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Abstract

In this paper we consider linearly constrained stochastic approximation prob-
lems with federated learning as a special case. We propose a loopless projection
stochastic approximation algorithm (LPSA) to ensure feasibility by performing the
projection with probability pn at the n-th iteration. Considering a specific family of
the probability pn and step size ηn, we analyze our algorithm from an asymptotic
and continuous perspective. Using a novel jump diffusion approximation, we
show that the trajectories connecting those properly rescaled last iterates weakly
converge to the solution of specific stochastic differential equations (SDEs). By an-
alyzing SDEs, we identify the asymptotic behaviors of LPSA for different choices
of (pn, ηn). We find the algorithm presents an intriguing asymptotic bias-variance
trade-off according to the relative magnitude of pn w.r.t. ηn. It brings insights on
how to choose appropriate {(pn, ηn)}n≥1 to minimize the projection complexity.

1 Introduction

Recently, a novel distributed computing paradigm that called Federated Learning (FL) has been
proposed for collaboratively training a global model from data that remote clients hold [31]. As a
standard optimization algorithm in FL, Local SGD alternates between running stochastic gradient
descent (SGD) independently in parallel on different clients and averaging the sequences only once
in a while. Put simply, it learns a shared global model via infrequent communication. Empirical
investigation finds its superior performance in communication efficiency [30] and theoretical analysis
toward it has already provided a complete picture [26, 1, 15, 42, 43, 15]. Among them, Li et al. [27]
establishes a functional CLT that Local SGD with Polyak-Ruppert averaging simultaneously achieves
the optimal asymptotic variance and diminishing average communication frequency. However, they
are all derived from a discrete perspective.

The use of a continuous-time stochastic process to characterize the entire trajectory of a discrete
stochastic algorithm has been witnessed progresses in recent years, and we call it diffusion ap-
proximation. The continuous approach has advantages in its rich toolbox and can provide intuitive
explanation for uncanny phenomena that are intractable to analyze in discrete cases. It can also
motivate new optimization algorithms and statistical inference methods. Current works applying
diffusion approximation to stochastic optimization algorithms can be roughly divided into two classes.
The first one is to interest the optimization algorithm as a numerical discretization of a specific
stochastic differential equation (SDE) [14] in a finite time interval [0, T ]. When the step size η is
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suf�ciently small and the lengthT(= n� ) of the interval is �xed (n is the total iterations), such
approximation is of high accuracy, and it is easy to analyze the geometric properties of our target
algorithms [41, 23, 13, 7, 38, 34, 8]. However, this avenue is dif�cult to capture the convergence
behaviors around the optimal point due to the �xedT.1 The second class comes up to solve the
issue. It instead considers the iterates divided by a proper power function of step sizes. Under certain
conditions, asn goes to in�nity, the rescaled iterates would weakly converge to the stationary solution
of corresponding SDEs [21, 35, 6, 9, 10]. In FL, to the best of our knowledge, no work considers
analyzing Local SGD via the aspect, which is our focus here.

However, it is not easy to serialize Local SGD iterates due to its double-loop nature. Recent
researchers developed a new technique named as `loopless' to simplify the two-loop structure for
SVRG and Katyusha [16]. The key is to replace the hard loop with a probabilistic loop. Speci�cally,
we will independently toss a (possibly biased) coin! n with head probabilitypn at iterationn. When
getting the head! n = 1 , we start a new loop and update the outer-loop intermediate variables; when
getting the tail! n = 0 , we stay in the same loop and keep the intermediate variables. In this way, we
obtain a loopless counterpart algorithm and do not need to distinguish inner and outer loops anymore.
It facilitates theoretical analysis and typically does not deteriorate the convergence rate [12, 29, 28, 11].
It is worth mentioning that Hanzely and Richtárik[12] �rst introduced the loopless technique to
FL and obtained many ef�cient FL algorithms. Li[28] used a dynamicpn (which varies withn) to
generalize the scope of original methods. We are then motivated to analyze a loopless version of
Local SGD with decreasingpn , but from an asymptotic and continuous perspective.

1.1 Contribution

Our work is motivated by Local SGD but beyond it. In particular, for a general optimization problems
with linear constrains (of which FL is a special case), we develop a loopless projection stochastic
approximation method (LPSA) as a generalization of Local SGD (see Appendix A for more details).
Such generality renders us the possibility to transfer our techniques and results to other linearly
constrained problems. LPSA is affected by two important hyperparameters, namely the step size
f � n g and the projection probabilityf pn g. For the choices of� n / n� � andpn / minf � �

n ; 1g, we
derive a non-asymptotic convergence rate for different� 2 (0; 1] and� 2 (0; 1) in Theorem 3.1. We
observe a phase transition for the convergence rateO(n� � min f 1;2� 2� g) when� crosses0:5.

To derive asymptotic results, we obtain two sequencesf u n g andf vn g by orthogonal decomposition
for the optimized sequence of LPSA. We then construct two sequences of processes which pass
through the appropriately rescaledu n andvn , respectively. We show rigorously, when the iteration
goes to in�nity, these two sequences of stochastic processes weakly converge to the solutions of
speci�c SDEs that are driven by either a Brownian motion or a Poisson process. As a corollary,
the rescaled last iterate ofu n (which we mainly care about) has a known asymptotic distribution
(either Gaussian distribution in Theorem 3.3 or Dirac in Corollary 1). And the phase transition we
mentioned above evolves into a trade-off between the bias caused by the low frequency projection
and the �uctuation resulting from the gradient noise (see Section 3.2.3).

Moreover, according to different convergence rate for everyf (� n ; pn )g pair, we consider a selection
scheme at the end of Section 3.2.3, which makes the algorithm have the same nonasymptotic
convergence order as the conventional stochastic approximation and spend as little as possible on
the projection operation which is usually expensive in practice. At the end, we conduct numerical
experiments to con�rm the theoretical results.

From a technical level, we propose a novel proof technique to analyze the discontinuity brought by
probabilistic projection. In particular, we borrow tools from jump diffusion and verify necessary
conditions (e.g., stochastic tightness) to apply it. See the paragraph after Theorem 3.4 for a main idea.
We believe our technique can extend to and help analyze other stochastic approximation algorithms
which can be approximated by a jump diffusion.

1A �nite T implies not only the algorithm but also its corresponding SDE do not converge to the optimum.
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2 Problem Formulation

2.1 Loopless Projected Stochastic Approximation

Notice that distributed optimization such as FL can be formulated as a global consensus problem
which is a linearly constrained problem [5]. For the sake of simplicity and generality, we aim to solve
the following problem

min
x

E� �D f (x ; � ) subject toA > x = 0 (1)

via a randomly (and infrequently) projected stochastic approximation algorithm. In particular, at
iterationn, we �rst perform one step of SGD via

x n + 1
2

= x n � � n r f (x n ) + � n � n ; (2)

wheref (x ) = E� �D f (x ; � ) and� n = r f (x n ) � r f (x n ; � n ). Heref � n g is a martingale difference
sequence (m.d.s.) under the natural �ltrationFn +1 := � (� k ; ! k ; k � n+1) . We then use the loopless
trick introduced in the introduction, i.e., we independently cast a coin with the head probabilitypn
and obtain the result! n � Bernoulli( pn ). If ! n = 1 , we perform one step of projection to ensure
x n +1 fall into the feasible region:x n +1 = PA ? (x n + 1

2
) wherePA ? denotes the projection onto the

null space ofA > . If ! n = 0 , we assignx n +1 as the same value ofx n + 1
2
, i.e.,x n +1 = x n + 1

2
. It is

clear this algorithm(2) mimics the behavior of Local SGD in FL settings (see Appendix A for the
equivalence).

2.2 Assumptions

For the linearly constrained convex optimization problem(1), we make the following assumptions
which are quite common in the literature. Without special clari�cation,k � k denotes the Euclidean
norm for vectors and the spectral norm for matrices.

Assumption 1(Smoothness). We assume thatf : Rd ! R is L -smooth, that is,

kr f (x ) � r f (y )k � Lkx � yk; 8 x ; y 2 Rd:

Assumption 2(Strong convexity). We assume thatf : Rd ! R is � -strongly convex, that is,

f (x ) � f (y ) � hr f (y ); x � y i +
�
2

kx � yk2; 8 x ; y 2 Rd:

Assumption 3(Continuous Hessian matrix). We assume thatf : Rd ! R is Hessian Lipschitz, that
is, there is a constant~L such that




 r 2f (x ) � r 2f (y )




 � ~Lkx � yk; 8 x ; y 2 Rd:

Assumption 4(Continuous covariance matrix). Given an m.d.s.f � t g, we denote the conditional
covariance asE[� t � >

t jF t ] = �( x t ) and assume it isL -Lipschitz continuous in the sense that

k�( x ) � �( y )k2 � Lkx � yk; 8 x ; y 2 Rd:

Assumption 5. For the m.d.s.f � n g, we assume there exists ap > 2 such that thep-th moment of
every element inf � n g is uniformly bounded, that is,

sup
n � 0

Ek� n kp < 1 :

The �rst three assumptions imply we consider the strongly convex case. The last two assumptions
help us identify the asymptotic variance. Especially, the assumption of uniformly boundedp (p > 2)
moments is typically required to establish central limit theorems [9, 10, 27]. Finally, we want to
emphasize that the stationary condition for the problem(1) is different from unconstrained ones;
r f (x ?) is not necessarily zero, however, its projection into the null space ofA > must be zero.

Proposition 1 ([25], Corollary 2.1). Let PA be the projection onto the column space ofA andPA ?

the projection onto the null space ofA > . Under Assumption 2, the solution of(1) is unique (denoted
x ?). Moreover, we havePA ? (r f (x ?)) = 0.
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2.3 Jump Diffusion

Jump diffusion is a stochastic Lévy process that involves jumps and diffusion. Typically, the former
is modeled by a Poisson process, while the latter is modeled as a Brownian motion. It has wide and
important applications in physics, �nance[36], and computer vision.

We say a functionf de�ned onR is càdlàg whenf is right-continuous and has left limits everywhere.
For a càdlàg process(V s)s� 0, we denoteV t � as the left limit ofV � at timet. Let N 
 (t) denote the
Poisson process with
 the intensity, which quanti�es the number of jumps up to the timet and is
clearly càdlàg. We useN 
 (dt) = N 
 (t) � N 
 (t� ) 2 f 0; 1g to indicate whetherN 
 jumps at timet
and

RT
0 g(t� )N (dt) =

P
f t :N 
 ( t )6= N 
 ( t � )g g(t� ) to denote the integral that drives for a measurable

functiong(�). We will consider a special class of jump diffusion in the following form

dX t = � (t; X t )dt + � (t; X t )dW t + ' (t; X t � )N 
 (dt): (3)

When the coef�cient functions� (t; X t ) and � (t; X t ) satisfy conditions like linear growth and
Lipschitz continuity, there exists a solution for the jump diffusion (3) (e.g., Theorem 1.19 in [33]).

3 Main Results

In the section, we are going to capture the convergence behaviors of our projected stochastic approxi-
mation method(2) from both non-asymptotic and asymptotic perspectives. We consider a speci�c
family of step size� n and projection probabilitypn , namely,� n = � 0n� � andpn = min f � �

n ; 1g
indexed by0 < � � 1 and0 � � < 1, respectively. The choice of step sizes� n has been used
to establish CLTs [37, 27], while the choice ofpn is quite novel. To provide a complete picture of
convergence, we will consider almost all combinations of� and� .

3.1 Non-asymptotic Analysis

To provide the convergence rate, it is natural to focus on the projection ofx n into the column space of
A (since it is the easiest feasible solution one can obtain fromx n ). Hence, we decompose the iterated
x n into two orthogonal componentsx n := u n + vn whereu n = PA ? (x n ) andvn = PA (x n ).2 We
specify the the convergence rate ofE ku n � x ?k2 in terms of�; � andn in the following theorem.

Theorem 3.1. Suppose that Assumptions 1, 2 and 4 hold. Let� n = � 0n� � andpn = min f � �
n ; 1g

with 0 � � < 1. Then for (i)0 < � < 1 or (ii) � = 1 with � 0 > 2=� (� is the strong convexity
parameter of the objective functionf ), we have

E ku n � x ?k2 = O(n� � min f 1;2� 2� g):

From Theorem 3.1, as� decreases, that is, the projection happens more frequently,E ku n � x ?k2

converges faster. The rate isO(n� � ) when� < 0:5, while the rate isO(n� 2� (1 � � ) ) when� > 0:5.
Thus there exists a phase transition when� goes across0:5, which implies we should analyze
asymptotic performances for these two phases respectively. As an extreme, when� = 1 , the
algorithm is possible to disconverge in an artifact quadratic loss with a speci�cA (see Theorem 3.2).
Though for a speci�cA , it could apply to FL (see Corollary 2 in Appendix A.2.1 for the detail).

Theorem 3.2. If � n = � 0n� � andpn = min f p0� n ; 1g with 0 < � � 1, for a speci�cA , there exists
a quadratic functionf (x ) so thatr 2f (x ) � I d andE ku n � x ?k2 does not converge to0. Here
I d 2 Rd� d is the identity matrix, andr 2f (x ) � I d meansr 2f (x )� I d is positive semide�nite.

3.2 Asymptotic Behavior of the Rescaled Trajectory

In this section, we want to derive an asymptotic convergence for(2). Recall that there exists a
phase transition for the convergence rate ofE ku t � x ?k2 when� crosses0:5, when the projection
probability is set aspn = � �

n . In the following, we will analyze the asymptotic behaviors of LSPA for
the two cases� 2 [0; 1=2) and� 2 (1=2; 1).

2One can check Proposition 4 in Appendix B to see whyu n is orthogonal tovn .
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3.2.1 Case 1: Frequent Projection where� 2 [0; 1=2)

From an asymptotic perspective, the typical central limit theorem (CLT) claims�u n := u n � x �
p

� n � 1

would weakly converge to a rescaled standard distribution [21]. It helps us capture the large-sample
convergence behaviors and provide ways for future statistical inference. However, we can provide
a stronger result that captures the asymptotic behavior of the whole trajectory. In particular, we
serialize the sequencef �u n g by constructing a continuous random function (denoted�u (n )

t ) such that
it starts from�u (n )

0 = �u n , and ast increases it will pass through�u n +1 ; �u n +2 and so on. We will show
that such a random function�u (n )

t will weakly converge to the solution of a speci�c SDE. From the
SDE, we can derive asymptotic variance of�u n and the whole trajectory evolution.

Since �u (n )
t should pass allf �u k gk � n , we can connect these discrete points by piecewise linear

functions. To that end, we �rst derive the one-step relation between�u n and �u n +1 . In particular,

�u n +1 = �u n � � n bn +
p

� n � (1)
n ; (4)

bn := PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
�u n +

1
� n

R n ; (5)

whereR n stands for a high-order residual error, and� (1)
n denotes the component of noise� n on the

null space ofA . One can �nd the derivation of(4) in Appendix C.1. Roughly speaking,(4) can be
viewed as a one-step Euler Maruyama discretization with timescale� n for an SDE, which starts at
�u n with local drift coef�cient bn and local diffusion coef�cientvar(� (1)

n ).

De�nition 1 (Time interpolation). Let a positive sequence
 = f 
 n g1
n decrease to zero. For

n 2 N; t � 0, de�ne

N (n; t; 
 ) = min
m 2 N

(

m � n :
mX

k= n


 k > t

)

; � n (
 ) =
n � 1X

k=1


 k ; and tn (
 ) = � N (n;t;
 ) � � n :

We introduce a time interpolation for the formal description of the continuous function and fur-
ther analysis. Intuitively,N (n; t; 
 ) is the number of iterationsm at which the sum of step sizesP m +1

k= n +1 � k is just larger thant andtn (
 ) is the approximation oft when we only use step sizes
f 
 k gk � n . Since
 n ! 0, tn (
 ) ! t asn goes to in�nity. A property of De�nition 1 is that
N (n; � m (
 ) � � n (
 ); 
 ) = m for anym � n. By now, we are ready to construct�u (n )

t . For a given
n 2 N, let �u (n )

0 = �u n and de�ne fort � 0,

�u (n )
t = �u n +

8
<

:

N (n;t;� ) � 1X

k= n

� k bk + ( t � tn (� ))bN (n;t;� )

9
=

;

+

8
<

:

N (n;t;� ) � 1X

k= n

p
� k � (1)

k +
p

t � tn (� )� (1)
N (n;t;� )

9
=

;
:

(6)

From the construction, we can see that�u (n )
t k ( � ) = �u n + k .

Theorem 3.3(Diffusion Approximation ). Let Assumptions 1-5 hold. The following family of
continuous stochastic processesf �u (n )

t : t � 0g1
n =1 weakly converges to the stationary weak solution

of the following SDE:

dX t = �P A ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
X t dt + PA ? �( x ?)

