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Abstract

In this paper, we consider the problem of finding high dimensional power means:
given a set A of n points in R?, find the point m that minimizes the sum of Eu-
clidean distance, raised to the power z, over all input points. Special cases of
problem include the well-known Fermat-Weber problem — or geometric median
problem — where z = 1, the mean or centroid where z = 2, and the Minimum
Enclosing Ball problem, where z = co.

We consider these problem in the big data regime. Here, we are interested in
sampling as few points as possible such that we can accurately estimate m. More
specifically, we consider sublinear algorithms as well as coresets for these prob-
lems. Sublinear algorithms have a random query access to the set A and the goal
is to minimize the number of queries. Here, we show that O (s_z_?’) samples are
sufficient to achieve a (1 +¢)-approximation, generalizing the results from Cohen,
Lee, Miller, Pachocki, and Sidford [STOC *16] and Inaba, Katoh, and Imai [SoCG
’94] to arbitrary z. Moreover, we show that this bound is nearly optimal, as any
algorithm requires at least {2 (5’2“) queries to achieve said approximation.

The second contribution are coresets for these problems, where we aim to find find
a small, weighted subset of the points which approximates cost of every candidate

point ¢ € R% up to a (1 + ¢) factor. Here, we show that O (¢=2) points are suf-
ficient, improving on the O (de~2) bound by Feldman and Langberg [STOC 11]
and the O (=) bound by Braverman, Jiang, Krauthgamer, and Wu [SODA 21].

1 Introduction

Large data sets have shifted the focus of algorithm design. In the past, an algorithm might have been
deemed feasible if its running time was polynomial in the input size and so a textbook fast algorithm
can have time complexity for example quadratic. For truly gargantuan data sets, even linear time
or nearly linear time algorithms could be considered too slow or requiring too much memory. This
led to the emergence of the field of sublinear algorithms: How well can we solve a problem without
reading the entire input?

Except for trivial problems, deterministic time sublinear algorithms do not exist. Our primary tool
in designing sublinear algorithms is thus the following basic approach:

 Take a uniform sample of the input.
* Run an algorithm on the sample.

Hence, the performance of a sublinear algorithm is often measured in terms of its query complexity,
i.e. the number of samples required such that we can extract a high quality solution in the second

*Equal contribution.
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step above that generalizes to the entire input. Sublinear algorithms have close ties to questions in
learning theory and estimation theory, where we are similarly interested in a quality to sample size
tradeoff.

A perhaps very fundamental problem of primary importance in machine learning and data analysis
is to efficiently estimate the parameters of a distribution. For example, given a distribution D,
how many samples do we need to estimate the mean? Even such a simple and basic question has
surprisingly involved answers and are still subject to ongoing research (Lugosi & Mendelson|(2019);
Lee & Valiant (2021)).

In this paper, we investigate the possibility of estimating power means in high dimensional Euclidean
spaces. Specifically, given an arbitrary set of points A, we wish to determine the number of uniform
queries .S such that we can extract a power mean m with

cost(m) i= 3" [lp = m|[* < (1+ &) min 3 flp  ull*,

peEA pEA
where ||p|| denotes the Euclidean norm of a vector p.

The power mean problem captures a number of important problems in computational geometry and
multivariate statistics. For example, for z = 1, this corresponds to the Fermat-Weber problem also
known as the geometric median. For z = 2, the problem is to determine the mean or centroid of the
data set. Letting z — oo, we have the Minimum Enclosing Ball (MEB), where one needs to find the
Euclidean sphere of smallest radius containing all input points.

For z > 2, the problem is not as well studied, but it still has many applications. First, higher
powers allows us to interpolate between z = 2 and z — oo, which is interesting as the latter admits
no sublinear algorithmg”| Skewness (a measure of the asymmetry of the probability distribution
of a real-valued random variable about its mean) and kurtosis (a measure of the tailedness” of the
probability distribution) are the centralized moments with respect to the three and the four norms and
are frequently used in statistics. The power mean is a way of estimating these values for multivariate
distributions.

Another application is when dealing with non-Euclidean distances, such as the Hamming metric,
coreset constructions for powers of z can be reduced to coreset constructions for powers 2z. So for
example if we want the mean in Hamming space, we can reduce it to the z = 4 case /in squared
Euclidean spaces |Huang & Vishnoi| (2020).

These problems are convex and thus can be approximated in the near-linear time efficiently via
convex optimization techniques. However, aside from the mean (z = 2), doing so in a sublinear
setting is challenging and to the best of our knowledge, only the mean and the geometric median
(z = 1) are currently known to admit nearly linear time algorithms.

Our main result is:

Theorem 1. There exists an algorithm that, with query complexity O(s=*73

polylog(=1)1log? 1/6), computes a (1 + €) approximate solution to the high dimensional
power mean problem with probability at least 1 — 6.

A key component in designing this algorithm is a novel analysis for coresets for these problems.
Coresets are succinct summaries that approximate cost for any center solution c.

Theorem 2. For any set of points in d-dimensional Euclidean space, there exists an e-coreset for
the high dimensional power mean problem of size O(e =2 - 20(2)),

With the exception of the mean, previous coresets for these problems achieved bounds O(e~2-29(2).
min(d, e2)) (Cohen-Addad et al.| (2021); Braverman et al.| (2021); Feldman & Langberg| (2011)),
or had weaker guarantees such as merely approximating an optimal solution or requiring removal of
outliers from the data set.

Comparing the bounds in Theorem [I]and Theorem 2] one may question whether the exponential de-
pendency in z is necessary for computing an approximation. Indeed, previous sublinear algorithms

>To see this, we place n — 1 points at 0 and one point with probability 1/2 at 1 and with probability 1/2 at
0. Any 2 — ¢ approximation can distinguish between the two cases, but this clearly requires us to query 2(n)
points.



for both the geometric median and the mean had a query complexity of O(¢~2), and thus matched
our coresets bounds. Unfortunately, we show that the exponential dependency in the power is indeed
necessary even in a single dimension:

Theorem 3. For any € > 0 and z, any algorithm that computes with probability more than 4/5 a
(1 + ¢)-approximation for a one-dimensional power mean has query complexity Q(e~*11).

Hence, up to constants in the exponent, our sublinear algorithm is tight. Moreover, the algorithm is
very simple to implement and performs well empircally.

1.1 Techniques

While stochastic gradient descent has been used for a variety of center-based problems (Clarkson
et al.| (2012); Cohen et al.| (2016)), it is difficult to apply it for higher powers. Indeed, Cohen et al.
(2016) remark in their paper that even for the mean’| (2 = 2) their analysis does not work as the
objective function is neither Lipschitz, nor strictly convex.

Hence, one needs to use new tools. A natural starting point is to use techniques from coresets, as
they allow us to preserve most of the relevant information, using a substantially smaller number of
points. Unfortunately, coresets have a drawback: the sampling distributions used to construct core-
sets is non-uniform and therefore difficult to use in a sublinear setting. The first step is therefore to
design coresets from uniform sampling. To do this, we use and improve upon a technique originally
introduced by |Chen| (2009). Chen showed that, given a sufficiently good initial solution g, one can
partition the points into rings exponentially increasing radii such that the points cost the same, up
to constant factors. Thereafter, taking a uniform sample of size O(d - e~2) from each ring produces
a coreset. Since there are at most O(logn) rings in the worst case, this yields a coreset of size

O(d-e2 - logn).

To realize these ideas in a sublinear setting, we are now faced with a number of challenges. First,
rings that are particularly far from ¢ may contain very few points. This makes is difficult for a
sublinear algorithm to access them. Second, partitioning the points into rings depends on the cost
of q. It is very simple to construct examples where estimating the cost of an optimal power center
requires 2(n) many queries. Finally, this analysis loses both factors logn and d, which we aim to
avoid.

We improve and extend this framework in two ways. First, we show that it is sufficient to only
consider O(loge~!) many rings, which, in of itself, already removes the dependency on logn.
Moreover, we show that it is possible to simply ignore any ring containing too few points, i.e. any
ring with less than £*t9() . n points may be discarded. The intuition is that, while rings with
few point may contribute significantly to the cost, these points do not influence the position of the
optimal center by much. Thus, using a number of carefully chosen pruning steps, we show how to
reduce both the problem of obtaining a sublinear algorithm as well as obtaining coresets to sampling
from a select few rings containing many points.

The second improvement directly considers an improved analysis of sampling from rings. The
standard way to prove a coreset guarantee is to show that using slog 1/ samples we preserve the
cost of a single solution with probability 1 — delta. If there exist T" solutions then we set § = 1/T
and have obtained a coreset, which we call the ’naive” union bound. This works in certain cases such
as finite metrics, but is insufficient if we have infinitely many solutions such as Euclidean spaces.
The simplest way to improve over the naive union bound is to discretize the space and then apply the
naive union bound on the discritization. In literature this is sometimes called an e-net bound. This
can be optimal or close to optimal for certain metrics, but so far these arguments have only lead to

O(e2min(d, e~2)) bounds for coresets in Euclidean spaces.

