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Abstract

We study a practical algorithm for sparse principal component analysis (PCA) of
incomplete and noisy data. Our algorithm is based on the semidefinite program
(SDP) relaxation of the non-convex [;-regularized PCA problem. We provide
theoretical and experimental evidence that SDP enables us to exactly recover the
true support of the sparse leading eigenvector of the unknown true matrix, despite
only observing an incomplete (missing uniformly at random) and noisy version
of it. We derive sufficient conditions for exact recovery, which involve matrix
incoherence, the spectral gap between the largest and second-largest eigenvalues,
the observation probability and the noise variance. We validate our theoretical
results with incomplete synthetic data, and show encouraging and meaningful
results on a gene expression dataset.

1 Introduction

Principal component analysis (PCA) is one of the most popular methods to reduce data dimension
which is widely used in various applications including genetics, image processing, engineering, and
many others. However, standard PCA is usually not preferred when principal components depend
on only a small number of variables, because it provides dense vectors as a solution which degrades
interpretability of the result. This can be worse especially in the high-dimensional setting where the
solution of standard PCA is inconsistent as addressed in several works [Paul, 2007, Nadler, 2008,
Johnstone and Lul [2009]]. To solve the inconsistency issue and improve interpretability, sparse PCA
has been proposed, which enforces sparsity in the PCA solution so that dimension reduction and
variable selection can be simultaneously performed. Theoretical and algorithmic researches on sparse
PCA have been actively conducted over the past few years [Zou et al.||2006, [Amini and Wainwright,
2008 Journée et al., [2010L Mal [2013| [Lei and Vu, 2015} |Berk and Bertsimas|, 2019, [Richtarik et al.,
2021].

In this paper, we consider a special situation where the data to which sparse PCA is applied are not
completely observed, but partially missing. Missing data frequently occurs in a wide range of machine
learning problems, where sparse PCA is no exception. There are various reasons and situations where
data becomes incomplete, such as failures of hardware, high expenses of sampling, and preserving
privacy. One concrete example is the analysis of single-cell RNA sequence (scRNA-seq) data [[Park
and Zhao, |2019]], where the cells are divided into several distinct types which can be characterized
with only a small number of genes among tens of thousands of genes. Sparse PCA can be effectively
utilized here to reduce the dimension (from numerous cells to a few cell types) and to select a small
number of genes that affect the reduced data. However, since scRNA-seq data usually have many
missing values due to technical and sampling issues, the existing sparse PCA theory and method
designed for fully observed data cannot be directly applied, and new methodology and theory are in
demand.
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Despite the need for theoretical research and algorithmic development of sparse PCA for incomplete
data, there have not been many studies yet. Lounici [2013[] and Kundu et al.[[2015] considered two
different optimization objectives for sparse PCA on incomplete data, which impose [; regularization
and [y constraint on the classic PCA loss function using a (bias-corrected) incomplete matrix,
respectively. It was shown that the solution of each problem has a non-trivial error bound under
certain conditions, but the optimization problems they considered are either nonconvex or NP-hard,
and thus theoretical studies of computational feasible algorithms are still lacking. More recently,
Park and Zhaol| [2019] proposed a computationally tractable two-step algorithm based on matrix
factorization and completion, but its first step is an iterative algorithm that requires singular value
decomposition in every iteration, which incurs a lot of cost in memory and time under a high-
dimensional setting.

With this motivation, we suggest a computational friendly convex optimization problem via a
semidefinite relaxation of the /; regularized PCA, to solve the sparse PCA on incomplete data. We
note that very efficient scalable SDP solvers exist in practice [Yurtsever et al.,[2021]]. We assume that
the unknown true matrix M* € R%*? is symmetric and has a sparse leading eigenvector u;. Our
goal is to exactly recover the support of this sparse leading eigenvector, i.e., to find the set J correctly
where J = supp(u1) = {i : u1; # 0}. Given a noisy observation M for the unknown true matrix
M*, it is intuitive to consider imposing a regularization term on the PCA quadratic loss that aims to
find the first principal component. When using the /; regularizer, the optimization problem can be
written as:
& = argmaxx' Mz — pllz|?.
zTz=1

Hence, J is estimated with supp(2). However, this intuitively appealing objective is nonconvex and
very difficult to solve, so the following semidefinite relaxation can be considered as an alternative:

X = argmax (M,X)—p||X|1.1.
X>0and tr(X)=1

By letting X = zz ", the equivalence of the above two objective functions can be easily justified.
Since supp(x) = supp(diag(zz')), we estimate the support .J by J = supp(diag(X)) in the
semidefinite problem. This kind of relaxation has been studied by d’ Aspremont et al.| [2004]] and [Le1
and Vu|[2015]], but their works were limited to complete data. Surprisingly, without any additional
modifications on the relaxation problem such as using matrix factorization or matrix completion, we
show that it is possible to exactly recover true support .JJ with the above semidefinite program itself
when M is an incomplete observation. Our main contribution is to prove this claim theoretically and
experimentally.

In Section 3] we provide theoretical justification (i.e., Theorem|[I)) that we can exactly recover the
true support J with high probability by obtaining a unique solution of the semidefinite problem,
under proper conditions. The conditions involve matrix coherence parameters, the spectral gap
between the largest and second-largest eigenvalues of the true matrix, the observation probability
and the noise variance, which are discussed in detail in Corollaries E] and E} Specifically, we show
that the sample complexity is related to the matrix coherence parameters as well as the matrix
dimension d and the support size s. We prove that the observation probability p has the bound of

p=uw (d,%ﬂ) in the worst scenario in terms of the matrix coherence, while it has a smaller lower

bound p=w (m
incomplete synthetic datasets and a gene expression dataset. The experiment on the synthetic datasets
validate our theoretical results, and the experiment on the gene expression dataset gives us a consistent
result with prior studies. We also show that our SDP algorithm outperforms several other sparse PCA
approaches in the synthetic dataset.

) in the best scenario. In Section we provide experimental results on

2 Preliminaries

2.1 Notation

We first introduce the notations used throughout the paper. Matrices are bold capital, vectors are bold
lowercase and scalars or entries are not bold. For any positive integer n, we denote [n] := {1,...,n}.
For any vector a € R? and index set J C [d], a; denotes the |.J|-dimensional vector consisting of



the entries of @ in J. For any matrix A € R%*% and index sets J; C [d] and Jo C [da], A, 1,
and Ay, .(A., j,) denote the |J1| x |J2| sub-matrix of A consisting of rows in .J; and columns in Ja,
and the |J1| x d3 (d1 % |J2|) sub-matrix of A consisting of rows in .J; (columns in .J2), respectively.
||la]|1, [|a]|2 and ||a||~ represent the I; norm, I norm and maximum norm of a vector a, respectively.
{e; : i € [d]} indicates the standard basis of R,

A variety of norms on matrices will be used: we denote by ||A||2 the spectral norm and by ||A|| r
the Frobenius norm of a matrix A. We let [|Al[1,1 = 3"icia,1 jeida [Ai s [Allmax = [|A]loo,00 =
maXic(dy],je(ds] [ Aijls [|All2,00 = maxjeiay) | A: ]2 and [[Al1,00 = max;e(a,) [|A: ;|1 represent
the [; 1 norm, the entrywise /o, norm, the /3 o, norm and the /; o, norm of a matrix A, respectively.
The trace of A is denoted tr(A), and the matrix inner product of A and B is denoted (A, B).
Also, 0;(A) and \;(A) represent the ith largest singular value and the ith largest eigenvalue of A,
respectively.

The notation C, C1, ..., ¢, cq, ... denote positive constants whose values may change from line to
line. The notation f(z) = o(g(x)) or f(z) < g(x) means lim,_, f(z)/g(x) = 0; f(z) = w(g(x))
or f(z) > g(x) means lim, o f(x)/g(x) = oo; f(z) = O(g(z)) or f(z) < g(x) means that
there exists a constant C such that f(x) < Cg(z) asymptotically; f(x) = Q(g(x)) or f(z) 2 g(z)
means that there exists a constant C' such that f(xz) > Cg(x) asymptotically; f(x) = O(g(x))
or f(x) ~ g(x) means that there exists constants C' and C” such that Cg(z) < f(z) < C’g(x)
asymptotically.

2.2 Model

We now introduce our model assumption. Suppose that an unknown matrix M* € R?*? is symmetric.
The spectral decomposition of M* is given by

M* = Z /\k(M*)ukug,
ke(d)

where \;(M*) > --- > \g(M*) are its eigenvalues and uy, . ..,uy € R are the corresponding
eigenvectors. We assume that A; (M™*) > A\o(M*) and the leading eigenvector u; of M* is sparse,
that is, for some set J € [d],

{ul,i #0 ifieJ

uy,; = 0 otherwise.

With a notation supp(a) := {i € [d] : a; # 0} for any vector a € R%, we can write J = supp(u).
Also, we denote the size of J by s.

