A Further Experiments and Additional Results

In the following, we provide the detailed machine learning models for our experiments:

1) Logistic Regression Model: We use the following min-max regression problem with datasets
& = {(aj, bij)}?:p where a;; € R? is the feature of the j-th sample of worker i and b;; € {1, —1}
is the associated label:
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where f;(x,y) is defined as:
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Z (y) + g(x)], @)
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where the loss function /;(x) = log (1 + exp (—bi;a;x)) , g(x) = X e lizIQ ,and V(y) =
2 A1]|ny — 1[]3. We choose constants A\; = 1/n?, A, = 1072 and a = 10.

2) AUC Maximization: We use a dataset {a”, ”} 1> where a;; € R4 is the feature of the 7-th
sample of worker 7, w; denotes a feature vector and b” € {—1,+1} denotes the corresponding label.

For a scoring function h, of a classification model parameterized by x € R?, the AUC maximization
problem is defined as:

1
m;?x mTm— Z H{hx(aij)zhx(aik)}’ )
bi,j=+17bik':_1

where m™ denotes the number of positive samples, m ™~ denotes the number of negative samples, and
Iy represents the indicator function. The above optimization problem can be reformulated as the
following min-max optimization problem [[1,[2]:

min max f(x,c1,ca, )
(x,c1,c2)ERIT2 AER

:722{1 7) (hx(2s) 01)2H{bu=1}*7(177))\2

ZEJWJ 1
7 (e (a3) = ¢2)" T, = -1y +2(14+ N Thae (a55) T, = 1)
- 2(1 + )\)(1 - T)hx (aij) H{bijZI}a }7 (6)

where 7 := m™*/(m™ + m™) is the fraction of positive data. Note that f(x, c1, ¢, -) is strongly
concave for any (x, ¢y, cz) € R4+2,

3) Generator Adverserial Networks(GANs): Although our paper
is focused on general non-convex-PL min-max problems, we believe

that our paper will benefit from comparing further experimental 00029

results on the convergence performance of nonconvex-nonconcave 00028

problems (e.g., GANS), since the nop-convex—PL problem is a special % 0.0027

case for nonconvex-nonconcave min-max problems. § 000261 T2 choonobien)
In our experiment, generator network is parameterized by x as Gx o005 — E?Q.;ﬁGEJ'

and the discriminator network parameterized by y as D,,. We adopt 0.0024] - pon ceon e

the following loss function:

fi(x,¥) = Ea;~p,,.,.[log Dy (a;)|+E,wp, [log (1 — Dy (Gx(2)))]

where a; is the data point on client 7 and Pj; is the distribution

of the true samples. z denotes the input noise vector and P, is the Figure 3:  GANs under
prior distribution of the noise vector for generating samples. We ~MNIST" dataset.

have tested the convergence performance of our algorithms using the

MNIST dataset. We chose the learning rates as 7, ; = 1,; = 1072, 1, 4 = 1,,, = 2, local updates
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K = 10. We have m = 100 clients and each client has n = 100 samples. Again, from Fig.[3] we can
observe that both our proposed algorithms FSGDA and FSGDA have better convergence performance
compared with the baselines.

Impact of the Local Steps: In this section, we run additional experiments to investigate the impact
of the local steps K on the training performance. We run FSGDA and SAGDA over the hetergenous
“a9a” dataset with the regression model mentioned in Section[d] We fix the local step-size at
0.01, worker number at 100, and choose the number of local update rounds K from the discrete
set {2,10,20}. In terms of communication round, the gradient norm ||V (x)||? decreases as K
increases. This is due to the fact that the algorithm needs more communication round while K is
small, which matches our Corollary [2]and Corollary 3]
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Figure 4: Algorithm performance under different local K steps.

Impact of the Local Step-size: In this experiment, we choose the value of the local step-sizes from
the discrete set {0.0001,0.001,0.01} and fix worker number at 100, local update rounds at 10. As
shown in Fig.[5(a)]and Figl6(a)], larger local step-sizes lead to faster convergence rates.

Impact of the Global Step-size: we choose the global step-sizes value from the discrete set {2, 5,10}
and fix worker number at 100, local update rounds at 10. As shown in Fig.[5(b)| and [6(b)| and, larger
global step-sizes lead to faster convergence rates.
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Figure 5: The FSGDA algorithm under different step-sizes.
B Proof

B.1 Proof for FSGDA
For notational simplicity and clarity, we have the following definitions.
®(x) = max f(x,y);
yER4

ze = (X¢,¥t):
Nz = Nx,gNz,ls Ty = Ty,g"y,15
1 1
Ug,t = E Z vacfi(zt)auy,t = E Z vyfl(zt)

1€S 1€S
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Figure 6: The SAGDA algorithm under different step-sizes.

For simplicity, we write the update step uniformly:

Xep1 =X¢ — N K (Ugy — €5 4),
Vir1 = Ye + 1y K(uy s — ey ).

