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Supplement

This supplement contains supporting material for the paper Stein II-Importance Sampling. The
mathematical background on Stein kernels is contained in Appendix A. The proof of Theorem 1
is contained in Appendix B. For implementation of Stein II-Importance Sampling without the aid
of automatic differentiation, various explicit derivatives are required; the relevant calculations can
be found in Appendix C. The empirical protocols and additional empirical results are presented in
Appendix D.

A Mathematical Background

This appendix contains mathematical background on reproducing kernels and Stein kernels, as used
in the main text. Appendix A.1 introduces matrix-valued reproducing kernels, while Appendix A.2
specialises to Stein kernels by application of a Stein operator to a matrix-valued kernel. A selection
of useful Stein kernels are presented in Appendix A.3.

A.1 Matrix-Valued Reproducing Kernels
A matrix-valued kernel is a function K : R? x R% — R4X4_that is both

1. symmetric; K (z,y) = K(y, ) for all 2,y € R?, and
2. positive semi-definite; >, Z?:1<C7;7K(mi,xj)0j> > 0 for all z1,...,z, € R?% and
Cly.-vyCpn € Re.

Let K, = K(-,¢ ) For vector-valued functions g, ¢’ : RY — R?, defined by g = >_;- | K, c; and
g=>" =1 Kz ;_cl, define an inner product

Ny = ZZcz, (w3, 2) ). ©)

=1 j=1

There is a unique Hilbert space of such vector-valued functions associated to K, denoted H (K); see
Proposition 2.1 of Carmeli et al. (2006). This space is characterised as

H(K) = span{K,c: z,c € R}

where here the closure is taken with respect to the inner product in (9). It can be shown that #(K) is
in fact a reproducing kernel Hilbert space (RKHS) which satisfies the reproducing property

(9, KoC)pu(r) = (9(2),¢)

forall g € H(K) and x, c € R?. Matrix-valued kernels are the natural starting point for construction
of KSDs, as described next.

A.2 Stein Kernels

A general construction for Stein kernels is to first identify a matrix-valued RKHS #(K) and an
operator Sp : H(K) — L*(P) for which [ S,h dP = 0 for all h € H(K). Such an operator will
be called a Stein operator. The collection {S,h : h € H(K)} inherits the structure of an RKHS,
whose reproducing kernel

kp(z,y) = (Sp Kz, SPKy) (k) (10)

is a Stein kernel, meaning that ;up = 0 where p p is the kernel mean embedding from (1); see Barp
et al. (2022b). Explicit calculations for the Stein kernels considered in this work can be found in
Appendix C.

For univariate distributions, Barbour (1988) proposed to obtain Stein operators from infinitessimal
generators of P-invariant continuous-time Markov processes; see also Barbour (1990); Gotze (1991).
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The approach was extended to multivariate distributions in Gorham and Mackey (2015). The starting
point is the P-invariant Itd diffusion

1 1
Xe= 2p(Xy) V- [p(X0) M (X))dt + M (X)) 2dWr, an

where p is the density of P, assumed to be positive, M : R¢ — R%*? is a symmetric matrix called
the diffusion matrix, and W, is a standard Wiener process (Kent, 1978; Roberts and Stramer, 2002).
Here the notation [V - A]; =V - (AT ) indicates the divergence operator applied to each row of the
matrix A(z) € R¥9, The infinitessimal generator is

11

Substituting h(z) for § Vu(x), we obtain a Stein operator

1
——V - [p(z)M(x)h(x (12)
oY @M @)
called the diffusion Stein operator (Gorham et al., 2019). This is indeed a Stein operator, since
under mild integrability conditions on K, the divergence theorem gives that [ S,h dP = 0 for all
h € H(K); for full details and a proof see Barp et al. (2022b).

(Apu)() =

(Sph)(z) =

A.3 Selecting a Stein Kernel

There are several choices for a Stein kernel, and which we should use depends on what form of
convergence we hope to control (Gorham and Mackey, 2017; Gorham et al., 2019; Hodgkinson et al.,
2020; Barp et al., 2022b; Kanagawa et al., 2022). Appendix A.3.1 describes the Langevin—Stein
kernel for weak convergence control, Appendix A.3.2 describes the KGM-Stein kernels for additional
control over moments, and Appendix A.3.3 presents the Riemann—Stein kernel, whose convergence
properties have to-date been less well-studied.

All of the kernels that we consider have length scale parameters that need to be specified, and some
also have location parameters to be specified. As a reasonably automatic default we define

Z, € argmax p(x), S = -V logp(z.)

as a location and a matrix of characteristic length scales for P that will be used throughout. These
values can typically be obtained using gradient-based optimisation, which is usually cheaper to
perform compared to full approximation of P. It is assumed that V2 log p(z,) is positive definite in
the sequel.

A.3.1 Weak Convergence Control with Langevin—Stein Kernels

The first kernel we consider, which we called the Langevin—Stein kernel in the main text, was
introduced by Gorham and Mackey (2017). This Stein kernel was developed for the purpose of
controlling the weak convergence of a sequence (Q,,)nen C P(R?) to P. Recall that a sequence
(Qn)nen is said to converge weakly (or in distribution) to P if [ fdQ, — [ fdP for all continuous
bounded functions f : R? — R. This convergence is denoted (),, — P in shorthand.

The problem considered in Gorham and Mackey (2017) was how to select a combination of matrix-
valued kernel K (and, implicitly, a diffusion matrix M) such that the Stein kernel kp in (10) generates
a KSD Dp(Q) in (4) for which Dp(Q,,) — 0 implies @, - P. Their solution was to combine the
inverse multi-quadric kernel with an identity diffusion matrix;

K(z,y) = 1+ |lz —yl$) 71,  M(z)=1

for 5 € (0,1). Provided that P has a density p for which V log p(z) is Lipschitz, and that P is
distantly dissipative (see Definition 4 of Gorham and Mackey, 2017), the associated KSD enjoys
weak convergence control. Technically, the results in Gorham and Mackey (2017) apply only when
> = I, but Theorem 4 in Chen et al. (2019) demonstrated that they hold also for any positive definite
.. Following the recommendation of several previous authors, including Chen et al. (2018, 2019);
Riabiz et al. (2022), we take 8 = % throughout.
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A.3.2 Moment Convergence Control with KGM-Stein Kernels

Despite its many elegant properties, weak convergence can be insufficient for applications where we
are interested in integrals [ f dP for which the integrand f : R? — R is unbounded. In particular,
this is the case for moments of the form f(z) = z{*...25?, 0 # o € Ng. In such situations, we
may seek also the stronger property of moment convergence control. The development of KSDs for
moment convergence control was recently considered by Kanagawa et al. (2022), and we refered to
their construction as the KGM-Stein kernels in the main text. (For convenience, we have adopted the
initials of the authors in naming the KGM-Stein kernel.)