Instead of applying a union bound over the discretization in “one shot”, we apply a union bounded
over a nested sequence of increasingly better discretizations. Essentially, instead of only using a set
of centers C, as a substitute for all centers is R?, we use centers ¢ € C, for different values of
h e {1,...,log1/c}. Inliterature, this is known as chaining, see Nelson|(2016) for a survey. We can
then write, for any input point set P, Y- p cost(p, ¢) = 3 p >_j5 cost(p, " 1) — cost(p, "),

where cost(p, c®) is defined to be 0 and |cost(p, ¢") — cost(p, c)| < 27 "cost(p,c). We now only

3For the special case of the mean, Inaba et al. |Inaba et al.|(1994) observed that O(¢~2) samples are never-
theless sufficient.



apply the naive union bound for successive summands, i.e. we approximate » | peP cost(p, ct1) —
cost(p, c*) up to an error of ¢ - > pep COst(p; c).

Essentially, the idea is to use a sequence of solutions cj, that approximate a candidate solution ¢ with
increasing accuracy as h — oo. Approximating the cost of a candidate center ¢ can then be written
as a telescoping sum of solutions cy,, i.e. cost(c) = > ;= cost(cpt1) — cost(cp), where ¢, is a
solution that has distance to c of the order 27" and cost(cg) := 0. The notion of distance between
candidate solutions is perhaps most easily understood by imagining a solution to be a cost vector v°
where the ith entry corresponds to the cost of the ith point of A when using c as a candidate center,
i.e., v§ = cost(p;, ). Informally, we consider two solutions ¢ and ¢’ to have distance at most 27" if
[lIpi = ell* = lIpi = €11 < 27" (Ilpi — ¢ll* + [lps — ¢/[|¥) for all points p; € A.

1.2 Related Work

Sublinear Approximation for Clustering: A number of sublinear algorithm are known for clus-
tering problems. For k-Median, under the constraint that the input space has a small diameter,
a constant factor approximation is known |Czumaj & Sohler| (2007)). Ben-David| (2007)) proposed
a different set of conditions under which a sublinear algorithm for k-median and k-means exists.
Other approximations, with different constraint are also known: for instance, Meyerson et al.|(2004)
give an algorithm achieving a O(1)-approximation in time poly(k/e) for discrete metrics, when
each cluster has size {2(ne/k). For the 1-median problem, this assumption is always satisfied, and
their algorithm gives a constant factor approximation in constant running time. The algorithm by
Cohen et al. (2016) produces a (1 + &)-approximation in time min(ndlog®(n/c),d/e*) for Eu-
clidean spaces of dimension d. Ding| (2020, 2021} and |Clarkson et al.|(2012) showed how to obtain
sublinear algorithms for the minimum enclosing ball problem assuming that either the algorithm is
allowed to drop a fraction of the points, or with an additive error. For the unconstrained version
of the problem, no sublinear time algorithm is possible. For the k-means problem, Bachem et al.
(2016) showed how to approximate the k-means++ algorithm in sublinear time. To our knowledge,
no algorithm is known for higher distance powers z.

Coreset Constructions: A coreset is a weighted subset of the input points, such that the cost of any
clustering is the same on the coreset than on the input points, up to a (1 & ) factor. The arguably
most widely studied problem is coresets for the k clustering problems with powers of distances.
Following a long line of work Bachem et al.|(2018)); Becchetti et al.|(2019); Braverman et al.|(2021));
Chen| (2009); [Cohen-Addad et al.[(2021); Feldman & Langberg (2011)); Feldman et al.[(2020); Feng
et al.| (2021); Fichtenberger et al.| (2013); Har-Peled & Kushal| (2007); Har-Peled & Mazumdar
(2004); [Huang & Vishnoi| (2020); [Langberg & Schulman| (2010); [Sohler & Woodruff] (2018)), we
now know that coreset of size O (ke - 20(*) . min(k, e~ max2-2.0))) exist. In a low-dimensional
regime, this may be improved to O(k2ds=22°(*)) and O(kde~2%) Feldman & Langberg (2011).
For the special case of clustering with a single center, this yields the state of the art 0(5*4) bound
due to Braverman et al. (2021). For the Minimum Enclosing Ball problem and its generalizations,
these algorithms yield no space saving, although sketches of weaker gaurantees of size O(e~1)
exist (Badoiu & Clarkson|(2008)). Given a coreset, it is easy to compute a (1 + ¢)-approximation in
time independent of n: one just needs to find a (1 + €)-approximation on the coreset points.

Coresets have also been studied for many other problems: we cite non-comprehensively fair cluster-
ing|Cohen-Addad & Li (2019);/Huang et al.[(2019);|Schmidt et al.|(2019) determinant maximization
Indyk et al.| (2020), diversity maximization |Ceccarello et al.| (2018)); Indyk et al.| (2014) logistic re-
gression |Huggins et al.[(2016); Munteanu et al.|(2018)), dependency networks Molina et al.| (2018)),
or low-rank approximation Maalouf et al|(2019). The interested reader is referred to the recent
surveys for more information |Feldman|(2020); [Munteanu & Schwiegelshohn! (2018)).

1.3 Organization

We prove our key sampling result in Section [2] We follow up on that result by applying it to the
sublinear setting (Section [3)) and to coresets (Section ). We conclude with a short experimental
evaluation. Due to space constraints, all proofs are included in the supplementary material.

1.4 Preliminaries
We denote the Euclidean distance of a vector z by ||z|| := Z?:l x2. Similarly, we define the

Hamming norm ||z|; = Zle |¢;|. For a set of points A, we say that || A||o is the distinct number



of points. Note that if A contains multiplicities |A| # ||A]lo. We write O(z) to denote O(z -
log® x), where a is any constant. For any set A and candidate solution ¢, we defined cost(A, ¢) =
> pea llp — cl[. If the set is clear from context, we simply write cost(c). We frequently use the
following generalized triangle inequality, see Cohen-Addad & Schwiegelshohn|(2017); Makarychev
et al.|(2019) for proofs and similar statements.

Lemma 1 (Triangle Inequality for Powers). Let a, b, c be an arbitrary set of points in a metric space
with distance function d and let z be a positive integer. Then for any € > 0

m@byg(1+@*4amQZ+<ljg>%'aaaz

z+e€
€

|d(a,b)* —d(a,c)?| <e-d(a,c)® + ( ) ) d(b,c)”.

We also use the fact that uniform sampling is efficient to approximate the density: we review details
on sampling in bounded VC dimension in the supplementary material.

Lemma 2 (Li et al.[{(2001)). Given a range space (X, R) with VC-dimension d, an constants €, §, 1,

and a uniform sample S C X of size at least O(—— (dlog 1/n+1og 1/6)), we have for all ranges

ne-2

ReRwith| XNR|>n-|X|
‘|XmR| B |SmR|‘ - |X N R|
| X| IS 1~ | X

and for all ranges R € R with | X N R| <n-|X|

XnR|_SORI|
| X S|~

with probability at least 1 — 0.

The only range space we will consider is the one induced by Euclidean spheres centered around a
single fixed point. The VC dimension induced of this range space is 2, which seems to be a well
known fact, although we could not find a reference. For completeness, we added a short proof in the
supplementary material.

First, we recall the commonly used coreset definition for clustering problems in Euclidean spaces.

Definition 1. Let A be a set of points in R%. Then a set Q is a strong (g, z)-coreset if there exists a
weight function w : Q0 — R and a constant k such that for any point c

Slp—clf = wpllp—cllF +r)| <e- Y Ip— el

peA peES peA’
We say that §) is a weak (e, z)-coreset if for some a € [0,1] any point satisfying 3 .o wp -
lp=dIIF < 1+ a- E)argiﬂvgjn Y peWp - Ip — c|l* also satisfies 3,4 |lp — |7 < (1 +
ceR*

€)argmin ZpEA llp — ¢l
ceRd

The difference between the two notions is that strong coresets give a guarantee for all candidate
centers, whereas the weak coreset guarantee only applies for the optimum. In an offline setting,
there is no difference in the size for our construction for either guarantee. In the sublinear setting,
we will be satisfied with a weak coreset as it can be obtained with a nearly optimal query complexity.
2 Uniform Sampling Routine

In this section, we outline the proof of our basic sampling subroutine. We assume that we are given
a point ¢, and a set of points R such that for all p,p’ € R

lp—qll* <2-|p —4q|*.

In the following sections, we refer to R as a ring. Under this assumption, the following claim holds.



