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A Detailed Proofs

Proposition 1. F (£) = Fc(€).

Proof. This result is a consequence of minimal-hitting set duality between AXp’s and CXp’s, proved
elsewhere [36].

Proposition 2. If a classifier and instance exhibits issue 15, then they also exhibit issue 12.

Proof. Given a classifier with classification function « and an instance (v, ¢), it is plain that the set
of features F represents a WAXp. Furthermore, since the classification function is assumed not to
be constant, then there must exist some AXp that is not the empty set. Thus, such AXp contains
at least one relevant feature, say i, € J. Moreover, if I5 holds, then there exists an irrelevant
tier € F \ {ire1} with the largest absolute Shapley value. Therefore, it is the case that for feature i,
its absolute Shapley value is smaller than that of irrelevant feature ¢;,,. As a result, the function also
exhibits issue 12. O

Proposition 3. For any n > 3, there exist boolean functions defined on n variables, and at least one
instance, which exhibit an issue 11, i.e. there exists an irrelevant feature ¢ € F, such that Sv(i) # 0.

Proof. Consider two classifiers M; and M5 implementing non-constant boolean functions x; and
Ko, respectively. These functions are defined on the set of features 7' = {1, ..., m}, and such that
K1 = Ko but K1 # Ko. Consider the set of features 7 = F' U {n}, we construct a new classifier M
by combining M; and M. The classifier M is characterized by the boolean function defined as

follows: .
K1(Z1, .y Tm) ifz, =0

K(Z1, . oy T, Tp) = { &)

Choose a m-dimensional point v; _, such that £1(v1. ;) = k2(Vi.m) = 0, and extend vy _,,, with
v, = 1. Then for the n-dimensional point v1_,, = (V1.m, 1), we have k(vy_,) = 0.

Ko(Z1, oy Tm) ifz, =1

To simplify the notation, we will use x’ to denote an arbitrary n-dimensional point x1_,,. Additionally,
we will use y to denote an arbitrary m-dimensional point X1 _,,,. For any subset S C F’, we have:

P(SUnF; M, v n) — ¢(S; M, Vi) (10)

_ 1 / 1 ,

= | 2F NGO > KO | = | sFommel > )

x' €Y (SU{n};vi..n) X' €Y(S;v1..m)

_ 1 1 ’ /

= | s7s] Z ka(y) | — SIS Z k(x") + Z K(x")
YEY(S;vi.m) X' €Y(S;(vi..m,1)) x'€Y(S;(vi..m,0))

1 1 1

= ‘2|p\5\ Z Hz(}’) - 5 X Z Hg(y) — 5 X Z ml(y)

YEY(S;vi..m) YEY(S;vi..m) YEY(S;vi..m)

= % X ﬁ Z r2(y) — Z r1(y)

YEY(S;vi.m) YET(S;vi..m)

Given that k1 |= ko but K1 # Ko, it follows that for any points y € Y(S;v1.m), if k1(y) = 1 then
ko(y) = 1. In other words, if k2(y) = 0 then x1(y) = 0. Moreover, there are cases where the

following inequality holds: > 0 cv (s, ) 52(¥) = X yer(sivi. ) fi1(y) > 0. Hence, Sv(n) # 0.

To prove that the feature n is irrelevant, we assume the contrary, i.e., that n is relevant, and X is
an AXp of M for the point v;_,, such that n € X. This means we fix the variable z,, to the value
vy, and, based on the definition of AXp, we only select the points that M5 predicts as 0. Since
k2(y) = 0 implies that x; (y) = 0, removing feature n from X means that X’ \ n will not include
any points predicted as 1 by either M; or Ms. Thus, X' \ n remains an AXp of M for the point
V1..n, leading to a contradiction. Thus, feature n is irrelevant. O

Proposition 4. For any odd n > 3, there exist boolean functions defined on n variables, and at least
one instance, which exhibits an 13 issue, i.e. for which there exists a relevant feature ¢« € F, such that

Sv(i) = 0.

