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Abstract

In this paper we consider linearly constrained stochastic approximation prob-
lems with federated learning as a special case. We propose a loopless projection
stochastic approximation algorithm (LPSA) to ensure feasibility by performing the
projection with probability p,, at the n-th iteration. Considering a specific family of
the probability p,, and step size 7,,, we analyze our algorithm from an asymptotic
and continuous perspective. Using a novel jump diffusion approximation, we
show that the trajectories connecting those properly rescaled last iterates weakly
converge to the solution of specific stochastic differential equations (SDEs). By an-
alyzing SDEs, we identify the asymptotic behaviors of LPSA for different choices
of (pn,Nrn). We find the algorithm presents an intriguing asymptotic bias-variance
trade-off according to the relative magnitude of p,, w.r.t. ,,. It brings insights on
how to choose appropriate {(py,, ) }n>1 to minimize the projection complexity.

1 Introduction

Recently, a novel distributed computing paradigm that called Federated Learning (FL) has been
proposed for collaboratively training a global model from data that remote clients hold [31]. As a
standard optimization algorithm in FL, Local SGD alternates between running stochastic gradient
descent (SGD) independently in parallel on different clients and averaging the sequences only once
in a while. Put simply, it learns a shared global model via infrequent communication. Empirical
investigation finds its superior performance in communication efficiency [30] and theoretical analysis
toward it has already provided a complete picture [26 |1, |15} 142, 143L[15]. Among them, Li et al. [27]]
establishes a functional CLT that Local SGD with Polyak-Ruppert averaging simultaneously achieves
the optimal asymptotic variance and diminishing average communication frequency. However, they
are all derived from a discrete perspective.

The use of a continuous-time stochastic process to characterize the entire trajectory of a discrete
stochastic algorithm has been witnessed progresses in recent years, and we call it diffusion ap-
proximation. The continuous approach has advantages in its rich toolbox and can provide intuitive
explanation for uncanny phenomena that are intractable to analyze in discrete cases. It can also
motivate new optimization algorithms and statistical inference methods. Current works applying
diffusion approximation to stochastic optimization algorithms can be roughly divided into two classes.
The first one is to interest the optimization algorithm as a numerical discretization of a specific
stochastic differential equation (SDE) [[14] in a finite time interval [0, 7]. When the step size 7 is
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suf ciently small and the lengtfT (= n ) of the interval is xed @ is the total iterations), such
approximation is of high accuracy, and it is easy to analyze the geometric properties of our target
algorithms |11, [23, (13,7, [38,[34,18]. However, this avenue is dif cult to capture the convergence
behaviors around the optimal point due to the x'é@ The second class comes up to solve the
issue. It instead considers the iterates divided by a proper power function of step sizes. Under certain
conditions, as goes to in nity, the rescaled iterates would weakly converge to the stationary solution

of corresponding SDEZIL (35,16, 9, 10]. In FL, to the best of our knowledge, no work considers
analyzing Local SGD via the aspect, which is our focus here.

However, it is not easy to serialize Local SGD iterates due to its double-loop nature. Recent
researchers developed a new technique named as “loopless' to simplify the two-loop structure for
SVRG and Katyushalfg]. The key is to replace the hard loop with a probabilistic loop. Speci cally,

we will independently toss a (possibly biased) cojpwith head probabilityp, at iterationn. When

getting the headl , = 1, we start a new loop and update the outer-loop intermediate variables; when
getting the tail , = 0, we stay in the same loop and keep the intermediate variables. In this way, we
obtain a loopless counterpart algorithm and do not need to distinguish inner and outer loops anymore.
It facilitates theoretical analysis and typically does not deteriorate the convergender2@ P8, 11].

It is worth mentioning that Hanzely and Richtafik?] rst introduced the loopless technique to

FL and obtained many ef cient FL algorithms. [28] used a dynamip, (which varies withn) to
generalize the scope of original methods. We are then motivated to analyze a loopless version of
Local SGD with decreasing, , but from an asymptotic and continuous perspective.

1.1 Contribution

Our work is motivated by Local SGD but beyond it. In particular, for a general optimization problems
with linear constrains (of which FL is a special case), we develop a loopless projection stochastic
approximation method (LPSA) as a generalization of Local SGD (see Appendix A for more details).
Such generality renders us the possibility to transfer our techniques and results to other linearly
constrained problems. LPSA is affected by two important hyperparameters, namely the step size
f ngand the projection probabilitip, g. For the choices of, / n  andp, / minf ;1g, we

derive a non-asymptotic convergence rate for differe@t (0; 1]and 2 (0;1) in Theorem 3.1. We
observe a phase transition for the convergence@éte ™" 12 2 9) when crosse€:5.

To derive asymptotic results, we obtain two sequeificegy andf v, g by orthogonal decomposition

for the optimized sequence of LPSA. We then construct two sequences of processes which pass
through the appropriately rescaled andv,, respectively. We show rigorously, when the iteration
goes to in nity, these two sequences of stochastic processes weakly converge to the solutions of
speci ¢ SDEs that are driven by either a Brownian motion or a Poisson process. As a corollary,
the rescaled last iterate of, (which we mainly care about) has a known asymptotic distribution
(either Gaussian distribution in Theorem 3.3 or Dirac in Corollary 1). And the phase transition we
mentioned above evolves into a trade-off between the bias caused by the low frequency projection
and the uctuation resulting from the gradient noise (see Section 3.2.3).

Moreover, according to different convergence rate for e¥€ry; p,)g pair, we consider a selection
scheme at the end of Section 3.2.3, which makes the algorithm have the same nonasymptotic
convergence order as the conventional stochastic approximation and spend as little as possible on
the projection operation which is usually expensive in practice. At the end, we conduct numerical
experiments to con rm the theoretical results.

From a technical level, we propose a novel proof technique to analyze the discontinuity brought by
probabilistic projection. In particular, we borrow tools from jump diffusion and verify necessary
conditions (e.g., stochastic tightness) to apply it. See the paragraph after Theorem 3.4 for a main idea.
We believe our technique can extend to and help analyze other stochastic approximation algorithms
which can be approximated by a jump diffusion.

1A nite T implies not only the algorithm but also its corresponding SDE do not converge to the optimum.



2 Problem Formulation

2.1 Loopless Projected Stochastic Approximation

Notice that distributed optimization such as FL can be formulated as a global consensus problem
which is a linearly constrained problers][ For the sake of simplicity and generality, we aim to solve
the following problem

minE o f(x; ) subjecttoA” x = 0 (1)

via a randomly (and infrequently) projected stochastic approximation algorithm. In particular, at
iterationn, we rst perform one step of SGD via

Xn+%:Xn nl T (Xn)+ non; (2)

wheref (x)= E p f(x; )and , =r f(xn) r f(Xxn; n). Heref ,gisa martingale difference
sequence (m.d.s.) under the natural ltratlp.; = ( «;!'«;k n+1). We then use the loopless
trick introduced in the introduction, i.e., we independently cast a coin with the head probgbility
and obtain the result,  Bernoulli(p,). If ! , = 1, we perform one step of projection to ensure
Xn+1 fallinto the feasible regionkn+1 = Pa> (X4 %) whereP, » denotes the projection onto the

null space oA~ . If I , =0, we assigrx,+1 as the same value &f, . L i.€.,Xn+1 = Xps L. Itis

clear this algorithn{2) mimics the behavior of Local SGD in FL settings (see Appendix A for the
equivalence).

2.2 Assumptions

For the linearly constrained convex optimization problg we make the following assumptions
which are quite common in the literature. Without special clari cationk denotes the Euclidean
norm for vectors and the spectral norm for matrices.

Assumption 1(Smoothness)We assume thdt: RY ! R is L-smooth, that is,
kr f(x) r f(y)k Lkx vyk 8x;y2RS:
Assumption 2 (Strong convexity) We assume thdt: R ! Ris -strongly convex, that is,

f(x) f(y) hr f(y);x yi+§kx yk?: 8x;y 2 RY%:

Assumption 3(Continuous Hessian matrix)Ve assume thdt: RY ! R is Hessian Lipschitz, that
is, there is a constaril such that

ref(x) r %f(y) rCkx vyk 8x;y2R"

Assumption 4 (Continuous covariance matrixjsiven an m.d.sf g, we denote the conditional
covariance a¥[ ¢ ;[ jF«] = ( x:) and assume it i& -Lipschitz continuous in the sense that

k(x) (y)ks Lkx vyk 8x;y2R%:

Assumption 5. For the m.d.sf g, we assume there existpa> 2 such that thep-th moment of
every element ifh ,gis uniformly bounded, that is,

SUpPEk kP < 1:
n O

The rst three assumptions imply we consider the strongly convex case. The last two assumptions
help us identify the asymptotic variance. Especially, the assumption of uniformly bopr{ges 2)
moments is typically required to establish central limit theore®nd @, 27]. Finally, we want to
emphasize that the stationary condition for the prob{&jrs different from unconstrained ones;

r f (x?) is not necessarily zero, however, its projection into the null spage’ofmust be zero.

Proposition 1 ([25], Corollary 2.1) LetPa be the projection onto the column spacefofindP -
the projection onto the null space Af . Under Assumption 2, the solution ¢f) is unique (denoted
x?). Moreover, we have, - (r f (x?)) = 0.



2.3 Jump Diffusion

Jump diffusion is a stochastic Lévy process that involves jumps and diffusion. Typically, the former
is modeled by a Poisson process, while the latter is modeled as a Brownian motion. It has wide and
important applications in physics, nance[36], and computer vision.

We say a functioti de ned onR is cadlag wheffi is right-continuous and has left limits everywhere.
For a cadlag proces¥ ¢)s o, we denote/; as the left limit ofV attimet. LetN (t) denote the
Poisson process withthe intensity, which quanti es the number of jumps up to the tinaad is
cIeaHy cadlag. We us% (dt)= N (t) N (t ) 2f0;1gtoindicate whetheN jumps at timet

and OT gt N(t)= ;. (BN (t )g g(t ) to denote the integral that drives for a measurable
functiong( ). We will consider a special class of jump diffusion in the following form
dXi = (tX)dt+ (4 X)dW+ "' (t; X )N (dt): 3)

When the coef cient functions (t; X;) and (t; X;) satisfy conditions like linear growth and
Lipschitz continuity, there exists a solution for the jump diffusion (3) (e.g., Theorem 1.19 in [33]).

3 Main Results

In the section, we are going to capture the convergence behaviors of our projected stochastic approxi-
mation method2) from both non-asymptotic and asymptotic perspectives. We consider a speci ¢
family of step size , and projection probability,, namely, n = on andp, = minf ;19

indexed by0 < 1andO < 1, respectively. The choice of step sizgshas been used

to establish CLTs37, 27], while the choice op, is quite novel. To provide a complete picture of
convergence, we will consider almost all combinations @ind .

3.1 Non-asymptotic Analysis

To provide the convergence rate, it is natural to focus on the projectiop ofto the column space of
A (since it is the easiest feasible solution one can obtain &qijn Hence, we decompose the iterated
X, into two orthogonal components, := un, + v, whereu, = Pa» (Xn) andv, = Pa (Xn).2 We
specify the the convergence ratefoku x?k?interms of; andn in the following theorem.

Theorem 3.1. Suppose that Assumptions 1, 2 and 4 hold. ket on andp, =minf ;19
with 0 < 1. Thenfor()0< < 1lor(ii) =1with o> 2= ( isthe strong convexity
parameter of the objective functidr), we have

Ekun X7k2 - O(n minf1;2 2 g):

From Theorem 3.1, as decreases, that is, the projection happens more frequErkiy, x 7K
converges faster. The rate@{n ) when < 0:5, while the rate iO(n 2 @ ))when > 0:5.
Thus there exists a phase transition whegoes acros$:5, which implies we should analyze
asymptotic performances for these two phases respectively. As an extreme, when the
algorithm is possible to disconverge in an artifact quadratic loss with a spAc{see Theorem 3.2).
Though for a speci cA , it could apply to FL (see Corollary 2 in Appendix A.2.1 for the detail).

Theorem 3.2.1f , = on andp, =minfpy n;1lgwith0< 1, for a speci cA, there exists

a quadratic functiorf (x) so thatr 2f (x) 14 andEku, x?k? does not converge . Here
lq 2 RY 9is the identity matrix, and 2f (x) 14 meang 2f (x) |4 is positive semide nite.

3.2 Asymptotic Behavior of the Rescaled Trajectory

In this section, we want to derive an asymptotic convergencé2for Recall that there exists a
phase transition for the convergence rat& &t x?k* when crosse®:5, when the projection

probability is set ap, = . In the following, we will analyze the asymptotic behaviors of LSPA for
the two cases 2 [0;1=2) and 2 (1=2;1).

20ne can check Proposition 4 in Appendix B to see whyis orthogonal to/,, .



3.2.1 Case 1: Frequent Projection where 2 [0; 1=2)

From an asymptotic perspective, the typical central limit theorem (CLT) claigns= %—Xl

would weakly converge to a rescaled standard distribu@dh [t helps us capture the large-sample
convergence behaviors and provide ways for future statistical inference. However, we can provide
a stronger result that captures the asymptotic behavior of the whole trajectory. In particular, we

serialize the sequendel , g by constructing a continuous random function (denmtSH) such that
it starts fromu g”) = up, and ad increases it will pass through,+1 ; Up+2 and so on. We will show

that such a random functiunf“) will weakly converge to the solution of a speci ¢ SDE. From the

SDE, we can derive asymptotic varianceugf and the whole trajectory evolution.