Theorem 4. Let q and R be defined as above and let ) be a uniform random sample consisting of

s € 0(5_2 -log 1/8) points. Then with probability at least 1 — 0, we have for all candidate centers
c

cost(R,c) — Z @ lp—¢lf| < e-(cost(R,q) + cost(R,c)).
peEQ

We prove this theorem, first by proving the following slightly simpler result and then showing how
to apply the result recursively to remove dependency in || R||o:

Lemma 3. Let g and A be defined as above and let §} be a uniform random sample consisting of
s € O(e72-log || R||o-log 1/3) points. Then with probability at least 1 — &, we have for all candidate

centers c that ‘cost(R, €) =2 pen @ “|lp = c||?| < e-(cost(R,q) + cost(R,c)).

To set up a chaining analysis, we require two ingredients: (1) a notion of nets and (2) a Gaussian
process. We focus on the latter first. For any point ¢, let v° be the | R|-dimensional vector, henceforth
called a cost vector, such that v,, = ||p; — c||* for some arbitrary but fixed ordering of the points
in R. Note that [|v||; = cost(R, c). Let p; € Q with j € {1,..., s} be the jth point of the sample.
Observe for any cost vector v induced by some center ¢, we have

n z
Eq [gvpj] =3 |lp - ¢|* = cost(R, ).
pPER

We now symmetrize the expectation. Let g, ...gs be standard Gaussian random variables, i.e.
Gaussians with mean 0 and variance 1. Then we have for any collection of cost vectors N (see
Appendix B.3 of Rudra & Wootters|(2014))

s R
Sy By, — ol

cost(R, q) + [|v]lx

s R[,
j=1 "5 Up; " 9j

< V2rEQE,su
90eh [cost(R, q) + [[]ly

- vEN

(1

Eqsup
veEN

Note that the first term in Equation [I| is the expected maximum deviation from the (normal-

ized) expected cost of the sample, if the cost vectors are induced by centers. In other words, if

E R
2 Bl Ip;—c||* —cost(R,c)

cost(R,q)+cost(R,c)

sup
cERY
not be induced by centers for technical reasons, but are in a well-defined sense close enough such
that it will be enough to bound the deviation for these approximate cost vectors to obtain a bound
for all center induced cost vectors. Introducing Gaussians is standard in this type of analysis as

concentration bounds typically used for weighted Bernoulli random variables such as Hoeffding or

R
= e —ell® o | e

cost(R,q)+cost(R,c) | — /2"

< ¢, we have the desired coreset guarantee. Our cost vectors will

Bernstein are too weak. Our goal is therefore to show that EqE, sup
€Rd

We now define the nets we will use.

Definition 2. Let R be a set of points and let q be a candidate solution. For B > 0, we say that a set
of vectors Ng is a (B-net of R, if there exists a vector v’ € Ng such that for every point p € R with
Ip =l < % - llp — qll, we have

llp = ell* =vp[ < 8- (lp = cll* + llp — gll*) -

We need to show the following three properties:

s |R|
j=1"s Upjfzpejzi Vp

cost(R,q)+cost(R,c)

s we can also bound

1. By bounding Eq sup
’UENE/lo

Eq sup | ==
ceR4

1 L ip; —el|® —cost(R,c)
cost(R,q)+cost(R,c)

2. There exist S-nets of size exp (22 log || Rllo - B2 - log 5)



3. Let v be a cost vector written as a telescoping sum v = »_._, oov; — v;—1 of cost vec-
tors from 2'-nets. Let v’,v"” be cost vectors from successive 5 and 3/2 nets Ng and Ng/o,

s |R|
j=1 s

/ "
|11pj — U, -gj‘, we can also bound

respectively. By bounding the term EqE, sup |>° D;

s |R|
EoEg sup |32 5 vp, - 9
vEN.

We start with item 1 via the following lemma.

15— o, ol
e/10 cost(R,q)+cost(R,c)

Lemma 4. Let N, /1 be an £/10-net of R. Then if sup, ¢y

£
< 5 we have

E R
2y B lp; —cl|* —cost(R,c

)| d
SUpP .cRrd cost(R,q) Feost(T.0) <eforall c € R*

To prove item 2, we use terminal embeddings |Elkin et al.|(2017)); Mahabadi et al.|(2018)); Narayanan
& Nelson! (2019)), defined as follows.

Definition 3 (Terminal Embeddings). Let A be a set of points in R%. A mapping f : R* — RF isa
terminal embedding if for all p € A and all ¢ € R?

(1—=¢)-llp—clz < lf(p) = Fle)ll2 < (1 +&) - [Ip — ]2

The guarantee of a terminal embedding is very similar to the guarantee of the famous Johnson
Lindenstrauss lemma, but stronger in one crucial detail. A terminal embedding preserves not only
the distances between the points of A but also the distance between an arbitrary point in R? and any
point of A. Despite this stronger guarantee, the target dimension of terminal embedding is in fact no
worse than that of the Johnson Lindenstrauss lemma. Specifically:

Theorem 5 (Narayanan & Nelson| (2019)). For any n point-set A C RY, there exists a terminal
embedding f : R* — RF with k € - €% log n for some absolute constant .

We now use the terminal embeddings to show that small nets exist.

Lemma 5. Let R and q be defined as above. Then for every 3 > 0, there exists a -net of R of size
at most exp(vy - 233% log ||R||o - loge~1), where ~ is an absolute constant.

‘We now move onto item 3.

Lemma 6. Let R and q be defined as above and let Q) be a uniform sample consisting of s points.

Then for any point c and s > 1-232%* ¢ =2.log || R||o-log® e~ for some absolute constant 1, we have

: R
s g —c| g,

]EQE!] (iu]é)d cost(R,q)+cost(R,c)

< &. Moreover, if s > - 2328 . =2 . log ||R||o - log* e ' log 1/

< R
2 Elip—c)*-g;

cost(R,q)~+cost(R,c)

for some absolute constant 1, then we have sup < &, with probability at least
Rd

ce
1-4.

The proof of Lemma [3]is now a direct consquence of Lemma [6| and Equation [T} To finally prove
Theorem [ we apply Lemma [6|recursively. The result is essentially a special case of Theorem 3.1
from [Braverman et al.| (2021)).

Lemma 7. Let R and q be defined as above. Suppose a uniform sample of size s € O(I‘ log || R|o -
log 1/6) satisfies with probability at least 1 — ¢ for all candidate centers c

|cost(R, c) — Z @ lp—¢llf|l < e-(cost(R,q) + cost(R,c)).
peEQ

Then a uniform sample of size O(T - log 1/5) achieves the same guarantee.

3 Sublinear Algorithm and Analysis

We first describe an algorithm that succeeds with constant probability. This probability can be
amplified (non-trivially) using independent repetition. In the following we will use parameters 3
and 7 that depends on € which we will specify later. We let A be the set of input points.



Algorithm 1 Sublinear Algorithm for Power Means

1. Sample a random point q.

2. Sample a set S of O(¢7*72 - poly(¢~!)) points uniformly at random.

3. Compute the maximum distance d such that there exist 2/3 - € - 1) - |S| points with distance at
least d from ¢. Discard all points at distance greater than d.

4. Define rings R; such that R; N S contains all the points at distance (d - 27%, d - 27*1] from ¢,
withi = {1,...,8}.

5.If |[R; N S| < en - |S|, remove all points in R; N .S from S.

6. Define R; = n - |R‘,isrw|5\. Weigh the points R; N .S by IlffiﬁiSl'

7. Solve the problem on the (weighted) set .S.

Our goal is to show that S satisfies a weak coreset guarantee. Specifically, we will show that .S has
the property that for all points A’ C A at distance at most d (defined in Algorithm [I) from ¢ there
exists weight function w : S — R such that S is a strong coreset for A’. We then show that a
strong coreset for A’ is also weak coreset for A, i.e. we preserve the cost of all points in A’, and we
preserve the optimum for A.

In order to call Theorem[d|on only few rings, we now show that the loss incurred by only considering
A’ is indeed negligible.

Pruning Lemmas We first show that we can safely discard points that are sufficiently far away,
as parameterized by . We recall the meaning of parameters: « is the approximation-factor of the
initial solution, 3 is such that points at distance closer than 2°d can be merged to the center (see
Lemma [9), 7 is such that rings with less than an en-fraction of the points can be discarded (see
Lemma|10)

Lemma 8. Suppose we are given an a-approximate center q. Let B(q,r) be the ball centered at q

20-0PT ) 1/z
n

with radius r = 4 - ( . Then the following two statements hold.

1. Any a-approximate center is in B(q,r).

2. For any two points c¢,¢ € B(q,r) and for any point p with ||p — q||* > ~ - r* with
v >e - (122)%, we have ||[p— || < (1+¢) - ||p = ¢|*.

Unfortunately, we are not given a knowledge of O PT' a priori. We therefore have to describe how
to implement this lemma in a sublinear fashion. For this, we observe the following. First, the point
q is an 2%« approximation with probability at least 1 — 1/« Second, the number of points that cost
more than v - 2%« - % is at most 1/ - n. Combining this observation with Lemmaensures that
we are not considering any points that are too far away. Since it is difficult to determine % in a
sublinear fashion, we will rely on additional pruning arguments for points that are close to g.

