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ABSTRACT

In this work, we revisit the saddle-point problem min, max, p(z)+R(z,y) —q(y),
where the function R(z,y) is Lr-smooth, p,-strongly convex, and ji,-strongly
concave, and the functions p(x), ¢(y) are convex and L, L,-smooth, respectively.
We develop a new algorithm that achieves separation of complexities with respect
to the computation of the gradlents VR (z,y) and Vp(z), Vq(y). In particular,

our algorithm requires O ((, | 2= /Ly W) log 7) computations of the
gradient VR(z,y) and O <(\ [ 22+ ;T) log g) computations of the gradients

Vp(x), Vq(y) to find an e-accurate solution to the problem. Moreover, under
the condition Lr > /pizLg + piyLyp, the algorithm becomes optimal (up to
logarithmic factors), i.e., it cannot be improved due to the existing lower complexity
bounds. To the best of our knowledge, our algorithm is the first to achieve near-
optimal complexity separation in the case when fi; 7# fiy.

1 INTRODUCTION

In this paper, we consider the following composite saddle-point problem:

min max p(z) + R(z,y) — q(y), )
z€Rdz ycRy

where p(z): R% — R, q(y): R¥% — R and R(z,y): R% x R% — R are smooth functions.
Problems of the form @) have been actively studied in economics, game theory, statistics, and
computer science (Basar & Olsder}|1998; [Roughgarden, |2010; [Von Neumann & Morgensternl, 1947
Facchinei & Pang, 2007} Berger, 2013). In addition, many applications of such problems have
recently appeared in machine learning, including prediction and regression problems (Taskar et al.,
2005; Xu et al.l 2009), reinforcement learning (Du et al.,[2017; Dai et al.|, [2018]), adversarial training
(Madry et al.,|2017;Sinha et al.,2017), and generative adversarial networks (Goodfellow et al.,|2014;
Arjovsky et al.,[2017).

1.1 CONVEX-CONCAVE SETTING AND SEPARATION OF COMPLEXITIES

In this work, we are interested in solving problem () in the fundamental strongly-convex-strongly-
concave setting. In particular, we assume that the function R(x,y) is strongly convex in the variable
2 and strongly concave in the variable y, while the regularization functions p(x) and ¢(y) are convex.
Under these assumptions, problem (I]) has a unique solution. Although saddle-point problems of this
type have been studied for many years in the optimization literature, it turns out that there are very
important questions related to these problems that have yet to be answered.

The natural goal of our paper is to provide an efficient algorithm for solving problem (I). In particular,
we aim to develop an algorithm that can find an approximate solution to the problem using the fewest
possible number of computations of the gradients VR(z,y) and Vp(x), Vq(y). The existing results
of [Nesterov] (2018); Zhang et al.| (2019) suggest that to find an e-accurate solution (see Definition [3)
to problem (1)), any first-order optimization algorithm requires at least the following number of
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computations of the gradient VR(z, y):

Q(Ee-10g), @

and at least the following number of computations of the gradients Vp(x) and Vg(y):

0 (max{\/%, \/ﬁj} 1og§), 3)

where 1, and i, are the strong convexity constants (see Deﬁnition@ associated with the functions
p(x) and q(y), respectively, and L, L,, and Lg are the smoothness constants (see Definition
associated with the functions p(x), ¢(y), and R(z,y), respectively. Unfortunately, the existing
state-of-the-art algorithms (Kovalev & Gasnikov} 2022; Jin et al.,[2022; [Li et al.,2023)) are unable to
reach these lower complexity bounds. The algorithm of |Kovalev & Gasnikov| (2022) requires

L,L, L 1
@) (max{ P \/uny}bg g) 4)
and the algorithms of Jin et al.|(2022); |L1 et al.| (2023) require
L, Ly Lp L
O (max{y/Le, /L1, Le, Ln}iog 1) )

computations of the gradients of both V R(z, y) and Vp(z), Vq(y). One can observe that there is a
significant gap between these upper bounds and the lower bounds () and (3).

The key problem with the existing state-of-the-art algorithms is that they have the same gradient
computation complexity for both VR(z,y) and Vp(z), Vq(y). However, lower bounds on these
computation complexities (eqgs. (2) and (3)), respectively) can be largely unbalanced, for instance,
when Lg/\/ftzfty > /Lyp/ e + Lq/ 1. Hence, to reach (or at least come closer to) both lower
complexity bounds (2)) and (3), an efficient iterative algorithm for solving problem (I)) would need to
skip evaluations of VR(x, y) or Vp(z), Vq(y) from time to time. This would help to achieve different
gradient computation complexities for VR(z,y) and Vp(z), Vq(y), which is called complexity
separation. Thus, we arrive at the crucial task of developing an efficient algorithm with complexity
separation for solving problem (I)) which is able to reach one of the lower complexity bounds (2)
or (3)), or, under some circumstances, even both of them. Further, we provide an additional motivation
for this task.

1.2 ON THE IMPORTANCE OF COMPLEXITY SEPARATION

The development of efficient algorithms with complexity separation for solving problem (T)) is
an important challenge. It is motivated by theoretical interest in various aspects of optimization
techniques, as well as numerous applications in practice. Further, we provide a few examples of such
applications.

Distributed optimization. One of the common applications of problem (I} is decentralized dis-
tributed optimization. Let G = (V, £) be a graph, which represents a communication network of n

compute nodes ¢ € V = {1,...,n}. The nodes can communicate across the communication links
e € & in the network and aim to solve the following finite-sum minimization problem:
min 3 ey fi(), ©)

where each function f;(z): R? — R is stored locally by the corresponding node i € V. Problem (6)
is often reformulated as the following saddle-point problem (Kovalev et al., |[2020):

m}énd F(z)+ (x, (W ®1,)y), @)

z€ERM

where W € R™*™ is the so-called gossip matrix associated with the network G, and F'(x): R 5 R
is a block-separable function, which is defined as F'(z1, ..., x,) = Y., fi(x;). Itis easy to observe
that reformulation (7)) is indeed a special case of problem (1)) with R(z,y) = (x, (W ® I;)y) and
p(z) = F(x), ¢(y) = 0. Moreover, one can observe that computing Vp(z) corresponds to the local
computation of the gradients of the objective functions f;(x), while computing V R(z, y) corresponds
to decentralized communication in the network. In this setting, the complexity separation is a highly
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desired property. Indeed, in some cases, the communication network can be very slow, thus we would
like to save communication rounds by performing multiple local gradient computations between them
(Savazzi et al.| 2020; Brown et al.,|2020). On the other hand, the opposite scenario is also possible,
where we want to save local gradient computations instead. For instance, this could occur during
the training of a large machine learning model on a cluster of compute nodes connected over a fast
communication network.