Proof. Given a classifier M; implementing a non-constant boolean function x; defined on the set of
features 71 = {1,...,m}. We can replace each x; of x, with a new variable z,,; to obtain a new

14



604
605
606

607
608
609

611
612
613

614

616

617

618

619

621
622
623
624

625
626
627

function ko, defined on a new set of features 7o = {m+1,...,2m}. Importantly, 2 is independent
of k1 as Fp and F are disjoint. Let F = F; U F2 U {n}, we build a new classifier M characterized
by the boolean function defined as follows:

K1(ZT1, .y Tm) ifz, =0

52(1'771—9—1, sy me) ifx, =1

(1)

H(xlv s Tmy TmeA1, - - - 7I2maxn) = {
Choose m-dimensional points vi_,, and v,,11. 2y, such that v; = v,,4; forany 1 < i < m, and

Kk1(V1.m) = 62(Vins1.2m) = 1. Let vi_,, = (V1_m, Vin+1..2m, 1) be a n-dimensional point such
that k(v ,,) = 1. Moreover, let 7' = F; U Fo.

To simplify the notations, we will use u to denote v;_,,, and w to denote v, 1.2, furthermore,
we will use x’ to denote an arbitrary n-dimensional point X1, ,,, and y to denote an arbitrary m-
dimensional point x; _,,, and z to denote an arbitrary m-dimensional point X, 1..2,,. For any subset
S C F/, let {81, S2} be a partition of S such that S; C F; A Sy C Fo, then:

H(SU{n}; M, v ) — (S; M, Vi n) (12)
1 , 1 ,
QI F NS D ) R | = | s@oee Y. k)
x'€Y(SU{n};vi. n) x'€Y(S;vi. )

1 !/ 1 / 1 !/
BbIAY 2 b)mgx DL s mgx B, )

x' €Y (S;(u,w,1)) x'€Y(S;(u,w,1)) x' €Y (S;(u,w,0))

. 1 1 / /
=3 X gFnal Y. s = Y RKX)

x' €Y (S;(u,w,1)) x' €Y (S;(u,w,0))

1 1
_ = [F1\S1 _ 9lF2\Sz|
=5 X 5Fns] 217l Z ko(z) — 2172 20 Z k1(y)
z€Y (Sa;w) YEY(S1;u)

For any {S;,S2}, we can construct a unique new partition {S7, S5} by replacing any ¢ € S; with
m + i and any m + i € Sy with i. Let S’ = S U S}, then we have:

¢(8/ U {n}1 Mavl..n) - ¢(8/;M7V1..n) (13)
1 1 / /
_ = | F1\S5] _ 9lF2\S1|
=5 X gner |27 0 D0 m(e) 2SRy k()
z€Y(S];w) YEY(S)5u)

Besides, we have:

z2€Y (S2;2) yEYT(S45u)
and )
2172\82l Z ki(y) = 27\52l Z ka(2)
yEY(S1;u) zeY(S1;w)
which means:

S U{np M, vin) = oS M, vin) = =(&(S" U{np M, vin) = 6(S"s M, vin))

| — — 1 Al — N i . .
‘5|'(|f“ﬂ‘!5| Dt _ IS |'(‘fl|ﬂ‘l‘9 I=U! Hence, for any subset S, there is a unique subset S’

that can cancel its effect, from which we can derive that Sv(n) = 0. However, n is a relevant feature.
To find an AXp containing n, we remove all features in F7, and keep only feature n along with all
features in F>. This makes feature n critical to the change in the prediction of M. Next, we compute
an AXp X of My under the point v, 11,2y, Finally, X U {n} is an AXp of the classifier M for the
point vy _ . O]

note that

Proposition 5. For any even n > 4, there exist boolean functions defined on n variables, and at least
one instance, for which there exists an irrelevant feature i1 € F, such that Sv(i1) # 0, and a relevant
feature io € F \ {41}, such that Sv(iz) = 0.
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Proof. Given a classifier M; implementing a non-constant boolean function ; defined on the set
of features 71 = {1,...,m}, we can construct a new classifier M characterized by the boolean
function defined as follows:

K1(X1.m) A K2 (Xm1..2m) ife, 1=0
K(X1.ms Kt 1..2m» Tn—1,Tn) =3 K1(X1.m) ife, 1=1ANz, =0
K/Q(Xm+1”2m) if ITn—1 — 1A ITpn — 1
(14)
where function x5 is obtained by replacing every xz; of x; with a new variable x,,, ;. k2 is defined on
anew set of features Fo = {m + 1,...,2m} and is independent of x1. Moreover, M is defined on

the feature set 7 = F; U Fo U {n — 1,n}. Note that k1 A ko = (—x, A K1) V (25 A K2), this can
be proved using the consensus theorem °.