Sinceuﬁ”) should pass alfuxgq n, we can connect these discrete points by piecewise linear
functions. To that end, we rst derive the one-step relation betwgeandu ,+; . In particular,
Un+1 = Unp nbn+p7nr(11); 4)
2 2 1 1
b, = Pp- 1 “f(x7) 2—01f =z1gld Un+ —Ry; (%)
n

whereR, stands for a high-order residual error, arﬁ]d denotes the component of noisgon the
null space ofA . One can nd the derivation di4) in Appendix C.1. Roughly speakin(}) can be
viewed as a one-step Euler Maruyama discretization with timesgdia an SDE, which starts at

un, with local drift coef cient b, and local diffusion coef cienvar( ﬁl) ).
De nition 1 (Time interpolation). Let a positive sequence= f ,g! decrease to zero. For
n2N;t 0 dene
( ) -
N (n;t; )=rrrn1i2nN m n: k>t 5 on()= k; andt ()= Nt ) n
k=n k=1

We introduce a time interpolation for the formal description of the continuous function and fur-

Fper analysis. IntuitivelyN (n;t; ) is the number of iterations at which the sum of step sizes
rk“:iﬂ k is just larger thart andt, ( ) is the approximation of when we only use step sizes

f kOk n. Since n ! 0,t,( ) ! tasn goesto innity. A property of De nition 1 is that

N(n; m() n( ); )= mforanym n. By now, we are ready to construn:in). For a given

n2 N, Ietug”) = u, anddenefort O,

8 9
<N(mg ) 1 =
uf™ = up + Kb+ (t ()b g ).
’ k=n !
8N(n)‘< - 9 (6)
< ¥ =
P— @, P—7sa
+ . k |(() + t LI"I( ) [(\I)(n;[; )
: k=n !
From the construction, we can see tbéf() y = Unsk-

Theorem 3.3(Diffusion Approximation). Let Assumptions 1-5 hold. The following family of

continuous stochastic procesiesﬁ”) 't 0gi-; weakly converges to the stationary weak solution
of the following SDE:

dX{= P A» 1 2f(x?) 2—101f sigla Xedt+ Pao (X7)2dW @)

Further, the rescaled sequente, gﬁﬂ converges weakly to the invariant distribution of the dynam-
ics(7),i.e.,N (0; Y . Here the variance™ satis es the Lyapunov equation

1 o 1
Pp- 1 2f (X?) Tolf :lgld + r2f (X?) Ziolf :1g|d Pa2> = Pa2 ( X?)PA?:



Remark 1. By using the continuous time version of the Lyapunov theorem (Lemma&a))nthe
Lyapunov equation has a unique positive semide nite solution (denotedrom Theorem 3.3

and Theorem 4.1.1 irf], we can tell that when 2 [0; %) our algorithm LPSA achieves the same
asymptotic variance as SGD that also uses the same step size. The typical projected SGD corresponds
to the case =0, while LPSA allows to vary in[0; %). One can reduce the projection frequency by
increasing (equivalently decreasing the probabiliy ). Hence, when projection is expensive, LPSA

is more ef cient in performing projections due to its exible and moderate projection frequency.

Proof Idea of Theorem 3.3. We shed light on the proof idea of Theorem 3.3. From a high level, we
leverage the general theory for operator semigroups, which are developed by Trotter an8 Witz |

19] and are used to analyze stochastic optimization algorithm@.irQur diffusion approximation

results are built on it, but generalize it in the sense that we use the celebrated Prokhorov's theorem to

extend to the whole trajectory. One dif culty is to prove the stochastic tightnefss{ng. To that
end, we make use of a classic result (e.g. Theorem 7.3 of [4]).

3.2.2 Case 2: Occasional Projection where 2 (1=2;1)

When we step into the low-frequency regime where? %; 1, the situation totally changes.
Intuitively, when LPSA performs much less frequent projection, we will frequently use infeasible

to update parameters, which accumulates residual errors. These errors would not only dominate and
slow down the non-asymptotic convergence rate (see Theorem 3.1), but also change the asymptotic
behavior. In this case, we should not only nd the right timescale, but also need to gure out how
these errors are accumulated. To solve the issue, we develop a new analysis routine. In the following,

we considep; = , with > 0.
Our solution is to monitor another random process that is relatedfwitly, which serves as a bridge
to derive the asymptotic behavior fadi , g. The right scale should make the scaled sequence have

non-vanishing expecteld, norm. From Theorem 3.1, it should bg = ,, jVvy. In addition, given
Vp, the candidate value of,+; before tossing the coih,, can be derived from LPSAs Algorithm 1
in Appendix A, and we denote this candidatevas. )

V(n+l) = Vi ndn + n r(12)1 (8)

whered, = r f(x )+ , S, with S, a residual error which satises, S, = o0p(1) (see

Appendix C.2 for more details) and® stands for the component of noisg on the orthogonal
complementary spack? . Due to the probabilistic projection,,+1 takes valuev(,+q)  with

probability 1 » and takes value zero with probability, . Similar to the previous section, we

then construct a cadlag random proceSQ which starts fronv, and will pass throughvy gk n.
We can connect these discrete points with a step function. It results in the following construction

2 .
vi= v ) A ) e DT t2 80 Nt () 9

Vil )= e )

From (9), we can claim thavt(”z y T VNGt ) foranyt 0. With probabilitypy (n.t. ),

Vn(nt ) takes value zero, which causes the procé% to change abruptly at the tinte( ).

These discontinuities about™ prevent the diffusion process from working off) as the result of
Theorem 3.3. Even so, the following theorem shows that we can still nd a suitable process in the

broaderfjumpdiffusion class to approximate(”) .
Theorem 3.4(Jump Approximation). Let Assumptions 1, 2, 4 and 5 hold. The following family of

cadlag stochastic processést(”) ‘'t 0gi-; weakly converges to the stationary weak solution of
the following SDE

dy;=r f(x?)dt Y, N (dt): (10)
HereN (t) represents Poisson process with intensitandN (dt) = N (t) N (t ). Further,
the rescaled sequente, grl]:l weakly converges to the invariant distribution of the dynar(ii€y,

rf) gk fOOK HereE( ) represents the exponential distribution with intendity

L., TFx7k




Theorem 3.4 shows that the sequerhczé”)g constructed by shifting initial points will nally
approximate a jump process with a constant drift g®es to in nity. The SDE10)sheds light on how

vt(”) (equivalently a rescaled versionwf) move ad increases. As the error incurred by infrequent

projections,vt(n) will move towards the direction af f (x ) (due to the drift termr f (x?)dt)
and be periodically forced to set as zero vector ( due to the correcting t¥rm N (dt)). From
a qualitative perspective, the SOEO) captures the periodical behavior vf, hence it shows
without projection the residual error will accumulate along the directianfofx ). As argued in
Proposition 15 f (x?) is unlikely to be zero in our constrained problems.

The remaining issue is how to Iin‘k/t(”) gto ourtargef u,g. Similarly, we should consider a rescaled

Un, thatis,@, :=(u, x7)= ﬁ ;- The following corollary, which is based on Theorem 3.4, shows
when 2 %; 1, @, converges to a non-zero vector. Recall that= %% = 2:51 ®%,. The

equation together with Corollary 1 impli&&u,k = 2°, KkE@,k!1 . Asaresult, the biasin

Corollary 1 instead of the Gaussian uctuation in Theorem 3.3 becomes the leading term hindering
the convergence.

Corollary 1. Let Assumptions 1- 3 hold. Thén := —*—(u, x7?) converges to a non-zero
n o n 1
y
vectorl Pp-. 1 2f (x7) 1—01f s1gl Pa- Pa-r 2f (x?)r f(x?) intheLoasn!1

WhereGY denotes the pseudoinverse of the symmetric m@trix

Proof Idea of Theorem 3.4 The main proof idea is similar to that of Theorem 3.4 except that we
need to handle the jump diffusion which introduces additional discontinuity. As a result, for each

n O fvt(”)gt n is cadlag rather than continuous. We then use the approximation result for jump
diffusions developed by Kushne2()] instead of Trotter and Kurtz's theories. Furthermore, the tool

for proving tightness also needs to change. We replace the classic tdpMith a generalized
determination method, the latter used to establish the stochastic tightness for cadlag processes (e.g.,
Theorem 4.1 in19]). The remaining issue is to gure out properties (e.g., the mixing natur&) @y

To that end, we establish the geometric ergodicity of @€) by combining the coupling method

with the It6's formula for jump diffusions, and show that its invariant distribution exists uniquely.

3.2.3 Summary and Discussion

From Sections 3.2.1 and 3.2.2, for the chgige  ,, when varies, our algorithm has an interesting
bias-variance tradeoff. In fact, Theorems 3.3 and 3.4 reveal that the uctuation isfof order

1
O( #)andthe biasisoford@®( } ). When 2 [0;1=2)the uctuation caused by the randomness
of gradient queries in every iteration dominates the optimization accuracy. And whdi=2; 1),
this indicator is manipulated by the biases formed by the accumulation of skewed updates in the
unconstrained state within each “inner loop'.

In practice, projection is expensive to perform. Hence, it is important to tusmed so that the
projection complexity is minimized as much as possible. We use the average projection complexity
(APC) to quantify the projection ef ciency. For a target accuragy 0, APC is de ned as the number

of projections required to obtain araccuracy feasible solution. We summarize the derived results
and the corresponding APC in Table 1. We can see that APC is minimized whei and ! 0:5.

In this case, APC is approachim.

We nd an interesting parallelism between LPSA and Local SGD. In the case of FL, projection
complexity corresponds to communication complexity, because a synchronization in FL is essentially
a projection in linearly constrained problems (see Appendix A for the equivalence}7]Irte
authors analyzed the averaged communication complexity (ACC) for Local SGD with Polyak-Ruppert
averaging® They considered a general case where the length ahttie inner loop could be up
toEm ;= m with 2 [0;1). After E,, steps of inner loop, communication would perform to
synchronize local models. Hende,, plays a role similar tg, in our paper. Li et al[27] found

that when 2 [0;1), the averaged Local SGD iterates enjoy an optimal asymptotic normality up

SFor atarget accuracy> 0, ACC is de ned as the number of communication required to obtaiaecuracy
global parameter.



Table 1: (Non-)Asymptotic results and projection complexity under different choicg ahdp, .
The rst two columns list the non-asymptotic and asymptotic results respectively, and the last column
characterizes projection complexity.

;) Eku, x’k?® | Asymptotic behavior| APC
1
(0;1] [0;1=2) o L1 31 Normal 3.3 o
T
01 (1=21) |0 ¢ 3.1 Biased 1 O za

1
to a known constant scale and its ACC /s ® . When ! 1, ACC is approaching-, similar

to our case where APC convergesfle when | 1and ! 0:5. Actually, thes- average

communication complexity is actually optimal for any rst-order oracle distributed algorithms, as
shown in B3]. Hence, it implies our LSPA is ef cient and near optimal in projection, because we can
always reduce FL as a special of (1).

4 Experiments

In this section, we validate our theoretical results through comprehensive experiments. Due to space
limitations, we only show some representative results on synthetic datasets under FL settings. For the
results on general linearly constrained problems, please refer to Appendix D.

Experimental Setup We focus on classi cation problems with cross entropy loss, ‘gmegular-
ization is imposed to ensure the strong convexity of the objective function. The synthetic datasets
are generated by followin@fl]. There areK clients and the sample; z«) on thek-th client is
modeled as, N ( ;) andz = argmax(softmax(W xy + by)) where 2 RY 9 s diagonal

with the entry(j;j ) equal toj 2, Wy 2 R® 9 andb, 2 R®. We consider two speci ¢ datasets.

The rst one is denoted biiD , where all the clients share the sakivg andby,,and x N (0;lq).

For this one, we sé€ = 100, d = 60 andC = 10. The second one is denoted Bynthetic  (a;b),
wherea andb control the heterogeneity across clients. Speci cally, each enthy pfandby is
modeled adN ( «;1)with ¢ N (0;a)and k N ( k;1)with ¢ N (0;bly). Forthis dataset,

we setk =20,d =10 andC =5.

We nd that the results oiD are intuitive enough to demonstrate the convergence rates of the mean
squared error (MSHE ku x’k* and the asymptotic behavior of, for 2 [0; 1=2). The results
onSynthetic  (a; b), a dataset with fewer parameters and more heterogeneity, are more appropriate
to illustrate the asymptotic biased#f for 2 (1=2;1). The full results on both the datasets are
deferred to Appendix D.

Convergence Rate We plot the log-log scale graphs of averaged MSEs &vepetitions on
IID vs iterations in Figure 1. The value ofis set as 1; 0:8; 0:6g and the value of is from
f0; 0:2; 0:4; 0:6; 0:8g. For each repetition, we ru2000steps of LPSA. By Theorem 3.1, the slope of
the line in the log-log scale graph should be minf1;2 2 g. Thisis in accordance with Figure 1
when the iteration is larger tha©0 For 2 [0; 1=2), the value of does not affect the slope, while
for 2 (1=2;1), larger and smaller both lead to smoother lines.

Figure 1: The log-log scale graphs of averaged MSHDnN over5 repetition vs iterations.



Figure 2: The heatmaps af, across two orthog-Figure 3: Trajectories af, along two random di-
onal directions ovet00repetitions orlID . rections oveb repetitions orSynthetic (1 1).

Frequent Projection For =1 and 2 f 0;0:2g, we run2000steps of LPSA ovet00repetitions

onlID and pick up the las200iterates. For these iterates, we compute the rescaled vegtasd

project them into a two-dimensional random subspace. Then we plot the heatmaps across the two
dimensions in Figure 2. We observe that the cells near the origin have the lightest colors, and as we
move away from the origin the cell color becomes darker. Since the cells with lighter colors imply
more frequencies, these phenomenons agree with Theorem 3.3, where the limiting distribution of

is Gaussian. The results with other values aind are deferred to Appendix D.4.