Personalized federated learning. Another important special case of problem (T)) is the following
personalized federated saddle-point problem (Smith et al., |2017; |Wang et al., [2018; [Li et al.} 2020;
Gorbunov et al., 2019):

. A 2 A
Ly max lellwe,, + iew il vi) - 3lvlRver,, - ®)

where we use the notation ¢ = (x1,...,2,) and y = (y1,...,Yn), (@;,y;) corresponds to the
weights of the local model stored by the node i € V, and f;(z;,¥;): R x R — R are the
objective functions. Similarly to the previous example, the complexity separation is desired to
efficiently balance the costs of communication and local computation.

Empirical risk minimization. Finally, one of the most popular examples of problem (I)) is the
classical Empirical Risk Minimization problem (Shalev-Shwartz & Ben-David, 2014)
min [p(z) +£(B"x)] = min max [p(z) + (z,By) — £ (y)], ©)
rERdz z€Rx yecRy
where £(y): R% — R is some convex loss function, £*(y): R% — R is its Fenchel conjugate,
p(z) is a regularizer, and B € R% ¥4y is the feature matrix. Once again, the desire for complexity
separation could be motivated by reducing communication costs (Xiao et al.;,2019)), or computation
costs, for instance when the gradients Vp(z), V£(y), or V£*(y) are hard to compute.

1.3 MAIN CONTRIBUTIONS

In this paper, we resolve the task of finding an efficient algorithm with complexity separation for
solving problem (). In particular, we provide the following main contributions:

* We develop a new state-of-the-art Algorithm[I] This algorithm achieves (up to a logarithmic
factor) the lower gradient computation complexity bound (@) for the gradients Vp(z),
Vq(y), while improving the state-of-the-art gradient computation complexities (@) and (@)
of Kovalev & Gasnikov|(2022); Jin et al.|(2022); Li et al.|(2023) for the gradient VR(x, y).
Moreover, under the condition Lr > +/pizLg + piy Ly, the proposed algorithm becomes
near-optimal, that is, it achieves both lower bounds (2) and (3) (up to logarithmic factors).

* We use our approach and the proposed Algorithm [I]to obtain state-of-the-art complexity
results for solving saddle-point problems with a bilinear coupling function in the Appendix.

2 NOTATION AND ASSUMPTIONS

In this paper, we use the following notation: I; denotes the d x d identity matrix, ||| denotes the
standard Euclidean norm, (-, -) denotes the standard scalar product. For vectors z, 2’ € R? and a
symmetric positive definite matrix A € R¥? (z 2')a = (z, Az’) denotes the weighted scalar
product, and ||z||a = /{(x, z) o denotes the weighted Euclidean norm. For a differentiable function

f(z): R = R, by Dy(x1,22): RY x R — R we denote the Bregman divergence associated with
the function f(z), which is defined as follows:

Dy(x1,22) = f(21) — f(w2) — (Vf(22), 21 — T2). (10)

For a proper lower semi-continuous function f(z): R* — R and n > 0, by prox, ;(z): R* — R
we denote the proximal operator which is defined as follows:

prox, ;(z) = arg géiﬂgd [f(x')JrQ%]Ha:'foQ . (11)
We say that the function f(z) is proximal-friendly if the proximal operator prox, ;(x) can be
computed efficiently. As mentioned in Section [I} we assume that the saddle-point problem () is
smooth and strongly-convex-strongly-concave. We formalize this through the following definitions
and assumptions.



Under review as a conference paper at I[COMP 2024

Definition 1. A differentiable function f(z): R — R is called L-smooth for L > 0, if its gradient
is L-Lipschitz continuous. That is, for all z;, zy € RY, the following inequality holds:

IVf(z1) = Vf(z2)ll < Lllz1 — 22|. (12)
Definition 2. A differentiable function f(z): R? — R is called ji-strongly convex for ju > 0 if. for
all 21, zo € RY, the following inequality holds:

Dy (21,22) > 4|21 — 22| (13)

When 1 = 0, we say that f(x) is a convex function.
Assumption 1. Function p(z): R% — R is differentiable, L,-smooth and convex.
Assumption 2. Function q(y): R% — R is differentiable, Lg-smooth and convex.

Assumption 3. Function R(z,y): R% x R% — R is differentiable and L r-smooth. Moreover, for
all z € R% and y € R%, the function R(-,y): R% — R is pi,-strongly convex and the function
R(z,"): R% — Ris y-strongly concave, where p, < Ly, 1, < Ly and | /lizfty < Lg.

Finally, to specify the quality of an arbitrary approximate solution to problem (IJ), we use the following
definition.

Definition 3. A vector (z,y) € R% x R% is called an e-accurate solution to problem (I)) if the
following inequality holds:
o —*|* + [ly — y*|I* <, (14)

where (z*, y*) is the unique solution to problem (T).

3 OPTIMAL ALGORITHM

In this section, we present the key idea used to develop Algorithm[I] Subsequently, we provide the
convergence theorem (Theorem|I)) and the complexity theorem (Theorem [3) of Algorithm [I] Lastly,
we express these complexities for problem (T)), specifically when p(z) = 0 or ¢(y) = 0.

3.1 IDEA
To understand the idea of Algorithm [T} we temporarily switch from the composite saddle point
problem (T)) to the minimization one:

minu(z) + v(x). (15)
For simplicity, we assume that function u(z) 4+ v(x) is p-strongly convex and functions u(z), v(z)

are L,,, L,-smooth, respectively. A fundamental and intuitive approach to solve this problem is to
apply Nesterov’s Accelerated Gradient Descent Nesterov| (1983), Nesterov| (2018):

x’; = az® + (1 - oz)x’}

ol =gk — n(Vu(xs) + Vv(x’;)) (16)
xljfl = x’; + ozt — 2F).
LutLy,

This method requires O log %) computations of the gradients of both Vu(z) and Vo (z)

nw
to find an e-solution to (I5)). This method uses the fewest possible number of computations for
both gradients: Vu(z) and Vuv(x). However, it does not allow separation of the number of gradient
computations for each function. This lack of separation could be significant in certain scenarios,
as previously discussed. One of the ideas for obtaining a complexity-separated algorithm is to use
proximal point methods. These methods use a proximal step instead of a gradient one. For example,
the Accelerated Proximal Point Algorithm Rockafellar| (1976),|Guler| (1991),|Auslender & Teboulle