We proceed here in two steps. First, we consider the points that are very close to q. Second, we will
show that the rings which contain too few points to be efficiently sampled have an overall negligible
contribution to the cost.

Lemma 9. Suppose that q is an a-approximate solution. Let Apeqr C A be a set of points with cost
at most (e/(a5z))” - O—ST. Let A = (1 £ ¢€)|Apear| Then for any candidate solution c we have

Adlg=c|*= > lp—cl*|<efa-{ > lp—cl*+o0PT

PEAnear PEAnear

For rings with few points, we have the following.

Lemma 10. Suppose that q that is an a-approximate solution. Let Ripeqp the union of rings with
|R; N Al < e -n - n and with radius at most 4(~y - O“O%)l/z, where 7 is given by Lemma Then,
for any candidate solution c

Yo lp—cf e 4 Bnya Y o -
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While we will defer the exact parameterization to later, observe that for 3 € O(log 1/¢), a € 20(2)
and 7 € O(£?) this entire sum can be bounded by O(¢) - OPT.

The next lemma states that we can use these pruning results in a sublinear fashion.

Lemma 11. Let q be a point that is an a-approximation and let S be a uniform sample consisting
of O (a =1 e 3polylog(e~* - 5_1)) points. Then with probability at least 1 — 6 for all rings R;,

|RiﬂS‘ n
5]

Furthermore, let d as in the algorithm, i.e., such that % - -1 - |S| < |S\ (B(q,d) N S)|. Then
d< (3(en)t- 7“%”)”2

Since we do not know r, we also do not know which of the rings with i < 0, if any, satisfy 2'*1.d >

|[R;N Al —e-max(n-n,|R;NA|) < <|RiNA|+¢e-max(n-n, |[R;NA|).

e n
which will turn out to be of the order O(loge~1). For all of the rings that are not light, i.e. we
cannot discard or snap to ¢, we now use Theorem [Z_f} To ensure that we can call Theorem El, we
invoke Lemma 2] for every ring.

/
(e/abz) - (77/3a)1/z. However, the maximum number of these rings is at most log(22Z - (3—0‘) ),

Probability Amplification While the aforementioned algorithm is guaranteed to produce a (1+4-¢)-
approximation with constant probability, amplifying this is non-trivial. Indeed, when running the
algorithm multiple times, it is not clear how to distinguish a successful run from an unsuccessful
one. The main issue in amplifying the probability lies in the initial solution g, as any invocation of
Lemma [2] or Theorem [] allows us to control the failure probability. The simplest way to achieve
a success probability 1 — ¢ is to condition on ||g — ¢||* < 4 - Onﬂ. Unfortunately, this makes &
dependent on §, which significantly increases the sampling complexity.

Instead, we use the following algorithm. We sample m € O(log 1/§) points ¢1, . . . ¢,, uniformly at
random. For each point, we additionally sample O(s~2(log 1/¢ + log 1/§)) points S,,. For g;, let
d; denote the minimum radius such that the points in z* - |B(qi,d;) N Sq,| > 5. We output the

point with minimal d;.
The following lemma shows that this point is, with probability at least 1 — §, a 8* approximation.

Lemma 12. Given query access to A, we can identify with probability 1 — § a 8*-approximate
solution using O(=2(log 1/e + log 1/8) log 1/4) samples.

To achieve an overall success probability of 1 — §, we only need to sample from non-cheap rings.
Thereafter, a high probability bound can be obtained by applying Theorem [ applied to all R;. The
range space induced by rings centered around a single point ¢ has constant VC dimension. Hence,
Lemma 2] guarantees that a constant size sample will allow us to distinguish cheap rings from non-
cheap ones.

4 Improved Coreset Constructions

Our algorithm is as follows. First, we compute a point q that is a reasonably good approximation

to the optimunﬂ In the following, let o = C(g;,(f). Let A = % be the average cost of the

input points when clustering them to g. We now partition the points into rings, defined as follow:
log<2?z

3z
Ri={pe Al (£)-L-2-A<p—gl* < (£)-L 2% Ak LetRy = U™ T R

«@ 2z
) i . 3 ) i
For each ring R; with 1 < i < log (%) ®, we sample a subset S; of s points uniformly at random,
|Ri|

S

where each point is weighted by . We weigh ¢ by the number of points in A \ Rj;. Finally,

we set kK = ZDlOg(zi)sZ > per, P — al|*. We claim, for s € O(e~2) that for the weights defined
1 2z 3z N

above, Uiozgl( ?) S; U {q} together with the constant  is a coreset.

The analysis for every ring R; € R is merely an application of Theorem ] For the remaining
points, we use the following lemma.

*We described an option in detail for the sublinear algorithm. In the interest of keeping the presentation
succinct, we defer to that part of the paper and omit further discussion.



Lemma 13. Let q, Ry and r be defined as above. Then for any point ¢ € R, we have
|cost(A, c) — (cost(Rp,¢) + K+ |A\ Ryl - ||g — ¢||?)| < e - cost(A, c).

5 Experimental Evaluation

While we can prove that the algorithm can compute a good solution in constant time for every
constant € and z, even for moderately small € (e.g. ¢ = 1/2) the sampling complexity becomes
quite large for even small values of z, as indeed our lower bound shows is necessarily the case. Our
experiments therefore aim at evaluating the performance of the sublinear algorithm on realistic, not
necessarily worst case data sets.

As baseline algorithm, we implemented a simple version of a batched gradient descent. Since all
considered objectives are convex, we can expect such an algorithm to find a good solution in a rea-
sonable time. The sublinear algorithm ran Algorithm [1|before calling the batched gradient descent.
The code can be found at https://github.com/DaSau/power-mean We selected two data sets
from the UCI repository |Dua & Graff| (2017), both of which are under the Creative Commons li-
cense. The first data set is the 3D Road Network data set from [Kaul et al.| (2013). It consists of
elevation information with the attributes longitude, latitude and altitude. The total number of points
is 434,874. For this data set, we considered all powers from z = 3 to 7. The second data set is the
USCensus data set, consisting of the records from a 1990 census. The total size of the data set was
2,458,285 samples, each with 68 attributes. For this data set, we considered the powers z = 3,4, 5.

The results essentially confirmed that the sublinear algorithm succeeded in finding a good candidate
solution in a fraction of the time as batch gradient descent for essentially all considered problems.

A more extensive discussion can be found in the supplementary material.

6 Conclusion and Future Work

We gave sublinear algorithms and coresets for any power of means. Our bounds are nearly tight for
the sublinear algorithms and we conjecture the coreset bound to be optimal, up to polylog factors.

The most immediate open question is whether our results generalize to coresets for k-clustering
objectives. It seems likely that coresets of size O(k?/c?) are achievable using our techniques. Im-
proving on either this bound or the O (ke ~2~#) from|Cohen-Addad et al.|(2021) is arguable the most
important open problem in coresets.

In terms of sublinear algorithms, there is still a sub-optimal dependency on the & by a factor e ~9(1).

Obtaining tight bounds would be interesting. Finally, it is also an interesting open question whether
sublinear algorithms for £, with p > 2 exist. It is known that for these spaces, no coreset that is
independent of d can exist, even for the mean or the median. Is it nevertheless possible to obtain a
sublinear algorithm that is independent of d?
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Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]

A Additional Definitions and Properties

Definition 4. Let X be a ground set, and R C P(X). We say that (X, R) is a range space.

The VC-dimension of a range space (X, R) is the largest d such that, for some S C X with |S| = d,
HRNS|Re R} =2%

Let us consider the range space induced by Euclidean balls centered around a single point p. A
range R is induced by a ball of radius r is the set of all points at distance r or less from p, i.e.
R={qe X ||p—ql <r}. Withoutloss of generality, assume that ¢ is the origin. We show that
for any set of two points, we cannot generate all possible dichotomies, i.e. for any point set S we
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have [{RNS | R € R}| < 4. If both points have the same distance from p, then it is not possible to
define a range that contains one point and not the other. If both points have different distance from
p, it is not possible to define a range that contains the furthest point, but not the closest.