1
2 dW t : (7)

Further, the rescaled sequencef �u n g1
n =1 converges weakly to the invariant distribution of the dynam-

ics (7), i.e.,N (0; ~�) . Here the variance~� satis�es the Lyapunov equation

PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
~� + ~�

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? = PA ? �( x ?)PA ? :
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Remark 1. By using the continuous time version of the Lyapunov theorem (Lemma 1 in [40]), the
Lyapunov equation has a unique positive semide�nite solution (denoted~� ). From Theorem 3.3
and Theorem 4.1.1 in [9], we can tell that when� 2 [0; 1

2 ) our algorithm LPSA achieves the same
asymptotic variance as SGD that also uses the same step size. The typical projected SGD corresponds
to the case� = 0 , while LPSA allows� to vary in[0; 1

2 ). One can reduce the projection frequency by
increasing� (equivalently decreasing the probabilitypn ). Hence, when projection is expensive, LPSA
is more ef�cient in performing projections due to its �exible and moderate projection frequency.

Proof Idea of Theorem 3.3. We shed light on the proof idea of Theorem 3.3. From a high level, we
leverage the general theory for operator semigroups, which are developed by Trotter and Kurtz [39, 17–
19] and are used to analyze stochastic optimization algorithms in [9]. Our diffusion approximation
results are built on it, but generalize it in the sense that we use the celebrated Prokhorov's theorem to
extend to the whole trajectory. One dif�culty is to prove the stochastic tightness off u (n )

t g. To that
end, we make use of a classic result (e.g. Theorem 7.3 of [4]).

3.2.2 Case 2: Occasional Projection where� 2 (1=2; 1)

When we step into the low-frequency regime where� 2
�

1
2 ; 1

�
, the situation totally changes.

Intuitively, when LPSA performs much less frequent projection, we will frequently use infeasiblex t
to update parameters, which accumulates residual errors. These errors would not only dominate and
slow down the non-asymptotic convergence rate (see Theorem 3.1), but also change the asymptotic
behavior. In this case, we should not only �nd the right timescale, but also need to �gure out how
these errors are accumulated. To solve the issue, we develop a new analysis routine. In the following,
we considerpt = 
� �

t with 
 > 0.

Our solution is to monitor another random process that is related withf vn g, which serves as a bridge
to derive the asymptotic behavior off u n g. The right scale should make the scaled sequence have
non-vanishing expectedL 2 norm. From Theorem 3.1, it should be�vn = � � � 1

n � 1vn . In addition, given
�vn , the candidate value of�vn +1 before tossing the coin! n , can be derived from LPSA's Algorithm 1
in Appendix A, and we denote this candidate as�v(n +1) � .

�v(n +1) � := �vn � � �
n dn + � �

n � (2)
n ; (8)

wheredn = r f (x � ) + � � �
n Sn with Sn a residual error which satis�es� � �

n Sn = oP(1) (see
Appendix C.2 for more details) and� (2)

n stands for the component of noise� n on the orthogonal
complementary spaceA? . Due to the probabilistic projection,�vn +1 takes value�v(n +1) � with
probability1 � 
� �

n and takes value zero with probability
� �
n . Similar to the previous section, we

then construct a càdlàg random process�v (n )
t which starts from�vn and will pass throughf �v(k ) � gk � n .

We can connect these discrete points with a step function. It results in the following construction

�v (n )
t = �v (n )

t n ( � � ) �
�
t � tn (� � )

�
(dN (n;t;� � ) � � (2)

N (n;t;� � ) ) if t 2
�

tn (� � ); tn (� � )+ � �
t n ( � � )

�
;

�v (n )
t n ( � � ) = �vN (n;t;� � ) :

(9)

From(9), we can claim that�v (n )
t n ( � � ) � = �vN (n;t;� � ) � for any t � 0. With probabilitypN (n;t;� � ) ,

�vN (n;t;� � ) takes value zero, which causes the process�v (n )
� to change abruptly at the timetn (� � ).

These discontinuities about�v (n )
� prevent the diffusion process from working on�v (n )

� as the result of
Theorem 3.3. Even so, the following theorem shows that we can still �nd a suitable process in the
broaderjumpdiffusion class to approximate�v (n )

� .

Theorem 3.4(Jump Approximation ). Let Assumptions 1, 2, 4 and 5 hold. The following family of
càdlàg stochastic processesf �v (n )

t : t � 0g1
n =1 weakly converges to the stationary weak solution of

the following SDE
dY t = �r f (x ?)dt � Y t � � N 
 (dt): (10)

HereN 
 (t) represents Poisson process with intensity
 , andN 
 (dt) = N 
 (t) � N 
 (t� ). Further,
the rescaled sequencef �vn g1

n =1 weakly converges to the invariant distribution of the dynamics(10),

i.e., � r f (x ? )
kr f (x ? )k � E

�
kr f (x ? )k




�
. HereE(� ) represents the exponential distribution with intensity1

� .
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Theorem 3.4 shows that the sequencef �v (n )
t g constructed by shifting initial points will �nally

approximate a jump process with a constant drift asn goes to in�nity. The SDE(10)sheds light on how
�v (n )

t (equivalently a rescaled version ofvn ) move ast increases. As the error incurred by infrequent
projections,�v (n )

t will move towards the direction ofr f (x � ) (due to the drift term�r f (x ?)dt)
and be periodically forced to set as zero vector ( due to the correcting term� Y t � � N 
 (dt)). From
a qualitative perspective, the SDE(10) captures the periodical behavior ofvn , hence it shows
without projection the residual error will accumulate along the direction ofr f (x ?). As argued in
Proposition 1,r f (x ?) is unlikely to be zero in our constrained problems.

The remaining issue is how to linkf �v (n )
t g to our targetf u n g. Similarly, we should consider a rescaled

u n , that is,û n := ( u n � x ?)=� 1� �
n � 1 . The following corollary, which is based on Theorem 3.4, shows

when� 2
�

1
2 ; 1

�
, û n converges to a non-zero vector. Recall that�u n = u n � x �

p
� n � 1

= � 0:5� �
n � 1 û n . The

equation together with Corollary 1 implieskE�un k = � 0:5� �
n � 1 kEû n k ! 1 . As a result, the bias in

Corollary 1 instead of the Gaussian �uctuation in Theorem 3.3 becomes the leading term hindering
the convergence.

Corollary 1. Let Assumptions 1- 3 hold. Then̂u n := 1
� 1 � �

n � 1

(u n � x ?) converges to a non-zero

vector 1



n
PA ?

�
r 2f (x ?) � 1� �

� 0
1f � =1 gI

�
PA ?

o y �
PA ? r 2f (x ?)r f (x ?)

�
in theL 2 asn ! 1 .

WhereG y denotes the pseudoinverse of the symmetric matrixG.

Proof Idea of Theorem 3.4 The main proof idea is similar to that of Theorem 3.4 except that we
need to handle the jump diffusion which introduces additional discontinuity. As a result, for each
n � 0, f �v (n )

t gt � n is càdlàg rather than continuous. We then use the approximation result for jump
diffusions developed by Kushner [20] instead of Trotter and Kurtz's theories. Furthermore, the tool
for proving tightness also needs to change. We replace the classic tool in [4] with a generalized
determination method, the latter used to establish the stochastic tightness for càdlàg processes (e.g.,
Theorem 4.1 in [19]). The remaining issue is to �gure out properties (e.g., the mixing nature) of(10).
To that end, we establish the geometric ergodicity of Eq.(10) by combining the coupling method
with the Itô's formula for jump diffusions, and show that its invariant distribution exists uniquely.

3.2.3 Summary and Discussion

From Sections 3.2.1 and 3.2.2, for the choicepn / � �
n , when� varies, our algorithm has an interesting

bias-variance tradeoff. In fact, Theorems 3.3 and 3.4 reveal that the �uctuation ofu n is of order
O(�

1
2
n ) and the bias is of orderO(� 1� �

n ). When� 2 [0; 1=2) the �uctuation caused by the randomness
of gradient queries in every iteration dominates the optimization accuracy. And when� 2 (1=2; 1),
this indicator is manipulated by the biases formed by the accumulation of skewed updates in the
unconstrained state within each `inner loop'.

In practice, projection is expensive to perform. Hence, it is important to tune� and� so that the
projection complexity is minimized as much as possible. We use the average projection complexity
(APC) to quantify the projection ef�ciency. For a target accuracy� > 0, APC is de�ned as the number
of projections required to obtain an� -accuracy feasible solution. We summarize the derived results
and the corresponding APC in Table 1. We can see that APC is minimized when� ! 1 and� ! 0:5.
In this case, APC is approaching1p

� .

We �nd an interesting parallelism between LPSA and Local SGD. In the case of FL, projection
complexity corresponds to communication complexity, because a synchronization in FL is essentially
a projection in linearly constrained problems (see Appendix A for the equivalence). In [27], the
authors analyzed the averaged communication complexity (ACC) for Local SGD with Polyak-Ruppert
averaging.3 They considered a general case where the length of them-th inner loop could be up
to Em := m� with � 2 [0; 1). After Em steps of inner loop, communication would perform to
synchronize local models. Hence,Em plays a role similar topn in our paper. Li et al.[27] found
that when� 2 [0; 1), the averaged Local SGD iterates enjoy an optimal asymptotic normality up

3For a target accuracy� > 0, ACC is de�ned as the number of communication required to obtain a� -accuracy
global parameter.
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Table 1: (Non-)Asymptotic results and projection complexity under different choice of� n andpn .
The �rst two columns list the non-asymptotic and asymptotic results respectively, and the last column
characterizes projection complexity.

(�; � ) Eku n � x ?k2 Asymptotic behavior APC

(0; 1] � [0; 1=2) O
�

1
n �

�
3.1 Normal 3.3 O

�
� � � 1

�

�

(0; 1] � (1=2; 1) O
�

1
n 2 � (1 � � )

�
3.1 Biased 1 O

�
�

�� � 1
2 � (1 � � )

�

to a known constant scale and its ACC is
�

1
�

� 1
1+ � . When� ! 1, ACC is approaching1p

� , similar

to our case where APC converges to1p
� when� ! 1 and� ! 0:5. Actually, the 1p

� average
communication complexity is actually optimal for any �rst-order oracle distributed algorithms, as
shown in [43]. Hence, it implies our LSPA is ef�cient and near optimal in projection, because we can
always reduce FL as a special of (1).

4 Experiments

In this section, we validate our theoretical results through comprehensive experiments. Due to space
limitations, we only show some representative results on synthetic datasets under FL settings. For the
results on general linearly constrained problems, please refer to Appendix D.

Experimental Setup We focus on classi�cation problems with cross entropy loss, and`2
2 regular-

ization is imposed to ensure the strong convexity of the objective function. The synthetic datasets
are generated by following [24]. There areK clients and the sample(x k ; zk ) on thek-th client is
modeled asx k � N (� k ; �) andzk = argmax(softmax( W k x k + bk )) where� 2 Rd� d is diagonal
with the entry(j; j ) equal toj � 1:2, W k 2 RC � d andbk 2 RC . We consider two speci�c datasets.
The �rst one is denoted byIID , where all the clients share the sameW k andbk , and� k � N (0; I d).
For this one, we setK = 100, d = 60 andC = 10. The second one is denoted bySynthetic (a; b),
wherea andb control the heterogeneity across clients. Speci�cally, each entry ofW k andbk is
modeled asN (� k ; 1) with � k � N (0; a) and� k � N (� k ; I ) with � k � N (0; bI d). For this dataset,
we setK = 20, d = 10 andC = 5 .

We �nd that the results onIID are intuitive enough to demonstrate the convergence rates of the mean
squared error (MSE)E ku n � x ?k2 and the asymptotic behavior of�u n for � 2 [0; 1=2). The results
onSynthetic (a; b), a dataset with fewer parameters and more heterogeneity, are more appropriate
to illustrate the asymptotic biased ofû n for � 2 (1=2; 1). The full results on both the datasets are
deferred to Appendix D.

Convergence Rate We plot the log-log scale graphs of averaged MSEs over5 repetitions on
IID vs iterations in Figure 1. The value of� is set asf 1; 0:8; 0:6g and the value of� is from
f 0; 0:2; 0:4; 0:6; 0:8g. For each repetition, we run2000steps of LPSA. By Theorem 3.1, the slope of
the line in the log-log scale graph should be� � minf 1; 2 � 2� g. This is in accordance with Figure 1
when the iteration is larger than100. For � 2 [0; 1=2), the value of� does not affect the slope, while
for � 2 (1=2; 1), larger� and smaller� both lead to smoother lines.

Figure 1: The log-log scale graphs of averaged MSE onIID over5 repetition vs iterations.
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Figure 2: The heatmaps of�u n across two orthog-
onal directions over100repetitions onIID .

Figure 3: Trajectories of̂u n along two random di-
rections over5 repetitions onSynthetic (1; 1).

Frequent Projection For � = 1 and� 2 f 0; 0:2g, we run2000steps of LPSA over100repetitions
on IID and pick up the last200iterates. For these iterates, we compute the rescaled vectors�u n and
project them into a two-dimensional random subspace. Then we plot the heatmaps across the two
dimensions in Figure 2. We observe that the cells near the origin have the lightest colors, and as we
move away from the origin the cell color becomes darker. Since the cells with lighter colors imply
more frequencies, these phenomenons agree with Theorem 3.3, where the limiting distribution of�u n
is Gaussian. The results with other values of� and� are deferred to Appendix D.4.

Occasional Projection For � = 0 :8 and� = 0 :6, we run50000steps of LPSA over5 repetition
on Synthetic (1; 1). Then we compute the rescaled sequenceû n and project them along two
random directionse1 ande2. The trajectories depicted in Figure 3 show that the limits ofhû n ; e1i
andhû n ; e2i are nonzero and verify the asymptotic biased ofû n mentioned in Corollary 1. The
results with other values of� and� are deferred to Appendix D.6.

5 Concluding Remarks

In this paper we study the linearly constrained optimization problem. We propose the LPSA algorithm
that is inspired by Local SGD. The probabilistic projection in LPSA follows the spirit of loopless
methods [16, 12, 28] and simpli�es the double-loop structure of original Local SGD, facilitating
theoretical analysis. We thoroughly analyze the (non-)asymptotic properties of properly scaled
trajectories obtained fromf u n g and discover an interesting phase transition wheref u n g changes
from asymptotically normal to asymptotically biased as the projection frequency decreases. From a
technical level, we generalize jump diffusion approximations to accommodate the particularity and
discontinuity of LPSA.

There are also some open problems. It is unclear about the asymptotic behavior ofu n when� = 0 :5,
i.e.,pn = �(

p
� n ). The jump diffusion approach fails because we can't analyzef u n g via the length

of f vn g anymore. It accounts for failure thatf �u n g andf �vn g are incompatible in the sense that
they use different time scales and the time interpolation. However, we speculate�u n would �nally
converge weakly to a non-centred Gaussian distribution. In addition, it is also interesting to analyze
the performance of projection complexity of LPSA. From Corollary 1, to achieve a better convergence
rate at lower projection frequencies, we must overcome the asymptotically biased nature ofu n . One
feasible approach is to build a `de-biasing' algorithm which attenuates the effect ofvn during the
update ofu n . We leave them as future work.
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A Special Condition: Federated Learning

In this section, we focus on the speci�c case of Federated Learning (FL). We �rst present the FL
problem and establish the equivalence between LPSA and local SGD. Then we restate our main
results under the context of FL. We also discuss related works on distributed optimization.

A.1 The Problem and Reduction

In this subsection, we formulate our algorithm in federated settings and show that it is equivalent to
local SGD. Before we proceed, we �rst give the formal statement of our algorithm

Algorithm 1: Loopless Projected Stochastic Approximation (LPSA)
Input: functionf , data distributionD, initial point x 0, step size� n , projection probabilitypn .
Initialization: let x (k )

0 = x0 for all k.
for n = 0 to T � 1 do

Sample� n � D and! n � Bernoulli( pn )
x n + 1

2
= x n � � n r f (x n ; � n )

if ! n = 1 then
x n +1 = PA ? x n + 1

2

else
x n +1 = x n + 1

2

end if
end for
Return: PA ? x T .

For typical distributed optimization problems, we can rewrite them as a global consensus problem,

min
x (1) ;x (2) ;��� ;x ( N )

1
N

NX

k=1

E� ( k ) �D k
g(x (k ) ; � (k ) ) s.t. x (1) = � � � = x (N ) ; (11)

where there areN clients, x (k ) is the local parameter at thek-th client and � (k ) repre-
sents the randomness from this client. If we concatenate all the local parameters asx =
�
(x (1) )> ; (x (2) )> ; � � � ; (x (N ) )>

� >
2 RNd and � = ( � (1) ; � (2) ; � � � ; � (N ) )> , we can rewrite

the equation(11) as the form of equation(1), wheref (x ; � ) = 1
N

P N
k=1 g(x (k ) ; � (k ) ), D =

D1 � D 2 � � � � � D N andA > is equipped with a particular structure

A > =

2

6
6
4

I d � I d 0d � � � 0d 0d
0d I d � I d � � � 0d 0d
...

...
...

...
...

...
0d 0d 0d � � � I d � I d

3

7
7
5 2 R(N � 1)d� Nd : (12)

In the expression ofA > , I d 2 Rd� d is the identity matrix and0d 2 Rd� d is the zero matrix. For
such anA , the operatorsPA ? andPA are easy to compute. One can check that

PA ? (x ) =
�
�x > ; �x > ; � � � ; �x > � >

(13)

and

PA (x ) =
h
(x (1) � �x )> ; (x (2) � �x )> ; � � � ; (x (N ) � �x )>

i >
;

where �x = 1
N

P N
i =1 x ( i ) . Then we can establish the equivalent between LPSA and local SGD.

