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A Additional experimental results

In this section, we present additional accuracy curves from our experiments, highlighting the superior
performance and faster convergence of FedNAR in almost all cases.

A.1 CIFAR-10 dataset

Figure [f]displays test accuracy curves for all six backbone algorithms under three distinct imbalance
parameters: « € {0.3,1, 10}. The results clearly demonstrate that FedNAR outperforms the baselines,
particularly in scenarios with imbalanced data.

A.2 Shakespeare dataset

The experimental results presented in Figure[7]and[8]showcase the outcomes of experiments performed
on the Shakespeare dataset. Six backbone algorithms were utilized, with initial weight decay values
selected from {1072, 10~*}. These findings serve as evidence that FedNAR, as an adaptive weight
decay scheduling algorithm, exhibits effectiveness across various initial weight decay values.

B Supplementary proofs

In this section, we provide a comprehensive proof for Lemma([T] Theorem[I] and Theorem 2} which
are discussed in Section and Section [B.2] These proofs pertain to the general framework 2]
incorporating adaptive learning rate and weight decay. Additionally, in Section[B.3, we focus on the
specific context of FedNAR and present a detailed analysis of its properties by showcasing interesting
characteristics.

B.1 Proof of Lemma[Iland Theorem[]]

These two results exemplify the distinctive update dynamics exhibited by our framework, encompass-
ing both the specific update formula and an upper bound constraint on the parameter norm.

Lemma 1. For roundt > 1, the global update is equivalent to be

where
A M -1 ) 1 M -1 .T—l ) )
Ry D | CECD RS B SRV | (SRl ©6)
i=1 j=0 i=1 j=0 r=j
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Figure 6: Test accuracy curve for CIFAR-10 dataset for 6 different algorithms. For each algorithm, three columns
correspond to the results of « € {0.3,1, 10} respectively.
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Figure 7: Test accuracy for Shakespeare dataset using different backbone algorithms with initial weight decay
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Figure 8: Test accuracy for Shakespeare dataset using different backbone algorithms with initial weight decay
1074

Proof. Forround 1 <t < 7T and client 1 < ¢ < M, write the the update for iteration 1 < k < 7, we
have:

ti tiy tyi ti ti
zy = (1= py)zg" — A 90",

i ti N\t ti i
T7 = (1 - lu"rfl)x'rfl - )\Tflg'rfl‘

Compute x4 iteratively, we have:

7—1 7—1 7—1
tad t,ay t, t,e [ RAPR A
Ly _H(li.u“j )xO 72 :>\] H(]‘i#?" )g] ’
=0 =0 r=j
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local update

T—1 T—1
i t, i t,
Ab = ght — bt = 1—H(1—,u] +Z)\LH “)gj,
j=0 r=j

and aggregated local updates (pseudo gradient)

|
—

T—1 T

1 M . - M
PR LEE | (R TS o | (R
i=1 =0 i=1 j=0

Tj

So the global update is
N Mot _ M 7—1 r—1 o
R R R R DN | CE DN Z PPV || [EEED s
i=1j=0 i=1 j=0 r=j
which is the form in the Lemma. O

In the following, we denote [N] := {1,2,---,N}, and &(g,2) := M(g,2)g9 + pe(g, z)x for
1<t <T.

Theorem 1. If the functions A\ and i satisfy that there exists A > 0, such that for any t > 0, and
(g,z) € R? t(g9,2)g + pe(g, x)x|| < A, then the norm of global model in Algorithmis at
most polynomial increasing with respect to t, i.e., ||z¢|| < O(poly(t)).

