A The principle of symmetry breaking

A.1 Sj x Sg-invariance properties of (2)

We show that £ is S, x Sg-invariant in its first parameter. The proof is a straightforward adaption of
[3, Section 4.1]. First, we make the dependence of £ on the target weight d X d-matrix V explicit:

k
LW, eV, B) = 1wwmwhzmﬂm“ Zﬂ w,)ﬂ, (11)
=1

Next, we observe that for any m € Sy, p € Sgand U € O(d), the group of all d x d-orthogonal
matrices, we have

(W, a; V,B8) =
(W, a;V,B8) =

L(PW, eV, 8) = LW, a; P,V, ), (12)
LWU,e; VU, B), (13)
where the last equality follows by the O(d)-invariance of the standard multivariate Gaussian dis-

tribution. Therefore, for any p € Sq and U € O(d) such that V = P,VU" and any 7 € Sj, we
have

(12) (13)

LW, e, V,B8) = L(W,a, P,VU",8) ‘=
=ZWU.a,V.8) 2 L(P,WU, 0.V, ).

LW, o, VU ,B8) = L(WU,a,VU'U, B)

In particular, for V = I, we have V = P,V P for any 7 € Sy, thus L(W, ) = L(W, e, I4, B) is
Sk X Sg-invariant w.r.t. W. Note that here we do not exploit the rotational invariance of the standard
Gaussian distribution, but rather its invariance to permutations. Hence, the same Si x S4-invariance
holds for any product distribution if V' = I;. Indeed, critical points admit maximal isotropy types
also when the input distribution is D = U ([—1, 1]¢) (but not when D = U/([0, 2]%)).

A.2 Examples of minima for Problem (2)

We display several examples for optimization problem (2) with £ = d = 10 obtained by running
SGD until the gradient norm is driven below le—S8.
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Figure 3: A spurious minimum of isotropy (conjugated to) A(Sg—1 x S1) of (2) with k = d = 10.
The objective value is ~ 0.018.
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Figure 4: A spurious minimum of isotropy (conjugated to) A(Sg_2 x S2) of (2) with k = d = 10.
The objective value is ~ 0.035.
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Figure 5: A spurious minimum of (2) with ¥ = d = 10, where V' = Diag(1,...,1,2,2) and
B=(1,...,1,2,2). The symmetry of the minimum adapt to that of the global minimizer V.

Figure 6: A spurious minimum of (2) with ¥ = d = 10, where the V = Diag(1,...,1,2,2) and
8=1(1,...,1,2,2). The symmetry of the minimum adapt to that of the global minimizer V.

B Counting multiplicity of families of minima

The computation of the multiplicity of minima is based on the orbit-stabilizer theorem. Instantiating
this theorem to the natural action of Sy x S, (i.e., row- and column- permutation. See Section D.1
below for a formal introduction of group action) yields

. |Sk X Sd|

Multiplicity (W) = T

Observing that |Sy x Sq|= dlk!, |ASy|=d!, |[A(Si—1 x S1)|=(d—1)!, |A(Sqg—2 x So)|=
(d—2)!2'and |A(S4—3 x S3)|= (d — 3)! 3! gives the multiplicities stated in Theorem 1.
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C Gradient expressions

In the sequel, we provide explicit expressions for V £ (defined in (2)) restricted the fixed point spaces
Wei—1, Wa—2, W,4_3, which naturally extend Definition 10 as follows

W, = {W € M(d,d) | W = P,WP, forall (r,7) € A(Sq—_p x Sp)}.
The gradient expressions corresponding to WV, are given in the body of the paper in Section 4.1.

In all expressions below:

. agj)) (resp. B((g))) denotes the angles between the ith row of W and the jth of W (resp. V,
the target weight matrix).

* () (resp. ,u(l- ) denotes the norm of the ith row of W (resp. V).

* v G ) (resp. ,u )denotes sin arccos(« 8))) (resp. sin arccos(ﬁ((f)))).

In Section F, we list the coefficients of the families of minima considered in Theorem 1 to O(d_5/ 2)—
order.

C.1 Gradient expressions for W,

The space W is five-dimensional. A weight matrix for d = 8 can be parameterized as follows

[a1 a2 a2 a2 az a2 az asg]
az ai a2 az a2 a2 az das
as a2 a3 Az az az az as
az az a2 ai a2 a2 az das
as a2 a2 Az a1 az ay as
az az a2 az a2 aip az dag
as Q2 QA2 A2 a2 az a1 as
ay QA4 G4 G4 G4 G4 G4 A5/

The gradient entries, denoted by g1, g2, 93, g4 and g5, are:

a(d—1) @ (d? — 3d + 2) sin (agg) a1v(g) (d — 1) sin (agfg)
g = 2 + 27 + 27y(1)

ay (d—1)sin (68;) ay (d — 1) sin (B((f)))
27TI/(1) B 27’1’1/( 1)
2 _ : (2) (2)
ar (& —3d+2)sin (53) a0} (@ ~ 3d+2)
271’1/(1) 2w
d
as (d2 —3d + 2) a4a51; (d - 1) + aq (d — ]_) + ﬁ(l) ( ) d 1

2 27 2 27 2 Ty
a10ég; <d2 —3d + 2) N ai (d2 —3d+ 2) B aQagg (d3 _6d% 4 11d — 6)
2m 2 2
a2 (d3_5d2—|—8d—4) sin (agg) as (d375d2+8d—4)
+
2m 2
a2V(q) (d2 —3d+ 2) sin (agf))) as (d —3d+ 2) sin (6(1))
- 27-‘-V(l) B 27'('1/(1)
a2 (d —3d+ 2) sin (B(l)) az (d3 —5d? + 8d — 4) sin ( ((f))>
27-”/(1) 27TV(1)

,a4a§f§ (d2 —3d +2) Lo (d* —3d +2) f6(1) (¢ —3d +2) fd—er%*l
or 9 2 2 2 ,

g2 = —

+
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azafy) (2 -3d+2) Lo (¢ = 3d+2)sin (af})) Lo (@24 +1)
g3 - 2’/T 271_ 2

azv(q) (d —1)sin (aEfi) agz (d — 1) sin (ﬂ((}))) as (d — 1) sin (5((%))

27TV(1) 27TI/(1) 271’1/(1)

: (2)
a3 (& =34 +2)sin (B3 asalf) (4 1) Lasd-y BRE-1
2

B 27y 1) 2m 2 + 2w B
d d
aal) (d=1) 4 (@—1) a0y (d®—3d+2)
ga =— + -
2w 2 2

as (& —3d +2) 9 (¢ —2d+ 1) sin (af})) Lad=1)

2 27Tl/(d) 2

a4 (d—1)sin (5((5))) as (d* —2d + 1) sin (,8((618) . ﬁ((;g d-1) g 1

27Tl/(d) 27Tl/(d) 27 2 2
PNC) (d—1) asv(yy (d — 1) sin (a(d))
__ B yasd-1 B0 )
9 o 2 27 a)
. 1 . d
L as (d — 1) sin (B((dD - as sin (ﬁ((d))> +% 1
2 27Y(q) 27y (q) 27 2

