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Abstract

We study finite-sum distributed optimization problems involving a master node and
n — 1 local nodes under the popular §-similarity and pu-strong convexity conditions.
We propose two new algorithms, SVRS and AccSVRS, motivated by previous
works. The non-accelerated SVRS method combines the techniques of gradient
sliding and variance reduction and achieves a better communication complexity
of O(n++/nd /) compared to existing non-accelerated algorithms. Applying the
framework proposed in Katyusha X [6], we also develop a directly accelerated
version named AccSVRS with the O(n+n?/,/5 /1) communication complexity.
In contrast to existing results, our complexity bounds are entirely smoothness-free
and exhibit superiority in ill-conditioned cases. Furthermore, we establish a nearly
matched lower bound to verify the tightness of our AccSVRS method.

1 Introduction

We have witnessed the development of distributed optimization in recent years. Distributed opti-
mization aims to cooperatively solve a learning task over a predefined social network by exchanging
information exclusively with immediate neighbors. This class of problems has found extensive
applications in various fields, including machine learning, healthcare, network information process-
ing, telecommunications, manufacturing, natural language processing tasks, and multi-agent control
[541 130} 148, 1451 160, 18]]. In this paper, we focus on the following classical finite-sum optimization
problem in a centralized setting:

min f(x) := %Zfl(:c), (D

xrcRd

where each f; is differentiable and corresponds to a client or node, and the target objective is their
average function f. Without loss of generality, we assume f; is the master node and the others
are local nodes. In each round, every local node can communicate with the master node certain
information, such as the local parameter x, local gradient V f;(x), and some global information
gathered at the master node. Such a scheme can also be viewed as decentralized optimization over a
star network [55]].

Following the wisdom of statistical similarity residing in the data at different nodes, many previous
works study scenarios where the individual functions exhibit relationships or, more specifically, certain
homogeneity shared among the local f;’s and f. The most common one is under the d-second-order
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similarity assumption [33}135]], that is,
V2 fi(x) — V2 f(=)|| < 6,Vx € R i€ {1,...,n}.

Such an assumption also has different names in the literature, such as J-related assumption, bounded
Hessian dissimilarity, or function similarity [[7, 132} 511154} 162]]. The rigorous definitions are deferred
to Section [2] Moreover, the second-order similarity assumption can hold with a relatively small §
compared to the smoothness coefficient of f;’s in many practical settings, such as statistical learning.
More insights on this can be found in the discussion presented in [54, Section 2]. The similarity
assumption indicates that the data across different clients share common information on the second-
order derivative, potentially leading to a reduction in communication among clients. Meanwhile, the
cost of communication is often much higher than that of local computation in distributed optimization
settings [9, 144} 30]. Hence, researchers are motivated to develop efficient algorithms characterized by
low communication complexity, which is the primary objective of this paper as well.

Furthermore, we need to emphasize that prior research [25} 156, 163} [19, 143} 5] has shown tightly
matched lower and upper bounds on computation complexity for the finite-sum objective in Eq. (T).
These works focus on gradient complexity under (average) smoothness [63] instead of communication
complexity under similarity. Indeed, we will also discuss and compare the gradient complexity as
shown in [35], to explore the trade-off between communication and gradient complexity.

Although the development of distributed optimization with similarity has lasted for years, the optimal
complexity under full participation was only recently achieved by Kovalev et al. [35]]. They employed
gradient-sliding [37] and obtained the optimal communication complexity O(n+/d/u) for p-strongly
convex f and d-related f;’s in Eq. (I). However, the full participation model requires the calculation
of the whole gradient V f(-), which incurs a communication cost of n—1 in each round. In contrast,
partial participation could reduce the communication burden and yield improved complexity. Hence,
Khaled and Jin [33]] introduced client sampling, a technique that selects one client for updating in
each round. They developed a non-accelerated algorithm SVRP, which achieves the communication
complexity of O(n+42/u?). Additionally, they proposed a Catalyzed version of SVRP with the

complexity O(n+n3/%,/5 /1), which is better than the rates obtained in the full participation setting.

We believe there are several potential avenues for improvement inspired by [33]]. 1) Khaled and Jin
[33] introduced the requirement that each individual function is strongly convex (see [33, Assumption
2]). However, this constraint is absent in prior works. Notably, in the context of full participation, even
non-convexity is deemed acceptableﬂ A prominent example is the shift-and-invert approach to solving
PCA [52, 23], where each component is smooth and non-convex, but the average function remains
convex. Thus we doubt the necessity of requiring strong convexity for individual components. 2) In
hindsight, it seems that the directly accelerated SVRP could only achieve a bound of O(n++/n-8/u)
based on the current analysis, which is far from being satisfactory compared to its Catalyzed version.
Consequently, there might be room for the development of a more effective algorithm for direct
acceleration. 3) It is essential to note that the Catalyst framework introduces an additional log term
in the overall complexity, along with the challenge of parameter tuning. This aspect is discussed in
detail in [6, Section 1.2]. Therefore, we intend to address the aforementioned concerns, particularly
on designing directly accelerated methods under the second-order similarity assumption.

1.1 Main Contributions

In this paper, we address the above concerns under the average similarity condition. Our contributions
are presented in detail below and we provide a comparison with previous works in Table[T}

* First, we combine gradient sliding and client sampling techniques to develop an improved
non-accelerated algorithm named SVRS (Algorithms|[I)). SVRS achieves a communication
complexity of O(n + v/n - §/p), surpassing SVRP in ill-conditioned cases. Notably, this
rate does not need component strong convexity and applies to the function value gap instead
of the parameter distance.

* Second, building on SVRS, we employ a classical interpolation framework motivated
by Katyusha X [6] to introduce the directly accelerated SVRS (AccSVRS, Algorithm [2).

%Readers can check that the proof of [33] only requires f1(-) + 55 [|-]I? is strongly convex, which can be
guaranteed by §-second-order similarity since f is u-strongly convex and 8 = 1/(20) therein.



Table 1: Comparison of communication under similarity for the strongly convex objective.

Method/Reference Communication complexity Assumptions
No AccExtragradient [35]] @ (n\/g log é) SS only for f1
Sampling Lower bound [[7] 9) (n % log é) SS for fi’s
SVRP [33] o ((n ¥ j—i) log g)“) SC for f’s, AveSS
) Catalyzed SVRP [33] @] ((n + n3/4\/§) log é log ﬁ)(z) SC for f;’s, AveSS
sfn‘j;ﬂ;g SVRS (Thm[3.3 o ((n +yn- g) log g) AveSS
AccSVRS (Thm|3.6 o ((n +n¥ 4\/5) log g) AveSS
Lower bound (Thm}4.4 Q (n +nd/4 \/glog i) & AveSS

(D The rate only applies to E ||z — @.||?, otherwise it would introduce L in the log term; ® The term log(L /) comes
from the Catalyst framework. See Appendixfor the detail. ** Here we only list the rates of the common ill-conditioned
case: 1 = O(6/+/n). See Appendices for the remaining case. Notation: S=similarity parameter (both for SS and AveSS),
L=smoothness constant of f, p=strong convexity constant of f(or f;’s), e=error of the solution for Ef (2 )— f(a.). Here
L > 6 > > € > 0. Abbreviation: SC=strong convexity, SS=second-order similarity, AveSS=average SS.

AccSVRS achieves the same communication bound of O(n 4 n3/*,/5 /1) as Catalyzed
SVRP. Specifically, our bound is entirely smoothness-free and slightly outperforms Cat-
alyzed SVRP, featuring a log improvement and not requiring component strong convexity.

* Third, by considering the proximal incremental first-order oracle in the centralized dis-
tributed framework, we establish a lower bound, which nearly matches the upper bound of
AccSVRS in ill-conditioned cases.

1.2 Related Work

Gradient sliding/Oracle Complexity Separation. For optimization problems with a separated
structure or multiple building blocks, such as Eq. (I), there are scenarios where computing the
gradients/values of some parts (or the whole) is more expensive than the others (or a partial one).
In response to this challenge, techniques such as the gradient-sliding method [37] and the concept
of oracle complexity separation [28] have emerged. These methods advocate for the infrequent use
of more expensive oracles compared to their less resource-intensive counterparts. This strategy has
found applications in zero-order [12} 21} 28] 53], first-order [37H39, 131]] and high-order methods
[311 1241 3], as well as in addressing saddle point problems [4} [13]]. Our algorithms can be viewed as a
variance-reduced version of gradient sliding tailored to leverage the similarity assumption.

Distributed optimization under similarity. Distributed optimization has a long history with a
plethora of existing works and surveys. To streamline our discussion, we only list the most relevant
references, particularly under the similarity and strong convexity assumptions. In the full participation
setting, which involves deterministic methods, the first algorithm credits to DANE [51], though its
analysis is limited to quadratic objectives. Subsequently, AIDE [50], DANE-LS and DANE-HB
[58] improved the rates for quadratic objective; Disco [62] SPAG [27], ACN [1] and DiRegINA [18]
improved the rates for self-concordant objectives. As for general strongly convex objectives, Sun
et al. [54] introduced the SONATA algorithm, and Tian et al. [S5]] proposed accelerated SONATA.
However, their complexity bounds include additional log factors. These factors have recently been
removed by Accelerated Extragradient [35]], whose complexity bound perfectly matches the lower
bound in [[7]. We highly recommend the comparison of rates in [35| Table 1] for a comprehensive
overview. Once the discussion of deterministic methods is concluded, Khaled and Jin [33] shifted
their focus to stochastic methods using client sampling. They proposed SVRP and its Catalyzed
version, both of which exhibited superior rates compared to deterministic methods.



2 Preliminaries

Notation. We denote vectors by lowercase bold letters (e.g., w, ), and matrices by capital bold
letters (e.g., A, B). We let || - || be the ¢5-norm for vectors, or induced ¢2-norm for a given matrix:
| All = supy, 4o [|Aul| / [|u]|. We abbreviate [n] = {1,...,n} and Iy € R¥*? s the identity matrix.
We use 0 for the all-zero vector/matrix, whose size will be specified by a subscript, if necessary,
and otherwise is clear from the context. We denote Unif(S) as the uniform distribution over set
S. Wesay T ~ Geom(p) for p € (0,1 if P(T = k) = (1 — p)*~Ip,Vk € {1,2,...}, ie.,
T obeys a geometric distribution. We adopt E;, as the expectation for all randomness appeared
in step k, and 1 4 as the indicator function on event A, i.e., 14, = 1 if event A holds, and 0
otherwise. We use O(+),(+),©(-) and O(-) notation to hide universal constants and log-factors.
We define the Bregman divergence induced by a differentiable (convex) function 2: R? — R as

Di(z,y) := h(x) — h(y) — (Vi(y),z - y).
Definitions. We present the following common definitions used in this paper.
Definition 2.1 A differentiable function g: R — R is p-strongly convex (SC) if
9(y) = g(@) + (Vg(@),y — @) + & |1y — 2|, Va.y € R, @)
Particularly, if © = 0, we say that g is convex.
Definition 2.2 A differentiable function g: R* — R is L-smooth if
9() < 9(@) + (Vo(e)y @)+ 5 ly o Vo, y € RY G

There are many basic inequalities involving strong convexity and smoothness, see [22, Appendix
A.1] for an introduction. Next, we present the definition of second-order similarity in distributed
optimization.

