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A Proofs

In the following sections, we give the proofs of the theoretical guarantees given in the main of the paper.

A.1 Proof of Theorem G,SD,, is a proper metric on P,(R%) x P,(R?)

Before starting the proof, we add this notation: the characteristic function of a probability distribution
€ PRY) is p,(t) = E, [eX Tt]. Given this definition, similarly to the Fourier transform, the characteristic
function of the convolution of two probability distributions readsas v, (t) = @u(t) - @ (t).

e Non-negativity (or symmetry). The non-negativity (or symmetry) follows directly from the non-negativity
(or symmetry) of D, see Definition

e Identity property. If the base divergence DP satisfies the identity property in one dimensional measures,
then for any pu € P,(R?) and u € S?~1, one has that D,(Rup * Ny, Rupt * N,) = 0, hence, by Definition
G4 SD,, (1, i) = 0. Let us now prove the fact that for any p,v € Py(R?), G,SD?(u,v) = 0 entails p = v
a.s. On one hand, G,SD,(u,v) = 0 gives the fact that D,(Rup * Ny, Ruv * Ny) = 0 for ug-almost every
u € S ! hence Ry * N, = Ruv * N, for ug-almost every u € S?~!. Following the techniques in proof
of Proposition 5.1.2 in [Bonnotte| (2013)), for any measure n € P(R™) (with m > 1), F[n](-) stands for the

Fourier transform of 7 and is given as F[n](v) = [o. e‘iST"dn(s) for any v € R™. Then

FlRupt# Ny(v) = / e PA(Rgs # o) (1)

R

= / / e~ rHYAR L u(r)dN,(t)  (by the definition of the convolution operator)
RJR

= / / e W)V, (s) AN, (t)  (by the definition of Radon Transform)
R JR

:/e_itvd./\/‘a(t)/ e—i((u,s))vdu(s)
R

R4

= FING](0) Flpl (vu).

Since for ug-almost every u € S¥ !, Ruu* N, = Ryv * N, and hence F[Ruu * N,| = F[Ruv x N,| &
FNGFlp] = FING])Flv] (by the Fourier transform of the convolution) < F[u] = F[v]. Since the Fourier
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transform is injective, we conclude that u = v.
o Triangle inequality. Assume that D is a metric and let u,v,n € ’Pp(Rd). We then have

1/p
GoSD, (1, v) = (/ DP(Rup * Ny, Ryv *Ng)ud(u)du)

Sd—1

< (/ (D(Rup * No, Run *NU)+D(Run*NaaRuV*Na))pud(u)du)l/p
Sd*l

\(S,), (/Sf (DP(Rups * Ny, Rum + NU)Ud(u)du)l/p + (/Si DP(Run N, Ruw + N;) ) () e

- GUSDp(IU” 7)) + GUSDp(na V)v

where inequality in (x) follows from the application of Minkowski inequality.

A.2  Proof of Theorem 3.2 G,SD, metrizes the weak topology

The proof is done by double implications and the technical material relies on the continuous mapping
theorem (Athreya & Lahiri, 2006)) and bounded convergence theorem for the first direct implication “=-". The
second one, “<" is based on the fact that weak convergence is equivalent to the convergence corresponding
to Lévy-Prokhorov distance (Huber] [2011))

“=” Assume that py, = p. Fix u € S?~!, the mapping u — Ry, is continuous from R? to R, then an application
of continuous mapping theorem (Athreya & Lahiril [2006]) entails that Ryur = Rup. By Lévy’s continuity
theorem (Athreya & Lahiri, 2006) Ryux * Ny = Rup * Ny. Therefore, limyg_ oo D(Rupir, Rupt * Ny) =
0. Since we suppose that the divergence D is bounded, then there exists K > 0 such that for any k,
DP(Ruptr, Rupt * Ny) < K. An application of bounded convergence theorem yields

1
lim G, SD,(pk, 1) = (/ lim DP(Rupy * Ny, Rupt *Ng)ud(u)du) /p o
k— o0 gd—1 k—»o0

“<” (By contrapositive). Suppose that pug doesn’t converge weakly to p and assume that
limy_s 00 GoSDP(j1g, 1) = 0. On one hand, since R? is a complete separable space then the weak con-
vergence is equivalent to the convergence corresponding to Lévy-Prokhorov distance A defined as: The
Lévy-Prokhorov distance A(7, () between n,{ € P((E, p),T) (space of probability measures on a measurable
metric space) is given by:

A(n,¢) = tir;%{n(A) <C(A%) +e, ((A) <n(A%)+e, forall Ae T}, where A°={x € F:p(z,A) <ce}.