C.2 Gradient expressions for W,

The space W is six-dimensional. A weight matrix for d = 8 can be parameterized as follows
f[a1 ay as az a2 az as as]
az a1 Gz Gz a4z a2 a3z ag
az Gz ap Gz Gz Gz a3 ag
az Gz a2 a; Gz a2 a3 ag
az Gz Gz G2 a1 G2 a3 a3
az az az az a2 ap az as
as Q4 Q4 Q4 G4 G4 G5 G
@4 Q4 Q4 Q4 Q4 Q4 G 05

The gradient entries, denoted by g1, g2, g3, 94, g5 and gg, are:

a(d—2) @ (d? — 5d + 6) sin (a%) ., ai1v(g—1 (d —2)sin (agf;1)>

g = 2 + 21 V(1)
ar(d=2)sin (8)) a1 (d—2)sin (")
27Tl/(1) 71'1/(1)

ar (= 5d+6)sin (53))  azal?) (¢ —5d+ )
271y B 2w

(d—1) (1)
d2 —-5d+6 aso d—2 By (d—2 d
as ( +6) mon) (d-2) as (d—2) o ( )77+1,
2 T 2 2
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ara}) (& =5d+6) a, (d? —5d+6) azoly) (d* — 9d? + 26d — 24)
o + 2 a o
ay (d® — 8d2 + 21d — 18) sin( Eg) ) (¢ — 8%+ 21d — 18)
2r 2
agv(g—1) (d* — 5d + 6) sin ( Ef;1)> az (d* — 5d + 6) sin (ﬂ((ll)))
ﬂ'V(l) - 27Tl/(1)
as (d — 5d + 6) sin (ﬂ(d 1)) - a9 (d3 —8d% +21d — 18) sin (B((f)))
V(1) 27TV(1)
asalfV (d? = 5d + 6) B (> =5d+6) @2 54

2
- + ay (d* —5d + 6) + 5 -y t5 3

b — ssoll) (@ ~5d+6) ar (& —5d+0)sin ()
L
™ ™

2a3v(q—1) (d — 2)sin ( gl) 1)) ag (d — 2) sin (ﬂ(l))
V(1) (1)
2a3 (d — 2) sin (ﬁ((‘li)_l)) az (d* — 5d + 6) sin (ﬁ((f))) asagf) Y (d—2)
V(1) V(1) ™

(a-1) (a-1)
oy @72 (d—2)+ T G
o

92 = —

+

+

+ag (d* —4d+4) +

+as(d—2) -

™

d-1 d-1
alagl) ) (d—2) agaél) ) (d? — 5d +6)

gr =— — g (d—-2) -
T ™

. (d—1)
1140[53),1) (d—2) N asv(y (d* — 4d + 4) sin ( @1y )

m 7TI/(d_1)

+ ap (d* —5d + 6) —

ay (d — 2)sin (a%§11)> ay (d —2)sin (ﬁ((;l),l)>
+ + 2a4 (d —2) —
™ WV(d—l)
ar(d=2)sin (8571))  ar (2 —ad+4)sin (87 ,) Y (d—2)
_ ( — @-1) NI Ct —d+2,
7”/(d—1) 7TV(d_1) ™
agaEd) 1 (d—2) asv(y (d — 2)sin (aE‘f{l)) as sin (agj)_l))
g5 :——+a3(d—2)+ + +as
™ TV(d—1) ™
. 1 . d . d—1 _
as (d — 2) sin (ﬁ((d)q)) as sin (B((dll)> as sin (5((1171))) a6a§j)_1) /8((3_;))
- - - +ag+——>—1
7r1/(d,1) 7TV(d,1) 7TV(d,1) ™
(d—1) (d)
asa (d—2) aso ;)
g6 2—%4—%@—2)—%—&—@5
agV(1y (d — 2)sin (agf)_l)) a6 sin (agg),l))
+ + + ag
TV(d—-1) ™
oa(d—Dsin (§(7),)) onsin () awsin (SD) 4,
7Tl/(d_1) 7Tl/(d_1) 7Tl/(d_1) s '
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C.3 Gradient expressions for Vs

The space Ws is six-dimensional. A weight matrix for d = 8 can be parameterized as follows

ray

a3z
a2
ag
a2
a4
Gy

LG4

a2
ai
a2
ag
a2
a4
Gy
Gy

az
ag
ai
ag
a2
a4
Qa4
a4

az
ag
az
ai
az
a4
a4
a4

az
ag
az
ag
ai
a4
a4
a4

as
as
as
as
as
as
ae
ae

as
as
as
as
as
ae
as
ae

The gradient entries, denoted by g1, g2, 93, 94, g5 and gg, are:

g2 = —

g3 = —

ai (d—3) ai (d2 — 7d + 12) sin (a

+

(2)
(1)

a3z’

as
as
as
as
ae
ae
as

) 4 3a1v(g—2) (d — 3)sin (ag‘li)*@)

2

2

o= (5 0 0 (5

271'1/(1)

_|_

271'1/(1) 27Tl/(1)
. 2
a1 (d2 —7d + 12) Sin (651))) aQQg; (d2 —7d+ 12) . as (d2 —Td+ 12)
B 27y (1) B 21 2
Basal) > (d - 3) L Bad=3) B d=3) 4 L3
27 2 27 2 2’
alag; (> =7d+12) g (&2 —7d+12)  axey g (d3 — 12d* + 47d — 60)
- o - 2 a 27
as (d* — 11d? + 40d — 48) sin (ozgg) as (d® — 11d® + 40d — 48)
_l’_

2

3azv(q—2) (d —7d+ 12) sin (

2
El) 2)) as (d2 —7d + 12) sin (Bg;)

+

+ 5 =6,

2y (1 271y
3as (d —7d+ 12) sin ( ((f) 2) ) as (d —11d? + 40d — 48) sin <5(1)>
21y 271y
3a4aE;l)_2) (d? = 7d+12)  3a, (d®—7d+ 12) 5(2) (2-7d+12) 2 74
2m 2 2m

2 2

3asa(y) (d? — 7d + 12) 3a3(d2—-7d-%12)sh1(0§3) +3a3(d2—-6d+9)

+

2m 27 2
. 9a3zv(g—2y (d — 3) sin ( Ef) 2)) 3az (d — 3) sin (B((i))) 9a3 (d — 3) sin ([3((?)_2))
27y 1) 271y 27y 1)
Bag (¢ — 7 +12)sin (B3)  3asafl)? (@-3) , a5 (d—3) ~ Baga()? (d-3)
21y (1) 2 2 s
380 7 (d=3) 34 9
+ 3ag (d—3) + 275 5ty
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d— d—
_ 3@1%) ?(d-3) N 3a1(d—3) 3‘1204%1) Y (d* - 7d +12)
27 2 27
_ . d—2
3as (d2 —7d+ 12) 3%042373 (d—3) . 3aqv(1) (d2 — 6d + 9) sin (O‘El) ))
2 ™ 27TV(d 2)
3a4 (d — 3)sin (agjig) . 9as(d—3) 3ay (d — 3) sin (ﬂ(d 1))

™ 2 7TV(d,2)

3a4 (d — 3) sin (ﬁgg:gg) 3a, (2 — 6d + 9) sin (ﬁg;zg)) 361 5 (d=3) 34 o

+

27Tl/(d_2) 27Tl/(d_2) 2’/T 2 2’
. d—2
3a3a 1 (d 3) 3as (d _ 3) 3(15V(1) (d — 3) sin ( 21) ))
( ) + -
2 27TU(d,2)
- ( a(D) o ( ald—1)
) 3as 3as (d — 3) sin (ﬁ(d_2)) - 3as sin (ﬁ(d_2))

