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Abstract

The training and generalization dynamics of the Transformer’s core mechanism, namely the
Attention mechanism, remain under-explored. Besides, existing analyses primarily focus
on single-head attention. Inspired by the demonstrated benefits of overparameterization
when training fully-connected networks, we investigate the potential optimization and
generalization advantages of using multiple attention heads. Towards this goal, we derive
convergence and generalization guarantees for gradient-descent training of a single-layer
multi-head self-attention model, under a suitable realizability condition on the data. We then
establish primitive conditions on the initialization that ensure realizability holds. Finally, we
demonstrate that these conditions are satisfied for a simple tokenized-mixture model. We
expect the analysis can be extended to various data-model and architecture variations.

1 Introduction

Transformers have emerged as a promising paradigm in deep learning, primarily attributable to their
distinctive self-attention mechanism. Motivated by the model’s state-of-the-art performance in natural
language processing (Devlin et all [2019; Brown et al [2020; Raffel et al., 2020) and computer vision
(Dosovitskiy et al.l [2021; Radford et al., [2021} [Touvron et al., [2021)), the theoretical study of the attention
mechanism has seen a notable surge in interest recently. Numerous studies have already explored the
expressivity of Attention, e.g. (Baldi & Vershyninl 2022 [Dong et al.| [2021; [Yun et al.l |2020ajb; [Sanford et al.
2023; Bietti et al.l 2023), and initial findings regarding memory capacity have been very recently studied
in (Baldi & Vershynin|, |2022; |Dong et al., [2021; [Yun et al., [2020ajb; Mahdavi et al., [2023). In an attempt
to comprehend optimization aspects of training attention models, [Sahiner et al.| (2022)); Ergen et al.| (2022)
have investigated convex-relaxations, while Tarzanagh et al. (2023a)) investigates the model’s implicit bias.
Additionally, [Edelman et al.| (2021) have presented capacity and Rademacher complexity-based generalization
bounds for Self-Attention. However, the exploration of the finite-time optimization and generalization
dynamics of gradient-descent (GD) for training attention models largely remains an open question.

Recent contributions in this direction, which serve as motivation for our work, include the studies by |Jelassi
et al| (2022); Li et al.| (2023al); |Oymak et al.[ (2023). These works concentrate on single-layer attention models
with a single attention head. Furthermore, despite necessary simplifying assumptions made for the data, the
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analyses are rather intricate and appear highly specialized on the individual attention and data model. These
direct and highly specialized analyses present certain challenges. First, it remains uncertain whether they
can be encompassed within a broader framework that can potentially be extended to more complex attention
architectures and diverse data models. Second, they appear disconnected from existing frameworks that
have been flourishing in recent years for conventional fully-connected and convolutional neural networks e.g.,
(Jacot et all 2018} |Ji & Telgarskyl, [2020; Richards & Rabbat), 2021} [Liu et al., 2020; Taheri & Thrampoulidis,
2023). Consequently, it is also unclear how the introduction of attention alters the analysis landscape.

In this work, we study the optimization and generalization properties of multi-head attention mechanism
trained by gradient methods. Our approach specifically leverages the use of multiple attention heads. Despite
the operational differences between attention heads in an attention model and hidden nodes in an MLP,
we demonstrate, from an analysis perspective, that this parallelism enables the exploitation of frameworks
developed for the latter to study the former. Particularly for the generalization analysis, we leverage recent
advancements in the application of the algorithmic-stability framework to overparameterized MLPs (Richards
& Kuzborskij, 2021} [Taheri & Thrampoulidis], |2023]).

Contributions. We study training and generalization of gradient descent optimization for a multi-head
attention (MHA) layer with H heads in a binary classification setting. For this setting, detailed in Section
we analyze training with logistic loss both the attention weights (parameterizing the softmax logits), as well
as, the linear decoder that turns output tokens to label prediction.

In Section [3, we characterize key properties of the empirical loss L, specifically establishing that it is
self-bounded and satisfies a key self-bounded weak-convexity property, i.e. Amin(V2L(0)) 2 —ﬁf(@) for
a parameter x that depends only mildly on the parameter vector 6. Establishing these properties (and
also quantifying k) involves carefully computing and bounding the gradient and Hessian of the MHA layer,
calculations that can be useful beyond the context of our paper.

In Sections [.I4:2] we present our training and generalization bounds in their most general form. The
bounds are given in terms of the empirical loss L(0) and the distance |0 — 6| to initialization 6y of an
appropriately chosen target vector 8. The distance to initialization also controls the minimum number of
heads H 2 @ - 6 ° required for the bounds to hold. The choice of an appropriate parameter 6 that makes
the bounds tight is generically specific to the data setting and the chosen initialization. To guide such a
choice, in Section we formalize primitive and straightforward-to-check conditions on the initialization 6
that ensure it is possible to find an appropriate 6. In short, provided the model output at initialization is
logarithmic on the train-set size n and the data are separable with respect to the neural-tangent kernel (NTK)
features of the MHA model with constant margin v, then Corollary [2| shows that with step-size n = O(1) and
O(n) gradient descent steps, the train loss and generalization gap is bounded by O(1/n) provided only a
polylogarithmic number of heads H = Q(log®(n)). We remark that the aforementioned NTK separability
assumption, although related to, differs from the standard NTK analysis. Besides, while this assumption is
sufficient to apply our general bounds, it is not a necessary condition.

In Section we investigate a tokenized mixture data model with label-(ir)relevant tokens. We show that after
one randomized gradient step from zero initialization, the NTK features of the MHA model separate the data
with margin v,. Thus, applying our general analysis from Section [4.I] we establish training and generalization
bounds as described above, for a logarithmic number of heads. Towards assessing the optimality of these
bounds, we demonstrate that MHA is expressive enough to achieve margin .t that is superior to 7,.. The
mechanism to reach 7,t¢n, involves selecting key-query weights of sufficiently large norm, which saturates the
softmax nonlinearity by suppressing label-irrelevant tokens. We identify the large-norm requirement as a
potential bottleneck in selecting those weights as target parameters in our theory framework and discuss
open questions regarding extending the analytical framework into this specific regime.

The remaining parts are organised as follows. Proof sketches of our main training/generalization bounds are
given in Section [6] The paper concludes in Section [7] with remarks on our findings’ implications and open
questions. Detailed proofs are in the appendix, where we also present synthetic numerical experiments.

Related work. We give a brief overview of the most relevant works on understanding optimiza-
tion/generalization of self-Attention or its variants. Please see Section [H| for more detailed exposition.
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Oymak et al.| (2023) diverges from traditional self-Attention by focusing on a variant called prompt-Attention,
aiming to gain understanding of prompt-tuning. |Jelassi et al.| (2022)) shed light on how ViTs learn spatially
localized patterns using gradient-based methods. |Li et al.| (2023al) provides sample complexity bounds for
achieving zero generalization error on training three-layer ViTs for classification tasks for a similar tokenized
mixture data model as ours. Contemporaneous work [Tian et al.| (2023) presents SGD-dynamics of single-layer
attention for next-token prediction by re-parameterizing the original problem in terms of the softmax and
classification logit matrices, while [Tarzanagh et al.| (2023bsa) study the implicit bias of training the softmax
weights W with a fixed decoder U. All these works focus on a single attention head; instead, we leverage the
use of multiple heads to establish connections to the literature on GD training of overparameterized MLPs.
Conceptually, [Hron et al.| (2020) drew similar connections, linking multi-head attention to a Gaussian process
in the limit as the number of heads approaches infinity. In contrast, we study the more practical regime of
finite heads and obtain finite-time optimization and generalization bounds.

Among the extensive studies on training/generalization of overparameterized MLPs, our work closely aligns
with [Nitanda et al| (2019); Ji & Telgarsky| (2020)); |Cao & Gu| (2019); |Chen et al.| (2020)); (Telgarsky| (2022);
Taheri & Thrampoulidis| (2023)) focusing on classification with logistic loss. Conceptually, our findings extend
this research to attention models. The use of algorithmic-stability tools towards order-optimal generalization
bounds for overparameterized MLPs has been exploited recently by Richards & Kuzborskij (2021); [Richards
& Rabbat| (2021); [Taheri & Thrampoulidis| (2023)); |Lei et al.| (2022). To adapt these tools to the MHA
layer, we critically utilize the smoothness of the softmax function and derive bounds on the growth of the
model’s gradient/Hessian, which establish a self-bounded weak convexity property for the empirical risk (see
Corollary . Our approach also involves training both the classifier and attention weights, necessitating
several technical adjustments detailed in Section [6] and Appendix

2 Preliminaries

Notation. ¢(-) : R - RT denotes the softmax map and ¢'(v) := Ve (v) = diag(e(v)) — p(v)p(v)T its
gradient at v € RT. For t € [T], ;(v) is the t-th entry of ¢(v) € RT. For A e R™™ A, is its i-th row
and A, ; is its j-th column. Recall the induced matrix norm | A[, , = max|,,-1 |Av|, and particularly the
following: [|A|2,co = maxepn) | Ai: [, [Al12 = maxepm) | A [, and || Al 1,00 = max;e[]A: j[oe. For simplicity,
|Al,|lv| denote Euclidean norms and Apin(A) the minimum eigenvalue. We let a A b = min{a,b} and
a v b=max{a,b}. concat denotes vector concatenation. All logarithms are natural logarithms (base e). We
represent the line segment between wy, wy € R? as [wy, ws] = {w: w = aw; + (1 - &)ws, o € [0,1]}. Finally,
to simplify the exposition we use “2” or “<$” notation to hide absolute constants. We also occasionally use
standard notations @, and O, Q to hide poly-log factors. Unless otherwise stated these order-wise notations
are with respect to the training-set size n. Whenever used, exact constants are specified in the appendix.

Single-head Self-attention. A single-layer self-attention head ATTN : RT*¢ — RT* with context size T
and dimension d parameterized by key, query and value matrices Wg, Wi € R Wy, e R™v is given by:

ATTN(X; Wo, Wi, Wy) = o( XWoWEX )XWy, .

Here, X = [x1,Zo,...,x7]" € RT*? is the input token matrix and P(XWoWXT) e RTT is the attention
matrix. (Softmax applied to a matrix acts row-wise.) To turn the Attention output in a prediction label, we
compose ATTN with a linear projection head (aka decoder). Thus, the model’s output i

O(X;W,U) = (U, o(XWXT)X). (1)

Note that we absorb the value weight matrix Wy, into the projector U = [u1,...,ur]T € RT*¢. Also, we
parameterize throughout the key-query product matrix as W := WoW/..
Multi-head Self-attention. Our focus is on the multi-head attention (MHA) model with H heads:

> ATTN(X; Wo,, Wiy, Wy, )Wo,
he[H)

*While we focus on (i) Full-projection: trainable matrix U € RT*?_ our results also apply to (ii) Pooling: U = ul}, with trainable

w e R?, and (iii) Last-token output: U = [de(T—l) u]T with trainable u € R%.
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for output matrices Wy, € R%*4. Absorbing Wy, W, into a projection layer (similar to the single-head
attention) and parameterizing W), := Wy, Wi, we arrive at the following MHA model:
<I>(X w.U )=

(X Wy, Uy) = (Un, o(XW, X)X, (2)

\/_ Zhe
parameterized by W := concat ({Wh}he[H]) and U := concat ({Uh}hE[H]). The 1/V/H scaling is analogous to
the normalization in MLP literature e.g. (Du et alJ,|2019; Ji & Telgarskyl, |2021; Richards & Kuzborskij, 2021)),
ensuring the model variance is of constant order when Uy, is initialized Og(1). Note that these relaxations
sacrifice some generality since it is common practice to set dj, and d,, such that d, = d/H < d, thus imposing
low-rank restrictions on matrices WQhWK;L, Wy, Woi,. We defer a treatment of these to future work.

\/_ Zhe[H

RdT+d2

Throughout, we will use 6y, := concat(Uj,, W) € , to denote the trainable parameters of the h-attention

head and 8 := concat ({0n }nerm)) € RH(AT+d*) for the trainable parameters of the overall model. More generally,
we use the convention of applying “~ ” notation for quantities relating to the multi-head model. Finally,
with some slight abuse of notation, we define: 6|2 co := maxye g7 [0

Training. Given training set (Xia Yi)ic[n], With n IID samples, we minimize logistic-loss based empirical risk
L@) =~ ¥ (ud(X::0) =~ ¥ log(1+e VX))
i<n] G

Our analysis extends to any convex, smooth, Lipschitz and self-bounded loss, m The empirical risk is minimized
as an approximation of the test loss defined as L(8) := Ex, y)[f(yé(X 6))]. We consider standard gradient-

descent (GD) applied to empirical risk L. Formally, initialized at 0 and equipped with step-size n > 0, at
each iteration k >0, GD performs the following update:

gD - g0 _ g TP |
3 Gradient and Hessian bounds of soft-max attention

This section establishes bounds on the gradient and Hessian of the logistic empirical risk L(.) evaluated on the
multi-head attention model. To do this, we first derive bounds on the Euclidean norm and spectral-norm for the
gradient and Hessian of the self-attention model. In order to simplify notations, we state here the bounds for
the single-head model (see App. for multi-head model): ®(X;0) :=®(X; W, U) =(U,p(XWX")X).

Lemma 1 (Gradient/Hessian formulas). For all a € RT, b,c € R the model’s gradients satisfy:

T
o VuP(X;0)=p(XWX")X, and Vw®(X;0) =) zu, X ' (XW'x,)X .
t=1

o Vwia,Vu®(X;0)b)= Z zia:b" X (XW'Tx )X, and
e
Vw e, Viw®(X;0)b) = 2 c'xy)xd ' (X W'z ) X
where d := dlag(Xb)Xut - Xub" XTp(XW'x,) - Xbu, X p(XW'xy).
These calculations imply the following useful bounds.

Proposition 1 (Model Gradient/Hessian bounds). The Euclidean norm of the gradient and the spectral
norm of the Hessian of the single-head Attention model are bounded as follows:

T
o [Vo?(X;0)| <2 X300 X [ Xtutfoo + VT [ X 2,00
t=1

o [VE2(X;0)] <

T
O X urfwo +2VT d| X3 o [ X 1,00 -
t=1

TA function £: R — R is self-bounded if 3 C' > 0 such that [¢/(¢)| < C£(t).
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Next, we focus on the empirical loss L. To derive bounds on its gradient and Hessian, we leverage the model’s
bounds from Proposition [If and the fact that logistic loss is self-bounded, i.e., |¢'(t)| < £(t). To provide
concrete statements, we introduce first a mild boundedness assumption.

Assumption 1 (Bounded data). Data (X,y) € RT*¢ x R satisfy the following conditions almost surely:
y e {£1}, and for some R>1, it holds for all t € [T] that |z:| < R.