Hence there exists ¢ > 0 and a subsequence {js)}tren such that A(pgm),n) > €. One the other
hand, we have limy oo GoSD” (ps(ky, #) = 0, that is equivalent to {D(Ruptsk) * No» Ruv * No)}i con-
verges to 0 in LP(S%1) = {f : S' — R| [, f(Wug(u)du < oo}. Since the LP-convergence en-
tails the point-wise convergence (Khoshnevisan, |2007), there exists a subsequence {is(+(x))}r such that
kli_}rgo D(Rutis((k)) * No, Rupt * Ny) = 0 almost everywhere for all u € S*~*. Recall that the divergence D

metrizes the weak convergence in P(R) then Rups(¢(k)) ¥ No = Rup * Ny almost everywhere for all u € Sd-1,
Therefore, Rupist(k)) = Rupt almost everywhere for all u € S4-1. Using Cramér-Wold device (Huber} [2011)),
we get fis(k)) = p. Since the Lévy-Prokhorov distance metrizes the weak convergence, it entails that
ler{:O A(pese(r))» ) = 0, that contradicts the fact that A(usk),p) > . We then conclude by contrapositive

that pr = p.

A.3  Proof of Proposition 3.3} G,SD,, is lower semi-continuous

Recall that the base divergence D is lower semi-continuous w.r.t. the weak topology in P(R), namely
for every sequence of measures {u} tren and {v} }ren in P(R) such that pj, = ' and v, = v/, one has
D/, v) < likm inf D(up, v},).

—00

Now, let {ux}ren and {v;}ren are two sequences of measure in P,(R?) such that py, = p and v = v.
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By continuous mapping theorem (Bowers & Kalton) |2014)) and Levy’s continuity theorem, we obtain
Rupir * Ny = Rupr ¥ Ny and Ryvg, * Ny = Ryuv * N, for all u € S~ 1. Since the base divergence D is a lower
semi-continuous with respect to weak topology in P(R), then

DP(Rup # Ny, Ruv * Ny) < (liminf D(Rupi * Ny, Ruvi *Ng))p < liminf DP(Rupk * Ny, Ruvk * Ny).
k—o0 k—o0
It gives
. » 1/p
GoSD, (1, v) < < lim inf D? (Ryupk * No, RuVk *Nd)ud(u)du) .

gd—1 k—oo
Furthermore, by application of Fatou’s lemma (Bowers & Kalton) 2014]), we get
1/p
GoSD,(p,v) < likm inf (/ DP(Rupk * Ny, Ruvk *Ng)ud(u)du) = likm inf G5 SD,, (pk, Vi),
—00 §d—1 —00

which is the desired result.

A.4 Proofs of statistical properties

A.4.1 Proof of Lemma 3.5} R,j, * N, is an average of Gaussian mixture

Straighforwardly, for every Borelian I € B(R), we have

Ruﬂn *NU(I) - //]-I(T + S)d{% ZéuTXj}(T)CU\/U(S)
rJs i=1

%Z/lj(uTXi—Fs)fNa(s)ds
i=1"9%

1 n
52/ 1;(s) fa, (s —u' X;)ds’
i=175

1 .
- Z/ 11(8") farqut x,.02)(s))ds” (since far, (s —u' X3) = frarur x1.02)(8))
i=17¢

%iN(uTXi,JQ)(I).

Thanks to Theorem of Cramér and Wold (Cramér & Wold, [1936)), we conclude the equality between the
measures Ryfly, * No = 237 N(u' X;,07).

A.4.2 Proof of Proposition [3.8|

Let us give first the overall structure of the proof. We we use frequently the triangle inequality for Wasserstein
distances between the quantities ﬁn, %Ng (uTXi, 02) and Ryp * N,. We then obtain two quantities, I and
IT (see below for explicit), bounding E ¢, on [GUSWP(,&“, 1)]. To control I bound, we use a well known
converging bound in [Fournier & Guillin| (2015]) of Wasserstein distance between empirical and true measure.
For II bound, we consider maximal TV-coupling in [Villani| (2009)] and use result of the 2p-moment of absolute
Gaussian random variable founded in |Winkelbauer| (2014]).