2 27T'I/(d_2) 7TI/(d_2)

gs = —

3a5 sin

3a5 sin

T
(d 2) (d—1) (d—2)
(53) _ 3aselyy 4 300 4 2P-2)
27V(q—2) s 6 2 2’
3a3a(d 2) (d—3) 3a5o¢(d_1) 3a6a(d )
—°rd=2) 5 — — 472

g = — (”W +3a3(d—3)— —42 434, — 7 (472)

3agv(1) (d — 3)sin (agf;m) 6ag sin (agg:g)
+

TV (d—2) ™
3ag (d — 3) sin ([3((31)_2)) 6ag sin (ﬂ(d )) 3ag sin (5((3 ?) 36((3 ;

7TV(d_2) 7TV(d_2) 7TV(d_2) ™

+ + 6ag

D Hessian spectrum

Below, we describe the technique we use to derive an analytic description of the Hessian spectrum.
Some parts follow [4] verbatim. In order to avoid a long preliminaries section, key ideas and concepts
are introduced and organized so as to illuminate our strategy for analyzing the Hessian. We illustrate
with reference to the global minimum W = V where d = k, the second layer is all ones, and the
target weight matrix V' is the identity /4. In Section E, we provide the eigenvalue expressions for
A(S4-1 x S1), organized by their isotypic component.

D.1 Studying invariance properties via group action

We first review background material on group actions and fix notations (see [20, Chapters 1, 2] for a
more complete account). Elementary concepts from group theory are assumed known. We start with
two examples that are used later.

Examples 1. (1) The symmetric group Sy, d € N, is the group of permutations of [d] = {1,...,d}.
(2) Let GL(d, R) denote the space of invertible linear maps on R?. Under composition, GL(d, R)
has the structure of a group. The orthogonal group O(d) is the subgroup of GL(d, R) defined by
O(d) = {A € GL(d,R) | ||Az|= |||, forall x € R?}. Both GL(d,R) and O(d) can be viewed as
groups of invertible d x d matrices.

Characteristically, these groups consist of transformations of a set and so we are led to the notion of a
G-space X where we have an action of a group G on a set X. Formally, this is a group homomorphism
from G to the group of bijections of X. For example, S, naturally acts on [d] as permutations and
both GL(d, R) and O(d) act on R? as linear transformations (or matrix multiplication).
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An example, which we use extensively in studying the invariance properties of L, is given by the
action of the group Sy, X Sg C Skxd, k,d € N, on [k] x [d] defined by

(m,p)(i,4) = (71 (0), p~"(§)), ™ € Sk, p € Sa, (i) € [k] x [d]. (14)

This action induces an action on the space M (k, d) of k x d-matrices A = [A;;] by (7, p)[As;] =
[Az—1(:),p-1(j)]- The action can be defined in terms of permutation matrices but is easier to describe
in terms of rows and columns: (7, p) A permutes rows (resp. columns) of A according to 7 (resp. p).
As mentioned in the introduction, for our choice of V' = I;, L is S, x Sg-invariant. Note that
ASy ~ S4. When we restrict the S; x Sg-action on M (k, k) to ASy, we refer to the diagonal
Sg-action, or just the Sy-action on M (d, d). This action of S, on M (d, d) maps diagonal matrices to
diagonal matrices and should not be confused with the actions of S; on M (d, d) defined by either
permuting rows or columns.

Example 2. Take p, g € N, p+ ¢ = d, and consider the diagonal action of S}, x.S; C Sqon M(d,d).
Write A € M(d, d) in block matrix form as A = {ﬁp’p ﬁp’q} If (g,h) € Sp x Sy C Sq, then

q9,p 9,9

(g, h)A = ( hg 194)%(1 ) (g k@ip ’q} where gA, , (resp. hA, ;) are defined via the diagonal action

of S, (resp. Sy) on A4, , (resp. A, ), and (g, h)A, 4 and (h, g)A, , are defined through the natural
action of S, x S, on rows and columns. Thus, for (g, h)A, 4 (resp. (h, g)A, ) We permute rows
(resp. columns) according to g and columns (resp. rows) according to h. In the case whenp =d — 1,
q =1, S4_1 will act diagonally on A4_; 41, fix a44, and act by permuting the first (d — 1) entries
of the last row and column.

As mentioned in body of the paper, given W € M (d, d), the largest subgroup of Sy x Sy fixing W
is called the isotropy subgroup of W and is used as means of measuring the symmetry of W. The
isotropy subgroup of V' € M (d, d) is the diagonal subgroup AS,. Our focus will be on critical points
W whose isotropy groups are subgroups of the target matrix V' = I, that is, ASy and A(Sg—1 X S1)
(see Figure 2—we use the notation ASy as the isotropy is a subgroup of Sq x Sg). In the next section,
we show how the symmetry of local minima greatly simplifies the analysis of their Hessian.

D.2 The spectrum of equivariant linear isomorphisms

If G is a subgroup of O(d), the action on R? is called an orthogonal representation of G (we often
drop the qualifier orthogonal). Denote by (R?, ) as necessary. The degree of a representation (V, G)
is the dimension of V' (V' will always be a linear subspace of some R™ with the induced Euclidean
inner product). The action of S x Sg C Skxq on M(k,d) is orthogonal with respect to the standard
Euclidean inner product on M (k,d) ~ R**< since the action permutes the coordinates of R¥*¢
(equivalently, components of k x d matrices). Given two representations (V, G) and (W, G), a map
A : V=W is called G-equivariant if A(gv) = gA(v), forall g € G,v € V. If A is linear and
equivariant, we say A is a G-map. Invariant functions naturally provide examples of equivariant
maps. Thus the gradient VL is a Sy x Sg-equivariant self map of M (k,d) and if W is a critical
point of V£ with isotropy G' C Sy, x Sg, then VZL(W) : M (k,d)— M (k, d) is a G-map (see [6]).
The equivariance of the Hessian is the key ingredient that allows us to study the spectral density at
symmetric local minima.

A representation (R™, G) is irreducible if the only linear subspaces of R that are preserved (invariant)
by the G-action are R™ and {0}. Two orthogonal representations (V, G), (W, G) are isomorphic
(and have the same isomorphism class) if there exists a G-map A : V—W which is a linear
isomorphism. If (V, G), (W, G) are irreducible but not isomorphic then every G-map A : V—W
is zero (as the kernel and the image of a G-map are G-invariant). If (V, G) is irreducible, then the
space Homg (V, V) of G-maps (endomorphisms) of V' is a real associative division algebra and is
isomorphic by a theorem of Frobenius to either R, C or H (the quaternions). The only case that will
concern us here is when Homg (V, V) &~ R when we say the representation is real.