Definition 2.3 The differentiable functions f;’s satisfy §-average second-order similarity (AveSS) if
the following inequality holds for f;’s and f = % Sy fis

(AveSS) %Zn[vm—f](w)—vm—f}(y)]Hzééﬂlw—yu?\myeﬂ%d. @
=1

Definition 2.4 The differentiable functions f;’s satisfy §-component second-order similarity (SS) if
the following inequality holds for f;’s and [ = % S fis

(8S) VIfi = fli(@) = VIfi = I < 6 |z — y|* Ve, y € RY,i € [n]. ©)

Definitions [2.3] and [2.4] first appear in [33]], which is an analogy to (average) smoothness in prior

literature [63]]. Particularly, f;’s satisfy §-AveSS implies that (f— f;)’s satisfy d-average smoothness,

while f;’s satisfy §-SS implies that (f — f;)’s satisfy -smoothness. Additionally, many researchers

(321171511162, 154} [35]] use the equivalent one defined by Hessian similarity (HS) if assuming that f;’s

are twice differentiable. Thus we also list them below and leave the derivation in Appendix [B]

1 & 2

=~ [V fiw) = Vi f ()]
i=1

Since our algorithm is a first-order method, we adopt the gradient description of similarity (Definitions

[2.3]and [2.4) without assuming twice differentiability for brevity.

(AveHS) < 6% HS) ||V fi(x) — V2 f(2)| < 6,Vi€ [n]. (6)

As mentioned in [[7,54], if f;’s satisfy d-AveSS (or SS), and f is p-strongly convex and L-smooth,
then generally L > 0 > u > 0 for large datasets in practice. Therefore, researchers aim to develop
algorithms that achieve communication complexity solely related to &, i (or log terms of L). This
is also our objective. To finish this section, we will clarify several straightforward yet essential
propositions, and the proofs are deferred to Appendix [A]

Proposition 2.5 We have the following properties among SS, AveSS, and SC: 1) 6-SS implies §-AveSS,
but §-AveSS only implies \/nd-SS. 2) If f;’s satisfy 6-SS and f is p-strongly convex, then for all

i€ n], fi(-)+ ‘S_T“ |-|I” is convex, i.e., f; is (6 — yi)-almost convex [I4].



3 Algorithm and Theory

In this section, we introduce our main algorithms, which are developed to solve the distributed
optimization problem in Eq. (I) under Assumption[I|below:

Assumption 1 We assume that f;’s satisfy §-AveSS, and f is p-strongly convex with § > p > 0.

Assumption [I] does not need each f; to be u-strongly convex. In fact, it is acceptable that f;’s
are non-convex, since by Proposition fi’s are (y/nd—p)-almost convex [[14]. In the following,
we first propose our new algorithm SVRS, which combines the techniques of gradient sliding and
variance reduction, resulting in improved rates. Then we establish the directly accelerated method
motivated by [6].

3.1 No Acceleration Version: SVRS

We first show the one-epoch Stochastic Variance-Reduced Sliding (SVRS'°P) method in Algorithm
Before delving into the theoretical analysis, we present some key insights into our method. These
insights aim to enhance comprehension and facilitate connections with other algorithms.

Variance Reduction. Our algorithm can be viewed as adding variance reduction from [35]]. Besides
the acceleration step, the main difference lies in the proximal step, where Kovalev et al. [35] solved:

Zis ~ axgmin By(z) = (Vf () — Vfilwo), — @) + 50 |2 — 2l + fi(2).
zeRY

To save the heavy communication burden of calculating V f(x;), we apply client sampling by

selecting a random V f;, (@) in the ¢-th step. However, this substitution introduces significant noise.

To mitigate this, we incorporate a correction term g; = V f;, (wo) — V f(wy) from previous wisdom

[29]] to reduce the variance.

Gradient sliding. Our algorithm can be viewed as adding gradient sliding from SVRP [33]]. The
main difference also lies in the proximal point problem, where Khaled and Jin [33]] solved:

. 1
Ty A arg min Cf,(m) = (=g, —xy) + % |l — $t||2 + fi,(x).
xR

Here we adopt a fixed proximal function f; instead of f;,, which can be viewed as approximating
fio (@)= fi(@)+[fi,— fil(@)+ (VI fi,— f1l (@), T—21) + 55 ||&—a,||* with a properly chosen ¢’ >
0. Such a modification is motivated by [35], where they reformulated the objective as f(x) =
[f(x) — fi(x)] + fi(x). Thus they could employ gradient sliding to skip heavy computations of
VIf — f1](x) by utilizing the easy computations of V f; () more times. Fixing the proximal function
f1 leads to the same metric space owned by f; in each step, which could benefit the analysis and
alleviate the requirements on f;’s compared to SVRP. Indeed, in our setting f; can be replaced by
any other fixed client f3,b € [n]. In this case, the master node would be f;, instead of f;.

Bregman-SVRG. Our algorithm can be viewed as the classical Bregman-SVRG [20] with the
reference function f1(-) + o5 |- || after introducing the Bregman divergence:

Ty A arg mdinAé(a:) o arg mdin (Vfii(@e) = VIfi, = fllwo), @ — @) + Dy, ()4 12 (@ @)
xR xzeR

We need to emphasize that the proof of Bregman-SVRG requires additional structural assumptions

[20, Assumpotion 3], which is not directly applicable in our setting. Hence, the rigorous proof of

Bregman-SVRG under our similarity assumption is still meaningful as far as we are concerned.

3.1.1 Communication Complexity under Distributed Settings

When applied to the distributed system, the communication complexity of SVRS'*Pcan be described
as follows: At the beginning of each epoch, the master (corresponding to f7) sends wy to all clients.
Each client computes V f; (wy) from its local data and sends it back to the master. The master then
builds V f(wy) after collecting all V f;(wy)’s. The communication complexity is 2(n — 1) in this



Algorithm 1 SVRS'P(f, wy, 6, p)

1: Input: wo € R%, p e (0,1),0 >0
2: Initialize g = wyp, compute V f(wy), and set T' ~ Geom (p)
3: fort=0,1,2,...,T —1do
4:  Sample i; ~ Unif([n]) and compute g: = V f;, (wo) — V f(wy)
5. Approximately solve the local proximal point problem:
. 1
Tit1 A argmin Ay(x) == (Vfi, () = Vi) — g, @ — @0) + 2 Iz = z||* + f1(x)
xR
(N
6: end for

7. Output: x

case. Next, the algorithm enters into the loop iterations. In each iteration, the master only sends
current @, to the chosen client ;. The i,-th client computes V f;, (x;) and sends it to the master
(the first client). Then the master solves (inexactly) the local problem (Line 5 in Algorithm [I)) to
get an inexact solution x;4;. The communication complexity is 2 in this case. Thus, the total
communication complexity of SVRS'P is 2(n — 1) 4+ 2T Note that ET" = 1/p and generally
p = 1/n. We obtain that one epoch communication complexity is 4n — 2 in expectation.

We would like to emphasize that our setup differs from that in [41 46|, where the authors assume the
nodes can perform calculations and transmit vectors in parallel. We recognize the significance of
both setups. However, there are situations where communication is more expensive than computation.
For instance, in a business network or communication network the communication between any two
nodes can result in charges and the risk of information leakage. To mitigate these costs, we should
reduce the frequency of communication. Thus, we focus on the nonparallel setting.

3.1.2 Convergence Analysis of SVRS

Based on the one-epoch method SVRSle, we could introduce our non-accelerated algorithm SVRS,
which starts from wq € R and repeatedly performs the updat

wi1 = SVRS'P(f,wy, 0, p), Yk > 0.

Now we derive the convergence rate of SVRﬂ The main technique we apply is replacing the
Euclidean distance with the Bergman divergence. Denote the reference function

W) = (@) + 5 lal* - F(@). ®

By Assumption [I]and 1) in Proposition[2.5] we see that f;’s are v/nd-SS. i.e., [fi — f](*) is (v/nd)-

smooth. Thus, h(-) is (§—/nd)-strongly convex and (5++/n8)-smooth if § < ﬁ, that is,
1—+/nbs 1+ /nbd
0< 2V 2 € Dy y) I oy ©
20 20
Hence, if v/n8§ = ©(1), h(-) is nearly a rescaled Euclidean norm since its condition number related

to ||-|| is i%gg = O(1). Next, we employ the properties of the Bregman divergence D+, ) to

build the one-epoch progress of SVRS*Pas shown below:

Lemma 3.1 Suppose Assumptionholds. Let wt = SVRS™P(f,wy, 0, p) with = 1/(4,/nf),
and the approximated solution T, satisfies

2

VA (@) @, — argmin A (z)|| vt > 0. (10)

zER?

<
~ 200

"See Algorithm [3|in Appendix @] for the details.
8Similar results for the popular Ioopless version [34] can also be derived, see Appendix for the detail.



Algorithm 2 Accelerated SVRS (AccSVRS)

: Input: zg = yo € RY p,7 € (0,1),,0 >0, K € {1,2,...}
cfork=0,1,2,...,K — 1do

Tpr1 =72+ (1 —7)ys

Y1 = SVRS'P(f, 11,0, p)

Grr1=p (V[fl - fjk](mk+1) - VI[fi - fjk](yk+1) + % (Thy1 — yk+1)) s Jx ~ Unif([n])

. 2 : 2 0.3payrs1—ag
Zer1 = AIgMiN pa o |2 = 2il*+ (Grrr, 2) + 35 12 — yura||” = 2 T

end for
: Output: yx

A U T

Then for all x € R that is independent of the indices iy, s, . . ., ip in SVRS'P(f, wq, §,p), we
have

Ef(w")— f(z) < Ep{x—wo, Vh(w") — Vh(wy)) — (p— 3)Dh(wo, wh)— Z%HD}L({B, wt).

In
(11

Remark 3.2 We note that some papers [|10, [11] assume the smoothness and convexity of compo-
nent functions, and adopt local updates for solving the proximal step. However, we replace these
assumptions with a proximal approximately solvable assumption (10), which could even cover some
nonsmooth and non-convex but proximal trackable component functions. We regard our assumption
as more essential since the local updates can be viewed as partially solving this proximal step.

The proof of Lemma [3.1]is left in Appendix From Lemma [3.1] we find a well-behaved proximal
operator is sufficient to ensure favorable progress. Finally, we establish the convergence rate and
communication complexity of the SVRS method, and the proof is deferred to Appendix [D.2}

Theorem 3.3 Suppose Assumption holds. If in SVRS'P(Algorithm , the hyperparameters are
set as = 1/(4y/nd),p = 1/n, and the approximate solution x;, 1 in each proximal step satisfies
Eq. (10). Then for any error ¢ > 0, when

5 ~ f(a.
;i(/sﬁ }log3(1+m) [J;(wo) @]

i.e., after O(n + \/nd /i) communications in expectation, we obtain that Ef (wy,) — f(x,) < e.

k > K; := max {27

Remark 3.4 Our results enjoy the following advantages over SVRP [33|]: The convergence of SVRP
(133l Theorem 2]) only applied to E |wy, — x. 2 Which can also be derived by our results from
strong convexity: f(wy) — f(x.) > § [|[wi — x.||°. However, the reverse is not applicable since
we do not assume the smoothness of f, or indeed the smoothness coefficient is very large. Moreover,
for ill-conditioned problems (e.g., §/ ;1 > /1), our step size 1/(4+/nd) is much larger than 1/(252)
used in SVRP, and the convergence rate is also faster than SVRP: O (n + \/nd /) vs. O (n+062/p?).
Finally, we do not need the strong convexity assumption of component functions.

3.2 Acceleration Version: AccSVRS

Now we apply the classical interpolation technique motivated by Katyusha X [6] to establish acceler-
ated SVRS (AccSVRS, Algorithm 2). The main difference between AccSVRS and Katyusha X is due
to the different choices of distance spaces. Specifically, we adopt Dy, (-, ) instead of the Euclidean
distance used in Katyusha X. Thus, the gradient mapping step (corresponding to Step 2 in [6} (4.1)])
should be built on the reference function h(-) defined in Eq. (8), i.e., VA(xkt1) — Vh(yg+1) instead
of (x+1 — Yr+1)/0. Moreover, noting that VA(-) could involve the heavy gradient computing
part V f(+), we further employ its stochastic version (Step 5 in Algorithm to reduce the overall
communication complexity.

