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Figure 2: Covariance Heatmap for US Census Experiment
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Figure 3: Experimental results for Synthetic Experiment

A Experimental Details

A.1 Census Experimental Details

We use the 15 of the 17 features in the ACSTravel Time dataset—which include Age, Educational
Attainment, Marital Status, Sex, Disability record, Mobility status, Relationship, etc. More specifi-
cally, using the notation from [7], we choose to keep the ’AGEP’, ’SCHL’, "MAR’, 'SEX’, °DIS’,
’MIG’, 'RELP’, ’RACI1P’, ’PUMA’, ’CIT’, ’OCCP’, ’JWTR’, ’POWPUMA’, and 'POVPIP’ features.
We choose to exclude the State code (ST) and Employment Status of Parents (ESP) as a quick way
to bypass low-rank covariance matrix issues. We turn the columns "MAR’, ’SEX’, *DIS’, '"MIG’,
"RACIP’, "CIT’, "’JWTR’ into one-hot vectors. We make use commute time *JWMNP’ as the target
variable. We clean our data by making sure AGEP (Age) must be greater than 16, PWGTP (Person
weight) must be greater than or equal to 1, ESR (Employment status recode) must be equal to 1
(employed), and JWMNP (Travel time to work) is greater than 0. We normalize our features and
targets by centering and dividing by the standard deviation computed from the training data. The
California datacenter has access to all of the features. The New York datacenter has access to all
categories except 'AGEP’. The Texas datacenter has access to all but ’AGEP’, ’SCHL’. The Florida
datacenter has access to all but ’AGEP’, ’SCHL’, " MAR’, SEX’, and the Illinois datacenter has
access to all but ’AGEP’, 'SCHL’, "MAR’, ’SEX’, ’DIS’, "MIG’.

A.2 Synthetic Experiments

We start with a synthetic experiment where we generate m = 30 agents observing some subset of
d = 30 features. The code can be found at https://github.com/garyxcheng/collab. Ten of
the agents will have access to random subsets of 20 of the features. The other twenty agents will have
access to random subsets of 15 of the features. Each agent will have n samples which we vary in this
experiment. We sample the features from a N(0, ) distribution. We generate X by first generating d
eigenvalues by sampling d times from a uniform [0, 1] distribution. We randomly select 3 eigenvalues
to multiply by 10 and use these eigenvalues to populate the diagonal of a diagonal matrix A. Then we
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use a randomly generated orthogonal matrix W to form X := WAW™. We plot a heatmap of ¥ in
Figure3(a). For each method that we test, we run 20 trials to form 95% confidence intervals.

We compare our method COLLAB, against the Imputation and RW-Imputation methods we outlined
in Section[6. After we train each of these methods using the data on our 30 agents, we measure
how well these methods perform in using the features of a test-agent with access to 20 of the total
30 features to predict outputs. We will also compare our methods against Naive-Local, where we
only use the n training datapoints of the 20 features our test-agent has access to, also described in
Section[6] We plot this result in Figure [3(b)

We also compare our methods in an alternative setting where the test-center of interest has access
to all 30 features. This setup models the setting where we are interested making the best possible
predictions from all of the features available. In this experiment, we compare against Naive-Collab,
Optimized-Naive-Collab, described in Section[6. We note that Optimized-Naive-Collab uses fresh
labeled samples without any missing features during gradient descent, so in this sense, Optimized-
Naive-Collab is more powerful than our method. We plot this result in Figure [3(c).

We see that reweighting is important; this is why COLLAB and RW-Imputation outperform the
unweighted Imputation method. Our COLLAB method improves over the Naive-Local approach,
meaning that the agents are benefiting from sharing information. COLLAB also matches the perfor-
mance of the RW-Imputation method, despite only needing to communicate the learned parameters
of each agent’s model, as opposed to all of the data on each agent. The Naive-Collab approaches
level out very quickly, likely reflecting the fact that these methods are biased, as the covariance of our
underlying data is far from isotropic.

B Proofs for Section 3|

Lemma B.1. For any positive definite matrices W; € R%*% i = 1,2,... m, the aggregated
estimator 0 in Eq. is consistent 0 2 0. In addition, if X; ~ N(0,X), we have unbiasedness

E[0] = 0 where E is over the random data X; and noise &;.