Example 3. Let n > 1. Take the natural (orthogonal) action of S,, on R" defined by permuting
coordinates. The representation is not irreducible since the subspace T' = {(z,z,---,2) € R" | x €
R} is invariant by the action of S,,, as is the hyperplane H,,_; = T+ = {(z1,---,z,,) | Ziew T =
0}. Tt is easy to check that (7, S,,), also called the trivial representation of Sy, and (H,_1,S,,), the
standard representation, are irreducible, real, and not isomorphic.
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Every representation (R™, G) can be written uniquely, up to order, as an orthogonal direct sum
®ie[m) Vi» where each (V;, G) is an orthogonal direct sum of isomorphic irreducible representations
(Vij» G), j € [pi], and (Vj;, G) is isomorphic to (Vj/;-, G) if and only if i’ = i. The subspaces V;;
are not uniquely determined if p; > 1. If there are m distinct isomorphism classes b1, - - -, v, of
irreducible representations, then (R™, G) may be represented by the sum p19; + - - - 4+ P, 0, Where
p; > 1 counts the number of representations with isomorphism class v;. Up to order, this sum (that is,
the v; and their multiplicities) is uniquely determined by (R™, G). This is the isotypic decomposition
of (R™, G) (see [60]). The isotypic decomposition is a powerful tool for extracting information about
the spectrum of G-maps.

If G = Sy, then every irreducible representation of Sy is real [22, Thm. 4.3]. Suppose, as above,
that (R", Sq) = @jecmVi and A : R"—R" is an Sg-map. Since the induced maps Ay : V=V
must be zero if ¢ # ¢/, A is uniquely determined by the Sy-maps A;; : V;—V;, i € [m]. Fix ¢ and
choose an Sg-representation (W, Sg) in the isomorphism class v;. Choose Sg-isomorphisms W—V;;,
j € [pi]. Then A;; induces A;; : WPi—WPi and so determines a (real) matrix M; € M (p;, p;) since
Homg, (W, W) ~ R. Different choices of V;;, or isomorphism W—V;;, yield a matrix similar to
M;. Each eigenvalue of M; of multiplicity r gives an eigenvalue of A;;, and so of A, of multiplicity
r degree(v;).

Fact 1. (Notations and assumptions as above.) If A is the Hessian, all eigenvalues are real and
each eigenvalue of M; of multiplicity  will be an eigenvalue of A with multiplicity r degree(v;).
In particular, A has most ) icm) Pi distinct real eigenvalues—regardless of the dimension of the
underlying space.

Our strategy can be now summarized as follows. Given a local minima W, we compute the isotropy
group G C S x Sq of W. Since the Hessian of F at W is a G-map, may use the isotypic
decomposition of the action of G on M (k, d) to extract the spectral properties of the Hessian. In
our setting, local minima have large isotropy groups, typically, as large as A(S, x Sq—p), 0 < p <
d/2. Studying the Hessian at these minima requires the isotopic decomposition corresponding to
A(Sp x Sq—p), 0 < p < d/2, which we detail in Theorem D.3 below.

D.3 The isotypic decomposition of (M (d, d), S;) and the spectrum at W =V

Regard M(d, d) as an Sg-space (diagonal action). The trivial representation, denoted by t4, and the
standard representation, denoted by 5,4, introduced in Example 3 are examples of the many irreducible
representations of Sy. In the general theory, each irreducible representation of .S, is associated to a
partition of the set [d]. The description of the isotypic decomposition of (M (d, d), Sq) is relatively
simple and uses just 4 irreducible representations of .Sy for d > 4.

 The trivial representation t; of degree 1.
» The standard representation s4 of Sy of degree k — 1.

* The exterior square representation rg = A%s4 of degree

* A representation 14 of degree @. We describe 14 explicitly later in terms of symmetric

matrices (formally, it is the representation associated to the partition (d — 2, 2)).

(d—1)(d—2)
-

We omit the subscript d when clear from the context. Assume that d > 4. We begin with a well-known
result about the representation s ® s (see, e.g., [22]). If s © s denotes the symmetric tensor product of
s, then

5®s=50s5+r=t+s+p+1. (15)
Since all the irreducible Sy-representations are real, they are isomorphic to their dual representations
and so we have the isotypic decomposition

M(k,k) ~ RFQRV~(s+t)®@(s+t)=2t+3s5+1+, (16)
sincet®s=sandt®t="t.

Using Fact 1, information can immediately be deduced from Equation (16). For example, if W is
a critical point of isotropy AS, (a fixed point of the Sg-action on M (d, d)), then the spectrum of
the Hessian contains at most 2 + 3 + 1 4+ 1 = 7 distinct eigenvalues which distribute as follows:
t contributes 2 eigenvalues of multiplicity 1, s contributes 2 eigenvalues of multiplicity d — 1, ¢
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contributes one eigenvalue of multiplicity (d=1)(d=2)

2
@. This applies to the global minimum W = V and the spurious minimum of type A.

, and vy contributes one eigenvalue of multiplicity

Next, we would like to compute the actual eigenvalues. We demonstrate the method for the single
r-eigenvalue (the example given in the body of the paper in section Section 4.2 refers to the single
n-eigenvalue). Pick a non-zero vector from the y-representation. For example,

0 1 ... 1 —(d-2)
-1 0o ... 0 1
xd — ,
-1 0o ... 0 1
(d-2) -1 ... -1 0

where rows and columns sum to zero and the only non-zero entries are in rows and columns 1 and
d. Let X¢ € R4 be defined by concatenating the rows of X¢. Since r only occurs once in the
isotopic decomposition and V2L (V) is Sy-equivariant, X7 must be an eigenvector. In particular,
(V2L(V)Xd); = A\ X4, all i € [d?]. Choose i so that X¢ # 0. For example, X4 = 1. Matrix
multiplication, yields A\, = 1/4 — 1/2x. A similar analysis holds for the eigenvalue associated to
1. The multiple factors 2t and 3s are handled by making judicious choices of orthogonal invariant
subspaces and representative vectors in M (k, k).

Having described the general strategy for analyzing the Hessian spectrum for global minima, we
now examine the spectrum at various types of spurious minima. We need two additional ingredients:
a specification of the entries of a given family of spurious minima and the respective isotypic
decomposition; we begin with the latter.

As discussed in the body of the paper, the symmetry-based analysis of the Hessian relies on the fact
that isotropy groups of spurious minima tend to be (and some provably are) maximal subgroups
of the target matrix isotropy. For V' = I, the relevant maximal isotropy groups are of the form
A(Sp x Sq), p+ g = d. Below, we provide the corresponding isotypic decomposition. Assume
d = k and regard M (d, d) as an S, x S,-space, where S, x S, C Sy and the (diagonal) action of
Sq is restricted to the subgroup S, x Sy.

Theorem ([4, Theorem 4]). The isotypic decomposition of (M (d,d), S, x Sy) is given by:
1. Ifp=d—1,q=1,andk > 5,
M(d,d) = 5t + 5841 + ta_1 + Da_1.

2. Ifq>2,d—1>p>p/2andd > 4+ q, then
M(d,d) = 6t + 5sp, + asq +xp +0p + bry + ey + 25, M5,

where if ¢ = 2, thena =4,b=c=0;ifq=3,thena =5b=1,c=0; and if ¢ > 4,
thena =5b=c=1.

(There is a minor error in [4, Theorem 4]. The correct value for a in the second case is as stated here.)