For FSGDA , the update rule is:

Xi+1 = Xt — N, gl Z Z Va fi( Zt zvftz )
ZESt JE[K]
Yit1 =Yt + Ny,gMy,l E Z Z Vy fi( Zt z’gtz )
i€S: jE[K]
e%t:iz Z (v fi(ze) = Vafi thvgt@)>
1€St jE[K
€t =Eleg ] = — Z Z (V fi(zt) szz(zgz)) )
ZGSt JE[K]
e = miK S Y (ki) - Vusilal 6
ieStje[K]
&y, = Eley ] Z > (Vyfz z) yfi(zi',») :
ZESt JEIK]

Note the above expectation is only on the stochastic noise.

Lemma 1.
- 2
E | A = El| (o0 — €0.0) |* < 4E leg,|* + 4B Jus|® + —02,
2
9 9 _ 2 2 2
E | Ax||* = El| (uy,s — ey,0) | TRy

Proof.
Bl (W — €r0) | =Bl (Wap — €50) + (€00 — €)1
< 2| (wps — €4) I” + 2B (6,6 — €00) 12
< 4E[&st|? + 4E[lug ¢ |* + —02,
mK
where the second inequality follows from the fact that {V f z(Zt i ft ) —Vafi (zgz)} the martingale
difference sequence (see Lemma 4 in [28])).

The bound of || (u, : — e,.+) ||* follows from the similar proof. O

16



Lemma 2 (One Round Progress for ®).

1 1
EP(x141) = @(x) < —5na K[ VO(x0)[|* = 70KV f(20)|* + 2Lz K*E o

3 _ L3 Ln2K
K (2 + QL%K) E |6, + an/Tg 1V, f(ze)]) + ”Tag.

Proof. Due to the L-smoothness of ®(x), we have one step update in expectation conditioned on
step ¢:

L
E@(x¢11) — B(xt) < (VO(xt), Elxe1 — x¢]) + S Ellxes — x|

L
= (VO(x¢), —n. KE [uz,t - ez,t]> + §EH771:K (Wzt — €z) ”2 .

Aq Ay

A = (VO(x¢), =1 KE (Vo f(2¢) — €5,1))
1 1 1
= —5KIIVOG)I* = 5 KE( Ve f(20) — €0 il® + 5ne KEIVO(x:) = Vo f (1) + €0t

1 1 3 _
< = KIVOx)IP = 0o KV f (20)|1° + 500 KEl|&st ]| + 0. K[ VO(xe) — Vi f(2e)]]%,

- 2 4 2
where the last inequality follows from |la + b||> > 1||al|> — ||b||? and |la + b||* < 2a||* + 2|/b]|2.

LK
As < 2Ln2KE 604 |1® + 2L K2E lug.|* + 22 52,

where the inequality is due to Lemmal[T]

IV®(xt) = Vo f (2e) I = LIy (xe) =y
L3 )

sz IVy f ()™

where the last inequality is due to the PL condition (Theorem 2 in [42]).

Combining pieces together, we have:

L
E®(x;11) — @(xt) = (VO(xt), 1 KE [ug ; — e, 4]) + §E||77zK (Upt — €5 |7

Ay

Az
2

1 1
< — 5w KIVeG)I = 1KV f (20 + 2L02 K7 [z,

3 L3 LK
+ 1K (2 + 2anK) Elerel® + KL 190 ()|* + =0

O

Lemma 3 (One Round Progress for f).
f(z:) = Ef(2¢11)

3 1
< BB IV f @I+ 2L B )

2

Ln2K
2L ) B + 22 o2
Lf??iK 2

1 2 1 2
— 5y K[V f(z)]? + 2Lf7712/K2]E [yl + ny K (2 + 2Lf77yK> E eyl + S

2
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Proof. Similarly, due to L-smoothness of f(z), we have:

f(zt) = Ef(zi41) < e KE (Vo f(2e), 000 — €x0) — 1y KE(Vy f(z1), 0yt —€y1)
Lin2K? LyngK*®
+ B g = enall® + B uy — eyl

=, KE <sz(zt)a fo(zt) - éw,t> -, KE <vyf(zt)7
2 n Lfnsz

Ly K>

Vyf(zt) - éy7t>

+ R, : Enuy,t—eyth

< S V. o) +27IIKE||ezt|| S IV, f )l + 5, KE ey

. Lf’lgz-KQIE [ %E e — eyl

< DK 920l + 2L 2B s+ (5 2L 0K ) E ol + 222

1 1
= KV @I+ 2L a4,

LK

_ 2 M

5T 2LfnyK> E|e,.|” + Tyaz.
O

Lemma 4 (Bounded Error for FSGDA).

