YV XT )} .

We now verify (A7) and (A-8) in order to apply Lemma[A3]

A = 2n;
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For (A7), for any ¢ > 0, notice that
E[|As - E[AI7] = R2E[IX:X] - E[X.X[]|17]
so by either (B.3) or we may choose 71 > t so that 32 . E[||A; — E[A,][|%] < 5. Now

choose T, > T7 so thatTor T' > T5, we have

(f -4

T:Tl
For T' > T5, we then have

<§ T 1 - T:—1 )
2|12y Eld —Adl% + 32,2 ElllAs — E[AJ][I7]

2

2

T
E |(H(IdAs))Q|
s=t 2
T 2 s T 2 s—1 T
< | (TTEma-ag)Qy|l +> k|| [Jaa-4) J] aa-Eahe| -
s=t s=t r=t r=s+1 F r=t r=s
T 2 T s—1 T 2
= (HE[Id—AS])QH +3F ||[[Tad -4 (4, ~E4) ] (d-E4,])Q
= F s=t r=t r=s+1 F
T —1 T 2
< H E[ld —A,] F( I1 ]E[Id—AT])QH + S E[|l 4, — E[A)]3] ( H E[ld — A])QH
r=T, s=t r=s+1
-1 2 : T
< (|| TT Ema-a,| + Z [l4, — B[4,]131) || ( T] Eld-a, )Q” Z 14, - E[A
s=t r=T1 s=T1

<eg,
which implies (A.7). Condition (A.8) follows from either (B.4) or (B.3) and the bounds

/\

w(Ch) < S (IEDVICGXT —BXXTDIR + 1N —BYXTIR)  B12)

8n?
< 2 (EWAIPIXXT - ELXGXTTE + [V XT - EYXTIIE)

where in the first inequality we use the fact that || M; — Ma||2. < 2(||M1 ||F + || M3]|%.). Furthermore,

iterating yields |[E[Wy] — Wi r < [|[Wo — Wilr + Z o 127 ]| 7, which combined with
(B:12) and either (B.3) or (B-4) therefore implies (A.8). We conclude by Lemmal[A-3]that
lim Q[Z,Q) = lim E[Q[(W; — E[W:))T (W, — E[W:])Qy] = 0. (B.13)

Together, (B.11}) and lb imply that W, Q) — Wy 2 0. The conclusion then follows from the fact
that lim;_,o W = his complete the proof of Theorem ]

B.4 Proof of Theorem B.4
By Proposition[B.6] E[W;] — W has one-sided decay with
2 =%
At ]’r\;tXtXtT, Bt:—"‘ .
By Lemmal[A.7|and (B.6), E[4,] satisfies

t

2
tog | TT (1 QUTNIE[X xn)e|| < %log]E | (11 (Id—ZnTXT]'\)[(TT»QH
r=s 2 r=s 2
< % — % o ~%dr.

H(Id —Ay) H(Id -E[A,])Q

2

2

JIE]

2

F



Applying Lemma[A 4] using this bound and (B.7), we find that
IE[WHQ) — Wy lp = O(t*~™).

Moreover, because ||Zf || = O(t~P1), we also find that | W, — WX || = O(t~51*1), and hence
IEWQ) = Willp = O™,

Further, by Proposition E[(W; — E[W,])T(W; — E[W])] has two-sided decay with

2nt

Av=SExx], G- dnf [Id oVar(E[Wt]XtXtT ~ VX[ )] .

N2
Applying Lemma@wuh (B.6) and (B.8), we find that

E [|(W: —EW)QylIF] = Ot*~").
By Chebyshev’s inequality, for any = > 0 we have

P(”Wth —Wale 2O 4z 0@ )> < z2

For any € > 0, choosing x = t° for small 0 < & < ¢ we find as desired that

Q| —Willr 20,
thus completing the proof of Theorem[B.4] O

C Intrinsic time

Theorem [3.2] measures rates in terms of optimization steps ¢, but a different measurement of time
called the intrinsic time of the optimization will be more suitable for measuring the behavior of
optimization quantities. This was introduced for SGD in [28| 27], and we now generalize it to our
broader setting. For gradient descent on a loss £, the intrinsic time is a quantity which increments
by nAmin(H ) for a optimization step with learning rate 7 at a point where £ has Hessian H. When
specialized to our setting, it is given by

t—1
25
()= %)\min,v“ (E[X:X])). C.1)
s=0

Notice that intrinsic time of augmented optimization for the sequence of proxy losses £, appears in
Theorems [3.1]and [3.2} which require via conditions (3-8) and (3.1T) that the intrinsic time tends to
infinity as the number of optimization steps grows.