In contrast to the setting considered in [4], in our case the second layer is trainable. To compute the
isotypic decomposition corresponding to this case (i.e., M (d, d) x R?), we simply treat the weights
of the second layer as an additional row of the weight matrix of the first layer. The additional row is
split into p entries and d — p entries. This adds t + s, to the isotypic decomposition if ¢ = 0, 2t + 5,
to the isotypic decomposition if ¢ = 1, and 2t + s, + 5, otherwise.

Theorem 4. The isotypic decomposition of (M (d,d), S, x S;) ® (R, S, x S,) is given by:
1 Ifp=d,q=0,andk > 5,
M(d,d) =3t+4sq4 + rqg + 9a.

2. Ifp=d—1,qg=1andk > 5,
M(d,d) =Tt + 6541 + rqa—1 + Va—1.
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3 Ifq>2,d—1>p>p/2andd >4+ q, then
M(d,d) = 8t + 65, + asq + 1, + v, + bry + g + 25, X 5,

where if g = 2, thena =5,b=c=0;ifq= 3, thena =6,b=1,c=0; and if ¢ > 4,
thena=6,b=c=1.

Theorem 4 implies that the Hessian spectrum of local minima (or critical points) with isotropy
A(S, x S,) has at most 9 distinct eigenvalues if (1) applies, at most 15 distinct eigenvalues if (2)
applies, and if (3) holds, at most 24 distinct eigenvalues if ¢ = 2, at most 25 distinct eigenvalues if
q = 3, and at most 26 distinct eigenvalues if ¢ > 4. We omit some less interesting cases when k is
small.

Following the same lines of argument described in Section D.3, the next step is to pick a set of
non-zero representative vectors for each irreducible representation that will allow us to compute the
spectrum. We adopt the same of choice of representative vectors from [4]. We demonstrate the final
step with respect to the two trivial factors of .S, in (16). Let ©; and D be the two representatives
and let V2£(D;) = a;1D1 + ;2D4, i = 1,2. The eigenvalues of V2L |2t are then the eigenvalues
of the 2 x 2 transition matrix A = [;;]. To compute the eigenvalues of A to, say, O(d~*/2)-order,
one solves the equation

det(A — (z1d 4 22d*? + 2°)) = 0,

for x1, z9, x3, where sufficiently many coefficients of the power series of the entries of A are assumed
known. The same recipe is used for computing the rest of the eigenvalues.

E Eigenvalues transition matrices

Below, we provide the explicit form of the eigenvalue transition matrices for the natural representation
of Sd.

r-rep. Let the associated 1 x 1 transition matrix be denoted by 7*. Then,

n-rep. Let the associated 1 x 1 transition matrix be denoted by 7. Then,

2 a sm( )) a1as sin (oz(g)) 2 a2 sin (a@))
aj 1 ) ajag 172 (1) + 5 2 1)
)
)

(2
¢!
om2 v (2 71'1/2 v 2 (2) 22 v ()+ 2 2))?
Y 27r1/(1)( v ) MY 7”/(1)( (1)) LY ) 2771/(1) (V(1))
. 2 . 2 . 1 . 2
g% (d—1)sin (aglg) (d—1)sin (ﬁ&;) sin (5((1))) sin (6((1)>
27 27 27y(1) 27y (1 27T( (2)) V(l).

v _
Tll_

+

H)
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s-rep. Let the associated 4 x 4 transition matrix be denoted by 7. Then,

. 2 . 2 2
o D) - o) (o)
1,1 2 - 2
; 2 2 (2
™) 2mVg, V() 27w(21) (V((f)))
a3 (d—1)sin (B((f))) a? sin (6((11))) a? (d —1)sin (ﬂ((f))) cos? (ﬁ((f)))
+ 23 T Tomd, @) 3
M M 2r () v,
a? sin <ﬁ8))> cos? (ﬁg;) a1az2 COS (a%) aias (d — 1) sin (04%) cos (ozg;)
- 2 2 (2) B 2
T R o ()
a1 sin (ﬂg;) cos (68))) a2 a3 (d —1)sin (0483)
+ 2 -
2 (2 2
i A ()
. 2 . 2 : 1 i 1
. (d—1)sin (a&;) . 1 (d—1)sin (5((1))) - sm( ((1))) - sm( ((1)))
o 2 211 2mv() m)?
2m (ﬂ(1)> Y1)
. otdeos (off) addsin (o) con (o) grapa mendsin (af})
1,2 — 2) - 2 - (2) 2
271'V(21)V(1) 27T1/(21) (V((f))) 7”/(21)1/(1) 27T1/(21) (1/((12)))
. a1asdsin (68))) a1asd sin (58;) cos2 (5((1)) aiag (d2 _ d) sin (048)
22 - % 2mv
1) 2m (“(1)) 1/(31) M

a1ay (d2 _ 2d) sin (a%) cos (a%) ajas (d2 — d) sin (a f ) cos? (a%)
- 2

(2
27r1/(21) (1/(1

a1as (d2 - d) sin (ﬁ((f))

+ 3 - 2
27w(1) o (N%) 3

a1dsin (5((?))) cos ( ((f))> a3dcos (a%) . a3 (d* — 2d) sin (agg)

* @) o o2 2 2 @)?
27 (/‘(1)) V(1) (1)7(1) 27w(1) (V(l))

o (& — d)sin (o)) cos (aff) aadsin (53)) cos (41) affld

27w(21) (V((lz)))Z 2m (/‘EB)Q V(21) o z
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o a? (d — 2) cos (a%) a? (d — 2)sin (agg) Cos (oz%)
1,3~ 2 - 2
2mvd vy 2mvf), (V(%))

aas (d? — 3d + 2) sin (ag;) . ayas (d — 2) cos (ozg;) ajas (d — 2)sin (ag;)
- 27TV2 ﬂ'yz y(2) 2 (2) .
&) (EOREY 2mv(y) (”u))

- aias (d2 —4d + 4) sin (ag;) cos (04%) . aias (d2 —3d+ 2) sin (QE?D cos? (QE?D

27r1/(21) (1/((12))> ’

aias (d — 2) sin (ﬂg;) . aijaz (d2 —3d + 2) sin (ﬂ((f)))

+ 27TV(31) 27TVEGH)

aas (d? — 3d + 2) sin (68))) cos? (68))) ajas (d — 2)sin (B((ll))) cos? (6((11))>

P} 2
(2) 1
2m (“(1)) Vi) 2m (“(1)) v

. a1 (d — 2)sin (5(%)) cos (ﬁ((f))) . a3 (d — 2) cos (agg) - a2 (d—2)

a3 (d? — 4d + 4) sin (a%) a3 (d? — 3d + 2) sin (a(z)) cos (a(2)>
+ —

2 2
(2) (2)
2m) (”(1)) 2y (”<1>>

as (d — 2) sin (68;) cos (6((11))) a% (d—-2) ¢

|
+ o (Y 2 o0 T2 b
4 (“(1)) Y1)
ay (d — 2)sin (O‘El;) ai (d —1)sin (5(%))
TP = o @ 2mv
§)




a? cos (a%) a? sin (a%) cos (ozgg) ajas (d— 1) sin (agg) 102

15, = - B
s (2) 2 2 ( )
477”(21)%1) 47n/(21) (1/((12))) Amvg, 277”(21) (1)

) . ajas (d—1)sin (O‘g;) cos? (ag;)