Elle,.|* < L} 40K277
+

Eley.|* < L}

+5K3 0% + 5Ky 07

5K77a27,lag2c + 5Kn§’la§

4OK2U§¢71 ||vxf(zt) “

IV f (20)|” + 40505, [V, f (20)|* + 40K 7153 107 + 40K 155 07

+40K277 ||vyf(zt)H2+40K2nTZJTG+4OK ny lgyG

Proof.
2
Bllend? =E | - 3" 3 (Vafits) ~ Veriel,)
1€St jE[K]
< |13 5 (St
L (€St jE[K]
12 2
i
<3k 2 2 B[ (s
ZE[M]JE[K
, 2
B[ (= )| = | = e etital 6l | + B[~ v maZusial o]
, , 2
<E [thz_xt_nw,lvxfi(zi,i) }+E Hyi,i_}’t—nwvyfi(zi,i) }4-77;103:4‘775,50’;
<1+ 7z —z 2—&-2[(2 Vf'(zj>2+2K2 Vf<(zj>2+202+202
= 2K —1 t,i t Nyl zJi \ %y Ty,1 I\ Tt M, 1T T Ty 19y
1 j 2 2 2 2
< (14 77— ‘zm—zt +4an,l’V fi (z“> Vafi(ze)|| +4K [ Vafi(z)||

+ 4K77§,l Hvyfz (zgz> -V

2
fi(ze)|| + 4K, |Vyfi (2)l° + 02,02 + 02 07
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2

1
< (1 + 5K 1 + 4KmaX{Lf77Z l,Lfr]yJ}) zt i — 2t
+AK2 Vo fi (20)|I” +AK02, IV fi (2) |1 + 02 102 + 02 102
2
+4K |V fi (Zt)”2 + 4K77§,l IV fi (Zt)||2 + 77320,105: + 775,1‘7?,2,

J o
Zt,i Zy

Jj—1 T
1 2 2
<3 (14 gey) [t ) 4K 19, o )| 4 02102+
7=0

< 20K Ve fi (@)l + 206305, |V fi (20)|* + 5K 07 + 5Ky 10
<AOK*n2 |V f(z)]* + 40K, IV, f(z)||* + 40K 07 ¢ + 40K>n3 07 ¢
+ 5K77§7l0§ + 5K7]57105,
where the first inequality is due to bounded variance of stochastic gradient, the second and third

inequalities follow from the fact [a + b[|> < (1+ 1) [|a]|? + (1 + €) ||b||?, the forth inequality is
due to smoothness of f in = and y, fifth inequality holds if

1
4KmaX{Lfnxl’L 771,1}— 2(K )(2K_1)7 (7)

. T K
the second last inequality follows from the >37_} (1 + ﬁ) <(K-1) [(1 + ﬁ) — 1] <
5K, and the last inequality is due to the Assumption 4]

Plugging into the bound of ||&, ¢ ||, we have:

l[€x.I* < L7 [40K>n2, IV f(ze)l|” + 40K°n; IV, f(ze)]|* + 40K 22 102 ¢ + 40K°n; 100
+5Kn2 0% + 5Kn§,lo§} )

The bound of ||&,, +||* follows from the similar proof.
O

Theorem 2 (Convergence Rate for FSGDA). Under Assumptions || l- l 4 define L, = O(xy) —
10f(xt, Vi), if the learning rates 1y g, M1, Ny, g, A0d 1y,1 satisfy:

8K(K —1)(2K — 1)L} max{n? ;,n;,} <1,
a; — 0,340.[/?.[(2772[ - nla44OL?K2nml > 0
) Na

as — agzlzl()LffK?an — @ dOLAK 2, > 0,
Y

L2
where a; = (1—10 —2(2L + %Lf)nIK) , G2 = (% — %LfnyK — Z—:M—ﬁ) NP E—

(35 + QL+ iLs)n.K) and ay = (55 + +LynyK), then the output sequence {x;} gener-
ated by FSGDA satisfies:

T-1 2
1 2(Lo—Lr) | 20, L Ly
— E ElIV® 2 220 M 2Ly 2L 52 Y 52

local sampling
optimization error statistical error update error  variance

Here, 13 and 14 are defined as follows:

3 =2 (CLgL?v + a4znyc> {40[(2% ZUL o +40K? ny loy a+ 5K7h 02+ 5K77y e }

1 my 2 2 n m
— (2L + =L )n.K (1_7)72 “r K—y(l——> 2
Py (( + 5 £ ) M mULG + 5 My e M 9y,G
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Proof. Define potential function £, = ®(x;) — & f (1),

ELijt — £y = E(xi41) — B(x1) + = (f(2) — Ef (2041))

10
1 1
< TRV = (e KV f@)IP + (2L + SL,)02n?
1 Nz L2 o 1 2
B d = aed N =L K°E
My <20 =" IV f (2)|” + 2Ly K°E |uy, .||
31 _ 2 1 _ 2
ek (S5 @0t Lk VB el 4K (s + SLonyK ) Elley|
2
Nz K Ly 2 LfnyK 2
L
m ( +10> %t om %

1 1
< KV P~ K (1 - 22 +

- SLOK ) [V )

