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Organization of the appendices The appendices are organized as follows. In Appendix [A] we
present the preliminaries required for this work. Appendix |B|establishes the connection between
regret in online learning to KL divergence in the scenario of agnostic learning of distributions. It
also presents several necessary techniques from online learning along with the EWA and RWM
algorithms that will be used later in our work. In Appendix [C} we present our results on learning
chordal-structured distributions. In Appendix D} we discuss our results on learning tree-structured
distributions and present our alternative proper learning algorithm. In Appendix [E] we give the
lower bound of learning tree-structured distributions. In Appendix [F} we design efficient learning
algorithms for Bayes nets over graphs with bounded vertex cover. In Appendix [G| we outline how
our algorithms can be adapted to efficiently compute maximum likelihood.

A Preliminaries

For integers 0 < m < n, let [n] denote the set {1,...,n}, and let [m,n] denote the set {m, m +
1,...,n}. Forany n > 0, let expn(u) denote e~"". For concise expressions and readability, we

use the asymptotic complexity notion of O(-), where we hide poly-logarithmic dependencies of the
parameters. By stating i.i.d samples from a distribution P, we mean independently and identically
distributed samples from P. For a positive integer ¢, Unif([{]) denotes the uniform distribution on the
set [¢], where each ¢ € [{] is chosen with equal probability of 1/¢.

A.1 Probability Distributions

We let A(D) denote the set of probability distributions over the elements of a set D. Let P and () be
two such distributions over D:

— The KL-divergence between P and Q is defined as: Dy (P, Q) = >, .p P(z)log ggg :

— The rotal variation (TV) distance between P and @ is defined as: drv(P,Q) =

Y aep [P(2) = Q(z)]-
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Lemma A.1 (Pinkser’s inequality). Let P and Q) be two probability distributions defined over the
same sample space D. Then the following holds:

Drc (P]|Q
ar(p.Q) </ 2119
We study distributions over high-dimensional spaces, which can require an exponential amount of
space to represent in general. So, for computational efficiency, we focus on distributions from which
we can generate samples efficiently. This notion is formally defined below.

Definition A.2 (Efficiently samplable distribution). A distribution P is said to be efficiently samplable
if there exists a probabilistic Turing machine M which on input 0% produces a string = such that
| Pr[M(0%) = 2] — P(x)| < 27% and M runs in time poly(|z| + k).

Next we define graphical models of interest in this work. For a directed graph G on n nodes, we
will identify its set of nodes with [n]. The underlying undirected graph of G is called the skeleton.
For any ¢ € [n], let pa;(7) denote the set of the parents of node i and nd¢ (i) denote the set of its
non-descendants. The subscript G may be removed if it is clear from the context.

Let us start with the definition of Bayesian networks.

Definition A.3 (Bayesian networks). A probability distribution P over n variables X1,..., X, is
said to be a Bayesian network (Bayes net in short) on a directed acyclic graph G with n nodes iiﬂ
for every i € [n], X; is conditionally independent of X q¢;) given Xy, ;). Equivalently, P admits the
factorization:

P(z) = Pr[X =a] = HXPNrP[XZ- = |Vj€pa(i),X; =x;] forallz. (1)
i=1

It is well-known that Bayesian networks are efficiently sampleable.

Now we define tree-structured distributions, a subclass of Bayesian networks defined above.

Definition A.4 (Tree-structured distribution). Let 7" be a tree, and G be any rooted orientation of 7.
A probability distribution P is said to be T-structured if it is a Bayesian network on G. A distribution
P is said to be tree-structured if it is T-structured for some tree 7.

Now we define the notion of polytree-structured distributions, which generalizes tree-structured
distributions defined before.

Definition A.5 (Polytree-structured distribution). A directed acyclic graph (DAG) G is said to be a
polytree if the skeleton of G is a forest. For a positive integer & € N, G is said to be a k-polytree if

the in-degree of each node in G is at most k. A distribution P is said to be a (k-)polytree-structured
if it is a Bayes net defined over some (k-)polytree G.

