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Abstract

This paper studies the problem of risk-sensitive reinforcement learning (RSRL) in
continuous time, where the environment is characterized by a controllable stochastic
differential equation (SDE) and the objective is a potentially nonlinear functional
of cumulative rewards. We prove that when the functional is an optimized certainty
equivalent (OCE), the optimal policy is Markovian with respect to an augmented
environment. We also propose CT-RS-q, a risk-sensitive g-learning algorithm based
on a novel martingale characterization approach. Finally, we run a simulation study
on a dynamic portfolio selection problem and illustrate the effectiveness of our
algorithm.

1 Introduction

Traditional reinforcement learning (RL) algorithms typically aim to maximize the expected cumulative
reward in a discrete-time setting. However, they often struggle in environments that are inherently
continuous, or in applications where the full distributional characteristics of returns are of particular
concern. A representative example arises in high-frequency trading: since trades occur irregularly
over time, regular discretization of timestamps may cause potential information loss and training
instability. Moreover, while achieving higher profits is desirable, it should not come at the cost of
excessive volatility or drawdowns. Hence, the variance of the trader’s profit, alongside its expectation,
becomes a crucial performance criterion.

Existing research has addressed each of these two challenges separately. For the first,[Wang et al.
(2020); Jia and Zhou| (2022alb}, 2023); [Zhao et al.[(2023); Tang et al.[(2022) rigorously extend several
RL algorithms to a continuous-time framework. For the second, numerous studies on risk-sensitive
learning attempt to optimize risk measures beyond the expectation operator (Mihatsch and Neuneier,
2002; (Geibel and Wysotzkil 2005} [Shen et al., 2014; |Fei et al., 2020; |Liitjens et al., 2019; |Garcia and
Fernandez, 2015)). Likewise, distributional reinforcement learning (DRL) focuses on learning the
entire return distribution rather than specific moments or functionals (Bellemare et al.|, 2017} Dabney
et al.,[2018}; [Rowland et al.,2019; Bellemare et al., [2023)). These approaches have achieved notable
success both theoretically and empirically.

However, few studies have explored scenarios where both challenges coexist. This motivates our
work, which takes an initial step toward unifying the two perspectives. We aim to bridge their
intrinsic connections and establish a rigorous methodological foundation for algorithms that are
simultaneously compatible with continuous-time modeling and risk-sensitive objectives. This paper
provides a conceptual overview of the core ideas underlying continuous-time risk-sensitive RL, and
demonstrates the feasibility of algorithms inspired by these principles.
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2 Problem Formulation

We first state our formulation of continuous-time risk-sensitive RL. Our problem is to control the
state dynamics governed by a stochastic differential equation (SDE), defined on a filtered probability
space (Q, F, (Fs)s>0, P) along with a standard n-dimensional Brownian motion W = {W, s > 0}:

AXT = p(s, XT,aT)ds + o(s, X7, aZ)dW,, s € [t.T]. )

Here, p: [0,7] x R* x A — R? and o: [0,T] x R? x A — R%*" are given functions, where
A C R™ is the action space. The agent’s action a7 is sampled independently of the Brownian
motion according to a (possibly history-dependent) policy 7 (- | F2X), where FX refers to the natural
filtration containing (X7 )i<u<s and (al )i<u<s-

Let7: [0,7] x R? x A — R be an instantaneous reward function, h: R? — R be the lump-sum
reward function applied at the end of the period, and > 0 be a discount factor that measures the
time-value of the payoff. By simulating the process (I)) from X[ = z, we eventually receive a sum
of discounted rewards:

T
Z7(t,x) = / e D (s, X7 aT)ds + e TOR(XE). @)
t

Given a risk measure U : L?(Q, F,P) — R, our goal is to find the optimal policy 7* that maximizes
the risk-sensitive objective with entropy regularization:

Ji(t,x) =U(Z7(t,)) + 7 Ent(m; ¢, z), 3)

where Ent(7;t,2) = —E UtT e 96D logm(al | FX)ds | X[ = a:} is defined as the discounted
cumulative entropy of the policy 7 along the process starting from X[ = x.

3 Resolving Nonlinearity of the Functional Objective

When U is not the expectation operator as in traditional RL (Jia and Zhou, [2022albl 2023)), typical
algorithms based on Bellman equations fail due to its intrinsic nonlinearity. In fact, the optimal policy
is generally not Markovian (Wang et al., [2024)), which renders it complex to find the optimal policy.

To tackle this issue, we consider a special kind of risk measures called optimized certainty equivalents
(OCEs), and show that the optimal policy is Markovian with respect to an augmented SDE in this case.
In this way, the original problem breaks down to a conventional policy optimization task followed by
a reverse transformation of the learned policy from the augmented SDE to the original one.

3.1 OCE risk measures

Optimized certainty equivalents (OCEs) are special functionals on random variables that admit a
variational expression with an expectation operator:

UW) = OCE,(W) = sup {n+Elp(W —n)}, “)

where W € L?(Q2, F,P) is a random variable, and ¢ : R — R is a concave utility function.