Corollary 1 (Loss properties). Under Assumption the objective’s gradient and Hessian satisfy the bounds.ﬂ

(1) |VL(8)| < 51(8)L(8), B1(8) = VT R (2R 0] 2.0 +1) .
(2) |V°L(8)] < 52(8), B2(8) = 7= 53(0) +  61(8)°.

(3) Muin(V?L(8)) 2 ~2DT@)  $3(0) =2VT AR (3VAR |8]2,00 +1).

The loss properties above are crucial for the training and generalization analysis. Property (1) establishes
self-boundedness of the empirical loss, which is used to analyze stability of GD updates for generalization.
Property (2) is used to establish descent of gradient updates for appropriate choice of step-size n. Note that
the smoothness upper bound is g—dependent, hence to show descent we need to also guarantee boundedness
of the updates. Finally, property (3) establishes a self-bounded weak-convexity property of the loss, which is
crucial to both the training and generalization analysis. Specifically, as the number of heads H increases, the
minimum eigenvalue becomes less negative, indicating an approach towards convex-like behavior.

4 Main results
In this section, we present our training and generalization bounds for multi-head attention.

4.1 Training bounds

We state our main result on train loss convergence in the following theorem. See App. [B|for exact constants
and the detailed proofs.

Theorem 1 (Training loss). Fiz iteration horizon K > 1 and any § c RHUT+d) gpq 1 satisfying

VH 2 dT"R*|0]5,06 - 6. (3)
. . ~ 9.2 PR OTERE ~ . ~ ~
Fig step-size n <1 A 1/p(0) A ” KE(§)” A Hf(g(o)! , with p(8) s d32T32 R13 163 . 6 - 0|2, Then, the
following bounds hold for the training loss and the weights’ norm at iteration K of GD:
F0N < L ST <o ST 0OP
L)Y < — S T(8y) < 2L(0) + ———— 4
@) < ¢ 2 T@) <20@) + "0 T (1

|67~ <416 -8

Yielding a concrete train loss bound requires an appropriate set of target parameters 0 in the sense of
minimizing the bound in . Hence, 6 should simultaneously attain small loss (f(ﬁ)) and distance to
initialization (|6 —8|). This desiderata is formalized in Assumption 2 below. The distance to initialization,
as well as H§ | 2,00, determine how many heads are required for our bounds to hold. Also, in view of the bound
in (4)), it is reasonable that an appropriate choice for 0 attains L(8) of same order as |6 — 8|2/ K. Hence,
the theorem’s restriction on the step-size is governed by the inverse local-smoothness of the loss: 1 <1/ p(g)

4.2 Generalization bounds

Next we bound the expected generalization gap. Expectations are with respect to (w.r.t) randomness of the
train set. See App. [C]for the detailed proof, which is based on algorithmic-stability.

*In all the bounds in this paper involving |8 2,c, it is possible to substitute this term with maxperg] |Un|. However, for the
sake of notation simplicity, we opt for a slightly looser bound maxy,[g] |Un| < maxpepg [0 =: 16]2,00-
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Theorem 2 (Generalization loss). Fiz any K > 1, any 0 and H satisfying , and any step-size 1 satisfying
the conditions of Thm. [1 Then the expected generalization gap at iteration K satisfies,

916 - 6|

E[L(Y) - T(81))] < % =

E[2KL(8) + ]. (5)

The condition on the number of heads is same up to constants to the corresponding condition in Theorem [I]
Also, the generalization-gap bound translates to test-loss bound by combining with Thm. [I] Finally, similar
to Thm. [I} we can get concrete bounds under the realizability assumption; see Cor. [4]in App. For the
generalization analysis, we require that the realizability assumption holds almost surely over all training sets
sampled from the data distribution.

The bounds on optimization and generalization are up to constants same as analogous bounds for logistic
regression (Soudry et al., [2018} |Ji & Telgarskyl, 2018; |Shamir, [2021)). Yet, for these bounds to be valid, we
require sufficiently large number of heads as well as the existence of an appropriate set of target parameters
0, as stated in the conditions of theorem. Namely, these conditions are related to the realizability condition,
which guarantees small training error near initialization. The next assumption formalizes these conditions.

Assumption 2 (Realizability). There exist non-increasing functions g : R, - Ry and go : Ry - Ry such
that Ye > 0, there exists model parameters 5(6) ¢ RH(dT+d?) for which: (i) the empirical loss over n data
samples satisfies Z(bv(e)) <e, (i) |\§(E) -0 < go(e), and, (iii) \|§(E)||27oo <g(e).

With this assumption, we can specialize the result of Thms. above to specific data settings; see Cor. [3] and [4]
in App. and [C:2] In the next section we will further show how the realizability assumption is satisfied.

4.3 Primitive conditions for checking realizability

Here, we introduce a set of more primitive and straightforward-to-check conditions on the data and initialization
that ensure the realizability Assumption 2] holds.

Definition 1 (Good initialization). We say 8(°) = concat(@io), . .,Hg))) is a good initialization with respect
to training data (X, ¥y;)ie[n] provided the following three properties hold.

P1. Parameter Ly o.-bound: There exists parameter By > 1 such that Vh e [H] it holds | H,SO) l2<Bs.

P2. Model bound: There exists parameter By > 1 such that Yi € [n] it holds |®(X; 5(0))| < Bg.

P3. NTK separability: There exists 0, e RHWT+) gnd ~ 5 0 such that 16 = /2 and Vi € [n], it holds
yi (VP (X,;09),8.) > .

Prop. in the appendix shows that starting from a good initialization we can always find 5(6) satisfying the
realizability Assumption [2] provided large enough number of heads. Thus, given good initialization, we can
immediately apply Theorems [1] and [2| to get the following concrete bounds.

Corollary 2 (General bounds under good initialization). Suppose good initialization 8 and let

_ 2Bg +log(K)

1
VH 2 dT'? B B} (90(1/K))",  where go(<2) .

Further fiz step-sizen<1 A 1/p(K) A ﬁi% with p(K) 3 d*? T3 RS 9o(£). Then, it holds that

2 5(2Bs +log(K))?

2 17(2Bg +log(K))?
K 4v2n K '

L(eY)) <
Y nn

, and E[L(O))-T(8Y))] <

Consider training loss after X' GD steps: Assuming Bg = Ok (1) and v = O (1), then choosing 1 = Ok (1),
the corollary guarantees train loss is OK(%) provided polylogarithmic number of heads H = Q(log®(K)).
Moreover, after K ~» n GD steps the expected test loss is O(1/n).
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Remark 1. The last two conditions (P2 and P3) for good initialization are similar to the conditions needed
in (Taheri & Thrampoulidid, |2023; | Ji & Telgarsky, |2020; |Nitanda et all |2019) for analysis of two-layer MLPs.
Compared to (Ji & Telgarsky, |2020; |Nitanda et al., |2019) which assume random Gaussian initialization
0O and similar to (Taheri & Thrampoulidis, |2023) the NTK separability assumption (P3) can potentially
accommodate deterministic 00). Condition (P1) appears because we allow training both layers of the model.
Specifically the Lo oo norm originates from the Hessian bounds in Corollary |Z|

5 Application to tokenized-mixture model
We now demonstrate through an example how our results apply to specific data models.

Data model: An example. Consider M +2 distinct patterns {4, g—, V1, Vo, ..., var }, where discriminative
patterns p, correspond to labels y = +1. The tokens are split into (i) a label-relevant set (R) and (ii) a
label-irrelevant set (R¢:= [T]\R). Conditioned on the label and R, the tokens x;,t € [T] are IID as follows

t
wly= 1t R . (DM1)
v, +z: ,j¢~ Unif(1,...,M) and t € R®,

where z; are noise vectors. Let D denote the joint distribution induced by the described (X, y) pairs.

Assumption 3. The labels are equi-probable and we further assume the following:

e Orthogonal, equal-energy means: All patterns are orthogonal to each other, i.e. pu, L p_ 1L vy L
vy, VUL e [M]. Also, for all y € {1}, € [M] that || = |ve| = S, where S denotes the signal strength.

e Sparsity level: The number of label-relevant tokens is |R| = (T; for sparsity level ¢ € (0,1).

e Noise distribution: The noise tokens z; are sampled from a distribution D,, such that it holds almost
surely for z; ~ D, that |(z¢, iy )| < Z,,, y € {1} and [(z¢,ve)| < Z, /M, VL€ [M]. Moreover, |z:| < Z. Overall,
Assumption is satisfied with R = \/52 +7%2+2Z,/M.

The above assumptions can be relaxed, but without contributing new insights. We have chosen to present a
model that is representative and transparent in its analysis.

5.1 Finding a good initialization

To apply the general Corollary [2| to the specific data model [DMT], it suffices to find good initialization. While
we cannot directly show that 8 ) = 0 is good, we can show this is the case for first step of gradient descent
0™, Thus, we consider training in two phases as follows.

First phase: One step of GD as initialization. We use n; training samples to update the model
parameters by running one-step of gradient descent starting from zero initialization. Specifically,

@O, W) =0 =0 — 0y VH -V, L0, (0), where 67 =0V he[H].

Here, «y, denotes the step-size for head h € [H] and the scaling by vV H guarantees the update of each head
is O (1). The lemma below shows that at the end of this phase, we have HU,ED - @‘T’I]lTuI |lF=0(1//n1),
where w, is the oracle classifier u, = g, — p_. On the other hand, the attention weight-matrix does not get
updated; the interesting aspect of the training lies in the second phase, which involves updating W.

Lemma 2 (First phase). After the first-gradient step as described above, we have U,El) =qaplr (%uI +pT)

and Wél) = 0. where with probability at least 1 -0 € (0,1) over the randomness of labels there exists positive
universal constant C >0 such that

Ipl<C (25+2) (\/Zﬂ/k’gfi/‘”):;p. ©)
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Second phase: GD with constant step size. During the second phase, K gradient steps are performed
on n new samples (distinct from those used in the first phase). Concretely, U+ = g(k) —77~V§Ln(0(k)), k=

1,..., K, with 0™ = concat ({0;1)};15[11]) the step obtained by the first-phase update and 7 the step-size of
the second phase. In order to analyze the second phase, during which both W and U get updated, we emplo
the general results of Section [4l To do so, we show that 0™ serves as good initialization as per Deﬁnition
Proposition 2. Consider the first-phase iterate {021)}}16 ) and condition on the event lp| < P (depending
only on the data randomness in the first phase) of Lemma E Suppose the step-size of the first phase is chosen
IID ap, ~ Unif(+1), h e [H]. Then, the initialization 0™ = concat (051), A 0;11)) is good with respect to data
sampled from [DM]] and satisfying Assumption[3 Specifically, the three desired properties hold as follows.

e Almost surely, P1 holds with By = /T(S + P).

o With probability 1 — 6 € (0,1), P2 holds with Bs = TR(S + P)~/2log(n/d).
o Suppose VH 2 w -v/2log(n/d) . Then, with probability 1 -6 € (0,1), P8 holds with v =7, /2 where

SVT(¢-201-0%)
v :

_T(1-()¢(¢St - 7282 - 1227 - 16Z;)
b 1200+ 1)

and Z := Z, N Z,. The randomness is with respect to the sampling of o, h e [H].

- PT°*(S+2)% +

The parameter v, in represents the NTK margin of the model at initialization oW, By Corollary [2| larger
margin translates to better train/generalization bounds and smaller requirements on the number of heads.
For a concrete example, suppose T v M = O (1) and Z v Z = O (S). Then, provided first-phase sample
size ny 2 S?d so that P = O (1), it holds 7. = 1in + Q(¢%(1 - ¢)S?*), where i, = Q(¢S) is the margin of a
linear model for the same dataset (see App. . Overall, applying Cor. |2[for K =n and a polylogarithmic

mlfn) train loss and expected generalization gap.

polylog(n) number of heads leads to @(

5.2 Proof sketch of P3: NTK separability

It is instructive to see how P3 follows as it sheds light on the choice of an appropriate target parameter 0 as
per Thms. [T and 2] We choose

W, =popl+p-pl+ Y v(ps+p-)" and U, =lru] =1r(p —p-)",
Le[M]
and normalize parameters such that 8, := (U, = mU* , sign(a)W, = sign(a)mw*) . Tt is easy to
see that U, is the optimal classifier for the label-relevant tokens. To gain intuition on the choice of W, note
that W, = Wi . W/, _, with key-query matrices chosen as Wi . = (e po v1 o wy]e RIx(M+2) and

Wy« = [H+ Ho pe+ - e g+ H—] € R™*(M+2) "With these choices, the relevance scores (aka softmax
logits) of relevant tokens turn out to be strictly larger compared to the irrelevant tokens. Concretely, we show
in App. that the t-th row 7:(X; W.) = X W] x; of the softmax-logit matrix satisfies the following:

O(5*) ,t'eR,

0(8?) ,t'eRe. (®)

Vi [ry]y = {

Thus, under this parameter choice, softmax can attend to label-relevant tokens and supresses noisy irrelevant
tokens. In turn, this increases the signal-to-noise ratio for classification using U,.

We now show how to compute Eg, (Ve ®(X;0()), 0,) for a single head. Recall , consists of U ,, W, . First,
since W) = 0, using Assumption a simple calculation shows y (Vy ®(X;0M), U, ) > % (C—Q(l—C)%).
Second, to compute E,.units1)y(Vw ® (X;01)) ,sign(a)W.,) it follows from Lemma (1| that

Vw®(X;0W) = %C Y zu, X 9'(0)X +a )y, zp X ¢'(0)X.
te[T] te[T]
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Note the first term is dominant here since the second term can be controlled by making |p|2 small as per
Lemma Thus, ignoring here the second term (see Appendix for full calculation) y(Vw ®(X;0M1)), W, )
is governed by the following term: %4 Yier1yuri X @' (0) XW/lx, = %C Yie(r] Yy ur X '¢'(0) 7, . Note that
@'(0) =1- %]IT]I}. To simplify the exposition here, let us focus on the identity component and leave
treatment of the the rank-one term to the detailed proof. The corresponding term then becomes

o

?C > (yulze) ([rde)
te[T] t'e[T] —— N— ——

class. logits softmax logits

which involves for each output token ¢, the sum of products over all tokens ¢’ € [T] of softmax logits (i.e.
relevant scores [r¢]y) and corresponding classification logits (i.e. yulxy). Note that by choice of u, and
W, both the classification and softmax logits are large from label-relevant tokens, while being small for noise
tokens. Intuitively, this allows for a positive margin v, as stated in Proposition 2] We defer the detailed
calculations to Appendix [D.2.3]

In the appendix, we also detail how to yield the computation for the MHA, which builds on the calculations
for the single-head attention model above. In short, we simply choose multi-head parameter 8, as 6, =

ﬁ concat (0*(09)), . .,0*(03))) . This guarantees that |6,|| = v/2 and maintains the multi-head NTK
margin be at least v, in expectation. To complete the proof, it remains to get a high-probability version of
this bound. To do this, notice that 9,&1) are IID, hence we can apply Hoeffding’s inequality, which finally
gives the desired bound on the NTK margin provided sufficient number of heads H, which controls the degree

of concentration when applying Hoeffding’s inequality. See Lemmas [14] and [T5] for details.