Intrinsic time will be a sensible variable in which to measure the behavior of quantities such as the
fluctuations of the optimization path f(t) := E[[|(W; — E[W;])Q||%]. In the proofs of Theorems
B-J]and[3.2] we show that the fluctuations satisfy an inequality of the form

Flt+1) < F(6)1 = a(t)® +b(t) (C2)

for a(t) := 2m, % Amin, vy (E[X¢ X/[]) and b(t) := Var[||n; Vi L(W})|| ] so that 7(t) = Ei;lo a(s).
Iterating the recursion shows that

t—1 t—1

7)< 1) [L0 - al)? + 3b(s) T (1 - ar)?

s=0 s=0 r=s+1

—27—(t)f + Z )) 27 (s+1)— 27—(t)( (8 + 1) _ T(S))

Changing variables to 7 := 7(¢) and defining A(7), B(7), and F'(7) by A(7(t)) = a(t), B(r(t)) =
b(t), and F(7(t)) = f(t), we find by replacing a right Riemann sum by an integral that

F(r) 3 ‘QT{ / Ao QUd} (C3)
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In order for the result of optimization to be independent of the starting point, by (C.3) we must have
7 — oo to remove the dependence on F'(0); this provides one explanation for the appearance of 7 in
condition (3.8). Further, (C.3) implies that the fluctuations at an intrinsic time are bounded by an

integral against the function iggg which depends only on the ratio of A(c) and B(o).

In the case of minibatch SGD, our proof of Theorem shows the intrinsic time is 7(¢) =
Fs

Zi;é 2778%)\@,1,‘/” (X XT) and the ratio % in 1| is by (F.5) bounded uniformly by 2 < (' &
b(t)

a(t)
for a constant C' > 0. Thus, keeping () fixed as a function of 7 suggests the “linear scaling” n; « B
used empirically in [13]] and proposed via an heuristic SDE limit in [27].

D Analysis of Noising Augmentations

In this section, we give a full analysis of the noising augmentations presented in Sectiond Let us
briefly recall the notation. As before, we consider overparameterized linear regression with loss

1
LW:D) = - [IWX =Y,

where the dataset D of size N consists of data matrices X, Y that each have N columns z; € R, y; €
RP with n > N. We optimize £(W; D) by augmented gradient descent or augmented stochastic
gradient descent with additive Gaussian noise. This means that at each time ¢ we replace D = (X,Y")
by a random batch D, = (X;,Y") of size By, where the columns z; ; of X; are

Tig = xi + 001Gy, Gip ~N(0,1)i.id.

In the case of gradient descent, the batch consists of the entire dataset, and the resulting data matrices
are
Xt:X+Uth and }/t:Y

In the case of stochastic gradient descent, the batch consists of B, datapoints chosen uniformly at
random with replacement, and the resulting data matrices are

Xt = Ct(XAt + Uth) and th = CtYAt,

where ¢; = \/N/By, A; € RV*5t hasi.i.d. columns with a single non-zero entry equal to 1, and
Gy € R™*B¢ has i.i.d. Gaussian entries. In both cases, the proxy loss is

1
Lu(W) = IV = WX[E + o7 W],
which has ridge minimizer
Wt* = YXT(XXT + O'sz : Idnxn)ilv

and the space V| := column span of E[X;X/] is all of R". We now separately analyze the cases of
GD and SGD in Theorems [.T]and Theorem [4.2] respectively.