Occasional Projection For =0:8and = 0:6, we run50000steps of LPSA oveb repetition
on Synthetic  (1;1). Then we compute the rescaled sequethgeand project them along two
random directiong; ande,. The trajectories depicted in Figure 3 show that the limitegf; e;i
andh?,; e,i are nonzero and verify the asymptotic biasedpfmentioned in Corollary 1. The
results with other values of and are deferred to Appendix D.6.

5 Concluding Remarks

In this paper we study the linearly constrained optimization problem. We propose the LPSA algorithm
that is inspired by Local SGD. The probabilistic projection in LPSA follows the spirit of loopless
methods 16, 12, 28] and simpli es the double-loop structure of original Local SGD, facilitating
theoretical analysis. We thoroughly analyze the (non-)asymptotic properties of properly scaled
trajectories obtained froru, g and discover an interesting phase transition wiergg changes

from asymptotically normal to asymptotically biased as the projection frequency decreases. From a
technical level, we generalize jump diffusion approximations to accommodate the particularity and
discontinuity of LPSA.

There are aIBo some open problems. It is unclear about the asymptotic behayiowben = 0:5,

i.e.,pn = ~,)- The jump diffusion approach fails because we can't analyzeg via the length

of fv,g anymore. It accounts for failure that,g andfv,g are incompatible in the sense that
they use different time scales and the time interpolation. However, we spegylateuld nally
converge weakly to a non-centred Gaussian distribution. In addition, it is also interesting to analyze
the performance of projection complexity of LPSA. From Corollary 1, to achieve a better convergence
rate at lower projection frequencies, we must overcome the asymptotically biased natyreCoie
feasible approach is to build a “de-biasing' algorithm which attenuates the effegtcfring the
update ofu,,. We leave them as future work.
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A Special Condition: Federated Learning

In this section, we focus on the speci ¢ case of Federated Learning (FL). We rst present the FL
problem and establish the equivalence between LPSA and local SGD. Then we restate our main
results under the context of FL. We also discuss related works on distributed optimization.

A.1 The Problem and Reduction

In this subsection, we formulate our algorithm in federated settings and show that it is equivalent to
local SGD. Before we proceed, we rst give the formal statement of our algorithm

Algorithm 1: Loopless Projected Stochastic Approximation (LPSA)
Input: functionf , data distributiorD, initial pointx o, step size , projection probabilityp, .
Initialization: Ietxf)k) = X for all k.
forn=0toT 1do

Sample, D and!, Bernoulli(p,)
Xp+1 = Xn nf f(Xn: n)

if ' n =1 then
Xn+1 = PA’-’Xn+%
else
Xn+1 = Xn+%
end if
end for

Return: Py~ X7.

For typical distributed optimization problems, we can rewrite them as a global consensus problem,
1 X

min ~ E x . My gt x® = = x(N). 11
X® %@ (N N - (k) D kg( ’ ) s.t ’ ( )

where there areN clients, x(X) is the local parameter at thk-th client and ) repre-
sents the randomness from this client. If we concatenate all the local parameters=as

(X(l))>;(x(2))>; ;(X(N))> > 2 RNY and = ( (1); (2); . (N))>, we can rewrite
the equation(11) as the form of equatiofl), wheref (x; ) = & [ g(x®; W) D =
D; D, D n andA” is equipped with a particular structure
2Id lg Og 04 Og 3
A” = E .d I.d .Id _ O.d O.d é 2 RN Dd Nd. (12)
Ou Os 04 1y g

In the expression oA~ , 14 2 RY 9 is the identity matrix an@y 2 R? ¢ is the zero matrix. For
such amA, the operator®, - andP, are easy to compute. One can check that

Paz (X)= x75x7;  ;x7 (13)

and
h is
Pa)= (x® x)7(x@  x)7 s x™x)7
P .
wherex = 1 L x(®. Then we can establish the equivalent between LPSA and local SGD.
At iteration n, the stepX, 1 = Xn nf f(Xn; n) represents a step of local update, that is

xf]kfi = xﬁk) nf g(xﬁk); ,ﬂk)) for eachk. If I , =1, the projection stegn+1 = Pa» (Xp4 %)
2

becomes a round of communication such that all the local parameters share the same value, i.e.,
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@ _ 1PN )

Xpa1 = N i=1 X,y 1 foreachk; if I' = 0, no communication happens am&?l = xfﬁ)l.
) ] 2 P 2
Finally, Algorithm 1 returns the average of all local parameRys x1 = Ni Ezl x(Tk).

The above reduction analysis implies that under the context of FL, Algorithm 1 becomes a loopless
version of local SGD. The main difference between LPSA and original Local SGD is that LPSA has

a stochastic length of local updates, which is determined by how frequent we obgervé. Since

pn gradually decreases, the expectation of local updates would gradually increase. Such a difference
does not deteriorate the convergence under certain conditions, as shown in Theorem 3.1. Moreover,
the probabilistic loop also facilitates theoretical analysis.

A.2 Restatement of Theoretical Results

In this subsection, we examine the theoretical results and give a revision of Theorem 3.2 under the
FL condition.

For simplicity, we dene the population loss function, on cliekt as g (x®) =
Ewp  9gx®; M) Thenwehavé (x)= E p f(x; )= & N5 a(x®),

2
rou(x®)
181 5(x@)
r f(x)= NE :
rgn(x())
and 2
r 2gi(x@) Oq (O
1 Oq r2gp(x@) 0q 2
2 _ .
TNy JEE .
Oq Oq r 2gn (x(N))

We rst focus on Proposition 1. Note that the solution to (11) must be of the form

|
x7= (xP)7:(xP)7;  (xP)> 2 RN

Proposition 1 implies that the solution satis g%;sp N T o(x(?) = 0. This equation does not
imply that ther g (x?) are all equal to zero. In fact, under the heterogeneous setting, whege the

are different due to the diversity across the clients, we typically havgx () 6 0. This is crucial

for the validity ofF'[heorem 3.4 and Corollary 1. As for the homogeneous setting whegge are

the same form® "~ ', r ge(x(?) = 0 does implyr gi(x(?) = 0 and consequently f (x?) = 0.

In this case, Theorem 3.4 and Corollary 1 do not hold any more. However, the homogeneous setting
is beyond the scope of our paper and is left for future work. Thus, we asstiree’) 6 0 from now

on.

Now we turn to the results in Section 3.1. WR » described in (13), we have
Un = (X)) (xn)"5  5(xn)™
P
wherex, = L M, x%. AsaresultEku, x’k*= NE x, x % Then Theorem 3.1

guarantees th& x, x(? = O(n ™nfL2 2 9) which is what we desire. The revision of
Theorem 3.2 is deferred to the last part of this subsection.

As for the results in Section 3.2, we rst take a glance at Theorem 3.3. Since the expresBjpn of
implies we can just focus on the rst dimensions of7), Theorem 3.3 actually characterize the
asymptotic behavior o¥¢9n"—(1) when 2 [0; %). Then we consider the bias vector mentioned in
Corollary 1. Direct computation shows

2 3
O g(x07)
r XN go(x
Parr 2f(x))r f(x?) = %PN § %( ) G (x™7) z

r2gn (x)r gy (xP)
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r2gd(x)r ge(x(?)

Evenifr g¢(x(?) 6 0 for anythhe bias vector could still be equal to the zero vector. For example,
r 2gc(x(?) are all the same and |\_, r gc(x(?) = 0. For such a special case, the convergence of

E x, xO ; could be faster, since the leading term hindering the convergence vanishes.

A.2.1 Revision of the Lower Bound

Finally, we present a revised version of Theorem 3.2. Recall that the Hessian méti(ix) is a

block diagonal matrix. Although Theorem 3.1 provides a counter example for the general case, it
does not specify the form af f (x). Fortunately, withA de ned in (12), we can nd a counter
example such that ?f (x) is a diagonal matrix.

Corollary 2. Consider the probler(dl1). If , = on andp, =minfpy n;1lgwithO< 1,
then there exists a quadratic functibiix) such thatr ?f (x) is a diagonal matrixy °f (x) Iq4

andEkup x ’k? does not converge &

The proof of Corollary 2 is deferred to Appendix B.3.

A.3 Related Work

In this section, we focus on several works that investigate the asymptotic and dynamical nature of
distributed optimization. We can trace this line of research back from the classical 2&iy[
Kushner et al. Unlike the prevailing federated learning algorithm (multi-step local computation
between adjacent communications), Kushner e8] gonsider a random, incomplete decentralized
communication within each iteration. And the randomness of these communications are characterized
by a sequence of random gossip matrités,, g. In particular, the algorithm has the following form,

Local step:X . 1 = Xni + Y

. X . (14)
Gossip stepXn+1 i = Pner (5] )X s 1

j=1
whereW , =[! ,(i;] )]i'?} -, andN is the number of nodes.

For the algorithm, Kushner et aR?] proved that the trajectories of the nal iteration converge weakly

to the solution of the particular ODE as the step sizenverges to zero, and formally discussed

the weak convergence of the rescaled sequences to the solution of a speci c linear SDE (i.e. the
diffusion approximation result). However, there are several limitations to this work. First of all, the
most critical point is that the above theoretical results are discussed in the case of xed step sizes. As
the iteration increases, the variance term of a stochastic approximation begins to dominate the rate of
convergence, and the use of a constant step size at this point will make the effect of variance never
fall to zero. So a xed step size means a xed and nite total iteration (depending on the constant
step size and the required estimation accuracy). This makes all the asymptotic re#}$asq
practical. In addition, the article assumes (without proof) some intermediate results such as tightness
and weak convergence at the initial point, making his theoretical results incomplete.

Thereafter, Bianchi et al2] consider the same random gossip stochastic approximation algorithm.
Unlike [22], Bianchi et al. replace the xed step size with a decreasing step size and obtain the
asymptotic normality of rescaled nal iteration and Polyak-Ruppert averaging sequence. But note
that Bianchi et al. 7] assume that all gossip matrices have the same distribution, implying that
their asymptotic results hold only if the communication frequency does not decrease as the iteration
increases. This is equivalent to the case in LPSA where the projection probability is set as a constant.
In particular, they assume the step size ni satis es that 2 (%; 1]. In the end, neither of the

above two works analyzes the effect of communication frequency on the asymptotic performance of
the distributed stochastic approximation algorithm, which is explicitly re ected in our analysis in the
form of bias-variance tradeoff.
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B Proof of Section 3.1
In this section, we give the proof of Theorems 3.1 and 3.2.

B.1 Useful Propositions and Lemmas

In this subsection, we present some existing results and auxiliary lemmas useful for our later analysis.

Proposition 2 ([32], Theorem 2.1.9, property of strong convexity) f (x) is -strongly convex, then
we have

hrf(x) r f(y);x i kx yk?:8x;y 2 R%:
Proposition 3 (Cauchy—Schwarz InequalityJFor any vectorsa; b 2 RY and positive number, it
holds that

2ha; bi Kak? + = KbK? :

Proposition 4 ([25], Proposition 2.1 and Lemma B.1, property of projectioBuppose thaA is a
p gmatrix. LetP, be the projection onto the column spacedotndP, - the projection onto the
null space ofA > . Then we have

1. Linearity:Pao( X+ y)= Pa(X)+ Pa(y)foranyx;y 2 R°Pand; 2R.

2. Non-expansivenesmaxfkP 5 (X) P a (Y)k;kPa» (X) P 52 (y)kg k x ykforany
X;y 2 RP,

3. Orthogonality: anyx 2 RP can be decomposed uniquely inko= u + v whereu =
Pa- (X) andv = Pp (x) satisfyinghu;vi = 0.

More speci cally, we havePp (x) = A(AA)YAx = (A7)A”x andPyp- (X) = Iy
Pa(x)= 1, A(ATA)YA” x= I, (A”)YA” x withythe pseudo inverse.

Proposition 5 (Stolz—Cesaro theorem) etf a, g andf b, g be two sequences of real numbers such
that

1.0<b;<by< <b, <::: andlim{y b =1.

2. |imn!1 H =12 R.

Then,limun z—n" exists and is equal th

Lemmal. Letfr,g (0;1) be a sequence of positive numbers that decays to zero monotonically.
If fo 1=o0(r,), forp 1, we have that

Mn+1

Pr Q1 1 o
lim n=1"n S= I';-+l =1:
) .
Tl rT

Lemma 2. Letfr,g (0;1) be a sequence of positive numbers that decays to zero monotonically
anda is a positive number. I{r—1 1=ar,+o(ry),forp landl=a>p 1, wehave

Pr Q1
lim n=1 rP s=n+l (1 rS) — 1 .
T et 1 a(p 1)

Lemma 3. Letfr,g (0;1) be a sequence of positive numbers that decays to zero monotonically
andf s, g is a sequence of positive numbers.ﬂﬁ 1=ar,+ofry)fora Oandsy: =

(L rp)sp + o(rn). Then we have, = o(1).

The proof of the three lemmas are deferred to Appendix B.4.
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B.2 Proof of Theorem 3.1

In this subsection, we give the formal statement of Theorem 3.1 and its proof. Before that, we rst

present the one-step descent lemmag ki, x’k? andE kv,k?, whose proof is deferred to
Appendix B.5.

Lemma 4 (One-step descent &ku x 7K ). Suppose that Assumptions 1, 2 and 4 hold. Then
there exists ang such that foranyn  ng,

3L2

Ekuns:  x7k% (1 nEku,  x7K% + nEkv k2 +2 2 (15)

where §) := EkP,- ?K%with =1 f(x?) r f(x% ); D .

Lemma 5 (One-step descent &kv, K? ). Suppose that Assumptions 1, 2 and 4 hold. Then there
exists ang such that foranyn = ng

2 2 2 2
Pk + SNk, KR+ 7Lpi”kr FR+2 2 D (16)

Pn n

Ekvaa k2 1

where @ = EkPa KPwith =1 f(x?) r f(x? ); D .