Choose m-dimensional points vi_,, and v,, 1.2y, such that v; = v,,4; forany 1 < i < m, and
K1 (Vl..m) = k2 (V7n+1..2'rn) = 0. Let Vin = (Vlunu Vim+41..2m; 1a 1) be a n-dimensional POint such
that (v, ,,) = 0. Moreover, let 7' = F; U Fo.

To simplify the notations, we will use u to denote v;_,,, and w to denote v,,, 1.2, furthermore,
we will use x’ to denote an arbitrary n-dimensional point X1, and y to denote an arbitrary m-
dimensional point x; _,,,, and z to denote an arbitrary m-dimensional point X,,41. 2m-

According to the proof of Proposition 3, Sv(n — 1) # 0 but feature n — 1 is irrelevant. Next, we
show that Sv(n) = 0 but the feature 7 is relevant. For any subset S C F’, let {S1,Sa} be a partition
of § such that §; C F1 A Sy C Fo.

1. Consider any subset S U {n — 1}, then:

d(SU{n—1,n} M, vi ) —d(SU{n -1} M,vi ) (15)

1 / 1 '
= | oS Z R(X) | = QIFNS[+1 Z R(x')

x €Y (SU{n—1,n};v1.n) x' €Y (SU{n—1};vi. n)

]‘ / !
FNS Z K(x") — Z K(x)

x'eY(SU{n—1,n};(u,w,1,1)) x'€Y(SU{n—1};(u,w,1,0))

1
< |27 Y m@ -2 3 m(y)
zEY (Sa;w) yEY(S1;u)

Il
N |
X

N |

According to the proof of Proposition 4, there is a unique subset S’ such that |S| = |S’| and
¢(S U {’I’L - 1’ Tl}, M7 Vl..n) - ¢(8 U {’I’L - 1}7 Ma Vl..n) = _(d)(Sl U {Tl - 1a Tl}, M; Vlu'rb) -
(S U{n—1HK5M,vi ).

>The consensus theorem is the identity (z Ay) V (mz A z) = (z Ay) V (mz A z) V (y A z), see [18] Chapter
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2. Consider any subset S C F’, then:

HSU{n}; M, vin) — d(S; M, Vi) (16)
— ]' / 1 /
o 2‘}-/\S|+1 Z H(X ) - 2|.7:’\S|+2 Z KZ(X )

x' €Y (SU{n};vi. .n) x'€Y(S;vi..n)

1 / /
= S Z k(x") + Z K(x")

x' €Y (SU{n};(u,w,1,1)) x'eT(Su{n};(u,w,0,1))
1 ’ /
~ SIS Y. s+ ) R(x')
x €Y (S;(u,w,1,1)) x'€Y(S;(u,w,0,1))
1 ’ /
~ SFNSIE Y. s+ > R(x')
x' €Y (S;(u,w,1,0)) x'€Y(S;(u,w,0,0))
1 1 F\S1| AN
:1 X W 2 X Z /ﬁ]g(Z)—z X Z Hl(y)
z€Y (Sa;w) YEYT(S1;u)

Likewise, we can find a unique subset S’ to cancel the effect of ¢(S U {n}; M,vy ,) —
d(S; M, vl..n).

Therefore, Sv(n) = 0. To prove that the feature n is relevant, we compute an AXp containing the
feature n. First, we free all features in F; and the feature n — 1, while keeping all features in F5 and
the feature n. This makes feature n critical to the change in the prediction of M. Next, we compute
an AXp X of M5 under the point v, 1. 2. Finally, we can conclude that X U {n} is an AXp of
M under the point vy _,. O

Proposition 6. For any n > 4, there exists boolean functions defined on n variables, and at least
one instance, for which there exists an irrelevant feature i € F = {1,...,n}, such that |Sv(i)| =
max{|Sv(j)||j € F}.

Proof. Given a classifier M; implementing a non-constant boolean function x; defined on the set of
variables 7/ = {1,...,m} where m > 3, and satisfies the following conditions:

1. k1 predicts a specific point vi_,, as 0. Furthermore, for any point x; ,, such that
dpr(X1..m,V1..m) = 1, where dg (-) denotes the Hamming distance, we have £1(x1, ;) = 1.
2. k; predicts all the other points as 0.