Table 2] lists a series of common OCE risk measures along with their utility functions, including
linear/exponential/logarithm utilities, CVaR risk, etc. The concept generalizes the classical notion
of certainty equivalents by incorporating a utility function and an optimization procedure to unify

a wider range of risk measures (Ben-Tal and Teboulle, |2007), and has been widely adopted in the
optimization and mathematical finance literature.

3.2 Markovian optimality

It can be shown that when the risk measure U is an OCE with respect to the utility function ¢, the
optimal policy is Markovian with respect to the following augmented SDE:

X7 w(s, X7 al) o(s,XT,al)

s El S’ S
d|Bgs | = [ Bfsr(s, X7,al) | ds + 0, AWy, selt,T], (5
™ e T
Bl,s _6Bl,s On
Xl s tag (5, X7, BF BT ,,aT) owe(s,XT,BT ,,BY ,,aT)



with the instantaneous reward function ra,(t, 2, bo, b1, a) = 0 and the lump-sum reward function
hauwg(x,b0,b1) = @(bo + bih(x)). In the sense of conventional RL, the entropy-regularized value
function related to (3) is as follows (see Appendix [C.T)):

JT(t,x,b0,b1) = E[p(bg + b1 Z7 (t,x))] + 7by Ent(m; ¢, ). (6)

Compared with (TJ), the augmented SDE (3] has two additional states (537 ,, BT ,) that respectively
track the cumulative reward so far and the effect of the discount factor (Bauerle and Ott, [2011};|Béduerle
and Glauner, 2021; Wang et al., 2024)).

Proposition 3.1. [f the risk measure U is an OCE with respect to the utility function , the optimal
policy 7§, = argmax,. J§ (t,x) of the SDE (I)-(3) is Markovian with respect to the augmented state
(X5, Bo.s, BLS) where By s = by + by f: e 0y (u, X\, a,)du and By 4 = bie 96~ for
some (bg,b1) € R x Ry ie, (- | FX) =n3(- | Xs, Bos, B1s) forany s € [t,T).

3.3 Meta-algorithm for policy optimization

In fact, Proposition [3.T]is derived by bridging two value functions, (3) and (6) (see Appendix [C.).
Following this idea, we can design a meta-algorithm that first solves policy optimization for the
augmented SDE (9)-(6), and then optimizes over a scalar parameter according to the definition of
the OCE risk measure U to obtain the optimal value function Jg and the optimal policy 7. The
meta-algorithm is summarized in Algorithm [I]

4 Risk-Sensitive Q-Learning

In this section, we focus on developing a q-learning algorithm to solve for the optimal value function
J*(t,x, bo, b1) and its optimal policy 7*(- | ¢, x, by, b1 ), following the martingale approach proposed
inJia and Zhou| (2022a)).

4.1 Martingale characterization

Let {(M?)scp 11 }oco be a set of parameterized F-adapted stochastic processes, and let §* € © be

the unique parameter such that (M¢" )sejt,m) is an (F,P)-martingale. According to Jia and Zhou
(2022a.b), 0 = 0* if and only if for any F-adapted test process (&s) e, 1), the following martingale

orthogonality condition holds:
T
/ sdefl =0. )
t

This motivates us to find a martingale characterization of the value function, so that under proper
parameterization, we can obtain a learned optimal value function as long as the condition (7)) is
satisfied. Theorem [4.1|below provides a rigorous statement of such martingale characterization.

Theorem 4.1. Let a policy 7, a function J € CY2([0, T) x R x Rx R )NC([0, T] x R x R x R.),
and a continuous function G: [0,T] x R x R x Ry x A — R be given such that for any quadruple
(t,2,b0,b1) €[0,T] x RY x R x R,

E

I, 0) = plon + tane), [ enp {TEEDDD gy, ®
A 1

Then, J = J* and § = q* respectively, if and only if for any (t,z) € [0,T] x RY, the following
process is an (F,P)-martingale:

J(s, XT, YT e 06—ty - / Gu, X7, YT e qMydu, s € [t,T). )
t
Here, J* is the optimal value function, q* is the optimal g-function as defined in Appendix[A.2] and

YT = f: e 0=y (u, X7 aT)du is the discounted cumulative reward up to time s.

'We have omitted the superscript 7 on every state variable for notational simplicity.



4.2 Algorithm

Based on the martingale characterization established in the previous section, we propose an on-policy
continuous-time risk-sensitive q-learning (CT-RS-q) algorithm as Algorithm [2| Specifically, we
simultaneously parameterize the value function as .J? and the g-function as ¢, and set the test
functions &; and (; as their parameter gradients. The parameters 6 and ) are then updated by the
average of temporal-difference errors after generation of every whole episode.