(
(
A2 (y(2))2 A2 ( (2 )>
m Y@ ® \"®
ajas sin (a%) arag (d — 1) sin (5((5))) a1az sin (5((;))
+ +

) A3 473
4m (v (1)) M M

[\v]

N———

ayag (d — 1) sin ( ((f))) cos? (B((f))) a1asz sin (ﬁ((i))) cos® (58)))
r (n 533) v Am (“83) vl
. a sin (,6’((12))) cos (68;) . a3 cos (ozgf) . a3 (d — 2)sin <a§§)
(WD) gy R e (o)
2 ) cos (a%) .\ as sin (ﬁ(( ))> cos ( ((11))) ) gg 1
(1
Fa

(2)
(1)
477”()(”8)2 4”( 5) @ o

a2 (d — 1) sin <a

a? . a? sin (agf; . ajasdcos (a%) - ajasdsin (agg) cos <a8;)
@) 2 @ 2
27TV(21)I/(1) 27w(2) (1/((12)) 27T1/(21)V(1) 27TV( 1 ( (2))

S —
T3, =—

aras(d—2) 0102 (d — 2)sin ( g;) a3dsin (B((i)))
o2 @ 5 )2 + 4mv?
WY 27w(1) (1/(1)> &)
a3dsin (6(1 ) cos (ﬁg;) a3 (d* — d) sin ( g;) a2
dr (MES)Q v : iy - am
) cos (a%) N a3 (d* — d) sin (a%) cos? (a%)
2
) 47w(21) (1/((12)))
a3 (&~ 3d+2)sin (o)) aF (&~ d)sin (87))

+ 2 3
(2) 4my
47r1/(21) (V(l) )

B a3 (d* — d) sin (68;) cos? (653) . asd sin (68;) cos (68;) gg (d—2)
am (ugi) v 27 (“gg) Yl N

., (d—1)sin (a%) - (d—1)sin (5((12))) - sin (ﬁ((ll))> - sin (5(@) |

21 2mv) 0 (W)

>

+
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) ayas (d — 2) sin ( E ;) cos ( gg) araz (d — 2)sin (ozgg)
Tys =~ @ + 2 (.@)?
2w (V) 2ty (v11)

a3 (d? — 3d +2) sin (agfi) a3 (d — 2) cos (a%) a3 (d—2)
- Al 2V v ((f)) ) 2mvyv ((f))

a3 (d? — 5d + 6) sin (0‘8) a3 (d? — 4d + 4) sin (a%) cos ( E g)
’ 4m?) (u((f)))Q : 2y (v <(f>))

a’ (d2 —3d+ 2) sin (a%) cos ( gg)
* 2 @)

47r1/(1) (1/(1))

a2 (d — 2) sin (ﬂgg) a3 (d? — 3d + 2) sin (ﬁ((f)’)
+ 47w?1) + 47r1/€’1)
. a3 (d* — 3d + 2) sin ( (1)) cos ( (1))) a3 (d — 2)sin (6((11))) cos? (5((1)))

Am (M )2 V1) Am (’“‘53)2 Yh)
e 2)sin (5(3) OS(u)) g;z 2) il
( E 3) v
. QQQ% d—2) gyd @ (d — 2)sin (a&;)
Ty, =~ An 4 dn
- (53) e (5) 82
N Ay (y B dry(yy - Ar A

a3 cos (ag;) a? sin (ozg%) cos (agf;) ajas (d —1)sin (agD . aiasz cos (a%)

Tsa=- 47w(21) ((1)) 47”/(21) (V((lg)))2 47Tl/(21) 27r1/(1) ((1))
ajas (d — 2)sin (ag ;) 2cos (ozgg) . aras (d — 1) sin ( ) cos? ( (1))
) (1) s (o)
ajas sin (aE?D ajas (d — 1) sin (5((12))> ayasg sin (5((1)))
9 2))? A3 + dvd
471'1/(1) (V(l)) (1) (1)
- ajaz (d — 1) sin (6((12 ) cos <5(1 ) ayas2 sin (,3((11))) cos® (5((11)))
(M(l))2V1 dm (“Elg) V(l)
a1 sin (6(1 ) cos (B((f))) . a3 cos (a%?) - a2 a3 (d — 2)sin (a?%)
am (M%) vy 4y 2 dmvy (”8 )
a3 (d —1)sin (agg) cos (a%) asg sin (58)) cos (5((11))) Oég; 1
iy (3)’ w)
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arazdsin (af}) ) cos (agfg) arazdsin (o Ef;) a3d cos (agfg) W2d
2m) (v ) 2mu?, 1/((1))) 2y 2
agasin (5(3)  addsin (5(3)) cos® (5(r) a3 (& — ) sim (a(7))

Ay dr (uglg)z v vty
a3 (d? — 3d) sin (agfg) a3 (& = 2d) sin (af})) cos (7))

wdy () e ()
f (@ d) sin (o)) cos? (af}}) ~af (& — ) sin (5))

it (o)’ e

a3 (d* = d)sin (83) cos (83) | Gadsin (85)) cos (83) N afjd q

)
2 2 ’
(2) (2) 4w 4
am (“(1)) Yy 27 (”(U) @

32—

_|_

_|_

. 2 2
a2 . a3 sin (a&;) | may (d—4) ajaz (d — 2) cos (O‘E1§)

2 2 2 (2)
2ty ey (v 2 2V 0)

a3 (d* — 3d + 2) sin (a%) a3 (d—3) . a3 (d — 2) cos (a%)
_ 5 _

Amv V) TR
L% (d2 — 5d + 8) sin ( 8) a3 (@ — 4d + 4) sin (a 8) cos (af}))
Amvg (v ( o ) 2mvy) (v ( o )
a3 (d? — 3d + 2) sin (a%) cos? (a%) a3 (d —2)sin (B((i)))
i 47r1/(21) (V((lz)) ’ 47w?1)

as (d —3d+ 2) sin (ﬂ(1)> a3 ( —3d + 2) sin (,6(1)> cos (5(1))

+ 47‘(’1/(1) ( )) (1)

_(d—2sin (56)) eos® (81)) @ N 2)sin (3(3)) cos (5@)) afy) (d—4)
2
ax () iy 21 (u ) v i
(o) 1 () () ()
tat o 2 271 21y () @) ;
27 (,u(l)> V(1)
Ts, = _a120;83 N % B agagi;d —4) . as (d— 2:':11 (agg)
wa—y w0 0m () wam () o
+ 4 B 47TV(1) B 47TV(1) + ? B 17
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ay (d — 2) sin (O‘g;) ay (d —1)sin ( ((f)))

T:, = -
4 o o 2mv(1)
. (1) 2 1
_arsin (5(1)) - azaglﬁ (d—2) L a2 (d—2) @ !
27'('1/(1) 2 2 2 92’
: (1)
_ _aQagfg (d* —2d) L @d azdsin (ﬂu))
4,2 ot 2 271y
. @) ¥ 2
. as (d? — 2d) sin (a(1)> as (d* — d) sin (/3(1)) N 5((5))(1 d
2 271 2r 2
(2) (2) 2
arof) (d —2) aser ) (d? — 6d + 8)
T:377(7+a1(d72)*
= 2w
@2 — 4d + 4) sin (o® d—2)sin (8})
N as ( _ + )bln 0‘(1) . as (d2 —4d + 4) GQ( - )bln /8(1)
o 2 27w(1)
: (2)
as (d* — 3d + 2) sin (5(1)> N ﬁ((f)) (d-2) 4 +1
2my(1) 2m 2 7