(2006), Tseng (2008)), Lewis & Wright| (2016)):

x’; =az® +(1- a)x’}
zhtl = proxnv(x’lC . nVu(a:’g“))

x’}“ = x’g“ + a(zFtt — 2P,
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References Oracle calls of Vp(z), Vq(y) ‘ Oracle calls of VR(z,y) or B,B” Compl. Sep.
Strongly convex-strongly concave case
Korpelevich (1976
I'seng (2000 Lp+Ly, Lr+1Lg 1
Nesterov & Scrimali (2006 o << I + 1y log e X
Gidel et al. (2018
1 Ly Lq 1000
Alkousa et al.|(2019} Vp(x) : O( 2 log 2 ) Vaq(y): O (W L logK %) [ (’“”‘/"T’loﬂ :) v
g Lin et al. (2020 (L"Jﬁ? Dot Jog? z) X
=
) - n 1 . Ly, [Lg LpL 3 (Lp+Lr)(Lg+Lr) 1
Wang & Li|(2020] 0 (max {\/2e, /2, [EL Y10 )t jog L) x
- 1 Laty/IL,
Kovalev & Gasnikov|[(2022 o (? log g) X
Jin et al.|(2022)] ] oo [To L, L |
Lietal. (2023 O(mdx{vﬁ'\/ﬁ‘ﬁ‘ﬁf}log? X
s [ L, [La L L .
This paper o (max{ [ /ﬁ}l"g %) 9 (mux{‘/;';‘ ﬁ‘ﬁ}l“gml"% %) 4
5 Zhang et al.|(2019] Q (anf log g) -
2
= Nesterov (2018 KZ(max{q/f%A‘/%}log%) - -
Convex-concave case
Korpelevich (1976 2
1'seng (2000 @] (LD > X
Monteiro & Svaiter|(2010] €
] Chen et al.|(2017] o (‘/”“*‘ ’D+£;1D2) X
)
-
Lan & Ouyang|(2021] o (d%v) o (max { [madloLol %zﬂ}) v
This paper (mdx{ 2Dy, “‘D }l 17> (@] <max{ %D,, \/ %D,,, %D,DV} log;2 }) v
5 Zhang et al. (2019 Q(D,D,) -
g |
S Nesterov (2018} Q(Uh = + /%DV> -
Bilinear strongly convex-strongly concave case
Korpelevich (1976) L 1
Nesterov & Scrimali[(2006 [ <7 log —) X
‘Mokhtari et al. (2019] win{py, g} €
Cohen et al. (2021 O(max{ﬁi‘%& %“}log%) X
Wang & Li{2020 (nm { Ve B, BT } log g) x
- 1 L2L, L2L,  [Amax(BBT
5 Xie et al.|(2021] O<max{f/ﬁ?ﬁ. oy ﬁ.ﬂ/#}mgf) x
5‘ Kovalev et al. (2022
Thekumparampil et al. (2022} T 1
Jin & Sidiord (2020} 0 (max{ [ L2, ﬂ, Amax (BBT) log ! X
Du et al. (2022 \,/ tp \ Hq Hpltq
Lietal. (2023
[ (mm {Ky, K>} log “mm{” B“B;- log 1 )
L, [L 1 —
Thi a ot Ay e B Q) Pt s LpAmax(BBT) LgAmax(BBT) v
s paper © (m ‘X{ i\ g [ B E Ky = max | \/ SIS0 BB * \ hghmin(BBT)
Ap— p [L Amax (BBT)
p= ‘MX{ K: e ol }
; o ] Amax BB") g 1 _
5 Zhang et al. (2019 0 (2t o)
5
- v | ax{ . /Le  [Le y L - -
Nesterov [(2018; Q <nm.\{ o\ } log )
Affinely constrained minimization case
Kovalev et al.|(2020] «(BBT) 1
§_ Kovalev et al.|(2022 SEET) log ?) X
=
= This paper o/ E0st) O (min { /232 BBD) wuax {2, | [oumnBED p M 1052 1) v
- 1 i)
5 Salim et al.|(2022] - 0 (y/Ere=Er l0g 1) -
3 T
~ Nesterov (2018 Q ( 22 log %) - -
» 08z
Bilinear case with linear composites
izian ef } Amax (BBT) 1
g Azizian et al. (2020] o ( QBB Jog ;) X
=)
. Amax(BBT
= This paper O (logl) o ( T(E.?;'F))l og é) v
5
£ [brahim et al. {2020] - (/5B 05 1) -

Table 1: Comparison of our results for finding an e-solution with other works. In the strongly convex-strongly concave case, convergence
is measured by the distance to the solution. In the convex-concave case, convergence is measured in terms of the gap function. Notation:
Ly, Ly, LR - smoothness constants of functions p(z), ¢(y) and R(x, y) respectively, L = max{Lp, Lq, Lr}, i - strong convexity
constant of R(x,y) for fixed y, u,, - strong concavity constant of R(x,y) for fixed =, Dy, D, - constants such that ||z*|| < D,
ly*|| < Dy, D = max{D,, Dy }. For bilinear case Amax (BBT) > 0 and )\,mn(BBT) > 0 are maximum and minimum eigenvalue
of BB respectively, L = max(Ly, Lq, v/Amax(BBT)), pip, f1q - strong convexity and strong concavity constants of p(z), g(y)
respectively.

'In these papers, results close to the lower bounds were obtained but a slightly different notation was used. For more details see Section

which uses a proximal step in function v(x) and a gradient one in function w(z). The stumbling
block of this method is the computation of the proximal operator for the function v(z), which
can be computed precisely only for proximal-friendly functions. To adapt Accelerated Proximal
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Point Algorithm for L,-smooth and non-proximal friendly function v(z), the proximal operator
can be computed inexactly. Firstly, to present this idea in detail, we rewrite the line z*+1 =
prox,,, (2% — nVu(xk)), using (TT) and the first optimal condition for the differentiable function
v(z), in implicit form:

"t = 2F — o (Vo(a" ) + Vu(a})) . (17)

Usually, the addition sequence ¢! is used to compute x**1 for non-proximal friendly function.
This sequence updates as 2**! ~ prox, (¥ — nVu(x )) and stores the approximated value of the
proximal operator, which can be founc717 by solving problem (TT) with algorithm .A. After that, the
sequence z**! is updated by (T7) using 2. Summing up the above, we get the following method,
which is based on the sliding technique [Lan|(2016):

a:’; = az® + (1 - a)x’;

1~ arg mzin {v(x) + <Vu(x’g“),x> + %Hx - xk|2}
e = o (Vu(eh) + Vo))

’;*1 = x’; + a(Fh ! — zF).

If Nesterov’s Accelerated Gradient Descent Nesterov| (1983)), Nesterov (2018)) is used as algorithm

(18)

A, Accelerated Proximal Point Algorithm requires O ( % log é) computations of the gradient

L, 1 . . . .
of Vu(z) and O (, [ log g> computations of the gradient of Vu(z) to find an e-solution. The

application of the proximal method to the composite optimization problem enables us to achieve
complexity separation. Importantly, this is accomplished without compromising the method’s
optimality. We are now prepared to revisit the composite saddle point problem (TJ). It should be noted
that for problem (I5), our objective is to find a point & that satisfies the equation Vu(z)+Vo(z) = 0.
Note that for problem (T3)), it is enough to find a point & such that Vu (%) + V(&) = 0. Similarly, for

problem (TJ), our goal is to find a point (&, §) such that (ggg 3 + g gg 33) = (8) This fact
Vp(ﬂf))

allows us to adapt approach to problem (I)) by replacing Vu(x) with operator A = (Vq (v)

and Vou(z) with operator B = (_va %&2» , and develop Algorithm

Algorithm 1

I: Input: 2° = 24 € R%, 0 = ) e R
2: Parameters: o € (0, 1), 7y, 7.
3: fork=0,1,2,..., K —1do
4: xZ =azrk + (1 - a)a:’}, yg =ayf + (1 - a)y’;
5: (#F+1 gk 1) ~ arg ming cga, arg MaX,, gy Al (z,y)