Now we are prepared to give the formal statement of Theorem 3.1.

Theorem B.1(Formal statement of Theorem 3.13uppose that Assumptions 1, 2 and 4 hold. Let
n= on andp, =minfpy ,;1lgwithO < 1 Thenfor(i)0< < 1lor(ii) =1 with
0> 2= ,we have

Eku, x°k*=0 ,+ 27?2
2

n n
Ekvak®= 0 2

Proof. (Proof of Theorem B.1)

q — .
Letz, = ku, x7k®+ ¢ p—:kvnkz with cg = P 3=(7 ). By Lemmas 4 and 5, there existaig

such that foranyn  ng, we have
|
n D 0] 3=2"
= 1 min 2” +7cl2 Ezy+2 2 ¥

1=2
n

3=2
+TeL? Ik f (xR +2¢p F2pi2 @
n

With p, = minfpy ,;1g for some0 < 1,thereexistsa; ngsuchthatforany nq, we
havep, = po , and

n 2 @, T9L? 35 - 21,2 P— 3=0¢ =2 2.
Ezpn 1 % Ez+2 0 5+ p— g kr f(x")k“+2¢co po 2
17)
ForanyT nq, applying the recursion (1)l  n;) times yields
V1 X 1 V1
Ezr Ezn, 1 2 +2 9 2 —
B 2 _ 2
n=n; n=nj s=n+l
7 L2 ;( 1 ~ ~ W 1
+ I8 f (x K2 32 =2 1 (18)
pO n=ni s=n+l
X 1 V1
+20° 7 9 32 =2 -
n=nj s=n+l
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For case () wher®@< < 1,wehave, = gn . Thus,forthe rstterm, we have
!

1 ] X 1
Ez,, 1 5 Ez,, exp 5 n
n=ni; n=n,;
o(T* ny )
Ez,, exp o )1

For other terms, one can check th{naﬁ 1=o0( ). Then by Lemma 1, we have
! !

2 2\ 1.2 2 M2
Eku, X7k Ez=0 X gTEOK krpi(x Mo 2 g LGTEOK kr;ﬁ)k 2 =2 . (19
0 0

L2kr f(x?)k? 1=2 =2
—p="
Po n

This implies that there exists a positive numbgsuch thaEku, x°k®> ¢
foranyn nj. Substituting this into (16) yields that

7e L4 kr f(x?)K

e B =L e = T
Po
7L2
+ 2 krfxkZE+2 2 P

hold for anyn  n;. Following the same argument as before, we can prove
|

L2kr f(x?)k? '
pz( L (20)
0

2 ? 2
%M 2 2 foranyn n;. Substituting this
0

Ekv,k? = O

Then there exists, > 0 such thaEkv, k2
into (15) yields that

3cL4kr (XK 5 5 122 M
3 " "

hold for anyn  n;. Following the same procedure again, we can obtain
!

Ekun.1  x°k%2 (1 n)Eku,  x7Kk%+

(1) 4 "2
Eku, x7k2= 0 1 4 2K ';F();( W22 1)
0

For case (ii) where =1 with ¢ > 2= , we can still obtair(18). Since , = ot !, for the rst

term on the right-hand side of (18), we have
!

L2 X 1
n
Ez,, ) 1 5 Ez,, exp 5 ] n
n=nj n=ni
INT Inn
Ezn, exp of 1)
2
=0 T o7

For other terms, one can check thﬁlk 1= LO 5=+ 0( n). Then by Lemma 2, we hav@9)

holds for ¢ > 2= . Following the same procedure as before, we can also of#@)nSubstituting
this into (15) yields that

2
Ekunss X7k (1 o)Ekup,  x7K?+ 32 4224

holds foranyn  n;. Since—" 1= %) n + o n), following the same procedure as before,

t+1

we can obtain (21) forg > 2= > maxf2 2; 1g= . O
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B.3 Proof of Theorem 3.2

We rst give a formal statement of Theorem 3.2 that can combines Theorem 3.2 and Corollary 2.
TheoremB.2.If , = gn andp, =minfpy n;1gwith0 < 1, foraspecicA 2 RP '

with r < p, there exists a quadratic function(x) de ned onRP so thatr *f (x) lp and
Eku, x?’k%does not converge 1. Herel, 2 RP P is the identity matrix, and ZFf, x) Ip
means 2f (x) I, is positive semide nite. Moreover, 5 is not of the formrPs = = ,,, eje,

wherel f 1;2;::::pgande; is the unit vector irRP with thei-th element equal té, r 2f (x) can
be chosen as a diagonal matrix such thatf (x) 1.

Before give the proof of Theorem B.2, we rst give the proof of Corollary 2 based on Theorem B.1.

Proof. (Proof of Corollary 2)

With A dened in (12), we havep = Nd andr = (N 1)d. Recall that forx =
(x®)>; (x@)>;  (x(N))> 7 2 RNY we have

> > >

Paz (X)= x7;x7; ;X

- 1 P (k) _ 1 Py o2 . .
wherex = g o X, As gresult, we havBp- €1 = " €1+kd- Thisimplies thaP, -

can not be of the forrP,» = ,, eje] . Thusr 2f (x) can be chosen as a diagonal matrix
Now we present the proof of Theorem B.2.

Proof. (Proof of Theorem B.2

Consider the quadratic functidr{x ) = %x> Bx +¢” x where the positive de nite matri8 2 RP P
and the vectoct 2 RP are speci ed later.

The exact solution to problem(1) We rst compute the exact solution to problet), where
A 2 RP ' for some positive integar< p . With out loss of generalization, we assuraek(A) = r.

Suppose that the singular value decomposition (SVDA @ A = UD oV~ whereU 2 RP P
andV 2 R" ' are orthogonal matrices amdla, 2 RP " is a rectangular diagonal matrix with
diagonal entries in descending order. One can check that the solutfonxo= 0 has the form
x= lp (A”)YA” w = P~ (W) wherew is an arbitrary vector ifRP and(A~ )Y is the pseudo
inverse ofA~ . From the SVD ofA , we have

0 0
I A> yA> = U r r (pr) U>;
e (A7) Op ryr o

whereO,, , 2 R™ " denote the zero matrix and reduce®2 R" " for m = n. We denote the
rst r columns ofU by U; and lastp r columns ofU by U, for simplicity, Then the problen(l)
becomes the following unconstrained problem

>

1 S\YA > >\YA > > S\YA> T A
Wrglgpéw le (A7)A B Ip (A7)A” w+w” I, (A7)A C:
1

= min =wj; B,wsy+ W3 Cy;

wa2RP T 22 2%z 22

wherew, = US> w, B, = U5 BU; andc, = UJ c. The solutionisv = B, 'c,. From the
expression of, (A~ )YA”, we know that the rstr elements ofJ > w will not affect the value of
x. Thus, the solution to the original problem (1x8 = U,B , ‘c,.

Moreover, one can check

v 0r ( > >
Py = U PN U”=UlU
A Op nr Op ) ¢ t
and
PA? - U OOr r OrI (p 1) u> = U2U2>:
(P por
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Recursions ofEu, and Ev,, From the de nition ofu, and the linearity o, - , we have

2?2 ?
Uns1  X° = Pa2(Xp nBXn nC+ nn) X'

= Up x? nPa» (Bxn+C)+ nPa2 g
=u, X° aPa2B@Un x?) aPa?2Bv, Pa:(Bx’+c)+ nPa> n

= U, X’  aPa2BPa2(Uun X?)  oPa2Bv,  aPa»(Bx’+C)+ nPar n:
The optimality ofx ? implies thatP, - (Bx ” + ¢) = 0. Taking expectation yields
Eunsi X°=(lp  nPa>BPa2)Eun x?) ,Pa»B Evy: (22)

As for the iteration oEv. From the de nition ofv,,, with probabilityl p, we have

Vit = Pa(Xn nBXn nC+ nn)

Vn nPA(BXn+C)+ nPa n

Vn nPAB(Un X?) nPaBvn nPA(BX?+C)+ nPa n
:(Ip nPABPA)Vn nPAB(Un X?) nPA(BX?+C)+ nPa n;

and with probabilityp, we havev,.; = 0. Taking expectation yields
EVhs1=(1 pn)(Ip nPaBPA)EVh (1 pn) n[PaB(Eu, x?°)+ Pa(Bx’+c)]: (23)

Simultaneous diagonalization ofP B P, andP,- BP,-  We rst express the two matrices as
follows:

- I Or (nr) > It Or (nr) >
PABPa = U O 1) r 0, , U~ BU O 1) r N U
Bl 0r (n r) > .
=U u’;
O(n ry r On r
ParBPar =U o Orl 0 yrgy o, O Oy

0(n ry r nr 0(n ry r In r

Or Or (n r) >
=U u-;
0(n ry r BZ

whereB; = U7 BU; andB, = U; BU , are positive de nite. We suppose the eigenvalue
decomposition ofB; andB; is B; = Q;Dg,Q7 andB, = Q;Dg,Q5. With Q :=
0, Ql) Or Q(nz " andP := UQ, we obtain the eigenvalue decompositionPof: B Py »
nr r
andP, B P, as follows

PABPA = P ODBl 0'0<“ " P> = PBg,P”
(nr)yr nr
and
Pa?BPs> =P Or O 00 p> = PEs,P”:

O(n ry r DBZ

Proof by contradiction Left multiplication of (23) byP > yields
Evha =(lp Bn)Ew, n(1  pn)Bo(Eun X?) (L pn) nCo: (24)

Wherev'n = P>Vn,BO.: P>PAB,@n = n@Bl+pn|p npn@Blandco.: P>PA(BX7+
c). Adding(polp + Bs,) 'co to both sides of (24), we obtain

Evne +(polp + Bs,) o
=(lp Bn)Ew n(1 pn)Bo(Eun x7) (1 pn) nCo+ (polp+ s,) 'eo
=(lp ©n)Ev¥n +(polp+ Bs,) 1C0] n(l  pn)Bo(Eun X?)
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+[pn Po a1 p)l(polp + Bs,) ‘co (25)
SupppseEku,  x?k?’) = o(1), which jmplies Eu, x? =z o(l). Let [, =
diag Gn.1;0n2;:::;6h amdBg, = diag Gg,:1;0s,:2;:::;08,p . Left multiplication of

(25) bye; gives
> 1 > . > 1 > .
Ee ¥ps1 + ————€Co (1 dhi) Eefvn+ ————e€7Co + 0( n);
Po + OB ;i Po + s ;i
wheree; is the unit vector with thé-th element equal té. Sincedn;; = ndg,i(1 pn)+ pn and

Pn =minfpo n;1g,0( n) = O(Gni ). Lemma 3 impliesEe] vni = g€ Co+ 0(1). It
1

follows thatEv, = (polp + Fs,) 1co + o(1). Thus we have

Eva = P (polp+ Be,) P Pa(Bx’+ )+ ofl): (26)

Denote the limit ofev, byv; and we come back to the iterati¢22). Left multiplication of(22) by
P> vyields

Etthe1 =(1p  n®g,)Eth nP7Pa2Bvy + 0 p);

wheretr, = P~ (u, x7?). Similar to the above argument, addiRg P, - Bv 1 to both sides and
using Lemma 3, we can obtain

P>Pa-Bvy + o(1)
P> Pa>BP (polp+ Bs,) *P”Pa(Bx’+ c)+ o(l):

Etp,

It remains to prove that there exists a positive de nite ma@i2 RP P and a vector 2 RP such
that the limit is nonzero.

Speci cation of B andc  From the expression of?, we have

Bx’+c=c BU,U;BU,) 'Ujc=(l, BU,U;BU, *Uj)c:
Dene® =1, BU,(U;BU;) U; forshort. We examine the column space®fwhich is
denoted byR (). We can easily ndJ; B = O, ) . ThusR(B) R (U;). On the other hand,
we have®U ; = Uy, which impliesrank(®) rank(U;). As aresultR () = R(U1). Then for

anyz 2 R", there exists & 2 RP such that¥c = U;z. It suf ces to prove that there exists a positive

de nite matrixB 2 RP P and a vectoz 2 R" suchthaP > P> BP (polp + Bg,) P> PaUiz
is nonzero.

SinceP = UQ, P4 = UjU>, Py» = UyU>, Q = Q1 O @ n , Bg, =
O(n ry r Q2
DBl 0r (n r)

- >
O 1) r N andB; = Q;Dg,Q7, we have

P> Pa-BP (polp+ Bp,) P PaU;z

= Q”U”U,UJ BUQ (polp + B5,) Q7 U Uyz

. 0 (pole +B1) * 0 (o 1) z
= B[UiU
Q" up BV T 0 A

- o 0
U5 BU 1(polp + Bg,) 'z
Then it suf ces to prove that there exist a positive maBix2 RP P such thatJ; BU ; is nonzero.

Then the column vectors &f; andU, form an orthonormal basis &P.

If there existi,j andkg such thapy,;,; 8 0, Then we can takB as a diagonal matrik, + E
whereEj; igthep p matrix with (i; ] ) entry equal tdl and others equal t. The(j;i) entry of
U;BU ;s E:l Pi Oki + PkoiOkoj = Pkoilkoj 6 0. And one canchecB .
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Otherwise, there must existj , ko andlg such thap,ig,; 6 0 andko 6 lo. Since in this case
Pki G = O for anyk, then we havey,; = pi,i =0. We takeB =21, + Ey,1, + Eiyk,. Then the

(i) entry ofUZ BU 102 P_; PkiG + Proiloj + PloiCkej = Pkoiloj 6 0. And one can check
B Ip.

As a result, there always exidis andc such that the limit okEw,k is nonzero. This implies
Eku, x°k*6 0(1), which induces a contradiction.