5

ai

ok (= 2 - ) o,
My 20 5" Ty 102 yJ %t

az

1 919 my 2 9 my\ 2 ,
+ ((2L+ gLf)an ) (1 - M) —aha+ 5Lf77yK (1 - M) —0y.G

31

K
o (20

1
L+ LLpn.K )Eneztn wK(

1 _ 2
5+ 5L ) Elleyl

as aq

2 LK
WK(LJrLf) o2 4 2 o

m 10 10m Y
Lf?]iK

1 7721( Ly 2 2
< —-n.K|V® 2y L + I
=l IVeQ)I™ + m < + 10) Tz 10m ¥

1 my 2 1 my 2
<(2L + 5Lf)n2K2) (1- M) ~ola+ LK (1- M) ~ots

+ K (asLin, + aanyL}) [40K>n2 ;02 o + 40K°n. 100 o + 5KnZ 102 + 5K, 07

where the second inequality is due to E|lug ¢[|? < 2(|Va f ()] +2 (1 — ) ”frf and E||uy ;||? <

2
2|V, f(z)]|2 +2 (1 — 2) 22 the last inequality follows from the conditions:

a1 — agd0L3 K22, — Z—za440Lch2n;l >0, (8)
az — agziéLOL?KQn;,l — @ 40LA K2, > 0, )
Y

Telescoping and rearranging, we have:

Lo—L.)  2n, L Lgn?
—ZHV@ )12 < (n()KT)-l-:l(L—i—f)Jg—i—fnyJQ
xT

1 my 2 4 1 My my\ 2 4
+ ((2L + 5Lf)n$K) (1 - M) Tha S Lk (1 - M) ~ots

+2 <a3Lf taa” L2> [40K°n3 102 o + 40K, 102 o + 5K 02 + 5K, 0] -
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B.2 Proof for SAGDA Option I
For SAGDA Option I, the update rule is:

Xt4+1 = Xt — Nzx,gNx,l *Z Z (V fz z“,gm)—v +Va:t> 5

i€S: jE[K] ]

Yi+1 =Yt + Ny,gMy,1 72 Z (V fi th’gti) V;,+{’y,t) J

| 1€S:jE[K] ]
— Z Z [V fi(z) (V»sz(zi,zafi,z) - V; + vat)}
ZESt jE[K
éx,t - e:rt - Z Z (v fz Zt vmfz(zg,l)) 3
/LES{ JE[K]
€yt = mK Z Z [Vyfv Z) (Vyfi(Z{,i»Ef,i) - Vgi/ + Vy,t)]
1€Sy ]E[K
éy7t - ey, - - Z Z (v fz Zt vyfl(zg,z)) )
zGSt JE[K]

where we define v:, = V. f;(w;;,&) and v, ; = M Zie[]V[] v’ with a sequence of parameters wy ;
such that

w71 ifi € Si—1,
ti 1= .
W¢_1,5, otherwise.

We further have the following definition for notational clarity:

72 Z {V il szf )_sz"_‘_’z,t}v

1€S} jG[K

Ay, = K Z Z |:vyfz Zt zﬁgt Z) Vgi; +{’y,t} s

1€St jE[K]

V= M ZZEHZN e

i€e[M] j€[K]

e =17 > Elwei—z®.

ie[M]

Y

Lemma 5 (Iterative Control Variate).

m m M
Ft = (1 — m) thl + (M + E — 1) EHZt —Zt,1||2.

Proof.
- Z E||w,; — 2|’
ze[M
my\ 1 m
= (1 - M) 5 Z Elwi 1 -2zl + a7 Ellze-1 = 2|
1€[M]
m 1 m m
< ( - M) <1 + b> Ty + [(1 — M) (L+0)+ 77| Ellz —z 4
m m M
(12]\4>Ft_1+<M+m1>]E”tht—127
where we set b = 24 _ 1, O

m
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Lemma 6 (Local Step Distance for SAGDA Option I). Vi € [M],j € [K], we can bound the local
step distance as follows:

1
TR
€[ M)

. 2
(o= =)|| < 160K2 (12, +12,) L300+ 10K (52 02 + 02 102

+ 40K (n2 B |V f (20| + 02 B |V, f (20)])

Proof. First, we bound the local update as follows:
S , 2
E (Vo fi(ah €)= vi+ Vo )|

<4 [E |92t ) ~ Vo fitan)|| + BBV — Vo fieo)|* + BB ] — Ve f @)

n |vmf<zt>2} o2

2
§4L E z“—zt

+4LTE |lwei — z¢|” + 4LFE|E[V.) — Vi f(20)]”
+4E |Vt (z0)]* + o3

That is,

! J J i _ 2

M 2 E H (szi(zt,i,gm) -V, + v:;:,t) ‘

ie[M]
1 ) 9
§4L?“M Z E Z‘Z,i_Zt +8L?‘Ft+0’i+4EHvx‘f(Zt>H2
ie[M]
1 : 2 1 ) 4 4 | ) 2
M E U Xijl — xtH } M Z E U Xi,i — Xt = Na,l (szi(zgwgg’i) _ V;,t +V$,t) H }
ie[M]

2

1 ) 2 1 S ; -
S( zK_JﬂfgﬁwﬁiXt+”“%Mg%MWM@%ﬂﬂwﬂvw

1 . 2
i€[M]

+2Kn2 02 + 8K B (V. f(z)].