On one hand, using triangle inequality of Wasserstein distance, we have

N o 1/p
E#@n INEn [Gaswp(una M)] = E#@n INEn [( Wg(unv Ryp Na)ud(u)du) }

gd—1

DA 1/p
E,Lt@nl./\f,;@" [/84—1 Wp(/“"’?’“ Rap *Na)ud(u)du})

(
<([ E

b2 1/p
Bz (Wi, Rup= A Jug(w)du)

u®n
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where
A 1
1220 [ B (W (s Xi,0%)) Jua(w)d
a1 pen N2 | W \ HZN(U‘ o) ) | ua(u)du

and

n

% ZN(UTX“ 02), Rupt * Ng))]ud(u)du

4 9p—1 P
=2 /Sd_l E,onpnen [Wh ( 2

The proof is based on two steps to control the quantities I and II.
Step 1: Control of 1.
Let us state the following lemma:

Lemma A.1 (See proof of Theorem 1 in |[Fournier & Guillin| (2015)). Let n € P(R) and let p > 1. Assume
that M,(n) < oo for some q > p. There exists a constant Cp 4 depending only on p,q such that, for alln > 1,

E[Wg(ﬁn»n)] < Cp.,qu(ﬂ)”/qAn(n q),
where
n71/21q>2p7
An (pa Q) = ’I’L_l/2 log(n)lq:Qp

n—(q—p)/q1p<q<2p.

We note that fi, is an empirical version of the Gausian mixture LS\ No(u" X;,0?). Then, by application
of Lemma [A7T] we get

s 1L 1<
Eﬂ®n ‘N(;®n I:Wg (‘Ltn, E ZN(UTX'“ 02))] S CP,QEH®” |:M(§)/q (ﬁ ZN(UTX’M 0—2))] An(p7 Q)
i=1 i=1
Let us first upper bound the g-th moment of Mq(% S N(UTXZ',O'Z)), for all ¢ > 1. For all u € S, we
have

n n

(2 YN X ) - [0 ST X)) = 3 My (12l

i=1 i=1

where Z; y ~ N(u' X;,02)). By Equation (17) in [Winkelbauer| (2014) we have

1 & 129269 g4+ 1 «— g 1 —(u'X;)?
M(fE TXZ-,Q): F—E Fi(—% - ——2).
4 ”i=1N(u %) ( 5 )i=11 1 ( 573 )

n Jr 202
Since Xi,..., X, are i.i.d samples from g, it yields
1 & 20/269 g4 1 g 1 —(u"X)?
E H[Mp/q(f TX,, 2)]: e, A (-4, T Ay (x~
n® q nlzzl'/\“u o ) ﬁ ( 2 ) M[l 1( 279 202 )] ( 'u>
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Step 2: Control of I1.

We follow the lines of proofs of Proposition 1 in |Goldfeld et al.| (2020) and Theorem 2 in |Nietert et al.| (2021).
Using a coupling fi, and Ryp * Ny) via the maximal TV-coupling (see Theorem 6.15 in [Villani| (2009))]), the
control of the total variation of the Wasserstein distance, we get for any fixed u € §%~!

Wi (s DN (T X 0?), Rt ) < 27 [ 1106 = (e,

where h,, ,, and g, are the densities associated with un and Ryp * N, respectively. Let f, g the probability

1

density function of Ny 9, i.e, fou(t) = ——
’ ’ \/ 27 (c¥)?

e 2(0’”2 for ¥ > 0 to be specified later. An application of

Cauchy-Schwarz inequality gives

n

E,u®" A2 [Wg (% ZN(UTXi, 0'2), Ru'u * Na))}

|hn,u(t) - g"(t”dt

<2 By [ 109000

fo0(t)
- 20 [ () = gu())? N2
<2’ 'E . t*P fon(t)d / (o,
—= u®n |NE™ (/]R| | f ,19( ) t) ( - f{)’,ﬂ(t) dt)
- 3 hnu(t) — gu(t))z 3
< 9p—1 2p ( ) .
= 2 (/R |t| fo’,ﬂ(t)dt) (/RE#®7L |_/\[§’" fa,ﬁ(t) dt)
Note that [, [¢[*” fo9(t)dt is the 2p-th moment of [N, y(t)| equals to (see Equation (18) in [Winkelbauer
(2014))
_ (o0)?P2P_ 2p+1
P fo, r .
[P gt = 202 ()
Moreover,

n

Y AN X 0?0 = Y foalt — 0T X,
=1

=1

1
hn7u(t) = ﬁ

It is clear to see that h,, () is a sum of i.i.d. terms with expectation gy(t), which implies