5 Application to Dynamic Portfolio Selection

We discuss an application to dynamic portfolio selection to illustrate the effectiveness of our proposed
algorithm. Consider a market with two risky assets, whose prices follow the log-normal dynamics:

dSl,t = S1¢(T1dt + 0'1dI/V1,t)7 d527t = Sg7t(’l“2dt + Ugdet). (10)

We would like to invest a $1 budget on these two assets and are allowed to continuously reallocate
the money between assets. Denoting the proportion of money invested on the first asset as a;, our
budget X, follows another log-normal process:

dX; = Xi{ars + (1 — ap)rabdt + Xy {aro1dWy p + (1 — ay)oadWa i} (11

We are concerned with our budget X at the end of the whole period. While expecting the mean
of X7 to be as large as possible, we would also like to avoid excessive variance; and therefore, we
choose the mean-variance risk measure as our objective:

MV(X7) = E[X7] — %Var(XT). (12)

Since MV (-) is an OCE as shown in Table [2] our algorithm is applicable to the above financial
scenario. A rigorous formulation and some detailed discussion are deferred to Appendix [B]

Firstly, we examine the convergence of the model parameters as defined in Appendix Figure
illustrates the evolution of eight model parameters, most of which converge to their optimal points.
The last two parameters, which belong to the parameterized q-function ¢, stay slightly far from their
optimal points. We believe that such deviation is caused by the non-shrinking exploration parameter
7 > 0 in the training phase.

Secondly, we compare the performance of three policies: (i) Baseline Policy, which always invests a
fixed proportion (a = 0.5) of the budget between two assets; (ii)) CT-RS-q Policy, which is trained
according to Algorithm [2} (iii) Optimal Policy, whose analytical formula is given in Appendix [B.T]
Table[I]lists the cumulative return and the mean-variance objective (I2) of the three policies at the
end of the whole period, and Figure 2] plots their curves over time.

We find that the trained CT-RS-q policy is close to the optimal policy, both outperforming the baseline
policy in the cumulative return and the mean-variance objective. This comes at the cost of a slightly
larger volatility, which is further controllable by tuning the regularization parameter a > 0 in
during the training period.

Table 1: Performance comparison of three policies.

Cumulative Return 1 (Std. Dev. |) Mean-Variance Objective 1

Baseline Policy (a = 0.5) 0.2217 (0.0957) 1.2171
CT-RS-q Policy 0.8163 (0.8716) 1.4365
Optimal Policy 0.7128 (0.7205) 1.4532
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Algorithm 1: Meta-algorithm

1 Train based on the augmented SDE:
(i) Optimal value function J* (t,2,bo,b1);
(ii) Optimal policy 7*(t, z, by, b1 );
Function OptimalValueAndPolicy (¢, x, J*, #*):
Optimal initial budget: b* < argmax,cp {b+ J*(t,2,~b,1)};
Optimal value function: J; (¢, z) < b* + J*(t,z, —b*,1);
Cumulative reward: Y < f: e 0=y (u, X\, ay )dus;
Optimal policy: 75 (- | s, X5, Ys) < #*(- | 8, X5, Yy — b*, e 060 Vs € [t, T);
return jg, v

D-TE- R I L7 I LV I ]

Algorithm 2: CT-RS-q: continuous-time risk-sensitive g-learning (on-policy)

Input: initial state x, number of episodes N, time horizon 7', number of mesh grids K,

mesh grids 0 =t < t; < --- < tx = T, learning rates {19, l;-/’ N, temperature T > 0,
1 for episode j = 1to N do
2 Observe initial state zo and set (X;,, Bo.+y, B1.t,) = (20,0, 1);
3 for timestep k = 0to K — 1 do
4

Generate action
ag, ~ ﬂ-w( | tka th- 5 -BO.,t;C 5 Bl,tk) X exp{ TB;% qw(tk; th ) BO,tk ) Bl,tka )}’
5 Simulate (5) from ¢, to ¢4 1 and observe new state (X, , ., Bo.t;,,> B1,t,.1 )
Store test functions:
0J° Oq¥
gtk - W(tka th ) BO,t;C ) Bl,tk)a Ctk, - %(tkv th, ) BO,tk ) Bl,tk. ) atk);
7 Store value function and g-function:
Jtek = Je(tkn th ) BO,tk ) Bl,tk)7 qi = qw(tka th 9 BO7tk 9 Bl7tk ) a/tk);

8 end
9 Compute incremental updates:
K-1 K-1
Af = Z Ety [Jtek+1 - Jfk - q;iAtk]’ Ay = Z Gty [Jfk+l - Jtek - intk];
k=0 k=0

10 Update 6 and :

0 P .
Qee—l—leQ, w<—¢+lez/),

11 end
12 return JY, ¢V
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Figure 1: Convergence of model parameters. The first three are parameters of the value function .J%,
and the last five are parameters of the g-function ¢¥.
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Figure 2: Curves of the cumulative return and the mean-variance objective for three policies.



A Theory of Risk-Sensitive Q-Learning

In this section, we provide a theoretical foundation of risk-sensitive g-learning and present more
comprehensive results in addition to Section 4]

Notation. For the augmented SDE, we denote IIyp and Iy, as the set of all history-dependent
policies and all Markov policies, respectively. For a policy 7: X x A — [0,1] and a function
f: X x A= R weuse f(-,7) = [, f(-,a)m(a | -)da to denote the function value averaged over
the policy.