D.1 Proof of Theorem 4.1 for GD

We begin by proving convergence without rates. For this, we seek to show that if o2, 77; — 0 with o2
non-increasing and

Zntof =00  and anaf < 00, (D.1)
t=0 t=0
then, W; £ Wiin. We will do this by applying Theorem so we check that our assumptions imply
the hypotheses of these theorems. For Theorem 3.1} we directly compute
EY;X/]=YX" and E[X.X/]=XXT +0?N-Id,xn
and

EX, X, X)) = XX"X +0}(N+n+1)X

EX, XX X]] = XX"XXT + o2 ((QN +n+2)XXT + (XX ") Idynn ) + 0t N(N +n+1)Id,xn -
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‘We also find that

-1 —1

IZ;1lr = |07 — 02, |N HYXT (XXT+ 02N Men ) (XXT+ 020N - yen )

F
< lof = ot INIY XT(XXT) P p.
Thus, because o7 is decreasing, we see that the hypothesis (3.7) of Theoremindeed holds. Further,

we note that

(oo}
SORE [|XXT — E[X X3 + [V XT — E[Y. XT3
t=0

oo (o)
= nfo? (20 + VIX|E + N} + 0 Nn(n +1)) = O (Z nfﬁ) ,
t=0 t=0

which by (DT} implies (B-3). Theorem [3.T]and the fact that limy_, o W;* = Wy therefore yield that
Wy & Wiin.

We now prove convergence with rates, we aim to show that if n; = ©(¢t~%) and 02 = O(t~Y) with
z,y >0,z +y < 1,and 2z + y > 1, then for any € > 0, we have that

tmin{y,%W}_E”Wt — Wmin”F £> 0.

We now check the hypotheses for and apply Theorem For , notice that Y,. = Id —2n, X’]'\}XI
A6 with a, = 1 — 2,02 and b? = 15 (2(n FIX2 +

satisfies the hypotheses of Theorem

o2Nn(n + 1)) Thus, by Theorem
some C,Cy > 0 that

and the fact that 7, = ©(t~%) and 0? = ©(¢t ), we find for

t
X, XT
1d -2 rer
[T (d—2n, N

r=s

log E

t t 1
< be +2 Zlog(l — 2n,02) < Oy — (]2/ Py,

2
For (B7), we find that
15 lr < |07 = o2 IN[Y XT(XXT)P|e = O ).
Finally, for (B.8), we find that
it [1d oVar (E[Wi) X, XT — YV, X7 )| = [ |EWH] (X, XT — B[X,X])) — (Y, X] — B[V, X]])|I3]
< 27K | IEW(XXT — ELX XTI + V:X] - EVX] 13|
< 202 (IEWIFEL XX — B XTI + IV X] - Bl X7])%)
= O(t™27Y).
Noting finally that [|IW; — Wiin||r = O(0?) = O(t~Y), we apply Theorem [B.4] with o = = + y,

B1 =1y + 1, and B3 = 2z + y to obtain the desired estimates. This concludes the proof of Theorem
|

D.2 Proof of Theorem 4.2l for SGD

We now prove Theorem [#.2]for SGD. As before, we will apply Theorems [3.1and [B.4] To check the
hypotheses of these theorems, we will use the following expressions for moments of the augmented
data matrices.

Lemma D.1. We have
EY:X/]=YX"  and E[X,X]]=XX"+06?NIdyxn . (D.2)
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Moreover,
EY; X! X,Y,"]| = /E[Y A AT XTX A A]YT + at Y A,Gl G ATYT)

Bt

N
=5 diag(XTX)YT + By xmxyT 4 oINYYT
t

E[Y: X X, X]] c4]E[YAtATXTXAtATXT + o2V A GIG AT XT
+ o?Y A,GT X A,G] + o7 YAfATXTGtGT]
B n+1
tBt Ly xTxx7 4 o}(N + B:/FN
EX. X X, X]] = ct]E[XAtATXTXAtATXT + 02GGT XA ATXT 4+ 62X AGIG AT XT
+ o2 X AT XTGLGT 402G AT X TG AT XT + 02X AGT X A,GT
+ 02GLATXTX A G] + o GtGTGtGT]

= EY diag(XTX)XT + hod

n+2
B;/N

N B; —
FX diag(XTX)XT + B, Bl xmxxT + of (2N + pod

n+1

I .
Bt/N) dn><n

N
+ afEtr(XXT) Id, n +0fN(N +

Proof. All these formulas are obtained by direct, if slightly tedious, computation. O

With these expressions in hand, we now check the conditions of Theorem@ First, by the Sherman-
Morrison-Woodbury matrix inversion formula, we have

IZ5lF = [0fN — o NI |[YXT(XXT + 07N - Idnsn) (XX + 07 N - Idnxn) |
(D.3)
< Nlof — o7 | Y XTI(XXT)P -