) 1 X

Ay (a,y) = (Vp(ag), z) + %Hx —a*|> + R(z,y) — (Valy}),y) - 2% —ly—o*I> 19

6: x“‘l = a: =1 (Vp(z )—|—V R(&M L, ghth))

yo =y~ (Va(yh) - V, R ”’““))
7. l}+1 — ok 4 a (@t — k), yl;ﬂ — k4 a(§Ft — b
8: end for
9: Output: 2, y&

3.2 CONVERGENCE OF ALGORITHM[]]

Now we are ready to present the linear convergence of Algorithm T when applied to problem [T|under
Assumptions
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Theorem 1. Consider the application of Algorithm[I|to solve problem[Ijunder Assumptions|[I}3} with
one of the following tuning

1 1
1']prqu:a:min{17 Ml}a anmin{7}a 771/:&77957 (20)
Ha Hy : I

L, 3z 3Lpa y
1 1 I
2.0 ke > Lo g —min {1, [EY y = mind —, —— e =y, @l
f Ky Iia « mln{ ) Lq ) T’J min 3/,Ly7 3an 9 n Mz nJ ( )
Additionally, the point (£*1, ¢*+1) in line@should satisfy the following condition:
v Ak( BHL ity 2 1 ||3k41 — k|2 L1, 0
17 < - , where P := [ "= ™ . 22
H VA Ak( L gkt | S G || yk . 0 %Idy (22)

Then, for any

[L, [Lg c
K> Bmax{l, E”/Ty}bg?

1 1 2 2
Czixo_x* 2_"_7 0 _ *2+7D .’EO7$* +*D 07 *7
e a2l P 2Dyl ) + D)

with C defined as follows

we have the following estimate for the distance to the solution (z*,y*):

1 * 1 *
—[|lz® —a*|* + n*HyK -y PP <e (23)
z y

Proof of Theorem|T]you can find in Appendix [A]

Complexity of solving auxiliary subproblems. In each iteration & of Algorithm|[T} we are required
to find a point (2¥+1, §**1) that is an approximate solution to problem (T9) and satisfies condition

(22). According to Assumption the function i |z — 2|12 + R(z,y) — ﬁ |y — y¥||? is smooth

and strongly convex-strongly concave, while the composites (Vp(z¥, z)), (Vq(y?j), y) are proximal-
friendly. The FOAM algorithm (Algorithm 4 from Kovalev & Gasnikov|(2022))) is optimal for finding
the solution to problem (T9). This implies that it can be applied from the initial point (z*, y*) to find

point (Z ( k1 Qk“) The complexity of this procedure is outlined in the following theorem.

Theorem 2. Consider the application of Algorithm 4 from Kovalev & Gasnikov|(2022) to solve
problem (19) under Assumption[3| Then, this algorithm requires the following number of gradient
evaluations

max{(14+Lgrn:)(1+Lgrn,
T =0 (/+ Lana)(1+ L) log m{0 gl bLana) ) @4
to find a point (£**1, g*T1), that satisfies condition [22).

Proof of Theorem [2] you can find in Appendix [A.2]
Remark 1. Note that the stopping criterion @ Jfor solving the auxiliary problem (19) is practical

due to it does not depend on point (2*+1 §*+1) (solution to (™).

Overall complexity. We are now prepared to present the number of gradient computations for Vp x),
Vq(y), and VR(x,y), which are sufficient for finding a solution to problem (T]) by Algorithm
should be noted that finding the solution to the auxiliary subproblem (I9) does not require the oracle
calls of Vp(z), Vq(y). These oracles are only called in line[6] of Algorithm[I} By combining the
results from Theorems [T]and 2] we can present the following theorem.

Theorem 3. Consider the application of Algorithm[I|to solve problem[Ijunder Assumptions|[I}3} with
tuning 20) or @I)). Also, to find point (2*+1, §kT1), that satisfy condition 22), the FOAM algorithm
will be used at each iteration of Algorlthmm Then, this method requires

0 s 122 B} )

gradient calls of Vp(x), Vq(y) and

/Ly  [Lqg L 1
(max { H ’ My’ \/ITI"U} min{ﬂ:»#y} IOg 5)

gradient calls of V R(x,y) to find an e-solution to problem (T).
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Proof of this theorem you can find in Appendix[A.3]

SPP with one composite. The important particular case of problem (T)) is the composite saddle point
problem with one composite, denoted as q(? = 0 (or equivalently, p = 0). This implies that in this

3l Algorithm (I{requires O <~ / % log é) gradient calls

of Vp(z) and O (max{ ﬁ”, \/W} log 7> gradient calls of VR(z,y) to find an e-solution to
problem ().

scenario, Ly = 0. According to Theorem

3.3 CONVEX-CONCAVE AND STRONGLY CONVEX-CONCAVE COMPOSITE SPP

For the convex-concave composite saddle point problem, we assume that p, = 1, = 0. This implies
that the function R(x,y) is convex-concave. Similarly, for the strongly convex-concave composite
saddle point problem, we assume that p,, > g, = 0, which means that the function R(z,y) is
strongly convex-concave. To present the results for these problems, we adopt the standard assumption
that the solution (z*, y*) is bounded, i.e., ||z*|| < D, ||y*|| < D,. We use this assumption and
consider problem (), which includes regularization terms. For the strongly convex-concave case, we
apply regularization to the function ¢(y) and consider the problem

. R 3 2 25
iy max {p(m)-l— (z,y) —qly) — 122Dgllyll} (25)

as opposed to the problem (). Similarly, for the convex-concave case, we introduce regularization
terms for the functions p(x) and ¢(y), and consider this modified problem
min max { p(x) +

2 2
26
iy max 16@2 [z]]* + R(z,y) — qly) — 16DQHyII } (26)

instead of problem (I). To demonstrate the equivalence of problems (23], @]) with regularization
terms to problem (I)), we present the following lemma.

Lemma 1. Consider problem (HI) under Assumptions E] If py > 0, py = 0 (strongly convex-
concave case) and (x 9) is a 3 £ -solution to problem 23) or if j1, = O ty = 0 (convex-concave
case) and (1, 9) is a £-solution to problem @R6) with ||z*| < D, , (2,9) is an
e-solution to problem ﬁI])

Due to this lemma, we need to find a 2t-solution to problem (23) or a 5-solution to problem

([26). To find them, we apply Algorithm [1] with composites p(z), q(y). According to Theorem 3|

Algorithm 1| demands O (max {\/ 1/ Dy7 u N }1 og W log i) gradient calls

of VR(z,y) and O (max{,/iz, \/L;Dy} log i) gradient calls of Vp(z),Vq(y) to find an

e-solution to problem (I)) in the context of a strongly convex-concave case. Conversely, it re-

quires O (max {\/ Lop /L =D, LE D,D }bg W’j%} log i) gradient calls of VR(z,y)

and O (max {\/ %Dx, v/ LEqDy} log ;) gradient calls of Vp(z), Vq(y) to find an e-solution to

(T) in a convex-concave scenario.