In the latter case, for ang; 2 RP, eithe,g,ei> Ujpore U;is zerop Note that; andU, are of
full column rank. Then we havl, = i21, €i p7 andU; = i21, i qj> wherejlij = r,
flaj=p r o[ l2=1L2:00pg, 11\ 12 = 2, p; (i 2 1,) are orthonormg] basis &' and
& (j 212)are orgwonormal basis " ". As a consequenc®, = U;U; = i21, €i e’ and
Pa» = U2U; =, , g€ . Thisimplies thatifPs is not of this form there must exigfj; k o
such thapy,i g,; 6 0. Then we can chood® as a diagonal matrix such that | . O

B.4 Proof of Lemmas 1, 2 and 3

Proof. (Proof of Lemma 1)

P
Denear = |, rﬁQ2:1 - andbr = r? 1Ql:1 1—. We rst prove thatbr,; > by for
suf ciently large T andlimt,; by = 1 . Since
bT+l _ Ft+1 Pt 1
br rr 1 rra
1

= @+ o(rr)P 1 (1+ 1142 +0(rr41))

=1+ ofrr+1 )X+ rrer + 0O(rr41))
=1+ rrep + 0(rr41);

1 -

In+1 -

then we havdsr.; > b for suf ciently largeT. Besides,rnrz1 1=o0(rn) ipmplies%
1=

o(1). By Stolz—Cesaro theorem, we haimi; % = 0 andlimpiy 43217r5 =0. Asa
consequence, .

br  r? texp rs

= |

1 ;1 re X _

exp P+—— 1=s
s=1 1:Ss:1
o

r® Texp PTSLlsIogT

=s

sl P I #

%}

1
—
—0T

.
=(Trr)? texp PTSL;S p+1 logT
s=1 5

Thuslimti;;  br = 1 . Now we use Stolz—Cesaro theorem to priner; ";T—T = 1. With the
de nition of ar andbr, we have

¥ 4

ar+  ar = r$+1

and

bre br




It follows that

ar+  ar _ rfa

brei  bro rPb R Rty
_ 1+
S 1 (rr=rra)P T4 rra (rp=rra )Pl
_ lt+1
S 1 @+ o(rr))P T+ rraa (14 o(1))
_ M1+
T oo(rr)+ rra1 (L+ o(1))

1 .
1+0o(1)’

which implieslim 1, % = 1. By Stolz—Cesaro theorem, we obtain what we want. [

Proof. (Proof of Lemma 2)

Denear = |, P~ 2 andbr = r? 1Q1:1 - We rst prove thatbr., > by for
suf ciently largeT andlimt,; by = 1 . Since
br 1 = IMtw Pt 1
br re 1 rra
1

S @rary v oyyp LT T o)

_ rr
=(1 a(p Lrr+ofrr)) 1+ m +0o(rr)

=1 a(p Drr+o(rr))(L+ rr+o(rr))
=1+[1 a(p Drr+ o(rr);

then we havebr.; > bt for sufciently large T. Besides,-'® 1= ar, + o(ry,) implies

Mn+1
n —_
% rnlﬂ = a+0(1). By Stolz—Cesaro theorem, we hdire;; -2 = aandlim,;; P =

nrn s=1 I's
a. As a consequence,

br  r? texp rs

-1 |

—_ p 1 s=1 rS -

=r; "exp pPe—— 1I=s

s=1 _Sszl
P

T

r? texp P2 logT

sl 1=s

1]

! #

T
(Trr)P Lexp PTSL;S p+1 logT
=1 =S

=(1=a+ o(1))* lexp[(1=a+ o(1) p+1)log T]:
ThUS“mT]]_ br =1.

Now we use Stolz—Cesaro theorem to promer i, iT—T = m With the de nition ofar and
br , we have
¥ 4
ar+1 ar = r$+1 1 t
s=1 S
and
1
—,p 1 ks 1 p1 v 1
b'I'+l bT - r‘|'+;|_ 1 r r'|' 1 r
s=1 S s=1 s



:(r%)'+1l I’$ 1) 1 r trr Yrra 1t
s=1 S s=1 S
It follows that
ar+1  ar _ M7
I N L S £ R
— Mr+1
1 (rr=rran)? T+ rrag (rr=rrag )P 1
_ MT+1
1 (A+arr+o(rr))P t+rre(1+arr +orr))P *
_ 141
1 1 a(p Drr+ofrr)+ rre(1+ 0(1))
_ 1
a(p Drr=rrs +0o(1)+1+ o(1)
— 1 .
1 a(p 1)+ o(1)’
f : . : ar+ ar  _ 1 N :
which implieslimy in bTT = Tap o By Stolz—Cesaro theorem, we obtain whaDLt we
want.

Proof. (Proof of Lemma 3)

Suppose that, = o(1) does not hold. Then for any positive numBer 0, there exists a sequence
of positive integer$ n; g that increases td  such thas,, ". From the recursion of,,, there exists
a positive integell such that

Sn+e1 (2 rn)sn+§rn 27)

foranyn T.Forn; > T, we have

Sh; (1 M, 1)Sni 1t érn‘ 1 (@ In; 1)Sni 1+ "rn, 1t
It follows thats,, 1 ". Sincen; increasestd , we haves, " foranyn T by induction. For
anyT; > T, summing (27) fronT toT; 1, we have
X’l Tx 1 Tx 1 " Tx 1
Sn Sn Snfn + > Mn:
n=T+1 n=T n=T n=nrt

Rearranging the terms yields

T 1 W TY 1 w Y 1
St St, t Snln > M ST, + 5 M
n=T n=T n=T
. P N 1=s . T
From the proofs of Lemmas 1 and 2, we héive, ; J% = a. Thuslimy, 1 netn

1 , which induces a contradiction. As a consequence, we fraveo(1). O

B.5 Proof of Lemmas 4 and 5

Proof. (Proof of Lemma 4)
From the update rule and the linearity®f - , we have
Ekuns1 X’k = EKPa> (Xn  nf f(Xn)+ nn) X)K?
= Ekup X7 oPar (rf(xn) 1 FOX7)+ qPa» ok
Ekun, x’k®+ 2EKPA- (r f(xn) 1 f(Xx?)k?
2 0Ehug x7Par (r f(xa) 1 f(X7)i+ 200 (28)

n
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where the last equality is due to tHat,gis a m.d.s. and M .= EkPA» k2.
For the second term of (28), we have

kPa» (r f(xa) 1 F(X")K2 = KPa» (r f(xn) 1 f(un))+ Pa-(r f(un) r f(x7)K
(a)
kP> (r f(xn) 1 f(un))k®+2kPa» (r f(uy) r f(x?)k?
(b) 2 2 2 21,2
2L kvpak®+2L ku, x°k°;
where (@) is by Proposition 3 and (b) is due to non-expansivend3g-ofand smoothness 6f. For
the third term of (28), we have
hu, X7 Pa-(r f(xn) r fX?)i
@ huy x%rfxa) r (X
= hun x%rf(Xn) r f(un)i hun x%rf(uy) r f(xi

(b)
7 kun x K% + 1krf(xn) rofun)k®  kup x°K?

(c) 2
3 kup Xx°K®+ L kv k?;
4
where (a) follows from the orthogonality betweBR andP, - , (b) is by Propositions 2 and 3 and

(c) is due to the smoothness of For the last term 0f28), we rst show thatj 2% %l)j

dLEkx, x’k. From the de nition of 511) and %1) , we have

j @ ©i= Etrace Par(n i (7)) )Pa-
= trace Pa>(En . E 7(?))Pa-
dkPa» E(( Xn) ( X?))Pa-k
dLEkx, x7k;
where the last inequality is due to the non-expansiveneBg of and Assumption 3. It follows that

1 . 1) .
M Do G

? n

M+ dLEkx, x°k
)+ dLE(ku,  x’k+ kv,K)

D de o2 )
: +71E(kun X 'k + kv k%)
2 ¥

#
@, g

' dL
d’L? d’L?
=2 &4 ——Eku, XK+ ——— kv K2
2 & 2 &
where (@) follows from Proposition 3.
By substituting these inequalities, we obtain
3 d’L?
Ekups X7k 1 o +2L2 2+ — 3 Eku, x’K?
25
2L2 d’L?
oS a2t i oy § Ekvki 2§
?
(a) 4.2

1 n)Eku,  x7k%+ nEkvok?+2 2 @,
where (a) holds if is large enough. O

Proof. (Proof of Lemma 5)
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From the update rule and the linearity®f , we have

Ekvnia K2 = (1  Pn)EKPA (Xn  nf f(Xn) n n)K?
=1 pn)Ekvn  nPar f(Xn)+ nPa oK
=(1 po)Ekvak?+(1  pn) 2EKPar f(Xn)K? (29)
21 pn) nElvgPar f(xn)i+@  pn) 2 @,

where the last equality is due to tHat,gis a m.d.s. and 32) = EkPa n 'S
For the second term of (29), we have

KPaT f(Xn)k? = KPa(r f(xn) 1 f(un)+rf(un) r f(x?)+r f(x?)k?
(a)BkPA(rf(xn) r fU))KE+3KPa(r f(un) 1 fF(X?)K2+3KPar f(x7)K?

(b)
3L2kvpk® +3L%ku,  x7K?+3kr f(x7)K*;

where () is by Proposition 3 and (b) follows from non-expansiveneBg cdind smoothness 6f.
For the third term of (29), we have

hvp;Par f(xp)i

@ v f(xp)i

= hvnir f(xn) r f@un)i hvar f(uy) r £(x?)i hvyr f(x7)i
(b)

kv, k% + ;n kv, k% + Zp—”kr f(up) r f(x?K*+ Pn kv, k% + 20
n

kr f (x?)k?
n 8 n Pn (9

(c)

2
kv, k2 + f“ kv, k2 + 2L" kup, x7K%+ Zp—“kr f (x)k?;
n

7n Pn

where (a) follows from the orthogonality betweBR andP, - , (b) is by Propositions 2 and 3 and
(c) is due to the smoothnessfof For the last term of (29), we can obtain

d?L2 d?L2

@ 2 @4 "= FEku, xK+ —— kvpk?
(2 D)
2§ 2§

by following similar procedure in the proof of Lemma 4. By substituting these inequalities, we obtain

2 22, Pn d?L? 2 2
EkVn+]_k (1 pn) 1 2 n +3L n + — + n EkVnk
2 9 (?2)
42 2 d?L2
+ N 4+3L2 2+ 2 Eku, x7°K
Pn 2 (?2)
v 032 ix)KRe2 2 @
pin n r (X ) n n
(a) 7L2 2 7 2
1 %“ Ekvak®+ = NEku, x7K+ Nk fx)KC+2 2 @
n Pn
where (@) holds ifi is large enough. O
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C Proof of Section 3.2

C.1 Proof of Case 1

We can deduce the recursive relationshipi gfby the de nition ofu,, and the update rule (2).

Unpn+1 = PA? 4p277

1
= Pa? p—(Xn nf f(Xn)+ non X?)
n

p
= o tuy PoPas f(r (k) T FUA) (T f(U) T F(X)a+ P oPAr 1
n Zl
= ptu, PP A @CH@ Qupdt ug+RP+ PR
n 0

1 —
=un aPar TAO) 51 gl untRP RO R P

. (30)
WhereR 51'); i = 1;2;3are higher order term with respect tp with the form:
R = PPy (11 (xa) 1 (Un)
RO = 1 My oty (o PP A (X
n ; 20f-1g Un +( n n n 1)Pa>r “f(x)up (31)
1
RO = PP, 2 (x?) P2 X7+ tuy)dt up
0

Where ,, is an entry-wise linear interpolation point from, to x” and Lemma 6 shows tha%Rﬂ)
areo(1) in some sense.

Lemma 6. When Assumptions 1, 2 and 4 hold, anddet ; where 2 [0; 1=2), then for any
i 2f1;29, EKR{’k2 = o 2). ForRY , we haveEkR P k2 = O( 2) andEKRP k= of ).

We rst show the tightness of the rescaling sequence we built. Actually, we make use of a classical
criterion (Theorem 7.3 in [3]) to prove this propertymﬁ“).

Proposition 6. The sequence(™ is tight if these two conditions hold

1. For each positive, there exists ama and anng such that

P(kuphk a) 8n ng (32)

2. ForanyT > 0O, for any positive; ,a exists and an integerg exists such that:

P sup u{™ u{™ on . 8t2[0;T] 8n ng (33)
s2[tt+ ]
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Proof. (Proof of Lemma 6) When < 1,

EkR V) k2 nEkr f(xn) r f(un)k®  GL2Ekvpok?- L2, 22 =of 2
r 2
1 _
ERR@KE - 1 i oa(, Pz 2w P Py
n n
(n n1)?_ 2_ 42
- ————=[1 (@+o( )] =0 {)
n
Z 2
2 1
E R® 2E ref(x*+@ tuy)dt r 2 x?) u,
0 (34)
- nEkupk® =0 f)
1
E R® - .E r2f(x?+@ tup)dt r 2 (x?)  kupk
0 Zl
- nEkunk r2f(x’ (1 tu,) r 2 (x?) dt
0
Z1

- aEkupk (1 t)ku, x’kdt- 3PEkunk®= of »):
0

1
-

And when

2 1 1 1 1 1 1
ER® - 1 1+ — o+ Z(p= p——)?=o(=
n n 1 2n n( n n 1) (n2

Lemma 7 (Tightness ofu("). Suppose that Assumptions 1, 2 and 4 holds, and assume that there

exists a positive number> 2 such thatsupEk ,kP < 1 . Then the sequence of random processes
n 0

fu(Mgis tight under the Skorokhod topology in nite interval.

Proof. (Proof of Lemma 7)

From the construction oiﬁ“) we know it is a continuous process. What remains we have to do is to
verify two conditions (32) and (33).