5.3 Is the NTK margin optimal?

Below, we discuss the optimality of the NTK margin ~.. First, define set of parameters Oqpt := (Uspt, Wopt ):

1 1
Upi=——U, and Wepy=— o W,,
NG P52 a(M 1 1)

normalized so that |@ops |+ = v/2. Recall here the definitions of U,, W, in the section above. As we already
explained above, this choice of parameters guarantees that relevant tokens are assigned larger relevance and
classification scores compared to irrelevant ones. Specifically about W, , we saw in Eq. that it ensures a
gap of O(S?) between relevance scores of label-relevant and label-irrelevant tokens. Thanks to this gap, it is
possible for softmax to fully attend to the label-relevant tokens by saturating the softmax. To do this, it
suffices to scale-up W, by an amount o< 1/52. This is formalized in the proposition below.

(9)

Proposition 3 (Attention expressivity for tokenized mixture model). Consider single-head attention

model. Suppose the mnoise level is such that Z, = Z, < S?[8. For any € > 0, consider T satisfying
8v/2(M+1 -1

r.> 3(52"')10g(§61)

. Then, the attention scores corresponding to weights I'c - Wy, satisfy

Vte[T]: 0<1- Y (i TWop XT) = Y (2] TWop XT) <. (10)
t'eR t'eRe

Thus, almost surely over data (X,y) generated from data model the margin of single-head attention
with parameters (Uopi, e - Wopt) satisfies

VT
y(I)(X, Uopt; ].—‘5 . Wopt) > Yattn = ’Yattn(f) = @ (52(1 - 6) - 26Z“) . (11)

From Eq. , note that as ¢ > 0 and I'. - oo, the softmax map saturates, i.e. it approaches a hard-max
map that attends only to the label-relevant tokens (R) and suppress the rest (R°). As a consequence of
this, Eq. shows that the achieved margin approaches Yasin := SVT / V/2. Note this is independent of the
sparsity level (. In particular, Yattn > 7+ > Min and the gap increases with decreasing sparsity. See appendix
for experiments and discussion regarding the margin achieved by GD for data model [DMI]
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Following Proposition |3] a natural question arises: Is it possible to choose “good” parameters 0= (fj , W)
based on the set of optimal parameters 8,517 This would then yield train-loss and expected generalization-gap
bounds O (1/(n7%,n)) after ©(n) steps of GD starting at 6% = 0. To investigate this question, define the
following parameters for each head, aligning with the aforementioned “good” directions of Proposition [3}

log(n) 1 ¢
VYattn H1/2 UOPt7 Wh ._ﬁ

Uh = Wopt ’

for some C' >0, p >0, andVh € [H]. To yield the margin vastn of (L0), we need that each W), has norm at
least T'c o< 1/S2. Thus, we need |W},|| 2 gz = 5?2 & - H”. Now, in order to apply Thms. I 1] and [2 I the

requirement on the number of heads H in terms of distance of 6 to 5(0) = 0 yields the following condition:
HY? % 5°|0)°. (12)

Note that |TF| = 128 log(n) . |W | =C-HY?". Hence, in computing @], we distinguish two cases.
Yattn

First, assume that |[W | > \|U|| which implies that S 3 0. =12 and |8] 2 [W | v |T| = C- H'/*. Since

log(n) _
p/2 \, g . pyp-1/2
Sz 01/2 -H o H ,

by using Eq. , we get the following conditions on H:

C

L2 > 65,08, F3/2-3p > c2 . g32el2 log (”) CH?' —s HP 2> (C and HP" 1/4 ¢
Cc? " log®?(n)

Combining these two gives C' < = log(n) $ 1, a contradiction since n > 1. Thus, there are no

~ 10g5/2(n)
possible choices for p and C that satisfy both conditions. The case |[W| < |U| can be treated similarly
leading to the same conclusion; thus, is omitted for brevity.

Intuitively, this contradiction arises because of the large |W}|| requirement to achieve margin 7att,. Finally,
one can ask if it is possible to resolve the contradiction by changing the scaling of normalization with respect
to H in the MHA model Eq. , from Al,/Hl/2 to 1/H® for ¢ > 0. It can be shown via the same argument
that no such value of ¢ exists for which 0 constructed above satisfies the overparameterization requirement
He> S5H§H3. We thus conclude that the construction of weights in Proposition |3[ does not yield a target
parameter that simultaneously achieves low empirical loss and allows choosing H large enough as per .
This triggers interesting questions for future research: Does GD converge to weights attaining margin Yatn
as in Proposition If so, under what conditions on initialization? See also the remarks in Section [7]

6 Proof Sketch of Section @

Throughout this section we drop the™in 6 and $(X1, 5) as everything refers to the full model. Moreover,
0 and 0 are denoted by 0k and 6,. Refer to Figure [1]in the App. for a summary of the sketch.

6.1 Training analysis

The proof begins by showing step-wise descent for any iteration k > 0 of GD (see Lemma [7]), where step-size
at each iteration n < pik depends on the objective’s local smoothness parameters py = 52(0%) Vv B2(Ok11):

- - - 2
L(Bin) <L(8) - 5 [VI. (8] - (13)
Now, using Taylor’s theorem we can link L(6y) to L(0) for any 6 as follows:

- - - 1 -
L(6) 2 L(6x) + (VL(0k), 0 - 0x) + 5 1min Ain (V*L(05.)) 16 - 0], (14)
ka

10
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where 0y = ab) + (1 - )0, a€[0,1]. We can plug this into to relate the loss at iterates 0 and @y.1.

To continue, we need to lower bound ming, Amin (V2Z(0ka)). For this, we use the following property of
the loss objective from Corollary [1f VO : Apin (VQZ(Q)) > —k(0)-L(0), where £(8) := &\/;). Note from the
definition of 33(-) that V61,02 : maxge[g, 0,]3(0) = B3(01) v B3(62). Thus, the above property of the loss

implies the following local self-bounded weak convexity property on the line [0, 03] for arbitrary points 67, 05:

) - B3(01) v B3(62)
vo.,0, : Amin 2T(0)) » -2~ e Tel
1Yz ee][[glu,[}az] (V ( )) VH 0¢[6:,6]

Therefore, using Eq. in Eq. , we can get:

T(0) > T(0;) + (VI(6:),0 - 6;) - %M ,

L(0). (15)

(6, )6 -64]>. 16
i Jax, (Or.) | Kl (16)

To apply the Descent Lemma in , we need to fix a step-size such that satisfies the condition of the Lemma
at each iteration 7 < for all £k < K. Then, combining with Eq. and applying standard telescope
summation, we arrive at the following:

K 2 K-1
e 2T <0y L 5 OO s T0, )10-002. ()
=1 nkK 2K (7 H aef0,1]

Next, we use the following generalized local quasi-convexity (GLQC) of the loss function.

Proposition 4 (GLQC property: Slight variation of Prop. 8 of [Taheri & Thrampoulidis| (2023))). Let 6, and
05 be two points that are sufficiently close to each other, such that

2 (B3(61) v £3(62)) |61 - 62| < VH. (18)
Then maxege[g,,0,] L(0) (L(Ol) \% L(02))

Using Proposition in Eq. (I7) and assuming sufficiently large heads H such that H
2 (B3(0) v B3(6k)) |0 — 0y|*, we can get the advertised regret bound in (4.

In order to remove the dependence of H on iteration k, by an induction argument we can show bounded
iterates-norm i.e. |6y - 0] < 3|0 — 6y (see Lemma [10). Using this and the definition of S83(-) we can
control F3(0) v B3(0r) as (83(0) v B3(0k)) S | to get the desired requirement of heads
VH 2 0]2,00 |0 - 8o [? stated in Eq. ().

The remaining piece to guarantee descent at each step is establishing a p(€) such that p; < p(0) for
all k < K. To do this, we recall that pr = 82(0r) vV B2(0k+1). By definition of 82(+) in Corollary
we can control 32(0x) Vv B2(0+1) with controlling [60k|2,00 V [Ok+1]2,00 as (HekHQ o V [Oks1l2,00) S 116 -

0i| + |6]2,00 + 1. Using iterates-norm bound and setting p(0) = (Q%R + I )a(0)2 with «(0) :=

3vVdR? [3 VT R? (3]0 - 6o +0]2.00) + 2\/TR], satisfies the desired condition for the Descent Lemma
completing the proof.

6.2 Generalization analysis

In order to bound the expected generalization gap, we leverage the algorithmic stability framework. To begin,
consider the leave-one-out (loo) training loss L™(8) := %Zjﬁ- 2;(0) for i € [n], where ¢;(0) := {(y,;®(X;;0))
denotes the j-th sample loss. With these, define the loo model updates of GD on the loo loss for 1 > 0:

041 =0 = VL™ (6;"), k20, 65" =6.

The following lemma relates expected generalization loss to average model stability for any G-Lipschitz loss.
Lemma 3 (Lei & Ying (2020) Thm. 2). For G-Lipschitz loss and for all iterates K, it holds that
E[L(6x) - T(0x) | <2G - E[L X1, [0x - 07]].

11
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To bound the average model-stability on the r.h.s of the lemma’s inequality, we use GD expansiveness.
Specifically applying (Taheri & Thrampoulidis, 2023, Lemma B.1.) to our setting, gives V0, 8"

nﬁd(ea)
VH

where, 0, = a0 + (1 - a)0’, a« € [0,1]. Using this and gradient self-boundedness from Corollary [1} we get:

10~ nvL(9)) - (¢ - VL (0))] < max {(1+ L(6.)) v nB2(8a) [0 -0 (19)

7763( k(x) =_; i ] 7751( k)
(6601 = 0] < mave {(1+ = ==L 0m) v nsa(63) -6 - 67+ T FE 0, 20)
where 6} := af), + (1 - a)6;" for a € [0,1]. Further using the bounded iterates-norm property from the
training analymb we can control 32(0;") < B2(8) and B3(6; ‘)< f3(0) making them independent of k (See

Lemma u 11| for the definitions of f5(-), 83(-)). In order to invoke the Descent Lemma, we set the step-size
same as in the training analysis. Thus, becomes:

1nBs(0)
VH

As in the training analysis, we can control the loo empirical loss L™ for any point on the line [0, 0,?] of two
sufficiently close points satisfying vV H > 2 (63(0k) % ﬂg(@,f)) |0k — 6;|. Using Prop. 4| Eq. becomes

7751( 0)

61 - 073 < (1 + ) max Lﬂ(o )16 - 65| + 2220 (01 (21)

7751(49

10k+1 — O8] < (1 + ) |0k — 05| + =24 (6), (22)

where ay,; = 47;53\/9) (Lﬂ(a )+ Lﬂ(Hﬂ)) and B1(0) < 41(0) similar to B(-), B3(-) using bounded iterates-

norm. Unrolling the iterates in , summing over i € [n] and using training regret bounds, we have the
. 2 — 2
following average model stability bound for any iterate K: % P HOK -0z H < %1(9) (2 KL(0)+ %) ,

Combining this With an application of Lemma [3| for our objective, which is G < 3, (0)-Lipschitz from Corollary
1} and using 71 < p(o) (61(9))2’ we get the desired generalization gap stated in Thm.

7 Concluding remarks

We studied convergence and generalization of GD for training a multi-head attention layer in a classification
task. Our training and generalization bounds hold under an appropriate realizability condition asking for the
existence of an a target model ] achieving good train loss while being sufficiently close to initialization. In
particular, from the condition on the number of heads H in , we need 8 is at most O (d’l/BT’l/GR’E’/BHl/G)
far from initialization (provided [8]2.0 = ©(1)). In Sec. we showed that such a model exists if the
initialization is chosen appropriately. Specifically it suffices that |8(?]5 . = O (1), the model output at
initialization is O (1)-bounded and that the data are linearly separable with margin v with respect to the
NTK features of the model at initialization. Then, O (d*T'R'® polylog(n)/7°®) number of heads guarantee

that ©(n) GD steps result in train and test loss bounds O (1 / (n*an)). In Sec. we applied our results to a
tokenized-mixture model. We showed that after one randomized gradient step from 0, the model satisfies the
above conditions for good intialization. For this initialization, we computed the NTK margin «, which in
turn governs the guaranteed rate of convergence and generalization based on our general bounds. This opens
several interesting questions for future work.

First, does random initialization of attention weights satisfy NTK separability, and if so, what is the
corresponding margin? Second, are there other initialization strategies that guarantee the realizability
conditions are satisfied? Here, note that our conditions for good initialization are only shown to be sufficient
for realizability leaving room for improvements. Third, how suboptimal is the best NTK margin (among other
potential natural initializations) compared to the model’s global margin arg max, g _, /3 mine[y,) yZ@(Xi; 5)7
In Proposition [3] we showed for the data model DMT] that there exists single—hea& attention model 0, =

12
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(Uopt, Wopt) With [8ope| = /2 such that y®(X;Uype, e - Wopt) = %((1-@-%2#5) for all T, 2

w and any € € (0,1) (see App. . In particular, as e > 0 and I'. — oo (for which the softmax
map gets saturated and attends to tokens with highest relevance score) the achieved margin approaches
Yattn = S\/T/\/i, which is independent of the sparsity level ¢. In particular, Yattn = v+ = Min and the gap
increases with decreasing sparsity. Is it possible to establish finite-time convergence bounds to models with
margin ~ Ya4tn under appropriate initialization? How is the answer affected by the fact that the optimal
attention weights in this case are diverging in norm (I'. - o0)? Using our approach, we argued in Sec. that
the key challenge is the saturation of norm of Wy, (I'¢), which does not allow the appropriate realizability
condition to hold (at least for O initialization). Finally, it is interesting to consider other data models for
which multiple heads are necessary to interpolate the data.
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For logistic loss £(z) := log(1 +e™?):
L'(0)<T(#)<1, and L"(0)< i : (24)

We use A to denote the the vectorization of a matrix A and ® to denote the Hadamard product. Finally, we
(n)

define e; "’ as the i-th standard basis vector in R™.