A sequence (Qy,)nen C P(R?) is said to converge to P in the sth order moment if [ ||z||*dQ, (x) —
Jlz||*dP(x). To establish convergence of moments, we need an additional condition on top of weak
convergence control: uniform integrability control. A sequence of measures (@), )rcn is said to have
uniformly integrable sth moments if for any € > 0, we can take r > 0 such that

sup / zl|* dQn(x) < .
neN J||z||>r

This condition essentially states that the tail decay of the measures is well-controlled (so that it has a
convergent moment). The KSD convergence Dp(Q,,) — 0 implies uniform integrability if for any
€ > 0, we can take . > 0 and f. € H(K) such that

Spfe(x) Z |zl H[lz] > re} —e, (13)

i.e., the Stein-modified RKHS can approximate the (norm-weighted) indicator function arbitrarily well.
Such a function f. can be explicitly constructed (while not guaranteed to be a member of the RKHS).
Specifically, the choice f. = (1 — i.)g satisfies (13) under an appropriate dissipativity condition,
where ¢ is a differentiable indicator function vanishing outside a ball, and g(x) = —z/+/1 + ||z ||2.
This motivated Kanagawa et al. (2022) to introduce the sth order KGM—Stein kernel, which is based
on the matrix-valued kernel and diffusion matrix

K(z,y) = 8z = yllo) + mun(@,p)] I, M(@) = (1+ [z —2.|3)7 I,

where (z,y) — ¢(||x — y||s) is a C§ universal kernel (see Barp et al., 2022b, Theorem 4.8). For
comparability of our results, we take ¢ to be the inverse multi-quadric ¢(r) = (1 + r2)~1/2, and

_ 1+ (x—2)" S Yy — )
VIFlz =31+ ly — 3

Here the normalised linear kernel ry;,, ensures g € H(K), while the C} universal kernel ¢ allows
approximation of Spt.g; see Kanagawa et al. (2022).

Hlin(l‘v y)

A.3.3 Exploiting Geometry with Riemann-Langevin—Stein Kernels

For academic interest only, here we describe the Riemann—Stein kernel that featured in Figure 2 of
the main text. This Stein kernel is motivated by the analysis of Gorham et al. (2019), who argued that
the use of rapidly mixing It6 diffusions in Stein operators can lead to sharper convergence control.
The Riemann—Stein kernel is based on the class of so-called Riemannian diffusions considered
in Girolami and Calderhead (2011), who proposed to take the diffusion matrix M in (11) to be
M = (Zptior + Zrisher) —1 the inverse of the Fisher information matrix, Zisher, regularised using the
Hessian of the negative log-prior, Zpyior. For the two-dimensional illustration in Section 3.2, this leads
to the diffusion matrix

n -1
M(x) = (I + Z[vmm)][wi(xw) ,

where we recall that y; = f;(z) + €;, where the ¢; are independent with ¢; ~ N(0, 1), and the prior
is x ~ N(0,1). For the presented experiment we paired the above diffusion matrix with the inverse
multi-quadric kernel K (z,y) = (1 + ||z — y||%) " for 8 = 3. The Riemann-Stein kernel extends
naturally to distributions P defined on Riemannian manifolds X’; see Barp et al. (2022a) and Example
1 of Hodgkinson et al. (2020).

Unfortunately, the Riemann—Stein kernel is prohibitively expensive in most real applications, since
each evaluation of M requires a full scan through the size-n dataset. The computational complexity

15



498
499
500
501
502

503

504
505
506
507
508

509

510
511
512

513

514
515
516
517

519

520

521

522

523

524
525

526

527

528

529
530

532

533

of Stein II-Thinning with the Riemann—Stein kernel is therefore O(m?n?), which is unfavourable
compared to the O(m?n) complexity in the case where the Stein kernel is not data-dependent. Fur-
thermore, the convergence control properties of the Riemann—Stein kernel have yet to be established.
For these reasons we included the Riemann—Stein kernel for illustration only; further groundwork
will be required before the Riemann-Stein kernel can be practically used.

B Proof of Theorem 1

This appendix is devoted to the proof of Theorem 1. The proof is based on the recent work of Durmus
and Moulines (2022), on the geometric convergence of MALA, and on the analysis of sparse (greedy)
approximation of kernel discrepancies performed in Riabiz et al. (2022); these existing results are
recalled in Appendix B.1. An additional technical result on preconditioned MALA is contained in
Appendix B.2. The proof of Theorem 1 itself is contained in Appendix B.3.

B.1 Auxiliary Results

To precisely describe the results on which our analysis is based, we first need to introduce some
notation and terminology. Let V' : X — [1, 00) and, for a function f : X — R and a measure y on

X, let
|f(2)] ‘
/deu '

[fllv :=sup ===, |[lullv := sup
sex V(z) Ifllv<1
Recall that a Q-invariant Markov chain (;);eny C X with n'™ step transition kernel Q™ is V -uniformly
ergodic (see Theorem 16.0.1 of Meyn and Tweedie, 2012) if and only if IR € [0,00),p € (0,1)
such that

1Q"(z,-) = Qllv < Rp"V(z) (14)
for all initial states x € X and all n € N.

Although MALA (Algorithm 1) is classical (Roberts and Stramer, 2002), until recently explicit
sufficient conditions for ergodicity of MALA had not been obtained. The first result we will need
is due Durmus and Moulines (2022), who presented the first explicit conditions for V -uniform
convergence of MALA. It applies only to standard MALA, meaning that the preconditioning matrix
M appearing in Algorithm 1 is the identity matrix. The extension of this result to preconditioned
MALA will be handled in Appendix B.2.