At iteration n, the stepx n + 1
2

= x n � � n r f (x n ; � n ) represents a step of local update, that is

x (k )
n + 1

2
= x (k )

n � � n r g(x (k )
n ; � (k )

n ) for eachk. If ! n = 1 , the projection stepx n +1 = PA ? (x n + 1
2
)

becomes a round of communication such that all the local parameters share the same value, i.e.,
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x (k )
n +1 = 1

N

P N
i =1 x ( i )

n + 1
2

for eachk; if ! = 0 , no communication happens andx (k )
n +1 = x (k )

n + 1
2
.

Finally, Algorithm 1 returns the average of all local parametersPA ? x T = 1
N

P N
k=1 x (k )

T .

The above reduction analysis implies that under the context of FL, Algorithm 1 becomes a loopless
version of local SGD. The main difference between LPSA and original Local SGD is that LPSA has
a stochastic length of local updates, which is determined by how frequent we observe! n = 1 . Since
pn gradually decreases, the expectation of local updates would gradually increase. Such a difference
does not deteriorate the convergence under certain conditions, as shown in Theorem 3.1. Moreover,
the probabilistic loop also facilitates theoretical analysis.

A.2 Restatement of Theoretical Results

In this subsection, we examine the theoretical results and give a revision of Theorem 3.2 under the
FL condition.

For simplicity, we de�ne the population loss function on clientk as gk (x (k ) ) :=
E� ( k ) �D k

g(x (k ) ; � (k ) ). Then we havef (x ) = E� �D f (x ; � ) = 1
N

P N
k=1 gk (x (k ) ),

r f (x ) =
1
N

2

6
6
6
4

r g1(x (1) )
r g2(x (2) )

...
r gn (x (N ) )

3

7
7
7
5

and

r 2f (x ) =
1
N

2

6
6
6
4

r 2g1(x (1) ) 0d � � � 0d

0d r 2g2(x (2) ) � � � 0d
...

...
...

...
0d 0d � � � r 2gN (x (N ) )

3

7
7
7
5

:

We �rst focus on Proposition 1. Note that the solution to (11) must be of the form

x ? =
h
(x (?) )> ; (x (?) )> ; � � � ; (x (?) )>

i >
2 RNd :

Proposition 1 implies that the solution satis�es1
N

P N
k=1 r gk (x (?) ) = 0. This equation does not

imply that ther gk (x ?) are all equal to zero. In fact, under the heterogeneous setting, where thegk

are different due to the diversity across the clients, we typically haver f (x (?) ) 6= 0. This is crucial
for the validity of Theorem 3.4 and Corollary 1. As for the homogeneous setting where thegk share
the same form,1N

P N
k=1 r gk (x (?) ) = 0 does implyr gk (x (?) ) = 0 and consequentlyr f (x ?) = 0.

In this case, Theorem 3.4 and Corollary 1 do not hold any more. However, the homogeneous setting
is beyond the scope of our paper and is left for future work. Thus, we assumer f (x ?) 6= 0 from now
on.

Now we turn to the results in Section 3.1. WithPA ? described in (13), we have

u n =
�
( �x n )> ; ( �x n )> ; � � � ; ( �x n )> � >

;

where �x n = 1
N

P N
k=1 x (k )

n . As a result,E ku n � x ?k2 = N E



 �x n � x (?)




 2

. Then Theorem 3.1

guarantees thatE



 �x n � x (?)




 2

= O(n� � min f 1;2� 2� g), which is what we desire. The revision of
Theorem 3.2 is deferred to the last part of this subsection.

As for the results in Section 3.2, we �rst take a glance at Theorem 3.3. Since the expression ofPA ?

implies we can just focus on the �rstd dimensions of(7), Theorem 3.3 actually characterize the
asymptotic behavior of�x n � x ( ? )

p
� n � 1

when� 2 [0; 1
2 ). Then we consider the bias vector mentioned in

Corollary 1. Direct computation shows

PA ? r 2f (x ?)r f (x ?) =
1

N 2 PA ?

2

6
6
6
4

r 2g1(x (?) )r g1(x (?) )
r 2g2(x (?) )r g2(x (?) )

...
r 2gN (x (?) )r gN (x (?) )

3

7
7
7
5
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=
1

N 3

2

6
6
4

I d
I d
...

I d

3

7
7
5

NX

k=1

r 2gk (x (?) )r gk (x (?) )

Even if r gk (x (?) ) 6= 0 for anyk, the bias vector could still be equal to the zero vector. For example,
r 2gk (x (?) ) are all the same and

P N
k=1 r gk (x (?) ) = 0. For such a special case, the convergence of

E



 �x n � x (?)




 2

2 could be faster, since the leading term hindering the convergence vanishes.

A.2.1 Revision of the Lower Bound

Finally, we present a revised version of Theorem 3.2. Recall that the Hessian matrixr 2f (x ) is a
block diagonal matrix. Although Theorem 3.1 provides a counter example for the general case, it
does not specify the form ofr 2f (x ). Fortunately, withA de�ned in (12), we can �nd a counter
example such thatr 2f (x ) is a diagonal matrix.
Corollary 2. Consider the problem(11). If � n = � 0n� � andpn = min f p0� n ; 1g with 0 < � � 1,
then there exists a quadratic functionf (x ) such thatr 2f (x ) is a diagonal matrix,r 2f (x ) � I d

andE ku n � x ?k2 does not converge to0.

The proof of Corollary 2 is deferred to Appendix B.3.

A.3 Related Work

In this section, we focus on several works that investigate the asymptotic and dynamical nature of
distributed optimization. We can trace this line of research back from the classical work [22] by
Kushner et al. Unlike the prevailing federated learning algorithm (multi-step local computation
between adjacent communications), Kushner et al. [22] consider a random, incomplete decentralized
communication within each iteration. And the randomness of these communications are characterized
by a sequence of random gossip matricesf W n g. In particular, the algorithm has the following form,

Local step:x n + 1
2 ;i = x n;i + � Y n;i

Gossip step:x n +1 ;i =
NX

j =1

! n +1 (i; j )x n + 1
2 ;j

(14)

whereW n = [ ! n (i; j )]N
i;j =1 andN is the number of nodes.

For the algorithm, Kushner et al. [22] proved that the trajectories of the �nal iteration converge weakly
to the solution of the particular ODE as the step size� converges to zero, and formally discussed
the weak convergence of the rescaled sequences to the solution of a speci�c linear SDE (i.e. the
diffusion approximation result). However, there are several limitations to this work. First of all, the
most critical point is that the above theoretical results are discussed in the case of �xed step sizes. As
the iteration increases, the variance term of a stochastic approximation begins to dominate the rate of
convergence, and the use of a constant step size at this point will make the effect of variance never
fall to zero. So a �xed step size means a �xed and �nite total iteration (depending on the constant
step size and the required estimation accuracy). This makes all the asymptotic results in [22] less
practical. In addition, the article assumes (without proof) some intermediate results such as tightness
and weak convergence at the initial point, making his theoretical results incomplete.

Thereafter, Bianchi et al. [2] consider the same random gossip stochastic approximation algorithm.
Unlike [22], Bianchi et al. replace the �xed step size with a decreasing step size and obtain the
asymptotic normality of rescaled �nal iteration and Polyak-Ruppert averaging sequence. But note
that Bianchi et al. [2] assume that all gossip matrices have the same distribution, implying that
their asymptotic results hold only if the communication frequency does not decrease as the iteration
increases. This is equivalent to the case in LPSA where the projection probability is set as a constant.
In particular, they assume the step size
 n � 1

n � satis�es that� 2 ( 1
2 ; 1]. In the end, neither of the

above two works analyzes the effect of communication frequency on the asymptotic performance of
the distributed stochastic approximation algorithm, which is explicitly re�ected in our analysis in the
form of bias-variance tradeoff.
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B Proof of Section 3.1

In this section, we give the proof of Theorems 3.1 and 3.2.

B.1 Useful Propositions and Lemmas

In this subsection, we present some existing results and auxiliary lemmas useful for our later analysis.

Proposition 2([32], Theorem 2.1.9, property of strong convexity). If f (x ) is � -strongly convex, then
we have

hr f (x ) � r f (y ); x � y i � � kx � yk2 ; 8 x ; y 2 Rd:

Proposition 3 (Cauchy–Schwarz Inequality). For any vectorsa; b 2 Rd and positive number
 , it
holds that

2ha; bi � 
 kak2 +
1



kbk2 :

Moreover, for any positive integern and any vectorsx 1; x 2; : : : ; x n 2 Rd, it holds that











nX

i =1

x i












2

� n
nX

i =1

kx i k
2 :

Proposition 4 ([25], Proposition 2.1 and Lemma B.1, property of projection). Suppose thatA is a
p � q matrix. LetPA be the projection onto the column space ofA andPA ? the projection onto the
null space ofA > . Then we have

1. Linearity: PA (� x + � y ) = � PA (x ) + � PA (y ) for anyx ; y 2 Rp and�; � 2 R.

2. Non-expansiveness:maxfkP A (x ) � P A (y )k; kPA ? (x ) � P A ? (y )kg � k x � yk for any
x ; y 2 Rp.

3. Orthogonality: anyx 2 Rp can be decomposed uniquely intox = u + v whereu =
PA ? (x ) andv = PA (x ) satisfyinghu ; v i = 0 .

More speci�cally, we havePA (x ) = A (A > A )yA > x = ( A > )yA > x and PA ? (x ) = I p �
PA (x ) =

�
I p � A (A > A )yA >

�
x =

�
I p � (A > )yA >

�
x with y the pseudo inverse.

Proposition 5 (Stolz–Cesàro theorem). Let f an g andf bn g be two sequences of real numbers such
that

1. 0 < b1 < b2 < � � � < bn < : : : andlim t !1 bt = 1 .

2. limn !1
an +1 � an

bn +1 � bn
= l 2 R.

Then,limn !1
an
bn

exists and is equal tol .

Lemma 1. Let f r n g � (0; 1) be a sequence of positive numbers that decays to zero monotonically.
If r n

r n +1
� 1 = o(r n ), for p � 1, we have that

lim
T !1

P T
n =1 r p

n
Q T

s= n +1 (1 � r s)

r p� 1
T

= 1 :

Lemma 2. Let f r n g � (0; 1) be a sequence of positive numbers that decays to zero monotonically
anda is a positive number. If r n

r n +1
� 1 = arn + o(r n ), for p � 1 and1=a > p � 1, we have

lim
T !1

P T
n =1 r p

t
Q T

s= n +1 (1 � r s)

r p� 1
T

=
1

1 � a(p � 1)
:

Lemma 3. Let f r n g � (0; 1) be a sequence of positive numbers that decays to zero monotonically
and f sn g is a sequence of positive numbers. Ifr n

r n +1
� 1 = arn + o(r n ) for a � 0 andsn +1 =

(1 � r n )sn + o(r n ). Then we havesn = o(1).

The proof of the three lemmas are deferred to Appendix B.4.
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B.2 Proof of Theorem 3.1

In this subsection, we give the formal statement of Theorem 3.1 and its proof. Before that, we �rst
present the one-step descent lemmas ofE ku n � x ?k2 andE kvn k2, whose proof is deferred to
Appendix B.5.

Lemma 4(One-step descent ofE ku n � x ?k2 ). Suppose that Assumptions 1, 2 and 4 hold. Then
there exists an0 such that for anyn � n0,

Eku n +1 � x ?k2 � (1 � �� n )Eku n � x ?k2 +
3L 2

�
� n Ekvn k2 + 2 � 2

n � (1)
? ; (15)

where� (1)
? := E kPA ? � ?k2 with � ? = r f (x ?) � r f (x ?; � ); � � D .

Lemma 5(One-step descent ofE kvn k2 ). Suppose that Assumptions 1, 2 and 4 hold. Then there
exists an0 such that for anyn � n0

Ekvn +1 k2 �
�

1 �
pn

2

�
Ekvn k2 +

7L 2� 2
n

pn
Eku n � x ?k2 +

7L 2� 2
n

pn
kr f (x ?)k2 + 2 � 2

n � (2)
? ; (16)

where� (2)
? := E kPA � ?k2 with � ? = r f (x ?) � r f (x ?; � ); � � D .

Now we are prepared to give the formal statement of Theorem 3.1.

Theorem B.1(Formal statement of Theorem 3.1). Suppose that Assumptions 1, 2 and 4 hold. Let
� n = � 0n� � andpn = min f p0� �

n ; 1g with 0 � � < 1. Then for (i)0 < � < 1 or (ii) � = 1 with
� 0 > 2=� , we have

Eku n � x ?k2 = O
�
� n + � 2� 2�

n

�

E kvn k2 = O
�
� 2� 2�

n

�

Proof. (Proof of Theorem B.1)

Let zn = ku n � x ?k2 + c0

q
pn
� n

kvn k2 with c0 =
p

3=(7� ). By Lemmas 4 and 5, there exists an0

such that for anyn � n0, we have

Ezn +1 �

 

1 � min
n

�� n ;
pn

2

o
+ 7c0L 2 � 3=2

n

p1=2
n

!

Ezn + 2 � 2
n � (1)

?

+ 7c0L 2 � 3=2
n

p1=2
n

kr f (x ?)k2 + 2c0� 3=2
n p1=2

n � (2)
? :

With pn = min f p0� �
n ; 1g for some0 � � < 1, there exists an1 � n0 such that for anyn � n1, we

havepn = p0� �
n and

Ezn +1 �
�

1 �
�� n

2

�
Ezn + 2 � 2

n � (1)
? +

7c0L 2

p
p0

� 3=2� �= 2
n kr f (x ?)k2 + 2c0

p
p0� 3=2+ �= 2

n � (2)
? :

(17)

For anyT � n1, applying the recursion (17)(T � n1) times yields

EzT � Ezn 1

T � 1Y

n = n 1

�
1 �

�� n

2

�
+ 2� (1)

?

T � 1X

n = n 1

� 2
n

T � 1Y

s= n +1

�
1 �

�� s

2

�

+
7c0L 2

p
p0

kr f (x ?)k2
T � 1X

n = n 1

� 3=2� �= 2
n

T � 1Y

s= n +1

�
1 �

�� s

2

�

+ 2c0
p

p0� (2)
?

T � 1X

n = n 1

� 3=2+ �= 2
n

T � 1Y

s= n +1

�
1 �

�� s

2

�
:

(18)

18



For case (i) where0 < � < 1, we have� n = � 0n� � . Thus, for the �rst term, we have

Ezn 1

T � 1Y

n = n 1

�
1 �

�� n

2

�
� Ezn 1 exp

 

�
�
2

T � 1X

n = n 1

� n

!

� Ezn 1 exp
�

�
�� 0(T1� � � n1� �

1 )
2(1 � � )

�
:

For other terms, one can check that� n
� n +1

� 1 = o(� n ). Then by Lemma 1, we have

Eku n � x ?k2 � Ezn = O

 
c0L 2 kr f (x ?)k2

p
p0 �

� 1=2� �= 2
n

!

= O

 
L 2 kr f (x ?)k2

p
p0�

� 1=2� �= 2
n

!

: (19)

This implies that there exists a positive numberc1 such thatEku n � x ?k2 � c1
L 2 kr f (x ? )k2

p
p0 � � 1=2� �= 2

n

for anyn � n1. Substituting this into (16) yields that

Ekvn +1 k2 �
�

1 �
p0� �

n

2

�
Ekvn k2 +

7c1L 4 kr f (x ?)k2

p3=2
0

p
�

� 5=2� 3�= 2
n Eku n � x ?k2

+
7L 2

p0
� 2� �

n kr f (x ?)k2 + 2 � 2
n � (2)

?

hold for anyn � n1. Following the same argument as before, we can prove

Ekvn k2 = O

 
L 2 kr f (x ?)k2

p2
0

� 2� 2�
n

!

: (20)

Then there existsc2 > 0 such thatEkvn k2 � c2 L 2 kr f (x ? )k2
2

p2
0

� 2� 2�
n for anyn � n1. Substituting this

into (15) yields that

Eku n +1 � x ?k2 � (1 � �� n )Eku n � x ?k2 +
3c2L 4 kr f (x ?)k2

2

�p 2
0

� 3� 2�
n + 2 � 2

n � (1)
?

hold for anyn � n1. Following the same procedure again, we can obtain

Eku n � x ?k2 = O

 
� (1)

?

�
� n +

L 4 kr f (x ?)k2

� 2p2
0

� 2� 2�
n

!

: (21)

For case (ii) where� = 1 with � 0 > 2=� , we can still obtain(18). Since� n = � 0t � 1, for the �rst
term on the right-hand side of (18), we have

Ezn 1

T � 1Y

n = n 1

�
1 �

�� n

2

�
� Ezn 1 exp

 

�
�
2

T � 1X

n = n 1

� n

!