Proof. For each (t,i, k) € [T] x [M] x [’T], we have

t,i t,i
(1_'“k 1) _)‘k 19k 1 _xk =&l Tl
Therefore,
A = Z& gklpxk 1)
and
| M | Mo
i t, t,
At_MZA“— MZ §i(gp 1, o),
=1 i=1 k=1
also
t 1 M T ) )
et =at Tt - N A = =20 = ZAP =27, Z Y Z &gty 23 y).
p=1 p=1 i=1 k=1
This means
A t M T ) .
] < [l + Mg ZZ 1€(aR2 1 a2 DI < [l2°[] + AgT At
p: : :
which is linear to ¢, so also a polynomial to t. O

B.2 Proof of Theorem 2|

To prove Theorem [2, we begin by introducing a lemma that aims to limit the discrepancy between
local updates and one-step gradients. This lemma is a crucial step in the conventional approach
observed in theoretical analyses of FL [24,110]. However, in our case, this process can be considerably
simplified due to the bounded nature of our local updates.
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B.2.1 Gap between averaged multi-step local updates and one-step gradient

Lemma 2. For (t,i) € [T] x [M], denote

T—1 T—1
B;,z _ )\;,1 (1 _ ,U,fn’i), ﬁt’i _ Zﬁt‘,z» and ht i Bt - Zﬁt 7 t )
r=j 7=0

which is the accumulated updates in client © and round t. Then there exists constant D > 0 such that
foranyt € [T, we have

M

1 ,

=S E|t - VE @ < D,
=1

where the expectation is with respect to random batches given z'~1.

Proof. By definition, we have

Bl = VR = 28 ZB“ v VE ()

—2E @1225“ (97" — VF(z'™1))

2
VE@“UH

<mi§i

<2IEZ||g“f Fi(' 1|1, @)

where we use || Y0 ;|2 < Y0 agl|@i]|? for non-negative Y- | ov; = 1 in the first inequality,
and 87" /%" < 1 in the second inequality.
For[7} we have

Ellgt ~ VE ()| < 2B [lgf" ~ VRG] + I VE @) - VE @ )P

< 20? +2L2]E||act-l — 22
2

=202 + 2L°E 5t ght o att )

J 2
:202+2L2jEZH§t gr 1T :zl)H

r=1
<202 +20%j2 A% < 202 + 2077242, ®)

where we use Assumption [2]and[I]in the second inequality. Substituting §]into[7, we have

1 M ) 2 M 1-—1 . 9
7 2B = VEE TP < 7> 95" = VR
i=1 j=0

i=1
M
<o ; (202 + 21272 A?)
= dr0% + 4L A3, ©)
Taking D = 4702 + 4L?72 A3 finishes the proof. O
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B.2.2 Proof of main theorem

Now we can prove Theorem 2}

Theorem 2. Under Assumptions [I, 2 and [3, if \; and p satisfy the condition in Theorem [I
and also if there exists {u;} with an exponential decay speed, such that for any t > 0, and any
9,7 € R 11y(g, x) < uy, then the global model {x'} satisfies:

1
min E|VF(z Hr<o () +0O | LA272C? +LN273(10% + P12 A% +62) |,
T g g9 g

1<t<

weight decay error client drift and data heterogeneity error

where 1, = max{l;}, with l; = max, . {\(g, )}, and C satisfies u||z* |, u¢|| 2| < C for any t.

Proof. By Lemmall]
xt:xt—1_()\ ht+ug 1t— 1)
Under Assumption |I| (L-smooth), we have

L
Fla') = F(a'™") < —(VE@' ™) A + 2" + 5 [ Agh' + |

< —(VF(a' ), Aght) —(VF(a' 1), b et ™) 4 DA% + Ll 2 a2
H_/ %,_/

T1 TQ T3 T4

‘We bound these four terms successively. We have

M
1 . .
_ t—1 tipt,e
Tl—_Ag <VF(Z‘ ),Mizglﬁ h >
1 M
_ E t,i t—1 t,4

=1

=" gzMZW (VP Y] = [F@E) - 1))

A _ 2 i A M i — 7
e TP Y S V) — |

A 2 Ay o
g t—1 t,i g t,i (o t=1N g ti2
oz IVEGE]| ;B +—2M;ﬁ IV (") — ht|

A M
-9 t,i F t—1y _ F t—1\(2
g3 LB IVEE ) R

fﬁHVF(xt’l)HQiﬁ“ Ayl ZHVF t=1) h“'||2+ﬁ71 o2 (10)
M gt 2 T
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where we use 2(a,b) > ||a||?> — ||a — b||? in the first inequality and use Assumption E in the last
inequality.