Theorem 2. Let Q € P(RY) admit a density, q, such that

(DM1) there exists xo with V1og g(xo) =0

(DM2) q is twice continuously differentiable with sup,cga ||V log q(z — z¢)|| < oo

(DM3) there exists b > 0 and B > 0 such that —V?log q(x — zo) = bl for all ||z — x¢|| > B.
Then there exists eg > 0 such that for all step sizes ¢ € (0, €y), standard Q-invariant MALA (i.e.
with M = I) is V-uniformly ergodic for V (z) = exp( ||z — zo|?).

Proof. This is Theorem 1 of Durmus and Moulines (2022). O

The next result that we will need establishes consistency of the greedy algorithm applied to samples
from a Markov chain that is (Q-invariant.

Theorem 3. Let P,Q € P(X) with P < Q. Let kp : X X X — R be a Stein kernel and let
Dp : X x X — [0, 00] denote the associated KSD. Consider a Q-invariant, time-homogeneous
Markov chain (x;);en C X such that

(R*1) (x;)ien is V-uniformly ergodic, such that V (x) > %(x) kp(z)
(RT2) sup;cn E [%(zi)\/lﬂp(l’i)‘/(xi)} < o0
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(RT3) there exists v > 0 such that sup,;cy E [exp {7 max (1, %(xi)Q) kp(l'z)}:| < 0.

Let P, ., be the result of running the greedy algorithm in (5). If m < n and log(n) = O(mwg)for
some v < 1, then Dp(P,, ,) — 0 almost surely as m,n — oo.

Proof. This is Theorem 3 of Riabiz et al. (2022). O

B.2 Preconditioned MALA

In addition to the auxiliary results in Appendix B.1, which concern standard MALA (i.e. with
M = I), we require an elementary fact about MALA, namely that preconditioned MALA is
equivalent to standard MALA under a linear transformation of the state variable. Recall that the
M -preconditioned MALA algorithm is a Metropolis—Hastings algorithm whose proposal is the
Euler—Maruyama discretisation of the 1t6 diffusion (11).

Proposition 1. Let M (x) = M for a symmetric positive definite and position-independent matrix
M € R¥?, Let Q € P(RY) admit a probability density function (PDF) q for which the Q-invariant
diffusion (X1)¢>0, given by setting p = q in (11), is well-defined. Then under the change of variables
Yy =M L/ QXt,

1
dY; = 5 (Vlog )(Yi)dt + dW, (15)
where §(x) o< q(M~Y%x) for all x € R%.

Proof. From the chain rule,
(Vg §)(y) = Vylogq(M~/2y) = M~/?(Vlog q)(M~/?y),
and thus, substituting Y; = M'/2X,, (15) is equal to

1
dX, = M~1/? §M*1/2(v log q)(M~Y2MY2X,) + AW,

1
= 51\4—1(v1ogq)(Xt) + M~2aw,,

which is identical to (11) in the case where M (x) = M is constant. O

Let @ and @ be the distributions referred to in Proposition 1, whose PDFs are respectively ¢(z)
and G(x) oc (M ~'/2z). Proposition 1 then implies that the M-preconditioned MALA algorithm
applied to @ (i.e. Algorithm 1 for IT = @) is equivalent to the standard MALA algorithm (i.e.
M = T) applied to Q. This fact allows us to generalise the result of Theorem 2 as follows:

Corollary 1. Consider a symmetric positive definite matrix M € R*?. Assume that conditions
(DM1-3) in Theorem 2 are satisfied. Then there exists €, > 0 and b’ > 0 such that for all step
sizes € € (0,¢€}), the M-preconditioned Q-invariant MALA is V -uniformly ergodic for V() =

exp(%“x — Zo |2)

Proof. From Theorem 2 and Proposition 1, the result follows if we can establish (DM1-3) for Q, since
M -preconditioned MALA is equivalent to standard MALA applied to Q. For a matrix A € R9*4,
let Amin(A) and Apax(A) respectively denote the minimum and maximum eigenvalues of A. For
(DM1) we set yo = M /224 and observe that

(Vlog q)(yo) = M_l/Q(Vlogq)(mo) =0.

For (DM2) we have that
sup [V2(log §)(y — yo)ll = sup [|M~2(V?log q) (M™% (y — yo)) M '/
yeRd yeR4
< Amin(M) 7 sup 1(V*1og g) (2 — z0)|| < oo
zeR
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For (DM3) we have that
—(V*1og §)(y — yo) = —M ~/*(V?log q) (M /2 (y — o)) M~/
= —MY2(V2logq)(x — xo) M~ Y/2 = MV2(bI)MY? = oM~ = V1

where b’ = bApmax (M) 1, which holds for all ||z — z¢|| > B, and in particular for all ||y — yo| > B’
where B’ = BAmax(M)'/2. Thus (DM1-3) are established for Q. O

Remark 1. The choice M = X7, which sets the preconditioner matrix M equal to the inverse of
the length scale matrix 3. used in the specification of the kernel K (c.f. Appendix A.3), leads to the
elegant interpretation that Stein I1-Importance Sampling applied to M -preconditioned MALA is
equivalent to the Stein 1I-Importance Sampling applied to standard MALA (i.e. with M = I) for the
whitened target P with PDF p(x) oc p(M~Y2x). For our experiments, however, the preconditioner
matrix M was learned during a warm-up phase of MALA, since in general the curvature of P
(captured by ¥.) and the curvature of I1 (captured by M ~') may be different.

B.3 Proof of Theorem 1

The route to establishing Theorem 1 has three parts. First, we establish (DM1-3) of Theorem 2 with
@ = 1I, to deduce from Corollary 1 that II-invariant M -preconditioned MALA is V-uniformly
ergodic. This in turn enables us to establish conditions (R 1-3) of Theorem 3, again for Q = II,

from which the strong consistency D p (P, ) %Y 0 of SIIT-MALA is established. Finally, we note
that 0 < Dp(P}) < Dp(P, n), since the support of P, ,,, is contained in the support of P}, and
the latter is optimally weighted, whence also the strong consistency of SIIIS-MALA.