A.1 Feynman-Kac formula and HJB equation

Let £2,, be the infinitesimal generator associated with the diffusion process governed by (3):

aug
Kgug (t7$>b07b1) = atf(t7$7b0>b1) + Maug(t7$7b07b11a)awf(t7xab03bl)

1 (13)
§U§ug(t’ Z, bo, bl, a)(’)izf(t, x, bo, bl)

Recall that the augmented value function can be written as follows:

+

(b, bo,by) = E [¢<BS,T + BT (X))

. (14)

— T/ BT Jlogm(al | F*)ds | X[ =, Bf, =bo, BT, = b1 |.
t

Given a Markov policy 7 € Iy, its augmented value function J7™ satisfies the following PDE:

A [‘Cgug‘]ﬂ(tazvb(bbl) - Tbl IOgﬂ-(a | t,x,bo,bl)}’ﬂ(a | tvxab()abl)da = Oa

15)
J™(T,x,bg,b1) = @(by + b1h(x)),
which is the well-known Feynman-Kac formula in the exploratory RL setting.
On the other hand, the optimal value function J* satisfies the following HJB equation:
sup / [L'E‘fugJ*(t,x, by, b1) — by logm(a | t,xz, b, bl)]ﬁ(a | ¢, 2,bg,b1)da =0,
m€llyi J A (16)

(T, %,bo,b1) = ¢(bo + brh()),
Solving the above HJB equation yields the relationship between the optimal value function J* and
the optimal policy 7*, which we state in the following proposition.

Proposition A.1. The optimal value function J* and the optimal policy ©* satisfy the following
relationship:

£e J*(t,x,bg, b L2 J*(t,x,bo,b
ﬂ'*(a|t,:c,bo,b1)=exp{ o ( . 1)}, /exp{ - ( 0 1)}dazl.
Tb1 A 7—bl
a7

A.2 Lowercase q-function

We next focus on deriving the g-function with respect to an augmented value function J™ (¢, x, bg, b1),
analogous to Q-functions in the conventional RL setting. The concept of the lowercase g-function
was proposed inJia and Zhou| (2023)), where the authors provided a rigorous justification for a recent
conjecture (Gao et al., [2022} |[Zhou, 2021) that the counterpart of Q-functions in continuous-time RL
is the Hamiltonian of the dynamics. Below we extend the theory to the risk-sensitive scenario.

Given a Markov policy 7 € Iy, a fixed action @ € A and a small constant At > 0, consider a
perturbed policy as follows: it takes the action @ on [t, t + At), and then follows 7 on [t + At, T).
The cumulative reward under such a perturbed policy then becomes

t+At
Zr(t,z,a) = / e 06 (s, X9, a)ds + e A 27 (t 4+ AL, Xfae) Xf=uwz, (18)
t

10



and we introduce the corresponding At-parameterized Q-function as

QA (t,2,bo, b1, a) = Elp(by + b1 ZR,(t, x,a))] + Thie *AME[Ent(m; ¢t + At, X[ o). (19)

Recall that in (3) and (6) an entropy term is included to incentivize exploration using stochastic
policies. However, in defining Q% , (¢, , b, b1, a) we exclude the policy’s entropy on the interval
[t,t + At), because a deterministic constant action a is applied whose entropy is always zero.

It is obvious that when At — 0, the At¢-parameterized Q-function converges to the value function
J™(t, x, by, by). However, the first-order term of At crucially reflects the advantage of the action
a over the current policy m, which shares the same meaning as Q-functions in discrete-time RL.
Following previous works (Jia and Zhoul, 2023), we define such a first-order term as the g-function.
To proceed, we define the infinitesimal generator of the SDE () as £

£04(t,2) = Duf (1,2) + ult, 2,000 1 0,2) + 5070, )02, £ (1,2). 20)

Definition A.1. The g-function of the augmented SDE (3)-(6) associated with a policy 7 € Iy is
defined as follows:

q"(t,x,bo,b1,a) = {LYT™ + byr(t,x,a)0p, J" — b1, J" }Ht, 2, bo, b). 21

Note that any g-function ¢™ is related with the value function J™ of the same policy. In addition,
we define the optimal q-function as ¢*(t, x, by, b1, a) = ¢™ (t,z, bg, b1, a). Below we present some
important properties of the g-function.