Next, we delve into the convergence analysis. We first give the core lemma for AccSVRS, which is
also motivated by the framework of Katyusha X [6]. The proof is deferred to Appendix



Lemma 3.5 Suppose Assumption [I| holds, and 0 = 1/(4\/nd),p = 1/n,a < nf/(27) in Algo-
rithm where SVRS'P(f, @) 1,0, p) satisfies Eq. (10) in each iteration. Then for all x € R? that

is independent of the random indices igk), iék), e ,i(Tk) in SVRS™P(f, x411,0,p), we have that

2
Ek% [f(Yrs1) — fl=)] < Ek(l_T).% [fyr) — f(2)]+ |z —2]l”  1+0.3ua

2 2 ||m_zk+1H2'

(12)

Finally, we present the convergence rate and communication complexity of AccSVRS based on
Lemma 3.5] and the proof is left in Appendix

Theorem 3.6 Suppose Assumption[l|holds. Consider AccSVRS with the following hyperparameters

1 1 1 n'/t vn
0 = — = — == — i ]. — rs =
N AR 4mm{ ) 5}’“ 807
and Eq. (I0) is satisfied in each iteration of SVRS'P(f, @41, 0,p). Then for any € > 0, when

k> 1y = max {4,804 /5/u} log 2/ (yo) — f(=.)]

€
i.e., after O (n +n3/4y/ 5/@) communications in expectation, we obtain that Ef (yy,) — f(x.) < e.

Remark 3.7 Although roughly the same as the communication complexity obtained by Catalyzed
SVRP in [I33) Theorem 3], our results have the following advantages.

Fewer assumptions. Except for the strong convexity of f and AveSS of f;’s, we do not need to assume
component strong convexity appearing in [33| Assumption 2].

Inexact proximal step. Khaled and Jin [33) Theorem 3] require exact evaluations of the proximal
operator, though they mention that this is only for the convenience of analysis. Our framework
allows approximated solutions in each proximal step, and the approximation criterion (I0) is error-
independent, i.e., irrelevant to the final error €. Since the local proximal function is strongly convex,
we could solve the problem in a few steps if additionally assuming the smoothness of f1.

Smoothness-free bound. As shown in [33, Appendix G.1] or Appendix|C} even if an exact proximal
step is allowed, a dependence on the smoothness coefficient would be introduced in the total commu-
nication iterations of Catalyzed SVRP, though only in a log scale. Our directly accelerated method
has no dependence on the smoothness coefficient.

3.3 Gradient Complexity under Smooth Assumption

Due to the importance of total computation in the machine learning and optimization community, we
consider a more common setup by additionally assuming that f; is L-smooth with L > § > u > 0,
which together with Assumption I] facilitates the quantification of Eq. (I0). Then we can compute the
total gradient complexity for AccSVRS as shown below. By Proposition and our assumptions,
Al (x) is (§—+/nd)-strongly convex and (5-+L)-smooth. Using accelerated methods starting from

@, we can guarantee that Eq. holds after T, = O ( 1+0L ) =0 (1 + n’1/4\/L/§)

1—/n6s
iterations with the choice of 6 in Theorem [3.6] Hence, the total gradient calls in expectation are

O(nTapp - K2) = o (n +nt <\/5/7+ \/T/(S) + nL/u) .

Since 6 € [u, L], we recover the optimal gradient complexity O(n + n3/*\/L /1) for the average
smooth setting [63], Table 1] if neglecting log factors. Particularly, when § = ©(y/uL), we even
obtain the nearly optimal gradient complexity O(n + /nL/u) for the component smooth setting
1251261 156]]. We leave the details in Appendix [E] Although the gradient complexity is not the primary
focus of our work, we have demonstrated that the gradient complexity bound of AccSVRS is nearly
optimal for certain values of § in specific cases.

4 Lower Bound

In this section, we establish the lower bound of the communication complexity, which nearly matches
the upper bound of AccSVRS.



4.1 Definition of Algorithms

In this subsection, we specify the class of algorithms to which our lower bound can apply. We
first introduce the Proximal Incremental First-order Oracle (PIFO) [56, 25]], which is defined as
hi (x,7) = [fi(z), Vfi(z),prox} (x)] with v > 0. Here the proximal operator is defined as

prox (x) := argmin, { fi(u) + % |2 — ||*}. In addition to the local zero-order and first-order
information of f; at «, the PIFO hlfi (z, ) also provides some global information through the

proximal operatoﬂ Then we assume the algorithm has access to the PIFO and the definition of
algorithms is presented as follows.

Definition 4.1 Consider a randomized algorithm A to solve problem (I). Suppose the number of
communication rounds is T'. At the initialization stage, the master node 1 communicates with all
the others. In round t (0 <t < T — 1), the algorithm samples a node i; ~ Unif([n]), and node 1
communicates with node iy. Then the algorithm samples a Bernoulli random variable a, with constant
expectation co/n. If a; = 1, node 1 communicates with all the others. Define the information set
Ti11 as the set of all the possible points A can obtain after round t. The algorithm updates T,
based on the linear-span operation and PIFO, and finally outputs a certain point in Lr.

At the initialization stage, the communication cost is 2(n — 1). In each communication round, the
Bernoulli random variable a; determines whether the master node communicates with all the others,
i.e., whether to calculate the full gradient. Since Ea; = ¢y/n, the expected communication cost of
each round is of the order ©(1). Thus the total communication cost is of the order ©(n + T') and we
can use 7' to measure the communication complexity. Moreover, one can check Algorithm 2| satisfies
Definition4.1] The formal definition and detailed analysis are deferred to Appendix [F.1}

4.2 The Construction and Results

In this section, we construct a hard instance of problem @]) and then use it to establish the lower
bound. Due to space limitations, we only present several key properties. The complete framework of
construction is deferred to Appendix [F2]

1-1

Inspired by [25]], we consider the class of matrices B(m, () = 1 . € R™*™_ This class
¢

of matrices is widely used to establish lower bounds for minimax optimization problems [61} 49} 59],
and A(m, () := B(m,()" B(m, () is the well-known tridiagonal matrix in the analysis of lower
bounds for convex optimization [47, 40, [15]. Denote the I-th row of B(m,() as b;(m,{)T. We
partition the row vectors of B(m, () according to the index sets £; = {l : 1 <[ < m,l =
i —1(mod (n — 1))} for 2 < i < nand £; = [V} These sets are mutually exclusive and their
union is [m]. Then we consider the following problem

%”33”2 —n(er,x) fori =1,

min r(x;m,(,c)= Z ri(x;m,(, c):= %||$||2 +ooy Hbl(maC)TiEHQ fori # 1. (13)
=1 leL;

xzcR™

S|

Here e; € R™ denotes the unit vector with the i-th element equal to 1 and others equal to 0. Then
one can check r(x;m,(,¢) = s A(m, )z + £ |z||* — (ey, z). Clearly, r is c-strongly convex.
We can also determine the AveSS parameter as follows. The proof is deferred to Appendix [F:3]

Proposition 4.2 Suppose that 0 < ( < V2, n > 3and m > 3. Then r;’s satisfy \/8n + 4-AveSS.

Define the subspaces {F} };", as Fo = {0} and F}, = span{ei, ey, ...,e;} for 1 <k < m. The
next lemma is fundamental to our analysis. The proof is deferred to Appendix [F.5]

Lemma 4.3 Suppose the algorithm A satisfies Definition[d.1|and apply it to solve problem (13)) with
n > 3and m > 4. We have (i) Ty = F1. (ii) Suppose I, C Fi (1 < k < m — 3). If iy satisfies
k€ L;, ora; =1, thenZyy C Fiys; otherwise, ;11 C Fi.

If we let v — oo, prox}_ () converges to the exact minimizer of f;, irrelevant to the choice of x.

%Such a way of partitioning is also inspired by [23] and similar to that in [36]]. However, our setting is
different from theirs.
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Figure 1: Numerical experiments on synthetic data. The corresponding coefficients are shown in the
title of each graph. We plot the function gap on a log scale versus the number of communication
steps, where one exchange of vectors counts as a communication step.

Lemma [4.3] guarantees that in each round, only when a specific component is sampled or the
full gradient is calculated, can we expand the information set by at most three dimensions. For
problem (T3), we could never obtain an approximate solution unless we expand the information set
to the whole space (see Proposition[F.6in Appendix [F2), while Lemma [4.3]implies that the process
of expanding is very slow. Then we can establish the following lower bound.

Theorem 4.4 For anyn > 3, 6, u > 0, algorithm A satisfying Definition .1 and sufficiently small
€ > 0, there exists a rescaled version of problem (13) such that (i) Assumption[I| holds; (ii) In order
to find an e-suboptimal solution & such that Er(&) — ming r(x) < € by A, the communication

complexity in expectation is Q(n + n3/*\/5 /).

This lower bound nearly matches the upper bound in Theorem [3.6 up to log factors, implying
Algorithm 2)is nearly optimal in terms of communication complexity. The detailed statement and
proof are deferred to Appendices [F.2] and [F9]

S Experiments

To demonstrate the advantages of our algorithms, we conduct the same numerical experiments as
those in [35] 33]]. We focus on the linear ridge regression problem with /5 regularization, where the

average loss f has the formulation: f(x) = + Y21, [fi(®) :== £ Y0, (2,2 — ym-)2 + 4%
Here z;; € RYand y; ; € R,Vi € [n],j € [m] serve as the feature and label respectively, and m
can be viewed as data size in each local client. We consider a synthetic dataset generated by adding
a small random noise matrix to the center matrix, ensuring a small 4. To capture the differences
in convergence rates between our methods and SVRP caused by different magnitudes of u, we
vary = 107% 4 € {0,1,2}. We compare our methods (SVRS and AccSVRS) against SVRG,
KatyushaX, SVRP (Catalyzed SVRP is somehow hard to tune so we omit it), and Accelerated
Extragradient (AccEG) using their theoretical step sizes, except that we scale the interpolation
parameter 7 in KatyushaX and AccSVRS for producing practical performance (see Appendix [G]for
detail). From Figure[I] we can observe that for a large 1, SVRP outperforms existing algorithms due
to its high-order dependence on p.. However, when the problem becomes ill-conditioned with a small
1, AccSVRS exhibits significant improvements compared to other algorithms.

6 Conclusion

In this paper, we have introduced two new algorithms, SVRS and its directly accelerated version
AccSVRS, and established improved communication complexity bounds for distributed optimization
under the similarity assumption. Our rates are entirely smoothness-free and only require strong
convexity of the objective, average similarity, and proximal friendliness of components. Moreover,
our methods also have nearly optimal gradient complexity (leaving out the log term) when applied
to smooth components in specific cases. It would be interesting to remove additional log terms to
achieve both optimal communication and local gradient calls as [35]], as well as investigating the
complexity under other similarity assumptions (such as SS instead of AveSS) in future research.
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A Auxiliary Results
Proposition A.1 (Three-point identity [17, Lemma3.1]) Given a differentiable function h: R% —
R, we have the following equality:

(x —y,Vh(y) — Vh(z)) = Dy(x, z) — Di(x,y) — Di(y, 2), Ve, y, z € RY (14)
1 with probability p

0 with probability 1—1p
pendent and identically distributed random variables. Then'Y := inf;{i : X; = 1} ~ Geom(p).