B.1 Proof of Lemma[B.T

For the general case, identify for 6;, we can write
0; = (X Xip) ' Xivys = (X X)X (X + X0 + &)
= 0ip + (XL X)) (G, X0 + XL 8)
1 ! 1
=04 + (nX;XH) (nX;rXi_Gi_ + 5X,I+ i) :

The weak law of large numbers implies that X, X; 1 /n R Y XX /n 2 %4 and X & LN
0. Then Slutsky’s theorem gives the consistency guarantee

0; % 0y + 37" (Sin- +0) = 0,4 + 575020, = To0,

which is equivalent to 0; 5 T,6. Substituting back into 6, we can obtain again from continuous
mapping theorem that

m -1 m m -1 m
6= (Z TfWﬂ}-) (Z Tz—TWiéi> LN (Z T;WiTi> (Z TJWJﬂ) =9.
=1

i=1 i=1 i=1
Next, we specialize to Gaussian features and show 0 is indeed unbiased in this case. By the tower
property, we can write for each local OLS estimator,
E0)) = E[(XL Xip) ™" Xipw] = E [B(X} Xir) 7 XL (Xir O + Xi i + &) | Xiy]]
=04 +E[(X, | Xip) ' XLEX, | X4 ]] 05—
We want to compute E[X;_ | X;;] and the key observation is that with Gaussianity in X;, we have

Cov(z;— — 2¢¥2;£2E7;+7 xiy) = Cov(x;—, miy) — EijFZ;lCov(xi_‘_, Zit)
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=Yir — Dix S - By =0,
and therefore z;4 is independent of x;_ — EijFEi__: Z;+, which further implies that
EXi | Xit) = E[Xit B3 D | Xig] +E [Xim — Xt D B | Xy ] = Xin 571 s
Substituting the above property into computing the expectation of local estimates 6;, it then holds
E[0;] = 0, + E[(X, Xip) "X X B 80a )00 = 0 + 218,10, = T)9.
We can then conclude the proof as
m -1 m
E[f) = (Z TIWM-) (Z TfWﬂl-O) = 4.
i=1 i=1
B.2 Proof of Theorem 3.1

We first study the central limit theorem for local OLS estimators 0;. Let the data matrices X i+ =

[xl,,...,2?]" and X;_ = [z} ,..., 2 ] and the noise vector & = [¢},...,&"]T, we can write
out for éi that

Vi (6= T0) = (XT Xiy/n) " -

| —

@

1

XA - Xa X0 6} O)

(I1)
For (II), note that

1 3 1 <2 . ) L .
T AKX D Be)b + 6} = 2= wl, {@ - zaxilel) o+ ).
k=1

The summands are independent mean zero random vectors, since

E [$Z+ {(wif - EiﬂFZz;lngr)Tei*H = (E {ngrxg—T] —E {ngrngrT} E#Eii) 0i-
= (Bix =Dy T ix) 0,0 = 0,

and E[x{Jrff] = ]E[xZJr] -E[¢/] = 0. Denote by zf+ =al - EijFZ;rlx{Jr and we can infer from

the above display that z;, and z;, are uncorrelated. (II) iszt_hen asymptotically normal by CLT with
limiting covariance (suppressing the superscript j below)

Cov ((Ei+ {(1’1, — ZZ':FE;_:xZ’+)T97;7 + &}) =E [$1+9121+ZL917$L] +E [ﬁfox;L]

=E [QCPFQ;[ZZJFZLQZ,(EL} + U2Ei+ = Qz (8)
If X; are Gaussian random vectors, we can additionally have independence between z;; and x; by
zero correlation. Therefore

E [xi+9;_zi+zi19i_x;] =E [xH_GiT_E [21+le+] 91»_33;]

=6 Cov (zi- — Zx S wi) Oi- - E [oipay] = 6 (Sic — S5 8is) b5 - Tiy = 16|17, i,

and Q; = (l6i- ||, + o).