For example, 1 can be the function 2111 —x1 = 1, which predicts the point 1;_,, as 0 and all points
around this point with a Hamming distance of 1 as 1. Based on x;, we can build a new classifier M
characterized by the boolean function defined as follows:

0 if ,,

0
K(T1, 0y T, ) 1= K1(T1, s Tm) ifz, =1

a7)

Select the m-dimensional point v;_,, from our Hamming ball such that k1 (vy._,,) = 0 (note that
only one such point exists), and extend v;_,, with v, = 1. Then for the n-dimensional point
Vi.n = (V1.m, 1), we have x(vy_,) = 0. Applying the same reasoning presented in the proof of
Proposition 3, we can deduce that feature n is irrelevant.

For simplicity, we will use x’ to denote an arbitrary n-dimensional point x;_,,, and y to denote an
arbitrary m-dimensional point x; _,,,. More importantly, for 1 and any subset S C F’, we have:

Y a) =m-s]

YET(S;vi..m)
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1. For the feature n and an arbitrary subset S C F’, we have:

P(SU{n}; M, vi n) — (S; M, Vi) (18)
— 1 ! 1 /
= QIF OS] > K(X) = SEsmme > )
x'€Y(SU{n};vi. n) X' €Y(S;v1..m)
1 , 1 ,
= SIS Z k(x") — AN Z k(x)
x' €Y (SU{n};vi..n) X €Y (S;v1..n)

1 1

= 9 X QlF\S| Z ’fl(Y)
YEY(S;vi.m)

1
= §¢(3§M1,V1..m)
_ 1. om—|S|
=3 % g3l

This means Sv(n) > 0. Besides, the unique minimal value of ¢(S U {n}; M,vy ,) —
d(S; M, vy ) isOwhen S = F'.
2. For a feature j # n, consider an arbitrary subset S C F' \ {j} and the feature n, we have:

¢(SU{],”},M,V1n) - ¢(8U{n}vM7vln) (19)
_ 1 !/ 1 !
= SIF USR] > R(x') = QI F UH{nH\SHn D] > k()
x' €Y (SU{j,n}ivi..n) x' €Y (SU{n};vi. n)
1 1
= QIFNGEUGNI > 1Y) = grFng] >, m
YEY(SU{j};vi..m) YEY(S;vi..m)

A(S Ui} M1, viim) — ¢(S; My, vim)
m—|S|—-1 m—|S]
T Tom—[S[-1  om—[5]
m—|S| -2
om—|S]

In this case, ¢(S U {j,n}; M, v1.,) — ¢(SU{n}; M, v1. ) = —5 if |S| = m — 1, which is its
unique minimal value. ¢(SU{j,n}; M,v1. ) —d(SU{n}; M, vy ) =0if |S| = m —2, and
H(SU{j,n} M, vi ) —o(SU{n}; M, vi ) >0if [S] <m — 2.

3. Moreover, for a feature j # n, consider an arbitrary subset S C F” \ {;j} and without the feature
n, we have:

HSU{jEM,vi ) —d(S;M,vip) (20)
— 1 ! 1 /
= QI F U NSO > K(X) = SiFCEm] DORNCY
x' €T (SU{j};vi..n) X €Y(S;v1..n)
1 1
= FEoE | 2. M) - gEem 2. mb)
2 2
YEY(SU{j};vi..m) YEY(S;vi..m)
1 .
= 5(9?5(5 U{ihMi,vim) — o(S; M1, vim))
1 m—|S]—-2
2 T gmIs]
In this case, ¢(S U {j}; M,v1.n) — ¢(S; M, v1.,) = —1 if [S| = m — 1, which is its

unique minimal value. ¢(S U {j}; M,v1 ) — ¢(S;M,v1.,) = 0if |S| = m — 2, and
HSU{iH M, vin) = o(S; M, vi ) > 0if S| <m — 2.
Next, we prove |Sv(n)| > |Sv(j)| by showing Sv(n) + Sv(j) > 0 and Sv(n) — Sv(j) > 0. Note
that Sv(n) > 0. Additionally, ¢(S U {j,n}; M,v1 ,,) — ¢(SU{n}; M,v1 ) < 0 and ¢(S U
{G}hMyvin) — ¢(S; M, vy ) < 0only when |S| = m — 1.
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1. For Sv(n):
sy = Y BRSO s Uy Movi ) - s Movi) @)

|
SCA(n} (m+1)!
S|'(m —|S
= Z |((m+1)|) ¢(S./\/l1,v1 )
SCF\{n} '
1 Slim = ISD! .
T < 2 S ML)
SCF\{n}
1 1 '(m — ! —
Sl Ly Bl mol
met SCF\{n} e
1 1 |S]!(m — |S)! m! m — |S]
= - X —X Z X X
| | — | m—|S
2 m+1 0<STem m! IS|'(m — |S])! — 2m—IS]
1 1 —IS] 1 1 "k
Ll y w1k
m—|S k
2 m+1 0§\$|§m2 om=IS| T 2 " m 1 k:12
1 1 omtl _m—2 1 omtl _m 9
= - X X = X
2" m+1 om m+1 gm+1