Proposition A.2 Denote Vi € N, X; = { , and X1, Xo, ... are inde-

Proof: We direct verify the probability distribution:
k—1
P(Y =k) = [[PXi=0P(X, =1)=(1-p)*'p, ke{1,2,...}.
i=1

Hence, we see that Y ~ Geom(p). O

Proposition A.3 (Proposition 2.5)in the main text) We have the following properties among SS,
AveSS, and SC: 1) The 6-SS can deduce 5-AveSS, but §-AveSS can only deduce \/nd-SS. 2) If fi’s

satisfy 6-SS and f is u-strongly convex, then for all i € [n], f;(-) + ‘PT” I-|? is convex, i.e., f; is
(6 — p)-almost convex [14].

Proof: 1) The first part “6-SS = §-AveSS” is trivial. The second part is because for all i € [n],
S @
IV Lfi = @) = VI =A@ < DNV = f@) = VI = A" < no® e -yl
j=1

Thus Eq. (3) holds with parameter /nd.

2) Since f;’s satisfy §-SS, we get Vi € [n], f — f; is 5-smooth, thus 2 lz||® = [f(x) — fi()] is
convex (e.g., [22, Theorem A.1]). Moreover, we also have f(x) — & ||| is a convex function since
f is p-strongly convex (e.g., [22, Theorem A.2]). Therefore, we obtain that

6 — 1)
@)+ 51 el = (5 el - @) - fi@)]) + (@) - 5 l1l?)
is also convex. The proof is finished. ]

Lemma A.4 (Allen-Zhu [6, Fact 2.3]) Given sequence Dy, D1, ... of reals, if N ~ Geom(p), then
ENn[Dn-1 — Dn] = pE[Do — Dn],EN[Dn—1] = (1 — p)E[Dn] + pDo (15)

Lemma A.5 (Allen-Zhu [6, Lemma 2.4]) If g(-) is proper convex and o-strongly convex and
Zj41 = argming cpa 5 ||z — ze||? + (€, 2) + g(2), then for every € RY, we have

|z — 2] (1 +00) e~ zkl

(€2 —x) + g(zx11) — g(x) < % ||§||2 + o -

(16)

Lemma A.6 (Han et al. [25, Lemma 2.10]) Ler {Y;}", be independent random variables such

1=

that Y; ~ Geom(p;) with p; > 0. Then for m > 2, we have

m m2 1
P Yi> =m— ]2
(; 4(21-:1@-)) 9
B Hessian Similarity

In this section, we show that AveHS (HS) defined in Eq. (6) is equivalent to AveSS (SS).
Proposition B.1 For twice differentiability f;’s and f, AveSS < AveHS, SS < HS.
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Proof: Indeed, we only need to prove the following results for twice differentiability g:

n

3 (V)

i=1

1 n
=3 IVai(@) — Vaiw)l? < 8y — 2 < vay R (7)
i=1

‘= Taklng y=x-+ t'U7t € R\{O}, v e Rd7 ||’U|| — 1 and letting t— 0’ we get

2 n 9
50 = D2 w1y Vi) = Vil + o)
t—0 12 t~>0 n v 7

LS [Vaten] - ‘ﬂii]v@@»ﬂu

i=1

The final equality uses the fact that V2g;(x ) is a symmetric matrix. Now by the arbitrary of v € R?
LY (V@) < o

“<": We use the integral formulation:

with ||v|| = 1, we get

2

o IVa@) - Vel = 13 | [ Vate =) - o)
i=1 i=1

= (y—=)

%Z/o V2gi(m+s(yx))vQQi(ert(ym))dsdt] (y—x)
< [ Z/ V2gi(x + t(y )))2dt] (y — )

/ ] n
S

w2 (Vo oty - z)))”
where (i) uses the inequality A? + A2 = A A, + Ay A, for symmetric matrices Ay, Vs € [0, 1]
since (A; — A, ) > 0, and the ﬁnal 1nequa11ty uses the assumption.

Hence, Eq. (17) is proved. Now choosing g; = f; — f, Vi € [n], we obtain “AveSS < AveHS”.
Additionally, lettlng n = 1 and noting that H (Vigi( H = ||V2g;(x)||", we obtain “SS <> HS”.
The proof is finished. O

2 2
Ny — " dt < 6% |ly — ],

C Concrete Complexity of Catalyst SVRP

Inherited from the computation of [33, Appendix G.1], we see that the total iterations of Catalyst
SVRP is

2 _
E]‘vlizial — 8 ’LL+FYH13/X{ 5 2,7’L}1Og <.f(m0) f(.’B*) . 32(M+7))10glf7
I (v +n) € I
2 2592+ )
= A + ,
(1—9 n(1 = p)*(\/@ = p)?

where p = /q/2 = w €(0,3), A= 513 (1 + M) Letting v = max{% — ,u,()},
we recover the complexity:

ETio = 8max{ n,n/4 o log | max < 32, 320 'f(azo)ff(a:*) log ¢,
1 p/n £

2 2592y > ( ( v(u+7))> (A(/Hv)Q)

A + —o(A(1+ ATV )) —o (2T )
(1p 11 = p)*(Vq - p)? I G

When §/u < /n, leading to v = 0, then we get

Alp+7)? L °n Lun
SR 1+ 20 e (220,
112 [ + 52 © 52

L
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Algorithm 3 Stochastic Variance-Reduced Sliding (SVRS)

Input: wy € R%, p<c (0,1),0 >0,K € {1,2,...}
fork=0,1,2,..., K —1do
w41 = SVRS™P(f, wy, 0, p)
end for
Output: wg

A

Thus, ET}%% = O ((n + nd/4 \/g) log Mlog Lo’#)

When §/u > \/n, i.e., max {n,n?’/‘l\/g} = n3/4\/g, we get y = % —p < L — p (note that
L > 6§ > p,n > 1 by assumption), leading to

2L _ Alp+v)® _ 2L+ (uty) _ 4L2

pooop p? TP
total __ 3/4 /0 fl@®o)—f(2) L
Thus, ET: =0 ((n +n \/:> log - log “) (for small enough error €).

iter

D Proofs for Section

The complete procedure of SVRS is presented in Algorithm[3] Before giving the omit proofs, we
need the following one-step lemma.

Lemma D.1 Suppose Assumptionholds. If the step size & < 1/(2v/nd) in SVRS'*P(Algorithm ,
then the following inequality holds for all © € R? that is independent to the index iy,:

Bulf (e1)— F(@)] < BDu (@)~ (1422 ) Dy, 000t Dy (w0, 2)
t|J(Le+1 L) = Bt Up(T, Ty 1+ /b5 h\Z, Li+1 (1 — /nbo)? r(Wo, Ly
+2+M9 HVAt(x )HZ—L x; — argmin A4 (x) i (18)
24 A 200 |77 Toga Y '
Proof: First, note that
VAj(@) = S5 V@) = V@) + V@) = (Vi) = Vilwo)] (o

= Vf(x) + Vh(x) = Vh(x:) + V(fi, = [)(@) = V(fi, = f)(wo).

Now we begin from the strong convexity of function f in Assumption|[I]

Ei[f(zi41) — f(2)] %)]Et (@ — 21, =V f(Tr41)) — % 41 — ||

D Eil@ — @it Vi(@i1) — V(@) + (@ — 201, V(£ — Do) — V(i — f)(wo)
— (@ = @1, VAj(@e)) = 5 e — @ |
D EDy(@, @)~ Di(@, @ei1)~Di(@e1, @) + (@ —@e1, V(fi, — ) @)~V (fi, ) (w0))
— (@ = @1, VAj(@e)) = & @i — 2l
< EiDw(z,z¢) — Dp(®, @11) — Di(ir1, Tt)
1—4/nbé 0
+T\{ﬁ @1 — -"Ut”2 + 11— /nbo IV(fi, = F)(@e) =V (fi, — f)(wo)H2
1
| I =l + VAo [F] = 5 e — 20)

where (i) uses Eq. (I4) and E;, (x, — x, V(fi, — f)(x1) — V(fi, — f)(wo)) = 0 since &; — x is

2

independent to i, and the final inequality uses (a, b) < 2 |a||* + ”ftlz twice. Next, we continue
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using Eq. (9) to convert ||-|| with Dy, (-, ) by assumption 6 < 1/(2,/nd):
E¢[f(241) — f(2)]

@ 1o /2 1—4/nbd
< EDp(x, ) — (1 + 1+\?7795> Dy (x,xi41) — 47{ [T

9 2 1 t 2
+1—7\/r}06 IV(fi, = F)(x) = V(fi, = f)(wo)|” + m ||VA9($t+1)H

@ 0/2 062
S Ech(m, :ct) — (1 + 1_’/;‘\?7705> Dh(m, xt+1) —+ 1_7\/505 ||513t — wOH2
1—+/nbd 1 2
_74\5 er1 — ae]|” + m [V Ay (@eq1)|
® 10/2 26262
< — _ R _ o
< E/Dp(x,x:) (1 + T \/ﬁaé) Dp(x, @i q1) + - \/ﬁ%)zDh(wo,wt)
1—+/nbd 1 2
L e — 4 [V

Finally, we show the error analysis if an approximate solution, i.e., ||V A} (z:41)| # 0 is allowed.
Using Proposition we see that f1(x) + @ ||||® is a convex function, leading to Al () is
(5 — v/nd + p)-strongly convex function. Let Z441 € arg mingcpa Af(x), ie., VAL (&41) = 0.
Since 6§ < 1/(24/nd), we can further bound the last two terms:

1-— 0o 1 1 1
P o =l + % [V )| < 1 VA )| - g s — il

1 2 1 . .
< m [V Ap (i) || + 3g 1%t = T — Teg IEt+1 — |
1 2 0 . 2 1.
=< m [V Ap () ||” + 8(1 = (V1o — p)0)2 [V AG(241) = VAG(&001)||” — Teg 1&t+1 = x|
1 2 0 2 1 N 2
< m [VAG(zegr)||” + 3 |V AG (@) — 160 |y — &1 |
2+ pb t 2 H oAt ’
o | IV 4@l — g gy || — 2rgmin As()
2+ pf s n . ?
< o [ VAy(zes)||” — 208 1%t~ al;g;éldm Al (x)
Therefore, Eq. (I8) is proved. O
D.1 Proof of Lemma[3.1]
Proof: Since § = 1/(4+/nd) satisfies the condition required in Lernma we get
@® 206 2
Ei[f(@iy1) — f(z)] < EiDp(x, x¢) — (1 + /;) Dy (x,xi41) + 9nDh(w0,a:t).

Taking t = T'— 1 with T' ~ Geom(p) and noting that w* = x7,wqy = xg, by Lemma we get
Elf(w®) - f(z)] = E[f(x7) — f(=)]
2160 2
< EDp(x,@r-1) — Dp(x,@r) — %Dh(w, @) + 5 Dn(wo, z7-1)
2u0

[

E pDy(x,20) — pDp(x, 1) — ?Dh(w, xr)
2
+97n (1 = p)Dp(wo, xr) + pDp(wo, xo)]
+y_ 2u0 + 2 +
< EpDp(x, wo) — pDp(x,w™) — ?Dh(a:,w )+ g—nDh(wo,w ) 21
9pn — 2 210
B Ep(e - w, Vh(w?) - Vh(wo)) - L—=Dy(wp, w*) ~ "Dy (@, w).

18



Thus, Eq. (TT) is proved. O
D.2 Proof of Theorem 3.3

Proof: Choosing = x, and * = wy, in Eq. @, which are all independent to indices ¢1, 5 . .., iT
in SVRS'P(f, wy, 6, p), then we get

216 2
Ex[f(wis1)—f(2+)] < EppDp (., w) —pDp (x4, wk+1)_%Dh(m*awk+1)+%Dh('wk7wk+1)~
216

2
—— Dy (Wi, Wit1)+—Dp (Wi, Wi1).