Because o7 is non-increasing, this implies (3.7). Next, by LemmaD.1| we have that

Z"?t mmVH >Z7’]t0't = OO0

by the first given condition in @) which verifies (3.8). Finally, by Lemma[D.I] we may compute

E[[xxT -E[XX]T]}]

nt+l
7t B,/N

4Nn(n+1)

_ i : T _ T T T
- = r( X(N diag(XTX) = XTX)XT) + 2077 (X XT) + o BN

t

and

1
E [IV:X] — E[Y, X7])|%] = Ftr(Y(N diag(XTX) — XTX)YT) +o2Nu(YYT).

t
Together, these imply that for some constant C' > 0, we have that

oo oo
>t [E[I1XxT — BT[]+ E[vixy —Emxf)f}]] < Yot <o
t=0 t=0

by the second given condition in (&.7)), which verifies (3.9). Thus the conditions of Theorem [3.1]
apply, which shows that W, LN Wnin» as desired.

For rates of convergence, we check the COI]dlthIlS of Theorem[B-4] For (B.6), we will apply Theorem
to bound logE HH (Id — 27”X X)) H By the second moment expression E[X,. X,[] =
XXT + 02N 1d,uy,,, we find that

21, T
E [Id — X X
[z a5

=1-2n,0}
2
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Moreover, by Lemma|[D.I] for some constant C' > 0 we have
2
2

< A itr(X(N diag(XTX) — XTX)XT) +2
=~ N2 | B,

< Cn}.

2n, T
X, X
oy

Hld 20 X, XT-E [ld -

N

dn? 2
= NQE [HXTX: ~E[X, X]] Hz}

02n+1
"' B;/N

tr(XX") + o;*]\”g’;;l)}

Applying Theoremwith ar =1—2n.02and b? = C"T , we find that

2 b2 t
< Za—z +2log (H (1 —277,473))

2 r r=s
t t
Cn? 2
S SR
r=s T r=s

Because 7, = O(r~%) and 02 = O(r~Y), we obtain 1@' witha =2 +y,Cr =372, C;z*, and
some C5 > 0, where C1 is finite because > %. Next, (B.7) holds for 51 = —y — 1 by (D.3). Finally,
it remains to bound
e [Id oVar(E[Wy]) X, XT — Y, X] )}
to verify (B.8). Again using[D.T]and noting that Wy, X =Y, we find
nitr [Id oVar(E[W;] X, X[ — V;X[1)]

t

I1 (Id _2h g XT )

r=s

log E

1
= tr( 5 EWIX (N diag(XTX) — XTX)XTE[W,]T

+1 N n+1
252 XXE o2 (X XT) + 0N E[W,]JE[W;]T
+ 20} R BIWIXXTEWT + (0 ue(XXT) 4o g /N> WEIWH]T)
o T T T T
217ttr(B Y (N diag(XTX) — XTX)XTE[W,]T + 02 Bt/NYX E[W,] )

+ ] tr( 5, (V ding(XTX) = XTX)¥ T + o] NYYT)

< Cni(of + A7)

for some C' > 0 and A; := E[W};] — Wyn. Define also A} := E[W;] — W}* so that, exactly as in
Proposition[B.6] we have

2 2
A=A (Id—]ztE [thﬂ) + oS AL=EW - W,

Since ||Zf || = O(t7¥~') and we already saw that

2n
HId—NtE (X, X[]|| =1-2mo?,

2

we may use the single sided decay estimates of Lemma to conclude that [|A}| ., = O(t"1).
This implies that

1A F < [AUF + W = Wallp = O™ +017) = 0(t™)
since we assumed that « 4+ y < 1. Therefore, we obtain
njtr [IdoVar(E[W,] X, X[ — Y, X[)] < Cnf (o} + ©(t™)) = ©(t7*7Y),

showing that condition (B-8) holds with 35 = 2 + y. We have thus verified all of the conditions of
Theorem[B.4] whose application completes the proof. 0
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E Analysis of random projection augmentations

In this section, we give a full analysis of the random projection augmentations presented in Section 5]

In this setting, we have a preconditioning matrix 1I; = QtHf Qr € R™*" where Ht is a projection
matrix and ); are Haar random orthogonal matrices. Define the normahzed trace of the projection
matrix by

i TL) (E.1)
n

We consider the augmentation given by
Xt = HtX and Y; =Y.