We proceed to show C(Wy,--- ,W,) = C* under general feature distribution P and W} :=
Yi+Q; 1Ei+. By Slutsky theorem, (I) converges to E;l in probability and we can conclude from

Eq. (7) that
Vi (6= T0) SN (0,571 Qin) ©)
Further from 6 = (Z:Zl T, WlTl) -1 (Zﬁl T, Wléz) it follows that

Vi (6= 6) = N©.C(Wi, -, W)
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where

m -1 m m -1
C(Wlw-an):(ZTJWiTi) -(ZTIWZ-W:*WZ-TJ~<ZTJWZ-TZ-> . (10)

=1 1=1 i=1
With the choice of W; = W, we achieve the cla1med lower bound for asymptotic covariance as in
this case (W1, -+, Wy,) = (X, T, Wi 1) . It thus remains to show

m -1
CWr, - W) = (Z TTWT> =C*.
=1

To prove the above claim, we construct auxiliary matrices M; as

.
o = [TIWRT; T,"WiT; T Wye T Wy -
’ TTWT TTWW* Wi T; TTW,WwrE | | TTWwrEE | T
Therefore
*—1 T
S TTWIT, .
ZM [ZHTTWT leTTWW* ot =%

As the Schur complement is also p.s.d. we can conclude with

m m -1
0=<Cc* - (Z TiTWiTi) . <ZTiTWiWi*1WiTi>
i=1

i=1

: (ZTIW@) =t oWy, W) TN
i=1

B.3  Proof of Corollary [3.2]

We prove the Corollary in the case of Wig = f]H / Ri. When Wf =X/ Ri the proof is the same
and slightly simpler. We first prove (i) and asymptotic normality of /7(6°" — 6) 4N (0,C%). We
point out that Theorem is not directly applicable as we use estimated weights that reuse the

training data. We claim consistency for Wf 2 we, and under this premise, the proof is rather
straightforward since we can write

Vi (6~ 0) = (i TiTWfT,;>

With the asymptotic normality established for /n(6; — T;6) in Eq (), Slutsky’s theorem and

continuous mapping theorem, we can conclude that /n (< — 9) 4N (0, Cg) Now it remains to

showing Wg L W, this is from Slutksy’s theorem applied to W = EH / R; and the weak law of
large numbers as follows

. XX
Sy = 2 By

—1

<i T," WE(6; — T,;G)) :

. 1 R 2
o it R; = E||Xi+9i - ?J||§ 5 }E[HxLTiQ - ?/ng]

where
E[||27, T30 — yi2) = Bll|e] 5 Sisbi — 2l 0, ||2] + 02
= 10— oo —s0r 5 ans) + 0% = NOillf,_ + 0™
We proceed to prove (ii). Applying delta method to the mapping § — T;0,R? — R% on

é(W{‘, -+, W>) immediately yields the asymptotic normality for éf“’. It only remains to show
o T, < Wwr
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Identify W' — T,C*T," as the Schur complement for the block matrix

wrt T
P &)
and it suffices to show M = 0. This follows from C* = (31" | ;" WT;) ! and thus
1 1 T
M= |V ' T Wt T; | WETE A WETE
TT S T WIT | = TT TIWiT] |1 wrs | |1 wrz | T

C Proofs for Section 4|

C.1 Proof of Theoremd.1]

The key part of the proof is showing 0™ = T,7 (T, T;")~'6;. If we can have this claim established,
we can make use of the following transformation of the loss function

()0 — T (TT )~

(LT T,0 — e‘mPH

W;

(TTT) AT W, T (T,TT) =1

This reduces the optimization problem into the same one in Eq. (3)) up to weight transformation, and
the same lower bound for asymptotic covariance in Theorem [3.1]applies. Hence

Cimp-glb(a17 . 7Oém) = C*.
By taking W; = T,] W>T;, we have the transformed weights satisfy
(T LW (L) = (L) T W) = W
From the optimality condition in Theorem [3.1] the equality holds under this choice of W;’s.