Ex[f (wrs1)—f(wi)] < ExpDp(wy, wi,)—pDp (W, wii1) 3 on

Adding both inequalities together, we could obtain

E (2 (wisr) — f(wy) — f(.)] <EpDp(@., wy) — (p + 2“9) Di(@e, wis)

)
2u6 4
( + ? - 971) Dh(wk7wk+1).
Noting that p = 1/n, thus p + M — == > 0. Based on Eq. (9), after rearranging the terms, we get
1 216 1
Elf (wk41) — f(@)] + 5 2 ( + g) Dp(zs, wis1) <E §[f(wk) = f(®)] + §Dh(w*awk)~
Now we denote the potential function as
1 2u0
By = Bl (wn) ~ fle)] + 5 (p+ 227 ) Dafarwn) @

By 0 = 1/(44/nd), we obtain

1 2u0 2u
E<I>k+1§max{12 (1+5p> }]Eq)kmax{12 < 5{) }E@k.

When 2’;}/5 > 1, we get E®y 41 < 1E®y,. Otherwise, 2"‘F < 1, by inequality 1+ <1-%,¥0<

-1
z < 1, we get (1 + 2‘“f) <1- M. Hence, E®, 1 < ( — M) E®,,. Therefore, we

obtain E®;,; < max {1 — 5, 1-— ‘F} [E®;. Moreover, the initial term

59

w0 @ flwn) - s+ 5 (v %) Do)
D st - s+ g (p+ B0 ) L o -
(4) ) (“) )
2 Jwo - @)+ g (oo + ) bt € 1 (24 1) ) - (e

3 (142 Ut

where (i) uses 0 = |/p/(49) and (i7) uses 5 [Jwo — x|’ < f( 0) — f(z.). Then we finally get

Bf(wn) - f(w.) B Eo < (maxf1- 51 - “5{55}) 3 (1 22 ) (o) - @)L

In order to make E®;, < ¢, we need

~~—

- f(x*)]v

k 1)
expy ———————— 5 -3 <1 + > [f(wo) — f(xs)] <,
max {2 59 } p/n
? pvn
3 1JrL wo)—f(xs
which leads to k > K := max {27 50 } log (Lim) Vo) @]
uyn €
Noting that one-epoch communication complexity in SVRS'P is ©(n) in expectation when p = 1/n
(shown in Section[3.1.1), we get total communication complexity is O(n + \/nd/p). O
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D.3 Proof of Lemma[3.3]

Proof: Based on Lemmaand noting that yy, 1 = SVRS'P(f, x4, 1,6, p), we get

Ex[f(Yr+1) — f(2)] @Ekp (x — xpr1, VR(yry1) — Vh(xri1))

23)
7 206 (

- ngh(wk-&-layk—H) - %Dh(mayk+1)-

Here & € R should be independent to random indices igk), iék), ... ,igfc) in SVRSP(f, x141,0,p).

Then we can apply interpolation zj, to derive

23 7
Exlf(yet1) — f(®)] < Epp(zk —@pt1, VR(Yrt1) — VA(Tr41)) — ?pDh(warl»ykJrl)
2u0

+p(x — 2z, Vh(Yr11) — VA(Tri1)) — TDh(w’ Y1)

1—71 7
= E; (k1 — Yk, VR(Yry1) — VR(Tpi1)) — ?pDh(wlc+17 Yrt1)
2060
+p (T — 21, VA(Yrt1) — Vi(xR11)) — %Dh(ﬂx Yh+1)
(1) 1—7 7 7
< Ej flyr) — f(yrs1) — jpDh(mk+1vyk+1) - jpDh(wk+1; Yit1)
2u0
+p(zx — ¢, Vh(t1) — VI(Yrt1)) — TDh(wv Y1) (24)

where (i) uses Eq. (Z3) with = y, which is independent to indices in SVRS'P(f, xx 1,0, p).
We continue obtaining

Ex[f(yxs1) — f ()] @ég) B, =T [f(ye) = f(Yr41)] — %Dh(a’k+l7yk+l)
4 {2~ @, Vhiaien) — Vi) — L oy
S BT ) S — Do )
+Ee (B, (21— .6000) — 3o 2 — ]
@g Ey, LT [f(ye) = f(Yr41)] — gDh(wk+lvyk+1)
TR zkﬂlﬂ ,

where (i) uses Ej, G411 = p[Vh(xr+1) — VR(yg41)] and /nbd = 1/4.

Furthermore, we can estimate

PEj, [Vh(zyi1) = Vi(yir1) + VIf = fil(@re) = VI = fi)@es)]
PEj, VA1) — Vi(yes)|? + IV = fi)@er1) = VI = Fil ()]

2
Eji 1Gkll

—~
1=
=

< PEj [Vh(wgir) — Vh(yk+1)H2 +p°0% |@py1 — yk:+1||2
(@) 2(1 4 /nbd)p? 20252
< #Dh(mk—i—lvylﬁ-l) + mDh(iﬂkﬂ, Yr+1)
5p2 p? 8p>2
= ﬁDh(azkH,ka) + %Dh(wkﬂ,ykﬂ) < @Dh(wkﬂ,ykﬂ)
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where (i) uses E;, V[f — f;.](€r+1)—V[f = f;.](Yr+1) = 0, (4¢) uses the convexity and smoothness
of h (e.g., [22, Theorem A.1 (iii)]) and Eq. @ After rearrangement, we get

2
o «a T — z 1+ 0.3ua
B X [f () — F(@)] <Bx (1-7) - Sp(an) — fla)] + E 20 LEOI 2
dop?  Tp
+a( 30 or Dp(Trs1, Yrt1)-
Hence, we see that once 27ap < 6, Eq. (12) holds. O

D.4 Proof of Theorem 3.6
Proof: Taking = . in Eq. (I2), which is independent of any index during the process, we get

(1 +0.3u0) || — 21|
2

|z — zull”
2

E Z[f(yrs1)—f @)+ <E(1-7)-Z[f(y)—f(@)]+

Denote the potential function as

7(1 4 0.3pa
D = () — fw)] + O
‘We obtain .
Ed,; < max?{1— 7, 3 E,,.
) 807

When 7 = 1 < In!/4,/E then we have that

- EVZ. 2 ) >1-— ) > <[(1-2= )
(5 Yo (1 ) 21 Em < (1 D e

1/4
When 7 = ”T\/% < %, we get

p/n 3 3t [n 3 1 5t nt/* [u
po= BV 2 Dl — <1-Z S Edp < (1—- — /5 ) ED,.
5§ 80r 10 =5 1+t 8 = 8 Vo F

Therefore, we finally obtain

1 1/4
Ed) 1 < max{l -1 "8\/?} Ed,.

By the strong convexity of f in Assumption[l|and the choice of 7 and «, the initial term

B = (o)~ fle)]+ DD g2
= 1) - S+ (S 030) B e~ ol
< (e g+ B2 ) - s < 2) - S

To obtain e-error solution, we need

k > K3 = max {4 8n1/4\/g} log 2[f(yo) — f(=s)]
> 7 ; . '

Note that every call of Algorithm SVRS'®P requires 4n communication in expectation (shown in
Section[3.1.1). The remaining communication in one iteration of AccSVRS need 4 communication
(the master sends @1 and Y41 to the client jj, and then receives V f;, (€x41) and V f}, (Yr+1))-
Thus one iteration of AccSVRS is ©(n) in expectation, leading to the total communication complexity

for e-error solution is O (n +n3/4 \/§> O
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Algorithm 4 Loopless Stochastic Variance-Reduced Sliding (SVRS)

1: Input: wy € R, p € (0,1),0 >0,K € {1,2,...}

2: Initialize £y = wy and compute V f(wy)

3: fork=0,1,2,..., K —1do

4:  Sample i;, ~ Unif([n]) and compute g, = V f;, (w) — V f (wg)
5:  Approximately solve the local proximal point problem:

. 1
Tyl A arg HldlnAlg(w) = (Vfi,(xr) — gr — Vfi(zr), © — zi) + 2 & — a||” + fi(x)
zeR

Tr+1 Wwith probability p
6: Wg4+1 = . N

wy, with probability 1—p
7: end for
8: Output: wx

D.5 Loopless SVRS

In this section, we describe the loopless SVRS (Algorithm ). By simple facts shown in Proposi-
tion SVRS'P(f, wy, 6, p) can be viewed as the inter iteration until wy, in loopless SVRS is
updated. Thus, the one-step variation in Lemma@] still holds. Hence, we can derive a similar
convergence rate and communication complexity for loopless SVRS.

Theorem D.2 Suppose Assumption[I|holds. If in loopless SVRS (Algorithm{)), the hyperparameters
are set as 0 = 1/(4y/nd),p = 1/n, and the approximate solution in each proximal step satisfies
Eq. (10), then for any error € > 0, when

k > Ky := max {Qn, 11f5}10g i (1 " ﬁ) [Z(mo) — f(@.)]

)

i.e., after O(n + \/nd /1) communications, we can guarantee that Ef (wy,) — f(x,) < e.

Proof: Noting that in each step of loopless SVRS, the anchor point is wy, instead of wy, thus Eq. (T8)
holds after replacing wg to wy. Now choosing € = @, and x = wy, in Eq. (I8), which are all
independent to index iy, we get

252
Ex[f(@rs1)—f(x4)] < ExDp (s, 1) — <1 + %) Dy (., mk+1)+(1_29\/%95)2Dh(wk7$k)~
252
Ex[f(xrr1)—f(wi)] < EpDp(wg, x)— (1 + %) Dy (wy, mk+1)+(1_29\/%95)2Dh(wk7 ).

Adding both inequalities together and noting that
Ex Dp(wr 11, Trt1) = Ex(1 = p) Di(wi, ®pi1) +pDp(®gt1, Try1) = (1= p)Ex D (Wi, Th11),

as well as
Ep f(wiy1) = Ex(1 —p) f(wr) + pf(xr11),
we could obtain

B2 [Fwi) = (1= p)f ()] = flwn) - f(.)
252
<EDy(x, xK) — <1 + %) Dy (., pq1) + (1 + (149\/%06)2) Dy(wy, ) — Dp(wg, Trq1)
252
:ED;L(SU*,:Ek) — <1 —+ ]%) Dh(m*,mkﬂ) =+ <1 + (1—49\/%96)2> Dh('wk-ymk) — W

Rearranging the terms, we get

E[f(wri1) — f(.)] + g (1 + %) Dp(@s, Tpr1) + ﬁl)h<wk+ly Tjt1)
< B 5w - f(e]+ §Dulam) + 5 (14 7 ) Dt o)
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Now we denote the potential function as

ud /2

ou =Eljtwn) ~ J(o) + 5 (1 202

)Dh(w*,ﬂik) + Dy (wg, k).

p
2(1-p)

Then we obtain

P ud/2 -1 46252
< -z e 77 )1- .
Ed; 4, < max{l 5 <1+ 1+\/ﬁ¢9(5> 14+ (1= Vnd0)? (1—p)y Edg

Since we choose 6 = 1/(4y/nd), we get Oy < \/n#5 < 1/4 by Assumption 1] which shows that

paB02 NN b2 e g
1+ /nbé N 1+/nbs +ub/2 11 115y/n’

Additionally, by p = 1/n and § = 1/(46+/n), we also have that

1 2
<1+(1M\/‘%95)2> (1-p)= 1+<12fﬁ}1> (1—p)=(1+49p) (1—p)§1—%p.