Establish (DM1-3) First we establish (DM1-3) for Q = II. Fix zy € R?. For (DM2), first recall
that the range of kp is [C7, o0) where C; > 0, from Assumption 1. Since log(-) has bounded second
derivatives on [C%, 00), there is a constant C' > 0 such that

Ve eRY, [V loghp(n)] < C|Vkp ()]
Thus, using compactness of the set {z : ||z — o] < B2},

sup ||V2log kp(z)|| < CmaX< sup  |[V2kp(2)],  sup |V2/€P($)|> <oo. (16)

ER lz—=o]| < Ba lz—=0|>Bo
<o by (A3) <ba || I by (A4)
Now, 7 is twice differentiable as it is the product of twice differentiable functions p and kllj/ ? from

(A1) and (A3), and moreover

1
sup [|VZlogm(z — 20)|| < sup ||V logp(z)| +5 sup V2 log kp(z)| < oo,
z€RI zERY zERY

<oo by (A1) < oo by (16)
so (DM2) is satisfied. For (DM3), first note from the chain and product rules that for all ||z|| > Bs

V2kp(x —x0)  [Vkp(z —x0)|[VEp(z —x0)]T | by

*logkp(z — o) = —~ <=1 17

V~<log P(I Io) kp($ — «TO) kp(x — 55'0)2 = 012 a7
=<(b2/C3?)1 by (A4) =0

Thus, for all ||z — x¢|| > B := ||zo|| + max(Bi, B2),

1 b
~V2logn(x — x0) = —VZlog p(x — x0) ) V2logkp(x — 20) = <b1 - 262’2> 1 (18)
1
=b11 by (A2) =(ba/C2)I by (17) T

as required. The same argument establishes (DM1); from (18) we have limeH_,oo m(x) = 0, and
since 7 is a continuously differentiable density there must exist an x¢ at which 7 is locally minimised.
Thus we have established (DM1-3) for (Q = II and we may conclude from Corollary 1 that there
isan e, > 0 and b’ > 0 such that, for all € € (0, ¢[,), the IT-invariant M -preconditioned MALA

chain (z;);en is V-uniformly ergodic for V (z) = Cy exp (% |l — 2o ||2) (since if a Markov chain
is V-uniformly ergodic, then it is also C'V-uniformly ergodic).
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Establish (R™1-3) The aim is now to establish conditions (R*1-3) of Theorem 3 for Q = II. By
construction dP/dIl = Cy/+/kp(x) < C3/Cy < 0o, where Cy and C5 were defined in Assump-
tion 1, so that P < II. It has already been established that (x;);cy is V-uniformly ergodic, and
further

v dP
V(r) = Cyexp (16||x — 9CO||2) >0y = ﬁ(gg) kp(z)

for all z, which establishes (R*1). Let R and p denote constants for which the V -uniform ergodicity
property (14) is satisfied. From V-uniform ergodicity, the integral [ V' dII exists and

‘IE {;U;(xi)\/WV(xi)} —Cg/VdH‘ =y [E[V (z;)] — /VdH’
< CoRp™"V (x9) = 0

which establishes (R™2). Fix v > 0. By construction d P/dIT < C5/C}, and thus

exp {ymax (1, G002 ) ko) | < exp (3 (0))

where 4 = max(1, Cy/C1)~. Since we have assumed that kp is continuous with, from (A4),

||| =00 (ks ’

we may take + such that 4b3 < b’ /16, so that ||z — exp{Fkp(z)}||v < oo and in particular
E lexp{¥kp(zi)}] — /eXp{%P(x)} dl(z)| < [lz = exp{Ykp(z)}lv x Rp"V (z0) = 0

which establishes (R*3). Thus we have established (RT1-3) for Q = II, so from Theorem 3
we have strong consistency of SIIT-MALA (i.e. Dp(P, m) %Y 0) provided that m < n with

log(n) = O(m"/2) for some v < 1. The latter condition is equivalent to m = €2((log n)®) for some
d > 2, which we used for the statement. Since 0 < Dp(P}) < Dp(P, ), the strong consistency of

SIIIS-MALA is also established.

C Explicit Calculation of Stein Kernels

This appendix contains explicit calculations for the Langevin—Stein and KGM-Stein kernels kp,
which are sufficient to implement Stein II-Importance Sampling and Stein II-Thinning. These
calculations can also be performed using automatic differentiation, but comparison to the analytic
expressions is an important step in validation of computer code.

To proceed, we observe that the diffusion Stein operator Sp in (12) applied to a matrix-valued kernel
K is equivalent to the Langevin—Stein operator applied to the kernel C(x,y) = M (x)K (z,y)M(y) .
In the case of the Langevin—Stein and KGM-Stein kernels we have K (x,y) = x(x,y)I for some
#(x,y) and M (x) = (14 ||z —,||2) /2] for some s € {0,1,2,...}. Thus C(x,y) = c(z,y)I
where

c(x,y) = 1+ o — 2. )15) 21+ ly — 2. )1%) D ?k(2, y)
and

kp(x,y) = Vo - Vye(z,y) + [Vac(z,y)] - [Vylog p(y)] + [Vye(z,y)] - [V log p(z)]
+ c(z,y)[Velogp(z)] - [V, log p(y)],
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following the calculations in Oates et al. (2017). To evaluate the terms in this formula we start by
differentiating c(x, y), to obtain

Vaelw,y) = (14 [lz = 2 [R) 7204 ly - 2f) =07
_ —1(,.
‘ [(s L +VIH(SE,y)]
1T+ [Jz — 2.5
Vye(z,y) = 1+ ||z — Q;*HQE)(S*U/QG +ly - I*HZE)(sfl)/Z
(s = Dr(z,y) 2 (y — 24) ]
X + Vyk(z,
R i)
Vo Vyelz,y) = (L+ o — 2, 3) D2 (14 ly — 2 3) 02
[Pl B ) (o (g 2] T8 T
(L4 [z = 2 ]3) (1 + lly — 2[[3) 1+ ly—2.]2)
(s — )(x —2,) TSV yn(z,y)
(1 + [l — z.13)

+V,- Vyn(m,y)} .