2) (2) ) (2)
e gyl cos (0(1)) 70 sm( (1)) v, cos (a(1)> s @
4,4 = o o 2 2

t-rep. Let the associated 3 x 3 transition matrix be denoted by T*. Then,

a0 () a0 o) (o)

to—
T, 27TV(21) 27TI/(21) ((f)) Qm/( 1 ( ((f))>
- (4) () () ()
+ 2md) ™ 2mv) - o (uﬁli) Vi)
a? sin (6((11))) cos? (,6’8;) aias (d — 1) cos ( g;)
27 (,u&%) (1) 7TV(Ql)V((IQ))
| ma (d—1)sin ( (1)> cos (oz(l)) ay sin (58))) cos ( ((i)))
( ) (“53) v
a2 (d—1) a§ (d— USm( (1)) (d—1)sin ( i ;)
2mv2 v 2 (L@ ' 27
(ESLAEH 2mv) (V( ))
1 (d—=1)sin (5(1)> sin (5((11))) sin (5((11)))
+ 57 2m1) N 27y - 9 (MEB)2 U(l)a
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T, = _a% (d —1) cos (a%) - a? (d —1)sin (a%) cos (a%)

272 3 2 ( (2))2
H¥(1) 2mvgy (v

aias (d2 —2d + 1) sin (a%) . ayaz (d2 _ d) a1as (d2 — 3d + 2) cos (aﬁ%)

2 2 (2
2, 27w(21)u(1) 27”’(21)”(1)

aras (d — 1) sin (agg) ayas (d* — 3d + 2) sin (a%) cos (a%)

+ @)\ s (@)
2 (Vu)) 2m) (”0))
. aias (d2 —2d+ 1) sin (a%) cos? (ozgg) aiaz (d —1)sin (68)))
2 3
(2) 2wy
27ru(21) (1/(1)) (1)

aya (4 — 2d + 1) sin (5(%)) aras (d? —2d + 1) sin ( ((f))> cos? ( ((f)))
+ 3 - 2
27T1/(1) 2 (ugg) l/é)’l)

arap (d — 1) sin (ﬁ((i))) cos? ( ((i))) ay (d—1)sin (5%) cos (5(%))
= +

2 2
(1) (2)
o (ufh)) 8 o (1)) vy

a3 (d? — 3d + 2) a3 (d? — 2d + 1) cos (a%)

@
271'1/(21)1/(1) 27r1/(21)1/(1)

) a3 (d? — 3d + 2) sin (ag;) - a3 (d? —2d + 1) sin (agg) cos (QE?D

22 @)
2m) (”(1)) 2y (”<1>)

. as (d — 1) sin (ﬂ((;))) cos (ﬂg?) ag; d-1) g 1

3 a )
) 21 2 2
2m (”(1)) vy
ar(d-Dsin (o) an(d-1sin (53)
Tis= a1 —
; T 2Ty
1)
: (1) 1)
aj sin (5 1 ) asayy (d—1 B 1
_ W) (1) —|—a2(d—1)+ﬂ—7,
27‘(1/(1) ™ 2
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. 2
(o) (o) (o) ot a0 (o)

21 = 27‘(U(21)1/((12)) 22, (z/((f)))Q 27TV(21)1/((12)) 2

aras (d — 2) cos (a%) aias (d — 2) sin (a%) cos ( g%)

) My 83 ) 2mvy (v ( ff;)
ajas (d — 1) sin ( ) cos? ( ) . aias sin (aE ) . ajas (d —1)sin (6((12)))

' 271'1/(1) ( (( ))) 27r1/(21) ( ;)2 27”/?1)
i (55) o0y () () _ v () o ()

27r1/?1) B o (ME?;) Vﬁo’l) o (NEB)Q u(gl)
. a1 sin ( ) cos ( ) a2 (d—2) a3 (d— 1) cos (ag;) . a3 (d — 2)sin (a%)
2

o @
2””(1) M 2T va

2T (,ug;)Q v

(
3 (d—1)sin (aff}) cos (aff})  azsin (1)) cos (1)) off)
G ST
. a2 a3 sin (ag;) L @ (d—2) 0102 (d—1)cos (agg)
2,2 = QWV(QUV(%) 27w(21) (V((12)))2 71'1/ K ((f)) 7Tl/(21) ((f))
ajas (d — 2)sin ag;) ajas (d —1)sin ( ) cos ( )
- s (@)
™) (”u)) ™y ( )
a3 (d2—2d+ 1)sin<ozg;> a3 ( —3d+ ) ( ) +a2 (d273d+5)
B 21y, B T v (()) ™Y ((12))
a2 (d? — 4d + 4) sin (ag;) a3 (d* — 3d + 2) sin ( (1)> cos ( g;)
+ 2))? B 2 (2)
2my (V(l)) ™ \¥ ( (1)>
a% (d2 —2d+1 bln ( ) cos ( (1)> a% (d—1)sin (5((11)))
+ + 27r1/31
2my (v ( (1)) .
a3 (dQ —92d + 1) sin (6(1)> ~ a3 (d2 —2d + 1) sin (,6’((12))) cos (/6(1)>
+ 27?1/?1) o (MgD V(Bl)
B0 Dsin (35 eos () | aa (= Dsin (563) eon (45) _ aff(a-2)
() () oty .
d —1)sin (a ) (d —1)sin (ﬂ((f))) sin (ﬁg;) sin (ﬁéf))
Tyt 2my(y) - 2mv) B 27 (u%) V(1)’
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T2t3 ==
, T ™
as (d — 1) sin (5((1))) ag sin (B((l)) ) B 1
+az(d—-1)— 9 7
V(1) 2my(1) 2 2
- ay (d —1)sin (ozg;) ai (d —1)sin ( ((f)))
3,1 — T + ar— 27TV(1)
[ a(1) (2) )
B alsm(ﬂ(l)) a2l (d—1) s (d— 1)_‘_@ 1
27TV(1) ™ T 2’
(2) (2)
arogyy (d—1) a2 (d —3d+ 2)
Ty = - —— 4w (d-1) - —
az (d? —2d+1 ) sin az (d— 1)sin {5
N ( >+a2 (> —2d+1) - ((1))

7a(d —2d+1 SlIl( ) ((f)) 1)7§+1
271y o 2 2’

2 2 . 2 2
aE g 70 (d— 1) cos (08) 1/(21) (d—1)sin (0‘21;) u(21) (d—1)cos (oz&;) y(Ql)
+ + + -4
2 2T 2 2

¢ _
T35 =~

F Power series and Hessian spectrum by representation

We present the (fractional) power series of the minima described in Theorem 1 to O(d~?%/?)-order,

along with the respective eigenvalues arranged by their representation.