Proposition A.2. The At-parameterized Q-function Q}, satisfies that
Qgt(t, x,bg, by, a) = Jﬂ(t, x, by, bl) + q”(t, x,bg, by, a)At + O(At). (22)

Proposition A.3. The g-function q™ satisfies that
/ {¢"(t,x,bg,b1,a) — by logm(a | t,z,bo,b1)}m(a | t,x,bp,b1)da = 0. (23)
A

Proposition A.4. The g-function q™ and the value function J™ satisfy that
qﬂ'(tax7b0ab17a) :‘Ca Jﬂ(t7xab07bl)' (24)

aug

A.3 Martingale characterization

The definition of the g-function enables us to design various kinds of martingale characterization
of the value function, based on different algorithmic requirements. Specifically, we present below
the martingale characterization theorems for: (i) on-policy policy evaluation in Theorem [A.5] (ii)
off-policy policy evaluation in Theorems [A.6]and [A.7] and (iii) off-policy policy optimization in
Theorem[A.8] Their proofs are similar to that of Theorem[4.1] so we omit them for brevity. As before,
we define the discounted cumulative reward up to time s as Y.":

YT = / e WDy (y, X7 aT)du, s € [t,T). (25)
t

Theorem A.5. Let a policy m € lyy,, its corresponding value function J™ and q-function q™, a

function J € C*2([0,T) x R x R x Ry )NC([0,T] x RY x R x R, ) with polynomial growth, and

a continuous function §: [0,T] x R x R x Ry x A — R be given such that for any (t,z,bg, b1) €
[0,7] xR x R x R,

j(T,x,bo,bl) = (p(bo—Fblh(l')), Q(t,x‘,bo,bl,ﬂ')—FTbl El’lt(ﬂ'(' | t,x,bo,bl)) =0. (26)
Then:

(i) G = q" ifand only if for any (t,x) € [0, T] x R%, the following process is an (F,P)-martingale:

J”(S,X;f,}g“,e*‘s(“))f/ Glu, X7, YT, e oMdu, se[t,T]. (27

u?
t

11



(i) J = J™ and G = q~ respectively, if and only if for any (t,z) € [0,T] x R%, the following
process is an (F,P)-martingale:

j(s,X;r,YS”,e_‘s(s_t)) —/ cj(u,X;r,Yu”,e_é(“_t),aZ)du, s et T (28)
t

Theorem A.6. Let a policy m € Iy, its corresponding value function J™ and q-function q™, and a
continuous function G: [0,T] x R? x R x R x A — R be given. Then:

(i) If G = q~, then for any 7' € Ty, and any (t,x) € [0,T] x RY, the following process is an
(F,P)-martingale:

J”(s,X;“,Y;’,e—f“s—t))—/ Gu, X7V e7000 o™ Ydu, s e [t,T].  (29)
t

(ii) If there exists ' € Ty, such that @9) is an (F,P)-martingale for any (t,x) € [0,T] x RY,
then ¢ = q".
Theorem A.7. Let a policy m € puy, its corresponding value function J™ and q-function q™, a
function J € CY2([0,T) x R? x R x Ry ) N C([0,T] x R x R x R.;.) with polynomial growth, and
a continuous function §: [0,T] x R* x R x Ry x A — R be given such that for any (t,x, by, b) €
[0,7T] x R x R x Ry,

J(T,.’L‘,b(),bl) = (p(bo—i—blh(l‘)), (j(t,x,bo,bl,ﬂ')-i-Tbl Ent(w(- | t,l‘,bo,bl)) =0. (30)
Then:

(i) If J = J™ and § = q~ respectively, then for any ©' € yyy, and any (t,x) € [0,T] x R?, the
following process is an (F,P)-martingale:

J(s, X7, YT e 06—ty - / Gu, X7, YT e o™ Ydu, s e [t,T].  (31)
t

(ii) If there exists ' € Ty, such that (B1) is an (F,P)-martingale for any (t,x) € [0,T] x RY,
then J = J™ and § = q" respectively.
Theorem A.8. Let a function J* € C12([0,T) x R x R x Ry) N C([0,T] x R? x R x R, with

polynomial growth and a continuous function ¢*: [0,T] x R? x R x Ry x A — R be given such
that for any (t,x,bg,b1) € [0,T] x R x R x Ry,

J*(T, 2, by, br) = (bo + bih(z)), /exp{‘W}da:L 32)
A 701

Then:

(i) If J* and q* are respectively the optimal value function and the optimal g-function, then for any
7 € My and any (t,x) € [0,T] x RY, the following process is an (F,P)-martingale:
S

J (s, XT, YT e 001) 7/ G (u, X7, YT e oMydu, se[t,T]. (33)

wr tu » Yy
t

4" (t,@,bo,b1,a)

Moreover, w*(a | t,x, by, b1) = exp { _

} is the optimal policy in this case.

(ii) If there exists m € Uy, such that for any (t,z) € [0,T] x RY, (33) is an (F,P)-martingale,
then J* and §* are respectively the optimal value function and the optimal g-function.

12



B Details on Dynamic Portfolio Selection

In this section, we provide a more comprehensive introduction to dynamic portfolio selection.
Consider a market with two risky assets, with their prices following the log-normal dynamics:

dSie = Si(ridt +01dWiye), dSay = So(redt + 02dWay), (34

where 11,72 € R, 01,02 € Ry, and (W} ¢)>0, (W2¢)1>0 are two independent Brownian motions.
Suppose we have a $1 budget at ¢ = 0 and would like to invest all the money in these two assets;
at each time ¢, we are allowed to reallocate the money between assets. Denoting the proportion of
money invested on the first asset as a;, our budget X; follows another log-normal process:

dXt = Xt{aﬂ’l + (]. - at)’l"g}dt + Xt{ataldWLt + (]. - at)O'gdWQ’t}. (35)
Here, a;’s are possible to take values outside the unit interval [0, 1], as we allow shorting of an asset.