These expressions involve gradients of x(z, y), and explicit formulae for these are presented for the
choice of k(z, y) corresponding to the Langevin—Stein kernel in Appendix C.1, and to the KGM-Stein
kernel in Appendix C.2.

To implement Stein II-Thinning we require access to both kp(x) and VEkp (), the latter for use in the
proposal distribution and acceptance probability in MALA. These quantities will now be calculated.
In what follows we assume that «(x, y) is continuously differentiable, so that partial derivatives with
respect to x and y can be interchanged. Then

co(x) := ez, )
= 1+ [lz — 2.]%)" " sz, 2)
ci(x) == Vae(r, y)l, .,
— Dr(z, )5z — 2y)
1+ llz = .3)

— 0+ fe -y [© - Vanle ), -]

(@) == Vo - Vye(z,y)l, .,
o1 |:(S —1)2k(z,2)(z — 2) T2 2 (z — 24)
1+ [l — 2.f)?
2(s — 1)(z — z,) " 27! Vok(z,y)|
A+ flz = z3)

=1+ ]lz — 2%

%”+vﬁvwwwmﬁJ

so that
kp(x) := kp(z, ) = co(x) + 2¢1 () - Vi log p(x) + co(x)|| V. log p(2) . (19)

Let [Vyci(2)]i; = O, [c1(2)]; and [V2 log p(x);; = 0x,0,, log p(x). Now we can differentiate
(19) to get

Vokp(x) = Vaca(x) + 2[Vaer (2)][Ve log p(2)] + 2[V2 log p(z)]ei (2)
+ [Vaco(2)][[Va log p(x)]1? + 2¢0(2)[V2 log p(2)] [V log p(x)].  (20)

In what follows we also derive explicit formulae for ¢o (), ¢1(2) and ¢ (), and hence for V. co(z),
Vee1(z) and Vea(x), for the case of the Langevin—Stein kernel in Appendix C.1, and the KGM—
Stein kernel in Appendix C.2.
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e3¢ C.1 Explicit Formulae for the Langevin—Stein Kernel

635 The Langevin—Stein kernel from Appendix A.3.1 corresponds to the choice s = 1 and k(z, y) the
636 inverse multi-quadric kernel, so that

() = (1+ o —yl3) "

Vek(z,y) = =281+ |z —y[3) P S (@ —y)

Vyk(z,y) =28(1+ [z —y[3) 'S @ —y)

- Vyr(z,y) = —4B(B+ D1+ [lz — y[3) 72z —y) T2 (@ — y)
+2Bu(S7N (1 + o —yl3) P

R

K
’

637 Evaluating on the diagonal:
k(z,z) =1
an(l‘7y)‘y~>aj = Vy/i(x,yﬂy_m 0
V.- V(e = 28057,

) = 0, co(z) = 2Btr(X~1). Differentiating these formulae, V,co(z) = 0,

638  so that co(x x
= ) =

c(
630 Vc1(x) x

) =1l
0, V o (
ss0 C.2 Explicit Formulae for the KGM-Stein Kernel
641 The KGM kernel of order s from Appendix A.3.2 corresponds to the choice
n 1+ (z—2)"S Yy — )

L+ flo — 2[3)*/2(1 + [ly — 2. [13)/2

R(z,y) = (1+ |z —yl|%) 7

642 for which we have

Ver(z,y) = =281+ |lz — y[3) P 7' =7 (2 —y)
Sy —a) —s[l+ (@ —2) TSy — a5 @ — 2 ) (L4 [l — o 3)
(L+ [z — 213)72(1 + [ly — 2.]15)*/2
Vyr(z,y) = 26(1+ [lz — y|1%) 7' (@ — y)
SHe—a) —sl+ (@ —a) TS Ny —2)] S (y — ) (4 [ly — 2 5) 7!
L+ flz = 213)72(1 + [ly — 2.]13)*/2
Vo - Vys(z,y) = =438+ 1)1+ |z —y|3) 72z — y) 'S (@ — y) + 28u(SH (A + |z —y|3) 7!
(=) — (1 + o — . 13) @ — ) TS (@ — 2)
—s(14[ly — 2.[13) "' (y — 2.) 272 (y — @)
21+ (2 —20) "7y — 2|1+ [lz — 2 5) 7+ ly — 2l3)
x(z—2,) T8 2 (y — )
(1 + [z — 2]3)2(1 + [ly — z[%)*/2

+

+

+

643 Evaluating on the diagonal:
R(z,2) =1+ (14 [lo = 2. ]5) "
Vah(@,y)lymy = Vyr(@,y)l, ., = —(s =127z — 2) (1 + [lz — 2. [%) ™
Ve Vyr(@,y)l, ., = 26u(571) + w71+ |z — 2.3)7°
+s(s =21+ |z — 2. [3) " e - 2.) [z - 2)

y—x

644 so that
co(r) = 1+ (1 + [l — 2. [%)*"
c(z) = (s = (1 +lz — 2 )3) °S 7 @ — z,)
[(s = 1A+ [z —a|3)* " = 1@ —2.) TS (@ —ay)  w(EH[A+28(1 + ||z — z,[[3)°]
1+ |z — 2.f5)? 1+ llz = 2.]%) '

co(x) =
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Differentiating these formulae:

Vaco() = 2(s = (1 + [l — 2.[%)"° 27 (2 — 2)
Vaer(z) =2(s = 1)(s = 2)(1+ |z — 2. ]3)°*[E7 e — 2)][E7 e — 2]
+(s = DA+ [z -2 )3) 7?2
Vaca(z) = 2(s = 1)%(s = 3)(1 + ||z — 2.[1%)° " *[(z — 2.) T2 (¢ — 2.)|27 (& — 2)
+2(s = 1?1+ [lz — 2 [2)" 757 (@ — 2)
+4Bu(ETN (s = (A + |z — 2.]3) 7?27 (@ — @)
=201+ |z — 2 [3) BT @ — 22) + u(ETHET @ - 2]
HA1+ 2 = 2. )3) 7 [(@ - 2) T2 (@ — )57 @ - a).

These complete the analytic calculations necessary to compute the Stein kernel kp and its gradient.