B Uniform Sampling Routine

s R
S5y o —lol] e
e/10 cost(R,q)+cost(R,c) — 10

Lemma 4. Let N, /1o be an £/10-net of R. Then if sup,, ¢y

|25 -1 lps—ell* —cost(R.0)| J
SUP cRrd cost(R,q) Feost(R.c) < e forall c € R*

Proof. Let ¢ € R? be an arbitrary point. We first deal with the case where there is some point
p' € R; with ||p/ — ¢||* > (%Z)Z -|lp" — ¢q||*. Then, for any point p”" € R

Ip" = ell”

R 2z +¢e\" " .
(Lemma) < (141~ e+ (ZE5) -y

z—1
. 2z +¢€ . .
< el —el+ (ZEE) i)
z—1
2z +¢ €\*?
< 1 . (A ¥ '22—&—1.(7) . A ¥
< eIy ol + () N e
I~ el
S W ZA o (14
7=l

Using an analogous calculation, one can also show

I — el
o —efr <19

which implies that (1 —¢) - ||p’ —¢[|* < [[p”" —¢||* < (1+¢)-||p' —¢|?, ..e., any point in R costs the
same up to a (1 + ) factor. Since the coreset weights, by construction, sum up to | R|, we therefore
have

|cost(R, ¢) — cost(€2, ¢)| < e - cost(R, ¢) ()

Now, we focus on the case where [|p — c[|* < (82)% - ||p — ¢||* for all p € R. We will assume

R
[525-1 Bluy, = ol
<

su
ve£5 cost(R, q) + cost(R,c) —

3

and rescale ¢ by a factor of 10 at the end. We know that there exists net vector v € N, such that

llp—cll® —vp| <e-(lp—cl* + llp — qll) -

Summing this over all points in R, we therefore have

YoUlp—cl”=v)| < Y lllp—cll* = vl
PER PER
< e llp—cllF+lp—ql?
PER
< e-(cost(R,c) + cost(R, q)). 3)
We similarly show that >7_, @Hpj — ¢||* and wv,, are close. First observe that if

s |R| . s |R|
D operVp — D j=1 5 Up;| < € D,cpUp, as assumed in the lemma, then >, “Fv,, <
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2 ’Zpe R Vp ‘ Therefore we have

~ |R| . ~ || :
Z? : <||pj — | —Upj) < Z? : |||pj — |l —Upj|
j=1 j=1
~|R| 2 :
< e 3y — el +lps — all)
j=1
"R cost(R, )
< 2= ot
Jj=1
< 2e-(2cost(R,q) + Z Up)
PER
< de-(cost(R, c) + cost(R, q)). 4)

Combining equations [3|and i} we therefore obtain

z : |R| z z
Y llp—c —Zj'llpj—CH < Do lp—clf — v
PER Jj=1 PER
~ |R| R L
+ Z?'HPJ'*CH *Zj'”m
j=1 j=1
~|R|
+ Z%*Zj‘%
PER Jj=1
< 10e - (cost(R, ¢) + cost(R, q)) .
Together with Equation [2]and rescaling ¢ by a factor of 10 yields the claim. O

Lemma 5. Let R and q be defined as above. Then for every 3 > 0, there exists a 3-net of R of size
at most exp(vy - 238%log ||R||o - loge~1t), where v is an absolute constant.

Proof Let f : R? — RF with k € O(228~%1log R;) be a terminal embedding satisfying for all
ccR%andallp € R;

(1=p8/2z)-[lp—cll < [If(p) = fFOI < (1 + B/22) - lp — <]
Note that this also implies
A=B8)-llp—cl* <lfp) = FI" <A +B) - llp—cl*.

We now discretise R¥ as follows. We cover the entire k-sphere centred around ¢ with radius (2)-2-

1 1
A; with k-dimensional balls of radius at most 5> - A7 . Let B be the minimal set of balls required.
In k-dimensional Euclidean spaces, such a cover has size at most

z k
8z
1+2-| — .
(o2 (%) )
For every center ¢’ of some ball in B, we add the vector v’ with entries v}, = || f(p) — ¢||* to the net
N. We claim that N is an O(/5)-net. The lemma then follows by rescaling (.

17



For every point ¢ with [[p — ¢[| < 22 - |[p — g]|, let f(c) be the image of this point under the terminal
embedding. Moreover, let v’ be the vector induced by the point ¢’ in B closest to f(c). We have
llp = cll” — vy
llp —cll” = lf(p) = fOII* + lf(p) = F()I* — vy
lp —cll” = lf(p) = f(OII* + lf(p) = F()* — vy

z—1
(emmall) < 8- lp el +e-1£0) - SO+ (Z21) s - 1
< 3815() - FOI + (3) (2) A
< 3Blf(p) — F(ANI +ellp —all”
< 38U ) = FOIF +llp = all?).
Rescaling 3 completes the proof. O

Lemma 6. Let R and q be defined as above and let Q) be a uniform sample consisting of s points.
Then for any point cand s > 1-z32%% .2 .1og || R||o-log® e ! for some absolute constant 1, we have

s |R| z
=1 = lIPi—cll”-g; . - 4 __
B, sup | St iseatie)” | < € Moreover, if s 2 1 2°2% -2 - log | Rl log" ™4 log 1/5
C

R
2 Elip—c|l*-g;

cost(R,q)+cost(R,c)

for some absolute constant 7, then we have sup < e, with probability at least

ceR4
1-—09.

R
2 Eliip;—c||* g,

cost(R,q)+cost(R,c)

, it is enough to take

Proof. Lemma {f shows that in order to bound EqE, sup
€Rd
the supremum only over vectors of IV, 1¢.

For a center ¢ € R?, let v be the cost vector induced by ¢ and let therefore v/ € N, /10 be the
approximation of v given by the net. Furthermore, let 'Y = 0,v',v'2,... be a sequence of cost

log £/10
vectors such that v/ = S8 /10 k41 _ o7k and /% € Ny

ZS jeid} / - g;
j=1 s J
EqE, sup J
g
vEN, 1o |COSU(R, q) + cost(R, c)
log 10e~* s |Rl/ k41 _ 1k 4
= EqE, sup 2=1 5 (U ;) " 9
= g
CUS T — COSt(R,q)—i—cost(R,c)
loge/10
< Eq E E,E*+1
k=1
S, LBL(p/i41 _yfi Y.
with E/F+1 = sup = P __Pic | 50 we now focus on bounding the supre-
; ) cost(R,q)+cost(R,c)
v/t 9/ ENg 1 XNy,
i+1 k3
1Rl (p " v )95

mum over the E’*t1, For every i, ZS is Gaussian distributed with zero mean

j=1 s cost(R,q)+cost(R,c)
and variance

s i i 2
S (v, —p,)
S\ s cost(R, q) + cost(R, ¢)
|R| (v (v = vp, +vp, — ) ’
Z s cost(R, q) + cost(R, c)
~|R* 272k 2. 02
(cost(R, q) + cost(R, c))?

IN

IA
]
mw‘
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We distinguish between two cases. If v,, = cost(p;,c) > 8% - cost(p;,q), then for any point
p’ dist(p,c) < dist(p’,c) + dist(p;,p’) < dist(p/, ) + 3dist(p;,q) < dist(p’,c) + %dist(pj,c),

and hence cost(p;,c) < 8%cost(p’,c), and by averaging v,, < 8 - %. Otherwise v, =
cost(p, ¢) < 8%cost(p,q) < 2-8%- %. Combining both in the aforementioned variance bound,
we have:
BN 272020 |RI”
s = (cost(R, q) + cost(R,¢))2 s
2
—2k+3 . Q2% . cost(R,c) cost(R,q)
. 1 s 92 8 max( R IR] ) '|R|2
T s (cost(R, q) + cost(R, ¢))? s
< 182Z+1 . 2—2k}
- s

Now since EJ, is the supremum of at most | Ny 11| -|Ng| many Gaussians, and the expected maximum
over n Gaussians with varaince at most o2 is at most /2 logn - 02, we have

1
By sup 1 < | [2l0g (Ngaaf?) - L8241 2%
S

IA

1

\/27 2822k log |R| -loge~1 . — . 822+12-2k
s

< ¢/log10e™ 1,

where the first inequality follows from Lemma [5] and the second inequality holds by our choice of
s. Therefore, E,E’ k+1 < ¢/log 1/ and consequently

—1
]EQEg sup R Zj:l @vé)j gy
v'ENej10 by cost(R, q) + cost(R, ¢)
log 10e ¢
< Egq Z E,E* !
k=1
< logl0e!-¢/logl0e ! <e.

The proof now follows since Lemma [4] states that is is sufficient to get a bound for all cost vectors
in N, /10 in order to get a coreset for all ¢ € R?, up to a rescaling of ¢ by a factor 10.

To obtain a high probability bound, we now merely observe that for a zero mean Gaussian g with

variance 2, we have Plg > t] < 5 exp(—t?/(20?)). Hence, we can simply take a union bound

over all steps of the chain an obtain

P[0+, 0" € Ny x N | E; > ¢/log 1071

1 62 822+2 . 272]{,‘
< Niga] - [Ngf - o - exp <log2 101 s ) :

The claim now follows by the second choice of s, and taking a union bound over all elements of the
chain. O

Lemma 7. Let R and q be defined as above. Suppose a uniform sample of size s € O(T'-log | R|o -
log 1/0) satisfies with probability at least 1 — ¢ for all candidate centers c

R
|cost(R, c) — Z % o=’ < e-(cost(R,q) + cost(R,c)).
peEN

Then a uniform sample of size O(I‘ -log 1/8) achieves the same guarantee.
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Proof. We start by briefly outlining the key arguments from Theorem 3.1 of Braverman, Jiang,
Krauthgamer, and Wu Braverman et al.|(2021). Denote by log(i) n the i-fold logarithm of n, i.e.
log® n = loglogn. Suppose that the initial summary has size I - log || R||o. We call the sampling
algorithm recursively. In iteration 4, let || R;||o be the distinct number of points left in iteration i, let
€; be the precision parameter used in iteration ¢ and let §; be the failure probability. We choose the
parameters ¢; := ¢/ (log™ ||R||o)2 and 6; := 6/||Ri_1]|o.