E, . yen [(Anu(t) = gu(1)’] = V,en [ Zfaﬁ (t—u' )]

1
= ﬁvu [faﬁ(t - UTX]
1
< B [(fralt — T XY
< (27T0'2)_1Eu[6;*21(t7uTX)2],

n
Now

—(t—u! x)2

E,le™ o] = / e 7 dp(a) + / e 7 dp(a).
flf < L flof > 5L

Remark that when |z| < ‘ , then (t —u'X)2 > [t]2 — [uTz]? > |t|? — ||z||? (since [[u]|?> = 1). We get
(t—u'X)%> ‘t—l and hence
2

/ - e @D 4 (z) < %7 and . et (79D 42y < PJIX| >
T z||>5

4

5]
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This gives,

hnut_ut2 2 2_1\/2 v 2 42
/REmNgan( : (f)ﬂ(f) M) 4y < 270 n( 4 )(/Rewﬂewdw/ez<”>2P[IIXII > I |} at).

2 —¢2
Note that the integral [ e2(=9? ei 7 dt = I e_(% %) 202 dt is finite if and only if 1 19—12 > 0 namely ¥ > /2
and its value is given by

ﬁ —tgd 2702 42192
e e1s2dt = I T = 29
R 5 - W

For the second integral

oo

t o0 2
/ez<oﬂ>2P[||X|\ > | ‘]dt_z/ TP X > ]dt—4/ HPP[|X| > €]de
R
Then,

(019)2p2p 2p—|—1 3 47T02192
f

this gives the desired result using the fact that (a + b)l/” < a'’? + b7, for a,b > 0.

11 < n*1/24p*1{(2m )~ (V2ro9) eozva[||X|| > g]dg)%

A.4.3 Proof of Proposition [3.17]
Using triangle inequality, we have
W (fins 0n) < Wi (fin, Rups # Niy) + W (Rup # Nip, Rup % Niy) + Wiy (Ruv 5 Ny, 1)
and then
Wg(ﬁn, by) < 3”71{ Wg(ﬁn, Rupt ¥ No) + WH(Rup * No, Ruv ¥ Np) + WH(Ruv # Ny, 1%)}
This implies that
E, o nen Byon yon [GoSWy (fin, 7))
_1 1 A ~ _1 A N
3177 GoSW, (1, v) + 377 E o, yon [GoSWy (jin, )] + 37 E o, o [Go SW, (D, 1))

By application of Proposition it yields This gives that

(log n)!/7

1—1
+37 " (Ypop+ Tpow) /P

Eu®"\N§’" Eq, N [GUSWP([‘"’ )] < Sl_EGUSWp(Uv v) + 3Ep,oﬂ9m

This ends the proof of the first statement in Proposition For the second one, we also use a triangle
inequality

Wh(Rupt * Ny, Ruv # Ni) < 37 { Wh(Rups # Ny fin) + Wh (fin, D) + Wh(Dn), Rur Ny }.
Then we control each term as we did before.

A.5 Proof of Proposition 3.12} projection complexity

Using Holder’s inequality, we have

_—— D 2 1/2
E, . [|GoSD, (1,v) = GoSD,” (1,v)]] < (B 2. [[|GoSD, (1,v) = GoSD3 ()]
= (v, llG SDpp(u,w])l/z
_ A(p,0)
- L1/2
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A.6 Proof of Corollary overall complexity (p = 1)

By application of triangle inequality, one has

—

|GoSW (@1, 2n) = GoSW (11, 1)] < |G SW (fin, 2) = GoSW (i 2)| + | GoSW (jin, 2) — GoSW (1, )|
Using Proposition [3.12] we have

- A A Vuwu ﬁn 2n 1/2
E o, |:|G0'SW(,anaﬁn) _ Gasw(ﬂmﬁn)u <2 .= { oW (i, )]} .
d

Using Proposition for p =1 we get,

A PO - 1 logn
GO'SW(,U’TH Vn) - GO'SW(M7 V)H < 351,0,19% + (Tl,a,;t + Tl,a,u) i .