For the rst condition about initialization of the process, it is easy to check by the convergence rate
result foru, x72.

For the condition (33), note that we have

9
<N(mg ) 1 =
u(sn) uEn) = kbk (t Ln( ))bN(n;t; ) (S §n( )bN(n;s; )) .
é k=N (ngt; ) ’9
<N ) 1 p p = (39)
+ . T k t En( ) N (n;t; )+ S §n( ) N (n;s; ).
’ k=N (n;t; ) !
= B+
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From the discussion following Lemma 6, we can see Eidi, k? is uniformly bounded. So
!

N(gs: )
P sup kBk = p@ ckbk  =A
s2[tt+ ] 2 2

k=N (ngt; )
4 R
75@ « Kby kA
k= G
o 1
4 R RS 36
‘e AE@ Kogea 39
k=N (nt; ) k=N (nt; )
1,
4 N @@s: )
— SUpEkbyk? @
k k=N(nt; )
C( + n)2@ (+ )0
2 4 2

Where (a) and (b) holds when we take ,, < 4—; and ,, <

On the other hand, thanks to the property of monotone interpolation, we have
N(ng ) ] D
k k max K

t 60) Nt ) 37
j2f 0;1g N ) k k th() Nt ) (37)

By leveraging the Doob's inequality and the assumption of bounded p-th momentwé can get

! 0 ,
X o o S
P sup k k 3 P@ max P2 Tt 60 N ) éA
s2[tt+ ] J (nis; ) K=N(nt )
. p
» NS, p
e k k t Ln( ) N(nt; )
k=N (n;t; )
N (s )
(a) 2P _
R P2EK kP
k=N (n;t; )
c 3 N s )
N k
k=N (n;t; )

(b) C p (¢) +
T,HZl("'n u _

4 2

(38)
Where (a) holds by the Burkholder's inequality and (b), (c) hold when we chq%sle :—C and

No .

Combine (36) and (38), nally we can derive that

P sup u™ wu{™ n P sup kBk = +P sup k k
s2[tit+ ] s2[tit+ ] 2 s2[tt+ ] 2 (39)
—_ — =
2 2
So far, we conclude the proof of Lemma 7. O



Lemma 8. Suppose Assumptions 1, 1 and 4 holds, and assume that there exists a positive number
p > 2 such thatsupEk nkP < 1 . And suppose
n 0

E[. JjF ™

in probability
Where

(40)
is a positive de nited  d-matrix. Then for anyC? functiong : RY | R, compactly
supported with Lipschitz continuous second derivatives, we have
Elg(un+1) 9(un)iFnl= nLg(un)+ RY (41)
WhereinRﬁ I 0in L andL is the in nitesimal generator de ned by
8 2C?(RP) L (X)= P ,-

r2f(x?)

. 1 2
2—01f z1gld PazX;r +§tr r< (x)

(42)
Proof. (Proof of Lemma 8)

C will represent a universal constant whose value may change from line to line, for the sake of
convenience. We use a Taylor expansion betweeandu , +1
1
g(Un+1) g(un) = hrg(un);Uunsa  Uni+ E(Un+1 Un)”r ?g(un)(Unss  Un)

# YU U 200 0) T 20(Un) (Une  Up)
P {z

R

(43)

Sincer 2gis Lipschitz continuous and compactly supportedg is also -Hélder continuous for all
2 (0;1]. Then combine the equation (30) we can control the ord& .

EKR®k - Ekup+  unk®

2+
E oPar TH() 5=l cgle Parunt RP+RE+RE+ P
1+

nn

Sowe deduceln—Rﬁ“) I 0inL;. Further, we make use of the update formula (30) again

Elhr g(un);un+1  UnijF o]

1
=E hrg(un); nPa» r2f(x?) z—olf c1gla Parun+R® +R® + RO +

P nilF .
2 b . )@ AT
= B hrgUun)iPar 12 0C) 5=l agla PasuniFo + Efhrg(un)iRYF o]
i=1
(44)
Note by Lemma 6, we have
R o
EE rg(un); Fn E rg(un);
n n
0 1. 45
RS RE %) )
-E @e A =o0(1)
n n
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And at last,

1 Ry .
EE (Un+1  UR) rzg(un)(unﬂ un)jFn
3
=?nE ar 2g(un) njFn + ?nE bn;r 2g(un) n (46)
2
+ - Etby;r 2g(un)bni

Causeg is compactly supported, the normwofg is bounded. And by Lemma 6, we can deduce
Ekb, k? is uniformly bounded. Therefore, the last two termg4#) areo( ,). Combine the above
analysis, we have

Elg(un+1)  9(un)iFn]
= 5 orgun);Par r3x?) 2—101f s1gld Pa-un + ?” r 2g(u,); + RY
(47)
with EKRZK = of »).
O

Proof. (Proof of Theorem 3.3 The proof of this main results is divided into two steps. At rst, we
prove that every weak limits of sequence of random prote$¥ g is a solution of the martingale
problem(L ; C), whereC denotes the class @?-functions with compact support and Lipschitz
continuous second derivativds.is de ned by(42). Then, from the property of Langevin dynamics,
we know that(7) convergence to a unique invariant distributioh Further, by proving that the limit
of every weakly converged subsequence equals tand combining it with the Prokhorov's theorem,
we concludeu, converges to ? weakly. Finally, repeat the rst step of this proof, and we have

fuﬁ”)g converges to the solution of equation (7) with initial distributioh

Step1 Letg belong toCand IetFt(”) denote the natural Itration aﬁﬁ”). We aim to derive the

following equation, which can guarantee that every sub—limftLq(I“)g is a weak solution of the
martingale problengL ; C).

Z,

st 0, gu™ gul Lg ul™ ds= M ™)+ R{M9) (48)
0

WhereM ("9 is aF (M -martingale anR ("™’ converges to zero ih;.

In fact, we set

. N(n% ) 1
MM = fo(uis) 9k E[g(us)  g(ui) jFilg
k=n+1
Zt
RM) =g u™ g ug') Lg u™ ds (49)
t,
Zy N(mg ) 1
+ Lg uf™ L g u{™ ds+ R
0 k=n
From the de nition oqu”) (6), we can get
p
Ugn) ug]z ) :(t Ln( ))bN(n;t; )+ t In( ) N (nit; ) (50)
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Which satis es

O S
Eu™ u) (t ty( DEKb okt (K N K

- N(nt )

(51)

Plug the abozye bound into the residﬂeﬂ”;g ), and note the Lipschitz continuity and boundedness of
g; r gandr “g,

Eoui™) oufy) - Eu uty = o)
Zt Zt
E Lgu{™)ds - C- N )= 0d)
ta () t, ()
Z,() Zt.() (52)
E ; Lg(ugn‘)( )L gui™yds - E ) u(;)() u™ ds
Z4,0)
- PG P= o

Further, attributed to Lemma 8,

N(mg ) 1 Nt ) RY
E Ry kE —X
- _ k
k=n k=n (53)
g Nt )
Supe —k k- o(1)t = o(1)
k n k K=n

So far we can say th&R (™9j1 0; n11

Step 2 Now we suppose that there exists a weakly convergent subseduenagt_, with limit
distribution ~. We should introduce some new notations. Fo2 N andt 0, we de ne

Pl
M(n;t; )=min m O; it oandth( )= g, M (nt; ). FoOrthe properties of step
i=m
size sequence,, wecanafrmt t;,( )! Owhenn!1l
n o]
By leveraging the Prokhorov's theorem, for afiy > 0, we know that u™ ™" ) has a

Wweakly conveggent subsequence. Without loss of generality, we can assume that the subsequence
uM (T D tself converges weakly to a solutiarf” of the SDE(7) with initial distribution

~(T) Owing to the tightness of the whole sequehoé g, for any given > 0, there is a compact set

K RY only depends on such thasupP(u, 2 K ©) . This makes us nd the following holds:

~T(K) 1 foranyT > 0. "

By the geometrical ergodicity of the dynamics (7), we can chdosauch that

sup sup PT g(x) h 7:qgi (54)
x2K g2C

WhereP represents the Markov semigroup induced by the $DEIn virtue of the approximation of

@ ), () toT and the tightness of the sequenc®), we are able to deduce that, (= ug(;‘k(ﬁ): )

converges weakly to the limit random variable of the 1~:equaarﬁ\ﬁé”“;T e, u;(T ’. On the other

hand, by assumptiom,,, converges weakly te. Thusu ;(r o
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Given anyg 2 C, it is not dif cult to derive the fo%owing bounds

jh<gi h 7gij= Eg u{’ E-g= PTg(x) E-gd{T)(x)
z
PT g(x) E -gd~T)(x)
z z
= PTg(x) E-gd-{T)(x)+ PTg(x) E-gd~(x) (55)
K K¢
z

PTg(x) E -gd~T)(x)+2kgk; ~T)(K®)
K
(a)

+2 kgkl

Where (a) holds for sake ef T )(K ) 1  and(54). We obtain~= ? by taking ! 0. Finally,

owing to the Prokhorov's theorem, we have proved thatconverges weakly to”. Further, the

sequence of random proceusg‘) converges weakly to the dynami€g with stationary distribution
? as initialization.

O

C.2 Proof of Case 2

We rst complete the formulation of the recurrence relationdgrthat was omitted from the main
text
Vint1) = n 1|:)A (Xn nl T(Xn)+ non)
1
= Vn nPar f(Xn)+ ,Pa n

1

= n Vi o (X7 L Pa(rf(xn) r f(up) (56)
n 1

WPa(rf(un) r f(xX?)+ ,Pan
=vo T S S s P P
=vy, dnt , @

Whered, = r f(x?)+ LS& + 15@ + 150 with higher order terms
n n n !

s = 1 I v,
n 1

nPa(r f(xn) r f(un))

nPa(r f(un) r f(x?)

We can see from the Theorem 3.1 that bgi?} and% are of ordero( } ) inL;. Moreover,
owing to the slow diminishing property of step sizg, g, the following bound holds

s (57)

s®

n o1 n o1 (58)

=1 (A+0(n) =1 @+ O(n)=0(n):
So
o)

1
—E s{ =0(, ) (59)

n n
As in the derivation process of the rst case, we rst need to focus our attention on the discussion of
tightness of the sequence of random prodfeég) gt_; . While the discontinuity of these processes

constructed by (9) prevents the property 6 from being used to verify the tightnés,‘s"bg. Hence,
we will leverage the following more general criterion for tightness proposed in [19].
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Proposition 7. Letf x, (t)g be a sequence &9-valued processes whose sample paths are cadlag.
Let

' (Xn;;T)=inf max sup  kx; Xsk: (60)

ftig 1Tt , s<t<t

Wheref t;g ranges over all nite partitions of the forld =t t; <t, < <t, 1<T ¢t
with 1min (ti  t 1) . Then the sequence of procesberg(t)g is tight if and only if,
r
1. foreveryT > Oand > O, there is a compact s& such that
Iirminf P(xn(t)2K; 8t2[0;T)>1 ; (61)

2. forevery; > 0,andT > O, thereisa > 0such that

Iinrlsup P(! (Xn; ;T) )< : (62)

Denotel ,(T)= N(n;t; ):t2][0;T] NandL,(T)=f .k n: k2l ,(T)g. From
the update rule of parametric sequehgg g and the construction of the rescaling proct—xsg‘)g, an

intuitive fact is that the discontinuous pointsuff‘) in the interval[0; T] belong toL , (T). And we
have the following lemma to support the proof of tightness.

Lemma 9. For the sequence of cadlag procesée$™ g, consider the time point sét, (T) such that

n o
Jon(M= N(mt ):t2][0;T] andvt(”z , 6 vfnz ) (63)
and let
(JIn(M)=min j nsx( ) ne1(C )j k123 ,(T) andk 6 | (64)
Then there is a universal consta@tand anng 2 N subject to for any > 0
P(( Jn(T)) < ) C 8n  ng: (65)

Proof. ( Proof of Lemma 9)
By the sub-additivity of probability and the jump scheme proposed in the Algorithm 1, we have
P(>(( In(T) <)
POk )I2In(M)stj i ) nek( i< 5 k2I0(T)

k2l T
(7 X
Pfl2J,(T);k2J,(T)g
k2l n(T)0< n+0( ) nsk( )< 1
X X
pn+k@ |On+|A (66)
k2l o (T) cg net(C ) k()< 1
X X
2 n+k@ n+l
k2l o (T) 0< n+t( ) n+k( )<
(a) X
2( + ) he 2 %7
k2l o (T)
Where (a) holds when we lef, . We conclude the proof by letting=2 2T. O

Lemma 10. Suppose that Assumptions 1, 2 and 4 holds. Then the sequence of random processes
fv(Mgis tight under the Skorokhod topology in nite interval.

Proof. (Proof of Lemma 10) What we need to do now is to verify the conditions in the Property 7
one by one.
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For a given patlv (™), denotet = maxfs 2 L ,(T)\ [0;t]lg[f Og. Thenvt((n?) = 0 whenevet? > 0.
LetR > 0, we have the following inequalities
!

P sup v{" R

t2[0:T] |
n 0 ’
P sup v vt(”z , ot vt(”z ) vied + vl R
t2[0;T] = =" " "
2 " q @ 4 ™ m %, 20 o
R tf[;{?] L) ducy o Vi,( ) Ve rE Vo
2 2
ZE sup v{™ v&“))o + —Ekvpk
R o, (m) n R
1 (67)
—E sup Podi+ + —Ekvhk
R warn(m) i, R
n+suan(T) 1
2 2
== E di+ @ + SEkvpk

i=n

2T+ ysupE di+ @ + ZEkvnk
R n2N R

@Q1+T)

R
Where (a) holds for the uniform boundednes&kél, + ,(12) k + Ekv,k. And the nal inequality
holds when we tak& > S2* 1) Thus, the rst condition of the Proposition 7 holds fo").