2. For a feature j # n, consider the subset S = F’ \ {j} where |S| = m — 1 and the feature n:
|[SU{n}!(m —|SU{n})! L= |S] —2

(m+ 1)1 gm-1s] (22)
_mlm—-m)! m—(m—-1)—-2
(m+1)! gm—(m—1)
1 1
R
2 m+1

3. For a feature j # n, consider the subset S = F'\ {j} where |S| = m — 1 and without the feature
n:

[S|!(m—|S)! 1 m—|S]—2
—_— X = X —— 23
(mr 1) 27 gm-ls] (23)
I (m=Dm—-(m-1) m—-—(m—1)—-2
= - X X
2 (m+1)! 9m—(m—1)
1 1
- -
4 m(m+1)
We consider the sum of these three values:
1 omtl iy — 2 1 1 1 1
- = - = 24
m—&—l>< 2m+1 2Xm+1 4Xm(m—|—1) @4)
1 y 2m+tt —m —2)m m2™m om—1
T om+1 m2m+1 m2m+l g 2mitl

! x| ( L )2 —m? — 2
=— m— - —m~ —2m
m(m + 1)2m+1 2
Since m > 3, the sum of these three values is always greater than 0. Thus, we can conclude that

Sv(n) + Sv(j) > 0.

To show Sv(n) — Sv(j) > 0, we focus on all subsets S C F’ where |S| < m — 2. This is because, as
previously stated, ¢(SU {j, n}; M, vi.n) —o(SU{n}; M, vi ) < 0and ¢(SU{j} M, vin) -
d(S; M, vy ) <0if|S]|>m—2

Moreover, for all subsets S C F’ where |S| = k where 0 < k < m — 3, we compute the following
three quantities:

Q= Y,  SU{nhEM vin)—d(S;M,vi,)

SCF,|S|=k
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Qo = Z P SU{j,nt M,vi ) —d(SU{n}; M, vip)

SCF\{7}I8|=k-1

Q= Y. SSULEM Vi) — (S M, Vi)
SCF\{i}IS|=k
and show that Q1 — Q2 — Q3 > 0. Note that )1, Q2 and )3 share the same coefficient W

1. For the feature n, we pick all possible subsets S C F’ where |S| = k, which implies |SU {n}| =

k + 1, then:
0, = m xlxmf\8|7 m xlxmik
1= |S| 2 2771,—\S| - k 2 om—k

2. For a feature j # n and consider the feature n, we pick all possible subsets S C F’ where
|S| = k — 1, which implies |S U {j,n}| = k + 1, then:

Qs = m—1 ><m—\S|—2 _(m—1 Xm—(kz—l)—? _(m—1 ><lxm—k—l
27 s) om=18[ ~ \ k-1 gm—(k-1)  ~ \k—1) 2" 2m-k
3. For a feature j # n, without considering the feature n, we pick all possible subsets S C F’ where
|S| = k, which implies |S U {j}| = k + 1, then:

Qs = m—1 Xlxmf\8|727 m—1 Xlxmfka
s 2 om—IS| T\ g 2 2m—k

Then we compute ()7 — Q2 — Q3:

m xlxm_k— m—1 xlxm_k_l— m—1 ><lxm—k—2 25)
k 2 om—k k—1 2 om—k k 2 om—k

e AU (e RS G S

<3z (o0 (o0 () () ()]
5z () (")

This means that Sv(n) — Sv(j) > 0. Hence, we can conclude that [Sv(n)| > |Sv(j)|. O

Proposition 7. For any n > 4, there exist boolean functions defined on n variables, and at least one
instance, for which there exists an irrelevant feature i1 € F, and a relevant feature io € F \ {41},
such that |Sv(iq)| > |Sv(iz)].