Incomplete and noisy observation Suppose that we have only noisy observations of the entries of
M* over a sampling set  C [d] x [d]. Specifically, we observe a symmetric matrix M € R?*¢ such
that

Mij = Mji = 0i5- (M;; + ¢ 5)

for1 < i < j <d, whered;; = 1if (i,5) € Qand J; ; = 0 otherwise, and ¢; ; is the noise at
location (4, 7). In this paper, we consider the following assumptions on random sampling and random
noise: for 1 <i¢ < j <d,

* Each (4,7) is included in the sampling set {2 independently with probability p (that is,

ii.d.
d;; ~" Ber(p).)
* §; ;s and €; ;s are mutually independent.
o E[Gi)j] =0 and Var[ei,j] = 0'2.

* |e; ;| < B almost surely.

Finally, we define the coherence parameters of the sub-matrices M 5.0 M ey and M Je ge-



Definition 1 (Coherence parameters). We define the coherence parameters po(M7 ;), pi (MY ;),
p2 (M. ;) and p(M. ;) as follows:

po(M) M |lmax (M) M [lmax

0 = 1 = Taare

PN (M ) — A (M) OV VTP
M3 s llmax 1M e llmax

pa( jC,J) e NTEY ) ps( kac,Jc) = " " .
M5 ;5 r max {[|M75. jell2, M7 yell2,00 }

We use g, p1, po and ps as shorthand for ,U/O(M.*]’J)) ul(Mfk,yJ), /,LQ(M?}C’J> and ug(Mjk,Cch),

respectively.

Intuitively, when each coherence parameter is small, all the entries of the corresponding matrix have
comparable magnitudes. Note that * < g < 1, % < <1, \/5(11775) Spp <1, 7= <pz <1
Remark. We note that our setting is different from the case in which a data matrixY is observed
with missing entries and the covariance matrix M = Y 'Y is analyzed for sparse PCA. Instead,
we directly observe a general symmetric incomplete matrix M, which is not necessarily positive
semidefinite. Our model can be therefore applied to various data types other than covariance matrices
(e.g., undirected random graphs with missing edges.) When a noisy and incomplete data matrix Y is
given and its covariance matrix is considered, our current analysis cannot be directly applied and
one may need some bias correction technique in the algorithm, since E[M| = E[Y "Y] is not the
true matrix Y* 'Y * where Y* = E[Y|. Furthermore, the independent missingness mechanism over
Y does not imply independent missingness over M. We leave this for future work.

3 Main Results

As mentioned in the introduction, we consider the following semidefinite programming (SDP) in
order to recover the true support J:

X= agmax (M, X)-p|X|., (1)
X>0and tr(X)=1

where we estimate J by J = supp(diag(X)). We recall that (T) is a convex relaxation of the
following nonconvex problem:

# = argmaxx' Mz — pllz|?. (2)
zTz=1

In Theorem [I} we will show that under appropriate conditions, the solution of (I) attains J=1J
with high probability. Our main technical tool used in the proof is the primal-dual witness argument
[Wainwright, 2009]. We start with deriving the sufficient conditions for the primal-dual solutions of

(T) to be uniquely determined and satisfy supp(diag(X)) = J. We then establish a proper candidate
solution which meets the derived sufficient conditions, where we make use of the Karush-Kuhn-
Tucker (KKT) conditions of (2)) to set up a reasonable candidate. We finally develop the conditions
under which the established candidate solution satisfies the sufficient conditions from the primal-dual
witness argument of (I)) with high probability. Detailed proof is given in Appendix [B]

Theorem 1. Under the model defined in Section[2.2) assume that the following conditions hold:

Ki + ps .
22 - < min |uq 4|,
PN, ) - X005 =

p>2\/pse - {(1=p)IM 15+ (d = 5)502} 4+ [ M s
(Kz +p- M 12+ (1+V5)2 < {p- O (M3,5) = da(M ;) =2 Ky = 2ps }

x b+ (M3,5) = MM ) = Ky — K = pd},
where ¢ > 0, and K, K5 and K3 are defined as follows:
Ky :=(c+1)-Rylog(2s) + v/2(c+ 1) - Re/log(2s)

Ky :=(c+1)-Rylogd+ /2(c+ 1) - Ry/logd

K3 = (c+1) - Rslog(2(d — s)) + v/2(c + 1) - Rg\/log(2(d — s))




and
Ry :=max{(1 — p)[[M] jllmax + B, M7 ;llmax},

Ry = /p(1 = p)IM7 sll2.00 + VP50,

R3 = max{(l *p)HM*c,J”max + Ba p||M*°

Ry := max{\/p(1 = p)|M7. jll2.00 + v/P(d — 5)02, /(1 = )|M7 s [l2,00 + V/P502},

Rs := max{(1 - p)HM*C,JCHmax + B, p”M*C,JCHmax}’

R = /p(1 = p)IM e sell2,00 + Vp(d = s)0.

Then the optimal solution X to the problem is unique and satisfies supp(diag(f( )) = J with

probability at least 1 — s7¢ —d~¢ — (2s)7¢ — (2(d — s)) ™.

Remark 1. Our proposed method actually guarantees more than support recovery. Under the

&z 0
0 O

||'U,17J — :i:||2 < minje s |u1,;| which is shown in our proof. This implies consistency of our solution

in eigenvector estimation.

sufficient conditions, the optimal solution X can be expressed as X = ( >, where & satisfies

Remark 2. 7o deal with missingness, we utilized concentration inequalities such as matrix Bernstein
inequality and Chebychev’s inequality, which is one key technical difference from prior works on
sparse PCA with complete data [Lei and Vul |2015|]. Beyond this, under the primal-dual witness
framework, while |Lei and Vu| [2015]] employed implicit constraints in the optimization problem,
we made all the constraints explicit and directly derived the sufficient conditions to avoid strong
conditions. We note that simply applying concentration inequalities to the approach of|Lei and Vu
[2015] results in stricter requirements on M. ;. and p.

We now consider the following two particular scenarios:

(s1) B =09 =0, that is, the observation M is noiseless (but still incomplete).
(s2) The rank of M* is 1.

to better interpret the conditions of M* and p listed in Theorem 1| and understand under what
circumstance these conditions hold. For both cases, we set p > 0.5 for simplicity. Under the first
setting, we can re-express the conditions on M * for exact sparse recovery of J in a more interpretable
way (specifically, in terms of coherence parameters and spectral gap) as well as the conditions on
p. In the second setting, we aim to investigate that the maximum level of noise that is allowed by
Theorem [I] Corollaries[T]and [2]include the results of the two settings (s1) and (s2), respectively.

Corollary 1. Assume that B = 05 = 0, p > 0.5 and min;e y |ug ;| = Q(ﬁ) Denote A\ (M ;) —

A2 (M7 ;) by MM 5.7)- If the following conditions hold:
1
= _ 3
Ho O(xflogS)’ ®
1 s
- min {/’LQa ) f })a (4)
s

(5 :
1
||M"‘C Jc”rnax = 0( MJJ mln{,llz:}, IOg(d—S)}>7 (5)

HM*F Jllmax =0

/ = o| min logs
NI, )z - min { ! ! } (©)
||M*C’J||max 32\/§’ S\/S(d—S) ’

/_\(MTJ,J)/LS ) 1 })
”M.*]C,JC”max log(d — S)

p:@<?M4m), ™)

S



then the conditions in Theorem|I| hold asymptotically, that is, when s and d are sufficiently large, the

optimal solution X to the problem (1)) is unique and satisfies supp(diag(f( )) = J with probability
atleast1 — st —d=1 — (25)71 — (2(d — 5)) "%

Conditions on true matrix M*  From the conditions in Corollary([I] we can find desirable properties
on the matrix M* as follows:

* Incoherence of My ;, and coherence of M. ; and M. ;.: From the coherence parameter
in (3) and those in (@), (5) and (6), we see that the sub-matrix M’ ; and the sub-matrices
M. ;and M. ;. are expected to be incoherent and coherent, respectively. This is different
from other problems involving incomplete matrices, such as matrix completion [Candes
and Recht, 2009] and standard PCA on incomplete data [Cai et al.| 2021]], where the entire
matrix, not a sub-matrix, is required to be incoherent.

We can easily check the need of incoherence of M. ; with an example that the sub-matrix
has only one entry with a large magnitude while the other entries have relatively small
values. Even if the true leading eigenvector of the sub-matrix is not sparse, the sparse PCA
algorithm may produce a solution J which has a smaller size than that of the true support J.