We are concerned with our budget X at the end of the whole period without any discount in time;
i.e., d = 0. We choose the mean-variance risk measure as our objective:

MV(X7) = E[X7] — %Var(XT). (36)
Then the corresponding utility function and reward functions are as follows:
oz) =z — %xQ, r(t,z,a) =0, h(z)==z. (37

The remainder of this section is organized as follows. Appendix [B.T|gives analytical formulae for
the optimal value function and its corresponding q-function with zero exploration factor; i.e., 7 = 0.
According to the forms of functions, we design their parameterization with well specification at
optimum in Appendix [B.2] In Appendix [B.3] we numerically justify that the optimal parameter in our
parameterization is a stable point, which indicates local convergence from near the optimum.

B.1 Analytical solution to optimal control

The following proposition gives the analytical formulae of the optimal control, the optimal value
function, and its corresponding g-function. We assume zero exploration factor, 7 = 0, for simplicity.
Note that both the value function and the g-function are quadratic in = and a.

Proposition B.1. The optimal control to (33)-(37), the optimal value function, and its corresponding
q-function are

2
g 1 — T2 C1
a*(t,x,bg,b1) = z _ 1+ ,
(@ 00,01) = 25 ﬁ+ﬁ( 2ot

J*(t,J?, bo, bl) =cot+cr+ CQ.T2,
q*(t7 z, b07 bl) a) = (U% =+ U%)CQI2{(I - &*(t, z, b07 bl)}27
where cq, c1, co are defined as follows:

« 1 —aby)?P,
o = eolt,bo,b1) = b (1= Sbo) + M

1 = c1(t, by, by) = (1 — abg)byeP==2Pn)(T=1)

[1 _ 6—2(Rm+Pnz)(T—t)} ,

«
_ _ 2 _2(Py+Ppy— Py ) (T—t
ca = co(t, bo, b1) = *51’16 ( DTt
2 2 2 2 2
r105 + o0 0705 (r1 —r2)
Px = ) Prz = nl =

o} + o3 2(0f +03)

Proof of Proposition[B.1] Recall the optimal value function is

J*(t,2,b0,by) = supE [(bo S Xp) — %(bo FhXr)? | X =z

13



Its HIB equation is as follows:
1
sup {@J* +{ar1 + (1 —a)ra}ad, J* + §{a2af +(1- a)zag}zzaixj*} = 0.

For now we assume 92,.J* < 0, so the left-hand side is a quadratic function with respect to a and
achieves optimality at

. 032?02, T — (r1 —r2)x0, J* o3 (r1 —r9)0,J*

(02 + 02)2202, J* ot +ol (0?4 03)w02, T

and by plugging back into the HIB equation we obtain

2 2 2 2 2 )2
« 103 + 7207 « 0103 2 . (ri—mra)® (0:J7)
OrJ —————x0,J ———— 0y — =0. 38
el 0%+ 03 PO 2(0? + 03) * Cra 2(0? +03) OpyJ* (38)
— —
Py Py P

Assume the value function has a quadratic form in x:
J*(t,@,bg, b1) = co(t, bo, b1) + c1(t,bo, b1)x + ca(t, by, by)z?,
which satisfies the terminal condition:

a o
CO(T, bo,bl) =by — §b(2)7 01(T, bo,b1) = b1 — abybr, 02(T7 b()»bl) = —55%-

The partial derivatives with respect to ¢ and x are thus given by
atJ* :c'o—|—c'1x—|—c'2:c2, 8$J* =1 + 2cor, 8§xj* = 2c9.
Plug these into (38) and note that it holds for any = € R%, so the following differential equations

should be satisfied:

C2

. [0
¢o — Pnlﬁ =0, co(T,bo,b1) =Dbo — 563,

¢+ (Px — 2Pnl)61 =0, Cl(T, bo,b1) = by — abgby,
Co + Q(Pa: + Pro — Pnl)CQ =0, CQ(T, bo,bl) = —%b%

Solving these equations yields

Q 1 —aby)?P, B -
co(t, bo, b1) = bo (1 — 51)0) + 2(04(sz]311) 1 — o= 2(PeatPu)(T t)} ,
c1(t,bo, br) = (1 — abg)byePe=2Pn)(T=1),
ca(t,bo, by) = f§b362<Pz+Pm—Pm><Tft>.