Therefore, we obtain the ratio between E® ; and Edy:

5
E¢k+1§max{1—g,1— H 1—p}E¢>k§max{1—p1— H }IE

116y’ 9 2" 116y

Moreover, the initial term

‘bozf('wo) :B* +§ <1+ 150\;30(‘5) Dh(m*ymO)
2 ftwo) - s+ 5 (14 2220 ) E 2 L - ol
(i) p (25 2 [ p (50 1
< flan) = £+ 5 (24 Y leo =2l € 145 (22 5) | w0 - st
§3<1+Mf)[ (o) — fla),
where (i) uses 0 = /p/(46) and (i) uses f(xo) — f(x«) @zb £ lzo — @.||”. Then we finally get

Bf(w) - f(2.) < By < (max {1 - g1 - 11§ﬁ})k 3 (14 2 ) flew) — flo)

In order to make E®;, < ¢, we need

P _max {2: 11\/55} K (1 * Mf/ﬁ) F(@o) = flm)] <&,

which leads to

k> Ky i=max {2n, Ufé } log - (1+ 5) U (@o) - f(a)

3

)
Noting that communication complexity in each iteration is 2p(n — 1) + 2 in expectation (by similar

analysis in Section [3.1.T)), we get communication complexity is 4 in each iteration in expectation.
Therefore, the total communication complexity is O(n + @) in expectation. ]
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E Computation of Gradient Complexity

We show the detail omitted in Section Let @, , = argming,cpe Aj(x). Noting that by [47,
Theorem 2.2.2], we could obtain

< 200/ L ||y — x4 s -1

VA (4 0)||* < 2L (Af(2s) — Ab(@s)) < ;

if we start from @, in the proximal step for optimizing A} (x), where &’ = L' /p/, L' = L+1/0, 1/ =
—y/nd + 1/60 based on assumptions. Then Eq. (I0) could be satisfied after T}y, iterations when

T _ 2 1
20u'L ||333t T x| {e(TappH)/\/ﬁ _ 1} < K s — mt,*||2~

~ 200
Note that 6 = 1/(44/nd), which leads to

Ty = O (M 1o (UL ﬁ%))) o (1) g YL,

Hence, the total number of gradient calls in expectation is

oo (o ) )

Since § € [u, L], we obtain \/g—i— \/% < \/%—&— 1, leading to

n 4 n3/* 6+\/f + @§2 n 4 n3/4 L .
I 4 % 7

Thus, the gradient complexity is O (n +n3/4 /L] u). Moreover, when § = ©(1/uL), we obtain

S N I G P o A )

Thus, the gradient complexity is o (n ++/nL/ u) in this time.

2
| p(s+ 1) /VE _ 1}

O(TLTapp'Kg) = O

Note that Assumption[I]and smoothness of f; could only guarantee
1O @
~ 2 IVSi@) = VAE@)IP < 6%+ V(@) - Vi)
i=1

<842 | VIf - fil(@) =V = Al +2 |V fi(@) =V Ai(@)l* < [(2n+1)5°+2L7] ||lz—y]|*,
that is, f;’s are (2L + 2+/nd)-average smooth. Hence, the tightness of our gradient complexity holds
for the average smooth setting only when /nd = O(L). Moreover, we can also compute

IV fi(z) = Vi)I” < 21IVIf = fil@) = VIf = L)) +2[IVf () - V()

@

<2n0°+4 ||V~ fil(@)= VI~ A)@)* +4 IV fo(2) -V A(@)|* < [6n6*+4L°] a—y]*,
that is, f;’s are (2L + 34/nd)-smooth. Hence, the tightness of our gradient complexity holds for the
component smooth setting only when 6 = ©(y/uL) and nu = O(L).

F Omitted Details of Section 4

In this section, we give the omitted details of Sectiond]as well as their proofs.

F.1 Formal Statement of Definition 4.1l and Discussion

In this subsection, we give the formal statement of Definition E] and show that Algorithm Q] satisfies
our definition.

We first introduce the two oracles: the incremental first-order oracle (IFO) [2,163] and the Proximal
Incremental First-order Oracle (PIFOE 136, 251, which are defined as '}, (z) = [fi(z), V fi(z)]

' Although we have defined PIFO in Section we restate it here for completement.
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and by (x,7) = [fi(z), V fi(z), prox ;. ()] with v > 0 respectively. Here the proximal operator is

1 1
proc () = argamin { fw) + - o — ul* | =argmin {1 + 5 o - wl?}

The IFO hgc () takes a point « and a component f; as input and returns the zero-order and first-order

information of the component at . The PIFO hfc’i (2,7) has an additional input > 0, which can
be viewed as the step size of the proximal operator. Besides the local zero-order and first-order
information returned by h;i (), hi (z,~y) also provides some global information of f; by means of
the proximal operator. To see this, if we let v — 400, prox}’i (z) converges to the exact minimizer
of f;, irrelevant to the choice of x. In practice, it could be hard to compute prox}i (x) precisely.
Nevertheless, since we only focus on communication complexity, it makes no difference to distinguish
between the IFO and the PIFqu Thus we assume the algorithm has access to the PIFO and the
definition is as follows.

Definition F.1 (Formal version of Definition[d.1) Consider a randomized algorithm A to solve
problem (1). Suppose the number of communication rounds is T. Define information sets Zy11, 70 o
and I}, . Here I denotes all the information A obtains after round t, while I, ; and I} , denote
the information before and after (possible) anchor point updating during round t, respectively. The
algorithm updates the information set by the following procedure.

1. Choose a distribution D over [n] with ¢; = Pz.p(Z = i) > 0, a positive number p <
co/nE] and the initial points xo. Specify a master note 1 and assume maxa<i<n ¢; < go/n.
Node 1 sends x to all the other nodes and other nodes send hi (xo,0) back to node 1.
Initialize the information set as Ig := span{wo, Vfi(aco),prox}f (xo) ’ 1< < n} and
sett =0 and o = x.

2. Sample iy ~ D. Node 1 sends . to node iy and node i; sends hl;it (&, vt) back to node 1.
Update the information set

I?H = span{y, Vi (&), prox}:t (24) ‘ y e It} (25)
3. Update the information set T} 1 and choose Ty € T} 1 following the linear-span protocol
Zip € Thyy = span{y, V() proxk (w) [y 2w € T8} @26

4. Sample a Bernoulli random variable a, with expectation equal to p. If a; =1, go to step 9]
(update the anchor point); otherwise, set 111 = Ty+1, Liy1 = It1+1 and go to step@(do
not update the anchor point).

5. Sample j; ~ D. Node 1 sends some y;y1 € Zt1+1 to node j; and node j; sends
hjlfj (Ye41, 7y 1) back to node 1. Obtain the anchor point y; 1 by
t

Yit1 € Span{y,Vfl(Z),prOXX (w), Vfj, (yt+1)7pY0X;;:’1(yt+1) |y, z,we ), }.
27

Then node 1 sends the anchor point Y1 to all the other nodes and other nodes send
hjlfi (Gtt1, Ye+1) back to node 1. Update the information set and obtain 11 by

Zyi1 € Tyy1 = span{y, Yui1, V fi(Ge1), prox T (i) |y eI, 1<i<n}.
(28)

6. Ift =T — 1, output some point in Iy, otherwise, sett < t + 1 and go back to step 2}

Here all the random variables i, j; and a; with 0 < t < T — 1 are mutually independent, and the
step sizes of the proximal operator ~y;,~y; and v, are positive numbers.

2See Lemma

To include catalyst accelerated algorithms, we also need p > c1 /n for some ¢; > 0 (see footnote . To
analyze Algorithm p < co/n is enough.
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Now we explain this definition and show that Algorithm [2] (with Algorithm[I]as a part) satisfies our
definition.

Initialization. In our definition, step [1]is the initialization step. Without loss of generality, we
can assume o = 0 and node 1 is the master node. Otherwise, it suffices to consider { fz(ac) =
fi(x 4+ xo)}, and exchange the indices between node 1 and the master node. In Algorithm
the distribution D is Unif([n]{*} and p = 1/n. In the initialization stage, the algorithm needs to
calculate the full gradient of the initial point &y, whose communication cost is 2(n — 1).

We note that Definition enjoys a loopless structure while Algorithm [2 has two loops. In fact,
when p is fixed, a loopless algorithm is equivalent to a two-loop one with the inner loop size obeying
Geom(p)E}

Analysis of one communication round. In each communication round, whether to calculate the full
gradient depends on a coin toss with success probability p, as shown in step {]

The case a; = 0. We first focus on the case where the full gradient need not be calculated. Such a
scenario corresponds to an iteration of Algorithm[I] Each communication round start with step[2] In
this step, the algorithm samples a local node, with which the master node communicates. And the
communication cost is 2. &; in this step corresponds to @, in Algorithm[I] In step[3] the master node
calculates the next point based on the current information set Zp, ; as well as the PIFO hl)fl. This
corresponds to line 7 in Algorithm [T} Indeed, the subproblem (7) can be rewritten as finding

. . 1
arg min A} (z) = arg min { & — @0+ 01 () — g1 — Vu(@n)]| + f1<w>}
weRd meRd 20

= prox}, (z; — 0[V fi,(x:) — gr — Vf1(21)]).

If the algorithm has access to the PIFO hpl, then the subproblem (7)) can be exactly solved by one
step of (26). Otherwise, one can apply @ recursively without the proximal information (i.e., only
using the [FO h;l ), e.g., (accelerated) gradient methods, to find an approximate solution of liﬁ

The case a; = 1. When a; = 1 in step[d] the algorithm needs to perform step[5} which corresponds
to an outer iteration of Algorithm 2] Before calculating the full gradient, the algorithm first samples a
local node j, again and the master node communicates the information about y;4; with this node.
Here ;41 corresponds to 1 in Algorithm 2] and the communication cost is 2. Then the master
node calculates ;1 by (Z7), which corresponds to @1 (of the next iteration) in Algorithm
That is to say, lines 7, 8 and 4 (of the next iteration) in Algorithm [Z] can be summarized as
Then the master node communicates with all the other nodes the information about ;4 ;, and the
communication cost is 2(n — 1). In (28), the algorithm picks up &, as the starting point of the next
round. In Algorithm[2] &, is the same to §;41.

Communication cost. From the above analysis, the communication cost in step[5]is 2(n — 1). Since
we assume ¢ < c¢o/n, stepis performed infrequently and the expected communication cost is (at
most) 2(n — 1) - p &= 2¢ for a sufficiently large n. As a result, the total communication cost of a
round is roughly 2 4 2¢( in expectation. After 7' rounds, the expected communication cost is roughly
2(n —1) 4+ 2(1 4 ¢o)T. As aresult, we can use the number of rounds to measure communication
complexity.

The linear-span protocol and information set. In Definition [F. 1} we focus on loopless algorithms
based on the linear-span protocol. One can check that many methods, e.g., KatyushaX [6]], L-SVRG

and L-Katyusha [34], Loopless SARAH [42] and SVRP[T_TI [33], satisfy our definition. And this class
of algorithms is sufficiently large in that the upper and lower bounds have matched for most cases

“When analyzing computational complexity, this distribution can also depend on the smoothness of each
component function [57, 6]

'3See Proposition

18Such a modification makes no difference to subsequent analysis. See Remark

7For Catalyzed SVRP in their paper, we can slightly modify it without affecting the gradient or communication
complexity. Specifically, we remove the full gradient step at the beginning of the inner loop and do not update
the current point until the full gradient is calculated. The number of additional communication rounds is
1/p = ©(n) in expectation, as long as p = ©(1/n). Since in each inner loop, the algorithm must calculate the
full gradient, whose gradient or communication complexity is also ©(n), such a modification would not affect
the total complexity.
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[25]. Built on the linear-span protocol, the information set Z; 1, a linear subspace of the whole
space, gathers all the gradient and proximal information obtained by ¢ rounds of communication
and includes all the possible points generated by the algorithm after round ¢. Clearly, the sequence
{Z,}L_, is nondecreasing in the sense that Z, C Z;: for any t' > t.