Therefore, by applying the expectations with respect to the projection and sampling we obtain

E#®n INEn Ey@n INEn [

—

Equ EM®n|N§9n E s, INEn [|GUSW(ﬂn, ) — GoSW (g, V)H

1

1 logn
S JpEuenwer

Eu®n ‘Ngbn I:AO'] + 3E1,U,197n + (Tl,a,y + Tl,o’,l/) n .

7

By Jensen inequality, we have

A N N 1/2
Eu®n INEn Ey®n|N§n [A,] < {Eum INEn E,,@m INEn [Vu~ug [W(ﬂml’n)“} .

A.7 Proof of Proposition [3.14]

For all u € S9! we have Ryu, Ruv € P(R). By application of the inequality of noise level satisfied by D in
one dimension we get

]:)p(,Rfu,u *NUQ)RUV *Nag) < ]:)p(,]zu,u *NalaRuV *Nal)-

Then, computing the expectation over the projections u since the divergence is non-negative concludes the
proof.

A.8 Proof of Proposition relation between G,SW?”(, ) under two noise levels

First, using the contractive property of convolution (see Lemma 3 in [Nietert et al|(2021))), stating that for any
probability measure o € P(R), W, (uxa, vka) < Wy (u, v). Hence WE (1N, , V4N, ) < Wh(uxNg, , v N, ).
Now using Proposition of the oreder relation satisfied by G,SWP? yields

Go, Swp(:u" v) < G”lswp(:u’7 v).

2
97

In the other direction, we have that N,, = N, * N = (similarly for AV, ). Setting the following random
2

variables: Xu ~ 'Ru,u,Yu ~ 73111/7 ZX ~ Ngl,Zy ~ No'l’ZA/)( ~ N\/R,ng ~ N\/ﬁ. The sliced

Wasserstein distance Wg(Ruu * Nyy, Ruv * Ny, is given as a minimization over couplings (Xu, Zx, Z'%) and

(Yu, Zy, Z3,), namely

Wg(RuN *NazaRuV *Naz) = X glf 7 EH((XU + ZX) - (Yu + ZY)) + (ZS( - ng)’pjl
w,Zx,Zx
YU7ZY7Z‘/{

Using the inequality E[|U+V|P] —2P~'E[|WP] < 2°71E[|[U +V +W|P] for any random variables U, V,W € L,
integrable, we obtain,

PTE[|(Xu + Zx) — (Ya + Zy) + (Zx + Zy)IP] 2 E[|(Xu + Zx) — (Ya + Zy)|P] = 2" 'E[|(Zk — Z3)[]).
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Hence,
2p—1W§(Ruu * Noy, Ruv * Ny,) > inf (E[|(Xu +Zx) — (Yu+ Zy)[P] — 227 E[|(Z% — Z§)|p]))
> WH(Rup * Ny, Rav * Ny, ) — 2P~ 1 supE[|(Z3( — Zg,)|p]
> Wh(Rup ¥ Noy, Ruv ¥ N, ) — 22p supE[|(Z§()\p]
Hence,
_1 1
CoySW, (1,1) < 275 Gy SW, (1, v) + 4(sup B[|(Z5)P])) ",

Finally, for any p > 1 the p-th moment of |\, | satisfies E[|N,|F] = WJM) < 2P/26%P then

GUl Swp(:u’? l/) S 217; GO—Z’SWP(/"L) V) + 25(05 - O’%)?

and concludes the proof.

A.9 Proof of Proposition 3.17} continuity of the smoothed Gaussian sliced Wasserstein w.r.t. o

From Lemma 1 in (Nietert et al.l |2021)), we know that the Gaussian-smoothed Wasserstein is continuous with
respect to o, for any distribution R, v and Ryp. In addition, for any u, we have Wy(Ryv * Ny, Rypx Ny) <
W, (Ruv, Rupt). Then by applying Lebesgue’s dominated convergence theorem (Bowers & Kalton, 2014) to
the above inequality with W,(Ryuv, Rupt) as a dominating function, that is ug-almost everywhere integrable
because both measures are in P,(R?), we then conclude that the Gaussian-smoothed SWD is continuous
w.r.t. o.