A.1 Gradient/Hessian calculations for multihead-attention

Lemma 4. Let the softmaz attention model ®(X;0) in Eq. . Then, for all vectors a € RT and b,c e R? it
holds:

1. Vu®(X;0) = o(XWX)X .

T
2. Vw®(X;0) = > zu X (XW'Tx,) X .
t=1
T
5. Vw(a, Vu®(X;0)b) = > x,ab" X T (XW'Tx,) X .
t=1

T
4. Vw (e, Vw®(X;0)b) = > 'z, mt(uIXT diag(Xb) - p(XW'Tx;)" Xb(Xus)'
t=1
~(XWT2) Xu, (Xb)) ' (XWTa) X .

Proof. For simplicity, we denote G := XW X" and the rows of ¢(G) as ¢(g:) = p(XWTx,), t € [T]. Recall,
for any v € R,

¢'(d) = Voip(v) = diag(p(v)) - (v) p(v)", (25)
p(v+8) = p(v) + (diag((v)) - @(v) @(v)") 8 +0(]6]?) . (26)

We start with the gradient with respect to U,
Vud(X;0)=p(G)X. (27)

Next step is to compute the gradient with respect to W, Vv ®(X;0) = Zle Vw (u] XTp(g:)) . Using Eq.

(26),

uf X (X (W +A) w,) =u; X (¢(g:) + (diag(p(g:)) - p(9:) (g:)") X ATz,) + o(|A|?)
=u; X @(gy) +tr(ziu; X @ (XWTa ) XAT) +o(|A]?).

Thus,
Vw (u; XTo(g0)) = ziu, X' (X W ,) X (28)
and
T
Vw®(X;0) =Y zou; X " (XW'x) X . (29)
t=1
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For the third statement of the lemma, we have the following sequence of equalities,

Vwia, Vu®(X;0)b) = Vw(a,(G)Xb) = Vi (a"¢(G) Xb)

M=

t

I
[

where in the last equality we used Eq. ([28]).
For the Hessian with respect to W, we have:

T

Vw t

T
r(ba’p(G)X) = ; Vw (ad" X p(g))

zab" X T (XW'xy) X,

Vw (e, Tw®(X;0)b) = Y Vi ( Tzl X7 ¢ (XWTa,) Xb )
——

t=1

M=

~
Il
=

—_——

qt
p;

(vwpi diag(a)e(g:) - Vwp] e(a:) gl (g) )

Termy Termyy

where we used the property diag(a;) as = diag(az) a; for vectors ai,ay € RT.
First, we compute the Term; above. Using Eq. :

p; diag(q:) (X (W + A) w;) = p] diag(q:) (¢(g:) + @' (XW'z,) X ATay) +o(| A )

= p; diag(q:)¢(g:) + tr(zp] diag(ge)@’ (XW z,) XAT) +o(|A[?).

Therefore,

vwp; diag(q:)(g:) = z.p{ diag(q:) ' (XW'z,) X
=z, c' zu X diag(Xb)p' (XW'z,)X .

Similarly for Termy; we have:

pre(X(W+A) ) ql o( X (W + A)y) = (plo(g) + ol (XW ) ) X AT, + o(|A|?))

Thus,

(a7 e(ge) + ] @ (XWTa)) X AT, +0o(|A[?))
=pie(9:) a p(ge) +tr (Sﬂt(qT(P(gt)pT

+p'0(91)a") ¢/ (XWTz) X AT) + o(| A[).

Vwpie(g:) 4l (9:) = 2:(q"e(g)p" + P @(9:)q )’ (X W) X
=c'zizip(ge)" (Xu (Xb) + Xb(Xuy) ) (XW ') X .

Combining Eqs. and and plugging in Eq. we conclude that

T
Vw (e, Tw®(X;0)b) = Y. ¢’y @ (u] X7 diag(Xb) - ¢(g:) X b (Xuy)”
t=1

We restate Proposition [I] here for convenience.

- @(9) X (XB)T) @/ (X W) X .

20
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Proposition 5 (Restatement of Prop. . Let the softmaz attention model ®(X;0) in Eq. . Then, it
holds:

1 Vg ®(X;0)] <

T
2. |[Vw ®(X;0)] < > 1 X ue]o
t=1
T
3. [Ve®(X:0)[ < > 1 X u o
t=1

T
4 [Ve(X:0)| <6 X3 o0 [ X7 o 21X tut]oo +2VT A X3 o0 [ X 1,00 -
t=1

Moreover, if Assumption[1] holds,
1. |Ve®(X;0)| < VTR (2R*|U|p+1) .

2. |V3®(X;0)| <2VTdR® (3VAR? [U|p+1) .

Proof. Using the first statement of Lemma

[V ®(X:6)] = ZHX“P(.% ZHXTH 2le(gnl?
= VT max|z| = VT | X |20, (37)
te[T]

where we used that |¢(g:)|1 = 1.
Using Lemma [4] for the gradient with respect to W,

T
Vw®(X;0) =) zu, X ' (XW'x,)X. (38)
t=1
Therefore, by applying triangle inequality,

T
[V ®(X:0)[ < Yl | X Tep" (ge) Xua| -
t=1

In the next step we bound || X T’ (g:) X usl,
X7 (XW ) X < | X7 diag((g0)) Xl + | X 0 (g0)p(g0) X ] (39)

Termy Termyg

For Term; we do as follows:

| X7 diag(p(ge)) Xu| = a2 ”_1(Xv)Tdiag(so(gt))XUt

T
= X [diag(‘P(gt))]TT [Xu], [Xv],

lvll=1 7=

= uax (gt)T((XUt)G(Xv))

<‘1|mﬁv<|\s0(gt)\| 1[[(Xwr) 0 (Xv) e

< [ X oo max || X vl
lvf=1

(40)
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where we used Holder’s inequality in the first inequality.
Then, we compute Termyy:

IXT0(g)p(ge) Xu| = max — (Xv) ¢(g:)p(g:) Xuy

veR4 and [lv|=1

< ﬁ}ﬁglmgt)lﬁ [ Xutfoo [ Xv]oo

= [ X0 max | X v
lvf=1

= [ Xui]o [ X

2,00 5 (41)

where we used Holder’s inequality in the first inequality. Combining Egs. and and plugging in Eq.
yields

[(Xue) 0 (g0) X <2 X ] oo [ X 2,00 - (42)
Therefore,
T
[V ®(X:0)| <2[X 2,00 Y- 2] | Xt oo - (43)
t=1
Using Egs. and we conclude that
T
[VO(X;0)| <2 X300 Y [ Xtut]oo + VT | X 2,00 - (44)
t=1
By using Assumption |1 to simplify Eq. ,
T
Ve®(X;0)| <2R* Y | Xu|e + VTR, (45)
t=1
or
|Ve®(X;0)| <2VTR* |U|r + VTR. (46)

We need to derive the Hessian to bound the greatest eigenvalue of it.

2 . 2 .
VZO(X:0) V2 . ®(X:0)

V30(X:0) - [ Vob(Xs .
V2 oB(X:0) Vi, B(X;0)

First, we compute the Hessian with respect to U,

VEP(X;0) = Vu(p(G)X) = Oasra - (47)
In the next step, we use the third statement of Lemmaand set a = e,ET) and b = e§d) to compute the Hessian
with respect to W and U,

Vw([Vo®(X;0)]i;) =2 X ;¢'(g:) X . (48)
recall, X. ; is the j-th column of X. Therefore,
Vw([Vu®(X;0)]11) ... Vw([Vu®(X:0)]i4)
Ve o ®(X;6) = : : : (49)
Vw ([Vu®(X;0)]r1) ... Vw([Vu®(X;0)]ra)

Lastly, in order to compute the Hessian with respect to W, we use the last statement of Lemma [4 and set
c= egd) and b = eg.d),

T
Vw ([Vw®(X;0)]i;) = > Xuze(u] X" diag(X. ;) - o(g:)" X ju; X7
t=1

- (90) Xw, X[;)¢'(91) X . (50)
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Thus,

Vw([Vw®(X;0)]11) ... Vw([Vw®(X;60)]14)
Ve, (X;0) = : : . (51)
Vw([Vw®(X;0)]a1) ... Vw([Vw®(X;6)]ad)

To find the maximum eigenvalue of the Hessian we need to upper-bound

ﬁnﬁui(v ,Va®(X;0)v),

where
'U:Concat(pl,...,pT,ql,...,qd)GRT”Hd2 and p; €RY te[T] and g; eR?,j € [d].

Then,
Ve (X;0)|

i T
oo Z Z_: Z + q; Tt ((Xut)T diag(X: ;) - ¢(g:)" X j(Xu)" - (P(gt)TX'u’tX:Tj) ¥'(g:)Xqj

Term1

d T
+2 max Z ZPtth X:Tj‘Pl(Qt)X(Ij . (52)

[v]=1 j=li=1

Termo

First, we bound Termy:

d d T
\IUH 1222 ti 4; xt((XUf)leag(Xj) ‘P(gt)TX (Xut)T Lp(gt) XutXT )go (91) X q;

d d T
(| ax x 222 Yllail g [(X )" diag(X,;)¢" (9:) X | +

i=1j5=1t=1
Termp
d d T
/
ax > > el laj ] le(ge)" X i (Xue) "¢ (90) X | +
” H i i=1j=1t=1

Termyyp
d d T
Z > 2 lail sl le(ge)" Xue X ;0" (90) X | (53)
izt j=1t=1

Termln

For Term;, we have:

d d T
s ax 3, 2, Y llail gl 1(Xwe)T diag(X..;)"(90) X |

i=1j=1t=1

g

"
™
M=
M=

lgilllg; L)X oo

<
0
h
-
i
kN
<.
i
N
o~
i
b

lgilllg; ZIIX Urloo,  (54)
t=1

S
I
[
~
I
[
[
I
—_
~+
Il
—

=

"
M=
R
M=
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where in the last inequality we used Cauchy-Schwarz inequality. Similarly for Termy; we can write:

d d T
fa: ax D, 2, D llail gl 1e(ge)" X 5(Xue) ' (90) X |
i=1j=1t=1

d d T
foiot Z > E;H‘Jz'\l la; 1 |o(ge)" X ] 1 X 2,00 | Xt oo <
Tra=lg=1t=

T
Y[ Xulo,  (55)
t=1

where we used Holder’s inequality in the last inequality. And at the end, for Termy;; we have:

d d T
max > > > lail lg;] le(g:) Xue X0 (9:) X |

VAN
o

=

o

"
M=~
™M=

||M>ﬂ

?
?
€
<
~
>
g
>
3

N

;HXWIIW (56)

d T d T
2 max )} 0, Py X' (9) X q; <2 max ), Z [Pl ;11X 12,00 1 X750 (90) X |
Uit j=1¢=1 j=1t=1

VTd
<4 | X3 0 1 X 1,00 =

(57)

The last inequality comes from the calculation of the gradient concluded in Eq. . Plugging in Egs. ,

, , and in Eq. , we conclude that

T
[Ve2(X;0)] < Dol Xt oo (58)
=1
Applying Assumption [T} we have:
T
|VaP(X;0)| <6dR" Y| Xufe +2VTdR?, (59)
t=1
or
|Ve®(X; 9)H<6dR4ZmaT>§:L' u; +2VTdR?
t=17el
<6dR* Z max |z, | |u, ]| +2VT dR?
=1 T€[T]
<6VTAR®|U|p+2VTdR?, (60)
where in the second and the last inequalities we used Cauchy-Schwartz inequality.
O
We now derive bounds for the multi-head attention model.
Lemma 5. Recall the multihead model in Eq. .
~ ~ 1 & .
D(X;0)=—= ) (Up, p(XW;, X X). (61)
Vit &

The following are true under Assumption [1}
1. |Vg®(X;0)| < VTR (2R2 in[ahz;c]HUhHF + 1) .
€
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~ = 2TdR?
CIVER(X: )| < 2= 2 1]
2. |vze(X;0)| < i 3VdR g&}aHUhHw

Proof. From Equation for single-head attention,
2
|vz0(X;0)]? < 7 Z (2T R* U |r + VT R)
-1
2
<(2VTR® max |Up|r+ VT R) .
he[H]
Denote v™ =[v] - wvj]e RH(Td+d*) where |v| = 1. Using Equation (60)),
(v, V%@(X;g)v) <

(6\/_dR5 maXHUh||F+2\/ R3) ZH’UhHQ
(6\/_dR5 maxHUh||F+2\/ dR?).

g~ 8-

A.2 Proof of Corollary [I Objective’s Gradient/Hessian

(62)

Corollary [1] follows immediately by the result of Lemma [6] below and using a more relaxed bound

maxpe( 1] [Unl < [0]2,00-

Lemma 6 (Tight version of Corollary . Let Assumption hold and we use logistic loss function. Then, the

following are true for the loss gradient and Hessian:

1. |[VI(8)| < VTR (2R2 ’?%HU;LHF + 1) ().

o 2JTAR? T R? ?
2. |V*L(9)| < ———— (3 VdR? max |Uy||r + 1) + (232 max | Uy, | ¢ + 1) .
he[H] 4 he[H]

VH
o~ 3 —~ o~
Amin(VZL(0)) > —Nj_gR (3 VdR? Igl[a%HUhHF + 1) L(9).

Proof. The loss gradient is derived as follows,
VL(B n ! Zgl(yz(I)(Xzaa))yz ng)(Xue)
Recalling that y; € {1}, we can write

<1 S B0 1955(X,5D)].

:M—‘

-~ 1. 2 ~ ~
IVL(8)] = E”Zf’(yi‘@(Xi;o))yi Vad(X
i=1
Thus, using Lemma [§] to bound the norm of the model’s gradient:
IVL(8)| < VTR (2 R? max |UL | + 1) ().

For the Hessian of loss, note that

— ~ 12 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
v*L(9) = — 2 (g ®(X3:0)) Vg@(Xi:0) Vg(Xi:0)" + €'(y; B(Xi:0)) yi Vid(X;:0).

=1
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It follows that

||v2L(0)||—H S0 B(X1;8)) V3 B(X . 8) V5 (Xi38) + ¢ (3 B(X,:0)) i v VEP(X;;0)]

n =1

< - Z |£'(Z/i5(Xi;§))| |\V§5(Xi;§)\| + [ (ys $(Xi§§))| |Vg®(Xi;0)?
=

9V/TdR® ) TR (., ?
< — d U, 1 2 U 1) .
< VAR (3R ot ee1 )+ T (28 i+ (60

To lower-bound the minimum eigenvalue of the Hessian of loss, note that ¢(-) is convex and thus ¢”(-) > 0.
Therefore, the first term in is positive semi-definite and the second term can be lower-bounded as follows,

N (V@) 2 = 3211 B(X058)) e V(XD
2 310 T 8)| 1955(X,:)
>_2

3 ~
2VIAR (3 VA R? max |Uy||r + 1) L(6).
he[H]

B Training Analysis
B.1 Preliminaries

Throughout this section we drop the™in 0 and $(X1, 5) as everything refers to the full model. Moreover,
0% and 89 are denoted by O and 6.