Proof. Consider three classifiers M1, My and M3 implementing non-constant boolean functions
K1, ko and kg3, respectively. Actually it is possible for 1 to be the constant function 0. All of them
are defined on the set of features 7' = {1,...,m} where m > 2. More importantly, k1, 2 and k3
satisfy the following conditions:

1. ko is a function predicting exactly one point v1_, to 1, for example, ko can be A\, <i<m T

2. For the point vy _,,, where ko predicts 1, we have k3(v1_,,) = 0. This implies k2 A k3 |= L, that
is, the conjunction of k9 and k3 is logically inconsistent.

3. For any point X; _, such that dg (X1.m, V1.m) = 1, where d g (-) denotes the Hamming distance,
we have k3(X1. ) = 1.

4. kK1 AN ke = L and k1 A k3 = L, indicating that the conjunction of k; and x4 as well as the
conjunction of k1 and k3 both equal to the constant function 0.

5. k1 V ke # 1l and k1 V k3 # 1, indicating that neither the disjunction of k1 and k2 nor the
disjunction of x; and 3 equals the constant function 1.

Let F = F' U {n — 1,n}, we can build a new classifier M from M;, My and M3. M is
characterized by the boolean function defined as follows:

K1 (X1..m) ifz,—1=0
K(X1 s Tn—1,Tn) = 4 K1(X1.m) V K2(X1.m) ife, 1=1Az, =0 (26)
K1(X1.m) V K3(X1..m) ife, 1 =1A2, =1
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729 Besides, we can derive that (-2, A (K1 V K2)) V (2, A (k1 V K3)) = K1 V (m2p A Ka) V (T A K3).
730 So we have k1 | k1 V (mx, A ko) V (2, A k3). Choose the m-dimensional point vy _,, such
731 that kK1(vi.m) = K3(Vi.m) = 0but Ka(vi ,,) = 1. Extend vy, with v,—1 = v, = 1, let
732 Vi.n = (Vi.m,1,1) be the n-dimensional point, it follows that x(v;._,) = 0. Based on the proof of
733 Proposition 3, feature n — 1 is irrelevant. To prove that feature n is relevant, we assume the contrary,
734 i.e., that n is irrelevant. In this case, we pick the point v/ = (vy_,,, 1,0) from the feature space
735 where k2(v1. ,,) = 1. Clearly, for this point we have x(v’) = 1, leading to a contradiction. Thus,
736 feature n is relevant.

737 In the following, we prove that |Sv(n — 1)| > |Sv(n)| by showing that Sv(n — 1) — Sv(n) > 0 and
738 Sv(n—1)4Sv(n) > 0. To simplify the notations, we will use x’ to denote an arbitrary n-dimensional
739 point Xi.,, and y to denote an arbitrary m-dimensional point x; ,,. For any subset S C F’, we now
740 focus on feature n — 1.

741 1. For the feature n — 1, consider an arbitrary subset S C F’ and without the feature n, then:

¢(8 U {Tl - 1}7 M7 Vl..n) - ¢(Sa M7 Vl..n) (27)
1 , 1 ,
JFNSTH > W) | = | gree D R
X/ET(SU{’H,—I};VL.") x'€Y(S;vi..n)
1
= IFN\S[+1 Z (r1(y) V ka(y)) + Z (k1(y) V Kk2(y))
YEY(S;vim) YEY(S;vi.m)

ﬂ\lsH( S m@ Ve Y () V)

yeT(S;Vl..nz) yET(S?Vl..nz)

YET(S;vi.m) YEY(S;vi.m)

1
T SIFNSI+2 ( Z r1(y) + Z r1(y)

| X mOVRODE Y mO) V()

YEY(S;vi..m) YEY(S;vi..m)
1
T SIFNSI+2 Z r1(y) + Z r1(y)
YEY(S;vi..m) YEY(S;vi..m)

1
= PIAGE] Z rk3(y) + Z Ka2(y)

YEY(S;vi..m) YEY(S;vi..m)

742 2. For the feature n — 1, consider an arbitrary subset S U {n}, then:

QZS(S U {TL -1, Tl}; M7V1..n) - ¢($ ) {n};Mavl..n) (28)

— 1 / ]‘ /

= | 2SI Z K(x) | = QIF\S[+1 Z R(x)
x'€Y(SU{n—1,n};vi. n) x'€Y(SU{n};vi.n)

:ﬁ Y mm Ve - Y mly)

YEY(S;vi..m) YEY(S;vi.m)