� Ezn 1 exp
�

�
�� 0(ln T � ln n1)

2

�

= O
�

T � �� 0 =2
�

:

For other terms, one can check that� n
� t +1

� 1 = 2
�� 0

� �� n
2 + o(� n ). Then by Lemma 2, we have(19)

holds for� 0 > 2=� . Following the same procedure as before, we can also obtain(20). Substituting
this into (15) yields that

Eku n +1 � x ?k2 � (1 � �� n )Eku n � x ?k2 +
3c2L 2

�
� 3� 2�

n + 2 � 2
n � (1)

?

holds for anyn � n1. Since � n
� t +1

� 1 = 1
�� 0

� �� n + o(� n ), following the same procedure as before,
we can obtain (21) for� 0 > 2=� > maxf 2 � 2�; 1g=� .
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B.3 Proof of Theorem 3.2

We �rst give a formal statement of Theorem 3.2 that can combines Theorem 3.2 and Corollary 2.

Theorem B.2. If � n = � 0n� � andpn = min f p0� n ; 1g with 0 < � � 1, for a speci�cA 2 Rp� r

with r < p , there exists a quadratic functionf (x ) de�ned onRp so thatr 2f (x ) � I p and
E ku n � x ?k2 does not converge to0. HereI p 2 Rp� p is the identity matrix, andr 2f (x ) � I p

meansr 2f (x )� I p is positive semide�nite. Moreover, ifPA is not of the formPA =
P

i 2 I ei e>
i ,

whereI � f 1; 2; : : : ; pg andei is the unit vector inRp with thei -th element equal to1, r 2f (x ) can
be chosen as a diagonal matrix such thatr 2f (x ) � I p.

Before give the proof of Theorem B.2, we �rst give the proof of Corollary 2 based on Theorem B.1.

Proof. (Proof of Corollary 2)

With A de�ned in (12), we havep = Nd and r = ( N � 1)d. Recall that forx =
�
(x (1) )> ; (x (2) )> ; � � � ; (x (N ) )>

� >
2 RNd , we have

PA ? (x ) =
�
�x > ; �x > ; � � � ; �x > � >

where�x = 1
N

P N
k=1 x (k ) . As a result, we havePA ? e1 = 1

N

P N � 1
k=0 e1+ kd . This implies thatPA ?

can not be of the formPA ? =
P

i 2 I ei e>
i . Thus,r 2f (x ) can be chosen as a diagonal matrix.

Now we present the proof of Theorem B.2.

Proof. (Proof of Theorem B.2)

Consider the quadratic functionf (x ) = 1
2 x > Bx + c> x where the positive de�nite matrixB 2 Rp� p

and the vectorc 2 Rp are speci�ed later.

The exact solution to problem(1) We �rst compute the exact solution to problem(1), where
A 2 Rp� r for some positive integerr < p . With out loss of generalization, we assumerank(A ) = r .

Suppose that the singular value decomposition (SVD) ofA is A = UD A V > whereU 2 Rp� p

andV 2 Rr � r are orthogonal matrices andD A 2 Rp� r is a rectangular diagonal matrix with
diagonal entries in descending order. One can check that the solution toA > x = 0 has the form
x =

�
I p � (A > )yA >

�
w = PA ? (w ) wherew is an arbitrary vector inRp and(A > )y is the pseudo

inverse ofA > . From the SVD ofA , we have

I p � (A > )yA > = U
�

0r 0r � (p� r )
0(p� r ) � r I p� r

�
U > ;

where0m � n 2 Rm � n denote the zero matrix and reduces to0n 2 Rn � n for m = n. We denote the
�rst r columns ofU by U1 and lastp � r columns ofU by U2 for simplicity, Then the problem(1)
becomes the following unconstrained problem

min
w 2 Rp

1
2

w > �
I p � (A > )yA > � >

B
�
I p � (A > )yA > �

w + w > �
I p � (A > )yA > � >

c:

= min
w 2 2 Rp � r

1
2

w >
2 B 2w2 + w >

2 c2;

wherew2 = U >
2 w, B 2 = U >

2 BU 2 andc2 = U >
2 c. The solution isw ?

2 = � B � 1
2 c2. From the

expression ofI p � (A > )yA > , we know that the �rstr elements ofU > w will not affect the value of
x . Thus, the solution to the original problem (1) isx ? = � U2B � 1

2 c2.

Moreover, one can check

PA = U
�

I r 0r � (p� r )
0(p� r ) � r 0(p� r ) � (p� r )]

�
U > = U1U >

1

and

PA ? = U
�

0r � r 0r � (p� r )
0(p� r ) � r I p� r

�
U > = U2U >

2 :
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Recursions ofEu n and Evn From the de�nition ofu n and the linearity ofPA ? , we have

u n +1 � x ? = PA ? (x n � � n Bx n � � n c + � n � n ) � x ?

= u n � x ? � � n PA ? (Bx n + c) + � n PA ? � n

= u n � x ? � � n PA ? B (u n � x ?) � � n PA ? Bv n � � n PA ? (Bx ? + c) + � n PA ? � n

= u n � x ? � � n PA ? B PA ? (u n � x ?) � � n PA ? Bv n � � n PA ? (Bx ? + c) + � n PA ? � n :

The optimality ofx ? implies thatPA ? (Bx ? + c) = 0. Taking expectation yields

Eu n +1 � x ? = ( I p � � n PA ? B PA ? )(Eu n � x ?) � � n PA ? B Evn : (22)

As for the iteration ofEv t . From the de�nition ofvn , with probability1 � pn we have

v t +1 = PA (x n � � n Bx n � � n c + � n � n )
= vn � � n PA (Bx n + c) + � n PA � n

= vn � � n PA B (u n � x ?) � � n PA Bv n � � n PA (Bx ? + c) + � n PA � n

= ( I p � � n PA B PA )vn � � n PA B (u n � x ?) � � n PA (Bx ? + c) + � n PA � n ;

and with probabilitypn we havevn +1 = 0. Taking expectation yields

Evn +1 =(1 � pn )( I p� � n PA B PA )Evn � (1� pn )� n [PA B (Eu n � x ?) + PA (Bx ?+ c)] : (23)

Simultaneous diagonalization ofPA B PA and PA ? B PA ? We �rst express the two matrices as
follows:

PA B PA = U
�

I r 0r � (n � r )
0(n � r ) � r 0n � r

�
U > BU

�
I r 0r � (n � r )

0(n � r ) � r 0n � r

�
U >

= U
�

B 1 0r � (n � r )
0(n � r ) � r 0n � r

�
U > ;

PA ? B PA ? = U
�

0r 0r � (n � r )
0(n � r ) � r I n � r

�
U > BU

�
0r 0r � (n � r )

0(n � r ) � r I n � r

�
U >

= U
�

0r 0r � (n � r )
0(n � r ) � r B 2

�
U > ;

whereB 1 = U >
1 BU 1 and B 2 = U >

2 BU 2 are positive de�nite. We suppose the eigenvalue
decomposition ofB 1 and B 2 is B 1 = Q1D B 1 Q>

1 and B 2 = Q2D B 2 Q>
2 . With Q :=�

Q1 0r � (n � r )
0(n � r ) � r Q2

�
andP := UQ , we obtain the eigenvalue decomposition ofPA ? B PA ?

andPA B PA as follows

PA B PA = P
�

D B 1 0r � (n � r )
0(n � r ) � r 0n � r

�
P > =: P eD B 1 P >

and

PA ? B PA ? = P
�

0r 0r � (n � r )
0(n � r ) � r D B 2

�
P > =: P eD B 2 P > :

Proof by contradiction Left multiplication of (23) byP > yields

E~vn +1 = ( I p � eD n )E~vn � � n (1 � pn )B 0(Eu n � x ?) � (1 � pn )� n c0: (24)

where~vn := P > vn , B 0 := P > PA B , eD n := � n
eD B 1 + pn I p � � n pn

eD B 1 andc0 := P > PA (Bx ?+
c). Adding(p0I p + eD B 1 ) � 1c0 to both sides of (24), we obtain

E~vn +1 + ( p0I p + eD B 1 ) � 1c0

= ( I p � eD n )E~vn � � n (1 � pn )B 0(Eu n � x ?) � (1 � pn )� n c0 + ( p0I p + eD B 1 ) � 1c0

= ( I p � eD n )[E~vn + ( p0I p + eD B 1 ) � 1c0] � � n (1 � pn )B 0(Eu n � x ?)
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+ [ pn � p0� n (1 � pn )](p0I p + eD B 1 ) � 1c0: (25)

SupposeEku n � x ?k2 = o(1), which implies Eu n � x ? = o(1). Let eD n =

diag
n

~dn; 1; ~dn; 2; : : : ; ~dn;p

o
amd eD B 1 = diag

n
~dB 1 ;1; ~dB 1 ;2; : : : ; ~dB 1 ;p

o
. Left multiplication of

(25) bye>
i gives

�
�
�
�
�
Ee>

i ~vn +1 +
1

p0 + ~dB 1 ;i
e>

i c0

�
�
�
�
�

� (1 � ~dn;i )

�
�
�
�
�
Ee>

i ~vn +
1

p0 + ~dB 1 ;i
e>

i c0

�
�
�
�
�
+ o(� n );

whereei is the unit vector with thei -th element equal to1. Since~dn;i = � n dB 1 ;i (1 � pn ) + pn and
pn = min f p0� n ; 1g, o(� n ) = o( ~dn;i ). Lemma 3 impliesEe>

i ~vn +1 = � 1
p0 + dB 1 ;i

e>
i c0 + o(1). It

follows thatE~vn = � (p0I p + eD B 1 ) � 1c0 + o(1). Thus we have

Evn = � P (p0I p + eD B 1 ) � 1P > PA (Bx ? + c) + o(1): (26)

Denote the limit ofEvn by v1 and we come back to the iteration(22). Left multiplication of(22)by
P > yields

E~u n +1 = ( I p � � n
eD B 2 )E~u n � � n P > PA ? Bv 1 + o(� n );

where~u n = P > (u n � x ?). Similar to the above argument, addingP > PA ? Bv 1 to both sides and
using Lemma 3, we can obtain

E~u n = � P > PA ? Bv 1 + o(1)

= P > PA ? BP (p0I p + eD B 1 ) � 1P > PA (Bx ? + c) + o(1):

It remains to prove that there exists a positive de�nite matrixB 2 Rp� p and a vectorc 2 Rp such
that the limit is nonzero.

Speci�cation of B and c From the expression ofx ?, we have

Bx ? + c = c � BU 2(U >
2 BU 2) � 1U >

2 c = ( I p � BU 2(U >
2 BU 2) � 1U >

2 )c:

De�ne eB := I p � BU 2(U >
2 BU 2) � 1U >

2 for short. We examine the column space ofeB , which is
denoted byR( eB ). We can easily �ndU >

2
eB = 0(p� r ) � r . ThusR( eB ) � R (U1). On the other hand,

we haveeBU 1 = U1, which impliesrank( eB ) � rank(U1). As a result,R( eB ) = R(U1). Then for
anyz 2 Rr , there exists ac 2 Rp such thateBc = U1z. It suf�ces to prove that there exists a positive
de�nite matrix B 2 Rp� p and a vectorz 2 Rr such thatP > PA ? BP (p0I p + eD B 1 ) � 1P > PA U1z
is nonzero.

Since P = UQ , PA = U1U >
1 , PA ? = U2U >

2 , Q =
�

Q1 0r � (n � r )
0(n � r ) � r Q2

�
, eD B 1 =

�
D B 1 0r � (n � r )

0(n � r ) � r 0n � r

�
andB 1 = Q1D B 1 Q>

1 , we have

P > PA ? BP (p0I p + eD B 1 ) � 1P > PA U1z

= Q> U > U2U >
2 BUQ (p0I p + eD B 1 ) � 1Q> U > U1z

= Q>
�

0
U >

2

�
B [U1 U2]

�
(p0I r + B 1) � 1 0r � (p� r )

0(p� r ) � r
1

p0
I p� r

� �
z
0

�

= Q>
�

0
U >

2 BU 1(p0I p + eD B 1 ) � 1z

�
:

Then it suf�ces to prove that there exist a positive matrixB 2 Rp� p such thatU >
2 BU 1 is nonzero.

Suppose thatU1 = ( p1; p2; : : : ; pr ) = ( pki )p� r andU2 = ( q1; q2; : : : ; qp� r ) = ( qkj )p� (p� r ) .
Then the column vectors ofU1 andU2 form an orthonormal basis ofRp.

If there existi ,j andk0 such thatpk0 i qk0 j 6= 0 , Then we can takeB as a diagonal matrixI p + E k0 k0

whereE ij is thep � p matrix with (i; j ) entry equal to1 and others equal to0. The(j; i ) entry of
U >

2 BU 1 is
P p

k=1 pki qkj + pk0 i qk0 j = pk0 i qk0 j 6= 0 . And one can checkB � I p.
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Otherwise, there must existi , j , k0 andl0 such thatpk0 i ql 0 j 6= 0 andk0 6= l0. Since in this case
pki qkj = 0 for anyk, then we haveqk0 j = pl 0 i = 0 . We takeB = 2 I p + E k0 l 0 + E l 0 k0 . Then the
(j; i ) entry ofU >

2 BU 1 is 2
P p

k=1 pki qkj + pk0 i ql 0 j + pl 0 i qk0 j = pk0 i ql 0 j 6= 0 . And one can check
B � I p.

As a result, there always existsB andc such that the limit ofkE~u n k is nonzero. This implies
E ku n � x ?k2 6= o(1), which induces a contradiction.

In the latter case, for anyei 2 Rp, eithere>
i U1 or e>

i U2 is zero. Note thatU1 andU2 are of
full column rank. Then we haveU1 =

P
i 2 I 1

ei ~p>
i and U2 =

P
j 2 I 2

ej ~q>
j wherejI 1j = r ,

jI 2j = p � r , I 1 [ I 2 = f 1; 2; : : : ; pg, I 1 \ I 2 = ? , ~pi (i 2 I 1) are orthonormal basis ofRr and
~qj (j 2 I 2) are orthonormal basis ofRp� r . As a consequence,PA = U1U >

1 =
P

i 2 I 1
ei e>

i and
PA ? = U2U >

2 =
P

j 2 I 2
ej e>

j . This implies that ifPA is not of this form there must existi; j; k 0

such thatpk0 i qk0 j 6= 0 . Then we can chooseB as a diagonal matrix such thatB � I p.

B.4 Proof of Lemmas 1, 2 and 3

Proof. (Proof of Lemma 1)

De�ne aT =
P T

n =1 r p
n

Q n
s=1

1
1� r s

andbT = r p� 1
T

Q T
s=1

1
1� r s

. We �rst prove thatbT +1 > bT for
suf�ciently largeT andlimT !1 bT = 1 . Since

bT +1

bT
=

�
r T +1

rT

� p� 1

�
1

1 � r T +1

=
1

(1 + o(r T ))p� 1 � (1 + rT +1 + o(rT +1 ))

= (1 + o(rT +1 ))(1 + rT +1 + o(rT +1 ))
= 1 + rT +1 + o(rT +1 );

then we havebT +1 > bT for suf�ciently largeT. Besides, r n
r n +1

� 1 = o(r n ) implies 1
r n

� 1
r n +1

=

o(1). By Stolz–Cesàro theorem, we havelimn !1
1

nr n
= 0 and limn !1

P n
s =1 1=sP n
s =1 r s

= 0 . As a
consequence,

bT � r p� 1
T exp

 
TX

s=1

r s

!

= r p� 1
T exp

 P T
s=1 r s

P T
s=1 1=s

TX

s=1

1=s

!

� r p� 1
T exp

 P T
s=1 r s

P T
s=1 1=s

logT

!

= ( T rT )p� 1 exp

" P T
s=1 r s

P T
s=1 1=s

� p + 1

!

logT

#

:

ThuslimT !1 bT = 1 . Now we use Stolz–Cesàro theorem to provelimT !1
aT
bT

= 1 . With the
de�nition of aT andbT , we have

aT +1 � aT = r p
T +1

T +1Y

s=1

1
1 � r s

and

bT +1 � bT = r p� 1
T +1

T +1Y

s=1

1
1 � r s

� r p� 1
T

TY

s=1

1
1 � r s

= ( r p� 1
T +1 � r p� 1

T )
T +1Y

s=1

1
1 � r s

+ r p� 1
T r T +1

T +1Y

s=1

1
1 � r s

:
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It follows that

aT +1 � aT

bT +1 � bT
=

r p
T +1

r p� 1
T +1 � r p� 1

T + r p� 1
T r T +1

=
r T +1

1 � (r T =rT +1 )p� 1 + r T +1 (r T =rT +1 )p� 1

=
r T +1

1 � (1 + o(rT ))p� 1 + rT +1 (1 + o(1))

=
rT +1

o(rT ) + r T +1 (1 + o(1))

=
1

1 + o(1)
;

which implieslimT !1
aT +1 � aT

bT +1 � bT
= 1 . By Stolz–Cesàro theorem, we obtain what we want.