+32Kn2 LT,

‘We can bound ‘

y{jl -yt H in the same way, and then we have

M Z EH(Z#*Z’*) ’

1 2 2 2 1
< (1 + g +8KL} max{nm,l,ny,l}) i

z), —Zt|| + {32[( (773’1 + 772,1) L?I‘t
# 2K (110 +2102) 4 8K (B VoSl + 2 219,00l

1 1
< - ) =
<1+K—1>M_Z ]E‘

g 2t

2
320 (214 ) LA
2K (10 4 0810) 4 8K (2B [Vaf @)l + 2 219,/ a0l
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j-1 .
1
< g (1 + f(—l) |:32K (ni,l + 771371) L?Ft
0

2K (110 +08102) 4 8K (B [Vaf @l + 2 219,00l
< 160K2 (02, +mp,) LTy + 10K2 (n2 02 + 0. 102)
+40K2 (02 E Vo (20) | + 02 BN, 0 (20)1P)

The learning rates should satisfy
1

K-1)(2K - 1) (19)

4K maX{Lfﬂm I L?U;l} < o

Lemma 7.
9
E||Ax;||? < 4L3W, + 4L30, + 4|V, f(z)| + —ai,

"
mK %
Elzes1 — z¢||* < AL3K? (02 +n2) Uy + 4L3K? (2 + n2) Ty

9K
+4K2 (02 V2 @) + 02 [V, f (20) ) + = (202 +nio2)

E[|Ayi||* < AL7U; + AL + 4|V f (2)|* + —=

Proof.
2
Elaxi|P <E| =3 3 [Vafilal,) — Elvi] + Elw]| +- o2
i€St jE[K]
4 )
<= > Y [EHV 5@~ Vati(@)|| +E BN - Vafi(a)|

ie[M] je[K]

+E|E[F,,] — Vo f(z)|? + ||wa(zt)||2] + 9 2

—0;
ZZ[L ‘zg

16 [M] j€[K]

9
L3E [wii = ]* + [ Vaf (2)|* | + —0

2
i T2t +

9
= AL3W, + 4L3T, + 4|V, f(ze)]|* + m—ai,
E[V% ] = Ve fi(z) and E[V, 4] = V. f(2:) where the second inequality is due to Lemma 4 in [28]).
The bound of || (u, : — e,.+) ||* follows from the similar proof. O

Lemma 8 (Bounded Error for SAGDA Option I).
Ele.? <129,
Elle,|? < L2,

Proof.
2

Ellen? =E | 3 Z (Vefilm) = Vafilzl,)

i€St jE[K

< b3 3 (Surteo - wusioto)

i€St jE[K]
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L2
f E
- MK -
i€[M],j€[K]

= L}V,

‘ 2

j

E||e,,¢||* has the same bounds. O

Theorem 1 (Convergence Rate of SAGDA). Under Assumptions [I} B| define £, = ®(x;) —
16 L f(x4,y+), the output sequence {x;} generated by SAGDA satisfies:

e For Option I with learning rates 1y g, N1, My,g» and 10y, satisfying
8K(K —1)(2K — 1)L} max{n; ;,n; ,} < 1

1
5 — A LFK? (7 +07) — (a1 + a24L3K? (7 + 1)) 160K (07, + ) LT > 0,

1
LOmK day K*n ] — [a1 4+ a2dL3K? (02 + n3) ] 40K>n2 , > 0,

1 . L7
Ny K | = n—— — das K*n?
20 my p? Y

where a1 = KL?C (%nw + %ny) and as = % (L + %) +1 + = — =it holds that

— [a1 4+ a24L3 K> (02 + ;)| 40K>n; ; > 0,

T-1
= 2o 2(Lo— L) Ly 0 uw a
1 o 2(Lo—L.) Ly
T;Eﬂvfb(m)ﬂ < KT + L+ T +4 o (n202 + 1202) + "

local update error

optimization error statistical error

where 1)1 is defined as follows:

31 19 Ls n
= |L>? — L 2| 412K [ n, + 2
V1 [ (20+20%)+[2< + 10)+ } ¥ (n +77x)

e For Option Il with learning rates 1 g, Nz, Ty,q» and 1y, satisfying

[20K7 (17 0% + 775,505)] .

8K (K — 1)(2K — 1) I3 max{n? 12} < 1,

1 Ly ) )
— —L >
T ( (L+ 10) 2K 4+ 40K nzlb1> >0,
1 Nz L? ( 2 12 2 2
K | o - Lyn2K? +40K%02 by | > 0
Y (20 Ny W2 57 vl
where by = L% [g—é%K + oy K +2 (L - %) n2K? + %Lfanﬂ, it holds that

2 ([,0 — [:*) 977;5 2 9 2 2
o S S l + —_J ) =

E|V®(x,)|?* <
z; [V (x:)[|” < KT

where 1)y is defined as follows:

+ .