However, for M e,y and M Je je» coherence is preferable: intuitively speaking, when M Jeq
and M j se are the most coherent, that is, only one entry is nonzero in each sub-matrix,
and all other entries are zero, missing the entries in M. ; and M. ;. does not change the
leading eigenvector of M*. On the other hand, when M ey and M, Je_je are incoherent,
that is, all the entries have comparable magnitudes, missing only a few entries changes the
leading eigenvector and its sparsitency, so that sparse PCA is likely to fail to recover J. A
simple illustration can be found in the Appendix [A]

* Large spectral gap A(M}J) (= M(M7 ;) — X2(M? ;)): This can be found in @), ()
and (6). A sufficiently large spectral gap requirement has been also discussed in the work
on sparse PCA on the complete matrix [Lei and Vu,2015]. It ensures the uniqueness and
identifiability of the orthogonal projection matrix with respect to the principal subspace. If the
spectral gap of eigenvalues is nearly zero, then the top two eigenvectors are indistinguishable
given the observational noise, leading to failure to recover the sparsity of the leading
eigenvector.

We also note that Ay (M7 ;) = Ao(M7 ;) > A (M*) = Xa(M™) since A\ (M ;) = M\ (M”)

and A2 (M5 ;) < Ao(M™). Hence, a large A1 (M) — Ao(M*) implies a large X(M*},J).

* Small magnitudes of M';. ; and M’;. ;.: This can also be found in @), (5) and (). This
condition is also natural: if the magnitudes are relatively small, missing the entries will not
make a big impact to the result.

Conditions on p (ratio of missing data) For simplicity, suppose that (M 7.0) = O(s) and
s = O(log d). We consider two extreme cases where the coherence parameters are maximized and
minimized. We discuss the bound of the sample complexity in each case.

* The best scenario where the bound of the sample complexity is the lowest: Suppose that
t1 = o(loéé) and po = ps = 1 (note that when pg = o(m), 11 is upper bounded by

o( Togs ) ) Then the condition (6) can be written as:

! o min{ ! ! }
€ =
T4e logs’ sd||M*

€ J”max

p:

Furthermore, if [| M. ;|lmax = O(4/ l(;%is), then p = w(m).

XM )ps
M50 T

'This can be expressed equivalently as p = ﬁ where € = o(min {um/log S,

. 1 1 AMG ps 1 })
min { s524/s" sy/s(d—s) }’ IM%e sellmax V/log(d—s) ’



* The worst scenario where the bound of the sample complexity is the highest: Suppose that
p = ﬁ po = s(it—s) and p3 = 7=

1 ( . {10g5 1 1 })
p=-——, €2 =0| min , " , " .
1+e s (sd|M7e sllmax)? " (d|M e sellmax)?

Suppose that [ M. ;llmax = @(7) and |[M%. jellmax = @(%) for instance, then

d
p:f«U(m)

Next, we consider the second setting (s2) where the rank of M* is assumed to be 1, that is, M*
A1 (M*)uju] (without loss of generality, we assume \; (M*) > 0). Trivially, M35 ;= M7 ;.
M. ;o =0and Theorem can be greatly simplified. Here, we focus on analyzing how much noise
(parameters B and o2) is allowed.

Corollary 2. Assume that p > 0.5 and the rank of M* is 1, that is, M* = Al(M*)ululT. Let
12442 +8v/2a;— )24+512a3 (1++/5)2

A1 (M*) > 0. Suppose that s and d satisfy % <

4242 4 202 (1++/5)2
o 1y, log d v/ max{d—s,s}-/logd _l .log(2(d s)) log(2(d—s))
where a1 = (2 p) V2108 (25) 67V and ay = (2 >) 83 log(25) + TeeT
If the following conditions hold:
max;jes [uriti | 1
min;e s (U] 16\[105{(23

max;e.J |U1,i|

minge |ug ;| ~ 16fx/log 25) 1 -

B<(2p—1)\(M") rnzéx|u1 iU,

s

2V2 - \/po2s2(d — s <p<7 pAL(M™) - mln\u11|

then the optimal solution X to the problem (1)) is unique and satisfies supp(diag(f( )) = J with
probability at least 1 — s™t —d~1 — (28)71 — (2(d — s)) 7%

Conditions on noise parameters B and 0 For simplicity, let A\;(M*) = O(s) and V|u; ;| =
@(%) Then the above conditions in Corollaryimply that

b

B < d o< —F—.
Sp and o S Bd—s)

The condition for B is relatively moderate while o2 needs to be extremely small to satisfy the
condition in Corollary 2] We comment thls is only a sufficient condition, and the experimental results
show that (T can succeed even with o2 larger than the aforementioned bound.

4 Numerical Results

We perform the SDP algorithm of (T)) on synthetic and real data to validate our theoretic results and
show how well the true support of the sparse principal component is exactly recovered. We also
compare our SDP algorithm with other sparse PCA methods and show that our method performs
better. Our experiments were executed on MATLAB and standard CVX code was used, although very
efficient scalable SDP solvers exist in practice [Yurtsever et al.||[2021].

4.1 Synthetic Data
We perform two lines of experiments:

1. With the spectral gap A\;(M*) — \o(M*) and the noise parameters B and o? fixed, we
compare the results for different s and d.
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Figure 1: Results of experiment 1 on synthetic data.

2. With s and d fixed, we compare the results for different spectral gaps and noise parameters.

In each experiment, we generate the true matrix M* as follows: the leading eigenvector u; is set
to have s number of non-zero entries. Ao (M™*), ..., Ag(M*) are randomly selected from a normal
distribution with mean 0 and standard deviation 1, and Ay (M™*) is set to A2(M ™) plus the spectral
gap. The orthogonal eigenvectors are randomly selected, while the non-zero entries of the leading

eigenvector u; are made to have a value of at least ﬁ

When generating the observation M, we first add to M* the entry-wise noise which is randomly
selected from a truncated normal distribution with support [— B, B]. The normal distribution to be
truncated is set to have mean 0 and standard deviation ,,5,mq;. After adding the entry-wise noise,

we generate an incomplete matrix M by selecting the observed entries uniformly at random with
probability p € {0.1,0.3,0.5,0.7,0.9}.

In each setting, we run the algorithm () and verify if the solution exactly recovers the true support.
We repeat each experiment 30 times with different random seeds, and calculate the rate of exact
recovery in each setting.

Experiment 1 In this experiment, we fix the spectral gap A\q (M*) — A2(M*) as 20 and the noise
parameters B and o2 as 5 and 0.01. We use the tuning parameter p = 0.1. We try three different
matrix dimensions d € {20,50, 100} and three different support sizes s € {5, 10, 20}.

To check whether the bound of the sample complexity obtained in Corollary [T]is tight, we calculate
the coherence parameters and the maximum magnitudes of the sub-matrices at each setting, and
calculate the following rescaled parameter:

\/T-min {m\/@ W.min{ 1 1 } MM5 s 1 }
1 -Pp 7 ”Mjkch”max 52\/57 Sm 7 HM.*C,JCHmaX log(d— 3) ’
which is derived from @) If the exact recovery rate versus this rescaled parameter is the same across

different settings, then we empirically justify that the bound of the sample complexity we derive is
"tight‘ﬂ in the sense that the exact recovery rate is solely determined by this rescaled parameter.

Figure[T]shows the experimental results. The two plots above are the experimental results for different
values of s when d = 100, and the two plots below are for different values of d when s = 10.

2We note that "tight" does not mean an agreement between necessary and sufficient conditions here.
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The x-axis of the left graphs represents p, and the x-axis of the right graphs indicates the rescaled
parameter.

We can see from the two graphs on the right that the exact recovery rate versus the rescaled parameter
is the same in different settings of d and s. This means that our bound of the sample complexity is
tight.

Another observation we can make is that the exact recovery rate is not necessarily increasing or
decreasing as s or d increases or decreases. This is probably because coherences and maximum
magnitudes of sub-matrices are involved in the sample complexity as well.

Experiment 2 Here, we fix the matrix dimension d as 100 and the support size s as 50. We set
B = 5. We try three different spectral gaps A1 (M*) — A2(M*) € {10, 30,50} and three different
standard deviations of the normal distribution, o ,ormar € {0.1,0.3,0.5}. We try two different tuning
parameters p € {0.1,0.01} and report the best result.

Figure@] demonstrates the experimental results. The three plots show the results when o ,0rmai 1S
0.1, 0.3 and 0.5, respectively. The red, green and blue lines indicate the cases where the spectral
gap A\ (M*) — Ao(M™) is 50, 30 and 10, respectively. From the plots, we can observe that the exact
recovery rate increases as o2 is small and \; (M*) — X\ (M*) is large, which is consistent with the
conditions we have checked in Corollaries[Iland 2

4.2 Gene Expression Data

We analyze a gene expression dataset (GSE21385) from the Gene Expression Omnibus website
(https://www.ncbi.nlm.nih.gov/geo/.) The dataset examines rheumatoid arthritis synovial
fibroblasts, which together with synovial macrophages, are the two leading cell types that invade and
degrade cartilage and bone.

The original data set contains 56 subjects and 112 genes. We compute its incomplete covariance
matrix, where 87% of the matrix entries are observed since some subject/gene pairs are unobserved.
With this incomplete covariance matrix, we solve the semidefinite program in (I)) for sparse PCA
with p = 2.