F.2 Details of Section[d.2]

Recall that in Section 4.2} we consider the following class of matrices

1 -1
1 -1

B(m,() = c R™*m.

1 -1

¢

And one can check the matrix A(m, ¢) is a tridiagonal matrix, i.e.,
1 -1
-1 2 -1
A(mag) = B(m7 )TB(m,C) = c RMX™

-1 2 -1

With the hard instance constructed in (T3], we have the following lemma, which is a modification of
Lemma 6.1 in Han et al. [25]] in that the partitions of the index sets are slightly different.

Lemma F.2 Suppose thatn > 3, m > 3, v is an arbitrarily positive number and x € Fy, for some
0<k<mIfk =0, we have

Fi, ifi=1,

_ v
Vr; (:L')7 Prox,;, (:E) € {]—'0, otherwise.

If k > 0, we have

Fry1, kel
Vri(x), 2 (x) € T 5
ri(@), prox;, (@) {fk, otherwise.
Here {Fi,} 7", are defined as Fo = {0} and Fj, = span{ey, e, ..., e} for 1 <k < m, and we
omit the parameters of r; to simplify the notation.

Lemma tells us that if the current point « lies in some subspace of R™, only one component
can provide the information of the next dimension by gradient or proximal information. In this
sense, PIFO cannot provide more information than IFO. Thus, when we focus on the communication
complexity of an algorithm, it makes no difference to distinguish between IFO and PIFO. And we
can assume the algorithm has access to PIFO without loss of generality. Moreover, when & > 0, the
oracle of 71 can never provide any information on the next dimension. The proof of Lemma[F2]is
deferred to Appendix

With Lemma [F2] Lemma[4.3]is a natural corollary and the proof is deferred to Appendix

Remark F.3 Recall that in steps [2| and |3| the difference between T} 11 and VY "1 only resides in
h?l (@, 7) (or hY (2, ~) when we consider problem (13)) for @ € I7, while Lemmaimplies that

hY (x, ) would not expand the information set as long as = # (E;I This demonstrates that applying
(12;6]) recursively would not affect the analysis of communication complexity.

The next result is a corollary of Lemma[4.3]and the proof is deferred to Appendix [F.6]

®1n the proof of Lemmain Appendix we show that ItlH = I,?H
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Corollary F.4 Define the random variables Ty = —1,
Ty = mtin{t it >T,1,3k—2€ L;,orap =1} for1 <k <(m-1)/3, (29)

and Yy := Ty, — Ti_1. Then we have (i) L1 C Fsi—o for any t < Ty, (ii) the Yy are mutually
independent; (iii) Y}, ~ Geom(qr + p — pqrs ) with k' = 3k—1 (mod (n—1)), 2 < k' <n.

Corollary [F4] claims that T, is the smallest index of the communication round after which the
information set can be expanded to F3;2. Moreover, T}, can be decomposed into the sum of
independent geometric random variables. With Lemmal[A.6] which gives a concentration result for
the sum of geometric random variables, we have the following proposition, whose proof is deferred

to Appendix

Proposition F.5 Letr 0 < M < (m — 2)/3 and N = Z((ql(\)/[_iit)) + 1 with qp and cy defined in

Definition Suppose we use an algorithm A satisfying Definition to solve problem (13).
After N round of communication, the algorithm obtains the information set L. Then we have
INn C Fspv1 C Fm—1. Moreoever, if

i — mi >9 30
meI}lglEHr(w) wnélﬁ{r}ﬂ r(x) > 9e, (30)

we have

E min r(x) — min r(x) > e.
€N xreR™

Proposition[F3]specifies the number of communication rounds needed to find an e-suboptimal solution
under the condition (30). Roughly speaking, the condition requires that the exact solution of problem
(T3) does not lie in some subspace of F,,,_1

Now we come back to the hard instance (I3). Recall that r is c-strongly convex and r;’s satisfy
v/8n + 4-aveSS. We need to properly scale the function class {r;}_, such that it satisfies Assump-
tion[I] Note that rescaling does not influence Lemma [F.2] Thus Proposition [F3]still holds for any
rescaled version of problem (T3). Specially, we consider the following problem

min f(a) = 3" fha) where 2(a) = Arta/fim. o)
i=1

xcR™

4A 4 | A [2 4 26/
)\: , — s = _— d = th = +1'
p—1 o p—1\ pu(p+1) ¢ Lp M7 o VP V2n+1

Here n, 0, ;1 and A are given parameters. As shown in the next Proposition, ¢ is the AveSS parameter,
1 is the strong convexity parameter and A is the function value gap between the initial point and the
solution.

3D

Proposition F.6 The problem defined in (B1) with n > 3 and m > 3 has the following properties.
1. f%is p-strongly convex and f’s satisfy 5-AveSS.

2. Let q:’;—:. The minimizer of f* is w*:W(q, @, ....,q™)" and f*(0)—fh(z.)=A.

3. For0 < k <m — 1, we have

VAN

min f*(x) — f2(x.) > A¢** and mip |- x|’ > e (32)

xEF)

Property [2] shows that the minimizer of problem (31) has all elements nonzero. Thus, it does not
lie in any subspace JFj, for £ < m. As a result, we cannot obtain an approximate solution up to
an arbitrarily small accuracy, unless we get an iterate with the last element nonzero, as claimed by
Property [3] This implies problem (31 satisfies the condition 30}

Combining Propositions [F.5] and [F.6] we can establish the lower bound of the communication
complexity.
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Theorem F.7 (Formal version of Theorem[d.d) Suppose we use any algorithm A satisfying Defini-
tion[F1|to solve the minimization problem (31) and the following conditions hold

A p—1 20/
n>3and e< —-¢* withq="——p= 4| —x +1
- =91 1= 51"\ Van s
Set m = L% + 2J. In order to find & such that Ef"(£) — mingegrm f(x) < ¢ the

communication complexity in expectation is

Q (n+n¥/4\ /6 ulog(1/e)) . for & = Qym),
nlog(1/e) s
0 n+1+(log(u\/ﬁ/5))+)’ Jor iy = OW/n).

Recall that in (32), mingcr, f*(x) — f"(2.) and mingc 7, || — .| are both lower bounded

by ¢2* multiplied with some constants. If we want to find & such that E ||& — @[> < e, the
communication complexity is the same. The proof of Theorem [F77)is deferred to Appendix [F.9]

E.3 Proof of Proposition[d.2]

Proof: For convenience of notation, we omit the dependence of r;, r, B and b; on the parameters m,
¢ and c. With the definition of {r;}_; and r, we have

=Y bz — (n—1)ey, i=1,
Vr, —r)(x) = = m . 33
( (@) {nzleﬁi bbbz — Y bb/x+er, i#l 33)
From the definition of b;, we have
2 1<li<m-1 -1, 1<l<m-2
bTb — ) =t = 9 bTb — 9 =t = ) 4
by {Cg’ I—m 1 biya {C I—m—1, 34

and b by = 0 for any |l — I'| > 2. Since n > 3, this implies b, b;y = 0 forany [,I’ € £; and [ # I.
Define by = by, 1 = 0 for ease of notation. Let A; = ;.. bib/ , A=>",A; => " bb/
Then for any ,y € R™ and u = « — y, we have

> IV = )(@) = V=) ()* S Aul + Y A~ Aul?

= Au’ +) o Al —20) (Aw)" Aut (n - 1) |Aul® =0 ) | Al —n | Aul®.

i=2 i=2 i=2

*= ||ZIE£- blbl—r'u’H2 = Zlegi(b;u)zbl—rbl and

m

Z bib] u

= (b w)’b] by +2(b u)(b), ,u)b), b,
=1

m

Z w)?b] by + (b w) (b w)b b+ (b w) (b u)b b,

2
[ Aul]” =

where the final equality uses by = b,,,+-1 = 0. Hence, we get

% Z IV (ri — r)(@) — V(i — r)(»)]?

m

Z w)?b b — | > (6] u)?b by + 2(b w) (b)) 1 by
=1

= (n—1)> (b u)’b/ bl—2z b u) (b, u)b/ by (35)
=1 =1
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Recall that 0 < ¢ < /2. Then (34) implies b, b, < 2 and |b, b;1| < v/2 for any [. Substituting
these into (33) and using Cauchy’s inequality, we have

m

Y IV @) -V @) < 20— 1) S 6 w? + V2 Z [0 ) + (b, w)?]

l=1

IN

(b u (2n+1)

1 1
Notice that (b u)? = (w; — wi41)? < 2(uf +uf,,) for1 <1< m—1land (b u)? = (Cup)? <
2u2,. This implies

’HL

Ms

(2n+2f— 2)

m
:1

1
n Z IV (ri =) (@) = V(ri = r)(@)|* < 4@2n+ 1) lu)® = (8n+4) |z — y||*.
i=1
As aresult, r;’s satisfy v/8n + 4-AveSS. O

F.4 Proof of Lemmal[F2

Proof: For convenience of notation, we omit the dependence of r;, , B and b; on the parameters m,
¢ and c.

1) First, we focus on the gradient of the 7;. Recall that

QHsz—n(el, x), fori =1, cx — ney, fori =1,

ri(®)=9 8 S 2o @+ & 2|?, fori# 1. = VNi@)=0 3 bibla + cx, fori # 1.
l€ i lel;

(): If ¢ € Foy, ie., x = 0, we have Vr1(0) = —ne; € F; and Vr;(0) = O for i # 1. (ii): If

= (21,...,%m) € Ffor1 <k < m, wehave Vri(x) = cx —ne; € Fj. Asfori # 1, we need

to examine b;b; z. One can check
bib) @ — (ﬂéz —xi41)(er —eq1), 1<1<m—1,
C Tm€m, l=m
For x € F},, we have
Fi l#Ek
b bT c 2 )
o {ka, =k
As aresult, if k € L;, then Vr;(x) € Fiy1; otherwise, Vr;(x) € F.

2) Now we turn to the proximal operator. (i) For i = 1, it is easy to verify prox} (z) = (1/v +
¢)"'(x/y + ney). Thus, if © € Fo, prox) (x) € Fi;if & € F, for k > 1, prox] (x) € Fp. (ii)
For i # 1, we define u; := prox) () for simplicity. Then w; satisfies the following equation

[n’yBiTBi +(ey+ ) I|u; ==, B;:= Z eb, .
leL;

(36)

Note that B B; = Y, b;b/ . By the Sherman-Morrison-Woodbury formula, we get
_ 1 -1
(I+éB/B;) " =I-B/ (~I+BiBiT> B;,Vé #0.
¢

In the proof of Proposition we have shown that b b, = 0 for any |l — | > 2 and consequently
b/ by =0foranyl,l' € Lyand | # I'. Thus, B;B; =Y, b/ beje] is a diagonal matrix. Then

—1
we can denote D, = (%I + BiBiT) = >/~ diee] and obtain

- 1 - ~ B/ D;B,
W:[n’yBiTBiJr(c*y+1)I] Ye= (I+ wy BTB) p— L7 D Hibi®

cy+1 cy+1 cy+1
Then we have B D;Bix = Y., di bib] x. For & € Fj,, by (36). if k € L;, then w; € Fpy1:
otherwise, u; € Fy. This completes the proof. O

30



F.5 Proof of Lemma4.3|

Proof: S@CG we can assume €y = 0, Lemma [F2]implies Vry € F;. Then from step [T} we have
Ty = F

Then we focus on the second claim and examine how many dimensions of the information set we can
increase after a round of communication.

Since we choose node 1 as the master node, we have access to Vry and prox’Y in each communication
round. Recall that we set £, as the empty set. Lemma[F-2) guarantees that the information provided
by 71 can never expand the information set unless the information set only contains 0. Thus, (26)
does not affect the information set, i.e., Z}, ; = Z?,; for any ¢t > 0.