Proof. (Proof of Lemma 2)

De�ne aT =
P T

n =1 r p
t

Q n
s=1

1
1� r s

andbT = r p� 1
T

Q T
s=1

1
1� r s

. We �rst prove thatbT +1 > bT for
suf�ciently largeT andlimT !1 bT = 1 . Since

bT +1

bT
=

�
r T +1

rT

� p� 1

�
1

1 � r T +1

=
1

(1 + arT + o(rT ))p� 1 (1 + r T +1 + o(r T +1 ))

= (1 � a(p � 1)r T + o(r T ))
�

1 +
rT

1 + arT + o(r T )
+ o(rT )

�

= (1 � a(p � 1)r T + o(r T )) (1 + r T + o(r T ))
= 1 + [1 � a(p � 1)]rT + o(r T );

then we havebT +1 > bT for suf�ciently large T. Besides, r n
r n +1

� 1 = arn + o(r n ) implies
1

r n
� 1

r n +1
= a+ o(1). By Stolz–Cesàro theorem, we havelim t !1

1
nr n

= a andlimn !1

P n
s =1 1=sP n
s =1 r s

=
a. As a consequence,

bT � r p� 1
T exp

 
TX

s=1

r s

!

= r p� 1
T exp

 P T
s=1 r s

P T
s=1 1=s

TX

s=1

1=s

!

� r p� 1
T exp

 P T
s=1 r s

P T
s=1 1=s

logT

!

= ( T rT )p� 1 exp

" P T
s=1 r s

P T
s=1 1=s

� p + 1

!

logT

#

= (1 =a+ o(1))p� 1 exp [(1=a+ o(1) � p + 1) log T] :

ThuslimT !1 bT = 1 .

Now we use Stolz–Cesàro theorem to provelimT !1
aT
bT

= 1
1� a(p� 1) . With the de�nition ofaT and

bT , we have

aT +1 � aT = r p
T +1

T +1Y

s=1

1
1 � r s

and

bT +1 � bT = r p� 1
T +1

T +1Y

s=1

1
1 � r s

� r p� 1
T

TY

s=1

1
1 � r s
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= ( r p� 1
T +1 � r p� 1

T )
T +1Y

s=1

1
1 � r s

+ r p� 1
T r T +1

T +1Y

s=1

1
1 � r s

:

It follows that

aT +1 � aT

bT +1 � bT
=

r p
T +1

r p� 1
T +1 � r p� 1

T + r p� 1
T r T +1

=
rT +1

1 � (rT =rT +1 )p� 1 + rT +1 (r T =rT +1 )p� 1

=
r T +1

1 � (1 + arT + o(r T ))p� 1 + r T +1 (1 + arT + o(rT ))p� 1

=
r T +1

1 � 1 � a(p � 1)r T + o(r T ) + rT +1 (1 + o(1))

=
1

� a(p � 1)r T =rT +1 + o(1) + 1 + o(1)

=
1

1 � a(p � 1) + o(1)
;

which implieslimT !1
aT +1 � aT

bT +1 � bT
= 1

1� a(p� 1) . By Stolz–Cesàro theorem, we obtain what we
want.

Proof. (Proof of Lemma 3)

Suppose thatsn = o(1) does not hold. Then for any positive number" > 0, there exists a sequence
of positive integersf ni g that increases to1 such thatsn i � " . From the recursion ofsn , there exists
a positive integerT such that

sn +1 � (1 � r n )sn +
"
2

r n (27)

for anyn � T. Forni > T , we have

" � sn i � (1 � r n i � 1)sn i � 1 +
"
2

r n i � 1 � (1 � r n i � 1)sn i � 1 + "r n i � 1:

It follows thatsn i � 1 � " . Sinceni increases to1 , we havesn � " for anyn � T by induction. For
anyT1 > T , summing (27) fromT to T1 � 1 , we have

T1X

n = T +1

sn �
T1 � 1X

n = T

sn �
T1 � 1X

n = T

sn r n +
"
2

T1 � 1X

n = n T

r n :

Rearranging the terms yields

sT � sT1 +
T1 � 1X

n = T

sn r n �
"
2

T1 � 1X

n = T

r n � sT1 +
"
2

T1 � 1X

n = T

r n :

From the proofs of Lemmas 1 and 2, we havelimn !1

P n
s =1 1=sP n
s =1 r s

= a. ThuslimT1 !1
P T1

n = T r n =
1 , which induces a contradiction. As a consequence, we havesn = o(1).

B.5 Proof of Lemmas 4 and 5

Proof. (Proof of Lemma 4)

From the update rule and the linearity ofPA ? , we have

Eku n +1 � x ?k2 = EkPA ? (x n � � n r f (x n ) + � n � n ) � x ?)k2

= Eku n � x ? � � n PA ? (r f (x n ) � r f (x ?)) + � n PA ? � n k2

= Eku n � x ?k2 + � 2
n EkPA ? (r f (x n ) � r f (x ?))k2

� 2� n E hu n � x ?; PA ? (r f (x n ) � r f (x ?)) i + � 2
n � (1)

n ; (28)
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where the last equality is due to thatf � n g is a m.d.s. and� (1)
n := EkPA ? � n k2.

For the second term of (28), we have

kPA ? (r f (x n ) � r f (x ?))k2 = kPA ? (r f (x n ) � r f (u n )) + PA ? (r f (u n ) � r f (x ?))k2

(a)
� 2kPA ? (r f (x n ) � r f (u n ))k2 + 2kPA ? (r f (u n ) � r f (x ?))k2

(b)
� 2L 2 kvn k2 + 2L 2 ku n � x ?k2 ;

where (a) is by Proposition 3 and (b) is due to non-expansiveness ofPA ? and smoothness off . For
the third term of (28), we have

� h u n � x ?; PA ? (r f (x n ) � r f (x ?)) i
(a)
= � h u n � x ?; r f (x n ) � r f (x ?)i
= � h u n � x ?; r f (x n ) � r f (u n )i � h u n � x ?; r f (u n ) � r f (x ?)i
(b)
�

�
4

ku n � x ?k2 +
1
�

kr f (x n ) � r f (u n )k2 � � ku n � x ?k2

(c)
� �

3�
4

ku n � x ?k2 +
L 2

�
kvn k2 ;

where (a) follows from the orthogonality betweenPA andPA ? , (b) is by Propositions 2 and 3 and
(c) is due to the smoothness off . For the last term of(28), we �rst show thatj� (1)

n � � (1)
? j �

dLE kx n � x ?k. From the de�nition of� (1)
n and� (1)

? , we have

j� (1)
n � � (1)

? j =
�
�E trace

�
PA ? (� n � >

n � � ?(� ?)> )PA ?

� �
�

=
�
�trace

�
PA ? (E� n � >

n � E� ?(� ?)> )PA ?

� �
�

� dkPA ? E(�( x n ) � �( x ?))PA ? k
� dLE kx n � x ?k ;

where the last inequality is due to the non-expansiveness ofPA ? and Assumption 3. It follows that

� (1)
n � � (1)

? + j� (1)
n � � (1)

? j

� � (1)
? + dLE kx n � x ?k

� � (1)
? + dLE(ku n � x ?k + kvn k)

(a)
� � (1)

? + dL

"
� (1)

?

dL
+

dL

2� (1)
?

E(ku n � x ?k2 + kvn k2)

#

= 2� (1)
? +

d2L 2

2� (1)
?

E ku n � x ?k2 +
d2L 2

2� (1)
?

kvn k2 ;

where (a) follows from Proposition 3.

By substituting these inequalities, we obtain

E ku n +1 � x ?k2 �
�

1 �
3�
2

� n + 2L 2� 2
n +

d2L 2

2� (1)
?

� 2
n

�
E ku n � x ?k2

+
�

2L 2

�
� n + 2L 2� 2

n +
d2L 2

2� (1)
?

� 2
n

�
E kvn k2 + 2 � 2

n � (1)
n

(a)
� (1 � �� n )Eku n � x ?k2 +

4L 2

�
� n Ekvn k2 + 2 � 2

n � (1)
n ;

where (a) holds ifn is large enough.

Proof. (Proof of Lemma 5)
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From the update rule and the linearity ofPA , we have

E kvn +1 k2 = (1 � pn )E kPA (x n � � n r f (x n )� n � n )k2

= (1 � pn )E kvn � � n PA r f (x n ) + � n PA � n k2

= (1 � pn )E kvn k2 + (1 � pn )� 2
n E kPA r f (x n )k2 (29)

� 2(1 � pn )� n E hvn ; PA r f (x n )i + (1 � pn )� 2
n � (2)

n ;

where the last equality is due to thatf � n g is a m.d.s. and� (2)
n := E kPA � n k2.

For the second term of (29), we have

kPA r f (x n )k2 = kPA (r f (x n ) � r f (u n ) + r f (u n ) � r f (x ?) + r f (x ?))k2

(a)
� 3kPA (r f (x n ) � r f (u n ))k2 + 3 kPA (r f (u n ) � r f (x ?))k2 + 3 kPA r f (x ?)k2

(b)
� 3L 2 kvn k2 + 3L 2 ku n � x ?k2 + 3 kr f (x ?)k2 ;

where (a) is by Proposition 3 and (b) follows from non-expansiveness ofPA and smoothness off .

For the third term of (29), we have

� h vn ; PA r f (x n )i
(a)
= � h vn ; r f (x n )i
= � h vn ; r f (x n ) � r f (u n )i � h vn ; r f (u n ) � r f (x ?)i � h vn ; r f (x ?)i
(b)
� � � kvn k2 +

pn

8� n
kvn k2 +

2� n

pn
kr f (u n ) � r f (x ?)k2 +

pn

8� n
kvn k2 +

2� n

pn
kr f (x ?)k2

(c)
� � � kvn k2 +

pn

4� n
kvn k2 +

2L 2� n

pn
ku n � x ?k2 +

2� n

pn
kr f (x ?)k2 ;

where (a) follows from the orthogonality betweenPA andPA ? , (b) is by Propositions 2 and 3 and
(c) is due to the smoothness off . For the last term of (29), we can obtain

� (2)
n � 2� (2)

? +
d2L 2

2� (2)
?

E ku n � x ?k2 +
d2L 2

2� (2)
?

kvn k2

by following similar procedure in the proof of Lemma 4. By substituting these inequalities, we obtain

E kvn +1 k2 � (1 � pn )
�

1 � 2�� n + 3L 2� 2
n +

pn

2
+

d2L 2

2� (2)
?

� 2
n

�
E kvn k2

+
�

4L 2� 2
n

pn
+ 3L 2� 2

n +
d2L 2

2� (2)
?

� 2
n

�
E ku n � x ?k2

+
�

4� 2
n

pn
+ 3 � 2

n

�
kr f (x ?)k2 + 2 � 2

n � (2)
n

(a)
�

�
1 �

pn

2

�
E kvn k2 +

7L 2� 2
n

pn
E ku n � x ?k2 +

7� 2
n

pn
kr f (x ?)k2 + 2 � 2

n � (2)
n ;

where (a) holds ifn is large enough.
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C Proof of Section 3.2

C.1 Proof of Case 1

We can deduce the recursive relationship of�u n by the de�nition ofu n and the update rule (2).

�u n +1 = PA ?

x n + 1
2

� x ?

p
� n

= PA ?
1

p
� n

(x n � � n r f (x n ) + � n � n � x ?)

=
p

� n � 1
p

� n
�u n �

p
� n PA ? f (r f (x n ) � r f (u n )) + ( r f (u n ) � r f (x ?))g +

p
� n PA ? � n

=
p

� n � 1
p

� n
�u n �

p
� n � n � 1PA ?

� Z 1

0
r 2f (tx ? + (1 � t)u n ) dt

�
�u n + R (1)

n +
p

� n PA ? � n

= �u n � � n PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI
�

�u n + R (1)
n + R (2)

n + R (3)
n +

p
� n � (1)

n

(30)
WhereR ( i )

n ; i = 1 ; 2; 3 are higher order term with respect to� n with the form:

R (1)
n = �

p
� n PA ? (r f (x n ) � r f (u n ))

R (2)
n = �

�
1 �

r
� n � 1

� n
+

� n

2� 0
1f � =1 g

�
�u n + ( � n �

p
� n � n � 1)PA ? r 2f (x ?) �u n

R (3)
n =

p
� n � n � 1PA ?

�
r 2f (x ?) �

Z 1

0
r 2f (tx ? + (1 � t)u n ) dt

�
�u n

(31)

Where� n is an entry-wise linear interpolation point fromu n to x ? and Lemma 6 shows that1� n
R ( i )

n

areo(1) in some sense.

Lemma 6. When Assumptions 1, 2 and 4 hold, and letpt = � �
t where� 2 [0; 1=2), then for any

i 2 f 1; 2g, EkR ( i )
n k2 = o(� 2

n ). For R (3)
n , we haveEkR (3)

n k2 = O(� 2
n ) andEkR (3)

n k = o(� n ).

We �rst show the tightness of the rescaling sequence we built. Actually, we make use of a classical
criterion (Theorem 7.3 in [3]) to prove this property of�u (n )

t .

Proposition 6. The sequence�u (n ) is tight if these two conditions hold

1. For each positive� , there exists ana and ann0 such that

P(k �u n k � a) � � 8n � n0 (32)

2. For anyT > 0, for any positive�; � , a � exists and an integern0 exists such that:

P

 

sup
s2 [t;t + � ]






 �u (n )

s � �u (n )
t






 � "

!

� �� ; 8t 2 [0; T] 8n � n0 (33)
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Proof. (Proof of Lemma 6) When� < 1,

EkR (1)
n k2 � � n Ekr f (x n ) � r f (u n )k2 � � n L 2Ekvn k2 - L 2� n � � 2� 2�

n = o(� 2
n )

EkR (2)
n k2 -

�
1 �

r
� n � 1

� n

� 2

+ ( � n �
p

� n � n � 1)2 =
�

1
� n

+ � n

�
(
p

� n �
p

� n � 1)2

-
(� n � � n � 1)2

� 2
n

= [1 � (1 + o(� n ))]2 = o(� 2
n )

E





 R (3)

n








2
- � 2

n E










� Z 1

0
r 2f (tx ? + (1 � t)u n ) dt � r 2f (x ?)

�
�u n










2

- � 2
n Ek�u n k2 = O(� 2

n )

E





 R (3)

n






 - � n E










Z 1

0
r 2f (tx ? + (1 � t)u n ) dt � r 2f (x ?)








 � k �u n k

- � n E k�u n k
Z 1

0




 r 2f (tx ? � (1 � t)u n ) � r 2f (x ?)




 dt

- � n E k�u n k
Z 1

0
(1 � t) ku n � x ?k dt - � 3=2

n E k�u n k2 = o(� n ):

(34)

And when� = 1

E





 R (2)

n








2
-

 

1 �

r

1 +
1

n � 1
+

1
2n

! 2

+
1
n

(
1

p
n

�
1

p
n � 1

)2 = o(
1
n2 ):

Lemma 7(Tightness of �u (n ) ). Suppose that Assumptions 1, 2 and 4 holds, and assume that there
exists a positive numberp > 2 such thatsup

n � 0
Ek� n kp < 1 . Then the sequence of random processes

f �u (n ) g is tight under the Skorokhod topology in �nite interval.

Proof. (Proof of Lemma 7)

From the construction of�u (n )
t we know it is a continuous process. What remains we have to do is to

verify two conditions (32) and (33).

For the �rst condition about initialization of the process, it is easy to check by the convergence rate
result foru n � x ?.

For the condition (33), note that we have

�u (n )
s � �u (n )

t =

8
<

:

N (n;s;� ) � 1X

k= N (n;t;� )

� k bk �
�
(t � tn (� ))bN (n;t;� ) � (s � sn (� )bN (n;s;� ) )

�
9
=

;

+

8
<

:

N (n;s;� ) � 1X

k= N (n;t;� )

p
� k � k �

p
t � tn (� )� N (n;t;� ) +

p
s � sn (� )� N (n;s;� )

9
=

;

=: B + �

(35)
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From the discussion following Lemma 6, we can see thatEkbn k2 is uniformly bounded. So

P

 

sup
s2 [t;t + � ]

kB k �
�
2

!

� P

0

@
N (n;s;� )X

k= N (n;t;� )

� k kbk k �
�
2

1

A

�
4
� 2 E

0

@
N (n;s;� )X
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� k kbk k
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2

�
4
� 2

0

@
N (n;s;� )X

k= N (n;t;� )

� k

1

A E

0

@
N (n;s;� )X

k= N (n;t;� )

� k kbk k2

1

A

�
4
� 2 sup

k
Ekbk k2

0

@
N (n;s;� )X

k= N (n;t;� )

� k

1

A

2

� C
(� + � n )2

� 2

(a)
�

� (� + � n )
4

(b)
�

��
2

(36)

Where (a) and (b) holds when we take� + � n 0 < �� 2

4C and� n 0 < � .

On the other hand, thanks to the property of monotone interpolation, we have

k� k � max
j 2f 0;1g














N (n;s;� ) � jX

k= N (n;t;� )

p
� k � k �

p
t � tn (� )� N (n;t;� )














: (37)

By leveraging the Doob's inequality and the assumption of bounded p-th moment of� k , we can get
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sup
s2 [t;t + � ]

k� k �
�
2

!