In this setting, we first record the values of the lower order moments of the augmented data matrices,
with proofs deferred to Section [E.T|

Lemma E.1. We have that

E[X] = 7.X (E.2)
E[Y;X/[] = nY X" (E.3)
E[X,X]] = %(gfl/lé ”__2/2/ Z DxxT i ltil/n__%g Xl EY

SIS 7 g

B - LU X

We now compute the proxy loss and its optima as follows.

Lemma E.2. The proxy loss for randomly rotated projections with normalized trace v given by

(EDpis

= 1 w(d =) 1/n—2/n?
ZW) = IV =W X[t g X [t 22 (W X o X IW 1),
It has proxy optima
Y +1/n—2/n%_ _+ 11— X1/ !
Wy =y XT (I XX ) .
¢ 14+1/n—2/n? + 1+1/n—-2/n2 n

Proof. Applying (3.1), we find that

— 1 1 2 1

Lu(W) = FEY: = WXi|[7] = FEVlE] - FEr(X W)+ CEle(WTWX, X)),
Applying Lemma E.T| we conclude that

1 ’Yt(l_'Yt) 2 2
X%+ — X
Yl —7) 1/n—2/n?
N 1+1/n 2/ 2

The formula for T;* then results from Lemma [E.T|and the general formula (3.4). O

1 y(ye +1/n —2/n?)
N 1+1/n—2/n?

_ 1 2y
Li(W) = N”Y”F - Wt r(XWTY) +

1 1
= 51V = %W X|E+ 7@ = wIXIEIWIE + (WX + *IIXHFIIWIIF)

E.1 Proof of LemmalE.l

We apply the Weingarten calculus [[7] to compute integrals of polynomial functions of the matrix
entries of a Haar orthogonal matrix. Because each matrix entry of the expectations in Lemma [E.T]is
such a polynomial, this will allow us to compute the relevant expectations. The main result we use is
the following on polynomials of degree at most 4 and its corollary.

25



Proposition E.3 (Corollary 3.4 of [7]]). For an n x n orthogonal matrix ) drawn from the Haar
measure, we have that

1
E[Qiljl Qizjz] = 5571171251'1]'2 (E.7)
-1
ElQijy Qisgo Qisjs Qija] = 2D+ 2 (5¢1¢25iai4 + i1y 0igiy + 5i1i45i2i3) (%‘m Ojaja + 05155 0jaga + 5j1j45j2j3>
1
+ m <6i1i25i3i4 6j1j2 5j3j4 + 6i1i3 6i2i45j1j3 6j2]'4 + 6i1i46i2i36j1]'46j2j3>7

(E.8)

where 84 denotes the Kronecker delta function §,, = 1{a = b}.

Corollary E4. For matrices A, B,C € R™*" and an n x n Haar random orthogonal matrix @, we
have

E[QAQT] = %tr(A) -1d (E.9)

E[QAQTBQCQ); = —m (r(A)r(C) + m(ACT + AC) ) (3350r(B) + By + By )
e (tr(A)tr(C’)Bij + 1r(ACT)Bj; + 5ijtr(AC)tr(B)).
(E.10)
Proof. For (EJ9), notice by (EZ7) that
EIQAQT = 3 ElQuAu@nl = 3 dud, A = 5t A).
ab=1 ab=1
For (E-I0), notice by (E-8) that
E[QAQTBQCQT;; = z": ElQic A QcrBeaQacCefQif]
ab.cde, f=1
- ( 32 AuoCret 3 AuCust 3 AusCin) (3088 B 4 )
+ ﬁ ( aél AaaCeeBij + ail AapCapBji + 0ij ail AabCha ; Bcc) :

which when simplified gives the desired conclusion. O

We now compute each lower order moment; in each computation, let ) denote a random n X n
orthogonal matrix drawn from the Haar measure. Claims (E:2) and (E.3) follow from Corollary [E4]
and the facts that
E[X,] =E[QILQ'IX and E[Y¥:X/]=YE[QILQTIX.