As for the second condition, what we should do is to construct an appropriate partition that makes
I (v(M: :T) de ned as (60) as small as possible.

Foragiven; pair, let < 5z, then fromthe Lemma 9itcanbe seef( J,(T)) < )< 5. Now
giventheevenE= f ( J,(T)) g, we choose the partition pointsy g 2 [0; T] recursively from
the set_,(T) such that the partition satis es the following properties:

1. mkinfk k 192[;3)
2.J,(T) f «g

Let ¢ =0 and suppose we have constructed the partition points ; ¢ 2 [0; T] with inductive
assumptions:

1'in?<mlf i+1 ig2[;3),

2.3n(k) T o5 1 k9

3. there is no discontinuous point(ng; x + ),i.e.Jn(T)\ (k; k+ )= ?.

We will use these results to nd the next partition poipt; . Dene w+; =minft:t ¢ it 2
L»(T)g, we use the following scheme:

S 9S82 (w+1;wk+a1 + )\ a(T)

K+l Otherwise (68)

k+1 =
From the property of the eveRtwe know there is at most one discontinuous poirttin, ; «+1 + ),
which means they,; is always well-de ned. Thenwe have .1 « k+1  "k+1 Tkl
K + 5+ 3 . Where the last inequality holds when we choonsesuch that ,, < . Thus
k+1 Satis es the rstinductive assumption.
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By the third inductive assumption of, we know there is no discontinuous point(in; %+1 ). On
the other hand, ifx+1 2 J o (T), then( y+1 7 k+1) \J o (T) = ?, and especially we have
[«+1; k+1)\J n(T) = ?. Hence, the second inductive assumptionf has been proved.

Finally, if x+1 = ~k+1, then from the recursive construction sche®®) we know( x+1; k+1 +
NI n(T)=(~k+1;x+2 + )\J o(T) = ?. Else, x+1 mustbelongtd ,(T). Combining the
de nition of E we can make sur€g+1; k+1 + )\J n(T) = ?. Atthis point, the proofs of the
three inductive assumptions og.; are all complete.

PC(vM;5T) ) PC(™;;T) B+ PE)

P max  sup vi" oy TE o+ =
Ko tes< wm | 2
' 69
2P sup v vt(”z 3t (69)
t2[0;T] = 2 2 |
(n) (n) .
+ P max su \Y v - E
X ok Vne Vs 2
We will give the bound of two probabilities respectively. First,
1 I
(n) (n) — (n) (n)
P sup v v - =P sup Vv \
t2[0:T] t () 2 K2l 1 (T) (ke n) K n 2
X X
P Vin+k+y Vn+k 5 7E V(n+k+1) Vin+k
k2l o (T) k2l o (T)
@ (70)
4 4 , supEkd; + “k?
2 2 i
- 2 (Ekdnsy+ @12 '2 ek
k21 o (T) K21 o (T)
AT+ ) 2CT )
5 e, < n < 3

Where the last inequality holds when we take < 1z=r-

It is easy to see that we can use a bijection to link the elememtg(ifi) and that inL,(T). Because
the partition point§ xgare inL,(T), we assume that every corresponds to an inde 2 | ,(T).
Then we havé.1 > &. DenoteSy = |1 5(T)\ [&; &+1). So far we are ready to bound the last
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termin (69).

P max su v vim —: E
k t<s<p k+1 L) & ( I) 2

X !

P sup kvp+1 Vaink = E
K h2S 2
X K 1 ! X &x 1 !

P sup kvh+isi  Vn+ik =;E = P KVh+i+1i Vn+ik =; E
K h2Sk = 2 k i= & 2

| I2
(a) X &x 1 o X 4 S 1 2

P nei Onei ¥ 51+)| > —E nei Onei ¥ r(wzl

k =& k =&
! !

4 X ( &x 1 fx 1 @ 2)
2 n+i n+iE dn+i + n+i

K i= & i= &
4supEkd; + P k2 1 te

ip i i X &x c X 5

2 n+i - (ka1 ®)
K i= & k
(h3c X 3CT

— k+1 k) 57— < Z:

k
(71)
Where (a) follows from the combination of the fact that the péfii is continuous in any interval
[ k+1; k) whenE holds and the update formu(@). And (b) is true by the property of the partition
2

f kg listed above. The last inequality holds when we take =+
Bring (70) and (71) into (69), we have,

PO (vM;5T) ) 2 8t 3tz (72)

At this point, we have checked the two suf cient conditions in the Property 7. Hence, the tightness of
fv(Mghas been proved. O

Lemma 11. Suppose Assumptions 1, 1 and 4 holds, and assume that there exists a positive number

p > 2such thasupEk kP < 1 . Whenp, = |, with > 0,
n O

then for anyC? functiong : RY ! R, compactly supported with Lipschitz continuous second
derivatives, we have

Elg(vn1)  9(Vn)iFal= 3 g(vn)+ T7 (73)
Where1T91! 0inL,andJ isthe in nitesimal generator de ned by

8 2C°(R") J (x)=hr f(x");r )i+ ((0) (x) (74)

Proof. (Proof of Lemma 11) We would like to say that the overall proof framework is similar to the
proof of the Lemma 8. However, singg.1 may suddenly jump t6, we cannot directly use Taylor
expansion to get the desired result. First, by the schenwg onjumping to zero, we have

E[g(va+1)  9(vn)iFn]=pPn(9(0) 9(va)+ (1 PIE[G(V(n+1) ) 9(Va)iFal  (75)
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Then we make use of the Taylor expansion betwggm,) andvy,.
9(V(n+ny ) 9(Va) = Arg(v)iViney)  Val
1
* 50y V)T 29(%)(V(n+)  Vn)
*

+
(76)

’ . RS
= hrgva)ir f(X)+ @i+ oorgva)i— S
n =1
2
b Do(dot @)1 2g0h)(dn+ )
Substitute this equation into the second term of the right hand of the equation (75). It follows that

E[9(Vn+1)  9(vn)iFnl= n(+(g(0)# g(va)) + hrg(va); r f(x?)i)

1 2 h i
P rgis ST Fa o+ 5B (dhr )7 g0+ ) F

n =1
. (77)
2E hrgvaidn+ @i+ 2(dnt @)1 g%)(dn+ D) Fy
= ,f (90) g(vn)) hr g(vn);r f(x?)ig+ TP + TP + 7O
v ’ Oty Ty

T

From the Theorem 3.1 and the equat{68), we haveEan(l)j = 0o ,)-And Ean(Z)j =0(2)by
leveraging thakr 2g(x )k is bounded for alk 2 RY and thatEkd,, + P12 is bounded. Similar
approaches can be used to show EE]'th(B)j = O( 2 ). Atthis point, the result has been proved]

From the Ité's formula for the semimartingales, we know that the in nitesimal genedatibe ned
in the Lemma 11 corresponds to the following stochastic differential equation driven by the Poisson
process with intensity .

dY = r f(x*)dt Y, N (dt) (78)
Lemma 12. There exists a unique invariant measuréfor the Lévy proces&8). Further, for any
initial distribution o, we haveW,(G' o; ?)! 0; t!1 . WhereW, represents the Wasserstain-2
distance andG!g is the Markovian semigroup generated by the in nitesimal generator

Proof. (Proof of Lemma 12

Consider the set of probability density functione(x) = p(t)l“x Cx?) t° cp(t) isap.d.fomR
KT (7K

(0]

and denote it a¥ . Then the distribution of any ; only has mass on the Iine%t 't2R
rf(x?)

if we choose the initial distribution i . In this case, we can suppo¥g = TR
Consequently, ; satis es the following one dimensional stochastic differential equation,

dy=kr f(x?)kdt (N (db): (79)

Let' (( )= Ep?ei t be the characteristic function of with stationary initializatiorp’. Then we
have' (( )= "'s( ); 8t6 s. On tﬂe other hand, consider the martingale problem corresponding

to (79). ltsaysthae' « € o (; i kr f(x))ké s+ (1 € =) dsisamartingale with
respect to the natural Itration generated by Take expectation we have
z t
0="+¢() "ol) fi kr f(x)k s()+ (@ " s())gds
Z, 0 (80)

= fi ke f(x?)k s( )+ (1 " s())gds
0

Which means that
i kr f(xX)K s( )+ (1 's())=0; 8s>0 (81)
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ie. " s( )= T }(x,)k . So the invariant distribution of; is E Ok Asa result, the

invariant distribution ofY ¢ is £ Ig;k E kP& )k

To show the mixing result, it is enough to prove the following fact,

1
T Wu(G Gy ! 0 t!l 8 yo6 yi: 82
ky() y]_k 2( y y ) yO Yl ( )

Where y represents the Dirac measure at the pgintetY 2 andY ! be the stochastic process gen-
erated by(78)with initial distribution y, and y, respectively. To give a bound for the Wasserstain-2
distance betwee¥ ? andY !, we compute thé& , norm under the identical coupling, i.e., the two
dynamics share all randomness in the Poisson prddess); s 2 [0;t]. Owing to the property of
the corresponding martingale problem of (78), we have

0=EkY? YK kyo yik?
ya

t
E )i !

Z,

= EKY? Y% kyp yik?*+ EkY? Y lkids
0

Y0 Y2 ds
0 Y3 s s (83)

Solving above integral equation we nally gekY ? Y 1k? = ky, yik?e '. Hence, the equation
(82) has been proved.

O

Proof. (Proof of Theorem 3.9

This proof is basically modeled after the proof of Theorem 3.3. Therefore, for the sake of narrative
simplicity, we will omit some details that overlap with the previous proofs. All symbols follow the
meaning in the proof of Theorem 3.3 without special speci cation. Analogously, two steps are split
to complete to proof.

Step 1 Letg belongs taC and IetDt(”) denote the natural ltration o*i’rt(”). We aim to nd the
following martingale decomposition,

Z t
st> 0, g(v\™) gv{") i Jg v{M ds= N9 4 T,(M9), (84)

WhereN " is aD{™ -martingale and,™?’ converges to zero ih;. In fact, let

. N (st )
N9 = fo(viksr) 9(vk) E[9(vk+1)  9(vk)iDklg

k=n+1

Z
T =™ e ) 9 gviM)ds (85)
2,0 ) nk
+ Jg vy I g v ds+ T
0 - k=n

Using the de nition formula ofvt(”) (9) whent 2 L (T),

2
2
Evi” vi() =t to( DEkdyer ) G K (86)
c 2.

40



This inequality combined with the Lipschitz continuity of g and its derivatives implies that the rst
three terms in the de nition of,(™®’ tend toOwhenn ! 1 . Further, by Lemma 11,

N(n;s( ) 1 N(n;x ) 1 Tg
E T (E X
k=n k=n k (87)
g

T
supE & (t+ )
k n K

n'l 0:

Step 2 Suppose that there is a weakly convergent subseqdencei_, with limit distribution ~.
The de nition of M (n;t; ) andt;, () can be extended intuitively from the rst paragraph in the
second step of the Theorem 3.3's proof.

Owing to the Prokhorov's thgorem and Lemma 10, for ang O, there is a weakly convergent
subsequence invt'\’I et ) By the Theorem 1 ing0], we know that the weak limit of this
sequence is a solution of the stochastic differential equéfiBpAnd WLOG, we assume the sequence

itself converges weakly to a solutthT(T) of (78)with initial distribution~(T) (the notations ofand
~ are independent with one in proof of Theorem 3.3). By Lemma 10, for any gi¥ef, a compact
setK can be found such thatupP(v, 2 K€) . Therefore, forall > 0, ~T)(K ) 1

n

Due to Lemma 12, & can be found such that

supsup G' g(x) h ?;qgi : (88)
i2K g2C

WhereG is the Markov semigroup induced by the S[#B). Becausdd ), () converges ta@

whenn!1l ,we havev, = v('\;r(;k(;T ) ) converges weakly to the limit random variable of
the sequence) " * )ie,vi"" ’. On the other hand, by assumption, converges weakly to

~, Thusv;(T o~ Combining all result we have obtained, the inequality correspondésb)@an

be derived. Consequently, we obtairr ?. Finally, by the Prokhorov's theorena, convergence

weakly to ?. Furtherf vt(”) g converges weakly to the dynamig&8) with stationary distribution ?
as initialization. O

Before we start proving the Corollary 1, we need to use the following lemma.
Lemma 13. Letfr g be the sequence de ned in Lemma 1. If a positive sequengesatis es:

Xeer (L re)Xe + 0(re); (89)

thenlim x; ! O.
thl

Proof. (Proof of Lemma 13 By the recursive inequalit{89), for any given > 0Othere is &g such
that8t >t o; o(r¢) < r ;. Iterate the relation (89) and combine Lemma 1. Consequently, we have,

Y Xt Y
Xt @ rxg, + Ik @ rg)! o+ ; t!1 (90)
k=tg k=tg+1 s=k+1
Because can be chosen arbitrarily, the nal limit of; is zero. O

Proof. (Proof of Corollary 1)

We prove the target conclusion in two steps. First we show that the méanaafnverges to a constant
non-zero vector. Next, we will see that the asymptotic variandetqfy is zero for 2 %; 1.

41



Step 1 The rstthing we need to do is to derive the recurrence relationtfpr

X (n+1) x? _ Paz (Xn x? nf f(Xn)+ nn)
On+1 Pa- 1 - 1
n n

1
1
= = Gn  Parr f(xa)+ o P
n

% 1Pa- rzfl(x?)(xn Un) +[r 28 (#) r 2 )I(xn  un)
) !