1
—gEer | 2. )
yeT(S;Vl,.nz)

743 Thus, we can conclude that Sv(n — 1) > 0. For any subset S C F’, we now focus on the feature n.
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744 1. For the feature n, consider an arbitrary subset S C F’ and without the feature n — 1, then:

d)(S U {n}a M7 Vl..n) - ¢(Sa M7 Vl..n) (29)

i : 1 :
= (QF\SIH 2. Al >) - (QIf\SIH > nlx >)

x'€Y(SU{n};vi..n) X' €EY(S;v1..n)

—Qf\ls+( S v+ Y m(.V))
YEY(S;vi.. m)

m) YEY(S;vi.m

W@H( S m) Ve + S m(Y))
YEY(S;vi.. m)

m) yeT(S§V1.,

W\ZH( (M) V) + Y m(Y))
YEY(S;v1 m)

.,Tn) yeT(S§V1.,
1
= SIFs2 (k1(y) V K3(y)) — Z (k1(y) V K2(y))
yET(S;Vl,.m) yET(S;Vl,.nL)
1
= SIFS[+2 r3(y) — Z r2(y)
yeT(S§V1,.7n) yET(S;VL.m)

745 2. For the feature n, consider an arbitrary subset S U {n — 1}, then:

d(SU{n—1,n} M, vi ) —d(SU{n—1} M,vi ) (30)

1 , 1 /
= (2]—'/\S| Z R(x )) - <2|}"\S|+1 Z r(x ))

x'€Y(SU{n—1,n};vi. ) x'€Y(SU{n—1};vi.n)

=2f\15+< S m) Ve - Y <m<y>vm<y>>)

YEY(S;vi..m) YEY(S;vi.m)

1
= P AN < Z Kk3(y) — Z /‘62(}’)>

YEY(S;vi..m) YEY(S;vi.m)

76 Note that p(SU{n}; M, vi ) —d(S; M, vy ) < 0and p(SU{n—1,n}; M, vy ) —d(SU{n—
747 1}; M, vy ) < Oifandonly if S = F'. For any other proper subset S C F', p(SU{n}; M,v1_ n)—
s O(S;M,v1 ) >0and p(SU{n—1,n} M vy ,) —d(SU{n—1} M,vy ) >0.

749 Moreover, for a fixed set S C F’, we have (¢(SU{n—1}; M, vy ) — d(S; M, vi.0)) > (¢(SU
0 {nh M,vin)— o(S;M,vi ), and (¢(SU{n —1,n}; M, vy ) —d(SU{nk M, vy ) >
51 (p(SU{n—1,n}; M,vi ) — o(SU{n—1}; M, vy ,)). Therefore, Sv(n — 1) > Sv(n).
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753

754

755
756

757
758
759

In the following, we prove that Sv(n — 1) + Sv(n) > 0 by focusing on all subsets S C F where
m — 2 < |S| < m + 1. For the feature n — 1, we have:

5 S|i(m +2 — |S| — 1)!

1
SCA\(n-1} (m+2)!
m—2<|S|<m+1
- ¥ (m+D(m+1—(m+)) 1
|S|=m+1,n€S (m + 2)' gm—m+1
ml(m+1—m)! 1
' S;nes (m+2) . gm=(m=D+1 1
m!(m+1—m)! 1
+SZ ¢s (m+2)' x om—m+2 X (0+1)
(m— D m+1— (m—1)) 1
" |S| z:1 S (m + 2)' x om—(m—2)+1 x 2
—m—1,ne
(m—1)(m+1—(m—1))! 1
’ |S|= Zl 28 (m + 2)! x om—(m—1)+2 x (1+1)
(m—2)l(m+1—(m—2))! 1
X % (2 1
' 5=mz—2 ngs (m +2)! gm—m=y+2 * (2+1)
8m + 13

T 16(m+2)(m+1)
For the feature n, we have:

3 S|t m +2 - |S[ = 1)!

X <¢(8 U {n}7 M7 Vl..n) - (]5(8, Ma Vl..n)) (32)