—<VF(mt‘1)7u;‘1wt‘1> (11)
ug

M
||VF( t— 1)”2 g || t— 1||

M —
-3 ( 3 2 H (1=7) | (9P + )
< ( ey 1m>7> (IvF@E 1+ =)
2 z:l
M
< ( 3 2 1_mt>> (V@112 + o =1]?)
= (vat*)u? + =)
< 2, [V + e (12

For the first inequality, we use —2(a, b) < ||a||® + ||b]|?.

Ty = LXZ||A')? (13)
M
)\EZHBtzhtzH
3L>\2712 M 9
N 1
< - vRG)
3L)\2 2y
ZHVF 1) — VF( Y| 4+ 3LA2r 2| VE (2 )12
3LA2r12 U
1 2 2 32 2 _12 —1\(12

ST; |nt = VE (") ||* 4+ 3LA202712 + BLA2T2 ||V F ('), (14)

where we use Assumption [3]in the last equation, and
Ty < LA, 7°ui || 71? < LAZrC2. (15)

Combining these together and taking expectations, we have
t t—1 )‘ 1 tyi 212 4 Ag t—1y(12
E (F(z!) — F(z'™Y) < ZEB + 3LA2TI 7mt IVF(z )|

)\ Tl 2 12 1 7 —1y](2
+< BT )M; |h% — V()|
+ ﬁ7'l o2 + ﬁTC’ +3LA202712 + LA272C*
*Yg 9 g g * 9
Ay 1 & Ag
< (— E EB"" + 3LAXTIZ + TUt) IVE@E I+ H, (16)
where

ATl A A
H:= ( 27 +3LAT z2) D+ Frrleog + 70+ 3LAGogTL: 4 LAGT*C?,
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by Lemma Taking summation across all rounds 1 < ¢ < T', we have

t=1
Denote

)\ 1 M
T Z]Eﬂ“ BLATIZ.

Let § > 0 satisfy that 1, > 5 We have

T

t=1 t=1

Therefore,

; t—13)12 <
i BIVEETI < =5

This finishes the proof.

B.3 Validation of FedNAR

Z( ZE@“ 3L)\2712> E|VF(z'"Y)|? < F(z°) —EF(XT) + HT.

T
Y SE|VE@E P <Y nE|VF P < Fa®) + HT.

a7

(18)

(19)

(20)

In Section[B.2] we presented the proof of the main theorem. Building upon the theoretical analysis,
we subsequently introduce our algorithm, FedNAR. In this section, we proceed to verify that FedNAR
upholds certain properties. Additionally, we provide a specific example to illustrate the quantities

utilized in the proof outlined in Section[B.2.

B.3.1 Choices of ) and p

Recall in the main body, we choose

Mg @) = {lt A/llg + /bl it llg + /L) > A

ly, otherwise
and
_Jue Afllg /|, if (g +wz /]| > A
(g, ) = {ut, otherwise '
We now verify that they satisfy Condition[1} First if ||g + w,a/l;]| > A, we get
Ag Ax
(g, 2)g + pu(g, @)l = ||l + W
lg + 74| lg + 74|
It A A
=g uddll g 4 <ra
lg + 7l

Otherwise, if ||g + usx /1| < A, we naturally get
[Ae(g: 2)g + pe(g, w)z|| = ||leg + wez|| < LA < LA

So our choices satisfy Condition [T}

B.3.2 Lower bound of ES%?

2

(22)

As outlined in Section|[B.3, it is necessary to establish a lower bound for E3**. We now proceed to
present a specific and explicit lower bound for E3%* in the context of FedNAR, utilizing the given

choices of A and p.