Note that ¢; < 0, so the previous assumption 92, J* < 0 is verified. Hence, the corresponding
optimal control is

2
g KT —To C1
a*(t,z,by,b1) = 2 _ 1+ .
( 0,01) of + o3 U%—l—og( 2cow

Finally, we turn to the q-function. Applying 1) yields
q* (ta x, bOa bla a/)
=LT* (t, x, by, bl) + b17”(t, x, a)@bo J* (t, x, by, bl) - b168b1 J* (t, x, by, bl)
= (éo + e + co2®) + {ary + (1 — a)ra}a(cq + 2c01) + {a?0? + (1 — a)?03 Yeox?
= (02 4+ 02)cox?a® 4+ {(r1 — r2)(c12 + 2c22?) — 202 cox? }a + remainder
(r1 — ro)(c1w + 2c22?%) — 203 con? ?
2(0% + 03)coa?
= (U% + O'%)CQI2{(Z - a*<ta €T, bOa bl)}27

where the second to last equality is because the remainder term is independent with a and
max, ¢*(t,z,bg, b1,a) = 0. O

= (07 + 03)con? <a +
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B.2 Parameterization of trainable functions

This section discusses how we parameterize the value function and the g-function.

The value function is parameterized as J? = ¢ +c{z+c§z? with the parameter § = (0p,,0p,.,0p,,).
where cf, cf, c§ are defined as follows:

(1 — Oébo)29Pnl

1 — ¢=2(0p,, +0p,)(T—1)
2a(0p,, +0p,)) ’

«
& = 4 (t,bo,br) = bo (1 _ §b0) +

The g-function is parameterized as ¢¥(t,x, by, b1,a) = z/;svcg’ﬁ (a — a¥)? with the parameter

Y= (waov ’(/}al s Uso, wcfa wcg >, where
e} = (t,bo,b1) = (1 — abg)bye’ "™,
C;b = C;p(tv bOa bl) = _%bfewcs(Tit)v

¥ ¢
a :¢ao_wa1 1+2¢ .

Co T

Note that our parameterization well specifies the ground truth model when the following optimal
parameters are achieved:

97—"1, =Py, 97?31 = Py, 9;;"[ = Py,

2
o re—r
% 2 w* 1 2 w* 2 2
P = = = =07 +o0
w g2 4 g2 “ g2 4 o2 sv 1 2

B.3 Numerical analysis of temporal difference around optimum

Figure |3|shows temporal difference of parameters around the optimum. The environment parameters
are set as r; = 0.15, ro = 0.25, 07 = 0.1, 02 = 0.12, and the hyper-parameters are set as
T = 1.0, At = 0.001, = 1.0. We simulate N = 10, 000 trajectories starting from the initial
budget Xo = 1.0. In this setting, the value of optimal parameters 0* = (0,07 0% ) and
V" = (V5,0 Ve, iy, ¥, 2 ) are as follows:

05 =0.1910, 65 =0.0030, 65 = 0.2049,
Y, = 05902, ¢ =—4.0984, o}, =00244, ¥} =—02189, )} = —0.0220.

a (&3 C.

For each parameter, it is perturbed around its optimal value by a small amount, while other parameters
remain fixed. The dot at zero in each plot corresponds to the optimum, and the dashed black lines are
the zero horizontal and vertical lines on which the update for the parameter is zero.

From the plots in Figure [3|we find that, for any of the eight parameters in the value function or the
g-function, its temporal difference crosses zero from above to below, which indicates the optimum is
a stable point. This phenomenon numerically provides guarantees for convergence to optimum of the
given optimization algorithm.
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Temporal-Difference Update vs Parameter Perturbation

1e-2 Bp, le-1 Bp,
1.0 :
0.5
o =054 0.0 7
g
©
3 -0.5 4
]
o —1.0 A -1.01
=]
_15 -
-1.5 204
-0.20 —0.15 —0.10 —0.05 0.00 0.05 0.10 0.15 0.20 —-0.20 —0.15 —0.10 —0.05 0.00 0.05 0.10 0.15 0.20
le—4 6p, le-2 Ysv
4 4
o 1
©
2 01-0—0—0—0—0—0—0—0—90—0—0—90—0—0—0—0—90-
o
=
_2 4
_4 4
-0.20 —0.15 —0.10 —0.05 0.00 0.05 0.10 0.15 0.20 -0.20 —0.15 —0.10 —0.05 0.00 0.05 0.10 0.15 0.20
le-3 Ya, le—4 Wa,
2
©
o
o
=}
[m]
=
. . . . ; . . . — -1.0- . . ; . .
-20 -15 -10 -05 00 05 10 15 20 -4 -2 0 2 4
le—4 Yes
0.5 A 4
3 0.0
©
o
s
2 0.5
a
1.0

~0.20 -0.15 —0.10 =0.05 0.00 0.05 0.10 0.5 0.20
Perturbation

-0.20 -0.15 —0.10 —0.05 0.00 0.05 0.10 0.5 0.20
Perturbation

Figure 3: Temporal difference of parameters around optimum (zeros in the plots above).
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C Proofs

C.1 Proof of Proposition 3.1]

We adopt three steps to prove the proposition: (i) derivation of the augmented value function (6), (ii)
Markovian optimality in the augmented SDE (3)-(0), and (iii) equivalence between optimal policies
in the original SDE (I))-(3) and the augmented SDE (3))-(6).