Y=L

31 17 Ly
oK+ W Ly ) (L+ 10) n.K? + L nyKQ] [10 (16K +1)] (02,02 4+ n2102) -

Proof. Similar to the bound of ® and f in (2) and (3), we have the following results:

1 1 3 _
E®(xi41) = Dx) < — 5 K[V = (K IVl ()] + 51 KE 60,
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L2 1
f 2 2
+mK§HVyf(zt)H +§LniK2Ellum,t—ew,tII :

3 1 _ 1 _ 1
1) = Ef (a41) < S0 K [V f @) |+ 50 KB 0all® + 51, K [0l = 5, K19, 20) |

1 1
+ gLfﬁiKz [t — ewell® + §Lf772K2 [y, — eyl

Y

Define potential function £; = ®(x;) — 15 f(z¢),

ELisr — £y = E®(x141) — B(x)) + 15 (/o) ~ Bf(711))

1 1 1 . L3
< 3K VO] = 1K IV f () = 0, K ( - ”f> 19, f ()P

10 20 my, p?
31 | | L\ 5.9 2, 1 2 -2 2
+ ek loadl® + oo oyl + 5 (L + T4 ) IR |l + o5 L E vl
1 o 1 2 1 n, L 2
<L KIVO)IP - o, K9 a0~y (20 - B2 19, @)l

31 1 1 L
2 f 2
+ KLf <2077$ + 20%) U, + 72 (L + 10) E ||zt_,_1 — th

(E£t+1 + O[Ft+1) - (Ef + O[Ft)

1 1 1 L
< =S K| VO)|? = —=naK |Vaf(2e)|? =y K | 52 — ==L | 1V, f(z0)]
2 10 Ny
31 1 1 L
+ KL? (2077;1: + 207’]y) U + 5 (L + 18) E ||Zt+1 - Zt”2 +al'y11 — ol

10

31 1 1 Ly m M m
K[2 [ f E 2 T
! <20 Y20 y) ¥ {2( 10) <M m 1)] Iz — 2] oM !

ay az

1 1 1 9L
< —§nzKHV<I>(xt)Il2 — =, K |V f(z)]* —n, K ( - 77#5) IV, f(z:)]”
Y

1 1 2 1 L 2
< e K|V () |2 = 0o K [Va f(2)|]* =y K | o — ==L ) 1V, £ ()]
2 10 Ny K
m
+ [al + a24Lch2 (nf + 7)5)] U, + [4a2L?K2 (ng + 775) — a—} I
IK
+ as [4K2 (77325 IV f(ze)|” + 775 HVyf(zt)HZ) + o (n2o2 + 77505)}
10
i 1 Nx L?‘ 2 2
N P =t i RPAY
K (20 )
[10K2 (112,02 + 12102) + 40K (02 BV f (20)|* + 02 BV, f(20)]) ]

— agnr —4aa 3K (2 4+ ) = (a1 + axdL3K? (n2 +02)) 160K2 (n2 +2,) L3] T

1 1
< 1K ITR0 = | e — taake2] [V, 1)

IV f(2)|” + [a1 + a2dL3 K (02 + n2)] x

9K
+ - (Uiag + 7712,012,) ;

25



M . . .
where we can set = - and requires the learning rates 7, 1, and 71, 7,1 satisfy

[ m

agqp — 402 LFK? (07 +ny) = (a1 + apd LK (07 + ) ) 160K (7, + 1y,1) Lﬂ >0,
)

1

oK - 4a2K2n§} — [a1 + a4L7K? (02 + )] 40K*n2, > 0, (12)

- 1 mLj

K | 55— el das K02 | — [a1 + a2dL3K? (2 +n2)| 40K2n2, > 0. (13)

Y

(E£t+1 + O[Ft+1) - (Et + O[Ft)

1 9K
< =g KIIVOGe) | + [a1 + adLFK? (0 + )| [LOK (0107 + g 07)] + ar—— (nios + o)

1 1 L IK
<_QmKVMmW+L<L+f)+4m(ﬁﬁ+ﬁﬁ)

A

10
2 31 1 L 2 72 2 2 2 2 2 2 2
+ | KL Sgme+ 55 | + |5 L+1—0 + 2| 4L3K? (7 +n;) | [L0K? (2 102+ 107) ]

Note that I'g = 0.

Telescoping and rearranging, we have:

Lo— L) Ly 9
—g E||V( 2 =Y L+ — 4
IVeG) ™ < 77 KT + {( + 10) + } MmNy

t=0
31 1\, [1 Ly 2 iF
— L+=2L) 42042k |n, + 2
(20+20m>+[2(+10>+] T

B.3 Proof for SAGDA Option II

(nzo% +myoy)

L 20K (12 107 + my103)]

O

For SAGDA Option II, the update rule is:

1 P 1
Xi+1 = Xt — N gzl m Z Z <v1fi(zi,ia£g7i) — Vo fi(Ze,6i) + m Z szi(Zt»ft,i)) )

1€Sy jE[K] 1€St

Yi+1 =Yt + Ny, gyt | — Z Z (Vyfz Zt zagt 1) - yfi(ztvgtz Z vyfz zt, &t z)) s

lest jE[K lESt

1
%FWZ >

i€S; jE[K]

miK Z Z [szi(zt) - vmfi@{,;‘aﬁ{@)} )

i€S, jE[K]

€, =Eleg:] = — Z > (V fi(z) szi(zg,i)),

V. fi(z) — (wai(z{,i,ff,i) — Vafilze, i) + % Z foi(tht,i))]

1€S}

ZGSt JEIK]
S 1
eyt = — Z Z Vy fi(zt) (Vyfi(zi,pff,i) = Vy fi(ze, &) + - Z vyfi(Zta&t,i))]
74€Sf JE[K] €St
1 o
= m7 Z Z (v f’L Zt yfi(zi7ia€g7i)) )
1€S: jE[K]
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€yt = Eley ] Z Z (V fi(z) ny(Ziz))

zESt]E[K]
Lemma 9.
2 9
B (ns —er) [P < o 305 [LZEHZH 2 +||vmf(zt>2}+wai7
1€[M] jE[K]
. 2 9
Ell (g — ey ) P < o 30 3 [L E |2, - 2 +||Vyf(zt)ll2] +—a?
i€[M] je[K]
Proof.
2
1 ; . 9
2 7 — 2
Bl e — e I S B D2 37 3 |Vafilal) —EVL ] + B[] | +—20?
i€St jE[K)
4
<=2 > [EHV filz] ) = Vo fi(ze) LE|ENL,] - Vi)
ie[M] jE[K]

+E|E[f,] — Vaf(z)|* + ||V$f(zt)||2] + 9 2

K.T
< T Z 3 [L E |2, - 2 ’

€[M] je[K]

9
IV + o

where the last inequality is due to E[v} ;| = V,fi(z;) and E[v,;] = V. f(2:), and the second
inequality is due to Lemma 4 in [28]]).

The bound of || (u,+ — e,.+) ||* follows from the similar proof. O

Lemma 10 (Bounded Error for SAGDA Option II).

e 2 < Li i VI[P
EHeI,tH < MK i€[M],j€[ (Zt - Zt,i) )
_ L2 i\ I
E”%nﬁ”2 < R i€[M],j€[K] E H(Zt - Zgz) ‘
Proof.
2
_ 1 .
Elen? =E||—— > > (Vofi(ze) = Vafilal,))
i€St jE[K]
1
< e[S 8 s st
m
1€St jE[K]
L2 N2
f
<k 2 B[4l
1€[M],j€[K]
E||€,,:||* has the same bounds. O

Lemma 11 (Local Step Distance for SAGDA Option II). Vi € [M], j € [K], we can bound the local
step distance as follows:

[y

< 5K (16K +1) 0% + 5K (16K + 1) 12,02 + 40K (02 E | V. f(2) | + 2|V, f(20)]7)

‘ 2
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Proof.

. 2 . . . .
E H (zt - Ziiirl) H =E |:ng,z = Xt T Nz (vxfi(zi,w gg,z) —Vait Vm,t)
ﬂ

) ) 2
J j i - 2 2
X = Xt — Nyl (Vl'fi(zt,i) - V;;,t + Vw,t) H } + N2,10%

]
+E [HYL —Yit Ny (Vyfi(z{,iv ggz) - V;,t + ‘7y,t>

3

. . . 2
+E U Yii = Ye+ (Vyfi(zi,i) Vot ‘_’y,t) H } + 1500,
1 j 2 j i g 29 9
= 1 + 2K — 1 ]E ‘ Xt,i — Xt + 2K]E ‘ nr,l (vlf’b(zfﬂ,) - va:,t + V17t> ) + nz,laz
1 j 2 j i 29 9
{1+ 29K —1 E Hyt,i —Yi|| +2KE H77y,l (Vyfi(zt,i) — Vit Vy,t) ’ + 1y,
1 j 2 j i - 29 9
=1+ oK — 1 E Zy; — Z¢|| + 2KE ‘ Nz, (vxfi(zt,i) —Vyit Vm) H + N0
. , 2
+2KE 1y (Vo filad,) = v+ 930 )|+ 002
1 , 2 , 2
< (14 gy ) Bl |+ 2mads 38 ol ]|+ 802 4B 0. 0P
. 2
+ 2K, {4L?E z,; — ;| +80, +4E ||Vyf(zt)||2] + 00+ 000

2
+ (16K + 1) n2 ;02

J o
zt,i Z¢

1
< (1 + Y] + 8K max{L?cni,u L?ni,ﬁ) ]E‘

+ (16K + 1)1 102 + 8K (72 B [V f20) | + 72,V f ()]

1
<({l1+——=)E
< (14 59)

+ (16K + 1) 102 + 8K (n2 B[V f (20)|* + 0 E IV, (2]