By solving (TJ), we find that the support of the solution contains 3 genes: beta-1 catenin (CTNNB),
hypoxanthine-guanine phosphoribosyltransferase 1 (HPRT1) and semaphorin III/F (SEMA3F). Our
result is consistent with prior studies on rheumatoid arthritis since CTNNB has been found to be
upregulated [Iwamoto et al.,[2018], SEMA3F has been found to be downregulated [Tang et al., 2018],
and HPRT1 is known to be a housekeeping gene [Mesko et al.l 2013|]. Additional illustration of this
application can be found in Appendix [G]

4.3 Comparison with Other Methods

We compare our SDP algorithm with three different methods. First, we consider two sparse PCA
algorithms where missing cells are treated as zero: the diagonal thresholding sparse PCA (DTSPCA)
by Johnstone and Lu| [2009] and the iterative thresholding sparse PCA (ITSPCA) by Mal [2013]].
Second, we consider the combination of imputation and our SDP method: we first estimate the


https://www.ncbi.nlm.nih.gov/geo/
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Figure 3: Comparison with other methods.

missing elements of M by using the matrix completion method based on the following Frobenius
norm miminization with nuclear norm penalty ||Y||.:

M= argmin ||Po(Y)~ M||%+7|Y].

Y :symmetric

and then implemented the SDP method with the completed matrix M. Details of the simulation
settings and algorithm implementations are provided in Appendix [F}

Figure [3| demonstrates that the exact recovery rate of our SDP method is higher than those of the
three other methods. The comparison shows that the imputation-based strategy fails to work under
the small-p regime, and we conjecture the following rationale: it is known that the matrix completion
algorithm can be successful under the low-rank assumption. However, we do not assume that the
true matrix is low-rank, but just that its spectral gap A (M™*) — A\y(M*) is large enough, which
probably leads to the failure of matrix completion. Over the 20 simulation replications, we found that
the average of max; ; |M;; — M| was 1.0260 while the averages of max; ; || and min; j M|
are 2.3200 and 0.0002, respectively. This shows that the matrix completion has not been done very
precisely. Given such an unsuccessful matrix completion, the imputed cells introduce more noise into
the inference and the result of sparse PCA can be even worse than that of simply using zero for the
missing entries.

5 Concluding Remarks

We have presented the sufficient conditions to exactly recover the true support of the sparse leading
eigenvector by solving a simple semidefinite programming on an incomplete and noisy observation.
We have shown that the conditions involve matrix coherence, spectral gap, matrix magnitudes, sample
complexity and variance of noise, and provided empirical evidence to justify our theoretical results.
To the best of our knowledge, we provide the first theoretical guarantee for exact support recovery
with sparse PCA on incomplete data. While we currently focus on a uniformly missing at random
setup, an interesting open question is whether it is possible to provide guarantees for a deterministic
pattern of missing entries.
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A Examples of coherent and incoherent sub-matrices M7. ; and M. ;.

For illustration, here we present a noiseless case (that is, we only focus on the change of eigen-
structure caused by missing values,) and set J = {1,..., s}, i.e., only the first s entries of the true
leading eigenvector are nonzero. We let d = 20 and s = 10 in the below examples.

In the following four examples, we show a complete or incomplete matrix, followed by its leading
eigenvector. We separate each matrix and its leading eigenvector by an arrow. The entries in J¢ X J,
J x J¢and J¢ x J¢ sub-matrices are marked in bold. The missing entries are marked in red.

1---111 0O0--0 1111 0O0--0
Dol N 0.3162 oot 0.3162
e (o] e (L
1---1 - 1---1 .
1102 -10--0 | = 0~30162 , 14102 <100 | = 0.30162
0---01-110--0 0--01-100--0

0---000 O0O--0 0--000 0O0--0 :
DLonon o 0 Lonnon o 0
0000 00--0 0000 000

The example on the left is a complete matrix having coherent sub-matrices M. ; and M’ Je,J¢> and
the example on the right is its 1ncomplete counterpart. We can observe that mlssmg some entries does
not change the leading eigenvector in this case.

4 2 - 4 2 1 =1 —1 4 2 - 421 =1 -1
2 4 .. 2 4 -11 . 1 2 4 .. 2 4-11 1

0.3162 0.3172
4 2.4 2 1104 62 4 2.0 421104 0.3155
2 4 2 4 -11 1 [ = [ 03362 | 2 4 . 240 1 1 | = | 00115
1 -1 1-11 -1 -1 1-1.-101 -1 -1 —0.001
-11 ---11 -11 - 1 : -11 .. -11-11 1 .
S S S A 0 —0.001
1111 211 1111111

However, as shown above, if the sub-matrices M* . yand M. ;. are highly incoherent, then missing
only one entry in the sub-matrix M. ; changes the leading eigenvector significantly. In this case, the

support of the leading eigenvector of the incomplete matrix is {1, ..., d}, so that it is more difficult
to exactly recover the true support .J.

B Proof of Theorem[l

We use the primal-dual witness construction [Wainwrightl 2009] to obtain the sufficient conditions
for support recovery. The following proposition indicates the sufficient conditions to recover the
support without false positives by using the optimization problem (TJ.

Proposition 1. If X € R¥4 Z € R¥4 qnd ji € R satisfy the following:
Xy =0,tr(Xy,) =1
M, —pZs; =i
M —pZ = ol
Zij € 9|Xy;| foreach (i,§) € J x J
Zij € (—1,1) foreach (i,5) ¢ J x J
My, — PZJ,J)XJ,J =[i- XJ,J
(M e g = pZ e )X 50 =0,
then X is an optimal solution to the problem , and it satisfies supp(diag(X)) cJ
The proof is provided 1nE E.1] Recall that our goal is to exactly recover the support .JJ where s = |.J|, and

the conditions in Prop0s1t10nl 1/do not guarantee supp(diag(X)) = J yet. We now want to construct
a solution X satisfying not only the above optimality conditions but also supp(diag(X)) = J. To
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find a reasonable candidate, we look at the KKT conditions of the nonconvex problem (2) and apply
the primal-dual witness argument. We note that the problem (2)) is only used for getting some initial
intuition in order to later construct a desirable solution to the problem (IJ), and solving the problem
([) is not our interest. Proposition 2] represents the sufficient conditions for the desirable solution to
be uniquely obtained. The proof is deferred to[E.2]

Proposition 2. Consider a 3-tuple of (&,2,w) € R® x R® x R?~* such that
z; = sign(uy ;) foralli € J,
T is the leading eigenvector of M j j — pé'i—r,
1

w=—">Mjc jZ.
Pl
If the 3-tuple (£, 2,%) € R® x R® x RI~* satisfies the following conditions:
sign(Z;) = sign(uy ;) foralli e J (8)
[w]loo <1 ©)
MMy —pzz")y= MM -p" o) (zT,w")) (10)
MMy —pzz") > Xo(Myy — pzz ") (11)

A o | N
then for X := <w"6 8) X is a unique optimal solution to the problem and satisfies

supp(diag(X)) = J.

For clarity of exposition, our abuse of notation seemingly assumes JJ = [s] when we join vectors and

matrices, for instance when we join (2", ' ) and (i%T 9). It should be clear that for .J # [s], one
will need to properly interleave vector entries or matrix rows/columns.

What remains is to derive the sufficient conditions for (8] - (TT). Lemmas [T]to [d] below presents the
sufficient conditions for (8) - (IT)), respectively. We provide the proofs of the lemmas in[E-4]to[E.7]

Lemma 1 (Sufficient Conditions for (8)). If the following inequality holds:
Ki+ ps
2/2 - < min |u
PO ) — Mo (5, = B el
then the condition (8| (I) holds with probability at least 1 — (2s)~¢ for any ¢ > 0. Note that K is
defined in Lemmal 6]
Lemma 2 (Sufficient Conditions for (O). If the following inequality holds:

p> 2y /o5 {(1=p)IM3 I+ (d = )502} + - [ Ml

then the condition (@) holds with probability at least 1 — s—€ for any ¢ > 0.

Lemma 3 (Sufficient Conditions for (I0)). In addition to the conditions in Lemma[2] if the following
inequality holds:

(Ko +p M sll2)? - (L V5) < {p- (M) = %M ) = 2 Ky — 205}

< {p- AuM3p) = M (M35 50) — Ko = Ks = pd
then the condition (.) holds with probability at least 1 — s~ ¢ —d=¢ — (2s)7¢ — (2(d — s)) ¢ for
any ¢ > 0. Note that K1, K5 and K3 are defined in Lemma@

Lemma 4 (Sufficient Conditions for (T1)). In addition to the conditions in Lemma[2] if the following
inequality holds:

p- (MM ;) = Xa(M7 ;) >2- Ky + 2ps,
then the condition (.) holds with probability at least 1 — (2s)=¢ for any ¢ > 0. Note that K is
defined in Lemmal6]

Since min;e s |u ;| < /2 always holds, the sufficient condition in Lemmaimplies the sufficient
condition in Lemma ] Hence, we do not need the condition in Lemma@ Combining the sufficient
condtions in Lemmal I|to Lemma 3] gives the result of Theorem [T}
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C Proof of Corollary 1|

When B =02=0 and p > 0.5, we can write

Ky S pllM7 sllmax log s + /p(1 = p)[[M7 ;2,00 /10g s

* 1_p —
:plogsHMJ,JHmax (1 + ,/T(ulx/log s) 1).