It then boils down to proving the claim 6™ = T,T (T;T," )~10;. We make use of the following two
properties of Moore-Penrose pseudo inverse—for A € R%* of rank d;,

(ATA)T = AT(ANHT, AT =AT(AAT)™!
Substituting A = (X, X;) 2T} into the above displays, we then have
o = (1 X, X T X Ly
=T (X Xip)? ((X;Xi+)%ﬂnT(X;Xi+)%) (XL X ) T Xy
=TT (LX)} (XL X)) (KX ) (LX) X
=T (LT ™ (XL X)) ™ (L) T X
=TN(TTT) - (X X)) XLy = TT(TTT) 165
C.2 Proof of Theorem4.2]
By a direct calculation, we have

gmeeld g — (Z aiTiTX;XHTZ) (Z o T X +yl> 0

i=1
m -1 m
= (Z OzZTlTX;XZ+E> <Z aZTZTX;(XHGH + Xi,ﬂi, + gz)> -
i=1 =1
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m -1 m
- (Z aiTiTXiLXi+7;> (Z T X (X0 + X0 — X Ti0 + @))
i=1

=1

—1 m
(Z T X[ X +T) <Z T X (X0 — X B %0, + g,;)) :

=1

Consequently

N i 1
vn (9“1’-%"’ - 9) = <Z o T - E)@Xi+ -Ti) (Z o T, X;(X Oim — Xt X500, + &))
i=1
Following the same proof steps applied to Eq. (7) in Appendix [B.2, we can conclude that

\/ﬁ (éimp»glb _ 0)
m -1 m m -1
AN (0, (Z aiTiTZHI}) (Z a?TiTQiTZ) (Z aiTszHTi) ) 7
=1 =1 1=1

1=Cimp7glb(0¢1 ) 50l

with the same @;’s as in Eq. (8), and with Gaussianity of X;, we also have the explicit form
Qi = (|0i—|3, +0)Si1. Note that if a; = 1/(||6;— |7, + 02),

m

-1
. LD
C1mp*glb(a1’ U 7am) = <Z Z24_12) == C*.
i=1 16; r,_ tOo

Finally, to show C™P€(q ... a,,) = C*, we identify from Eq. that
Cimp_glb(a17 e ;am) = C(alzlJr; e aam2m+) t 0*7

where the last inequality follows from Theorem

D Proofs for Section

We will use the van Trees inequality to prove our lower bound shown. In particular, we will use
a slight modification to Theorem 4 of [[10], which we state as a corollary below here. Throughout
this section, we let ¢ : R? — R* be an absolutely continuous function. The distribution P in the
family { Py} gcpa is assumed to have density py which satisfies [, || Vpg (x)Hg dx < 0. Let PJ for
J € [m] denote the distribution over either é;L ory; € R™. Let Z7*(6) denote the Fisher Information
of P}, and let Z"(0) = Y. | Z(6) denote the Fisher Information of Py. We note that Py is allowed
to depend on n.

Corollary D.1 (Gassiat [10]). Let 1) : R* — R® be an absolutely continuous function such that
V(0) is continuous at 0. For all n, let all distributions Py in the family { Py}gcra have density pg
which satisfies [g. ||Vpg(:(;)||§ dz < o0, If lime—o0 limy— 0 SUP||, <1 L7 (00 + ch/v/n) /1 exists

almost surely and is positive definite, denote it by p. Then for all sequences (én)n21 of statistics
Sn : X™ = R® and for all u € R®

K‘/ﬁ (é" v (00 " \C/hﬁ» “ﬂ > uTV(00) T p VY (6o )u

liminf liminf sup Ej 4
c— 00 n—oo Hh”<1 0 \/7

Proof. The main difference between our version of the proof and the one presented in Theorem 4 of
Gassiat [10] is that we do not assume Z" = nZ. We also select £(z) = (u, z)? in particular. All the
steps and notation remain the same except with nZ replaced with Z™ up until equation (13), which
we define with a modified choice of I ,,

T 1
= v 1 1
. </Bp<[01’1> Y00kl ) <c2 ! n/gpqo],l) (ot chiyialt) )
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X (/ V(6o + ch/\/ﬁ)Q(h)dh> ‘
Bp([0],1)

By definition of p, with probability 1,
lim lim T., = Vi(60) p~ V(o)

C— 00 N—00

D.1 Proof of Theorem 5.1

We will apply Corollary [D.1 and apply it to two different choices of ¢ to get the full feature minimax
bound and missing feature minimax bound respectively. For notational simplicty, let Py denote

the distribution over {H"}Z6 m) induced by . P is in the exponential family, so the conditions of
Corollary [D.T]are satisfied.