The proof of both the training and generalization analysis follows the high-level steps outlined in [Taheri
& Thrampoulidis| (2023). However, our analysis focuses on the self-attention model, which differs from the
two-layer perceptron studied in the referenced work. Notably, we train both the attention weights and the
classifier head, whereas [Taheri & Thrampoulidis| (2023)) assumes fixed outer layer weights. This introduces a
new challenge as the smoothness and curvature of the objective function at point € become dependent on 6
itself (see Corollary . Consequently, we make careful adjustments in the proof to account for this challenge.

Our analysis critically uses the following property of the loss objective from Corollary VO : Amin (VQE(())) >
-k(0)-I(0), k(8) := ﬁf/(ﬁ) Note from the definition of 83(-) that V01,0: : maxgcg, 9,1 53(0) = f3(61) v
B3(62) . Thus, the above property of the loss implies the following local self-bounded weak convexity property
on the line [61,0-]:

. ~ B3(01) v B3(02)
V0,0, : gigfféz]’\mi“(v%(e)) 2 T JF

In turn, Equation can be used to prove that the loss satisfies a generalized local quasi-convexity (GLQC)
property as formalized in the proposition below. The proposition is only a slight modification of (Taheri &
Thrampoulidis, 2023, Prop. 8). While, a direct application of their result is not possible since the self-bounded
weak convexity property in holds only locally on the line [81,02], an inspection of their proof shows
that this is sufficient.

-T(0). (67)

B.2 Proof of Proposition E|

First, we restate the proposition below for the reader’s convenience.

Proposition 6 (GLQC property). Let 81,05 be points sufficiently close to each other, such that

2 (B3(01) v B3(62)) 61 - 62| < VH .
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Then, the following generalized local quasi-convezity (GLQC) property holds:

s, TO < 5 (T0) v T(0).

Proof. Although the loss L is not uniformly self-bounded weakly convex as assumed in (Taheri & Thram-
poulidis| 2023| Prop. 8), an inspection of their proof shows that for every 61, 6 it suffices that the loss is locally
self-bounded weakly convex. With this observation, we can apply their proposition with xk < x(01) v x(62),
which gives the desired. O

B.3 Key Lemmas

The proof of Theorem [I] consists of several intermediate lemma, which we state and prove in this section.

Lemma 7 (Descent Lemma). Let Assumption |1| hold. Then, for any iteration k > 0 we have step-wise
descent:

L(011) <100 - F [V 00)] (68)
provided 1 < pik where py, is the objective’s local smoothness parameter defined as below,
Pk = B2(0k) v B2(Oks1).
Proof. By Taylor’s expansion, there exists a ' € [0y, 01 ] such that,
L(0k:1) =T (6y) + <Vf(9k) ,Opa1 — Oi) + E <0k+1 - 05, V2L(0") (Ops1 - 6r))

- 1
<L (0:)+(VL(6k), a,m-ak)+5 ,[glax IV2Z(0")|| - |6k+1 - 61|
k k

2
<T(6:)-n |V (o) + 2 2|

where the last step follows from Corollary [1] l and using maxgre[g, g,,,152(0") = 82(0) v B2(6y) = px. For
N< oo, we conclude the claim. O

Lemma 8. Assume n >0 such that step-wise descent holds for all k € [K - 1]. Then, for any 0, the
following holds:

H6 60H2 ]- S
L e 7 0 - 0 2

where 7, := = (83(0) v B3(0r)) maxaefo,1) L(8y,)-
Proof. By Taylor’s theorem, for 0y := a8 + (1 - )0, a €[0,1] we know that:

L(6) > L(6;) + (VL(64),0 - 0;) + 5/\min (V’L(6x.)) 6 - 6k
Using , we get:

—~ —~ —~ 1 —~ —~
L(0k1) < T(0) + (VE(04), 01~ 0) ~ 5 A (v%(eka)) 16-611* - 2|VE(60)I*

16 - 6k[* 6 -6ka]”
2n 2n
where the last step follows by completion of squares using Oy, — 0y = —an(Ok) and also uses Corollary

. 0
W'.lt};Tk '= MAXe[0,1] Tk, Where Ty, ﬁdf/i“)L(H ). Telescoping in ([70) for k£ =0,..., K — 1, we get the
aesired.

<L(6)+ 6 - 6], (70)

O
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Next, we use the generalized local quasi-convexity property (Proposition [4]) to obtain explicit regret bound
from Lemma [8

Lemma 9. Suppose the assumptions of Lemma@ hold. Moreover, assume for all k € [K —1] it holds that
VH >2(B3(8) v 83(61)) |0 - 0k|*. Then,

3H9 -6o]? . L(6o)

. 71
AnK 2K (1)

K

Proof. We have ming[g,0,] Amin (V2L(0")) > —M\/%(g’“) MaXgre[g,0,] L(0") from Corollary Thus, using
Proposition {4}, we can control max,e[o,1] E(Gka). Specifically, by assumption we have for all k € [K - 1] that

VH 22(B5(0) v Bs(61)) |6 - 0k|* = 2 max, B3(6%.) 6 - 0k
Then, by Proposition @ we have

max T(0s, )< = max{Z(6;),L(8)} < L(Ok) + L(e)

Thus, applying this to we have:

& 200 <TO)+ 1200 S L (5(0) v 52(00) (T00)  TO) 10 - 1
SR
<o)+ 20 5 (E00) + )
_ K _
gz(a)ﬂ"%i;' L 3 L 160, (72)

where we use the condition on H in the second inequality. Rearranging terms above we conclude the claim of
the lemma. O

Lemma 10 (Tterates-norm bound). Suppose the descent property holds Vk € [K —1], and let Assumption
hold. Further, assume that

16— 60| > max{nKL(6),nL(6)} - (73)
and
VH >36VTdR? (:NERQ (3||9-00| + |9|2700) +1) 16 - 60, (74)
Then, for all k € [K],
|6x - 0] <36 -6 . (75)

Proof. Denote Ay, = ||y, — 0|. Start by recalling from Eq. that for all k:

A2 < A2+ 20L(0) - 20T (0ks1) + 1 ( rr%gui] Tho ) A2 (76)

where recall that 7, = M\/%(eka)- We will prove the desired statement using induction. For k =0,

Ay =0 - 6g|. Thus, the assumption of induction holds. Now assume is correct for j € [k - 1], i.e.
A;j <3|0-06|,Vje[k-1]. We will then prove it holds for k.
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By induction hypothesis for all j € [k —1], and all « €[0,1]:
VH >36VTdR? (3 VdR? (3|0 - 6| + |0|27m) + 1) 16 - 6]
1) 1o-0,1°

>4VTdR? (3 VdR? (|0 —0j2.00 + |0|2,w) + 1) 166,
> ANVTdR® (3VAR? [0, |30 + 1) 10 - 0, = 285(0.)]0 - 6,

>4VTdR? (3 Vd R? (3|0— 0ol + |

Thus, by Proposition 4] Vj e [k -1]

arg(z})i L(8;,) < L(O )+ L(O)

Using this in we find for all j € [k -1],

€ 0 A2 — —~
maxae[o,1] #3(6;.) j (éL(Oj)+éL(0))
vVH 3 3
- = 2~ 2~
< A% +20L(60) - 2nL(0;:1) + 1 (gL(ej) + gL(a)) ,

A% < A% +20L(0) - 27L(0;:1) +1

where in the second inequality we used . We proceed by telescoping the above display over j =0,1,...

to get

AT <A+ nk:L(O) + ;nL(oo

C«O\dk

Z L(6;) - 2nL(6%)
;8 o2

8 2
<6-6o]*+ §H9—90H2 + §|\0—00H2
<90 -6,|?,

(77)

(78)

where the second line follows by non-negativity of the loss. Thus, A < 3|0-60q|. This completes the induction

and proves the lemma.

B.4 Proof of Theorem

We restate the theorem here for convenience, this time also including exact constants.
Theorem 3 (Restatement of Thm. . Fiz any 0 and H satisfying

VH >36VTdR? (3 VdR? (3||e— 6| + |0|2,W) + 1) 16 - 6,2

Further, denote for convenience

a(8) =3V R? [3VT R (3]0 - 60| + 0]2,.0) + 2VT ]

O

and p(0) = (@ + TRQ) a(0)%. Then, for any step-size n <1 A 1/p(8) A 19-80l” , 19=00l” 45, following

VH KL(9) L(6o) ’
bounds hold for the training loss and the weights’ norm at iteration K of GD:

, 5106,

d O —0g| <4/|6 - 6.
T and 18k -0 <110 -6

K P
L(6k) < Z 27.(0)
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Proof. Define

ay(8) =3VAR [(20VT R*+1) (36 - 00 + |0]5,0) +n VT R+ 1],
and
_(2VTdR® TR\ o
pnw)-—( e ) 2(0).

From Lemma [T recall that:

Pk = B2(0k) v B2(Os1) .

Now, recalling the definition of 53(0) from Corollary |1} we see that pg, the objective’s smoothness parameter
at step k depends on |6y 2,00, Where:

2,00 V [[Os1]

2,00 < ([0 = O] + [0]2,00) v (|0 = Oksa] +[0]2,00)
<(|0-8k] +10]2,00) v ([0 -0k +[Oks1 — Ok +6]2,00)
=10 = Ok + [|Ok+1 — Ok[ + [ 0]2,00
<VTR (2R [Ok]2,00 + 1) + |6 = 01| + 02,00
< (20VTR* +1) (10 - 6] + [8]2,00) + VTR = O,

10

[2,00 V [|Ok+1

where the second-last inequality follows from Corollary For each py, define corresponding p,(0y) =

% (3\/c_iR2 Op+1) + TTR2 (2R?O) + 1)2. Consider po, it is easy to see that py < p,(©9) < pn(0).

Hence, the descent property of GD holds in first iteration as per Lemma (7} Since, for n <1, p,(0) < p(8).
Thus, n<1 v ﬁ = 1< ﬁ < pniﬂ) < m < p%;' Moreover, note that the assumptions of Lemma
are satisfied. Thus, by induction over Lemmas [9H10| and noting that py < p,(O) < p,(0) for all ke [K -1

by using a similar argument as above, we obtain for any 7 < ﬁ7

Vke[K] : [0, -6]<3]|0-6],
316 - 6> +Z(90)
K oK

1K -
and  — > I(6;) <2L(0) + (80)
K k=1

Moreover, by assumptions of the theorem we immediately find that ﬁf(@o) < ”62_77%”2. We also have
[0r — 00| < 1|0 — Ox| + |0 — 6| <4|0 — 6y|. This completes the proof. O
The training proof is summarized in Figure [f}

B.5 Corollary

Corollary 3 (Training loss under realizability). Let Assumptions and@ hold. Fix K > 1. Assume any H
such that

1 1 1

3 2 2

VH >36VTdR (3\/3]% (390( )+g(—))+1) go(=)2. (81)
Further, denote for convenience

a(K) = 3VdR? [3 VT R (390(%) +g(%)) + 2ﬁR]

and p(K) = (@ + TTRz) a(K)2. Then, for any step-sizen <1 A 1/p(K) A go(1)% A 90()° 4o following

vVH L(60)’
bounds hold for the weights’ norm and objective at iteration K of GD:
- 2 5g0(5)? 1
L(Og)< =+ —"— d Ok - 0| <4g90(—=). 82
(O < 5o+ 5 and 10— 00] < () (s2)
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o T s 10-6l° ) 6
Proof by induction: EZ L©O) S LO + —x and [|6x — 6l S 116 = 6G,ll, for H 2 16]|°1160 — 6,l1°, 7 = O(1).
n

k=1

Clearly, bounded iterates holds for K = 0.

N . . 2
Next, we see Descent Lemma holds for k = 0, i.e. L(6,,) < L(6) — % ” VL (6,) ” with

1

<——————— Easytoshow that: |G, V 16is1ll2,00 S 16 = Ol + 116l 5, - Hence 7y = O(1).
18ell2,00 V 16ks1l2,00

l

1. Assume bounded iterates till step K — 1 = descent lemma holds till step K .

M

~ ~ ~ 1 ~
2. Use second-order Taylor's: L(6) > L(6,) + (VL(6,),0 — 6,) + 3 min A, ( V2L(6, )) 16 = 8,]I?, and local self-bounded weak-convexity of the loss to
o, «

_BOVEO) | h

VH 0e(6,,0,]

lower bound ¥0,,0, : min lm,"(VZZ(a)) >
0€[6,,0,]

154 ~ 0-6,0> 1 55 B0 VB0,
3. Combine 2) with descent lemma and telescope to obtain regret bound: — Z L@B)<L®)+ I oll +— £6) v b(6) .

max L6160 — 6,/
K & wK K& R acloq] *

4. For sufficiently large H 2 (B5(0) V 30010 — G,l|, Yk € [K — 1], control max L(6,) S L(9y) v L(0) to get the desired regret bound.
a€l0,1] i

|

Finish by using the regret bound to show that for H 2 ||0]|?[10 — 6, %, iterates are bounded for step K, i.e. [[0x — Gll S 10 — Gl

Figure 1: Training proof schema.

Proof. According to Assumption [2] for any sufficiently small € > 0, there exists a 8() such that E(O(E)) <
and |0 - 6| = go(e). Pick € = +. Let the step-size 1 > 0, satisfy the assumption of Descent Lemma

Since L(O1/5)) < +, we have:

7

=

|6/ — 8]

1
_ >9(1/K)_0 2: 72> 12
KL(B(l/K)) —H 0” go(K) —go( ) ,

and

109179 — 6> _ 90(%)* | g0(1)?
L(6o) L(6o) ~ L(6o)

Therefore, following our assumption on step-size 7, we can conclude that

go(1)? _ 104/~ 60]  J0U/<) 6o

(80~ KL@0) " (8 (%)

n<go(1)* A

where in the second inequality we used the fact that go(-) is a non-increasing function. The desired result is
obtained by Theorem O

C Generalization Analysis
Throughout this section we drop the™in 6 and $(Xi; 5) as everything refers to the full model. Moreover,
0 and 0 are denoted by O and 6.

For the stability analysis below, recall the definition of the leave-one-out (loo) training loss for i € [n] and
note that by denoting £;(8) := £(y;®(X;;0)) to be the j-th sample loss: L™(0) := £ ¥, £;(8). With these,
define the loo model updates of GD on the loo loss for some 7 > 0:

0rL, =6 VL™ (6;"), k>0, 05" = 6.
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Lemma 11. Assume the conditions of Theorem[1] hold and
VH 2256 VT dR® (3V/d R (3]0 - 0] + [0]2.0) + 1) [0 - 60 (84)

Then, the on-average model stability at iteration K of GD satisfies,

1 & ) 2
=Y |0k - 67 < = (VTR (2% (3]0 - 6o + |
n i3 n

)) (2Kf(0)+9|0;7700|2).