D Empirical Assessment

This appendix contains full details of the empirical protocols that were employed and the additional
empirical results described in the main text. Appendix D.1 discusses the effect of dimension on
our proposed II. Additional illuatrative results from Section 3.2 are contained in Appendix D.2.
The full details for how MALA was implemented are contained in Appendix D.3. An additional
illustration using a generalised auto-regressive moving average (GARCH) model is presented in
Appendix D.4. The full results for STIIS-MALA are contained in Appendix D.5, and in Appendix D.6
the convergence of the sparse approximation provided by SIIT-MALA to the optimal weighted
approximation is investigated. Finally, the performance of KSDs is quantified using the 1-Wasserstein
divergence in Appendix D.7.

D.1 The Effect of Dimension on II

The improvement of Stein II-Importance Sampling over the default Stein importance sampling
algorithm (i.e. II = P) can be expected to reduce as the dimension d of the target P is increased. To
see this, consider the Langevin—Stein kernel

kp(z) = c1 + ¢2||V1og p(2)]|3 1)

for some c1,co > 0; see Appendix C. Taking P = N(0, I4x4), for which the length scale matrix 3
appearing in Appendix A.3 is ¥ = I x4, we obtain

kp(@) = &1 + eaal]”.

However, the sampling distribution II defined in (8) depends on kp only up to an unspecified
normalisation constant; we may therefore equally consider the asymptotic behaviour of kp(z) :=
kp(x)/d. Let X ~ P. Then E[kp(X)] = c2 is a d-independent constant, and

2 / [kp(x) —(a +02d)r dP(z) = 26 -0

| — Elip ()]

L2(P) d d

as d — oo. This shows that kp converges to a constant function in L?(P), and thus for “typical”
values of x in the effective support of P,

m(x) o< p(x)\/ kp(z) < p(x),

so that IT ~ P in the d — oo limit. This intuition is borne out in simulations involving both the
Langevin—Stein kernel (as just discussed) and also the KGM3-Stein kernel. Indeed, Figure S1 shows
that as the dimension d is increased, the marginal distributions of IT become increasingly similar to
those of P.

22



672

673
674
675
676
677

678
679
680
681
682

Langevin — Stein Kernel KGM3 — Stein Kernel

0.40 4

0.35 4

— Il (d=10) — Il (d=10)

0.30 4

Density

0.20 4

0.15 4

0.10 4

0.05 4

0.00 T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1 1

(S1.1) (S81.2)

Figure S1: The effect of dimension on IT: Here P was taken to be the standard Gaussian distribution
N(0, I;54) in R? and the proposed distribution IT was computed. The marginal distribution of the
first component of IT is plotted for d € {1, 2,10}, for both (a) the Langevin-Stein kernel and (b) the
KGM3-Stein kernel.

10°F

E[KSD]

1072 Riemann)

10! 10? 10°
n

Figure S2: Assessing the performance of the sampling distributions II shown in Figure 2. The mean
kernel Stein discrepancy (KSD) for computation performed using the Langevin—Stein kernel (purple),
the KGM3-Stein kernel (blue), and the Riemann-Stein kernel (red); in each case, KSD was computed
using the same Stein kernel used to construct II. Solid lines indicate the baseline case of sampling
from P, while dashed lines indicate the proposed approach of sampling from II. (The experiment
was repeated 10 times and standard error bars are plotted.)

D.2 2D Illustration from the Main Text

Section 3.2 of the main text contained a 2-dimensional illustration of Stein II-Importance Sampling
and presented the distributions II corresponding to different choices of Stein kernel. Here, in
Figure S2, we present the mean KSDs for Stein II-Importance Sampling performed using the
Langevin—Stein kernel (purple), the KGM3-Stein kernel (blue), and the Riemann—Stein kernel (red),
corresponding to the sampling distributions II displayed in Figure 2 of the main text.

For this experiment, exact sampling from both P and II was performed using a fine grid on which all
probabilities were calculated and appropriately normalised. Results are in broad agreement with the
1-dimensional illustration contained in the main text, in the sense that in all cases Stein II-Importance
Sampling provides a significant improvement over the default Stein importance sampling method
with II equal to P.
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Algorithm 4 Adaptive MALA

Require: z (initial state), g (initial step size), Mo (initial preconditioner matrix), {ni}?;ol (epoch lengths),
{ai}?;f (learning schedule), h (number of epochs), kp (Stein kernel)
{130,1 e 7x0,n0} <~ MALA(CI:O,(M €0, M07 no, kp)

1:

2: fori=1,...,h—1do

3 Ti0 < Ti—1,m;_1

4 pi—1 mlﬂ Z?Ql Yoy j#wio1, -1 > Average acceptance rate for chain 4
5: €; + €;—1exp(pi—1 — 0.57) > Update step size
6: M; < a; M; + (1 — ai)cov({xiz1,1 -« Tic1,m;_1 ) > Update preconditioner matrix
7 {a:l-,l ~~~7-Ti,m} %MALA(xiﬁo,Ei,Mi,ni,kp)

8: end for

D.3 Implementation of MALA

For implementation of MALA in Algorithm 4 we are required to specify a step size € and a
preconditioner matrix M. In general, suitable values for both of these parameters will be problem-
dependent. Standard practice is to perform some form of manual or automated tuning to arrive at
parameter values for which the average acceptance rate is close to 0.57, motivated by the asymptotic
analysis of Roberts and Rosenthal (1998). Adaptive MCMC algorithms, which seek to optimise the
parameters of MCMC algorithms such as MALA during the warm-up period, provide an appealing
solution, and was the approach taken in this work.

The adaptive MALA algorithm which we used is contained in Algorithm 4, where we have let
MALA(z, e, M,n, kp) denote the output from the preconditioned MALA with initial state x, step
size ¢, preconditioner matrix M, and chain length n, described in Algorithm 1. In Algorithm 4, we
use cov(-) to denote the sample covariance matrix. The algorithm monitors the average acceptance
rate and increases or decreases it according to whether it is below or above, respectively, the
0.57 target. For the preconditioner matrix, the sample covariance matrix of samples obtained
from the penultimate tuning run of MALA is used. For all experiments that we report using

MALA, we set g = 1, My = Iy, h = 10, and a3 = --- = a9 = 0.3. The warm-up epoch
lengths were ng = --- = ng = 1,000 and the final epoch length was ng = 10°. The samples
{%-1,1, <eyXh—1n,_, ; from the final epoch are returned, and constituted output from MALA for

our experimental assessment.