We begin by computing the Fisher Information. Let Pg for j € [m] denote the distribution over é}l €
R% . Let Z7"(6) denote the Fisher Information of P}, and let Z"(¢) = >_"" | Z! denote the Fisher
Information of Py. Let x; 4 denote an arbitrary row of X, . Let z;_ be drawn from N(z;— (24 ), F -).
Some straightforward calculations tell us p;— (2;1) = ZmEijrlxiJr and 'y =X, — 3>, I
From this we can deduce that 67 x;_ is distributed as N(u! 0, ,07 T';_0;_); we use y;_ in
place of y;_(z;_) for simplicity. And y; is distributed as P§ which is N(67~,07.T";_0;_ + o2)

where v := [ il | P ;LFHZ‘_] . From this we can deduce that P(9 is N (JiHZ-H, B 1Ei+), where

Bt W let p denote its density. We know Z"(6) = > "7 | Z?(6) due to independence.
Al that remains is to compute Z*(6).

(0) = / Vo log () Ve log 7 ()] b} (=) d=.

We know that for some constant C,

d; i ol o T
logpf(z) =C+ 5 log(Bi) — — +0iq + Ef—rzwrlziigi— - 2i2+ZH2-

Taking derivaties we get that
Vo,, logp?(z) = —B; [§i+9i+ RIS SHD S oI iH,z}

E2+9i+ + f)ii];}&iel, ZH_ZH :| Bili_0;_

vei— logpf(z) = |:

+ [CDE S b + T S T Db - D Sy 2]

2

~1 ~1 ~1
Let b% = HZZ‘iHH‘ + ZerZ;lEii@i_ — X7 z|| . Now we compute the expectation over outer
2

products:

E[V,, logp{(2)V,, logp}(2)"] = BiTiy
E[Vo,, logp?(2)Ve,_logp!(2)"] = A5 B 'S 8 B Dis = B8 B Sis
E[Vy, logp?(2)Ve, logpl(2)T] = ;% Tl EZ+Z Iy

2
+ (d +E[b2]2d +E[b4]) BT 60, 6T T

d2 26'71d72 -2 2 2 T
- Bz z:FZ ZerE Zzi + + ZT + 51 (2dz + dz) Bz Fifeifeifrif

(6) = / Vo log pi(2) [V log ()]} (2)d=
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V.. log pt ) . ;
/H? {v?* loggzgzg] [VQH log py(2)T Vo, logp’e(z)T} IL;py(2)dz

_ n T i’b“r ! +E;+ Ezi L
Co24+07 T, DIV Yoy 1S DIV Yoy 21+E ]l
. 0
2 2
+I (d difi | 2]y 9, +d2)r 0,7 T, |
n
= i n 1

The 0,,(1) term is due to strong law of large numbers. From this we know that, with probability 1,

n m 1
lim lim sup I(%+—W:§ T
g

CcC— 00 N—r 00 Hh”2<1 n

Applying Corollary [D.1] - with yR? — R? as the identity function () = x gives the full-feature

minimax lower bound. Applying Corollary.wﬁh YR? — R% as ¢)(z) = T;x gives the missing-
feature minimax lower bound.

D.2 Proof of Theorem[5.2]

We will apply Corollary [D.1 and apply it to two different choices of ¢ to get the full feature minimax
bound and missing feature minimax bound respectively. For notational simplicity, we will use Py in
place of P}. Py is in the exponential family, so the conditions of Corollary are satisfied.

We begin by computing the Fisher Information. Let Pg for j € [m] denote the distribution over

y; € R™. Let Z"(6) denote the Fisher Information of P}, and let Z(6) = > | Z'(6) denote the
Fisher Information of Py.

Let xl(k), y(k) be the kth sample from agent 7. We will let I(k) (9) be the fisher information of y(k)

We know that Z/'(8) = >~ _, T, ( ) by independence. Some straightforward calculations tell us

that ") is distributed as N(u,F) where pp = ¥z 5 2 and T = %, — $,3%71%,.. From

this we can deduce that 67 2% is distributed as N(z T@,_,Hﬁfﬁz ). And y* is distributed as
N(0T~,0F T0;_ + o2) where v :== H1+x§+) + 07 p

(k) (k)

Let ¢ := 20 and A = o . Using p} ¥ denote the density of .y, ,wecan

oZ+67 16, 02+9T TO,_
calculate the derivative of the log density
k
z— 91+I( ) oF ua:(k)
o2 +6;_T0;_ .
Vo, logpifi(z) = ATY;_ + ¢p.