Proof. First recall from Corollary [I] that gradient and hessian’s norm satisfy

IVL(6)] < 5:1(8) L(6).
IV*L(0)] < B2(6),

Nin (V2L(8)) > - \/(;)L(H)

Applying (Taheri & Thrampoulidis, 2023, Lemma B.1.), two arbitrary points 6,6’ satisfy the following
GD-expansiveness inequality:

ael0,1 \/E

where 6, = a8 + (1 — )@’ denotes a point parameterized by « € [0,1] in the line segment between 6 and 6'.
We aim to bound the on-average model stability in the r.h.s of the inequality in Lemma [3| Based on Eq. ,

1(0-nvE(8)) - (6 ~nvE(8))] < max]{(u”ﬁ?’("“)f(ea)) y nﬁ2(0a>}|0—0'|, (85)

|61 324 = (6 = nv T (61)) - (657 - 19T (657)) - Lt (61)

(
< [(6x - VI (6))) - (85" - VL™ (657))] + 2 m NCICD]
(

< |(8x -nVL ™ (8k)) - (65" —nvI ™ (6;%))] + "ﬁl(e’“)é ()
np )~ i (6
S(arggg]{(l ’Sjﬁ’“ Toio )vnﬂQ(ek(,)})Hek o+ 119 0,). (s

In the above we denoted 0,;2 = by + (1-a)0;'. We note that based on our guarantees for the weights’ norm
during training it can be deduced that for all « € [0, 1],

B3(6;1) = 2VTd R* (3VAR? o + (1= )07 2,00 + 1)
=2VTdR® (3VAR? (|0k]2.00 v |05 [2.00) + 1)
<2VTdR® (3VaR>((|0x 6] + 0 ¢ =0+ 0] ) +1)
<2VTdR® (3VAR* (3]0 - 00| + [0]2,0) + 1) = Bs(6). (87)

2
2°°+1)

Similarly, we obtain

Ba(65"

2VTdR? » R? i
=== (3VAR |67 |00 +1) + (2R2 6%,
2VTdR?
<= (3VAR (310001 +1012.) +1)

+

2 2
(2 (s10- 00l 1012.2) 1) =) (55)
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Hence, by the notation introduced above and noting that by our assumption on the step-size it holds
1< 1/62(0), we can rewrite Eq. as follows,

o103 < (1 2520y e T2 )l - 057+ 221, 0

Assume
VH >12833(6) |0 - 00| > 4 35(0) (10x - 80 + 6" ~ 60]%) > 2 33(6) |61, - 6;" |
>2 (B3(60k) v B5(05)) 6k - 0;7|7,
where we used Theorem [I]in the first inequality. We also have

B3(8k) v B3(8;")

arer[un Amin (V2L (6;1)) > NG L7(6;").
Thus, by applying Proposition [4| on the leave-one-out loss, it holds that for all « € [0,1],
max Lﬂ(aﬂ) é (Lﬂi(Bk) + L6} ).
ae[0,1] 3
Thus,
61 - 674 < ((1 . 4’;@(;) ) (T8 + zﬂ‘(a,;i))) low-67 ]+ 00 0y s

In order to remove the dependence on k, note that

B1(601) s\/TR(2R2 I

3

<\/_R 2R2 HH 0k||200+|0|200)+1)

)+1)

)+ ) - 5u(0). (90)

<VTR 2R2 3H0 0ol +0]2,

(
s\/TR(zR2 16 -6, + 6],
[

For simplicity of exposition, denote oy ; := ‘“;)5-7\;%9) (/L\ﬁi(Bk) + Zﬁi(O,;i)). Then by unrolling the iterates we
have,

Uﬂl(e)

|0k+1 — 055 ] < (1 + ) ||0k - 657 + 0 (0y)

< (1+ o) (1+ o) ||49,€_1 o+ M

2(31)

Uﬁ1(9)

Ci (Op-1) + ———L; ()

Zﬁ(1+alz)7]61(9) ti (0;€)

j=11=j

k
Lex p(Zau)nﬁl(G)
k

+11(8) =+

Ju
<.

5( - 1) (ak)

IA

+11(8) "=

¢ (9k)

0B (6)~——* (91)

Z p(lz az,i)ﬁﬁl(e) el ;_1)

J=1
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where in the above we used that 6 = 05" in unrolling the iterates as well as the fact that for x >0: 1+ < e®.
Note that by definition Z™*(6,) < L(8y). By training loss guarantees from Eq. (79), we have

k 2 k
S ans < M550) S~ (7oi g,y 1 T o7

=1 3\/ﬁ =1
4AnBa(0) E, ~ .
. ’;5;%) > (T(6) + T(67")
4nf33(0) 510 - 6o
A (T )

< 1055(6) 6 - 6o
N VH

1
< Tn 0

10

where the last step stems from the condition on V H. Proceeding from Eq. , we find that for the last

iterate

|6k - 6% | <251 () Z é( b 1) +1p(0) ——2

' (gk)

£; (0k-1)

<2nf1(6) Z
It follows that the on-average model stability satisfies,
R i 2nB1(0) &S
LS o -07] < 22O S5 o)
i=1 k=0

Applying our training loss guarantees from Eq. to the r.h.s. above yields,

1 i 2nB1(0) + 96 - 6,*
L3 o - 03] < 240 (2 7o) L)

where here we used the assumption that, L(6) < ||@ — 6o/ to simplify the final result. This completes the

proof.

C.1 Proof of Theorem

We restate the theorem here for convenience, this time also including exact constants.

)+1) 16 - 60>

Theorem 4 (Restatement of Thm. . Fiz any 0 and H satisfying

VH > 256 /T dR? (3%&32 (3|0 -6 + 6

Further, denote for convenience

a(8) =3VAR? [3VTR* (3]0 - 8| + |6

]

lo-60]

and p(@) = (% + TTR2) a(0)?. Then, for any step-size n <1 A 1/p(8) A HZ_EB(%”)Q

generalization gap at iteration K satisfies,

E[L(®T) - 18] < [2KE(§)+W

].

4
n

34

L(6o) ’

O

the expected
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Proof. Note that the assumptions of Lemma [ 1] are satisfied. Moreover, as per Corollary [1| the objective is
Lipschitz at all iterates with parameter 81(0) since Vk € [K]: |0k|2,00 < 3|0 — 60| + /€] 2,00. Thus, by Lemma
and Lemma [T1] we have,

E[L(6x) - T(0x)] < iE[n (51(8))" (2K T(0) + 9'94‘,]90”)] . (94)
(51(19))2

Recalling the condition on step-size n < ﬁ < concludes the proof. O

C.2 Corollary E|

Corollary 4 (Generalization loss under realizability). Let boundedness Assumptz'on hold. Also let realizability
assumption[q holds almost surely over the data distribution. Fiz K > 1. Assume any H such that

VH >256 /T dR® (3\/81%2 (3gd%)+g(%))+1)go(%)2. (95)

Let the step-size satisfy n <1 A 1/p(K) A go(1)? A %((;3)2 where p(K) is as defined in Corollary E Then the

expected generalization gap at iteration K of GD satisfies,
= 1790(5)?
E[L(0x) - L(Bx) | < — £~ (96)
nn

Proof. According to Assumption for any sufficiently small & > 0, there exists a 8¢) such that L(6()) <
and 0) - 8y = go(e). Pick € = =. Let the step-size, n > 0 satisfies the assumption of Descent Lemma

K- 7
Since (015 < +, we have:

[

|6/ — 6 (1/K) 2 L2 2
—_— >0 - 0% = go(=)* > go(1
KL(H(l/K>) I ol QO(K) go(1)

and

169750 — 60> _ 90(%)* | g0(1)?
L(6o) L(6o) ~ L(6o)

Therefore, we can conclude that

gD _ [0V — 6 N [6975) — 6>
L(6y) = KL(#(/K)) L(6y)

n<go(1)? A (97)

where in the second inequality we used the fact that go(-) is a non-increasing function. The desired result is
obtained by Theorem [2 and the fact that

) Hg(l/K) _90”2 i go(%)2
- n n

Kf(g(l/K))

C.3 From good initialization to realizability

The proposition below shows that starting from a good initialization we can always find 0(9) satisfying the
realizability Assumption [2] provided the number of heads is large enough.

Proposition 7 (From good initialization to realizability). Suppose good initialization 8¢y as per Definition .
Fiz any 12 >0 and let

Vs WT_;T?’& .(3ﬂR2+1),(2B¢+170g(1/e)) .(1 y 2B¢+:)g(1/e)). (98)

Then, the realizability Assumptz'onlg holds with go(e) = % (2Bg +log(1/e)) and g(€) = Ba + go(€).
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Proof. By Taylor expansion there exists 8’ € [0, 6] such that,
1
Yi®(Xi;0) =y ®(Xy;00) +yi (VP (Xi500),0 - 0p) + Vi (6-60,V*®(X,;;6") (6-6y)) . (99)

Pick
2Bg +log(1/¢) 0
’-Y *
Substituting this in and using that 6y is a good initialization, we obtain for all i € [n]:

0:=0) =0, +

1 /
yi®(Xi;0) >~ |y; ®(Xi;00)| + (2Bs +log(1/e)) - §HV2‘I’(X¢§9 )2 16 - 6o

2Bg +log(1/e) )2

> By + (2B +1o8(1/2)) - 1 [T 0(X,:8)], ( (100)

To continue, we show in Lemma [5|in the appendix that |V2®(X;;0")|2 < 83(8")/v/H where recall £3(0) :=
2VTdR? (3VdR?|0]2,00 +1) defined in Corollary |1} Now, note that

B3(0") < B3(0)) + B5(8) <

20 005D u(6.) + 260(60)

gl

<10VTdR® B, (3Vd R? +1) . (1 v 23‘“10‘5(1/5)) ,
5

SQﬂ\/ﬂR3B2(3\/ER2+1)-(2+WOg(1/€))

where the first two inequalities follow by triangle inequality and the inequality after those follows because
104 ]|2,00 < [0+ ]2 < /2, 1 < By and also |82, < B by good initialization assumption.

Plugging in this bound in and using the assumption on H yields that y; ®(X;; 0) > log(1/e) for all
i € [n]. This in turn 1mphes that Li(0) == 0(y;®(X;;0)) < log(1+¢) < e, and thus L(0) < e as desired.

Furthermore, note by definition of 8(9) that go(e) = w and g(e) = By + go(e) . For the latter, we
used triangle inequality and the rough bound [6.]2,c < [6+]2 < /2. This completes the proof. O

C.4 Proof of Corollary

We restate the corollary here for convenience, this time also including exact constants.

Corollary 5 (Restatement of Cor. . Suppose good initialization 6y and let
1 1
VH > 256 VT dR® By (3 VdR? (4g0(K) + 32) + 1) go(g)Q ,

. Further, denote for convenience

where go(3) = 72’3‘“1;&'(}()

o(K) = 3V R? [3 VT R? (490(%) . BQ) +2ﬁR]

and p(K) = (% + TTRQ) a(K)?2. Then, for any fired step-size

4B2 1
v2  log(1+eBe)’

n<lAl/p(K) A

the following bounds hold:

E(HK)SIQ{+5(QB@+10g(K))2 and E[L(0x) - L(0k)] < (QB<1>+log(K))

42K yEnn

(101)
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Proof. First, we prove that the given assumption on H satisfies the conditions of Proposition [7|for € = %

VH > 256 VT d R® B, (3\/31%2 (490([1()+ Bz) + 1) 90(%)2
=256 VT d R® B, (3@1{" (390(;(% g(;()) + 1) 90(%)2-
If 1> g0(%),
VH > 256 VT dR® By (3\/31?2 (490(11() + 32) +1) 90(%)2
>5VTdR By (3VAR? +1) 90(%)2~
It means that the condition of Proposition [7|on V/H is satisfied. Moreover, if 1 < go(%),
VH > 256 VT dR® By (3\/31?2 (490(;() + 32) +1) 90(%)2
> 256\/Td R® By (12@1%290(%)) 90(%)2
>5VTdR By (3VAR? +1) 90(%)37

and again the condition of Proposition [7]on v/H is satisfied. Then, we can apply the results of Corollaries
and [ for a fixed K which satisfies K > 1. Note that
2B -
go(1) =22 and I(6p) <log(1 +ePr).
v

4B3 1

Thus, the condition on step-size simplifies to n <1 A 1/p(K) A T oa(Tr Py - This completes the proof. [

D Proofs for Section |§|

D.1 Useful facts

Fact 1. Let x € R? be subgaussian vector with |x|y, < K. Then, for any 6 € (0,1) and absolute constant
C > 0 it holds with probability at least 1§ that |z|2 < CK(Vd+ V1og(1/5)) .

Fact 2. Suppose Xp,h € [H] are IID realizations of random variable X for which E[X]=pu and |X|< B
almost surely. Then, for any § € (0,1), with probability at least 1 —§ it holds that

<opy /28U
2H

1
— > Xu-p
Hhe[H]

D.2 Proof of Proposition |z|
Recall

~ ~ 1 1

¢(X79):7 Z (I)h(X;WhaUh)zi Z (Uha('P(XWhXT)X>7
H
he[H] he[H]

where 8 = concat (6, 0s, ..., 05) denotes the trainable parameters. After completing the first phase of training,
the initialization for the second phase is as follows for all h € [H]:

0}(11) = COHC&t(U}(ll), Wél)) : Wél) =0, U,El) = ah(gllTuI + ﬂTpT) , (102)
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where recall that ay, ~ Unif(+1) and from Lemma [2]it holds with probability 1 - ¢ that |p| < P where the
parameter P is defined in @ Onwards, we condition on this good event.

We prove the three properties P1,P2, and P3 in the order stated below.

D.2.1 Proof of P1: Bounded norm per head

This is straightforward by noting that for all h e [H]:

1601 = U | < SV T .| + VTlpla < 5VTVES + VTP,

D.2.2 Proof of P2: Bounded initialization

Lemma 12 (Initialization bound). Let any X sampled from and satisfying Assumption @ Given the
initialization in (102)), for any 6 € (0,1) it holds with probability at least 1 -0 that

|B(X;0W)| < T R(S + P)\/2log(1/6) .

Proof.