To sample from P instead of I, we used Algorithm 4 we formally set kp(x) = 1 for all z € RY,
which recovers II = P as the target.

D.4 Illustration on a GARCH Model

This appendix contains an additional illustrative experiment, concerning a GARCH model that is a
particular instance of a model from the PosteriorDB database discussed in Section 4. The purpose
of this illustration is to facilitate an empirical investigation in a slightly higher dimension (d = 4) and
to explore the effect of changing the order s of the KGM-Stein kernel defined in Appendix A.3.2.

First we describe the GARCH model that was used. These models are widely-used in econometrics to
describe time series data {y; }}*_; in settings where the volatility process is assumed to be time-varying
(but stationary). In particular, we consider the GARCH(1,1) model

Y = ¢1 + ay,

At = Ot€t, €t ~~ N(O? 1)7

0} = ¢+ P3ai_y + Pa0;_y,
where ¢ > 0, ¢35 > 0, ¢4 > 0, and ¢3 + ¢4 < 1 are the model parameters, constrained to a subset of
R*. For ease of sampling, a change of variables 7 : (¢1, ¢2, ¢3, ¢4) + 0 is performed in such a way
that the parameter § € R* is unconstrained. Assuming an improper flat prior on 6, the log-posterior
density for 6 is given up to an additive constant by

n 2

c 1 Yy
logp(6 | Y1, yn) = Z [2103(03) - ﬁ + log [J--1(0)],
t=1 t

where |.J.-1(6)] is the Jacobian determinant of 771,
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Figure S3: Illustrating the shape of II based on the KGMs—Stein kernel for a GARCH(1,1) model,
controlling convergence of moments up to order s € {2,3,4}. The marginal density functions of
each distribution were approximated using one-million samples obtained using MCMC.

For this illustration, real data were provided within the model description of PosteriorDB, for
which the estimated maximum a posteriori parameter is ¢ = (5.04, 1.36,0.53,0.31). The marginal
distributions of II corresponding to the KGM-Stein kernels of orders s € {2, 3,4} are compared
to the marginals of P in Figure S3. It can be seen that higher orders s correspond to greater over-
dispersion of II; this makes intuitive sense since larger s corresponds to a more stringent KSD
(controlling the convergence of moments up to order s) which places greater emphasis on how the
tails of P are approximated. Further, for the final skewed marginal of P, we note that the distribution
II exaggerates the skew, placing more of its mass in the tail of the direction which is positively
skewed. Further discussion of skewed targets is contained in Appendix D.8.

D.5 Stein I[I-Importance Sampling for PosteriorDB

To introduce objectivity into our assessment, we exploited the PosteriorDB benchmark (Magnusson
et al., 2022). This ongoing project is an attempt toward standardised benchmarking, consisting
of a collection of posteriors to be numerically approximated. The test problems in PosteriorDB
are defined in the Stan probabilistic programming language, and so BridgeStan (Roualdes et al.,
2023) was used to directly access posterior densities and their gradients as required. The ambition
of PosteriorDB is to provide an extensive set of benchmark tasks; at the time we conducted our
research, PosteriorDB was at Version 0.4.0 and contained 149 models, of which 47 came equipped
with a gold-standard sample of size n = 103, generated from a long run of Hamiltonian Monte Carlo
(the No-U-Turn sampler in Stan). Of these 47 models, a subset of 40 were found to be compatible
with BridgeStan, which was at Version 1.0.2 at the time this research was performed. The version
of Stan that we used was Stanc3 Version 2.31.0 (Unix). Thus we used a total of 40 test problems
for our empirical assessment.

For each test problem, a total of 10 replicate experiments were performed and standard errors were
computed. A sampling method was defined as being significantly better for approximation of a given
target, compared to all other methods considered, if had lower mean KSD and the standard error bar
did not overlap with the standard error bar of any other method. Table 1 in the main text summarises
the performance of SITIS-MALA, fixing the number of samples to be n = 3 x 103. In this appendix,
full empirical results are provided.
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For sampling from MALA, we used the adaptive algorithm described in Appendix D.3 with a
final epoch of length nyax = 10%. Then, whenever a set of n < nyax consecutive samples from
MALA are required for our experimental assessment, these were obtained by selecting at random a
consecutive sequence of length n from the total chain of length 10°. This ensures that the performance
of unprocessed MALA that we report is not negatively affected by burn-in, in so far as is practical to
control.

Full results are presented in Figure S4. These results broadly support the interpretation that SIIIS-
MALA usually outperforms SIS-MALA, or otherwise both methods provide a similar level of
performance, for the sufficiently large sample sizes n considered. The sample size threshold at which
SIIIS-MALA outperforms SIS-MALA appears to be dimension-dependent. A notable exception is
panel 29 of Figure S4, a d = 10 dimensional task for which SIIIS-MALA provided a substantially
worse approximation in KSD for the range of values of n considered.

Figure S4: Benchmarking on PosteriorDB. Here we compared raw output from MALA (dotted
lines) with the post-processed output provided by the default Stein importance sampling method of
Liu and Lee (2017) (SIS-MALA; solid lines) and the proposed Stein II-Importance Sampling method
(SIIIS-MALA; dashed lines). The Langevin (purple) and KGM3-Stein kernels (blue) were used for
SIS-MALA and SIIIS-MALA and the associated KSDs are reported as the number n of iterations
of MALA is varied. Ten replicates were computed and standard errors were plotted. The name of each
model is shown in the title of the corresponding panel, and the dimension d of the parameter vector is

given in parentheses. [Langevin—Stein kernel: =«===:+: MALA, SIS-MALA, ===== SIIIS-
MALA. KGM3-Stein kernel: MALA, SIS-MALA, SITIS-MALA.]
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777 D.6 Stein II-Thinning for PosteriorDB

778 The results presented in the main text concerned n = 3 x 103 samples from MALA, which is near the
779 limit at which the optimal weights w* can be computed in a few seconds on a laptop PC. For larger
780 values of n, sparse approximation methods are likely to required. In the main text we presented Stein
781 1I-Thinning, which employs a greedy optimisation perspective to obtain a sparse approximation to the
782 optimal weights at cost O(m?n), where m are the number of greedy iterations performed. Explicit
783 and verifiable conditions for the strong consistency of the resulting SIIT-MALA algorithm were
784 established in Section 3.3. The purpose of this appendix is to empirically explore the convergence of
785 SIIT-MALA using the PosteriorDB test bed.
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In the experiments we report the number of MALA samples was fixed to n = 103 and the number
of greedy iterations was varied from m = 1 to m = 10%. The results, in Figure S5, indicate that
for most models in PosteriorDB the minimum value of KSD is approximately reached when m is
anywhere from {3 to 7, representing a modest but practically significant reduction in computational
cost compared to SIIIS-MALA. This agrees with the qualitative findings reported in the original

Stein thinning paper of Riabiz et al. (2022).