Under the conditions (3)), (6) and (7),

K1+ ps gplogs\\Mj7J||maX+M:plog M )MOJFM
3 1 pB\M* ;\M* pj\M* - min; U ;
L pA(M* ;) log s + (M3.,) _ (M3 ;) < (M3 ;) e lur |.
' Vslog s NG NG 22
Hence, 2v/2 - Kﬁps < min;e s |uz,;| holds asymptotically.

M ;)
Next, under the conditions (@), (€) and (7),

) X . 1—-p _
2 Sp(]. . p)”M c’.]HF +pHM c"]”max < p”M c7!]||max(]. + 2\/§\/7/L2 1

S‘(MTI,J) S‘(M.*],J) ><P)\(MTI,J) <

S 1M e jllmax — s*[M e jllmax 2"

< DM s

Therefore, p > 21/sp(1 — p)[[M . ;|F + pl[M7e ;llmax holds asymptotically.
Lastly, we will show that under the conditions (@), (3)), (6) and (7),
(Kz +p- M3 sll2)? - (14 V3)? < {p- MM ;) =2+ Ky — 2ps)
* 1 *
xp M) = Ky = ps — K = (M el + eoVd =)

where ¢y = \/sp(1 — p)||M7. ;| r. Here, the bound (27) is used instead of (26). Under the condi-
tions @) and @

(K2 +p- M gll2) - (1+Vs)

< (PIIM e s llmax log d + v/p(1 — p) max { | M. IM* 5. logd egll2) - Vs
* p _ —
<pIMe sllmax - (logd+ Vlogd 7#21+u21)~\/§
Je e S”M*C JHmaX S4/ S - 5 ||M*c J”max S”M?}G,JHmax
M7 ;) <
S pllM e ”maX’*—'\/gzp)‘( 7.0)-
7 VSIIM e sllmax I
Also, since 2v/2 - K1+ps) < mingey ug ] < f,
N S PAM ) 3
ANMY ;) — 2K —2ps > pA\(M — " ~ (M5 ).
PA( J,J) 1 ps > pA( J7J) NGT PA( J,J)
Moreover, under the conditions (3)) and (6),
K3 S plIM e sellmax log(d — s) + /p(1 — p)[| M. ;e log(d — s)

1-p 4 1
= pl[M%. ;¢|lmax 1o d—s-{1—|— }
| M J I g( ) D H3 Tog(d — 9)
M ;) N (M ;) }
M jellmaxlog(d —s) M sellmax log(d — s)

<L plIM7e jellmax log(d — s) - {
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and under the conditions (@), (6) and (7).

1 . .
; : (pHMJ,Jc||oo,2 +/s(d—s)p(1 _p)HMJ,J“ F)2

1 2
S ; {p”MJchnax (,uQ + V'S — S 7/12 )}

]. )\ M M* 2 1 5\ M* 2
< -{p||M;JC||maX( M50 ( 7.1) )} 1 M)
P 7 ”MJJmeax 3||MJ,JC||max p s

£ M)

— : =pA(M7 ;).
p)\(MJ}J) 52 ( J,J)
Hence,
* 1 * /
p- >‘1(MJ,J) — Ky —ps— K3 — ; : (P”MJ,JcHooQ +cVd —s)?
. PAM ;)
>pA(M% ;) - (1 —o0(1)) = ——==2"2 ~ pA\(M% ).
> pA( J,J) ( o(1)) 9v/2s PA( J,J)
Therefore,

* \ * 2
(K2 +p- M5 ;ll2)* - (14 Vs)* < (pAM )
o . 1 \
S{p MO~ 2 Ky = 2ps ) x {p M(M) — K = ps = K (DMl + eV = 5)7

that is, the desired result holds asymptotically.

D Proof of Corollary 2]
Since MJc g =M5,. = Mj; ;0 =0and M} gy = Al(M*)ulJuIJ for A\ (M*) > 0, the
conditions in Theorem [Tl can be written as follows:

Ky +ps
2/2 -
pAi (M)

p>2V2 - \/po?s?(d — s), (13)

7-(14+s)? < {PA (M*) —2- K1—2P5} X {PAl(M*)—Kl—K3—Pd}> (14)

< m1n|u1 il (12)

where ¢ = 1.
First, when B < (2p — 1)A1(M™) - max; je g |u1iu1 ;| = (2p — 1)[| M5 ;l[max and p > 0.5, K7 is
expressed as

K1 = 2p[|M ;|lmax l0g(2s) + 2{/p(1 — p) M7 ;|l2.00 + V/pso? } /log(2s).

Hence, if the following inequalities hold:

1
8v/2

1
. < . *Y . mi .
V1og(2s) < 573 pA1(M™) Iirél?|ul’ll’

1
2v/psa? - \/log(2s) < 53 “pAL(M™) '1%1}1|u1,i|7

1 . .
ps < —— - pA1(M™) - min |uq 4],
ieJ

<5/

2p[|M7 ;|| max log(2s) < ~pAL(MT) - minfug g,

p(1—p)
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that is, if the following inequalities hold:

I8, v < M~A1(M*) min . 15)
M7 5ll2,00 < 16\f\/log723 \/7 A (M mln\ulz|a (16)
2y/po?slog(2s) < ﬁ “pA (M) 17%1?|ull|, (17)
p< 8—\}58 (M) - min (1)

then (I2) holds. Note that (I3) and (I8) imply that
2V2 - \/po2s2(d — s) <7 pAL(M™) - m1n|u1 il-

Since 2s3(d — s) > log(2s) forany s > 1 and d > s, and (18) are sufficient for (17).

Now, we will derive the sufficient conditions for (T4). First, by the conditions (T2) and (I8)), we have
that

1
2Ky + 2ps < —= - pAa (M7) min fuy 4,
[4S]

V2
1 d—

Ki+pd=K;+ps+pld—3s) < —— -p\i(M*)min |uy ;| + A1 (M™) - min |ug 4]

1+p 1+ ps+p( )fQﬁpl( )e|1|8\@ “PALM?T) - min fuy |
Also, since

]. . 1 p>\1 (M*) . minie] |U1 1‘

2B <22p — D|IM* /llpax < 2p — 1) ————— - X (M) -min|u 4| = (2 - =) - :

< 2000 = DIMS sl < 29~ 1 s (M) i | = (2= ) PHEs

24/ po? < -pAL(M™) - min |ug 4],
eJ

1
16s2v/d — s
we can state

Ky =2Blogd + 2\/po? max{d — s,s} - \/logd

i 1 log d max{d — s, s} - y/logd
< ph (M) - -3 2=
< ph(M7) I}g;ﬂul\ {( p) Sﬁlog(Zs) 16s2/d — s

=:a1

and

K3 = 2Blog(2(d — s)) 4 2y/po?(d — 5)\/log(2(d —
1) log(2(d —s)) | /log(2(d —5)) }

< pA(M*) -minfura| - (2— =
=P 1( ) IZ%I?‘U1,| {( p) Sﬁlog(Qs) 1652

=:a2

Therefore, the following inequality is sufficient for (T4):

2
. " 1 " .
<p)\1(M*) ~r%1n lur i) - a1 - (1 + \/§)> < {px\l(M ) — ﬁ - pA (M) rZIéILIIl|’LL1,z|}
. d— o o
x{p)\l(M*) 2\[ p)\l(M*)riIél? \u17i|778\/§z ‘pA1 (M )~riré1?|u1,,~|fa2-p)\1(M )Illél}l|ul7z|}

b {1 (55 + o + 2 gl

2
1
( (14 +/s)- m1n|u1z|> S{l—ﬁ-rl%i}ﬂul’i
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Note that the quadratic inequality (az)? < (1 — bx)(1 — cz) holds if a®> # bcand 0 < 2 <

b+c—y/(b—c)?2+4a?

2e=a?) . By using this fact, we have that if the following inequality holds:

12+ 42 4 8v/3ay — /(4 — 52 — 8v/2a2)? + 51203(1 + /5)?
42+ V2 2 4160z — 16v2a3(1 + /5)? ’

then holds. Since min;¢ s |u ;] < % the following inequality is sufficient for l)

i <<
I}élyIU1,zl <

S

— <
Vs T 4V2 4+ V2 - =2 41605 — 16v2a3 (1 + /5)?

| 124925 4830, — \/(4 — =2 84/3a,)? + 512a2(1 + /5)2

In sum, if the following inequalities hold:

1

M* max S o =1 N
IVl < 5o

A (M) - rtrg}l w14,

p

1
16v3log(2s) VT

B < (2p— 1)\ (M™)  max lut,iu1 4,

M7 2,00 < A (MT) 'Iggy\ul.,ih

1
< —— - pA (M) - min |ug 4],
p—sﬁspl( ) min fu |

p>2v2-\/po?s?(d — s)
L 124+ 52 183y — /(4 - 52— 8v2a2)2 + 512a3(1 + V/5)?