(k)
= ¢

Vo, logpék(z)

Using the facts that E[¢] = 0, E[¢*] = 55—
the expectation is an integral over z, we have that

79 () = / Vo log pif (=) [V log pif ()] T pif (=) dz

E[¢A] = O, and ]E[AQ] = W, where

Vg, logp i i i
= / ik [V:f 10;)9 E ;} [Vo., logpif(2)" Vi, logpif (=)"] Tipy (2)dz

| B @)T Elpal) (ATO: - +ou)T] |
" |E[(ATY,- + ¢u><¢xz+ )] E[(ATO; + ¢p)(ATO;— + ¢p)”]

B SR E i wiu -

T 02460, T u(:vﬁi))T pi” + g0 01T |
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1] e ) 5 !
T 210,10, |9t @) 2ani el @) TSI i + T 07T
From this we can sum over
n k
zr(0) = >_ 7" (0)
k=1
N n HT iz—i— E7.+2 Ez:l: L
N N TR >iio SIS 21 Sigio S0 iy DI FARTS mreiﬁf_r ‘
- n ‘ + [0 0
o2+ 0L T, (Ql +on(l) + 10, [0 gﬂeT rg.- L0i- 07 F] )
The 0,,(1) term is due to strong law of large numbers. From this we know that, with probability 1
ITL
lim lim sup " (0o + ch/v/n)
C—00 N—>00 Hh”2<1 n

m

1 [0 0
=2 srrarras \ @ o e Lo 0LT | ) =7
i=1 1= U

Applying Corollary - D. 1| with R% — R? as the identity function ¢)(z) = z gives the full-feature
minimax lower bound. Applying Corollary [D.1]with ¢/R? — R% as ¢(x) = T;z gives the missing-
feature minimax lower bound.

One final transformation remains to get the form of this lower bound to match the one in the theorem
statement. We know that from Cauchy-Schwartz that for all u € R9~%
uTT0; 0T Tu  (uTT2026;_)2

- < ulTu.
0T T0,_ oTro,  — "

Using this fact and the definition of I and (); we have that
1 0 0 2n
— (@, +1” I | x ———2X%
o2+ 60T 16, (Q o [0 2+0T ro,- L 0i ‘9?—1—} ) T o2+ 01 T0;
Using this bound gives our final result.

D.3  Proof of Corollary|5.3]

The existence of the limits is a consequence of strong law of large numbers. To further show the
inequality in the limit, we note that

mHI[O O}Hi

1 zm: ) IS4 _ 1 Z R
m = \o?+0 T 0, o2 +0 T 0;_ m = o®+ 6 T i
0 0 0 0
) i m M - l f: I1; |:O Ei—:| N pdiag(X) +p2(2 — diag(X))
= = = m & o2 02 ’

where the last step holds with probability one by strong law of large numbers. This is true as by
our random missing model, 3;; is not observed with probability p if i = j, and p? if i # j. We can
further derive that

pdiag(¥) + p?(X — diag(X)) ~ pA (5T < pRY < pA(X)T
2 -3 = 2

02 I
m

() pr(o? + Henéuz 5
m = o2 —&—Q?_Fi,ei,'

g g
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In (i), we make use of the fact that

o 0],
¥ = 11, [0 Fi_} I

and therefore H9||2z > [16;—]
that

%‘7:_' By our choice of p < 2x~1(1 + [|0]3, /0?)~", we can conclude

22



	Introduction
	Related Work

	Mathematical model
	Method
	Intuition
	Our General approach
	Collab Estimator - Gaussian feature setting

	Comparison with other methods
	Asymptotic Local Minimax Lower Bounds
	Weak Observation Model: Access only to local models and features
	Strong Observation Model: Access to features and labels

	US Census Experiment
	Discussion and Future Work
	Experimental Details
	Census Experimental Details
	Synthetic Experiments

	Proofs for Section 3
	Proof of Lemma B.1
	Proof of Theorem 3.1
	Proof of cor:upper-bound-local

	Proofs for Section 4
	Proof of Theorem 4.1
	Proof of Theorem 4.2

	Proofs for sec:lower-bounds
	Proof of thm:weak-global-lb
	Proof of thm:strong-global-lb
	Proof of cor:lower-bounds-comparable