Remark 2. Also, we analyze the important particular case of (1), when R(x,y) = T By. Results
for this case can be found in Appendix|B|

4 DISCUSSION OUR RESULTS AND RELATED WORKS

In this section, we compare complexity results for Algorithm [I] stated in Theorem 3] with related
works.

4.1 STRONGLY CONVEX-STRONGLY CONCAVE AND STRONGLY CONVEX-CONCAVE CASE

In the case of strong convexity and strong concavity, Algorithm[T]has the following oracle complexity

(max{ \/7 \/>} log = ) gradient calls of Vp(x), Vq(y)
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and

@ (\/ﬁfﬁy log min{i’; ™ log %) gradient calls of VR(z,y)

to find an e- solution to (I). Furthermore, the iteration complexity of Algorithm [I] is equal to

I, . .
(max{ A Lo o Pt \/W} Fn e log = ) This achieves the lower bounds up to a
logarithmic factor and improves the existing results

(max{ [Lp , /Lq \/LR max{Ly,Lq,Lr} }1 3 (Lp+Lr)(Lg+Lr) IOg l)
# Hy My Ha by €

from Wang & Lif (2020),
o (LR-'M/L I, log® )

N
according to|Lin et al.[(2020),
o <L rty/IpLy log 1 )
Nz
from [Kovalev & Gasnikov]|(2022) and

o (max{ Ly \/LI’, La @} log l)
Ha Hy " Ha " My €
according toJin et al.| (2022). It is important to note that the works Jin et al.|(2022) have examined
problem (I)) under Assumptions and a more detailed assumption on the function R(z, y).
Assumption 4. R(z,y) is twice differentiable function and ||V o R(x,y)|| < LEE, [|[VyyR(z,y)| <
LY and |V oy R(x,y)|| < L, where || - || is spectral norm.

Using this assumption, the authors of Jin et al.| (2022) obtained the following iteration complexity for

problem (TI):
LT’I‘ L"/"/ LT"/ 1
(max { " , , } log 7) .
Hy ' Mz My /»L"Dlly 15
This iteration complexity achieves the lower bounds if L%* = LY/ = 0. Meanwhile, Algorithm

effectively separates the number of gradient calls of Vp(x), V¢(y) from the number of gradient calls
of VR(z,y) up to a logarithmic factor.

In work |Alkousa et al.[(2019), the authors separate the number of gradient calls of Vp(z), Vq(y)
from the number of gradient calls of VR(z,y). However, these bounds do not achieve the lower
bounds even for iteration complexity. Due to these facts, to the best of our knowledge, Algorithm [T}is
the first algorithm that achieves the lower bounds on iteration and effectively separates the number of
gradient calls to (T). For the strongly convex-concave case, we get the same results with regularization
by changing u, to E/Dz.

4.2 CONVEX-CONCAVE CASE

In the scenario of a convex-concave case, Algorithm ] requires

o <max {\/ %Dw, \/ LE“Dy} log i) gradient calls of Vp(z), Vq(y)

@ <max {\/ %Dx, qu Dy, LERDmDy} log? i) gradient calls of VR(x,y)

to find an e-solution to (I). This result meets the lower bounds on iteration complexity

Q (max { \/ %Dm v/ %Dy, LSRDmDy} log i) up to a logarithmic factor and generalizes results
Ly, L
) (\/ MD) gradient calls of Vp(z), Vq(y)

) (max {\/ %D, LERDQ}> gradient calls of VR(z,y)

from Lan & Ouyang|(2021), where D = max {D,, D, }.
Remark 3. The discussion of our results for the bilinear case can be found in Appendix|C]

and

and
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A MISSING PROOFS

A.l1 PROOF OF THEOREMIII

Lemma 2. Consider Algorithm|l|for Problem|l|under Assumptions I and Lo > L #
following tuning:

a = min 1) Mi ) Ne = min La L ) 77y = Minwa
L, 3z 3Lpa fby

and let (*+1, g*+1) in linesatisfy

H v Ak( k+1 ngrl) 2 2

1

Ghtl ok
aas k
-y

/\

1
v Ak( k+1’gk+1) 6

Then, the following inequality holds

P

UhH < (1 - 9) ok
— 6 b
where

1 1 2 2
\Ilk — J}k—l'* 2_’_7 yk_y* 2_~_7D Ik,.’IJ* —‘r*D yk)y* )
e =P I D)+ D))

Proof. Using line[6]of Algorithm [T} we get
2

S 2 B ok _ 2 +2<xk+1 _xk.xk_$*> N ohHL _ gk
yk+1 _ y* b yk _ y* b yk+1 _ yk7 yk _ y* P yk:-i-l _ yk: P
o <Vp(x§) + Vo R@E g4 o > et
AR Tl | S Va(yk) — VyR(EH, gh+1) gk ykt!
2 R s
_ xk — 49 Vp(acg) + V R(zF+1 gkt i B
AR Tl | Va(yy) — VyR(& L gt gty o
e _
L <Vp(x§) + Vo R(EH ity ghtt :c> I
Va(yF) — V R(@FH, g1 ghtt -y yRr — gkl
Since 2{(a,b) = ||a + b||* — ||a||* — ||b]|?, we get
R ahtl_ ok
gkl — || P — 2 Vp(z}) + V. R( ML)+ 2 7 <
* - * n lc+
yk+1 -y lp yk -y ||p vq(yg) ( k+1 yk+1) 4+ 8 " gt —y* bt
_ HVp@z) + V. R A’““) B chk“ — |
Valyy) = VyR@ g ooy |95+ —oF
9 <Vp( B) + Vo R(aFHL ghtl) ghtl _ x*> xhtl — gk
- ’ ~ N * +
Vq(yg) Vy R(E g ) gttt —y yFrt — gk
Using line[6] of Algorithm[T]and (T9), we get
v — || Tl - vl -V, Ak ( ket yk+1) gk-i—l yk

Tp(at) <@+1*+>@
2<v«ﬁ> JR(ZFHT 1) gt >'

Since (28), the following inequality holds

2 2

k Ak+1 k

zh — x* -
yk —y* b gk+1 yk
<Vp(a:k) + Vo R(EF ghtt) ghtt — a:>
-2 g .
o \Y

yR(.fjk+17 gk+1)7 z)k-&-l _ y*

xk-i—l *

k+1
y-i-

— X
* >~
-y P

, with the

-
—yk

2

k

27

0
, where P := <’7m0dz 1 ) . (28)
Ny dy

(29)

(30)

2

P
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Using the first-order necessary condition (Vp (x )) + ( Vo R(zy ) ) = 0and Assumption