~ ~ 1 1

Using the initialization in (102 and recalling ¢(0) = 171}/T', we have

1 1) (1) 57 1 an
— YU (XWX X) = ——= 3
VH 3,800 " " VH piin T

Note for each h € [H] that X}, in (103]) depends only on the random variable . Recall that ap,h € [H] are
IID Unif(+1). Thus, {Xp}pep] are IID with 0 mean as Ea = 0. Further, note that

(U,ﬁl),nTﬂ;X) -

1
e Y X, (103)
vVH he%f]

T
< (§VT et VTIp V1 S i< 3§l +VTIpl |V TRT < TGS +),

te[T]

Xl = [ (OO, 1y X)| = |2 (Sl + 1T A X)

Thus, using Hoeffding’s inequality (see Fact [2)) we have for some absolute constant ¢ > 0, with probability at

least 1 - 4:
|B(X;0W)| < TR(S + P)\/2log(1/6).
O

D.2.3 Proof of P3: NTK separability
We prove property P3 in two steps each stated in a separate lemma below
Lemma 13. Let

W, =popl+ppl+ Y vi(pe+po), (104)

Le[M]
U, =17u.. (105)

Given, the initialization @) in (102) and 6, = (U, sign(a)W,) we have for any (X,y) sampled from
and satisfying Assumption [3:
oo y(Ve®(X;01),0.) > 7.,
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where the expectation is taken over o ~ Unif(x1) and

ra - SVT (a1
ENZuE g (2000%)

where Z = Zy N Zy,, and U., W, denote normalized U,, W, respectively.

* -

73
(gs4 -728%-122% - 16?2) - PT2(S+2)%+

Proof.
(Vo®(X:601),6.) = sign(a)(Vw(X;0), W.) + {Vud(X;01),T.).
Using ™) = concat(U™,0) and U, = Hlyﬁ = ﬁ]@ui, we have:

Y
TSv2T

T ST Zy
= S\?/Jﬁu* (Zt:wt)z W(C_%l_o?) (106)

The gradient with respect to W evaluated at (1) = concat(U™),0) is

y(Vud(X;0M),U.) =y (p(XWIHX)X,TU,) =

Vw®(X;00) = O‘?C Y zul X R X +a Y zp' X R X,

te[T] te[T]
where ) 1
R:=Ry:= f-IT—ﬁ-]lTll}, Vte[T].
Thus,

YWVwd (X; 0(1)) ,sign(a)W,)

[0
= IVl/|| (gy S ul X Ror (X W) +y( Y :ctpTXTROX,W*>), (107)
x|l F te[T] te[T]

Termy Termyy

where we set for convenience:

r(X; W)= XW, x, eRT.

To compute r(X; W,), we consider two cases where row corresponds to a signal relevant of noisy token. We
denote the t' € [T] entry of r; as [ry]y €R.

Case 1. Relevance scores of signal tokens: Consider signal token ¢ € R so that x; = pt,,. Using orthogonality
in Assumption |3| we can compute for all ¢’ € [T]

Ch t'eR
teR:[ru=4"y, . ™ (108)
S*(pyze) St eRC.
Therefore, again using Assumption
=94 t'eR
teR: ’ ’ ’ 109
el {S ws rew (109

Case 2. Relevance scores of noisy tokens: Similar to the calculations above, using Assumption [3[ for parame-
ters W™ as in (126)) it holds for noisy tokens ¢ € R® that

S4+S2(M;Zt)+82(zzl/zzt) ,t,ER
teR: [ri]w = (wiz)(pize) + (nlz)(Blzr) T eRE (110)
+ Xy z)(nlze) + De(v) z) (Blze) + S (b + o) 20
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Now, we can start to bound each of the two terms in (107)) separately below.

Bounding Term;: Recall the data matrix complies with Assumption (3| hence.

yS? A eR
Xu, ], = . 111
[(Xu. ] {ZL(m—u-) R (111)
Using this, we can compute:
LS wlXTr(X; W) =2 TXT7~,5(X W)+ Y ulXTr (X;W,)
T te[T] T teRe
;{{ S [ XuJor (X W)+ 3 [Xu*]trrt(X;W*)f/)
teR t’eR t'eRe
+ ( Z [Xu,]pri(X; W)y + Z [Xuy ]y r(X; W*)tf)}
teRe \t'eR t'eRe
= Tler(erys? sty Y A (pe - po) S2(ulz)
T t'eRe
+ ) [CTySQ . (54 + SQ(HUzt) +5%( Z zt))
teRe
> ZL(M+-¢LJ~((MIZO(HIZﬂ)+(uIZO(uIZw)
t'eRe
+z(zmM@>z<zmH@wsmﬁu>@ﬂ}
Further using the noise bounds in Assumption |3} and 7¢(X; W,) from (127)), (110) we have:
LS wlXTr (X;W,)
>(T [456 -2(1- g)zgsz] +(1-0OT [gsﬁ ~C(Zu+ 2,)8* -22,(1- () (22, + 22,7, + 2ZMSQ)]
ST[C87- -0+ 2) 5 -20-O (€20 - N B8 -10-0 24+ 2) | (12

For the second part of Termy:

S Wl XLl (X W) = -

72 D1 Xu, 1 (X; W)

te[T]

{zyﬁ zydwﬁmﬁ{z[z#+zs%m4

t'eR t'eRec teR Lt’eR t'eRe

+ [ >, (54 S*zlpy +S° ZV Zt) > ((ZZH+)(ZZH+)+(ZIN-)N-)

teRe Lt'eR t'eRe

wzuztaw»uzﬁmxdmwﬂaum+mﬁﬂ.
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Using Assumption [3] to simplify the second term:

—ﬁ Z 'UJIXT]IT]I}”}(X,W*)
te[T]

>T| - ¢*5% - (1-¢)Z,5" - 2(1-¢)S° - (1 - ) (Zu + Z,)5" - 2¢(1 - () 2,5
~20(1=0)Zu(Z+ 2,) S - 2¢3 (1 - () Z,5* - 2¢(1 - ¢)?* 2257 - 2¢(1 - ¢)* 2, 5*
~20(1-0)?Zu(Z+ 2,)S* -4(1- () 275 - 4(1 - O)° Z(Z,, + Z,,)] .

Therefore,

7 S ul X1l pr (X W) > T| - ¢2S° - ¢(1- ) (42, +¢Z,)S* - 2(1- O)*((2+¢) Z,,
te[T]

+202,) 2,5 =41 - O Z2(Z, + Zy)] .

(113)
Bounding Termyy:
y( Y wp X RoX,W,) > = 3 |ai] [p]| X " Ro X | Wi
te[T] te[T]
>-P((TS+(1-)T(S+2))|Ro|p| X |75*/2(M +1)
> —\/2(M + 1)S2PT2(¢S+ (1-O)(S+2))(CS2+(1-0)(S+2)%).  (114)

Combining ([12), (T13), ((12) in (T07) we get:

Y(Vw®(X;0M),W,)

> {I;C[gsﬁ - C(1=0) (Zu+ Z,) 8" =2(1-0) (C+2(1-0)) 2,5 =4 (1-C)* Z; (Z, + Zv)]
- ?[@sﬁ +C(1=Q) (42, +C2,)S" +2(1 - O*((2+ Q) 2y + 202,) 2,8% + 4(1 - O)* 222, *Z”)]

“V2(M + 1)S?PT?(¢S + (1= ) (S + 2))(¢S% + (1-¢)(S + 2)2)}
- Q{W[CSG ~C(5Zu+ (1+0)2,)8* = 2((4 - ) Z, +20(1 - () Z,) Z,,S”
~4(1-0)(2-0) (2, + Z,,)Zi] ~V2(M +1)S*PT?2(S+ (1-¢) Z)(¢S* + (1-¢)(S + 2)2)}

5 Q{T(l 2— C)C[CSQ B (5Z“ . QZV)S4 _ 4(2Z# + Zl,)Z#S2 — S(Z# + ZV)ZZ]

-/2(M + 1)S?PT2(S + Z)(S* + (S + 2)2)}
» {T(l—oc
2

(CSG -728*-12228% - 1623) - 2\/2(M + 1)PT25%(S + 2)3}, (115)
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where Z = Z, v Z,. Using this, we get

sign(a)W,
e EQNUmf@l)y(vW<I><X;9“)), g())

IW.|F

> EqnUnif(s1) ] J;' H {T(l 2_ o) (436 -728*-12228* - 1623) -2\/2(M + 1)PT?252(S + 2)3}

T(1-0)¢ 4 w502 16052 2 _ pp5/2 3
2 2(M+1)(CS 725%-127 1652) PT*?(S+2)3. (116)

Combining ((106]) and (116]) concludes the proof. O

Lemma 14 (NTK Separability). Assume initialization 0™ = concat (051), .. .,0§H)) as in (102)) and IID
oy, ~ Unif(+1) for all h e [H]. Recall v. and 6.(-) from Lemma[1g above. Set

~ 1
0, = ﬁ concat (0*(051)), .. .,0*(02))) .

Let any (X ,y) from|DMI]. Then, with probability at least 1 —§ over the randomness of ap,h € [H] it holds

y(vE (X;01),8,) > . —2(2R3T(S+P) +\/TR)\/210gHW.

Proof. We start by expanding the empirical margin:

y (V3 (X:01),8.)= L T y(V@(X;O}}’),&(@,Q”))::i S Xy, (117)
he[H] H he[H]

Note that each summand X}, defined above depends only on ay,, h € [H]. Thus, { X}, }pe 5] are IID random
variables because {ay, }pe g7 are IID random variables. Moreover, X, is almost-surely bounded satisfying

X < [ Vo (X508 [16.(65)] < V2T R (2R? |65 | +1) <2 (2R*T(S + P) + VTR). (118)

where the second inequality follows by Proposition |1|and by the assumption \|0*(0§Ll))”2 =2 for all he[H],
and the last inequality follows because || 0,(11) | < %\/THu* |2 +V/T|pl2 < VT(S + P).

Finally, note that E[X}] > 7. from Lemma Given these the desired claim follows by applying Hoeffding’s
inequality (see Fact [2]) to (L17]).
O

Lemma 15 (Margin). Define Z := Z,, v Z, and

B - B 73
oy = M(CSA -728%-122% - 16%) -PT?(S+2)%+ SVT

ZH
4/2(M +1) NG (6—2(1—0?). (119)

Suppose

\/524-2R3T(S+P)+\/TR-\/W~

*

Then, with probability 1 -6 € (0,1), P38 holds with v = v./2.

Proof. The proof is straightforward by using union bound and plugging the condition of H in the result of
Lemma [[4l O
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D.3 Proof of Lemma

The proof of the lemma follows directly by combining the two lemmas below and using ¢ < 1.

Lemma 16. Fiz any h € [H]. Suppose zero initialization 0}(10) =0 and consider first gradient step as in (102]).
It then holds that W(l) 0 and U(l) RT*4 has identical rows all equal to

C@hu Cah( S ity - *) ap(l- C)l Z

5 "l 5 Z (v, + zit) - (120)

(1 C)T teR¢

Dp1 p2

where recall that w. = by — .

Proof. We start by computing

nVe,L(0y) = ¥ Vo, lu:(X:0,") = ¥ vl (1:®(X;0}”))Vo, B(X:0.")

ie[n1] ie[n1]

, 2'(0) (0
—0(0) Y 4ive,d(X;6) = S Ve, 04 (X;0'7)
ie[n1] v H i€[ny]

Vo, ®n(X; 0
2\/—Z€Z YiVe, Pn( )

where we used that <I>h(X;0;LO)) = $h(X;0,(LO)) = 0 because Uy = 0 and also ¢/(0) = 1/2 for the logistic
loss. Now, recall that ®,(X;6,) = (Up, ATTN,(X; W},)). Hence, VWh‘I)h(X;H,(lO)) = 0, which gives us
w = w9 Also,

1
®,(X;07) = ATTN(X; W) = (0) X = FlripX.
Hence, the 7-th column of U,(Ll) becomes for all 7 € [T]:

[U}(Ll)] :7O‘h Z Yi Z Tt

i€ n1 te

:%O‘h Z Yilby, + ah Z Yi Z (ij"'zzt)

i€[n1] i€[n1] teRS
The claim of the lemma follows by rearranging the above. O

Lemma 17. Suppose labels are IID and equal probable, i.e. y; ~ Rad(x1). Then for the two terms p1,ps in
(120)) 4t holds with probability at least 1 - 26 and absolute constant C >0 over the randomness of labels that

Ip1 ] < CS(\/Zn/ %), (121)
Ips] < C(S + Z)(\/Z . /%). (122)

Proof. For arbitrary v] =1, let X, = (v, 1 Yie[n1] Yilby; ). Then,

and

C CS
Xy Yi{v, ty, <— Yiv, ty, < :
H Hlbz Zezn:l Yi lllz n 16[27;1] H Yi ) 1/;2 \/—1
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where in the second inequality we used approximate rotation invariance of subgaussians and in the last step
we used that for all i € [n1], |y;(v, py, )| < S, thus they are subgaussians with parameter C'S. Further note
that Note that E[X,] = (v, u.). Thus, by centering property of subgaussians (v, p;) is also subgaussian with
same constant C'S/,/n. Since this holds for all v on the sphere, we conclude that p; is C'S/,/ni-subgaussian.
From this, we can directly apply Fact [I] for concentration of Euclidean norm of random vectors to arrive at
(1121]).

We can follow exactly same steps to prove (122)) for po. The only difference is noting that for all i € [n1] and
unit norm v:

1

Yi——= > (U, +zit,0)| < S+ Z.
-7 5
O
E Optimal Model
We first restate the optimal parameters Oop, = (Uopt, Wopt ):
Uyt = —— 14 )T (123)
opt * Sﬁ d\H+ — K- )
1
Wopt 1= ———e (st} + propl + ve(ps +p-)"), (124)
" T PRl il
normalized so that [@pt |7 = /2.
The following lemma about saturation in softmax scores is used to prove Proposition [3]
Lemma 18 (Softmax saturation). Let relevance-scores vector v = [r1,...,77] € RT be such that for some
Le[T] and A,B€R:
r2re>...2rp 2 A and B>max{r;|i=L+1,...,T}.
Further assume A>2B. Fiz any € >0 and
2 T/L-1
r> 1 log( ) .
Then, for the attention weights a = [a1,...,ar] = @(I'r) € RT it holds that
T
0<1- > a;= ), a;<e. (125)
ie[L] i=L+1
Proof. For convenience denote D := 3 7 e, Note that D > Le'™. Consider any i > L. Then,
el—‘ri eFB eFB 1 1
Y“TD D SLdA  Ll(AB) S LerAR
Suppose I' > 2 log (%), which ensures that
T2 > O e
Setting C' = % = % -1, and combining the above two displays yields the desired:
ai<———  i>L.
T-L
Thus, ¥;. 1, a; < €. The proof is complete by recalling that 3,7y a; =1, hence Yjpjai 21 -e. [
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E.1 Proof of Proposition

First, we compute the attention matrix when the parameter W is set to the value below:

W=ppl+ppl+ Y vi(ps+p)". (126)
Le[M]

For convenience, use the notation r] := ] W X" € RT for the t-th row of matrix used to find attention scores.
Similar to the proof of Lemma [I3] we consider two cases where row corresponds to a signal relevant of noisy
token. We denote the t' € [T'] entry of vy as [r]y € R.