� P

0

@ max
j � N (n;s;� )














jX

k= N (n;t;� )

p
� k � k �

p
t � tn (� )� N (n;t;� )














�
�
2

1

A

�
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N (n;s;� )X

k= N (n;t;� )

p
� k � k �

p
t � tn (� )� N (n;t;� )














p

(a)
�

Cp2p

� p

N (n;s;� )X

k= N (n;t;� )

� p=2
n Ek� k kp

�
C
� p �

p
2 � 1
n

N (n;s;� )X

k= N (n;t;� )

� k

(b)
�

C
� p �

p
2 � 1
n (� + � n )

(c)
�

� (� + � n )
4

�
��
2

(38)

Where (a) holds by the Burkholder's inequality and (b), (c) hold when we choose�
p
2 � 1
n 0 � � p �

4C and
� n 0 � � .

Combine (36) and (38), �nally we can derive that

P

 

sup
s2 [t;t + � ]






 �u (n )

s � �u (n )
t






 � "

!

� P

 

sup
s2 [t;t + � ]

kB k �
�
2

!

+ P

 

sup
s2 [t;t + � ]

k� k �
�
2

!

�
��
2

+
��
2

= ��

(39)

So far, we conclude the proof of Lemma 7.
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Lemma 8. Suppose Assumptions 1, 1 and 4 holds, and assume that there exists a positive number
p > 2 such thatsup

n � 0
Ek� n kp < 1 . And suppose

E[� t � >
t jF t ]

n !1�! � in probability (40)

Where� is a positive de�nited � d-matrix. Then for anyC2 functiong : Rd ! R, compactly
supported with Lipschitz continuous second derivatives, we have

E[g( �u n +1 ) � g( �u n )jF n ] = � n Lg( �u n ) + R g
n (41)

Where 1
� n

R g
n ! 0 in L 1 andL is the in�nitesimal generator de�ned by

8� 2 C2 (Rp) L � (x ) =
�

�P A ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? x ; r �

�
+

1
2

tr
�
r 2� (x )�

�

(42)

Proof. (Proof of Lemma 8)

C will represent a universal constant whose value may change from line to line, for the sake of
convenience. We use a Taylor expansion betweenu n andu n +1

g( �u n +1 ) � g( �u n ) = hr g( �u n ); �u n +1 � �u n i +
1
2

( �u n +1 � �u n )> r 2g( �u n )( �u n +1 � �u n )

+
1
2

( �u n +1 � �u n )> �
r 2g(� n ) � r 2g( �u n )

�
( �u n +1 � �u n )

| {z }
R (4)

n

(43)

Sincer 2g is Lipschitz continuous and compactly supported,r 2g is also� -Hölder continuous for all
� 2 (0; 1]. Then combine the equation (30) we can control the order ofR (4)

n .

EkR (4)
n k - Ek �u n +1 � �u n k2+ �

� E








 � n PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? �u n + R (1)

n + R (2)
n + R (3)

n +
p

� n � n










2+ �

- �
1+ �

2
n

So we deduce1
� n

R (4)
n ! 0 in L 1. Further, we make use of the update formula (30) again

E[hr g( �u n ); �u n +1 � �u n ijF n ]

= E
�
hr g( �u n ); � � n PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? �u n + R (1)

n + R (2)
n + R (3)

n +
p

� n � n ijF n

�

= � � n E
�
hr g( �u n ); PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? �u n ijF n

�
+

3X

i =1

E[hr g( �u n ); R ( i )
n ijF n ]

(44)

Note by Lemma 6, we have

E

�
�
�
�
�
E

" *

r g( �u n );
R ( i )

n

� n

+ �
�
�
�
�
Fn

#�
�
�
�
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� E

�
�
�
�
�

*

r g( �u n );
R ( i )
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� n

+ �
�
�
�
�

- E












R ( i )
n
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�

0

@E












R ( i )
n

� n












2
1

A

1
2

= o(1)

(45)
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And at last,

1
2

E
�
( �u n +1 � �u n )> r 2g( �u n )( �u n +1 � �u n )jF n

�

=
� n

2
E

�
� >

n r 2g( �u n )� n jF n
�

+
�

3
2
n

2
E



bn ; r 2g( �u n )� n

�

+
� 2

n

2
Ehbn ; r 2g( �u n )bn i

(46)

Causeg is compactly supported, the norm ofr 2g is bounded. And by Lemma 6, we can deduce
Ekbn k2 is uniformly bounded. Therefore, the last two terms of(46)areo(� n ). Combine the above
analysis, we have

E[g( �u n +1 ) � g( �u n )jF n ]

= � � n

�
r g( �u n ); PA ?

�
r 2f (x ?) �

1
2� 0

1f � =1 gI d

�
PA ? �u n

�
+

� n

2



r 2g( �u n ); �

�
+ R g

n

(47)

with EkR g
n k = o(� n ).

Proof. (Proof of Theorem 3.3) The proof of this main results is divided into two steps. At �rst, we
prove that every weak limits of sequence of random processf �u (n ) g is a solution of the martingale
problem(L ; C), whereC denotes the class ofC2-functions with compact support and Lipschitz
continuous second derivatives.L is de�ned by(42). Then, from the property of Langevin dynamics,
we know that(7) convergence to a unique invariant distribution� ?. Further, by proving that the limit
of every weakly converged subsequence equals to� ? and combining it with the Prokhorov's theorem,
we conclude�u n converges to� ? weakly. Finally, repeat the �rst step of this proof, and we have
f �u (n )

t g converges to the solution of equation (7) with initial distribution� ?.

Step 1 Let g belong toCand letF (n )
t denote the natural �ltration of�u (n )

t . We aim to derive the
following equation, which can guarantee that every sub-limit off �u (n )

t g is a weak solution of the
martingale problem(L ; C).

8t � 0; g
�

�u (n )
t

�
� g

�
�u (n )

0

�
�

Z t

0
Lg

�
�u (n )

s

�
ds = M (n;g )

t + R (n;g )
t (48)

WhereM (n;g )
t is aF (n )

t -martingale andR (n;g )
t converges to zero inL 1.

In fact, we set

M (n;g )
t =

N (n;t;� ) � 1X

k= n +1

f g ( �u k+1 ) � g ( �u k ) � E [g ( �u k+1 ) � g ( �u k ) j F k ]g

R (n;g )
t = g

�
�u (n )

t

�
� g

�
�u (n )

t n

�
�

Z t

t n

Lg
�

�u (n )
s

�
ds

+
Z t n

0

�
Lg

�
�u (n )

sn

�
� L g

�
�u (n )

s

��
ds +

N (n;t;� ) � 1X

k= n

R g
k

(49)

From the de�nition of �u (n )
t (6), we can get

�u (n )
t � �u (n )

t n ( � ) = ( t � tn (� ))bN (n;t;� ) +
p

t � tn (� )� N (n;t;� ) (50)
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Which satis�es

E





 �u (n )

t � �u (n )
t n ( � )






 � (t � tn (� ))EkbN (n;t;� ) k +

p
t � tn (� )Ek� N (n;t;� ) k

-
p

� N (n;t;� )

(51)

Plug the above bound into the residualR (n;g )
t , and note the Lipschitz continuity and boundedness of

g; r g andr 2g,

E
�
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�g( �u (n )

t ) � g( �u (n )
t n ( � ) )

�
�
� - E






 �u (n )

t � �u (n )
t n ( � )






 = o(1)
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t n ( � )
Lg( �u (n )

s )ds

�
�
�
�
�

-
Z t

t n ( � )
C - � N (n;t;� ) = o(1)

E

�
�
�
�
�

Z t n ( � )

0
Lg( �u (n )

sn ( � ) ) � L g( �u (n )
s )ds

�
�
�
�
�

- E
Z t n ( � )

0






 �u (n )

sn ( � ) � �u (n )
s






 ds

-
Z t n ( � )

0

p
� N (n;s;� ) ds �

p
� n = o(1)

(52)

Further, attributed to Lemma 8,

E

�
�
�
�
�
�

N (n;t;� ) � 1X

k= n

R g
k

�
�
�
�
�
�

�
N (n;t;� )X

k= n

� k E

�
�
�
�
R g

k

� k

�
�
�
�

� sup
k � n

E

�
�
�
�
R g

k

� k

�
�
�
�

N (n;t;� )X

k= n

� k - o(1)t = o(1)

(53)

So far we can say thatEjR (n;g )
t j ! 0; n ! 1 .

Step 2 Now we suppose that there exists a weakly convergent subsequencef �u n k g1
k=1 with limit

distribution ~� . We should introduce some new notations. Forn 2 N and t � 0, we de�ne

M (n; t; � ) = min
�

m � 0;
n � 1P

i = m
� i � t

�
and~tn (� ) = � n � � M (n;t;� ) . For the properties of step

size sequence� n , we can af�rmt � ~tn (� ) ! 0 whenn ! 1 .

By leveraging the Prokhorov's theorem, for anyT > 0, we know that
n

�u (M (n k ;T;� ))
t

o
has a

weakly convergent subsequence. Without loss of generality, we can assume that the subsequencen
�u (M (n k ;T;� ))

t

o
itself converges weakly to a solution�u ~� ( T )

t of the SDE(7) with initial distribution

~� (T ) . Owing to the tightness of the whole sequencef �u n g, for any given� > 0, there is a compact set
K � � Rd only depends on� such thatsup

n
P( �u n 2 K c

� ) � � . This makes us �nd the following holds:

~� (T ) (K � ) � 1 � � for anyT > 0.

By the geometrical ergodicity of the dynamics (7), we can chooseT� such that

sup
x 2 K �

sup
g2C

�
�PT � g(x ) � h � ?; gi

�
� � � (54)

WhereP represents the Markov semigroup induced by the SDE(7). In virtue of the approximation of
g(T� )n (� ) to T� and the tightness of the sequence�u (n ) , we are able to deduce that�u n k (= �u M (n k ;T � ;� )

g(T � )n ( � )
)

converges weakly to the limit random variable of the sequence�u M (n k ;T � ;� )
T �

i.e., �u ~� ( T � )

T �
. On the other

hand, by assumption,�u n k converges weakly to~� . Thus �u ~� ( T � )

T �
� ~� .
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Given anyg 2 C, it is not dif�cult to derive the following bounds

jh~�; g i � h � ?; gij =
�
�
�Eg

�
�u (T � )

T �

�
� E� ? g

�
�
� =

�
�
�
�

Z �
PT � g(x ) � E� ? g

�
d~� (T � ) (x )

�
�
�
�

�
Z �

�PT � g(x ) � E� ? g
�
� d~� (T � ) (x )

=
Z

K �

�
�PT � g(x ) � E� ? g

�
� d~� (T � ) (x ) +

Z

K c
�

�
�PT � g(x ) � E� ? g

�
� d~� (x )

�
Z

K �

�
�PT � g(x ) � E� ? g

�
� d~� (T � ) (x ) + 2 kgk1 ~� (T � ) (K c

� )

(a)
� � + 2kgk1 �

(55)

Where (a) holds for sake of~� (T � ) (K � ) � 1 � � and(54). We obtain~� = � ? by taking� ! 0. Finally,
owing to the Prokhorov's theorem, we have proved that�u n converges weakly to� ?. Further, the
sequence of random process�u (n )

t converges weakly to the dynamics(7) with stationary distribution
� ? as initialization.

C.2 Proof of Case 2

We �rst complete the formulation of the recurrence relation forvn that was omitted from the main
text

�v(n +1) � = � � � 1
n PA (x n � � n r f (x n ) + � n � n )

=
�

� n

� n � 1

� � � 1

�vn � � �
n PA r f (x n ) + � �

n PA � n

=
�

� n

� n � 1

� � � 1

�vn � � �
n r f (x ?) � � �

n PA (r f (x n ) � r f (u n ))

� � �
n PA (r f (u n ) � r f (x ?)) + � �

n PA � n

= �vn � � �
n r f (x ?) � S (1)

n � S (2)
n � S (3)

n + � �
n � (2)

n

=: �vn � � �
n dn + � �

n � (2)
n

(56)

Wheredn = r f (x ?) + 1
� �

n
S(1)

n + 1
� �

n
S(2)

n + 1
� �

n
S(3)

n with higher order terms

S(1)
n =

 

1 �
� �

n

� �
n � 1

!

�vn

S(2)
n = � �

n PA (r f (x n ) � r f (u n ))

S(3)
n = � �

n PA (r f (u n ) � r f (x ?))

(57)

We can see from the Theorem 3.1 that bothS (2)
n

� �
n

and S (3)
n

� �
n

are of ordero(� 1� �
n ) in L 1. Moreover,

owing to the slow diminishing property of step sizef � n g, the following bound holds

1 �
� �

n

� �
n � 1

= 1 �
�

1 +
� n � � n � 1

� n � 1

� �

= 1 � (1 + O(� n )) � = 1 � (1 + � O(� n )) = O(� n ):

(58)

So
1

� �
n

E
�
�
�S(1)

n

�
�
� -

O(� n )

� �
n

= O(� 1� �
n ): (59)

As in the derivation process of the �rst case, we �rst need to focus our attention on the discussion of
tightness of the sequence of random processf �v (n )

t g1
n =1 . While the discontinuity of these processes

constructed by (9) prevents the property 6 from being used to verify the tightness off �v (n )
t g. Hence,

we will leverage the following more general criterion for tightness proposed in [19].
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Proposition 7. Let f xn (t)g be a sequence ofRd-valued processes whose sample paths are càdlàg.
Let

! (xn ; �; T ) = inf
f t i g

max
i

sup
t i � 1 � s<t<t i

kx t � x sk: (60)

Wheref t i g ranges over all �nite partitions of the form0 = t0 � t1 < t 2 < � � � < t r � 1 < T � t r
with min

1� i � r
(t i � t i � 1) � � . Then the sequence of processesf xn (t)g is tight if and only if,

1. for everyT > 0 and� > 0, there is a compact setK such that

lim inf
n !1

P(xn (t) 2 K ; 8t 2 [0; T]) > 1 � � ; (61)

2. for every�; � > 0, andT > 0, there is a� > 0 such that

lim sup
n !1

P(! (xn ; �; T ) � � ) < �: (62)

DenoteI n (T) =
�

N (n; t; � � ) : t 2 [0; T]
	

� N andL n (T) = f � n + k � � n : k 2 I n (T)g. From

the update rule of parametric sequencef x n g and the construction of the rescaling processf �v (n )
t g, an

intuitive fact is that the discontinuous points of�v (n )
t in the interval[0; T] belong toL n (T). And we

have the following lemma to support the proof of tightness.

Lemma 9. For the sequence of càdlàg processesf �v (n ) g, consider the time point setJ n (T) such that

J n (T) =
n

N (n; t; � � ) : t 2 [0; T] and �v (n )
t n ( � � ) 6= �v (n )

t n ( � � ) �

o
(63)

and let
�( J n (T)) = min

�
j� n + k (� � ) � � n + l (� � )j : k; l 2 J n (T) andk 6= l

	
(64)

Then there is a universal constantCand ann0 2 N subject to for any� > 0

P(�( J n (T)) < � ) � C � 8n � n0: (65)

Proof. ( Proof of Lemma 9)

By the sub-additivity of probability and the jump scheme proposed in the Algorithm 1, we have

P(�( J n (T)) < � )

�
X

k2I n (T )

P
�

9 (k � ) l 2 J n (T) s.t. j� n + l (� � ) � � n + k (� � )j < � ; k 2 J n (T)
	

�
X

k2I n (T )

X

0< � n + l ( � � ) � � n + k ( � � )<�

Pf l 2 J n (T); k 2 J n (T)g

�
X

k2I n (T )

pn + k

0

@
X

0< � n + l ( � � ) � � n + k ( � � )<�

pn + l

1

A

� 
 2
X

k2I n (T )

� �
n + k

0

@
X

0< � n + l ( � � ) � � n + k ( � � )<�

� �
n + l

1

A

(a)
� 
 2(� + � �

n )
X

k2I n (T )

� �
n + k � 2
 2T �:

(66)

Where (a) holds when we let� �
n 0

� � . We conclude the proof by lettingC = 2 
 2T.

Lemma 10. Suppose that Assumptions 1, 2 and 4 holds. Then the sequence of random processes
f �v (n ) g is tight under the Skorokhod topology in �nite interval.

Proof. (Proof of Lemma 10) What we need to do now is to verify the conditions in the Property 7
one by one.
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For a given path�v (n ) , denotet0
n = max f s 2 L n (T) \ [0; t]g [ f 0g. Then�v (n )

t 0
n

= 0 whenevert0
n > 0.

Let R > 0, we have the following inequalities
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sup
t 2 [0;T ]






 �v (n )

t






 � R

!

� P

 

sup
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n




 �v (n )

t � �v (n )
t n ( � � )






 +






 �v (n )

t n ( � � ) � �v (n )
t 0

n






 +






 �v (n )

t 0
n







o

� R

!