BJKW show the invariants |R;[o < 20T log 6~ (log™ ||R|j0)%, [T'_y(1 + &) < exp(2e;) and
t 1 1 1 . .
Zi:l 0; < 6- (m + Tog I Rllo + -+ m) S 0(5) The first invariant shows that after

O(T"%) iterations, log™ ||R|o < 20I. The second invariants bounds the overall error, which, by
choice of &; and the maximum number of iterations, is less than (1 + O(g)). The final invariant
shows that the overall failure increases only by constant factors.

We now argue why it is sufficient for an algorithm that only uses uniform sampling to target the
final bound after the iterative size reduction. Consider the sampling distributions Dy and D;, where
Dy is the sampling distribution before and and Dy is the sampling distribution after the iterative
size reduction. Note that since uniform sampling assigns the exact same weight to every point, the
sampling itself remains weight oblivious.

Therefore the sampling distribution of every application of Lemma 3|remains uniform sampling, i.e.
the probability that a point p is in the output of D, is equal for all points. The same holds for the
output of Dy, therefore the distributions of both algorithms are identical. Since D, achieves a the

desired guarantee by sampling 0(5_2 . ZO(Z)) many distinct points, Dy must do so as well. O

C Pruning Lemmas

Lemma 8. Suppose we are given an a-approximate center q. Let B(q,r) be the ball centered at q

2a-OPT)1/Z
n

with radius r = 4 - ( . Then the following two statements hold.

1. Any a-approximate center is in B(q,r).

2. For any two points ¢, € B(q,r) and for any point p with ||p — q||* > ~ - r* with
v >e7* - (122)% we have |[p — c[|* < (1 +¢) - |l]p = ¢||*.

Proof. For the first claim we consider a point ¢ not in B(g,r) and show that ¢ cannot be an «-
approximate center.

The average cost of the points when using ¢ as a center is «- %. Hence, by Markov’s inequality, at
least half of the points of A lie in B(q, r/4). Furthermore, by choice of ¢ and the triangle inequality,
we have ||p — ¢|| > 2 ||p — ¢|| for any point p € B(q,r/4). Hence, the cost of clustering all the
points in A N B(q,r/4) to cis at least n/2 - (2-7)* > a- OPT.

For the second claim, let ¢, ¢’ € B(q,r) and p with ||p — ¢||* > ~ - r*. We first note that ||p — ¢/|| >
lp —qll —llg—<|| > ’yl/z s —2r = (’yl/z — 2)r, which yields the inequality

&)

P p—
<p pvyE—
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‘We then have

Ip — el
422\ " ,
em) < (tefzp o=l (TEE) -l
/z 3Z =t z
< e -+ () en
3z z—1 1 z
AlE hadad L |z
) < (e o=+ ()2 - (o)
!z 3Z =t z /2 —1
< Qe -+ (2) wp-d g
(Choice of v) < (1+4¢/2)-|lp—={I|F+¢/2-|p—{|*
< (1+e) Jp-dI?

O

Lemma 9. Suppose that q is an a-approximate solution. Let Apcqr C A be a set of points with cost
at most (£/(abz))” - 2EL Let A = (1 + €)| Apear| Then for any candidate solution ¢ we have

Acdllg=cl*= > lp—cl|<e/a-{ Y lp—cl*+o0PT

PEAnear PEAnear

Proof. We first prove the result for A= | Apear|, the claim for an estimation of | A;,cqr| is a simple
corollary. We have, using LemmalT}

Y (o —ell* =lla—el?)

PEAnear
< D llp—elF = lla—el|
PEAnear
5 abz\ "
> <a2wp—cr+() |p—qw>
€
PEAncar
z—1
€ adz e \¢* OPT
< = lp = cll® findad =
- Z <a2 Ip = cll +( 5> <a5z) n )
PEAnear
< efa-| Y lp—cl*+OPT

PEAnear

For an approximation to |Ay,cq| we now merely add an additional additive errore - > -, |lp—
c||? to the difference of the two terms. O

Lemma 10. Suppose that q that is an o-approximate solution. Let R peqp the union of rings with
|R; NA| < & n - n and with radius at most 4(~y - O"O%)l/z, where 7 is given by Lemma Then,
for any candidate solution c

S lp—clfF<e By ya > lp—cf”.

PERcheapNA pEA
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Proof. We first require a bound on [|g — ¢||*. Using Lemma([I] we have

nellg—cl® < 22> llp—qll*+Ilp—cl

pEA
< a2t 3 p—cf
peEA
p—cl®
S lp—clf < oo Zeeallzel ©
Therefore with another application of Lemmal[I|
Yoo lp—elf
peRcheapmA
< > 2 (lp—alF+llg—cl*)
PERcheapNA
-OPT
> peallp—cl®
. 22+1 . pE
+a - .
< Beemea-y T3 p—c
pEA
O

Lemma 11. Let g be a point that is an a-approximation and let S be a uniform sample consisting
of O (a -~ e 3polylog(e~! - 5_1)) points. Then with probability at least 1 — 6 for all rings R;,

|[R;N S| -n
5]
Furthermore, let d as in the algorithm, i.e., such that 2 - € -n-|S| < |S\ (B(q,d) NS)|. Then

d < (3(en)~ - =0PT)V*

|[R;NA| —e-max(n-n,|R;NA|) < <|R;NA|+¢e -max(n-n, [R;NA]).

Proof. We consider the range space induced by Euclidean balls centered around ¢. This range space
has VC dimension of exactly 2. The VC dimension induced by the intersection of two Euclidean
balls centered around g is still constant Blumer et al.| (1989), hence for our choice of |S|, Lemma
ensures that we have approximated the cardinality of all rings up to the additive error € - max( -
n, |R; N A|) with probability at least 1 — §, which proves the first claim.

For the second claim, let d as in the algorithm. By Lemma we have S\ (B(q,d) N S)| - 187 <
(1+¢)|A\ (B(g,d) N A)|. Hence, we have

2 n en-n
A\ (Ba.d)nA)| > S -=-n-18] .

: >
1S|(1+¢) —

Using Markov’s inequality, we now know that the number of points with cost 3(en) ! - “'O% is at
most =I™. This implies d < (3(en) " - %)1/{ O

D Proof of Theorem 1]

We start by specifying our parameters: the approximation is set to be &« = 207. To prune the far
points, we sety = (12z/¢)”. Finally, we pick 3 and 7 such that ) = m and 3.27%+=. &<

(£)°. This is possible for 3 = O, (log(1/¢)) and n € O (s~ *polylog(1/<))
First, note that Lemma shows that it is enough to compute an approximate solution for the set A’

consisting of points that are at distance less than O ((’ym) Uz).

n

22



Let ¢ be the optimal (1, z)-center. First, let us consider the initial sampled point . With probability
atleast 9/10, we have [|¢ — ¢[|* < 10- 2L, Hence due to the triangle inequality > peallp—allF <
20% - OPT, and ¢ is an c-approximation. Let S be the set of points sampled and pruned by the
algorithm.

For each ring R; at distance (2~“d, 2~**1d], we denote by R; either a (1 = ¢)-estimate of the size of

|R;| via ”'l?épsl,if|Ri NS|>e-n-|S|,orweset R; = 0if |[R; NS| < -n-|S|. Similarly, define

Rp to be a (14¢)-estimate of the size of points at distance less than 277d from ¢, if Rg > ¢-7-|S],
or0if Rg <e-n-|S|.

Our goal to show that for any candidate solution ¢’, we have

Nz Rl PIT RAﬁ oz
> lp - <Z mrs o Il gl c||>

pEA’ i<B—1 | v pER;NS

<e- Y lp—eI”

peA’
(7

Hence, computing a (1+¢)-approximate solution on the set S will give (1 ¢)-approximate solution
for A’, which is also one for A following Lemma

We now consider all rings R; centered around ¢ with radius (27%d, 27" 1d]. First, fori = 3 €
O(log 1/¢), we have using Lemmathat the cost of points in R; is, by choice of 3, (2*ﬁ+1d)z <

92842 3 OPT < (¢ /(a52))* 2PL hence we can use Lemma@to bound
en n n

S lp=dIF=Rsllg-CIIF| <e/a- > llp=CIF+lp—dql*

pEA'NRg PEAnecar
<e- D> p—clF+lp—=<I".
PEAnear

Having dealt with the points close to ¢, we now deal with those far away. Since A’ results in the
pruning of A, rings with radius more than 4(~y - a'o%)l/ * are empty in A’. Moreover, due to

Lemma those rings must have R; = 0; hence, their contribution to Eq. (7) is 0.