A.10 Proof of Proposition [3.18} continuity of the smoothed sliced squared-MMD w.r.t. o

Let us first recall the definition of the MMD divergence. Let k : R Xx R — R be a measurable bounded
kernel on R and consider the reproducing kernel Hilbert space (RKHS) Hj, associated with k& and equipped
with inner product < -,- >3, and norm || - ||%,. Let Py, (R) be the set of probability measures 7 such
that [, \/k(t,t)dn(x) < co. The kernel mean embedding is defined as ®y(n) = [, k(-,t)dn(t). The squared-
maximum mean discrepancy between 7, ¢ € P(R) denoted as MMD : Py, (R) x Py, (R) — R is expressed
as the distance between two such kernel mean embeddings. It is defined as|Gretton et al.| (2012)

MMD? (1, ) = |®1(n) = 21(O34, = Ervmn (T, T)] = 2By e [B(T, R)] + Er, pinc k(R R')]

where T and T" are independent random variables drawn according to 77, R and R’ are independent random
variables drawn according to (, and T is independent of R. We define the Gaussian Smoothed Sliced
squared-MMD as follows:

GAMMD?(r) = [ 10 (Ruge o) = B1(Ru 5 Ay, ()l
B /Sd,l (Er, 1 oRapsny KT, T')] = 2E0R sy, RoRuriN, (T, R)]
+ ERr ri~Rovsen, [K(R, R)])ug(u)du.

From the definition of the smoothed sliced squared-MMD, we have

Er 1 rapn, [K(T,T)] = // k(t, ") dRup x Ny () dRup * N, (1)
RxR

//RX]R (/Rk(t—F z,t’)dRu,u(z)Na(t))dRu'u*No(t/)
//um (/Rd k(t + uTx,t’)du(x)Ng(t))dRuu « Ny (t)
- / /nm / /RW k(t+u"a, b+ a2 )dp(r)dp(e ) ANG (1) dNG ().
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Similarly,
B, WER = [ [ b a o T )ty )N ()G ()
and
Brrapest setusee KR = [ [ bt T T ) dn(o)ds ()N (00N ()

Together the assumption of boundness of the kernel function k& and the continuity of integrals, the three
latter terms are continuous functions w.r.t. o € (0,00). Again by the boundness of the kernel function k,
there exists a positive finite constant C} such that

|E1, 1/ R, (T, T)] = 2B 1R iy . BoRuriN, [K(Ts R)] + ER prarovin, [K(R, R')]| < 4Ck.

We conclude the continuity of o — GoMMD?(y, v) by an application of the continuity of integrals.

B Additional experiments

B.1 Sample complexity on CIFAR dataset

We have also evaluated the sample complexity for the CIFAR dataset by sampling sets of increasing size.
Results reported in Figure [I] confirms the findings obtained from the toy dataset.

SWD
—a— GS SWD
MMD
107 —— GS MMD
-®- SKD
+

divergence

107

10°
nb of samples

Figure 1: Measuring the divergence between two sets of samples drawn iid from the CIFAR10 dataset. We
compare three sliced divergences and their Gaussian smoothed versions with a ¢ = 3.

B.2 Identity of indiscernibles

The second experiment aims at checking whether our divergences converge towards a small value when the
distributions to be compared are the same. For this, we consider samples from distributions p and v chosen
as normal distributions with respectively mean 2 x 1, and s14 with varying s (noted as the displacement).
Results are depicted in Figure 2} We can see that all methods are able to attain their minimum when s = 2.
Interestingly, the gap between the Gaussian smoothed and non-smoothed divergences for Wasserstein and
Sinkhorn is almost indiscernible as the distance between distribution increases.
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10°

divergence
o
<

H
2

_._
-
0.0

107

0.5 1.0 15 2.0 2.5 3.0 35 4.0
displacement

Figure 2: Measuring the divergence between two sets of samples in R, one with mean 21,4 and the other

with mean s14 with increasing s. We compare three sliced divergences and their Gaussian smoothed version
with a 0 = 3.
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