—<
N 4V2 + V2 =2 + 16as — 16v2a3 (1 + /5)? ’

i _ _ 1y logd v/ max{d—s,s}-\/logd _

then the desired result holds, where a; = (2 p) V3 10a(25) + T6577d=s and ag =

1\ log(2(d—s log(2(d—s)) : _ _

(2-1)- ngog@;;w o2 Since | M*[|max = M (M*) max; je s [uru1 ;| and [|M*]|2,00 =

A (M™)maxies (/> ey uf jui ;= A (M*) max;e s |ug i, the first two conditions can be written
ag MaXijeJs |uiiuy | < 1 maxe |u1,q 1 . /P
min;e g |u1,q] — 16+/2log(2s) mine g |u1,:| — 16\/5\/10g(25) 1-p°

E Other Proofs

E.1 Proof of Proposition ]|

With the primal variable X € R?*¢ and the dual variables Z € R%*4, A € R%*¢ and 1 € R, the
Lagrangian of the problem (TJ) is written as

LX,Z,Ap)=—-M,X)+p(X,Z)— A, X)+p-(tr(X)—1)

where Z;; € 0|X;;| for each i, j € [d]. According to the standard KKT condition, we can derive that
(X,Z,A, 1) is optimal if and only if the followings hold:

« Primal feasibility: X = 0, tr(X) = 1

* Dual feasibility: A = 0, Z;j € 0| X,j| foreach i, j € [d]

* Complementary slackness: <A,X y=0(& AX =0if X >0 and A >~ 0)
* Stationarity: A=-M+ pZ + -1
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By substituting A with —M + pZ + [ - I, it can be shown that the above conditions are equivalent to
X =0,tr(X) =1
M —pZ < il
Z;j € 9|Xy;| foreachi,j € [d]
(M —pZ)X = ji- X.
To use the primal-dual witness construction, we now consider the following restricted problem:

max (M, X) — p|X
X >0,tr(X)=1and supp(X)CJxJ

1,1- 19)

Similarly to the above, we can derive that X = (X(‘)]’J 8) is optimal to the problem if and
only if

Xy =0,tr(Xz,) =1

My —pZ5; =i

Zi; € 91Xy, foreachi,j e J

(M —pZs )X 00 =p-X;,.
Xz 0

0 0
original problem (). Furthermore, by assuming the strict dual feasibility, we want to guarantee

supp(diag(X)) C J. We can easily derive their sufficient conditions listed below:

Now, we want for the above solution X = ) to satisfy the optimality conditions of the

X =0,tr(Xy5) =1

My —pZ; =< jl

M- pZ < il

Zij € 9|Xy;| foreach (i,7) € J x J
Zi; € (—1,1) foreach (i,j) ¢ J x J
(Mjy;—pZsi)X55="1 X
(M e g —pZye )X 1.5 =0.

If the above conditions hold, then X = (X 6]"7 8) is optimal to the problem and satisfies

supp(diag(X)) C J.

E.2 Proof of Proposition 2]

With the primal variable z € R? and the dual variables z € R? and A € R, the Lagrangian of the
problem (2) is written as

L(x,z,\) = —x Mz +px,2)’ + Nz 'z —1)=2" (=M + pzz' + )z — )
where z; € 8|x;| for i € [d]. By denoting the primal solution by & = (2, ,&, )| € R® x R%"* and
the dual solutions by (27, )T € R® x R%~* and X € R, the KKT conditions of (2) are given as
follows:
. e T ~T~
* Primal feasibility: , 1 +Z, T2 =1
* Dual feasibility: ’ ’ ' ’
ua’ teasibity {z e[-1,1]  ifd; =0, \@wie[-1,1  ifds;=0
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* Stationarity: [M - p(ET,ﬂJT)T(ET,ﬂJT)} (;;) = (g;)
M-M—piz" w")TE o).

Here, it can be easily checked that the primal feasibility and the stationarity conditions are equivalent
to the following:

(:;) is the leading eigenvector of M — p(z @' )T (Z ).

To proceed with primal-dual witness argument, we now consider the KKT conditions for the problem
with an additional constraint supp((x ",y ")) C J, thatis, y = 0. With the primal solution
z € R? and the dual solution z € R?, the KKT conditions are given by

Z is the leading eigenvector of M ; ; — pﬁéT

2 = sign(i‘i) if z; 75 0, 2, € [—1, 1] ifz; =0

Now we will show that if the following conditions hold, the solution (aA:T,OT)T satisfies the KK'T
conditions of the original problem (2) and the strict dual feasibility:

Z is the leading eigenvector of M ; ; — pééT (20)
Z; = sign(i“i) if z; 75 0, 2, € [—1, 1] ifz;, =0
1
’12] = fMchJﬁ (21)
plzly
[0 < 1.

MMy —pzz )= MM —pz" 0") (" "))

Let A= (M, —pzz") = M(M—p", @ ) (2", @")). For (",07)T to be the leading
eigenvector of M — p(2", " )T (27, w "),

M- pzT )T (T (”5) =4 <”5) 22)
needs to be satisfied. It can be easily checked that is equivalent to and (21).

0 0
p(27, ﬁJT)T(éT,ﬁ)T)). Then it can be easily shown that (X, Z, ) satisfies the sufficient conditions
in Proposition (1| That is, X constructed above is an optimal solution to the problem (1)) and satisfies

supp(diag(X)) C J. To ensure that there is no false positive, we consider the additional condition
that sign(&;) = sign(uy ;) foralli € J.

. v .
Now, let X = (% 0), Z=0¢"w")T¢E @) andi= MMy —pzz') = (M-

Lastly, for the uniqueness, we need an additional condition presented in the following lemma.

) LT
Lemma 5. For X = <:1::1: 0

0 O) andZ = (3", )T (2", w") constructed above, if the following

condition holds: - -
/\1(MJ,J 7/)322 ) > )\Q(MJJ 7[)22 )

then the solution X is a unique optimal solution to the problem .
Proof. According to the standard primal-dual witness construction, we only need to show that under
the condition, X ; ; = &' isa unique optimal solution to the restricted problem (19).

Assume that there exists another optimal solution to the problem 1) say X J,J- Also, denote its dual
optimal solution by Z ; ;. Then, we can write

My, Xs0) = plXssllin= (M, —p2z' 28" ) =2" (M, —ptz' )&
=M, X575 —pllXssllii=Ms;—pZs5,X57).
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Recall that & is the leading eigenvector of M J J— pzz , that is, (M J,.J — P2Z )a: =MMy;—
P2z ) Now, we will show that <MJ] — pzz XJ J> < )\1(MJJ — ,ozzT) for any matrix XJJ #+
23" suchthatXJJ - Oandtr(XJJ) = 1. LetXJJ =3
decomposition of X 7,7 We can derive that

iy Bvv;, which is the spectral

<MJ)J_p22T,XJ,J> <MJJ—pZZ ZG’U’U ZQ’U MJJ—pZZ )UZ<)\1(MJJ_pZZ )
icJ e

where the last inequality holds since ), ;0; = tr(XNIJ’J) = 1land v/ (M ; — pz2 )vi <
)\1(MJJ — pzz ) Here, the equality holds onlyif 6y = 1,0; = 0for¢ # 1 and v; = Z, that is,
.XJJ = &3 . Therefore, <MJJ — pzz XJJ> <MMyy—pzz ) for any matrix XJJ * &z
such thatXJJ >0 and tr(XJJ) =1.

With this fact, we can derive that

<MJ,J7XJ,J> - P||XJ,J||1,1 =3 (My;—pzz )t =\ (My;—psz')
>(Myy;—pzz Xy =Mj;—pZs5,X50)+pZs5—22",X77)
= (M7, X755)— ol Xssllig+p(Zs5—22",X55).

Since (M ;. J,XJJ> — p”XJJ”l 1= (M, J,XJ J> — p”XJJ”l 1 by assumptlon the above in-
equality 1mp11es (Z JJ— 237 X 2.J) <0, that is, <Z J, 5. X g7 < (zz X 7.7 This contradicts the
fact that <ZJ’L], XL]’J> = SUD||Z, , [lmax <1 <ZL]"]7XJ’J>, and thus the desired result holds.

O

E.3 Lemma

The following lemma is frequently used in the proofs.