We now turn our attention to the remaining rings. First, we consider the cheap rings, i.e. all rings

with ]%i = 0. Note that, by choice of d; this includes all rings with ¢ < 1. We have, due to
Lemma [t

Yoo llp—dlF <4 Benay- (D lp—clF ] <e | D lp—dlf

peRcheapmA pEA pGA

Recall that Ri = 0 in this case. We therefore obtain

. R; 2 z
Yoodp—cf-m—=a >, lp—clF{<ed lIp—cdl
|R; N S|
PERcheapNA peER;NS pEA
Finally, we consider rings with |R; N S| > en|S|, with § — 1 < ¢ < 1. With our choice of
—15-1
|S] = % and Lemma we have therefore |R; N S| > ¢~ *polylog(c~1). Theorem@
guarantee us that with 0(6_2) many samples, we have

z RZ z z z
S el - S el <erp [ X -l I al

PER; peES PER;

Summing up the error for all rings yields a total error of O(e) - >- c 4/ [I[p — ¢ll* + [[p — || €
O(e) Xopear llp = I

Subsequently, we can use any desired optimization algorithm to compute a (1 4 ¢)-approximate

solution ¢’ on S, with weights % on points of I?;. Rescaling € according to degree of precision
of the optimization procedure and the precision of the coreset completes the proof.
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E Probability Amplification

Lemma 12. Given query access to A, we can identify with probability 1 — § a 8*-approximate
solution using O(¢=2(log 1/e + log 1/8) log 1/3) samples.

Proof. Let c be the optimal center. In the following we will assume no knowledge of O PT, or even
an estimate of OPT', but we assume to know n.

With probability at least 1/2, a random point g¢; satisfies

. _..OPT
lgs —cll* <2 :
n

Therefore, when sampling log 1/§ points, we will have sampled a 2* approximate solution with
probability at least 1 — 4.

Furthermore
Sllp—all” <> 27 (llp—cl* + llgs — l|*) < 2° - OPT.

pEA pEA

Now since the range space induced by unit Euclidean balls centered around ¢ has VC dimension 2,
we can estimate the number of points for any given radius up to an additive error of € - n. Hence,
with probability 1 — §, for every 2%-approximate solution ¢;, the estimated number of points in

B(q,2 (49L£T) 1/Z) will be at least n/2.

Conversely, if g; is not 8 approximate, the estimated number of points in B(g;, 2 (4%)1/3 is

small. We have
Slp—aill* > 8 llp—cl
p p
1/z 1/z
. (zuqunz) >s(zpcnz)
p P
1/z 1/z
_ (z||c—anz) >7<zp—cnz>
p p

oPT\'/*
= le—gll>7(——

Therefore, the intersection of B(g;, 2 (49£T) l/z) with B(c, (29£T) Y “) is empty. Since at least

n
3n

32 points lie in B(c, 2 (4%)1/ “), we know that with probability at least 1 — & the estimated
number of points in B(g;, 3 (%)l/z) will be larger than the estimated number of points in

1 o . . L
B(g;,2 (4%) /z). Conditioned on having a 27 approximate solution in our sample, the returned
point is therefore no worse than a 8% approximation. O

F Lower bound
The goal of that section is to prove Theorem i.e., that any (1 + £)-approximation algorithm must
sample ¢ "1 points.

Proof of Theorem 5] Consider the instance Z on the 1-dimensional line where n points are located
at 0 and £~ !n points are located at 1. Intuitively, we show that any approximation algorithm on T
must sample at least a point at 1, and so must sample at least £~**1n points.

For simplicity, we rescale the instance so that n = 1. The optimal solution is OPTz = inf z* +
£*71(1 — x)?, and the optimal center is such that the derivative of the objective function is zero:

0 z z—1 z\ _ z—1 z—1
5y @+ (1=2)7) = (2 - 1) (27! — (e —ex)*)
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s0 the optimal value is for zopr such that (z — 1) (28pr — (¢ — ezopr)*~*) = 0, which is zopr =

Hence,
OPT=(——) 41 (1--5
e+1 e+1

£+1
szfl € z—1
cr: T (1+g>

Since the cost of the solution having a center at 0 is ¢*~1, is it bigger than (1 + ¢)OPT: indeed,

z—1
(1+¢) <€> < et )

1+e¢
Now, consider the instance Z and the instance Z’ that has n points located at 0. let A be an algorithm
that, with probability more than 4/5, computes a (1 + ¢)-approximation for (1, z)-clustering.

Assume by contradiction that .4 samples less than e ~**1 /10 points. Let X be the random variable
counting the number of points located at 1 in that sample: we have Pr[X > 0] < E[X] < 1/10. So
with probability at least 9/10, A samples only point located at 0: even when that event occures, A
must output a center at a position different than 0 (following Equation [§) with some probability p.

Since A succeeds with probab111ty 4/5 and X = 0 with probability at least 9/10, we must have have
90p+10>4/5andsop > I

Hence, when .A samples only pomts located at 0, it must output a center different from 0 with proba-
bility at least 7/9. In particular, on instance Z’, A fails with probability at least 7/9, a contradiction.

So, any algorithm that computes a (1 4 €)-approximation for (1, z)-clustering with probability more
than 4/5 must sample more than e=**1 /10 points. O
G Improved Coreset Construction

Lemma 13. Let g, Ry and k be defined as above. Then for any point ¢ € R?, we have
|cost(A, c¢) — (cost(Rar,c) + K+ |A\ Ryl - |lg — c||*)| < e - cost(A, ).

Proof. First, we bound the difference in cost for the points that are close to g, i.e. the points in R;
with ¢ < —1. We have for any such point p

llp = ¢l = llg = c[I*|

< el (2 ) Ip - gl
z24+e€ 1
< e+ ()T (E) La
«Q
zZ+e 1 cost(c
< elpel+ (2 ) R
« n
cost(c
< eflp—cf +e-
Since there are at most n in U;<_1 I2;, we therefore have
I > o=l = llg— el
i<—1peER;
< e- Z Z lp— ¢||* + € - cost(c)
i<—1peR;
< 2-¢-cost(c). 9)

Now we focus on the points in R; with ¢ > loge™*. We distinguish between two cases. The first
case will assume that [|g—c[|* < A-(£) ~”. Here, the intuition is that since these points are close to
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q (at least with respect to the points in R;, ¢ > loge™%) k is a good approximation to their cost. The

second case assumes that ||g — c||* > A+ (£) . Here, the intuition is that D isloge—= COSt(Ri, c)
is very small compared to cost(A, ¢).
In the first case, we have for any point p € R; with § > 737
4 4 4 z +€ =t z
llp =l =llp—al*l < e-llp—cl*+{— lle =4l
z4e\ £\ ~*
< elp-di (5)han(s)
€ 4z
2z—1
4z
< el (£)a
z 1 z
< erllp—eff+e-—-llp -l
Again, we sum this over all points in U;>1og - —2= I2;. We then have
Yoo D e =l = llg—el*) -
i>loge—2% pER;
=1 D> dlp—dF=lp—alfl+ > > llg—cl
i>loge—2% pER; iZlogs*h pER;
< e Y Dlle—df+ Yo e~ lp—dl
i>loge—2% pER; i>loge~2% peER;
2
< e-cost(A,c)+¢e-—-cost(A,q)
a
< 3e-cost(4,c) (10)

We now focus on the second case. Let A be the set of points with ||p—g||* < 2A. Due to Markov’s
inequality, we have |A2| > 3. Also due to Markov’s inequality, we have | ;s oq .—2- 1] < e?*.n
We now give a lower bound on the cost of the points in A5. We start by showing that the difference
in cost between any point in A and ¢ when clustering to ¢ is negligible. Since ||¢ — ¢|| > 4{ Az
and |[p — g|| < 2'/% - Al/%, we have |[p — c||* > (1 — €)||q — c||*. This implies

cost(Az, ¢) > [As - (1 —&)lg — ¢l

Therefore
2, z—1
Z cost(R;,c) < Z (1+5)-cost(Ri,q)+<4i) -n<z+€> g —¢||?
i>loge—2% i>loge—2% z <
€
< (14¢)-cost(A,q) +<E) n-|lg—-cl
€ \**+!
< (14¢)-cost(A,q) +(E) 2|As] - |lg —¢||?
e \**+! ~
< (1+4¢) 2|4y (Z) 2[Az| - [lg —
z
g z
< (+e) 24 () lla—clf
< 14924 (£) g
< e-cost(Ag,c) < e-cost(4,c). (11)
Similarly
ket > ARl llg=cF = > D lp—alF+llg—cl
i>loge—2% i>loge—2% pER;
< nAte*onfg—df
€ i z z z z
< no () lla—clflg=cl® +* n-llg—c|
< e-cost(Asg,c) < e-cost(4,c). (12)

26



Combining Equations [0} [T0} [TT} and[T2]and rescaling ¢ now yields the claim. O

Proof of Theorem[2] Let c be an arbitrary solution. For the points in A \ Ry, Lemma determin-
istically allows us to bound the error by at most € - cost(A, ¢). So we now turn our attention to the
rings in Rj;. We have for all ¢ € R¢

Sidp—=elF = wp-llp—=cl?| < D 1D lp—clF = wy-lp—c||
PERM PEN Ri€eRnm pER; PESY;
< Z g - (cost(R;, q) + cost(R;, ¢))
R;€ERMm

= ¢ (cost(Rar,q) + cost(Rus,c))

where the second inequality uses Theorem 4] Thus, taking a union bound over all R; € Rj;, we
have with probability at least 1 — O(log 1/¢)d for all points ¢ € R?