Case 1. Relevance scores of signal tokens: Consider signal token ¢ € R so that «; = pt,. Then for weights W
in (126]), and using orthogonality in Assumption [3| we can compute for all ¢’ € [T']

S4 A EeR,
tER:[Tt]t': 2 T / c
S*(pyze) St eRC.

Therefore, again using Assumption [3]

=54 t'eR
teR: / ’ ’ 127
€ [Tt]t {S S2ZH 7t, c Rc ) ( )

Case 2. Relevance scores of noisy tokens: Similar to the calculations above, using Assumptlon I 3| for parame-
ters W as in it holds for noisy tokens ¢ € R¢ that

S4+52(u;zt)+52(zeugzt) JtHeR
teR i [re]e =4 (nize)(plze) + (nlz)(plzy) ' eR”
+Xo(v) z)(ize) + o] z) (ulze) + 5% (ps + po) 20

Therefore, using the noise bound assumptions, we have

>S4 -5%(Z,+7Z,) A EeR

128
<272 +27,7,+25%Z, t'€R°. (128)

teR": [rt]t’ {

Combining the above two cases, specifically Equations (127) and (128]), we find that for all ¢ € [T'] the
relevance-score vectors r; are such that
>8-S Z,+2,)=A A eR

129
<2AZL+ZuZ,+5°Z,) =B ,t'eR°, (129)

te[T]: [rt]t/{

where we defined the parameters A and B for convenience. Note from assumption that

12
5S >2B.
4

Thus, the conditions of Lemma [18 hold for L =|R|=¢T. Applying the lemma we can immediately conclude

that for X
¢l-1 2 -1
T. —1 —
z 354 og( € ) A ( €
it holds:
Vte[T]:0<1- Y [oTur)], = Y. [@(Turs)], <e. (130)
t'eR t'eRc
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Now, recall that
W,=TW  for T =T/(5*/2(M +1)).

Thus, it holds for all ¢ € [T] that (x{ W, XT) = @(T'r;) . Combining this with (T30) and the proposition’s
assumption on T' (satisfying I > T',), we have found that

Vie[T]:0<1- ’Z;z[cp(actTW*XT)]t, = ; [p(z{W.XT)], <. (131)

In the rest of the proof, we use (L31]) to lower-bound the margin:

T T
S\/ﬁt; Z [¢(thX )]tr(ﬂ+ ll') S\/ﬁts% Pt

where we defined 9y, t € [T'] for convenience. For any t € [T], we have

e = Z [QS(:CIW*XT)L, yS2 + Z [gb(wIW*XT)]t, (s = M—)th'

t'eR t'eRe
>yS? Y [p(x]W.XT)], -22, Y [¢(z]W.X")],
t’'eR t'eRec
>yS?*(1-€)-2¢Z,.

y®(X;0,) =y(U,, ATTN(X;W,)) =

Putting the last two displays together and using y? = 1 completes the proof of the proposition.

F Linear Model

To gain additional insights into the classification of the data model and also contrast our results to a
simplified model, we examine here a linear classifier:

(I)lin(X; U) = <U7X> :

For this linear model, consider the oracle classifier

]lT'u'Ia with  w, = H+ — K-,

1
U, =
Sv2T

and normalization such that |U,|r = 1. By using Assumption [3| almost surely for all examples (X,y) the
margin of the oracle classifier is lower bounded by:

" (IRI-S%+y Y (e - poo )

S\/_ teRe
5 . ST
(IRl 5% -21R°]- 2,) - 7

y(I)lin(X; U*)

S\/_ (g—2(1—g)%) = Yiin - (132)

G Experiments

In this section we provide some experiments discussing the role of number of heads H in the training dynamics
on synthetic data models.

Data Model We set the number of tokens 7' = 10 and sparsity level ¢ = 0.1. We set
{pty, pp_,v1, Vs, ...,vp ) as the canonical basis vectors in R, with d = 4, M = 2 and signal strength S = 2.
Noisy tokens z are sampled from a Gaussian N'(0,0%1;), with o = 0.1. We use n = 100 training samples in
each experiment and evaluate on a test set of size 300 (total 5 trials). All models are initialized as 6 =0

Figure [2| shows the effect of increasing the number of heads when running GD with constant step-size n = 1.0
and data generated from data model Notice that rate of train loss decay reduces as we increase H,
highlighting a potential downside of overparameterization. A similar observation has been recently noted by
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Xu & Dul (2023]) when optimizing with GD to learn a single neuron with ReLLU activation under Gaussian
input. We also observe that at least for smaller H, GD indeed achieves margin 7a¢tn. It is worth noting that
these observations do not contradict our theoretical findings in Theorems [If and [2] which guarantee training
convergence and generalization decay given sufficiently large number of heads H, without making an explicit
connection between the rates of convergence as we increase H. We also test how these rates change if we
scale step-size as = O (\/ﬁ ) for GD (Figure 3} left) or optimize with Adam (Figure |3 right) using constant
step-size 17 = 0.06. It is interesting to observe that in both these cases, the convergence speeds up for larger
H, especially when optimizing with Adam, but somewhat strangely the margin attained by GD for larger H
continues to fall away from 7,t¢n. Further, note that our theory only covers step-size 7 = O (1) and the trends
observed in Figure With n=0 (\/ﬁ ) for GD fall outside this regime. In essence, we believe that it would
be interesting future work to see how well these observations generalize to different datasets and develop

theory that explains the relation of overparameterization to rates of convergence.
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Figure 2: For data model Effect of number of heads H on convergence rates when
trained with GD for constant step-size n = O (1). The average |-| illustrates 1/H and 1/~/H
average for W and U across heads, respectively. Attn-score denotes the softmax scores for the
relevant tokens averaged across all train samples and heads. The average |[W| indicates the
saturation of softmax scores and consequently the token-selection (attn-score), and the average
|[U] controls the loss behaviour. Results demonstrate that overparameterization slows down
GD with constant step-size. The circled area shows a O(1/t) trend similar to what our training
and generalization bounds predict.

Planted data model Fix some W* ¢ R™*? U* ¢ RT*?. Entries within X are sampled IID X ~N(0,1), Vie
[T], j € [d]. Given such an X € RT*?  generate the label y using W* as the attention matrix and U* as the
projection classifier:

y=sign(®(X;W*,U")) =sign({U*, p(XW*XT)X)). (DM2)

Data generated using model [DM2]is used to train a multi-head self-attention model as given in equation
. Such a teacher-student setting (train the student network to learn the ground truth parent) has been
well explored in the past in the context of neural networks (Zhou et al., [2021}; |Safran et al.| |2021)). We set
d=>5,T =10. The train set contains n = 1000 samples in each experiment and we evaluate on a test set of
size 3000. Each result is averaged over 5 trials. For numerical ease, while generating (example, label) pairs
we drop the samples for which |output logit| < Yattn, where we call Vgt > 0 to be margin for the data model.
We set Yagtn = 0.2 in all the experiments. All models are initialized as 6 = 0. From Figure 4] we observe
that overparameterization somewhat improves convergence speeds for GD with step-size (9( H ), similar to
tokenized mixture model (Figure [3] left). Addition of momentum significantly helps speeding up convergence
(see Figure |5 left) and so does optimizing with Adam (Figure [5] right). Interesting to note that all the
models reach the expected margin 7,t¢, which was not the case for large H for the tokenized mixture model.
Further, we can observe that initializing at 0 = 0, all the optimizers find the planted model.
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Figure 3: For data model Effect of number of heads H on convergence rates when
(left) trained with GD when scaling step-size as 1 = O (\/ﬁ ); (right) trained with Adam with
constant step-size 7 = O (1). Quantities plotted are same as in Figure [2l Results demonstrate
that overparameterization speeds-up with train and test loss convergence in both the scenarios.

SST2 dataset We conduct an additional experiment on a simple real-world dataset. The SST2 dataset
(Socher et al., [2013) consists of sentences, with each sentence having a associated binary label to classify the
sentiment. We fine-tune RoBERTa based models with varying number of heads using AdamW
optimizer with a learning rate of 5e—6. We train all the models for 5 epochs, with the batch-size
set to 32. We use the Hugging Face pytorch-transformers implementation of the roberta-base
model, with pretrained weights . In Figure |§| we see that increasing the number of heads
speeds up the optimization and generalization. This behaviour is similarly observed for GD with momentum
and Adam in Figure
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Figure 4: For data model Effect of number of heads H on convergence rates when
trained with GD when scaling step-size as n = O (\/ H ) See Figure [2[ caption for to get more

context on average |-|. Alignment of W with the planted-head W* at any iteration k is given

b (W, W) where W* := concat ({W*}hE[H]) contains W* repeated H times. Alignment

AN
between U and U™ is computed similarly.

H Related work

This section elaborates on the paragraph on related work in Section
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GD with = O (VH) + momentum Adam with n=0(1)
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Figure 5: For data model Effect of number of heads H on convergence rates when
trained with (left) GD + momentum where step-size scales as n = O (VH); (right) Adam with
constant step-size n = O (1). Quantities plotted are same as in Figure i Results demonstrate
that overparameterization speeds up convergence in both scenarios.
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Figure 6: For SST-2 dataset (Socher et al., [2013). Effect of number of heads H on
convergence rates when trained with AdamW. Results demonstrate that increasing the number
of heads speeds up the training and generalization dynamics.

Transformers and Self-attention. The landscape of NLP and machine translation was profoundly
reshaped by the advent of Transformers, as pioneered by [Vaswani et al| (2017) building upon earlier
investigations into self-attention as explored in the works of [Cheng et al.| (2016)); [Lin et al.| (2017)); [Parikh|
(2016). More recent developments include the transformative success of large language models like,
LLaMA (Touvron et all) 2023), ChatGPT 2022)), and GPT4 2023). Despite this, the
learning dynamics of the self-attention mechanism remain largely unknown. Some recent works have focused
on understanding the expressive power (Baldi & Vershynin| 2022; Dong et al., 2021} [Yun et al., [2020a4b|
Sanford et al.l 2023} Bietti et al.l [2023) and memory capacity of the attention mechanism (Baldi & Vershynin
2022; Dong et all [2021; [Yun et al., 2020azb; Mahdavi et al., [2023). Other aspects which are explored include
obtaining convex reformulations for the training problem (Sahiner et al., 2022; Ergen et al., 2022), studying
sparse function representations in self-attention mechanism (Edelman et al., |2021; Likhosherstov et al.,
2021)) and investigating the inductive bias of masked self-attention models. Additionally, a sub-area gaining
increasing popularity is theoretical investigation of in-context learning, e.g. (von Oswald et al. [2022; [Zhang]
let all [2023} [Akytirek et all) [2023} [Li et al. [2023D)).
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Here, we discuss works that aim to understand the optimization and generalization dynamics of self-Attention
or its variants. |(Oymak et al.| (2023)) diverges from traditional self-Attention by focusing on a variant called
prompt-Attention, aiming to gain understanding of prompt-tuning. show that for a bag
of words model, an attention model optimized with gradient flow for a topic classification task discovers
the “topic” word as training proceeds. However, they don’t provide finite-time optimization-generalization
rates. |Jelassi et al.| (2022)) shed light on how ViTs learn spatially localized patterns, even though this spatial
structure is no longer explicitly represented after the image is split into patches. Specifically, they show that
for binary classification using gradient-based methods from random initialization, transformers implicitly
prefer the solution that learns the spatial structure of the dataset. provided theoretical
results on training three-layer ViTs for classification tasks for a similar data model as ours (tokenized mixture
data). They provide sample complexity for achieving zero generalization error, and also examined the degree
of sparsity in attention maps when trained using SGD. Contemporaneous works include (Tian et al. |2023}
[Tarzanagh et al., 2023a): The former presents SGD-dynamics of single-layer transformer for the task of
next-token prediction by re-parameterizing the original problem in terms of the softmax and classification
logit matrices, and analyzing their training dynamics instead. The latter studies the implicit bias of training
the softmax weights W with a fixed decoder U via a regularization path analysis. All these works focus
on a single attention head. Instead, we leverage the use of multiple heads to establish connections to the
literature on GD training of overparameterized neural networks. Conceptually similar connections have also
been studied by [Hron et al.| (2020) who connect multi-head attention to a limiting Gaussian process when the
number of heads increase to infinity. In contrast, we study performance in the more practical regime of finite
number of heads and obtain and obtain finite-time optimization and generalization bounds.

Overparameterized MLPs. There has been an abundance of literature that discusses NN training
convergence and generalization dynamics via an NTK type approach, e.g. (Allen-Zhu et al., 2019; |Oymak|
& Soltanolkotabil, 2020; [Arora et all, 2019; Nguyen & Mondelli, 2020} [Banerjee et all 2022} [Nguyen et al.
2021; |Zhu et al., 2023). However, most of these works focus on GD dynamics on regression problems using
square loss and relate the training convergence and generalization to the minimum eigenvalue of the Hessian
of the NTK. On the other hand, relatively fewer works focus on classification with logistic loss under an NTK
separable data assumption, and (Nitanda et al. [2019; [Ji & Telgarskyi, [2020; |Cao & Gul, [2019; (Chen et al.|
[2020; [Telgarskyl [2013; | Taheri & Thrampoulidis, 2023) are most relevant works that share overlapping ideas
with our work. We refer the reader to these for a more thorough overview of the NTK-regime analysis for
NNs.

Other than these, Richards & Kuzborskij (2021); Richards & Rabbat| (2021); [Taheri & Thrampoulidis| (2023));
use algorithmic-stability based tools to understand the training dynamics and generalization
of GD in shallow NNs. |Lei et al(2022); Richards & Kuzborskij (2021) establish generalization bounds with
polynomial width Q(poly(n)) requirement while minimizing square loss. Here, we make use of the tools
developed by [Taheri & Thrampoulidis| (2023) who work with self-bounded Lipschitz loss functions, like logistic
loss, similar to our analysis. The algorithmic stability arguments in the analysis of the above referenced
papers are rooted on a technique to bound generalization gap by directly relating it to train loss based on the
notion of average model stability introduced by [Lei & Ying| (2020)). This technique has also been leveraged
by |Schliserman & Koren| (2022) to study linear logistic regression and Nikolakakis et al.| (2022) who establish
generalization-risk bounds for Lipschitz function optimization with bounded optimal set.
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