Lemma 6. Foranyc > 0,

IEIM ;j] — My ll2 < (c+1)- Rilog(2s) + 1/2(c+ 1) - Roy/log(2s) =: K

with probability at least 1 — (2s)™°,
HE[MJC’J] — MJC)JHQ S (C+ 1) . R3 10gd+ \/2(C+ 1) . R4\/10gd = K2
with probability at least 1 — d™°,

IE[M je ge] — M je_je|la < (¢ +1) - Rslog(2(d — s)) + v/2(c+ 1) - Rg+/log(2(d — s)

with probabzlzty at least 1- (2(d —5))~¢

where

Ry := max{(1 — p)[|M7 jllmax + B, plM7 jllmax};

Ry = /p(L = D)|IM ;12,00 + V/P502,

Ry = max{(1 = p)[|M e jllmax + B, pIM5e sllmax},

Ry = max{y/p(1 — p) M. ;a0 + v/2(d — 8)02, /D(1 = P) M sela.00 + V/P502},
Rs = max{(1 — p)|M%c_se|lmax + B, pIM%e selmax},

Re = /p(1 = p)[IM7Fe jell2,00 + V/D(d = 5)0*.
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Proof. We use the matrix Bernstein inequality presented in Theorem [2] Here, we only show the upper
bound of |E[M ;. ;] — M ; jl|2, since the others can be derived similarly. Note that

EMj ) =My, =Y (E[M;;]— M lee] = > (p- M ;=06 ;(M;+¢;)ee]

ijeJ i,jet
* T
= E ((p = 6iy) - M7 ; — i j€i5)eie;
i,jE€J
—caq g
= E a; ;(ee; +ejel)+ E aiee;
1,j€J1<g icJ

which can be viewed as a sum of independent zero-mean matrices. It is straightforward to conclude
that

max{|a; ;(e; e +eje] )2, llaiiee] |2 i,5€J, i <3}
< max{(1 —p)[|M7 ;llmax + B, plIM7 jllmax} = B1 a.s.,

Y. Elaijleie] +ee)))’ + ) Elaiiee] 1P| < p(l—p)|M7 15 o +pso® < BS.
i,j€J,i<j icJ 2
By the matrix Bernstein inequality, one has that with probability at least 1 — (2s) ¢,

IE[M ;] — My sll2 < (c+1) - Rylog(2s) + 1/2(c + 1) - Ry+/log(2s).

O

Theorem 2 (Matrix Bernstein inequality (e.g., Theorem 1.6 in Tropp| [2012])). Consider a finite
sequence {Z,} of independent, random matrices with dimensions dy X da. Assume that each random
matrix satisfies

E[Z;] =0 and ||Zy|l2 < Ry almost surely.

maX{H ;E[zkz{]‘ ; ;E[Zgzk]HQ} < R2.

Also, suppose that

Then, for all t > 0,
—t2/2
2,2 0h < i oo (02,
{HZ k } (di +dz) - eXp(th/3+R§)

The above inequality implies that

1 R R ?
H szH DB+ dy) + \/{(”3)1 log(dy + d2)} +2(c+ 1)R2log(dy + ds)

< (c+ 1Ry log(dy + d2) + /2(c + 1) Ry/log(dy + da)
with probability at least 1 — (dy + d2) ™€ for any ¢ > 0.

E.4 Proof of Lemmal

First, the following lemma can be easily shown.
Lemma 7. For any unit vectors x € R% andy € R? such that y; # 0 for Vi € [d), if ||z — yl|2 <
minge g [il, (z:) = sign(y;) for Vi € [d].

Proof. If £ = y, then it is trivial that sign(x;) = sign(y;) for Vi € [d]. If ¢ # y, then for any
i €[d],
lzi — yil <l —yll2 < min [y;] < |yl
1€[d)
where the first inequality is strict since both & and y are unit vectors. The above inequality implies
that
— |yl < @i <yi+yil,

thatis, 0 < z; < 2y; if y; > 0, and 2y; < x; < 0if y; < 0. Therefore, sign(x;) = sign(y;) holds
for any i € [d]. O
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Now, let 2; = sign(u; ;) forall i € J and & be the leading eigenvector of M ; ; — p%%T. We will
derive the upper bound of ||u; — Z||2. By applying the Davis-Kahan sin© theorem, we obtain

2v2
p()‘l(Mj,J) - /\2(M§,J))

where E[M ; ;] =p-M 7,s- By the triangle inequality, we can upper bound

lur — 22 < IE[M ;5] = M5+ p2z" |2

|E[M 5] — My + p2z " ||2 < |E[M 5] — My gll2 + [lp22 " [|l2 = |E[M ;5] — M ;]2 + ps.

C

From Lemmal6] one has that with probability at least 1 — (2s)~¢,
Ky +ps
p(A (M7 ;) — A (M7 ;)

[ur — 2|2 < 2v2-

By Lemmal[7] if

Ky +ps
2V/2 - ~ - < min |uq 4/,
p(Al(MJ,J) - )‘Q(MJ,J)) =

then sign(&;) = sign(uy ;) for all ¢ € J with probability at least 1 — (2s)

—C

E.5 Proof of Lemmal/2l

First, we can derive the upper bound of |||, as follows:

ZM,]IJ

1 .
. (maxmax|M” ) . E |Z5] = = - | M e, 7llmax-
plle(r \iese jer = p

[[w]]oo = M e s&|oo =
= H I ~ pllx\ll e

For each M; ;,% € J° and j € J, we now apply Chebyshev’s inequality as follows:

Var[Mm-]

P(| M| > [E[M;;]| +c) < P(|M;; — E[M; 4] > ¢) < 2

(23)
C

for any ¢ > 0. Note that for each ¢ € J° and 5 € J,

E[M; ;] =p- M}, and Var[M; ;] = p(1 — p)(M;;)* + po>.
With the assumption that p-[[M e ;[[max < p, letting y := Z[[M . ;|[max and ¢ := 22 p—p- | M|
yields that v < 1 and ¢ > 0. By plugglng cinto (23), we have that

(|M”|> 1+ )< p(1 - )(M*) + po? - p(1— )(M* )2 4 po?

(- IMy)T T (B p—p IM llnax)”
_p(l- p)(M;;)? +pa2 _ (1= p) 52+ po?
(L2 p—p)° (452 p)°

for each ¢ € J° and j € J. Hence,

1+ M;;)? + po?
P(HMJC,JW >4 ) sy
p

2
ieJe jed )

:ﬁ {pl— VM5 |2+ pld — 5)s0%)
4

- (p P HM* || )2 ’ {p(l_ )HMJC JHF —|—p(d )30’2}.
IR Je,Jlimax

Since v < 1, we have that

4
P(HMJc,Jnmax < p) S

(p —p- HMT]C,J”max)

Ap(1-p ||MJCJHF +p(d — s)so?}.
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If the following inequality holds:

Vs {(1= )M I3+ (@d = 5)502} < p =+ [|M5e sl

then Ap(1 = p)IM%. ;I3 + p(d — s)so?} < s7¢, that is, [|M e j|lmax < p
(p*p-l\MJc,JI\Ir,ax) ’

holds with probability at least 1 — s . ||| < %HM Je.J || max» and thus the desired result holds.

E.6 Proof of Lemma[3l

Lemma8]shows that if the following inequality holds:

IM e s—pz" |3 < {M (M —p22" ) Xo(Mj—p2z2 )} {0 (M —p22 " )= M(M e ge—pii ")},
then \; (M ;5 —pzz" ) = MM —p(z", 0" )T, o")).

Now, we derive the upper or lower bounds of | M jc ;j — pﬁ)éT 2 MMy — pé%T) — XMy —
&z
oo (-2)
2 201/ 1l2
z1 ||,

pzz" ) and \y (M 5 — pzz") — Ay (M je_je — pivid ). First,
- (1+ IIﬁJIzIIéIIz)
[1]]1
< 1M ye sz (1+ V).

Since ||MJC’J||2 < ||E[MJC7J] — MJC”] ‘2 + ||E[MJC’J]||2 < K2 +p . ||M.*C,(]||2 with probability
at least 1 — d—° by Lemma@ we have that for any ¢ > 0,

1M ye g = pz " |ls < (Kz +p- M5 5l2) - (1+V5) 24)

with probability at least 1 — d~°.

MJ(‘ JIz

1M je s — pivz" > = HMJC,J —p =

pllE
2"
i <||M je s

<M sa- HI

Next, by Weyl’s inequality,

MMy —psz") = Xo(M ;= p22") > \(EIM 5 4]) = \o(E[M 5 j]) = 2- [[E[M 5 ;] — M ; + p22" |5
> p- (M(M7 ;) = Aa(M7 ;) =2 |E[M 4] — Myll2 — 2ps.