Claims and follow from Corollary [E.4]and the facts that

E[X,X]] =E[QIQ'XXTQI,QT]  and  E[X;X]X,] = E[QI,Q"XXTQIQ']X.
Finally, (E.6) follows from Corollary [E:4]and the fact that
E[| X, X[]#] = Elr(QILQ"XXTQI;QTX X TQILQT)] = E[r(TL,Q" XX TQIF Q"X X QIL,)]).
This completes the proof of Lemma [E.}
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E.2 Proof of Theorem 5.1

We first show convergence. By Lemma we find that V” = R”. Furthermore, because v; — 1, we
have that W2 = lim;_,oo W;" = Wi It therefore suffices to verify the conditions of Theorem@
First, notice that

|% —’Yt+1|
1+1/n—-2/n2

1/n —2/n? 1— X|1? -1
|E:||F: T(7t+1+ /n /TL XXT+ Yt+1 || HF Id)

1+1/n—-2/n? 1+1/n-=2/n2 n
X3 1/n —2/n? 1— X3 -1
n 1+1/n—2/n? 1+1/n—2/n%2 n

F
et =Ygl
“14+1/n—2/n?

Because ~; are increasing and lim;_, o, 7 = 1, we find that (3.7)) holds. Now, by Lemma we
have
w(l—w) X%
Amin (B[X, X[T]) > ;
(B[X:X;]) 2 1+1/n—2/n%2 n
so the first condition in (3.2)) implies (3.8). Finally, using Lemma [E.T| we may compute

1
Y XYl XTI FIXXT = [ XF 1.

EIX: X — E[X: X[]l|7] = B[IX: X ||7] — |B[X X[
_ (=) (1 + Ye)n' 4 (14 2y)n® — (14 4y )n? — 4n + 4)

(n—1)%(n + 2)2 X XTI
L (=3 (( = 3 = 9f)n + (L = 29)n® + (dy = 2)n?) Lixe
(0~ 12(n 1 22 n
< 231 =) (IX XTI + 1% E11)
and also
B, XT ~ B[ XT3 = BlvXT 3] - BT
= 2o A2 g + 2 L
<@ =) (VXTI + S IXIRIYIE). ©.12)

Combining these bounds with the second condition in (5.2) gives (3.9). Having verified (3.7), (3:8),
and 1i we conclude by Theoremthat Wy LN Whin as desired.

We now obtain rates using Theorem We aim to show thatif n, = O(t~ %) and v, = 1 — O(tY)
withz,y > 0, x +y < 1, and 2z 4+ y > 1, then for any € > 0 we have that

ity 3 =S Wy — Wil e 2 0.

We now check the hypotheses of Theorem For (B.6), by Lemma [E-1] and (ETI), Y, =
Id —%XTX,T satisfies the hypotheses of Theoremwith

a,=1—

20 v(l—m) X% o Smpye(l =) Ti2 L Ly
d b= 7( XX Six )
N 1+1/n—2/n2 n an r 2 N? I e + n” I7

By Theorem and the fact that y, = ©(¢t~*) and v, = 1 — O(t~Y), we find for some Cy,Cs > 0
that

¢ 2

2n,
[~ JZ X, XT)

2, ox 2, X1
Szbr+2210g(1*N< %(17%)7)

logE
o8 1+ 1/n — 2/n?)

=S

2

41
<Cp— CQ/ rTYdr
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For (B.7), our previous computations show that

I < et = vl
=1 n—2/n2
Finally, for (B.8), we find by (E.11)), (E.12) and the fact that ||E[W]||r = O(1) that

e [1d oVar (B[ X, X[ = Vi XT )| = 2 [|EIWi] (X, XT — BIX,X])) - (X[ — B, X]])|I3]

1 Y
Y XTI X FIXXT = ~ | X||E Id]|r = O™

< 2R [|EWH] (X, XT — EX XT3 + |V X - BV X]T))3]
< 207 (IEIWH] IFE(1 X XT - DG XT3 + 1,7 — BV X])3)
=0t 2v).

Noting finally that ||IW;* — Wiin||r = O(1 — ;) = O(t¥), we apply Theorem[B.4with o = z +y,
f1 =y + 1,and B = 2z + y to obtain the desired rate. This concludes the proof of Theorem[5.1][J

E.3 Experimental validation

To validate Theorem [5.1] we ran augmented GD with random projection augmentation on N = 100
simulated datapoints. Inputs were i.i.d. Gaussian vectors in dimension n = 400, and outputs in dim
p = 1 were generated by a random linear map with i.i.d Gaussian coefficients drawn from A(1,1).