. 2
z); —z¢| + (16K +1)n3 07

7j—1 T
1
<y (1 + K_1> [(16K + 13,07 + (16K + 1) 3 07
7=0

85 (R EITof @] + 2 E IV, ) |
< 5K (16K +1)12,0% + 5K (16K + 1) 12,02 + 40K (02 E | V. f(#) ) + 2BV, f(20)]7)

Vot = =Y ics, Vali(ze, &) and Vi, = Vo fi(2,600): Vg = = ses, Vyli(ze, &) and

x‘f;t =V, fi(z+,&:,i); where the first inequality is due to bounded variance of stochastic gradient,

the second and third inequalities follow from the fact [|a + b||> < (1+ 1) ||a]|? + (1 + €) ||b||%, the

forth inequality is due to smoothness of f in = and y, fifth inequality holds if
1

(K —1)(2K — 1)’

(14)

4K max{Ljn . Ljn} < 5

. T K
and the last inequality follows from the ZJT;%) (1 + ﬁ) <(K-1) [(1 + ﬁ) — 1} <5K.

. _ - 2
E H (foi(zii) — Vet Vx,t) H

=E H (V:Efl(ziz) - V:cfi(zt)> + (Vo fi(ze) = Vi) + (Vo — Vo f(20) + Vi f(2¢)

2
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< 4E Vo filal,) - Vafilz H +AE ||V, filze) = Vi ||* +4E |90 — Vi (2] + 4E ||V f (20)]

<4L3E Hzi)i - th +802 +4E ||V f (z) ||

O
Proof. Similar to the bound of ® and f in (2)) and (3), we have the following results:
1 1 3 _
E®(xi+1) — D(x) < — 30, K[ VO (xe)]|? - ianIIsz(Zt)llz + S0 KE |8
L
ks 19 (zo)” + L%KQE g — el
3 1 9
F(z) = Ef(21) < SnaK ||V f (20)]° + S0 KE [[&,.|° — nyKHVyf(Zt)H

1 1
oL g — ea || + LfnyKQHUyt_eytH

Define potential function £; = ®(x;) — 15 f(z¢),

ELit1 — Lo = E®(x441) — P(x¢) + % (f(z¢e) — Ef(zt41))
1 , 1 ) 1 o, L} 2
< _ganHV(I)(Xt)” - E%K Ve f @)™ =y K | o= — ——5 | IVyf(zd)ll

31 1
Sk el + 5

L
L+ =L )n?K?E||u,s —
+5 (04 T8 ) R sy

S 18y.]l”

1 PEKE [y — ey ||

20

1 1 1 L3
< —577acKHV‘1>(Xt)II2 — 197K Vo f(ze)||” = my K ( - 5) IV f(z)]”

+ 3 K—i—i K L—? Z EH(Z —zj)
90" T g MK 2 £ %
i€[M],j€[K]

Ly 2p 2 2
+2(L+0>7lzK SVite Z Z {L IEHz”—zt

i€[M] jE[K]

9
V@I + o2

4 . 2
F gt |5 32 5 13 o+ wsa] +

1 1 o L
< s K[ Ve(x)|* — me Vo f(z)” =y K | o= — i% IV f(ze)]”
2 10

31 1 L 1 N
2 f 2772 2712
+Lf[ Sk + 5 nyK+2<L+10)an + Lan} R 2 IEH(ztfzi,i)‘
ieMIelK]
ay
Ly 1 L 9
291 2 2 N 2,2 (1 f 2K2 o2
w2 (L4 35 R IV fla) 4 (24 TF) 2ol
az
1 2712 1 2 2 2
LK IV )P+ g LK

—_———
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1 1 1 . L?
< 5KV — gk Ve (@o)|* —n, K ( - Zf> 19, f )l

L 9K
1(’;) T’im} o + [51{ (16K + 1) ni}lal +

+ (az + 40K>07 ja1) Vo f (z0)|° + (a3 + 40K a0) ||V, f (2)|®

29K o2

1
+ {51{ (16K + 1) a1 + 3 (L + Lfn o)

20

1 1 L 9K
< —inxKch(xt)lF + [51{ (16K + 1) n2 a1 + 3 (L + f) nim] o?

10
29K} 2

1
+ {5[((16[( +1) n§7la1 + o=Lysmy, Ty

20
where the last inequality follows from the conditions:

1
EW“’K — (a2 +40K°n2 ja1) > 0, 15)

1 L5
n, K ( - ”Mg> — (a3 +40K9% ja1) > 0. (16)
Telescoping and rearranging, we have:

T—1
1 s 2(Lo— L) L\ 9]
— < _~ - @ "7 =
7 ?:O: E[|[V®(x;)]|* < KT + |10 (16K +1) 77“ L+ 0 o2

2
CL1 9 n
10 (16K + 1) n? —Li—2| o2
2 (Lo — L.) Li\9e 5 9 ni 2
< 20 =) L Lyp—2
S TLET +10 T T T
2 |31 17 Ly 9 1 77.73 2 2 9 2 9
+ L3 K+% YK +2 L+1T) ne K +5Lfn—K [10 (16K +1)] (02 07 + n;,105) -

O
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