Derivation of the augmented value function. Suppose the risk measure U is expectation and the
discount factor for rewards is zero as in the conventional finite-horizon RL setting. The entropy-
regularized value function should be

T
Jﬂ'(ta Z, bOa bl) = ]E|:/ TaUg(sa X;r7 Bg,s7 B{r,.w a;T)dS + haug<X€’E7 Bg,T7 BT,T)
t
T
—r / BT logn(a? | FX)ds | X7 =, B, = by, BT, = bl]
t
— E[o(By + Bl ph(XE)) | XF =, BY, = bo, BY, = bi] + 7by Ent(rs 1, 2)

T
= ]E[ga(bo +b1/ e 96 (s, X7 aT)ds
¢

™
BO,T

+ bpe 0(T=0 h(X;:)) | X[ =2,Bf, =bo, B}, = bl} + 7by Ent(m; t, )
Bl r

=E[p(bo + b1 Z™(t,x))] + 7b1 Ent(7; ¢, z),

which concludes the derivation of (). Note that the entropy regularization Ent(7; ¢, x) is still
d-discounted across time to align with its original definition, despite absence of discount in rewards.

Markovian optimality in the augmented SDE. The Markovian optimality follows naturally from
the conventional RL literature (Putermanl 2014). More detailed examples can be found in Jia and
Zhoul (2022alb| 2023]).

Equivalence between optimal policies. By the definition of OCE, we have

n€llyp | bER

beR w&llyp

Ji (t, ) = max {max{b + E[p(Z7(t,z) — b)]} + 7 Ent(m; ¢, m)}
= max {b + max {E[p(Z™(t,x) — b)] + 7 Ent(m; ¢, :c)}}

= max {b + max J" (¢, z, —b, 1)}
beR wE€llyp

max {b + max J"(t,x,—b, 1)}
beR 7€ Mvky

Denoting 7* as the Markovian optimal policy that achieves J* in the last equality above, and letting
b* = argmaxycp {0+ J*(t,2,—b, 1)}, we can construct a history-dependent policy of the original
SDE (I)-(3) as follows:

778((1 | ]:s)() = ﬂ-*(a | SaXS,BO,S7Bl,S)7 s € [t,T], (39)
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where (X, By s, B1,s) follows the augmented SDE () starting from X; = z, By = —b*, By, = 1.
Hence, we have

Jgg (t,z) = max {b+ ]E[(,O(Z7rf§ (t,z) —b)]} + 7 Ent(m; t, x)

>b" + E[@(Z”S (t,z) — b*)] + 7 Ent(m; ¢, z)
=b* 4+ J" (t,z,—b* 1)
=b"+J"(t,x,—b", 1)
= Jo(t,2),
where we have used the definitions of J7 as (3) and J™ as (6), the relationship between 7§ and 7* as

, and the property o erived above. This means 7} is the optimal policy for the origina
d the property of J; derived above. Thi % i the optimal policy for the original SDE
(1)-(@B), which concludes the proof.

Remark C.1. The optimal policy 7, depends on the starting time ¢ of the SDE (TJ). In other words, for
0 < t; <ty < s < T, the optimal policy at time s that attains J§ (¢1, -) is different from the one that
attains J§ (f2, ). This is because the augmented MDP includes the state by which implicitly tracks the
time duration from start. For notational simplicity, we omit the policy’s dependence on the starting
time ¢; we will always refer to an optimal policy along with an optimal value at a specific time ¢.

C.2  Proof of Theorem
If J* = J* and §* = ¢* are respectively the optimal value function and the optimal g-function,
applying Itd’s lemma to the process .J*(s, X7, Y™, e~ 9(~1)) yields

u

J*(S,X;T,)Q,’T,ef‘s(sft)) — J*(t,2,0,1) — / q (u, X7 Yf,ef‘s(“ft),ag)du
t

ur

:/ &J*(u,X{[,YJT,e_‘s(”_t))~0(u,X7r al)dW,,
t

which is an (F,P)-martingale.

Conversely, we consider the case where @]) is an (F,P)-martingale, The second constraint in @])
implies that #*(a | t,x, by, b1) := exp{q* (¢, z, by, b1,a)/(Tb1)} is a probability density function,
and §*(t,x,bo,b1,a) = 7bylog@*(a | t,x,bo,b1). Hence §*(t,x,bg, b1, a) satisfies the second
constraint in (30)) with respect to the policy 7*. It then follows from Theorem that J* and ¢* are

respectively the value function and the g-function associated with 7*. In addition, since 7* is the
fixed point of the policy improvement iteration:

qA*(tv x, bOa bl» a) } _ EXp{(j*(t, &€, b07 blv a)/(Tbl)}
by Jaexp{q*(t,z,bo,b1,a)/(Tb1)}da’

we conclude that 77* is the optimal policy and thus J* and §* are the optimal value function and the
optimal g-function, respectively.

T (a | t,x,bo,b1) = exp{
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contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.
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Justification: The paper discusses the limitations of the work performed by the authors.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

19
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dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The paper provides sufficient information on the computer resources (type of
compute workers, memory, time of execution) needed to reproduce the experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:
e The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: There are no new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: There is no such research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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