The learning rate followed a fixed polynomially decaying schedule 7, = % - (batch size) - (1 +

25) 7006, Figure shows MSE and ||W;_| || » along a single optimization trajectory with different
schedules for the dimension ratio 1 — ~; used in random projection augmentation. Code to generate
this figure is provided in supplement.zip in the supplement. It ran in 30 minutes on a standard

laptop CPU.

Mean Squared Error (GD) Orthogonal Weight Norm ||V, || (GD)
104 i —— Unaugmented 8 x 100  ReEsimiiiiiiiiil o Upaugmented
Rand Proj const Rand Proj const
103 DAttt 11200001 Rand Proj exp 7x100 | Rand Proj exp
=-==- Rand Proj pow =-=-- Rand Proj pow
102
10! 6 x 10°
100
0 2000 4000 6000 8000 10000 0 2000 1000 6000 8000 10000
Steps Steps

Figure E.1: MSE and ||IV;_| || r for optimization trajectories of GD with random projection augmen-
tation Jointly scheduling learning rate and noise variance to have polynomial decay is necessary for
optimization to converge to the minimal norm solution Wy,i,,. Rand Proj const, Rand Proj exp, and
Rand Proj pow have random projection augmentation with 1 —~; = 0.1,0.1e %92, 0.1(1+4 &) 793,
respectively. Other experimental details are the same as those described in @

F Analysis of SGD

This section gives an analysis of vanilla SGD using our method. Let us briefly recall the notation. As
before, we consider overparameterized linear regression with loss

1 2
LW;D) =+ WX =Y},
where the dataset D of size N consists of data matrices X, Y that each have N columns z; € R, y; €
RP? with n > N. We optimize L(W; D) by augmented SGD either with or without additive Gaussian

noise. In the former case, this means that at each time ¢ we replace D = (X, Y") by a random batch
B; = (X4,Y;) given by a prescribed batch size B; = |B;| in which each datapoint in B; is chosen
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uniformly with replacement from D, and the resulting data matrices X; and Y; are scaled so that
Li(W) = L(W;D). Concretely, this means that for the normalizing factor ¢; := \/N/B; we have

X = XA and Y =Y Ay, (E.1)
where A; € RV*Bt hasi.i.d. columns A, ; with a single non-zero entry equal to 1 chosen uniformly
at random. In this setting the minimum norm optimum for each ¢ are the same and given by

W =W =YX (XX)T,
which coincides with the minimum norm optimum for the unaugmented loss.

Theorem F.1. Ifthe learning rate satisfies n, — 0 and
> =00, (F2)
t=0

then for any initialization Wy, we have WtQ” LN Wnin. If further we have that n, = ©(t~%) with
0 < z < 1, then for some C' > 0 we have

1—x
T WiQ) — Waninll e 2 0.

Theorem [F.I]recovers the exponential convergence rate for SGD in the overparametrized settting,
which has been previously studied through both empirical and theoretical means [22]. Because
1 < B; < N for all ¢, it does not affect the asymptotic results in Theorem@ In practice, however,
the number of optimization steps ¢ is often small enough that % is of order ¢t~ for some o > 0,
meaning the choice of B; can affect rates in this non-asymptotic regime. Though we do not attempt
to push our generic analysis to this granularity, this is done in [22] to derive optimal batch sizes and
learning rates in the overparametrized setting.

Proof of Theorem In order to apply Theorems [B.T]and[B.4] we begin by computing the moments
of A; as follows. Recall the notation diag(M ) from Appendix

Lemma F.2. For any Z € RYN*N | we have that

B B . Bi(B;—1)
E[A.A]] = Wt Idyxy  and  E[AATZAA]] = Ftdlag(Z) + %Z.
Proof. We have that
B, B
E[A,A]] = §E[Ai7tAZt] = Wt Tdy o -
Similarly, we find that
By
E[A Al ZA AT = ) E[Ai Al ZA;j AT
ij=1
By
=Y BlAi Al ZAi AT +2 > EB[A Al ZA;,A] ]
i=1 1<i<j<By
B: . By(By — 1)
= ﬁdlag(Z) + TZ,
which completes the proof. O

Let us first check convergence in mean:
EW:]Q) — Wiin-
To see this, note that Lemmaimplies
EV:X/]=YX" EX.X/[]=XXT,
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which yields that