+ n 1 1 @+ r(11)

n
nPaz P2OO)un X)) H[r 2 @#y) 1 2E () (un x7)
| qPart 2 (X?)Pa» By aParr 2 (xX7)vp+ , O (91)
+( n n ;j{ 1)PA?I’ Zf (X?)On"'( n n rj{ 1)PA?r Zf (X?)Vn
nPas T2E@#H) 1 2 (X7) (xn Upn)
nPazlr 2f(#H)Ir (X)) (un  x7)

1
n 1

1 On

n

= | aPa» 1 2f(x7) 1t =14ld Pa> @

nParr 26 (X7 + , P+ RY

Where#! and#) are two entrywise interpolation point betweep andx, ; u, andx? respectively.
And,

! 1 ' 1
RU= 1 n i Paot 2f (X7)(@n + vn)+ — n 1 1 1t 214 On
n n n
1
"= Par (PP 1 CEO)VaH(r @) 1 ()t
n
(92)
The properties of the step size sequehcgg tell us that, when< 1,
1 ! 1 !
1 A =1 1+ ="
n n (93)
=1 (@+o(a)' =@ )o(n)=01) n:
Andwhen =1,
141 n_* —14 1 141 +0(n 2 =of )
n n 1 B S

The result can be used to guarantee the rst linéd@) beingo(1) in L,. By the assumption 3 and

1,r 2f () is Lipschitz continuous and uniformly bounded. Then for ar® (0;1), r *f () is -

Hoder continuous.Similar to the proof of the Lemmas 4 and 5, by leveraging the Taylor expansion for
k kP; 3>p> 2, we can deduce the following analogous bounds,

Eku, x°kP- PQ .

Ekv kP - PG ) (54)
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when 2 [%;1). Based on these preparations, take p=2 1 and use the Young's inequality,
E (r2f(#) r 2f(x2)vn - - Ek#Y  x7K2 kvak?
- E kvpk® +kup, X7k kvpK
1

—aEkVaK + —Ekun X7k kvok®  (99)
n 1 n 1
1
—a— (E kvok? + Eku,  x7kP)- (P 2@ ).
n 1
The same bound can be derived for?f (#Y) r 2f(x?))u,. These two results enable the
second line 0f92) to beo(1) in L,. To simplify our writing, we denote = ir f(x?) and

-1 2 ? 1 y 2 ? 2 . .
== Ppe 1 ef(x9) =1t z1gla Pa»  Paer f (x)r f(x?). Taking the expectation
on both sides of (91) yields

Enser = | Pa-r 2f(x7 1t =14la Pa- E@
n+1 n A ( ) f =1gld A n (96)
nPa2r1 2 (x?)Ev, + ,ERY
SubtractP,» r 2f (x?) from both sides of (96) and we have,
1
Edp+ = | Pa> 1 2f(x? 1t -1l Pa- (EQ
n+1 nFA ( ) f =1g'd A ( n ) (97)

n Pazr 2f (x?)(E(vn )+ ERY

According to Theorem 3.4 we knokEv, = 0o(1). AsaresultofthisandERj Kk EKRpk =
o(1), the Iast term in the right hand Q@?) iso( n). Therefore, using Lemma 13, it holds that

KE® = 0(1), which mean&t, "
Step 2 Before we calculate the asymptotic variance &f, consider the inner product
E @, E,;r2x")(vq, Evp) ,
E @ns1 E@per;r 2F(X7)(Vasr  EVis)
=1 W) E Oner Elnarir 2 (x)(Vinsy  EVaa) + 4 E @na Efnaar 2 (X7)EVaa
=(1 n) E O@ni E@naa;r 2F(X7)(Viney  EVinaa)

=(1 W) E 1 o Pae 12 (x?) 1t =z1gla Pa» (@n EQn)  aPa-r 2f(xX?)(vn Evp)
, n 0 oE
+ . P+ a(RYOERY;H (XY (va Ev)+ , @+ (RY ER})

n

(1 Z) E @, Et,r 2 (x?)(vn Evy) + , E @, Euur?f(x°)R)Y ER)) +O(,)
(98)
From the facEKRY k? = o(1), we have

E @nir E@narir 26 (X°)(Vasr Evasr ) (1 Z) E @, Eq;r 2f (x?)(vy (959\;n ) +0o(,)

We can obtain from Lemma 13 th& @, Et,;r 2f (x?)(vn Evp) "o

Back to the main result's proof, we can write down the recursive rule for the variankeg, of
Ek@hia  Ethga K

=E | ,Par r2(x?) 1t —z1gla Pa-» (@n Ety)

2
nPa2r 2f(x?)(va  Eva)+ , P+ L(RY ERY)

D E
(1  )Ek®, E@,K LE @, E@,r2(x)(vn Evy) + 2E O; @ 4o )

1 MEKe,  E@ K+ o n):
(100)
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Where the last equation follows from the diminish correlation we derived just now and the pre-
condition > % Finally, the Lemma is completed from Lemma 13 and the B, K* =
Ekad, E@,k*+KkE®, K°! O O

D Experimental Details
In this section, we present the experimental details and the complete results on three different datasets.

D.1 Datasets

We have introduced two datasets in Section 4 in the FL setting. We will restate them and add a new
dataset for the general linearly constrained problem.

IID  There areK clients and the samplek; zx) on thek-th clientis modeled asy N ( k; )
andzy, = argmax(softmax(W xy + bx)) where 2 RY 9 is diagonal with the entrgj;j ) equal

toj 12, all the clients share the saiié, 2 RS ¢ andby 2 R® and their entries are modeled as
N (0;1). We setK = 100,d = 60 andC = 10. For this dataset, there is no heterogeneity between
the optimal local parameters. The heterogeneity is all from the diversity of the distributigps of
For each client, the sample size is arod9d.

Synthetic  (a;b) There ar&K clients and the samplexk; z«) on thek-th client is modeled as
xxk N (x;) andz = argmax(softmax(Wxx + bx)) where 2 RY 9 is diagonal with the
entry(j;j ) equal toj 2, each entry ofV andby is modeled adl ( ;1) with « N (0;a) and

k N (k;lI)with ¢« N (0;bl4). We setKk = 20,d =10 andC = 5. a controls how many
local models differ from each other abatontrols how much the local data for each client differs
from that of other clients. They are the two sources of heterogeneity. For each client, the sample size
is arounds0. In this paper, we leh = b=1.

The last dataset aims to solve the general linearly constrained problem (1).
Lincons The data are generated by the same wayOn. Since inlID , all the clients share

the samaN ¢ andby, we can combine all the samples and obtain the datasedns . Then we
generate the matrig 2 R50 490 whose entries are independent and modeled 3 1).

For all the three datasets, the loss function is de ned as the sum of cross entropy logs and
regularization.

D.2 Parameters

For all the datasets, the mini-batch sizd.ig\s for the probabilityp, , we reparameterize it ggn

with pg < 1. The value of is fromf 1;0:8; 0:6g and the value of is fromf 0; 0:2; 0:4; 0:6; 0:8g.
For =0, wesetpg=0:2;for > 0, we setpy = 0:5. And we run gradient desceh®00steps to
obtain the value ok ’.

IID  The parameter of; regularization i€:005 For =1, we set o = 200; for =0:8, we
set ¢ =40 in Appendices D.3 and D.4 and set= 200 in Appendices D.5 and D.6; for = 06,
we set g = 20.

Synthetic  (1;1) The parameter of regularization i0:5. For =1, we set o = 1; for
=0:8,wesetg=0:3;for =0:6,wesety=0:1

Lincons The parameter of3 regularization i9:05. For =1,weset o =8;for =0:8, we
set g =2;for =0:6, weset g=0:8.

D.3 Convergence Rates

We plot the log-log scale graphs of averaged MSEs &velpetitions orlID vs iterations in Figure
1 and the log-log scale graphs of averaged MSEs t@eepetitions onllD andLincons vs
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Figure 4: The log-log scale graphs of averaged MSBwmthetic  (1; 1) over10repetitions vs
iterations.

Figure 5: The log-log scale graphs of averaged MSEiooons over10 repetitions vs iterations.

Figure 6: The heatmaps af, across two orthogonal directions o Orepetition onliD .

iterations in Figures 4 and 5. Wherx 1=2, the value of hardly affects the convergence rate;
when > 1=2, both larger and smaller lead to a slower convergence rate. This is consistent to
the result of Theorem 3.1.

D.4 Heatmaps

We plot the heatmaps for=1;0:8and = 0;0:2. The results for the three datasets are shown in
Figures 6, 7 and 8. FAID , we run2000steps of LPSA ovet00repetitions and pick up the last
200iterates. FoSynthetic  (1; 1), we run3000steps of LPSA ovet00repetitions for =1 and
4000steps for = 0:8. Then we pick up the lag00iterates to plot the heatmap. Hancons , we

run 2000steps of LPSA ovet00repetitions and pick up the la800iterates. All the heatmaps show
that the cells near the origin have lighter colors, which agrees with Theorem 3.3.

D.5 Trajectories

For =1;0:8and =0:6;0:8, we plot the trajectories of, along two random directiors; ande,
vs accumulation of , in Figures 9, 10 and 11. Note that the directions veotgrande, are distinct
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Figure 7: The heatmaps af, across two orthogonal directions ov#0repetition onSynthetic
(1;2).

Figure 8: The heatmaps af, across two orthogonal directions o 0repetition onLincons

for different datasets. The value of the horizontal coordinal'?e s, ; , wheres s the start point

of the trajectory that aims to eliminate the irregular behavior in the early stage of the optimization
process. In Figure 9, we rl#0000steps of LPSA and set= 2000; in Figure 10, we rurb0000

steps of LPSA and sat= 1000; in Figure 11, we rurb000steps of LPSA and sat= 2000.

We take Figure 10 as an example. Observe that the trajectories in Figure 10 come in a jagged
manner and the peak value does not vanish or explode. This is because we have chosen a suitable
rescaled versiom,, of v, and such a behavior can be captured by Theorem 3.4. The same discussion
also applies for Figure 11. As for Figure 9, where the dimension,of 6100Q the rate of the

weak convergence mentioned in Theorem 3.4 is much slower than the low-dimensional counterparts
depicted in Figures 10 and 11, where the dimension,af of hundreds or arountio0Q When the

number of iterations is not so large, the in uence of gradient noise can not be ignored. As a result,
the trajectories in Figure 9 keep uctuating a lot and are not so smooth as those in Figures 10 and 11.

D.6 Bias

For =1;0:8and = 0:6;0:8, we plot the trajectories af, along two random directiors;, and

e, (or e3) for three datasets in Figures 12, 13 and 14 to show the asymptotic biaggd hiote

that the directions vectoes, ande, are distinct for different datasets. The scale of coordinate axis

in Figure 13 is different from that in Figure 3. This is due to that we omit the in uence, of

Figure 3, whose value does not affect the shape of the trajectories. Moreover, we choose a different
directiones in Figure 13 instead af, in Figure 3 for a better illustration. We observe that although
some trajectories have not converged yet, they stay away from the blue horizontal dashed line, which
denotes the valu@. This veri es the result of Corollary 1.

D.7 Convergence Rates in terms of the Number of Projections

Recall that in Section 3.1 and Appendix D.3, we establish the convergence rates in terms of the number
of iterations and provide the log-log scale graphs of averages MSEs vs. the number of iterations. To
better capture the in uence of projections, in this subsection, we consider the convergence rates in
terms of the number of projections and plot the the log-log scale graphs of averages MSEs vs. the
number of projections.
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Figure 9: Trajectories of, along two random directions vs accumulation gfonIID .

In our method, at the-th iteration, the projection probability [ =minf ,;1g= ( n ). As
a result, aften steps of iterations, the number of projectionshould be of the orde( nt ).
Suppose that aften steps of projections, we obtain the variaklg andu, = Ppa- (Xm). By

Theorem 3.1, we havé ku x’k*=0 m 2 . For0 < 0:5, the rate is of the
orderO m T and a larger leads to a faster rate. FOr5 < 1, the rate is of the order
Om T =0 m A ¥): andalarger leads to a slower rate.

To conclude, if we only focus on the complexity of projection steps and ignore the cost of gradient
computation, = 0:5is the best choice.

Then we plot the log-log scale graphs of averages MSEs vs. the number of projections on two datasets
IID andLincons over5 repetitions in Figures 15 and 16.

ForllD , the value of is fromf 1:0; 0:8; 0:6g and the value of is fromf 0; 0:2; 0:4; 0:5; 0:6g. When
= 0;0:2, we run10000steps pf LPSA; whelq; ) = (0 :6;0:4), we run20000steps pf LPSA,;
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Figure 10: Trajectories of, along two random directions vs accumulation gfon Synthetic
(1;2).

when(; ) =(0:8;0:4), we run30000steps pf LPSA; when =0:5;0:60r(; )=(1:0;0:4),
we run50000steps pf LPSA.

ForLincons , the value of is fromf 1:0; 0:8; 0:6g and the value of is fromf 0; 0:2; 0:4; 0:6; 0:8g.
When = 0;0:2, we run10000steps pf LPSA; when = 0:4or(; ) = (0:6;0:6), we run
50000steps pf LPSA; whef; ) = (1:0;0:6); (0:8;0:6), we run100000steps pf LPSA; when
(; ) =(0:6;0:8), we run500000steps pf LPSA; wheif; ) = (1:0;0:8);(1:0;0:6), we run
1000000steps pf LPSA.

We nd that in both Figures 15 and 16, whenis closer t00:5, the lines of convergence rates are
steeper. This is consistent with our analysis above. It is worth noting that for a xed number of
iterations, a larger implies a smaller number of projections. As a result, fdarger thar0:5, the
interval between two adjacent projections is pretty large and to get a target number of projections
(e.g.,1000, the number of iterations can be undesirable. To reduce the computational cost, we take a
predetermined number of iterations, so the lines corresponding the laoger be shorter than others.
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Figure 11: Trajectories of,, along two random directions vs accumulation gfon Lincons
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