Finally, we define the notion of Chordal-structured distributions, a class of Bayes nets that generalizes
polytree-structured distributions and will be crucially used in this work.

Definition A.6 (Chordal-structured distribution). An undirected graph G is said to be chordal if
every cycle of length at least 4 has a chord, that is, an edge that connects two non-adjacent vertices
on the cycle. A distribution P is said to be chordal-structured if it is a Bayes net defined over a DAG
whose skeleton is chordal.

Clearly, any tree-structured distribution is polytree-structured, and any polytree-structured distribution
is chordal-structured.

Definition A.7 (Add-one distribution). For a directed acyclic graph G with vertex set [n] and a set of
samples S = {z() ... 25D} C [k]", the add-one or Laplace distribution with G-structure given
the samples .S, denoted by PC—; g» 18 a Bayes net on G and is defined as follows

Pér’s(x) = H P;v,pac(v)(wipag(v))

v€E[n]

'We use the notation X5 to denote {X; : i € S} foraset S C [n)].



where all the node distributions P2

S v,pa(v) ATE computed as

N Hx(i)ES : ajg)i):zy/\xq(p:szwepa(v)H—&-l
PS,v,pa(u)(’ZU'ZPa(U)) =

, vz € [k]".
Hm(i) €8 al) =z,Vwe pa(v)}‘ +k

That is, ng g is the Bayes net on G where all the node distributions (of X, | X pa(v)) are defined w.r.t

the (conditional) add-one or Laplace estimates computed from the samples S = {m(l), xS |)}
for each fixing of the parents’ values.

A.2 PAC Distribution Learning

A distribution learning algorithm takes as input a sequence of i.i.d. samples generated from a

probability distribution P and outputs a description © of a distribution Pg as an estimate for P. In
the following, C is a family of probability distributions over [k]", and P is a distribution over [k]"
not necessarily in C. Let us first define the notion of approximation of a distribution that will be used
in this work.

Definition A.8 ((c, A)-approximation of a distribution). A distribution P is said to be an (e, A)-
approximation for P with respect to C if:

DkL(P||P) < A - inf Dk, (P .
k(P P) < dnf, kL(PQ) +¢

When A = 1, P is said to be an e-approximation for P. Note that when P € C, if Pis an
g-approximation for P, then dtv (P, P) < \/g using Pinsker’s inequality (Lemma .

Now we proceed to define the notion of PAC-learning with respect to KL divergence.

Definition A.9 (PAC-learning in KL divergence). A distribution learning algorithm is said t(ﬂ be an
agnostic PAC-learner for C with sample complexity m¢(n, k, €, ) and running time t¢(n, k, €, 6),
if for all distributions P over [k]™ and all €,6 € (0, 1), given ¢, d, and a sample set of size m =
me(n, k,e,0) drawn i.i.d. from P, the algorithm runs for time ¢t < t¢(n, k,e,d) and outputs the

description O of a distribution ﬁ@ such that with probability at least 1 — 6, ﬁ@ is an e-approximation
for P with respect to C (where the probability is taken over the samples as well as the algorithm’s
randomness).

If P is restricted to be in C, the algorithm is said to be a realizable PAC-learner for C. If the output

ﬁ@ is guaranteed to be in C, the algorithm is said to be a proper PAC-learner for C; otherwise the
learner is called an improper PAC-learner.