VQ(y*) yR IL‘ Y )
we get
bt — g+ _ e | I W P x’“ ? 9 <V]9(:Eg) Vp(z*) gh+1 — x"”‘>
Rt —yrlle Tl -l 3T =0 Va(yy) — Valy*) g8t —y*
() Tl et g> (T Ty
Valyy) — Valy*) y* — Valys) — Valy*) ys —y*
_y va(ijrl’ y 1) VzR(Z* *) :%kJrl T*
=V R(@H g5 ) + Vy R(a*, y*) g* T — g
R 2 - 2 phtl _ gk 2 - <Vp(m§) _ vp(x*)'q::k-&-l _ xk>
W -vlle 3T -t Va(yy) — Valy*) g8t —y»
N <Vp(x§) — Vp(z*) z* - x§> Ly <Vp(1?§) — Vp(z*), 17% - l’>
Va(yy) = Va(y*) y* -y, Valyy) = Va(y*) ys —y*
a}k-&-l — x* 2
- gk-&-l _ y* )
M
where M = (,u mgdw u (id > Now, we use lineand lineof Algorithm and get
Y=dy
gkt P o — z*||? 2 FhHL _ k]2 2 Vp(a:g).xzc“ — x’;
Y —yrllp T -yl BT —vRlp o\ Valyy) uf T -k

2 [Vp(a*) it =2\ 2(1-a) <Vp(xk).9:k — 2k
+a<Vq(y*) L1 oy T ( 7 Jf;_ /‘Z>
2(1-a) Vp(z*) o — a* B Vp(ak) ok — 2~ 7

o <Vq(y*)’ y§ - y> 2 <VQ(y§)’ yg - y*>
Using Assumptions|[T]and 2] we get
2 k_o+l2 9

¥ —z 2
p 3

2

ijrl *

~k+1
er

— T
*
-y M

2
.’L‘k+1 %

X
k+1
Yy =y

i‘k—H—xk
~k+1 k
gt —y

2 . L
+(p<x’;>—p<x’;“>+ Ly et — o2

yk_y* b

k+1 *
Vp(z*) x -
+ ) — ol + s - y§|2+<vg’§ *§;y+1_y*>>
f

y
— o %) ok — o*
+2(1)(p(x’})—p(x’;)+q(y’;)—q(y’;)—<g§( ) Jfg >)

a W) yi—y
~k+1 |2
* * x X
+2 (p(a*) = plg) +ay") = alyg)) = || orer _
g Y |l
2 2
h — * 2 ||#F+L — ok 2( k+1 k
— = A _“ D + ,:L‘* + D +17 * )
L b 3 GRFL — gk b« p(@ Ly ) q(yf )
2
k+1 ok . 2
x x 2(1 —«a) i gt — g
+ A + D (Z‘ ) ) + D (y 7y*) My * )
y§+1 yg " o ( p\ T, f ) yk+1 =y ||l
Ly, 0 L o
where L = e . By (27) and condition =2 > =% the following inequalities hold
0 L1, fr =y
1 Ha Ha 1 1
< == < —=. < .
e = 3Ly’ Ty Ly e = Ly 3Lpa T 3Lga
Using these inequalities and line|2]of Algorithm[T] we get
2 2
ZH _ mlg ZH ;v’; L |lgkrr =t 2 _ 1 Rl k]]?
yf+1 Yt N +1 .y ) gt — gk | S 3 g — k||

15



Under review as a conference paper at I[COMP 2024

2

. . . ahtl — g
Apply this inequality to estimate Y we get
kel || k_axl|2 1 ||lgk+1 _ k)2 2
X — X r —Xx X — X k—+1 k+1 *
* * 5 s -— D , )+ D )
yk+1_y b yk_y o 3 yk+1_yk a( (f ) ( 72/)
2(1 — ) . GhHL 2
+ ——= (D, (27, +D U)) — |- A
o ( (f z") (yfy)) gEtl —y u
Since (27), the following inequalities hold 7, < ﬁ, Ny = nz < 3# . Using these inequalities
and ||a — b||? < 2||a]|? + 2||b]|?, we get
1||ak+1 — gk 2 Gkl _ 2 Gkl _ ok 2 Gkl _ o 2
3 k41 _ ok N Z || pk+1 k N
319 (| Yl Y vl Y Y v
>1 xk — o « xk — 2|
2|y =yl 6|V

In the last inequality we use the following inequality 7, j1y = 1. > 5, that follows by 27):

« 1 o

1
3= 3Ty Ty

Mz M M
2.1t Ly > pg, thena—\/:p,%#x— f‘ 3a77yﬂy SLPZ

By definition of U* (30)), we get

1L.IfL, < pig, thena = 1, mp, =

w| e

Rt < (1 - %) ok,
0

Proof of Theorem [1] Using the property of the Bregman divergence for a differentiable convex
function D¢ (z,y) > 0 and running the recursion (29) we get

1 1 K
e o+ — |y —y P < <o (1-3)

where C is defined as
1 1 2 2
C=—llz° —2*|> + —v° — v*[I> + =Dp(2%,2") + =Dg(y},y").
N ny o P\f o M f

After K = g log é iterations of Algorithmwe get a pair (v, y%) satisfies the following inequality

1 * 1 *
—[lz% = 2*|* + —[ly" -y |IP <e.
Nz My

A.2 PROOF OF THEOREM[2|

Lemma 3. Consider problem (19) under Assumptwnand a point (Z ( k1 yk+1), that is a y-solution
to this problem with ~ defined as follows

2

ka ot ah
Ty z)ff“ ’

where

1\? 12 1))
C = | 12max (LR+> Nas <LR+) Ny —|—2max{,} . (32)
Na Ny Nz Ty

Then, point (&1, §¥+1) satisfies condition [22).
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Proof. Let (&1, g*+1) is y-solution to problem (I9). Then, using this fact and inequality [la +
bl1? < 2[al| + 2/[b]|, we get

2 2 2 2

FEHL gkt ok — gl <90 I o FhHL g
~k+1 Ak 1 = k Ak 1 = k ~k+1 ~k+1 Ak 1
gt — gt Y= yr =gt gt — gt
k _ ak+1[2 phtl gkt 2
{II — X X
<20 k1] T 20Amax(P) || Deg1 _ ka
gk — g max gt =gt

where the point (251, §#*1) is solution to problem (T9) and Apax(A) is the maximum eigenvalue
of matrix A. After rearranging, we get

2 2

ph+1 Ak+1 20 xk k41
P = g S T 20m(®) ||y P

Using this fact, (LR + ni) smoothness of Afi(-7 y) and (LR + 77) smoothness of Af](x7 -), and
the first optimal condition for problem (19), and (32), we obtain the following inequality