*We will provide a specific lower bound for EZ%* for FedNAR in Section
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Lemma 3. There exists constants P, Q > 0, such that for any t € [T, we have

1S T (1 —u)(d— (1 —u)7)
M;Eﬂt ZP75+Q uy

lt7

where 8% is defined in Lemma IZ and expectation is taken with respect to random batches given
t—1
AN

Proof. With the definition of 8% and \, i, we have

T—1 T—1 T—1
SRR > v £ (e
Jj=0 Jj=0 r=j
T—1 ]
>3 E (A?Z(l u )m)
§=0
T—1
It A
:ZE min e ¢ p ,lt (1—ut)T_J
=0 9; + 1y
T—1
A
= E | min i ; s 1 (1 — Ut)T_Jlt
=0 gj)l + %txj)l
T—1
A
= E - (1 — ut)T_Jlt
t,1 ug .t
=0 max{ g; + it ,A}
T—1
A 4
2 i i (1 — Ut)‘rijlt (23)
=0 Emax{ g]’l + ’;—;zj’z ,A}
T—1
A ,
> " ” (1 —ue)™ 1y (24)
j=0 E ngﬂ + %33]-7z +A

Here23]is from EX -E(1/X) > 1 for positive random variable X, and[24Jis from max{a, b} < a+».
Next we give an upper bound for E|| gj-’l + 7—;‘35;1 ||. We have

ti , Wt ¢4
E|g + I, T

<Ellg;*

uo t,i
+ ?EHCL’J |

i Ji N3 (%) N
<Elg;" = VEi(z7")|l + EIIVE (5| + —Ellaj’|

i u i
< 0% + E|[VE (") + ZElja} || (25)
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Here we denote ¢ = min{l;} > 0. For the second term in by Assumption we get
E[VE;(z}")| < E|VFi(zg")] + LEl|2}" — a5
< E|VF;(zg")|| + LjA (26)
< E|VEF(xg") = VF(aq")| + [IVF (5" + LjA

M
< Y E|VE(ag") = VF(ag")| + I VF (") + LiA
i=1

M
< VM, | E|VFi(ay") = VF(zg")|? + [VF(ag")| + LiA  @7)
i=1

< Moy +|[VF(hh)| + LjA (28)
< Moy + ||[VF(2°)| 4+ L]jz*~" — 2% + LjA
< Mo, + ||[VF(z%)| + LA, 7At + LTA, (29)

where [26 uses similar techniques as the proof of Theorem|[I, 27 uses Cauchy inequality, 28 follows
from Assumption 3] For the third term in[25] we get

Ellz;"|| < Ellzg’|| + Ell2}" — o5
< ||VF(2°)| + LA T At (30)
Substituting 30| and 29]into 23] we get

ti , Ut ¢4
gj) + 7‘,1:_)
Ly

B J

< (1 + %) LATAt+ Mo, + (1 + %) IVE@EO)| +LrA (31

P Q
Take P, Q as shown in andset P = P/A, Q = (Q + A)/A. Substitutinginto 04| we have

T—1

ti 1 ey b (A —u) (1= (1 —u)")
7 sz::oPHQ(l_ut) =B ug e

This finishes the proof. O

Additionally, we get the following natural corollary that eliminates u;, [;.

Corollary 1. Denote ¢ = min{l;} > 0, then there exists a constant P,Q > 0, such that for any
t € [T), we have

M
1 ; I (T—up)(1—(1—wup)")
— Y EgHt >

M; g2 Pt+Q Uo &

where %% is defined in Lemma E, and expectation is taken with respect to random batches given
t—1
Tt

Proof. By Lemma[3] we have

M
1 ; 1 (Q—u)(l—(1—uy)7)
. E t,1 > .
It remains to prove that the function
1-(1-2)"
fla)=———

decreases for x € (0, ug|. To show this, we take the derivative:

Tz e 14+ (1—a)”
= . _

f'(x)

€T
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Denote g(z) to be the numerator of f’(x), we have
J@)=—1(r-DA-—2)" 2z+71-2)" =71 —2)"!
=—7(r—-1)(1—-2)" %2 <0.

Therefore,
f'(z) = g(z)/2* < g(0)/2* = 0.
This means f(x) > f(ug) for any « € (0, ug]. Therefore, f(ut) > f(ug) for any t.
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