F.1 Theorem 1, case 2a

@ =1+ — (%)
-7z +0(e¥),

8

ag

2+ =21 0(a%)
J— 3
as d d2 )
4 32 8(—7m% —8n? +64) -5
_4 o(d¥),
aa wd + m3d3 mod? +
) £ +248 64 (12 — )
ay = — - .
> d 37T4d% (—2 + TI')
2 (—12873 — 407 — 22472 — 5127 + 2560 + 77 + 1076 + 527°) =
- +0(d7).
w8d? (=2 + )
F.2 Eigenvalues
t-Representation (d72)2(d73) made
n-Representation (dfl)zﬁ 2;—;
Standard Representation | d — 2 0 —2im [ 2dm [ 1] 2 % + 3
Trivial Representation 1 0 0 _5:” % % + __%;7?2':22 % + % % + %ﬁﬂ;z
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F.3 Theorem 1, case 2b

2 4(=167% + (=2 +7) (=672 + 167 + 872 + 74) + 327 s
al :—1—"—*4—— ( ( )< 3 ) )+O(d7>,
d m3d? (-2 + 7)
2 —2+% -5
@ =g+ —g=+0(d¥),

~ 4(=32m + (=24 7) (—107% — 87 + 37°) 4 167°) =5
@ m3d? (=2 + 7)° +O<d )7

2—-2 39(1-n) —13Pp_138_o 512 768 4 52 s
a4 = d + 7-(-3d% + d2 +O<d2 )7
8(—1+m)
o =Lt g

2 (=907 — 7921 + m/—16073 — 127° — 1927 + 64 + 76 + 24072 + 607t + 384 + 117* 4 46872)
3mdds (=24 )

+%+O(d%5).

F.4 Eigenvalues

r-Representation (d_zé(d_?’) =24m

n-Representation (d_léﬁ e

Standard Representation | d — 2 0 =2im | =24 [ L [ 2E7 i4+1 2
Trivial Representation 1 0 0 =2tr | 114y 7—%3:;1;:2 diyldy %

F.5 Theorem 1, case 1b

a =—1+>+—
' d m3d2 (=2 + 7)°

2 4(=167% + (=2 +7) (=67 + 167 + 872 + 7t) + 32m) N O(d%s)’

F.6 Eigenvalues

r-Representation (d71)2(d72) made

y-Representation @ iin

Standard Representation | d — 1 0 _3:” i % + %
Trivial Representation 1 0 % + 2_73(—&7:1—’-«_-:2; % i _217?(733_ tr T)rz
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F.7 Theorem 1, case 3a

g =14+ 2% +0(d%5),

wd?
8 =5
ay = — @ + O(d 2 ),
2 2(782—773716+47r) -5
!
=y + m2d? (2 + ) + ’
4 32 4(—247" — 1607% — 7° + 256 + 1927 + 2873) =5
Gy = b 2 +0(a%),
wd 733 mod? (24 )
& +2+8 4 (12 —
a5:71+ﬂ2+ +7 6§ )
d 3rddz (=24 7)

2 (—1127° — 300872 — 2407* + 5120 + 25607 + 7° 4 8v/27° + 4277 4 67273 4 1277 + 1047°)
+ 7w0d? (4 — 7?)

2 (—127 + 16 4 72 + 47?) 16 (—247% + 64 + 247 + 7wt + 473)
m2d (24 ) T4d3 (44 72 + 4n)

9 —18477 —267®—39687° —819272 —16v/27" —4y/ 278 —1127° —7°
—16V/276420480+245767+864mw4+11276 -5
+0(d= ).

m0d? (8 + 73 + 127 + 672)

+

F.8 Eigenvalues

t-Representation (d_3)2(d_4) =2
n-Representation W e
Standard Representat%on Sq_2 d—3 0 _2;” _gjr‘” % ?7” 1 741
Standard Representation s 1 0 —tm | —etd I 2
Trivial Representation 1 0 0 —3:” % QZ_TW % 4 :‘;Er;rz
dy 1 dy — 10748472
4 2 T 2n(—4+m)
Tensor Representation 542 @ 63 | d — 3 —2in [ iz
F.9 Identity
ayp = 1, ag = 0.
F.10 Eigenvalues
r-Representation (d71)2(d72) made
y-Representation @ iin
Standard Representation | d — 1 0 _3:” . i ] % + %
Trivial Representation 1 0 44 2_;1(‘& E‘_:) 44 —217?(7“_‘*;3_:7;
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F.11 Theorem 1, case 3b

2 442 —:
@ =-14 g+ —p=+0(d%),

ag 23-%%—;1724-0(([7),

L ki) o(a¥),

m2d? (24 )
2—2 32(1-m) 2(—3447% — 7% — 512 4 47* + 3847 + 51272 + 267°) s
g =— t—— 3 572 +O(d2)’
m3dz mod? (2 + )
8(—1+m) 8 (=247 — 2007 + 96 + 37* + 1207?)
as =1+ 3 + - 3
72d 3mtdz (—2+47)
L2 (—22470 — 681673 — 4967° — 108872 — 78 — 5120 + 97287 + 5277 + 41127%)
m8d? (4 — 72)
+ O(d?s),
4 (—71'2 -8+ 671') 16 (—4071'2 —40m — 7 4+ 64 + 20773)
ag =

+
72d (2 + ) mids (4 + 72 4 4m)

L4 (—48167* — 11677 — 454473 — 10240 + 40967 + 57 + 1484872 + 1767° + 16327°)
w0d? (8 + 3 + 127 + 672)

F.12 Eigenvalues

r-Representation (d_3)2(d_4) e
y-Representation (‘1_2)2& Zin
. - —247 —247 T 24w d T
Standard Representation s4_o d—3 0 r3 o A .
1 —247 —247
Standard Representation s 1 0 o = 7 %+3 ; ]
ivi ' —24n 1 2tr | dy —dimin®
Trivial Representation 1 0 0 . 1 E d | —iirim
d 1 d 4 —10m+8+7?
4 2 T 27 (—4+4m)
Tensor Representation s;_o ® §2 | d — 3 *erff 217”
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F.13 Theorem 1, case 4

a; =1+ :—4 +O<d%5),

d2
12
a2 - W + 0] (de),
2 2(-107* - 32 — 7 + 16m) s
7 =— O(dT)
=y + m2d? (2 + 7) +
32 8(—17x* — 1447% — 7 + 128 + 1287 + 507%) =
4= — + —— + +0(d7),
wd  73d3 md? (2 +7)
- £+248 N 64 (12 — )
as = — —
° d 3mid3 (—2+ 1)
2 (—2887° — 505672 — 2727 + 5120 + 7% + 35847 + 8v/37% + 4v/3n7 + 1677 + 182473 + 14476)
+ w68d? (4 — 72)
+0(d7),
2 (—12m + 16 + 7 + 47?) L 16 (—247% + 64 + 247 + w* + 473)
ag =
6 m2d (2 + ) md3 (4 + 72 + 47)
9 ( —19207° — 16477 —287% —49927% — 1382472 —16+/377 —4v/37% —° )
—16+/3w64-204804286727+31276 4496074 =5
+ : +0(d7).
w6d? (8 + w3 + 127 + 672)

F.14 Eigenvalues

rq_3-Representation (d75)2(d*4) _i‘:”
3-Representation 1 T
n-Representation W 2tn
Standard Representation s4_3 d—4 0 =2tm | —24m 1]z % +
Standard Representation s3 2 0 =2in | —2in EE
Trivial Representation 1 0 0 *gjr us i 2:7” % 4

i+s 2+ S

Tensor Representation s,_3 ® 63 | 2d — 8 —2in |z
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