W =YXT[XXT]" = Win (E.3)
for all ¢. We now prove convergence. Since all W;* are equal to Wiy, we find that =} = 0. By @)
and Lemma[E2] we have

2
E[Wi11] — Winin = (E[W;] — Wmin)(Id _ 2

XXT)
which implies since 2% < )\maX(XXT)_1 for large ¢ that for some C' > 0 we have

277S

[EWQ) = Winin|lr < [[Wo@) — v
2
-1 277
S OHWOQH _ VVIHin”F exp ( —_ WsAmim\/H (XXT)> . (F4)
=0

From this we readily conclude using 1| the desired convergence in mean E[Wt]QH — Whin-

Let us now prove that the variance tends to zero. By Proposition we find that Z; = E[(W; —
E[W,])T(W; — E[W;])] has two-sided decay of type ({A4;},{C;}) with

4n
N2
To understand the resultmg rating of convergence, let us first obtain a bound on tr(C). To do this,
note that for any matrix A, we have

tr (Id oVar[A]) = tr (]E [ATA] —E[A]"E [A]) .
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Ay = XtXtT ,  Cp= [Id oVar((E[W;] X, — Y3)X)] -

Moreover, using the definition (F.I)) of the matrix A; and writing
Mt :E[Wt]X—K
we find
(E[Wy] X, — Yt)XtT)T (E[Wi] X — Vo) X[ = XA AT MM AATXT
as well as
T\ T T T asT T vT
E[(EW]X: - Y)X])] E[(EW]X; - Y) X[ ]| = XE [AA]] M M;E [AA]] XT.

Hence, using the expression from Lemma[F.2] for the moments of A; and recalling the scaling factor
= (N/By;)'/?, we find

tr(Cy) = I <X {diag (M, M) — ;MJMt} XT) .
Next, writing
Ay = E[W,] — Winin

and recalling (F3)), we see that
AKX

Thus, applying the estimates (F-4) about exponential convergence of the mean, we obtain

4ns

877/2 2 877/2 2
€0 < S 1y 20 < 3 T gy e (~ 3 2

s=0

20 i v, (XXT))

(E.5)
Notice now that Y, = Q) — A, satisfies the conditions of Theorem with a, = 1 —

24 Awin v (XXT) and 02 = 5% g (X diag(XTX)X — £ XXTXXT). By Theorem

we then obtain for any ¢t > s > 0 that

2 t

S U H ( — 2, ~ mm,V”(XXT))Q. (F.6)
2 r=s

t
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By two-sided decay of Z,, we find by (F-3), (F.6), and (A:9) that
E[|WiQ) — EWQ 7] = (@) Z:Qy)
-1

< o= F Ay (XXT) ELh e IIXX H2||A Q HFCZBSZSN By (XXDHT0 8 gy

s . T
Since n, — 0, we find that nsBﬁeT’\"‘""Vll (XX s uniformly bounded and that b? <

~ Amin, v, (XX T)n,. for sufficiently large r. We therefore find that for some C” > 0,
=l 4 X xT) 58
]E[HWtQH N E[Wt]Q” ||%] < C/ Z nse_ﬁkmin,vu ( )2 r—0 VIT’
s=0
hence lim; ., E[[|W;Q) — E[Wt]Q”H%] = 0 by Lemma Combined with the fact that
E[W;]Q| — Winin, this implies that W, Q| 5 Wiyin.

To obtain a rate of convergence, observe that by (F.4) and the fact that 7, = ©(¢t~%), for some
C1,Cy > 0 we have

IE[W:]Q) — Winl|r < C1 exp ( - Cgf"”). (F.8)

Similarly, by (F.7) and the fact that 5”5 < oo uniformly, for some Cs, Cy, Cs5 > 0 we have

E[||W:Q) — E[W4]QylI7] < Csexp ( — (/”4161*‘”)19*m
We conclude by Chebyshev’s inequality that for any a > 0 we have
IP’(HWtQH — Whinl|lF > C1 exp ( — Cgtl_x) +a- C’gt%_%e_c“tlﬂ/z) <a 2.
Taking a = ¢, we conclude as desired that for some C' > 0, we have

1—=z
eCt HWtQH - Wmin”F £> 0.
This completes the proof of Theorem [F.1] O
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