�
2
R

E sup
t 2 [0;T ]

n�
t � tn (� � )

� 




 dt n ( � � ) � � (2)

t n ( � � )






 +






 �v (n )

t n ( � � ) � �v (n )
t 0

n







o

+
2
R

E





 �v (n )

0








�
2
R

E sup
t 2L n (T )






 �v (n )

t � � �v (n )
( t � )0

n






 +

2
R

E k�vn k

�
2
R

E sup
k2I n (T )

n + k � 1X

i = n

� �
i






 d i + � (2)

i






 +

2
R

Ek�vn k

=
2
R

n +sup I n (T ) � 1X

i = n

� �
i E






 d i + � (2)

i






 +

2
R

Ek�vn k

�
2
R

(T + � n ) sup
n 2 N

E





 d i + � (2)

i






 +

2
R

Ek�vn k

(a)
�

C(1 + T)
R

� �:

(67)

Where (a) holds for the uniform boundedness ofEkdn + � (2)
n k + Ek�vn k. And the �nal inequality

holds when we takeR > C(1+ T )
� . Thus, the �rst condition of the Proposition 7 holds for�v (n ) .

As for the second condition, what we should do is to construct an appropriate partition that makes
! ( �v (n ) ; �; T ) de�ned as (60) as small as possible.

For a given�; � pair, let� < �
2C , then from the Lemma 9 it can be seenP(�( J n (T)) < � ) < �

2 . Now
given the eventE = f �( J n (T)) � � g, we choose the partition pointsf � k g 2 [0; T] recursively from
the setL n (T) such that the partition satis�es the following properties:

1. min
k

f � k � � k � 1g 2 [�; 3� )

2. J n (T) � f � k g

Let � 0 = 0 and suppose we have constructed the partition points� 0; � � � ; � k 2 [0; T] with inductive
assumptions:

1. min
i � k � 1

f � i +1 � � i g 2 [�; 3� ),

2. J n (� k ) � f � 0; � 1; � � � ; � k g,

3. there is no discontinuous point in(� k ; � k + � ), i.e. J n (T) \ (� k ; � k + � ) = ? .

We will use these results to �nd the next partition point� k+1 . De�ne ~� k+1 = min f t : t � � k � �; t 2
L n (T)g, we use the following scheme:

� k+1 =
�

s 9 s 2 (~� k+1 ; ~� k+1 + � ) \ J n (T)
~� k+1 Otherwise (68)

From the property of the eventE we know there is at most one discontinuous point in(~� k+1 ; ~� k+1 + � ),
which means the� k+1 is always well-de�ned. Then we have� � � k+1 � � k � � k+1 � ~� k+1 + ~� k+1 �
� k � � + � n + � � 3� . Where the last inequality holds when we choosen0 such that� n 0 < � . Thus
� k+1 satis�es the �rst inductive assumption.
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By the third inductive assumption of� k , we know there is no discontinuous point in(� k ; ~� k+1 ). On
the other hand, if� k+1 2 J n (T), then(� k+1 � �; � k+1 ) \ J n (T) = ? , and especially we have
[~� k+1 ; � k+1 ) \ J n (T) = ? . Hence, the second inductive assumption of� k+1 has been proved.

Finally, if � k+1 = ~� k+1 , then from the recursive construction scheme(68) we know(� k+1 ; � k+1 +
� ) \ J n (T) = (~� k+1 ; ~� k+1 + � ) \ J n (T) = ? . Else,� k+1 must belong toJ n (T). Combining the
de�nition of E we can make sure(� k+1 ; � k+1 + � ) \ J n (T) = ? . At this point, the proofs of the
three inductive assumptions on� k+1 are all complete.

P(! ( �v (n ) ; �; T ) � � ) � P(! ( �v (n ) ; �; T ) � � ; E) + P(Ec)

� P

 

max
k

sup
� k � t<s<� k +1






 �v (n )

t � �v (n )
s






 � � ; E

!

+
�
2

� 2P

 

sup
t 2 [0;T ]






 �v (n )

t � �v (n )
t n ( � � )






 �

�
2

!

+
�
2

+ P

 

max
k

sup
� k � t<s<� k +1






 �v (n )

t n ( � � ) � �v (n )
sn ( � � )






 �

�
2

; E

!

(69)

We will give the bound of two probabilities respectively. First,

P

 

sup
t 2 [0;T ]






 �v (n )

t � �v (n )
t n ( � � )






 �

�
2

!

= P

 

sup
k2I n (T )






 �v (n )

(� k +1 � � n ) � � �v (n )
� k � � n






 �

�
2

!

�
X

k2I n (T )

P
� 



 �v(n + k+1) � � �vn + k



 �

�
2

�
�

X

k2I n (T )

4
� 2 E




 �v(n + k+1) � � �vn + k




 2

�
4
� 2

X

k2I n (T )

� 2�
n + k Ekdn + k + � (2)

n + k k2 �
4� �

n sup
i

Ekd i + � (2)
i k2

� 2

X

k2I n (T )

� �
n + k

�
C(T + � �

n )
� 2 � �

n <
2CT

�
� �

n <
�
8

:

(70)

Where the last inequality holds when we take� �
n 0

< ��
16CT .

It is easy to see that we can use a bijection to link the elements inI n (T) and that inL n (T). Because
the partition pointsf � k g are inL n (T), we assume that every� k corresponds to an index&k 2 I n (T).
Then we have&k+1 > &k . DenoteS k = I n (T) \ [&k ; &k+1 ). So far we are ready to bound the last
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term in (69).

P

 

max
k

sup
� k � t<s<� k +1






 �v (n )

t n ( � � ) � �v (n )
sn ( � � )






 �

�
2

; E

!

�
X

k

P

 

sup
l;h 2 S k

k�vn + l � �vn + h k �
�
2

; E

!

�
X

k

P

 

sup
l;h 2 S k

h� 1X

i = l

k�vn + i +1 � �vn + i k �
�
2

; E

!

=
X

k

P

 &k +1 � 1X

i = &k

k�vn + i +1 � �vn + i k �
�
2

; E

!

(a)
�

X

k

P

 &k +1 � 1X

i = &k

� �
n + i






 dn + i + � (2)

n + i






 �

�
2

!

�
X

k

4
� 2 E

 &k +1 � 1X

i = &k

� �
n + i






 dn + i + � (2)

n + i








! 2

�
4
� 2

X

k

( &k +1 � 1X

i = &k

� �
n + i

!  &k +1 � 1X

i = &k

� �
n + i E






 dn + i + � (2)

n + i








2
!)

�
4 sup

i
Ekd i + � (2)

i k2

� 2

X

k

 &k +1 � 1X

i = &k

� �
n + i

! 2

�
C
� 2

X

k

(� k+1 � � k )2

(b)
�

3C�
� 2

X

k

(� k+1 � � k ) �
3CT �

� 2 <
�
4

:

(71)
Where (a) follows from the combination of the fact that the path�v (n ) is continuous in any interval
[� k+1 ; � k ) whenE holds and the update formula(9). And (b) is true by the property of the partition
f � k g listed above. The last inequality holds when we take� < �� 2

12CT .

Bring (70) and (71) into (69), we have,

P(! ( �v (n ) ; �; T ) � � ) � 2 �
�
8

+
�
2

+
�
4

= �: (72)

At this point, we have checked the two suf�cient conditions in the Property 7. Hence, the tightness of
f �v (n ) g has been proved.

Lemma 11. Suppose Assumptions 1, 1 and 4 holds, and assume that there exists a positive number
p > 2 such thatsup

n � 0
Ek� n kp < 1 . Whenpn = 
� �

n with 
 > 0,

then for anyC2 functiong : Rd ! R, compactly supported with Lipschitz continuous second
derivatives, we have

E[g( �vn +1 ) � g( �vn )jF n ] = � �
n J g( �vn ) + T g

n (73)

Where 1
� �

n
T g

n ! 0 in L 1 andJ is the in�nitesimal generator de�ned by

8� 2 C2 (Rp) J � (x ) = h�r f (x ?); r � (x )i + 
 (� (0) � � (x )) (74)

Proof. (Proof of Lemma 11) We would like to say that the overall proof framework is similar to the
proof of the Lemma 8. However, since�vn +1 may suddenly jump to0, we cannot directly use Taylor
expansion to get the desired result. First, by the scheme on�vn +1 jumping to zero, we have

E[g( �vn +1 ) � g( �vn )jF n ] = pn (g(0) � g( �vn )) + (1 � pt )E[g( �v(n +1) � ) � g( �vn )jF n ] (75)
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Then we make use of the Taylor expansion between�v(n +1) � and�vn .

g( �v(n +1) � ) � g( �vn ) = hr g( �vn ); �v(n +1) � � �vn i

+
1
2

( �v(n +1) � � �vn )> r 2g(%n )( �v(n +1) � � �vn )

= � � hr g( �vn ); r f (x ?) + � (2)
n i + � �

n

*

r g( �vn );
1

� �
n

3X

i =1

S( i )
n

+

+
� 2�

n

2
(dn + � (2)

n )> r 2g(%n )(dn + � (2)
n )

(76)

Substitute this equation into the second term of the right hand of the equation (75). It follows that

E[g( �vn +1 ) � g( �vn )jF n ] = � �
n (
 (g(0) � g( �vn )) + hr g( �vn ); �r f (x ?)i )

+ � �
n E

"*

r g( �vn ;
1

� �
n

3X

i =1

S( i )
n )

+ �
�
�
�
�
Fn

#

+
� 2�

n

2
E

h
(dn + � (2)

n )> r 2g(%n )(dn + � (2)
n )

�
�
� Fn

i

� 
� 2�
n E

�
hr g( �vn ; dn + � (2)

n i +
� �

n

2
(dn + � (2)

n )> r g(%n )(dn + � (2)
n )

�
�
�
� Fn

�

=: � �
n f 
 (g(0) � g( �vn )) � hr g( �vn ); r f (x ?)ig + T (1)

n + T (2)
n + T (3)

n| {z }
T g

n

(77)

From the Theorem 3.1 and the equation(59), we haveEjT (1)
n j = o(� �

n ). And EjT (2)
n j = O(� 2�

n ) by
leveraging thatkr 2g(x )k is bounded for allx 2 Rd and thatEkdn + � (2)

n k2 is bounded. Similar
approaches can be used to show thatEjT (3)

n j = O(� 2�
n ). At this point, the result has been proved.

From the Itô's formula for the semimartingales, we know that the in�nitesimal generatorJ de�ned
in the Lemma 11 corresponds to the following stochastic differential equation driven by the Poisson
process with intensity
 .

dY t = �r f (x ?)dt � Y t � N 
 (dt) (78)

Lemma 12. There exists a unique invariant measureu ? for the Lévy process(78). Further, for any
initial distribution � 0, we haveW2(Gt � 0; � ?) ! 0; t ! 1 . WhereW2 represents the Wasserstain-2
distance andfG t g is the Markovian semigroup generated by the in�nitesimal generatorJ .

Proof. (Proof of Lemma 12)

Consider the set of probability density functions
�

h(x ) = p(t)1n
x = r f ( x ? )

k f ( x ? ) k t
o : p(t) is a p.d.f onR

�

and denote it asM . Then the distribution of anyY t only has mass on the line
n

r f (x ? )
kf (x ? )k t : t 2 R

o

if we choose the initial distribution inM . In this case, we can supposeY t = � r f (x ? )
kr f (x ? )k � t .

Consequently,� t satis�es the following one dimensional stochastic differential equation,

d� t = kr f (x ?)kdt � � t N 
 (dt): (79)

Let ' t (� ) = Ep? ei�� t be the characteristic function of� t with stationary initializationp?. Then we
have' t (� ) = ' s(� ); 8t 6= s. On the other hand, consider the martingale problem corresponding
to (79). It says thatei�� t � ei�� 0 �

Rt
0

�
i� kr f (x ?)kei�� s + 
 (1 � ei�� s )

�
ds is a martingale with

respect to the natural �ltration generated by� t . Take expectation we have

0 = ' t (� ) � ' 0(� ) �
Z t

0
f i� kr f (x ?)k' s(� ) + 
 (1 � ' s(� ))gds

= �
Z t

0
f i� kr f (x ?)k' s(� ) + 
 (1 � ' s(� ))gds

(80)

Which means that
i� kr f (x ?)k' s(� ) + 
 (1 � ' s(� )) = 0; 8s > 0 (81)
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i.e. ' s(� ) = 1
1� i kr f ( x ? ) k


 �
. So the invariant distribution of� t is E

�
kr f (x ? )k




�
. As a result, the

invariant distribution ofY t is r f (x ? )
kr f (x ? )k � E

�
kr f (x ? )k




�
.

To show the mixing result, it is enough to prove the following fact,

1
ky0 � y1k

W2(Gt � y 0 ; Gt � y 1 ) �! 0; t ! 1 8 y0 6= y1: (82)

Where� y represents the Dirac measure at the pointy . Let Y 0
t andY 1

t be the stochastic process gen-
erated by(78)with initial distribution� y 0 and� y 1 respectively. To give a bound for the Wasserstain-2
distance betweenY 0

t andY 1
t , we compute theL 2 norm under the identical coupling, i.e., the two

dynamics share all randomness in the Poisson processN 
 (s); s 2 [0; t]. Owing to the property of
the corresponding martingale problem of (78), we have

0 = EkY 0
t � Y 1

t k2 � k y0 � y1k2

�
Z t

0
E

�
�

�
r f (x ?)> ; r f (x ?)> �

�
I � I

� I I

� �
Y 0

s
Y 1

s

�
� 
 kY 0

s � Y 1
s k2

�
ds

= EkY 0
t � Y 0

t k2 � k y0 � y1k2 + 

Z 1

0
EkY 0

s � Y 1
s k2ds

(83)

Solving above integral equation we �nally getEkY 0
t � Y 1

t k2 = ky0 � y1k2e� 
t . Hence, the equation
(82) has been proved.

Proof. (Proof of Theorem 3.4)

This proof is basically modeled after the proof of Theorem 3.3. Therefore, for the sake of narrative
simplicity, we will omit some details that overlap with the previous proofs. All symbols follow the
meaning in the proof of Theorem 3.3 without special speci�cation. Analogously, two steps are split
to complete to proof.

Step 1 Let g belongs toC and letD (n )
t denote the natural �ltration of�v (n )

t . We aim to �nd the
following martingale decomposition,

8t > 0; g( �v (n )
t ) � g( �v (n )

0 ) �
Z t

0
J g

�
�v (n )

s

�
ds = N (n;g )

t + T (n;g )
t : (84)

WhereN (n;g )
t is aD (n )

t -martingale andT (n;g )
t converges to zero inL 1. In fact, let

N (n;g )
t =

N (n;t;� � )X

k= n +1

f g( �vk+1 ) � g( �vk ) � E[g( �vk+1 ) � g( �vk )jD k ]g

T (n;g )
t = g( �v (n )

t ) � g( �v (n )
t n ( � � ) ) �

Z t

t n ( � � )
J g( �v (n )

s )ds

+
Z t n ( � � )

0

�
J g

�
�v (n )

sn ( � � )

�
� J g

�
�v (n )

s

��
ds +

N (n;t;� � ) � 1X

k= n

T g
k :

(85)

Using the de�nition formula of�v (n )
t (9) whent =2 L n (T),

E





 �v (n )

t � �v t n ( � � )








2
= ( t � tn (� � ))2EkdN (n;t;� � ) � � (2)

N (n;t;� � ) k
2

� C � 2�
n :

(86)
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This inequality combined with the Lipschitz continuity of g and its derivatives implies that the �rst
three terms in the de�nition ofT (n;g )

t tend to0 whenn ! 1 . Further, by Lemma 11,

E

�
�
�
�
�
�

N (n;t;� � ) � 1X

k= n

T g
k

�
�
�
�
�
�

�
N (n;t;� � ) � 1X

k= n

� �
k E

�
�
�
�
�
T g

k

� �
k

�
�
�
�
�

� sup
k � n

E

�
�
�
�
�
T g

k

� �
k

�
�
�
�
�
(t + � �

n ) n !1����! 0:

(87)

Step 2 Suppose that there is a weakly convergent subsequencef �vn k g1
k=1 with limit distribution ~� .

The de�nition of M (n; t; � � ) and~tn (� � ) can be extended intuitively from the �rst paragraph in the
second step of the Theorem 3.3's proof.

Owing to the Prokhorov's theorem and Lemma 10, for anyT > 0, there is a weakly convergent

subsequence in
n

�vM (n k ;T;� � )
t

o
. By the Theorem 1 in [20], we know that the weak limit of this

sequence is a solution of the stochastic differential equation(78).And WLOG, we assume the sequence
itself converges weakly to a solution�v ~� ( T )

t of (78)with initial distribution~� (T ) (the notations of~� and
~� are independent with one in proof of Theorem 3.3). By Lemma 10, for any given� > 0, a compact
setK � can be found such thatsup

n
P( �vn 2 K c

� ) � � . Therefore, for allT > 0, ~� (T ) (K � ) � 1 � � .

Due to Lemma 12, aT� can be found such that

sup
i 2 K �

sup
g2C

�
�GT � g(x ) � h � ?; gi

�
� � �: (88)

WhereG is the Markov semigroup induced by the SDE(78). Becauseg(T� )n (� � ) converges toT�

whenn ! 1 , we have�vn k

�
= �vM (n k ;T � ;� � )

g(T � )n ( � � )

�
converges weakly to the limit random variable of

the sequence�vM (n k ;T � ;� � )
T �

,i.e., �v ~� ( T � )

T �
. On the other hand, by assumption,�vn k converges weakly to

~� . Thus�v ~� ( T � )

T �
� ~� . Combining all result we have obtained, the inequality corresponded to(55)can

be derived. Consequently, we obtain~� = � ?. Finally, by the Prokhorov's theorem,�vn convergence
weakly to� ?. Further,f �v (n )

t g converges weakly to the dynamics(78)with stationary distribution� ?

as initialization.