By Lemmal6] we have that for any ¢ > 0,
MMy —pzz") = Xo(My g —pzz') >p- (MM ;) = Aa(M% ) —2- Ky —2ps  (25)

with probability at least 1 — (2s) ¢
Finally, by applying Weyl’s inequality and the triangle inequality, we have that

MMy —psz") = \(M e e — pivib") > p- M (M5;) — |E[M 4] — ps
— |EM ye ge] = Mye gella = p- M(Me o) = p- | @]3.
Note that under the conditions in Lemma 2} ||@]. < 1, thatis, ||w||2 < +/d — s holds with

probability at least 1 — s~°. We can also use the upper bound of ||w|| derived in Lemma @ By
applying Lemmal[6] we have that for any ¢ > 0,

MMy —pzz') = ||M e ge — pi " |2 > p- (A(M5) = M(Me so)) — K1 — K3 — pd
(26)
or

MMy —pzz") = |[M e ge — piod " [|2 > p- (M (M) = A\(Me je)) — Ky —

1
— Ky — 5 (PIIM jelloo,2 + coVd — s)* (27
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with probability at least 1 — s ¢ — (25)7¢ — (2(d — s))°¢ where ¢
V5o (1= D) IM. I3+ ps(d - )2},
From (24)-(26), we can derive that if the following inequality holds:

(K2 p- M5 sl12)? - (14 V32 < {p+ (M5 5) = 25 ) — 2 Ky — 205}

x{p- (a(M35) = 1M sell2) = Ky = Ks = pd

then for any ¢ > 0, the desired result holds with probability at least 1 — s~ ¢ —d ¢ —(25) ¢ — (2(d —
s))"e.
Lemma 8. If the following inequality holds:

M ge g—pwz |2 <IN (M —p22 " )Xo (M 5—p22 ")} AN (M g —p22 ")~ | M ye ye—pivid " |2},

then \y(M j; —pzz") = \(M —p(z",w")T(z",a")).

an T anT
5 2z 2w . AT . .
Proof. Let Z = <A T T). First, we can show that \; (M ; ; — pzzT) is an eigenvalue of
wz  ww

M — pZ where its corresponding eigenvector is (2',07)T € R?. This is because

a0 (5) = (Gt e ye) = b = ()

where the last equality holds since Z is the leading eigenvector of M ; ; — pzz" and

T . 1 ~ i
(M je,y — pivz " )& = Mz —p- MMJC,JQc [l = 0.

Now, it is sufficient to show that for ally = (y{, y5 )" such thaty; € R®, y, € R¥™%, |ly1||2 +
ly2[3 = 1and & g1 = 0,

y' (M —pZ)y <\ (M, —p2z"),
which implies that X\; (M ; ; — pzz ") is the largest eigenvalue of M — pZ. Note that

y (M —pZ)y =y] (M ;- p2z )y + 293 (M e j — pivz " ys +ys (M e e — piib ' )yo
<No(M g —pzz") - |lyall3 + 2| M ge s — poz " |2 - [yl - lyallz + M (M ye g — pibid ") - lya[3

=My —p2z") - (1~ |ly2|l3) + 2|M je s — poz |2 - /1~ [lg2l3 - [yl + M (M e ge — piid") - [|ys |3

= XNo(M .y —p22") + (M (M e ge — piid" ) = \o(M sy — p22")) - [ly2]3
2 M ey — ooz 2 /w3 (1 23)
=Na(M ;= p22") + (M(M e e — piirid" ) — Mo (M 5,5 — p22")) -t + 2| M ye j — pivz " ||2-\/t- (1 1)

where 0 < t := [jy2]|3 < 1. The first inequality holds since y1 /|ly1]2 is orthogonal to Z, the leading

eigenvector of M ; ; — pz%' . The above upper bound of y T (M — pZ )y implies that if the following
inequality holds for any ¢ € [0, 1]:

Xo(M 5 —pz2 )+ (M (M e ge—pinid )= Ao (M 5 j—p22 ")) -t+2|M je j—piz " |jo\/t - (1 —t)
<M (Mg —pzz'),

then Ay (M 7 5 — pééT) is the largest eigenvalue of M — pZ . From Lemma we have that if the
following inequality holds:

IM e g—pz" |3 < {0 (Mg —p22" ) =Xo(M 5 —p2z ")} {M (M —p22 " )= (M e je—pibid ")},
then A\, (M ;5 — pzz") = M (M — pZ). O
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Lemma 9. Let co = /57 (p(1~ p)| M. [+ ps(d — 5)o} for any ¢ > 0. Then,
covVd—s
p

[wl|2 < = [|M7 elloo2 +
with probability at least 1 — s~°.

Proof. First, we can derive the upper bound of ||w||2 as follows:

. 1 R 1 \?
ol = 2 Me 2l =~ | 5 (ZMM)

p”m”l ieJje je]

3 (max|M”\ 14 ) 3 (maX|MH> .

ieJe ieJe

- pllxlll

By Chebyshev’s inequality, for each ¢ € J°and j € J,

(‘Mw| > |E[ z]” +CO) <

Var|M; ;
[(2)1] (28)

for any co > 0, where E[M; ;] = p - M ; and Var[M; ;] = p(1 — p)(M;;)* + po®. That is,
]P’(|M”| < pM-*- + o for Vi € J®and j € J)
z1- Z P(|M; 5] > [E[M; ;]| + co)

ieJejed

p(1 = p)|M3. ,|I% + ps(d — s)o”

>1-

Let ¢y = \/sc A{p(1 = p)|M?%. ;1% + ps(d — s)o?} for any ¢ > 0. Then [M; ;| < pM;; + ¢ for

any i € J°and j € J with probability at least 1 — s~°. This also means that max;c s |M; ;| <
pmaxjes | M| + co and

> (maelariyl) < /3 (pmaxloy; )Z\/;?

i€Je ieJe

with probability at least 1 — s~¢. Therefore, for ¢y = \/sc Ap(1 = p)|IM%. ;|13 + ps(d — s)a?},
covVd— s
p

s p *
[wll <> I1M5, e ooz +

2
with probability at least 1 — s~ for any ¢ > 0, where [[M] ;c||oo2 = \/ZiEJC (maneJ |Mz*]|) .

O
Lemma 10. Assume a # 0. If a®> < c(b + ¢) holds, then 2a+/t(1 —t) < bt + c for all t € |0, 1].
Proof.
2a/t(1 —t) <bt+c¢ forallt e [0,]1]
=4a’*t(1—t) < (bt +¢)?, bt +c>0 forallt € [0,1]
2a2 — b\ (2a% — bc)?
2,32 2
5 (2a% —bc)?
- > > >
<c 12 >0,¢c>0,b+c>0
s a® <clb+o).
O
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Figure 4: Heatmap of the Incomplete Covariance Matrix of the Gene Expression Data. We permuted
all the genes, so that that the 3 genes in the support (selected by SDP optimization) appear in the
top/left corner of this visualization.

E.7 Proof of Lemma/d]

By Weyl’s inequality and the triangle inequality,
MMy —pzz") = Xo(My; —p2z")
> M(E[M ,5]) = A2 (E[M 5 y]) =2+ [B[M ;] = My lls =2 32" |2
=p- (M (M7 ;) = A2(M7 ) = 2+ [[E[M 5] = M sll2 = 2p - [|2]3-

Note that ||2]|2 = /s and under the conditions in Lemma@ Also, by applying Lemma@ we have
that

MMy —p2z") = Xa(My s —p2z") > p- (M(M ;) = Ma(M7 ) — 2 Ky — 2ps
with probability at least 1 — (2s)~¢ for any ¢ > 0. Therefore, the desired result holds.

F Comparison with Other Methods for Sparse PCA

For the simulation in Section i3] we set d = 50, s = 10, \;(M*) — X\o(M*) = 10, B = 5 and
Onormal = 0.1. We repeat each experiment 20 times with different random seeds, and calculate the
rate of exact recovery.

We first consider two different algorithms where missing cells are treated as zero: the diagonal
thresholding sparse PCA (DTSPCA) by [Johnstone and Lu|[2009] and the iterative thresholding sparse
PCA (ITSPCA) by Ma [2013]]. We use the tuning parameters p = 0.1, & = 5 and v = 0.01 for our
SDP algorithm, DTSPCA and ITSPCA, respectively.

Next, we consider the combination of imputation and our SDP method. We first estimate the missing
elements of M by using the matrix completion method based on the following Frobenius norm
miminization with nuclear norm penalty ||Y||.:

M= agmin [|[Po(Y) - M|% +7[Y].

Y :symmetric

and then implemented the SDP method with the completed matrix M. We use the tuning parameters
p=0.1and T =0.1.
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G Additional Illustration: Heatmap of the Incomplete Covariance Matrix of
Gene Expression Data in Section [4.2]

A sparse eigenvector with a large eigenvalue should lead to a block in the covariance matrix with
large values. To check this, we illustrate the heatmap of the incomplete covariance matrix of the gene
expression data in Section 4.2} In Figured] the red box at the top left corner indicates the submatrix
whose rows and columns correspond to the 3 genes (beta-1 catenin (CTNNB), hypoxanthine-guanine
phosphoribosyltransferase 1 (HPRT1) and semaphorin III/F (SEMA3F)) selected from the sparse
PCA method. We can observe that two of the three off-diagonals of this submatrix have significantly
larger values than the other elements of the covariance matrix.
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