SCF\(n} (m +2)!
m—2<|S|<m+1
= (m+ Dim+1— (m+1)) 1 0-1
B Z m 2' X2m,m+1><(_)
|S|=m+1n-1€8 (m+2)
mi(m +1—m)! )
! ISl= Z*IGS (m +2)! X om—m—+1 * (1-1)
0—-1
+|sw— Zlgs (m+2)  gm-m+2 x (0—1)
(m —Dlm+1—(m—1))! 1
2-1
) |5=m;n_1es (m+2)! X m—m—n+1 * ( )
(m—D!(m+1—(m—1))! )
1-1
' ls_m_zl:"—lgs (m +2)! X om—m—n+z * ( )
=1 -y 1
) Z (m +2)! X m—(m-2)+2 * (2-1)

|S|=m—2,n—1¢8S
- —6m — 11
©16(m +2)(m+1)

Their summation is 8(7?1437%’ since m > 2, Sv(n — 1) 4+ Sv(n) > 0. Thus, it can be concluded
that for the irrelevant feature n — 1 and the relevant feature n, |Sv(n — 1)| > |Sv(n)|. O

Corollary 1. For any n > 7, there exist boolean functions defined on n variables, and at least one
instance, for which there exists an irrelevant feature i; € F, and a relevant feature io € F \ {41},
such that Sv(i1) > Sv(iz) > 0.
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761
762
763
764
765
766

767
768
769

770
771

772
773
774
775
776

777
778

Proof. We utilize the function constructed in Proposition 7, which is given by:

K1(X1.m)

K1(X1..m) V K2(X1.m)
K1(X1..m) V K3(X1..m)
However, we choose a different function x5 that satisfies the following condition: for any point X1,
such that dg (X1..m,V1..m) < 2, where dy (-) represents the Hamming distance, x3(x1.,m) = 1,
According to the proof of Proposition 7, it can be derived that Sv(n — 1) > 0 and Sv(n — 1) > Sv(n).
In the following, we prove that Sv(n) > 0 by focusing on all subsets S C F \ {n} where m — 4 <
|S| < m + 1, and show that the sum of their values is greater than 0, which implies that Sv(n) > 0
when considering all possible subsets S.

5 S| (m +2 — |S| — 1)!

ifa:n_l =0
ifex, 1=1ANx,=0
ifr, 1=1ANz, =1

(33)

K(Xl..wu Tn—1, xn) =

X (P SU{n}; M, vi ) —d(S;M,vi,))  (34)

m—igg@\{g’ii N (m +2)!

= Sl:mgn_les (m + 1)!(7(7%m++12;! (m+ 1) 2m—1m+1 0

’ |s_,§_1€5 m!(r(nm++12;!m)! X gmfﬁifl)ﬂ x (1-1)

P e

' 'S‘T";n—les - 1)!(7(7:”112;! = 2m—(i—1>+2 x (1-1)

' = 3)!(Tm++12)! — 8 zm—(i—sm X (<?) + @) —1)

|S|=m—3,n—1¢S

_ 11m — 47
C32(m+2)(m+1)

Since m > b5, for all subsets S C F \ {n} where m — 4 < |S| < m + 1, their summation is greater

than 0. This implies that Sv(n) > 0. Thus, it can be concluded that for the irrelevant feature n — 1
and the relevant feature n, we have Sv(n — 1) > Sv(n) > 0. O

Proposition 8. For Propositions 3 to 5,and Proposition 7 the following are lower bounds on the
numbers issues exhibiting the respective issues:

1. For Proposition 3, a lower bound on the number of functions exhibiting 11 is 22" 3,
2. For Proposition 4, a lower bound on the number of functions exhibiting 13 is 22" TV g
3. For Proposition 5, a lower bound on the number of functions exhibiting 14 is 22" TP o

4. For Proposition 7, a lower bound on the number of functions exhibiting 12 is 92" ?=(n=2)-1 _ 1

Sketch. For Proposition 3, there exist 22("_1) — n — 3 distinct non-constant functions x5. For each
such function k9, k1 can be defined by changing the prediction of some points predicted as 1 by xo
to 0. It is evident that k1 |= ko but K1 # Ko.
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780

781
782
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.. . (n — .. .
For Propositions 4 and 5, there exist 22 ne 2 distinct non-constant functions ;. We can then

define k9 by renaming each variable x; of x; with a new variable ., ;.

For Proposition 7, the functions x5 and k3 are assumed to be fixed, while the flexibility lies in
the choice of 1 (k1 can be O but cannot be 1). As k2 covers 1 point and k3 covers n — 2 points,
the remaining points in the feature space can be used to define the function ;. Thus, there are

22" ?=(n=2)=1 _ 1 possible functions for r. O
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