Before we start proving the Corollary 1, we need to use the following lemma.

Lemma 13. Let f r t g be the sequence de�ned in Lemma 1. If a positive sequencef x t g satis�es:

x t +1 � (1 � r t )x t + o(r t ); (89)

then lim
t !1

x t �! 0.

Proof. (Proof of Lemma 13) By the recursive inequality(89), for any given� > 0 there is at0 such
that8t > t 0; o(r t ) < �r t . Iterate the relation (89) and combine Lemma 1. Consequently, we have,

x t �
tY

k= t 0

(1 � r k )x t 0 +
tX

k= t 0 +1

�r k

tY

s= k+1

(1 � r s) �! 0 + � ; t ! 1 : (90)

Because� can be chosen arbitrarily, the �nal limit ofx t is zero.

Proof. (Proof of Corollary 1)

We prove the target conclusion in two steps. First we show that the mean ofû n converges to a constant
non-zero vector. Next, we will see that the asymptotic variance off û n g is zero for� 2

�
1
2 ; 1

�
.
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Step 1 The �rst thing we need to do is to derive the recurrence relation forû n ,

û n +1 = PA ?

x (n +1) � � x ?

� 1� �
n

=
PA ? (x n � x ? � � n r f (x n ) + � n � n )

� 1� �
n

=
�

� n � 1

� n

� 1� �

û n � � �
n PA ? r f (x n ) + � �

n � (1)
n

= û n � � �
n PA ?

�
r 2f (x ?)(x n � u n ) + [ r 2f (#v

n ) � r 2f (x ?)](x n � u n )
	

+

 �
� n � 1

� n

� 1� �

� 1

!

û n + � �
n � (1)

n

� � �
n PA ?

�
r 2f (x ?)(u n � x ?) + [ r 2f (#u

n ) � r 2f (x ?)](u n � x ?)
	

=
�
I � � n PA ? r 2f (x ?)PA ?

�
û n � � n PA ? r 2f (x ?) �vn + � �

n � (1)
n

+ ( � n � � �
n � 1� �

n � 1)PA ? r 2f (x ?)û n + ( � n � � �
n � 1� �

n � 1)PA ? r 2f (x ?) �vn

�
�

� �
n PA ?

�
r 2f (#v

n ) � r 2f (x ?)
�

(x n � u n )
	

�
�

� �
n PA ? [r 2f (#u

n ) � r 2f (x ?)](u n � x ?)
	

+

 �
� n � 1

� n

� 1� �

� 1

!

û n

=:
�

I � � n PA ?

�
r 2f (x ?) �

1 � �
� 0

1f � =1 gI d

�
PA ?

�
û n

� � n PA ? r 2f (x ?) �vn + � �
n � (1)

n + � n R u
n

(91)

Where#u
n and#v

n are two entrywise interpolation point betweenu n andx n ; u n andx ? respectively.
And,

R u
n =

 

1 �
�

� n � 1

� n

� 1� �
!

PA ? r 2f (x ?)( û n + �vn ) +
1
� n

 �
� n � 1

� n

� 1� �

� 1 �
1 � �

n
1f � =1 g

!

û n

�
�

� n � 1

� n

� 1� �

PA ?

�
(r 2f (#v

n ) � r 2f (x ?)) �vn + ( r 2f (#u
n ) � r 2f (x ?)) û n

	

(92)
The properties of the step size sequencef � n g tell us that, when� < 1,

1 �
�

� n � 1

� n

� 1� �

= 1 �
�

1 +
� n � 1 � � n

� n

� 1� �

= 1 � (1 + o(� n ))1� � = (1 � � )o(� n ) = o(1)� n :

(93)

And when� = 1 ,

1 +
1 � �

n
�

�
n

n � 1

� 1� �

= 1 +
1 � �

n
�

�
1 +

1 � �
n

+ O(n� 2)
�

= o(� n )

The result can be used to guarantee the �rst line of(92)beingo(1) in L 2. By the assumption 3 and
1, r 2f (�) is Lipschitz continuous and uniformly bounded. Then for any� 2 (0; 1), r 2f (�) is � -
Höder continuous.Similar to the proof of the Lemmas 4 and 5, by leveraging the Taylor expansion for
k � kp; 3 > p > 2, we can deduce the following analogous bounds,

Eku n � x ?kp - � p(1 � � )
n ;

E kvn kp - � p(1 � � )
n

(94)
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when� 2 [ 1
2 ; 1). Based on these preparations, take� = p=2 � 1 and use the Young's inequality,

E



 (r 2f (#v

n ) � r 2f (x ?)) �vn



 2

- E k#u
n � x ?k2� k�vn k2

- E
�

kvn k2� + ku n � x ?k2�
�

k�vn k2

=
1

� 2(1 � � )
n � 1

E kvn kp +
1

� 2(1 � � )
n � 1

E ku n � x ?k2� kvn k2

-
1

� 2(1 � � )
n � 1

(E kvn kp + E ku n � x ?kp) - � (p� 2)(1 � � )
n :

(95)

The same bound can be derived for(r 2f (#u
n ) � r 2f (x ?)) �u n . These two results enable the

second line of(92) to beo(1) in L 2. To simplify our writing, we denote� = � 1

 r f (x ?) and

� = 1
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PA ?

�
r 2f (x ?) � 1� �

� 0
1f � =1 gI d

�
PA ?

� y
PA ? r 2f (x ?)r f (x ?). Taking the expectation

on both sides of (91) yields
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SubtractPA ? r 2f (x ?)� from both sides of (96) and we have,
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I � � n PA ?

�
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1 � �
� 0

1f � =1 gI d

�
PA ?
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(97)

According to Theorem 3.4 we knowkE�vn � � k = o(1). As a result of this andkER u
n k � E kR u

n k =
o(1), the last term in the right hand of(97) is o(� n ). Therefore, using Lemma 13, it holds that
kEû n � � k = o(1), which meansEû n

n !1����! � .

Step 2 Before we calculate the asymptotic variance ofû n , consider the inner product�
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û n +1 � Eû n +1 ; r 2f (x ?)( �vn +1 � E�vn +1 )

� �
�

=(1 � 
� �
n )

�
�E
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(û n � Eû n ) � � n PA ? r 2f (x ?)( �vn � E�vn )

+ � �
n � (1)

n + � n (R u
n � ER u

n ); r 2f (x ?)
n

( �vn � E�vn ) + � �
n � (2)

n + � �
n (R v

n � ER v
n )

oE�
�
�

� (1 � 
� �
n )

�
�E
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From the factEkR v

n k2 = o(1), we have
�
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û n � Eû n ; r 2f (x ?)( �vn � E�vn

�
)
�
� + o(� �

n )
(99)

We can obtain from Lemma 13 that
�
�E
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Back to the main result's proof, we can write down the recursive rule for the variance ofû n ,
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Where the last equation follows from the diminish correlation we derived just now and the pre-
condition� > 1

2 . Finally, the Lemma is completed from Lemma 13 and the factE kû n � � k2 =
E kû n � Eû n k2 + kEû n � � k2 ! 0.

D Experimental Details

In this section, we present the experimental details and the complete results on three different datasets.

D.1 Datasets

We have introduced two datasets in Section 4 in the FL setting. We will restate them and add a new
dataset for the general linearly constrained problem.

IID There areK clients and the sample(x k ; zk ) on thek-th client is modeled asx k � N (� k ; �)
andzk = argmax(softmax( W k x k + bk )) where� 2 Rd� d is diagonal with the entry(j; j ) equal
to j � 1:2, all the clients share the sameW k 2 RC � d andbk 2 RC and their entries are modeled as
N (0; 1). We setK = 100, d = 60 andC = 10. For this dataset, there is no heterogeneity between
the optimal local parameters. The heterogeneity is all from the diversity of the distributions ofx k .
For each client, the sample size is around100.

Synthetic (a; b) There areK clients and the sample(x k ; zk ) on thek-th client is modeled as
x k � N (� k ; �) andzk = argmax(softmax( W k x k + bk )) where� 2 Rd� d is diagonal with the
entry(j; j ) equal toj � 1:2, each entry ofW k andbk is modeled asN (� k ; 1) with � k � N (0; a) and
� k � N (� k ; I ) with � k � N (0; bI d). We setK = 20, d = 10 andC = 5 . a controls how many
local models differ from each other andb controls how much the local data for each client differs
from that of other clients. They are the two sources of heterogeneity. For each client, the sample size
is around50. In this paper, we leta = b = 1 .

The last dataset aims to solve the general linearly constrained problem (1).

Lincons The data are generated by the same way inIID . Since inIID , all the clients share
the sameW k andbk , we can combine all the samples and obtain the datasetLincons . Then we
generate the matrixA 2 R610� 400 whose entries are independent and modeled asN (0; 1).

For all the three datasets, the loss function is de�ned as the sum of cross entropy loss and`2
2

regularization.

D.2 Parameters

For all the datasets, the mini-batch size is4. As for the probabilitypn , we reparameterize it asp0n� ��

with p0 < 1. The value of� is from f 1; 0:8; 0:6g and the value of� is from f 0; 0:2; 0:4; 0:6; 0:8g.
For � = 0 , we setp0 = 0 :2; for � > 0, we setp0 = 0 :5. And we run gradient descent1000steps to
obtain the value ofx ?.

IID The parameter of̀22 regularization is0:005. For � = 1 , we set� 0 = 200; for � = 0 :8, we
set� 0 = 40 in Appendices D.3 and D.4 and set� 0 = 200 in Appendices D.5 and D.6; for� = 0 :6,
we set� 0 = 20.

Synthetic (1; 1) The parameter of̀22 regularization is0:5. For � = 1 , we set� 0 = 1 ; for
� = 0 :8, we set� 0 = 0 :3; for � = 0 :6, we set� 0 = 0 :1.

Lincons The parameter of̀22 regularization is0:05. For � = 1 , we set� 0 = 8 ; for � = 0 :8, we
set� 0 = 2 ; for � = 0 :6, we set� 0 = 0 :8.

D.3 Convergence Rates

We plot the log-log scale graphs of averaged MSEs over5 repetitions onIID vs iterations in Figure
1 and the log-log scale graphs of averaged MSEs over10 repetitions onIID andLincons vs
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Figure 4: The log-log scale graphs of averaged MSE onSynthetic (1; 1) over10 repetitions vs
iterations.

Figure 5: The log-log scale graphs of averaged MSE onLincons over10 repetitions vs iterations.

Figure 6: The heatmaps of�u n across two orthogonal directions over100repetition onIID .

iterations in Figures 4 and 5. When� < 1=2, the value of� hardly affects the convergence rate;
when� > 1=2, both larger� and smaller� lead to a slower convergence rate. This is consistent to
the result of Theorem 3.1.

D.4 Heatmaps

We plot the heatmaps for� = 1 ; 0:8 and� = 0 ; 0:2. The results for the three datasets are shown in
Figures 6, 7 and 8. ForIID , we run2000steps of LPSA over100repetitions and pick up the last
200iterates. ForSynthetic (1; 1), we run3000steps of LPSA over100repetitions for� = 1 and
4000steps for� = 0 :8. Then we pick up the last800iterates to plot the heatmap. ForLincons , we
run 2000steps of LPSA over100repetitions and pick up the last800iterates. All the heatmaps show
that the cells near the origin have lighter colors, which agrees with Theorem 3.3.

D.5 Trajectories

For � = 1 ; 0:8 and� = 0 :6; 0:8, we plot the trajectories of�vn along two random directionse1 ande2
vs accumulation of� n in Figures 9, 10 and 11. Note that the directions vectorse1 ande2 are distinct
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Figure 7: The heatmaps of�u n across two orthogonal directions over100repetition onSynthetic
(1; 1).

Figure 8: The heatmaps of�u n across two orthogonal directions over100repetition onLincons .

for different datasets. The value of the horizontal coordinate is
P n

i = s � �
i , wheres is the start point

of the trajectory that aims to eliminate the irregular behavior in the early stage of the optimization
process. In Figure 9, we run20000steps of LPSA and sets = 2000; in Figure 10, we run50000
steps of LPSA and sets = 1000; in Figure 11, we run5000steps of LPSA and sets = 2000.

We take Figure 10 as an example. Observe that the trajectories in Figure 10 come in a jagged
manner and the peak value does not vanish or explode. This is because we have chosen a suitable
rescaled version�vn of vn and such a behavior can be captured by Theorem 3.4. The same discussion
also applies for Figure 11. As for Figure 9, where the dimension ofvn is 61000, the rate of the
weak convergence mentioned in Theorem 3.4 is much slower than the low-dimensional counterparts
depicted in Figures 10 and 11, where the dimension ofvn is of hundreds or around1000. When the
number of iterations is not so large, the in�uence of gradient noise can not be ignored. As a result,
the trajectories in Figure 9 keep �uctuating a lot and are not so smooth as those in Figures 10 and 11.

D.6 Bias

For � = 1 ; 0:8 and� = 0 :6; 0:8, we plot the trajectories of̂u n along two random directionse1 and
e2 (or e3) for three datasets in Figures 12, 13 and 14 to show the asymptotic biased ofû n . Note
that the directions vectorse1 ande2 are distinct for different datasets. The scale of coordinate axis
in Figure 13 is different from that in Figure 3. This is due to that we omit the in�uence of� 0 in
Figure 3, whose value does not affect the shape of the trajectories. Moreover, we choose a different
directione3 in Figure 13 instead ofe2 in Figure 3 for a better illustration. We observe that although
some trajectories have not converged yet, they stay away from the blue horizontal dashed line, which
denotes the value0. This veri�es the result of Corollary 1.

D.7 Convergence Rates in terms of the Number of Projections

Recall that in Section 3.1 and Appendix D.3, we establish the convergence rates in terms of the number
of iterations and provide the log-log scale graphs of averages MSEs vs. the number of iterations. To
better capture the in�uence of projections, in this subsection, we consider the convergence rates in
terms of the number of projections and plot the the log-log scale graphs of averages MSEs vs. the
number of projections.
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Figure 9: Trajectories of�vn along two random directions vs accumulation of� n on IID .

In our method, at then-th iteration, the projection probability ispn = min f � �
n ; 1g = �( n� �� ). As

a result, aftern steps of iterations, the number of projectionsm should be of the order�( n1� �� ).
Suppose that afterm steps of projections, we obtain the variablex m andu m = PA ? (x m ). By

Theorem 3.1, we haveE ku m � x ?k2 = O
�

m� � min f 1 ; 2 � 2 � g
1 � ��

�
. For0 � � < 0:5, the rate is of the

orderO
�

m� �
1 � ��

�
and a larger� leads to a faster rate. For0:5 � � < 1, the rate is of the order

O
�

m� 2 � (1 � � )
1 � ��

�
= O

�
m� 2(1� 1 � �

1 � �� ) :
�

and a larger� leads to a slower rate.

To conclude, if we only focus on the complexity of projection steps and ignore the cost of gradient
computation,� = 0 :5 is the best choice.

Then we plot the log-log scale graphs of averages MSEs vs. the number of projections on two datasets
IID andLincons over5 repetitions in Figures 15 and 16.

ForIID , the value of� is fromf 1:0; 0:8; 0:6g and the value of� is fromf 0; 0:2; 0:4; 0:5; 0:6g. When
� = 0 ; 0:2, we run10000steps pf LPSA; when(�; � ) = (0 :6; 0:4), we run20000steps pf LPSA;

47



Figure 10: Trajectories of�vn along two random directions vs accumulation of� n onSynthetic
(1; 1).

when(�; � ) = (0 :8; 0:4), we run30000steps pf LPSA; when� = 0 :5; 0:6 or (�; � ) = (1 :0; 0:4),
we run50000steps pf LPSA.

ForLincons , the value of� is fromf 1:0; 0:8; 0:6g and the value of� is fromf 0; 0:2; 0:4; 0:6; 0:8g.
When� = 0 ; 0:2, we run10000steps pf LPSA; when� = 0 :4 or (�; � ) = (0 :6; 0:6), we run
50000steps pf LPSA; when(�; � ) = (1 :0; 0:6); (0:8; 0:6), we run100000steps pf LPSA; when
(�; � ) = (0 :6; 0:8), we run500000steps pf LPSA; when(�; � ) = (1 :0; 0:8); (1:0; 0:6), we run
1000000steps pf LPSA.

We �nd that in both Figures 15 and 16, when� is closer to0:5, the lines of convergence rates are
steeper. This is consistent with our analysis above. It is worth noting that for a �xed number of
iterations, a larger� implies a smaller number of projections. As a result, for� larger than0:5, the
interval between two adjacent projections is pretty large and to get a target number of projections
(e.g.,1000), the number of iterations can be undesirable. To reduce the computational cost, we take a
predetermined number of iterations, so the lines corresponding the larger� can be shorter than others.
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Figure 11: Trajectories of�vn along two random directions vs accumulation of� n onLincons .
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