When a; = 0, only (23] can expand the information set. By Lemma | if 4; satisfies k € El,,
we have 7}, ; = 7., C Fj41. Otherwise, we still have 7}, = It+1 C Fi. Then step 4| in

Deﬁnition 1mphes Ty =1} 11

When a; = 1, from the above analysis, we always have Z; 1 C fk+1 By Lemma|F.2] (27) could
expand the 1nf0rmat10n set by at most one dimension. It follows that ¢, 1 € Fi4-2. Using Lemmal[F2]
again yields 7,11 C Fyy3.

F.6 Proofs of Corollary [F.4]

Proof: We prove the first claim by induction on ¢. That is to say, we prove that for any integer
t > —1,T;11 C Fak—o for any k satisfying ¢ < Tj. Define k(t) as the positive integer such that
Ti(ty—1 < t < Ty(y). From the monotonicity of F., it suffices to prove Z, 11 C Fap(s)—2-

By Lemma we have Zy = F; and k(—1) = 1. The claim holds for t = —1. Suppose that
Tiv1 C© Fapey—2- H3k(t) —2 € Ly, or a1 = 1, Lemma together with (29) implies
k(t+1)=k(t)+ 1and Zy 1o C Fapy+1 = Far(e1)—1. Otherwise, we still have k(t + 1) = k(t)
and Zy 12 C Fapp)—1 = Fak(t+1)—1-

For the second claim, the independence of {Y}, }>1 is natural consequence of the independence of
{(ie, ar) b>1-

For the last one, note that 3k — 2 € £;, is equivalent to i; = 3k—1(mod (n—1)) for 2 < i; < n.
Then we have for &’ = 3k—1(mod (n—1)),2 < k¥’ < n,

]P)(Tk - Tk*l = S) = IP)(/LTk_1+1 # k PR 72.Tk_1+571 7é klaaTk_1+1 = =47, _14s-1 = 07
Z.Tk—1+5 =k or ATy _1+s = 1)

i) s

= [(1—ag)A=p)) 1 -1 —aq)(1-p),

where (4) is due to the independence of {(i;, a;)}¢>1. S0 Yy, = T}, — Tk_1 is a geometric random
variable with success probability 1 — (1 — qx/)(1 — p) = q& + P — qi'D- O

—

F.7  Proof of Proposition[F.3]

Proof: By Corollary[F4] if N — 1 < Thy41, then Iy € Fapr41 € Fru—1. Thus we have

E min r(x) — min r(x) > E [min r(x) — min r(z)|N —1< TM_H} P(N —1<Thy1)

xeln xER™ SN xER™

ZE[ min () — min r(z)

N-1< T]\/[+1:| P(N —-1< TM+1) > QE]P(N —-1< TM+1).

TCEF3n4+1 xcR™
By Corollary [F.4| again, T4 can be written as Th41 = Yl, where {Yz}1<z<M+1 are
independent random variables, and ¥; ~ Geom(§;) with §; = ¢/ —|—p pqr, " = 3l—1(mod (n—1))

and 2 < !’ < n. Moreover, Deﬁnltlon guarantees maxa<y<n §; < ¢o/n and p < ¢o/n. Then we
have Zf\ilﬂ 41 < (qo + co)(M + 1)/n. Therefore, by Lemma m we have
M+1 M+1
n(M +1) (M +1) 1
P(T >N-1) Y, > Y, > > —,
(Trr41 <§ 1> o+Co> (E ;> M+1§z>_9

=1

"In the definition of the information set, each f; is replaced by r; here.
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which implies our desired result. ]

F.8 Proof of Proposition[F.6]

Proof: Property (1L By Proposition we have f! is Ac/B2-strongly convex and f}’s satisfy
AV/8n + 4/32-AveSS. One can check Ac/B? = pand \v/8n + 4/82 = 4.

Property Let & := \/% = pu(p? — 1)/4. We have
i(x) = ngA(m,C) T+ g z||> — €8 (e1, x) .
Letting V () = 0 yields (€A (m, () + uI) = = £Bey, or equivalently.

T
-1 2+% -1 0
. . x=|:|. 37
-1 2+% -1 0
-1 4144 0

Sinceqzz—ﬂ,wegeﬂ—&-%:Zg%fzq—l—%and@—i—l—i-%szi:%.Wesolve@)by

T 1 1
$m71—7=0, Tp — <Q+q>$k+1+$k+2=07/€€[m—2]7 <Q+q—1>$1—$2=/3-

e,y 2 —
Thus, @. = 12 (q,¢% . ..,q™) T and f(z,) = —Llepme) - _ g 2D @ A
Property@ Ifx e Fi,1 <k <m,thenzyy) = 242 = -+ - = 2, = 0. Let y denote the first k

coordinates of x and Ay, denote the first k rows and columns of A(m, (). Then for any x € Fj, we
can rewrite f"(x) as

fiy) = 1'@) = Sy Avy + & ol — €5 (e, w)

where é is the first k& coordinates of e;. Let V f(y) = 0, that is

v
1+§ 1 6
-1 2+ -1 0
.. .. y=1-:

-1 2+§ -1 0

-1 24+ £ 0

Similarly, we need to solve

1 1 1
L1 = (q—l— q> T, T — <q+ q) Tpt1t+Tryr2 =0,k € [m—2], (q—i— 6 — 1> T1— X0 = .

By some computation, one can check the solution is

B Byttt (71@ ko—(k=1) k=1 “1 1)T
Y= ST g ¢ g =4t

Thus, we have

Y 9 2(1 _ q) 14+ q2k+1 4 1 +q2k+1 1+q2k+1 ’

and by g < 1, we further have that

. . 1— g%k (14 q)g** A
h h(.\ _ rh h _ _ 2%k
Jnin f7(x)— min fH(x) = [ y) -/ 2.) = A (1 Tl ) T e 2 Ag™.
Moreover, recall that x, = B(”Tﬂ)(q, ¢%,...,q™)". Then we have
2 1 2 m ) 2 1 2.2 AN

min ||w_w*H2: B (p+ ) Z C]QZZ ﬁ (p+ ) q 2k _ q2k.

TEFy, 4 S 4 uip+1)
This completes the proof. O
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F.9 Proof of Theorem[E.7|

Proof: Let ¢ = & and M = {% — 7J From the condition on € and the definition of m,
one can check 0 § M < (m —2)/3 and m > 3. Moreover, we have 3M + 1 < %. Then

by Propositionafter N = 2D 4 1 rounds of communication, the information set satisfies

4(qo+co)
In C Fam41 € Fr—1. The third property of Propostion [F.6implies

min B(x) — min 6M+2
xCF. x) > A > O¢.
31M+1 f ( ) zeﬁam f( ) = 24 9e

Then by Proposition again, in order to find & such that Ef?(£) — mingern f*(z) < ¢, the
algorithm A needs at least N communication rounds.

Now we give a lower bound N. According to whether 24/ is larger than v/2n + 1, we divide the
analysis into two cases.

Case 1: 20/;1 > \/2n + 1. Then p > /2. By inequality 0 < log(1 + z) < z,Vz > 0, we get

L >1:p—1:1(/26/u+1_1) V2
log & log(lJr%)*p?j 2 2 V2n+1 T 6v2n+1

where the final inequality uses vt +1 —1 > Vi /3,¥t > 1. Moreover, the condition on € implies
log % > 3log %. Then we have

log & log & /
Ma1> 80 L e o v20/p 1gA Q( O/1 1o L )
€

~6logl 37 18logl T 108v/2n +1 nl/4

It follows that N = Z((qlé/[:ct)) +1=0 (n3/4\/5/u log(l/e)). The total communication cost in

expectation is of the order ©(n + N) = Q (n + 034/ /1 log(l/e)>.

Case 2: 20/t < v/2n + 1. In this case, we have 1 < p < /2 and consequently

1 2 (@) 32 1 T2 1 V2 1
log — = log (1 + 1) < log ( 57 i ) < log ('UQZ;—’—) < 2+log <M27;;+) ,
q p—

where (i) uses Vt+1—1>t/3,V0<t<landp =,/ \/2% + 1, Moreover, the condition on ¢
implies log & 5c = 3log é. Then we have

a a
M+1> 1g96 _ L losg —Q< e/ )
1+ (

- 610g 3718 log% log(1/n/0))+
where (a) denote max{a, 0}. It follows that N = ﬂ%ﬁ:’ct)) +1=0Q (%). The total
communication cost in expectation is of the order ©(n + N) = Q (n + %). 0

G Experiment Details

We show some detail of our numerical experiments in this section. The computation of problem-
dependent parameters is defined as follows. Since the objective is

1 1 & 2 I 2
f(@zﬁz : EZ — Yij) +§H$H

=1 7j=1

Let Z; = (zin, s Zim) [N/ M/2,Yi = (Yits- - Yim) | /r/m/2. We reformulate f;,i € [n] into

1
fi(x) = 3 HZZT$ - yzH2 + % 2|, V2 fi(z) = Z,Z + pl,.
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Table 2: The choices of interpolation 7 = s7 in experiments.

Katyusha X AccSVRS
. 1 0.1 0.01 1 0.1 0.01
Synthetic data |2 . : - -
Y s| 1] 2 5 [ 2[5 | 10
Real data w | 0.11]0.01 | 0.001 | 0.1 | 0.01 | 0.001
S 1 1 2 2 0.5 0.5
Real Data (n=50,4=0.1,6=0.3,L=6) Real Data (n=50,u=0.01,6=0.3,L=6) Real Data (n=50,u=0.001,6=0.3,L=6)
10° 10° 10"
102 102 —\‘M 102
10 10 10
S
= — swre = — swre s — svRG
=10 \ KatyushaX =107 KatyushaX = 10 a
—— SvRs —— SvRs —— SVRs
10 —— ACCSVRS 10790 AccsvRs 107 AccsvRs
—— svRp —— svRp —— svRp
10 —— ACEG 10771 AccEG 10721 o accEs
0000 30000 40000 50000

000 6000 8000 10000 [ 10000

[ 2000 4000 6000 8000 10000 0 2000 a B
C ions Communical tions Communicaf tions

ommunicati

Figure 2: Numerical experiments on real data. The corresponding coefficients are shown in the title
of each graph. We plot the function gap on a log scale versus the number of communication steps,
where one exchange of vectors counts as a communication step.

Thus, we obtain the smoothness of each f; is L; = || Z;||”> + p, and L := max; e, L;. Obviously, f
is p-strongly convex.

For the synthetic data, we first generate a random symmetric matrix Z, € R?*¢ with d = 100 and
|Zo]] = 3000, then we add a perturbed symmetric matrix IN;, Vi € [n] with n = 400, ||IV;|| = 30 to
obtain Z; = Zy + N;. We also add a correction Ay, (Z;)I, to Z; to further make Z; > 0. Finally,
we recompute the center matrix Z = Y. | Z;/n and §-average similarity coefficient following
AveHS in Eq. (6) as

I 2
0= EZ”Zi*ZH :
i=1
We use the analytic solution obtained by the proximal step since

-1

. 1 1 x

prox} (xo) := argmin fi(x) + 20 & — 2o|* = {Z1ZF + (,u + 0) Id} (Z1y + ?O) :
zeR?

For Katyusha X [6, Fact 4.2], and AccSVRS (Thm @), we scale the interpolation coefficient 7 = s7
with s € {0.5,1,2,5,10} and 79 is the theoretical value. The finally used scaling s is shown in
Table The initial points of all methods are the same, which are sampled from Unif (S9—1).

We also run the real data ‘a9a’ from LIBSVM library [16], where we split it into n = 50 datasets
with the data size . = 600. The results are shown in Figure 2] and we can observe similar behavior
of our methods.
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