2 2 2

v Ak( k+1 gk-*-l) Fh+1l _ Ak+1 9 1 Fhtl _ Ak+1
17 . N <A L:P~ . .
H \% A’“( ML ey T[T - gt L2p-t max(Ly P70 |l peen i
_ QCAmax(L%P—l) ok ak+1]? 1 _ k1|
= 20/\max(P) yk _ yk-‘rl P 6 gk-&-l b )
where L,y = Lgly, yq, + P. O]

Lemma 4. Consider the function R(x,y) under Assumption @and replace variables as x = au,
y = Bv. Then function R(u v) = R(z,y) is L-smooth, function R( ) IS iy -strongly convex and
function R(u,-) is y,-strongly concave, with L = max{a?, B2}L, fty, = &2z, o = 321y

Proof. Firstly, let us consider that

OR(z,y) OR(au,y) = duy OR(cu,y) 1
oxq ouq oxq ouq e 1 -
VaR(z,y) = = = = —V,R(u,v).
OR(z,y) IR(auy) = Oud, OR(au,y) 1 «
Oxq, OJug, Oxq,, Oug, «

Using the similarly calculations we get V, R(x,y) = %VUR(’U,, v). Now we are ready to define the

smoothness constant of function R(u,v), using L-smoothness of function R(z, ).
IVR(u1,v1) — VR(ug,v2)||? = VuR(u1,v1) — Vo R(u2, v2)]|?
+ IVoR(ur,01) = Vo R(ug, v2)|?
=a?||VoR(z1,y1) — VaR(z2,y2)|*
+ BIIVyR(z1, y1) — VyR(z2, 92) |
<max{a?, B*}|VR(z1,41) — VR(z2,12)|”
<max{a®, 3L (|lz1 — z2|* + [ly1 — yo|*)
=max{a?, B} L? (a?|Jur — us||* + B?|jv1 — v2?)
<L (|lur — w2 + [lor = v2]|?)
with L = max{a?, 52} L. Now we define /1,-strong convexity of function R(-,v).

-Z:?v(u27v) = R(.’E27y) 2 R(xlay) + <sz($1,y),$2 - $1> + %”x2 - IE1||2

1 ~ 202
= R(uy,v) + <aVuR(u1,v),a(uQ — u1)> + H 3 |ug — uq)?

= R(uy,v) + <Vul~%(u1,v), Ug — u1> + %Huz —uy?,

with j1,, = a1, In this equation we use j1,-strong convexity of R(-,y) and differentiation rule of
complex function. Similarly, we get p,-strong concavity of R(u, -), with 1, = 8% p,. O
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Proof of Theorem By Lemma to find a point (&1, gk% that satisfies condition (22)), we
need to find a y-solution to problem (19), where ~y defined in . Firstly, we make the following
replacing variables x = au, y = Bv in the problem (T9). After that we get the following problem in
new variables:

+ R(u,v) — B(Va(yk),v)

2 2

min max oz(Vp(J;’;), u) + ;7
u v 77‘,1?

k

U — —
(07

yk

B

By Corollary 1 from|Kovalev & Gasnikov|(2022) the FOAM algorithm requires the following number
of gradient evaluations:

52

— 33
2y 33

Lp+2 42
RT 9 T 1
N log — (34)

T:O 2 2
V0 + )+ 2) 7

to find a y-solution to problem (33). By Lemma@we get Lp = max{a?, B2} Lg, p, = a?u, and
o = B2y Using these values we get the following number of gradient evaluations:

2 2
max{a?, B2} L + & + £ 1 71511?;({&’3}1]3 + o4 B 1
T = O MNax Ny log - — O {avﬂ} BN ATy log -
2 o2\ (g2 8 v 1 1 v
Jenee)ne) ™) o) e )
s(Lr+d)+2(La+)
< O B Nx My logf

\/(“w T %) (uy + %) v

Now we are ready to define constants a, 3: o = \/LR + ni’ 8= \/LR + ni and get

(LR + i) (LR + ni) og | =0 (\/(LRnx +1) (Lrny +1)log i) '

1 1) Ty
(“””+nw> (“y+%)

The choice of 7 in (31) completes the proof.

T=0

A.3 PROOF OF THEOREM[3]

It should be noted that finding the solution to the auxiliary subproblem does not require the
gradient calls of Vp(z), Vq(y). These gradients are only called in line[6]of Algorithm|[I] This implies
that the number of gradient calls for Vp(z), Vq(y) is equivalent to K, as defined in Theorem
However, the gradient calls of VR(z, y) are essential for finding the solution to problem (19). This
implies that the total number of gradient calls for VR(x, y) is K x T', with T' defined in Theorem

. . . : Ly < L
To estimate this, we perform some mathematical calculations for the case where 7 > 7.
x Yy

[L,). 1 1
KxT=0 <<1+ Mw) log€> x O (\/(Lan“r‘l)(LRny‘f‘l)lOg’y)
<o |1+ &+LR ﬁ% log_LiRlogl
K Hy mln{,ua:a :uy} €
L L L 1
—o( (1422 + £ )1og—F log —
i [ oy min{j,, 1y} €

L Ly .
The case o > 5 1s symmetric.
Y :

@
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B BILINEAR SADDLE POINT PROBLEMS

In the special case, when R(z,y) = xTBy, @ has been also widely studied, dating at least to the
classic work of |Chambolle & Pock|(2011) (imaging inverse problems). Modern applications can
be found in decentralized optimization Rogozin et al.|(2023)); |(Chezhegov et al. (2023). Quadratic
variant of the problem (T)) also appeared in reinforcement learning Du et al.|(2017). In this section we
present our results for bilinear saddle point problems.

B.1 STRONGLY CONVEX-STRONGLY CONCAVE BILINEAR SPP

The bilinear strongly convex-strongly concave problem has the following form

min max p(z) + = By — q(y). (35)
rERdz yE]Rdy

To this problem we assume that the following assumptions hold

Assumption 5. p(z) : R% — Ris L,-smooth and ji,,-strongly convex function
Assumption 6. ¢(y) : R% — Ris Lg-smooth and pug-strongly convex function
Assumption 7. Matrix B € R%*% js positive semi-definite.