Dollp—ellF = Q_wllp—clF + )| < 2e-(cost(A, ) + cost(4, q))

pEA peS

Rescaling ¢ by a factor 4/« and rescaling § by a factor 1/log 1/¢ yields the desired bounds. O

H Experiments

Implementation: We used a variant of Algorithm [T] which now describe. Instead of specifying a
desired accuracy, the algorithm is access to m samples picked uniformly at random from the data
set. As an a-approximate solution g, the algorithm merely selects a random point.

We also estimate %, by sampling another point ¢’ and using ||¢g — ¢||* as a (coarse) estimate. We
then apply the pruning procedures. Our algorithms chose {100, 200, ..., 1000} samples. For each
sample size, we repeated the algorithm 10 times and outputted the best center we could find.

Since the objective function is convex, we use a (simple) stochastic gradient descent on both the
sample and the full data set to compute a desired center. We iterated over the data set a total of 10
times. In every iteration, we partitioned the data into random chunks of size min(m, 2000), and used
chunk to perform a gradient step. We did not attempt to optimize the stochastic gradient descent; as
our focus is less on solving the problem in the fastest way possible and more on showcasing how
the sublinear algorithm can be used to potentially speed up any baseline algorithm.

The algorithms were coded in Python and run on a Intel Core 17-8665U processor with four 2 GHz
cores and 32 GByte RAM.

Results Tables with exact figures are given below. Here, we report and interpret the results.

On the Road Network data set, all samples sizes found a nearly optimal solution in at least one of
the 10 repetitions, with the largest deviation from the optimum of 4% occurring for 500 samples and
the z = 4 problem. In addition, the sublinear algorithms all required only a very small amount of
time compared to the baseline optimal solution (e.g. a factor of at least 400 quicker for the largest
sample size). What is notable is that starting with z = 5, the variance in cost of any given sample
size increased significantly. Since this occurred regardless of sample size, we attribute this effect to
quality of the seeding solution (¢ in Algorithm [I). The approximation factor of ¢ directly impacts
the quality of the subsequent coreset construction, meaning that even with large sample sizes, the
algorithm has difficulty to recover. This means that good seeding solution g, for example using
Lemma[I2lis essential.

Processing the USCensus data set was in its entirety was time consuming, running for more than
90 minutes. Constructing the coreset and optimizing it never took more than 14 seconds, however
the algorithm did not compute near optimal solutions as was the case for Road Networks data set.
For z = 3 and z = 5 the approximation was still rather small, and tightly concentrated. For to the
authors very unclear reasons, there exists a larger gap at z = 4. While a gap of that magnitude is
consistent with the lower bound, the data set does not seem to have a structure similar to said lower
bound.
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z=3 z=4 z=25
Samples Cost Time Cost Time Cost Time
Min  Avg Var/Avg? | Avg | Min  Avg Var/Avg? | Avg | Min  Avg Var/Avg? | Avg
100 490 6,67 0,08 0,62 | 1,79 2,83 0,12 0,62 | 747 10,13 0,35 0,61
200 480 6,36 0,05 1,16 | 1,86 3,85 0,24 1,29 | 7,37 8,29 0,30 1,16
300 479 7,40 0,21 1,74 | 1,78 248 0,16 1,76 | 7,39 12,44 0,15 1,76
400 4,86 6,89 0,11 2,27 | 1,79 2,82 0,13 2,37 | 7,37 12,44 0,51 2,41
500 495 7,80 0,04 2,88 | 1,84 2,88 0,47 290 | 7,39 11,11 0,61 2,89
600 4,84 10,35 0,47 342 | 1,78 291 0,76 346 | 7,55 21,52 0,23 3,48
700 479 6,67 0,22 3,97 | 1,80 3,12 0,31 4,10 | 7,37 16,22 0,60 4,06
800 4,79 6,92 0,19 4,60 | 1,78 6,20 0,67 4,62 | 7,38 15,89 0,57 4,71
900 4,79 9,27 0,58 5,12 | 1,78 3,43 0,69 523 | 7,37 2593 0,20 5,26
1k 481 10,97 0,30 5,65 | 1,78 491 0,62 5,90 | 7,47 29,68 0,41 5,81
OPT 4,79 - - 871 1,78 - - 875 | 7,37 - - 877
z2=206 z=1
Samples Cost Time Cost Time
Min  Avg Var/AvgZ [ Avg [ Min Avg Var/Avg? | Avg
100 340 538 0,20 0,63 | 1,59 2,28 0,32 0,61
200 3,32 6,22 0,41 1,20 | 1,60 2,72 0,46 1,19
300 3,51 11,47 0,91 1,77 | 1,59 6,20 1,21 1,82
400 3,35 6,54 0,71 2,33 | 1,59 8,70 4,12 2,36
500 3,54 8,22 1,43 2,89 | 1,61 242 0,33 2,92
600 3,32 6,33 0,85 347 | 1,61 14,01 2,25 3,50
700 3,32 7,86 0,93 4,06 | 1,60 6,53 2,87 4,10
800 3,35 11,10 2,25 4,63 | 1,61 5,06 0,76 4,70
900 3,31 8,46 0,29 521 | 1,59 749 0,54 5,28
1k 3,34 7,89 0,57 598 | 1,59 235 0,16 5,78
OPT 3,31 - - 885 | 1,59 - - 882

Figure 1: Overview of cost and running time for the sublinear algorithm on the Road Networks data
set. Costs scaled by a factor 10° for z = 3, 10*! for z = 4 and z = 5, 10** for z = 6 and 106
for z = 7. The variance was extremely small for running times, so we omit it. Running time is
given in seconds. The running time for the sampling algorithms only considers the time required to
sample the points, prune the data set, and run the optimization, i.e. the time required to evaluate the

computed solution on the entire data set is not included.

28




z=3 z=4 z=25
Samples Cost Time Cost Time Cost Time
Min Avg | Avg | Min Avg | Avg | Min  Avg Avg
100 1,306 1,310 | 6,03 | 1,907 1,910 | 7,03 | 1,527 1,560 | 7,22
200 1,306 1,311 | 6,03 | 1,907 1,911 | 7,04 | 1,518 1,554 | 7,81
300 1,305 1,310 | 6,30 | 1,907 1,908 | 7,59 | 1,523 1,560 | 8,65
400 1,305 1,310 | 6,48 | 1,907 1,909 | 7,74 | 1,521 1,544 | 9,06
500 1,306 1,309 | 6,74 | 1,906 1,908 | 7,92 | 1,512 1,547 | 9,84
600 1,305 1,308 | 7,06 | 1,907 1,908 | 8,21 | 1,516 1,553 | 10,39
700 1,307 1,309 | 7,20 | 1,907 1,908 | 8,35 | 1,516 1,545 | 11,14
800 1,306 1,309 | 7,53 | 1,907 1,908 | 8,82 | 1,528 1,547 | 11,86
900 1,306 1,310 | 7,60 | 1,907 1,909 | 8,98 | 1,523 1,553 | 12,43
1k 1,307 1,312 | 8,04 | 1,906 1,909 9,6 1,526 1,550 | 13,26
OPT 1,125 - 5544 | 1,296 - 5586 | 1,499 - 5934

Figure 2: Overview of cost and running time for the sublinear algorithm on the USCensus data
set. Costs scaled by a factor 10'? for z = 3, 10" for = = 4 and 10'6 for 2 = 5. The variance
was extremely small for all values (cost and running time), as indicated by the small gaps between
minimum and average. We therefore omitted it from the table. The largest variance (relative to the
squared cost) we encountered was for z = 5 and 600 samples, where it was still below 0.0005.
Running time is given in seconds. The running for the sampling algorithms only considers the time
required to sample the points, prune the data set, and run the optimization, i.e. the time required to
evaluate the computed solution on the entire data set (which vastly exceeds the given time bounds)

is not included.
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