Figure S5: Benchmarking on PosteriorDB. Here we investigate the convergence of the sparse
approximation provided by the proposed Stein II-Thinning method (SIIT-MALA). The Langevin
(purple) and KGM3-Stein kernels (blue) were used for SIIT-MALA and the associated KSDs are
reported as the number m of iterations of Stein thinning is varied. Ten replicates were computed
and standard errors were plotted. The name of each model is shown in the title of the corresponding
panel, and the dimension d of the parameter vector is given in parentheses. [Langevin—Stein

kernel: SIIT-MALA. KGM3-Stein kernel: SIIT-MALA.]
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D.7 Performance of Stein Discrepancies

The properties of Stein discrepancies was out of scope for this work. Nonetheless, there is much
interest in better understanding the properties of KSDs, and in this appendix the performance of
SIIIS-MALA in terms of 1-Wasserstein divergence is reported. This was made possible since
PosteriorDB supplies a set of posterior samples obtained from a long run of Hamiltonian Monte
Carlo (the No-U-Turn sampler in Stan) which we treat as a gold standard.

Full results are presented in S6. Broadly speaking, for most models the minimisation of KSD seems
to be associated with minimisation of 1-Wasserstein distance, however there are some models for
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which minimisation of KSD is loosely, if at all, related to minimisation of 1-Wasserstein divergence.
In these cases, we attribute this performance to the blindness to mixing proportions phenomena,
described in Wenliang and Kanagawa (2021); Koehler et al. (2022); Liu et al. (2023). Convergence
in 1-Wasserstein is equivalent to weak convergence plus convergence of the first moment, so the
KGM-Stein kernels of order s > 1 control convergence in 1-Wasserstein. In Section 2.3 we proved
that SIIIS-MALA is strongly consistent in KSD for the KGM-Stein kernel in the case s = 1, so we
can expect strong consistency in 1-Wasserstein divergence for SIIIS-MALA in this case as well. It
is interesting to observe that better 1-Wasserstein quantisations tend to be provided by SIIIS-MALA
compared to SIS-MALA when either the Langevin—Stein or KGM-Stein kernel are used.

The development of improved Stein discrepancies is an active area of research, and we emphasise
that the methodology developed in this work can be applied to any KSDs, including potentially KSDs
with better or more direct control over standard notions of convergence (such as 1-Wasserstein) that
in the future may be developed.

Figure S6: Performance of Stein discrepancies on PosteriorDB. Here we compared raw output
from MALA (dotted lines) with the post-processed output provided by the default Stein importance
sampling method of Liu and Lee (2017) (SIS-MALA; solid lines) and the proposed Stein II-
Importance Sampling method (SIIIS-MALA; dashed lines). The Langevin (purple) and KGM3—
Stein kernels (blue) were used for SIS-MALA and STIIS-MALA, and the 1-Wasserstein divergence
is reported as the number n of iterations of MALA is varied. Ten replicates were computed and
standard errors were plotted. The name of each model is shown in the title of the corresponding

panel, and the dimension d of the parameter vector is given in parentheses. [Legend: r====s==: Raw
MALA. Langevin—Stein kernel: SIS-MALA, = ===~ SIIIS-MALA. KGM3-Stein kernel:
SIS-MALA, SIIIS-MALA.]
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D.8 Investigation for a Skewed Target
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This final appendix contrasts the 1-Wasserstein optimal sampling distribution II; (c.f. Section 2.1),
with the choice of 11 that we recommended in (8). In particular, we focus on the KGM3-Stein kernel
under a heavily skewed P, for which II; and II can be markedly different.

For this investigation a bivariate skew-normal target was constructed, where the density is given
by p(z1,22) = 4¢(x1)P(6x1)P(x2)P(—3x2), with ¢ and P respectively denoting the density and
distribution functions of a standard Gaussian. The density p of P, together with the marginal densities
of II; and I, are plotted in Figure S7. It can be seen that, while both 1I; and II are over-dispersed
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Figure S7: Comparing the proposed distribution IT (KGM3; based on the KGM3-Stein kernel) to
II; (1Wass.; the optimal choice for 1-Wasserstein quantisation from Section 2.1) for a bivariate
skew-normal target (d = 2). The marginal density functions of each distribution were approximated
using 10% samples from MCMC.
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Figure S8: Comparing the performance of using the proposed distribution II (KGM3; based on
the KGM3-Stein kernel) to II; (1Wass.; the optimal choice for 1-Wasserstein quantisation from
Section 2.1) for a bivariate skew-normal target (d = 2). The mean kernel Stein discrepancy (KSD) for
Stein II-Importance Sampling was estimated; in each case, the KSD based on the KGM3-Stein kernel
was computed. Solid lines indicate the baseline case of sampling from P, while dashed lines indicate
sampling from II. (The experiment was repeated 10 times and standard error bars are plotted.)

with respect to P, our recommended II assigns proportionally more mass to the tail that is positively
skewed.

The performance of Stein II-Importance Sampling based on II; and II is compared in Figure S8.
Though both choices lead to an improvement relative to Stein importance sampling algorithm with
II = P, the use of II leads to a significant further reduction (on average) in KSD compared to
II;. Based on our investigations, this finding seems general; the use of II; does not realise the full
potential of Stein II-Imporance sampling when the target is skewed.
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