To apply Algorithm I|to the problem (33)) we reformulate it as a problem

. . H H
minmaxp(z) + 27 |lo]* + 2" By — Tyl - dy)

with composites p(z) = p(z) — ‘2|z, 4(y) = a(y) — 3 |ly[*.
Auxiliary subproblem complexity. At each iteration of Algorithm[I] we need to find a y-solution to
the problem
. -k 1 X o " 1 -
min max(Vp(wy), )+ 5 —[lv —2*(*+ 5 2 + 2 By = ZHwl* = 5 —ly=v*[1* = (Valyg), v)
z Na 2 2 2ny

Y

(36)
with v defined in (3I)). The simplest way to solve this problem is to reformulate it as a minimization
problem in x using the first order optimal condition in y:

1 -
B'x — pgy— —(y—y*) = Vily;) =0

My

_ 1 BT . vt k i k
ylr) = 5 z—=Vilyg) +—y" | .
7y T Ha My
After reformulation, we get the quadratic problem
min(z, Ax) + (b,z) + ¢
x

1//1 1
A= +u)<+u>I+BBT>,
2((% ") \my

with

1 . . 1
b=Vp(xh) — —aF + (1 - U) B (V{j yr) — yk> ,
g) Ty 14 nypq ( g) Ny
Ty NP ~ ok Lk tg(1 = nytg) | ko
c= 77— Valy - —(Vq(y,),y") + 5 ——— 2 lv"]l"
2(1+nyuq)” W)l 1+uqny< (wg).4") 2(1 + nypiq)? Iyl

This problem can be solved by Nesterov’s Accelerated Gradient Descent that requires

T_o ( Ama (4) | 1) o (,% +up) (% +uq) + Amax (BBT) log &

Amin (4) (n% + Np) (% T Mq) + Amin (BBT) vy
— 0 [ min ¢A<BB> L e ®BD) (| /A (BBT)
Amin (BBT)’ (n% N Mp) (% i ,uq) min{p, g}
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iterations or calls of oracles B/B” to find an e-solution to (36).

Overall complexity. Next, we make some computations to get the overall complexity of Algorithm T]
for bilinear case

KxT=0 ((1 + \/7 \/7> log — ) x O <m1n {T1, T} log mlﬁ;;(%??)

where 1] = % and Tp = \/ 1+ % Next we compute K x T3 and K X Ts

h

for case >
P

m x m X BBT 1
KT = <\/710gx ; ) (\/: Sin(BBT) 10g6>’
m1n P mln
Amax (BBT)
1 1
[ L 1
@) < e 24 10g — X <1 + >\max(BB )%Uy))

HlaX BBT
O log
,Up
T
=0 & + 7/\Hlax(BB ) 1og1 .
Hp HpHq €

The case i > f is done similarly. These calculations allow us to formulate the following theorem
about oracle complexities of Algorithm [I]applied to the problem (33).
Theorem 4. Consider Problem (33) under AssumptionsP|to[7] Then, to find an e-solution, Algorithml[I]

~
—_

KxTy=0 Llog=x |1+
Hp

™

requires
L L 1
O max{1,,/=2, /=L blog~ | callsof Vp(z),Vq(y)
Hp Hq €
and
Amax(BBT 1
@) min{Kl,Kg}log#logf calls of Bor BT,
min{ s, fiq} €
where
Lodmax(BBT) [ Lodmax (BBT
Ky = e { [FmasBBT) (L (BBT)
HpAmin(BB ) Nq)‘min(BB )
and

L L Amax (BBT
Ky = maxd |2, [ La [Amax(BBT) L
Hp Hq HpHq

B.2 AFFINELY CONSTRAINED MINIMIZATION

This problem has the following form:

ér;ll’lc p(x), (37)

where ¢ € rangeB. Also, p(z) is pp-strongly convex function and B is positive definite
(i. €. Amin(BBT) > 0). This problem is equivalent to saddle point problem:

min max p(z) + 7 By — y”c. (38)
z oy
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To apply Algorithm I]to this problem we make regularization and get the following problem

Iy

3 T T
B - -
min Hl?jlxp(x) + X y ’y C Z

By Lemmal|l| if we find —-solution to this problem, then we find an e-solution to (38). To find this
solution we apply Algorlthm [T]and get the following complexity.

Corollary 1. Consider Problem (38). Then, to find an e-solution, Algorithm[I|requires

@] (max {1, Lp} log 1) calls of Vp(x)
\/ Hp €

Lydmax(BBT) = 51 T
O < mlog g calls Of Bor B*.

and

This corollary is derived from Theorem[4]and the fact that min{a, b} < a.

B.3 BILINEAR PROBLEM WITH LINEAR COMPOSITES

In this subsection we consider bilinear problem with linear composites:

minmaxz?d + 2T By —y” ¢, (39)
z oy

where matrix B is positive definite (Ain(BBT) = AT. (BBT)). As in the previous subsection, we

make the regularization to apply Algorithmﬂ} The problem (39) with regularization has the following
form:
lyll*. (40)

mm max Izl +2Td + "By — yTc —

€
6D2 16D2

We need to find a §-solution to find an e-solution to (39) by Lemmal 1} To find it we apply Algorlthml

with the following complexity.
Corollary 2. Consider Problem (39). Then, to find an e-solution, Algorithm[I|requires

Amax(BBT 1
O ( )\n“n((:B]3T)) 10g2 g) calls Of B or BT

C DISCcUSSION OUR RESULTS FOR BILINEAR PROBLEM AND RELATED
WORKS

C.1 BILINEAR STRONGLY CONVEX-STRONGLY CONCAVE CASE

For the bilinear strongly convex-strongly concave case (35) Algorithm [I|requires

L L 1
O [max<{ /=2, /=L slog -~ | oracle calls of Vp(z),Vq(y)
Hop Hq €

and
<max{\/7 \/7 } gLBlog1> oracle calls of VR(z,y)
Hp V/Hplq min{sep, piq}
to find an e-solution . Also, the iteration complexity of Algo-
rithm I max{\/; \/E \/W} min{Lﬁ’uq} log %) The same results
(max \/7 , NZ \/m} og E) on iteration complexity were proposed in works Ko-

valev et al.| (2022), Thekumparampil et al.| (2022)), Du et al.| (2022) but the main benefit of our
approach is complexity separation.
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C.2 AFFINELY CONSTRAINED MINIMIZATION CASE

For the affinely constrained minimization case Algorithm[I]requires

L 1
O | /~2log~ | oracle calls of Vp(z)
Hp €

o LA ax(BBT)
,up/\min (BBT)
This matches the iteration complexity of algorithms from the works [Kovalev et al.| (2020), [Kovalev

et al.[(2022) up to logarithmic factor. Note, in these works, the authors achieve the lower bounds
Salim et al.|(2022) exactly. But the key idea of Algorithm|I]in separating oracle complexities.

and

1
log? 6) calls of Bor BT,

Meanwhile, we can apply this results to distributed optimization problem (7). For this
problem Algorithm |1| requires O( ﬁ—?log %) calls of VF(x), i.e. local oracle calls and
LFAmax (W)
23 /\xtin (W)
bounds for distributed optimization|Scaman et al.|(2017) up to logarithmic factor. The optimal method
for this problem was proposed in [Beznosikov et al.| (2020).

log? i) calls of W, i.e. communication rounds. Algorithm|l{achieves the lower

C.3 BILINEAR CASE WITH LINEAR COMPOSITES

For the bilinear case with linear composites (39) Algorithm I|requires

@) <log i) oracle calls of Vp(z), Vq(y)

and

Amax (BBT 1
o ( )\mm((]3]3T)) log? 5) oracle calls of B, BT.

These results match the iteration complexity from the work |Azizian et al.| (2020) up to logarithmic
factor. In contrast to our results, in work |Azizian et al.|(2020) the lower bounds [Ibrahim et al.| (2020)
are achieved.
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