A.3 Online Learning

The framework of prediction with experts is setup as follows; the formulation we follow here is
based on Chapter 2 of [6]. The goal is to design an algorithm .4 that predicts an unknown sequence

W 23 of elements of an outcome space X. The algorithm’s predictions Py, Ps, . .. belong to
a decision space D (which in our case will be the probability simplex on X'). The algorithm .4 makes
its predictions sequentially, and the quality of its predictions is benchmarked against a set of reference
predictions called experts. At each time instant ¢, A has access to the set of expert predictions &£,

where £ is a fixed subset of D. A makes its own prediction ]3t based on the expert predictions.
Finally, after the prediction P; is made, the true outcome x(® is revealed, and the algorithm 4 incurs
aloss £(P,z®), where £ : D x X — R is a non-negative loss function.

Note that (1), 2() ... form an arbitrary sequence. Hence, naturally, the loss incurred by the
algorithm depends on how well the experts fit these outcomes.

Now we are ready to define the notion of regret.

’In the learning theory literature, when A > 1, such a guarantee is also sometimes called semi-agnostic
learning.
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Definition A.10 (Regret). Given the notation above, the cumulative regret (or simply regret) over T'

steps is defined as:
T

T
o) — P x®Y _ mi )
Regr(4; &) = ;f(Pt,x )~ g ) 2 )
Since £ is usually fixed, we often use the shorthand Regy(A). The average regret is defined as
%RegT(.A). The total T steps are also sometimes referred to as the horizon of the algorithm.

Our work utilizes two standard online learning algorithms: Exponentially Weighted Average (EWA)
and Randomized Weighted Majority (RWM). Both algorithms assume that the expert set is finite; the
first algorithm is deterministic, while the second one is probabilistic.

Fact A.11. In both EWA and RWM algorithms, when run with a hyperparameter n > 0 and a set
of experts £ = {E1, ..., En}, the weight of the i-th expert (i € [N]) after time step ¢ (¢t € [T)) is
denoted by w; ; defined as follows:

t
Wit £ exp (—T)ZZ(Ei,x(S))> .

s=1

Algorithm 1: EWA forecaster

Input: Experts £ = {E, ..., En}, parameter ), horizon T'.
w0 < 1 foreach i € [N].

fort < 1t0T do

ﬁt . SN wi-1 B

N ) .
j=1Wj,t—1

Output 1375.
Observe outcome (1.
for i € [N] do
L Wy ¢ 4= Wi4—1 - €XP (777 A(E;, x(t))).

Algorithm 2: RWM forecaster
Input: Experts £ = {E, ..., En}, parameter 1), horizon T'.

1 w; o < 1foreachi € [N].

w N

N S A

fort < 11071 do
Sample P; € £ where Pr[P; = E;| = =521

Output ]3,5.
Observe outcome z(*).
for i € [N] do
L Wiy < W1 - exp (=7 E(Ei,x(t))).

Before proceeding to give the regret bounds for EWA and RWM algorithms, we need the notion of
exp-concave loss functions.

Definition A.12 (Exp-concave loss function). Let D be a convex decision space, X be a sample
space, and let & € R be a parameter. A loss function ¢ : D x X — R is said to be a-exp-concave if
the function f, : D — R, f,(P) = exp(—al(P, z)) is concave for all z € X.

The following regret bound holds for EWA with exp-concave loss functions. Importantly for us,
¢(P,x) = —log(P(x)) is exp-concave for 0 < o < 1.
Lemma A.13 ([6], Theorem 3.2). With N = |E| experts and an a-exp-concave loss function {(P, ),

for any sequence of outcomes V), ... x(T), the regret of the EWA forecaster with the parameter
1N = « is bounded as follows:
log N
Reg,(EWA; &) < —8°1
Ui




The regret bound below for RWM assumes the loss function is bounded.

Lemma A.14 ([6], Lemma 4.2). With N = |E| experts and a loss function bounded in [— Lyax, Linax),
for any sequence of outcomes V), ... x\T), the expected regret of the RNM forecaster with the
parameter 1) = /8(log N) /T is bounded as follows:

E[Regy (RWM; €)] < Lunaxy/ y.

Moreover, with probability at least 1 — 0, the following holds:
Tlog N T 1
RegT(RWM; 5)] S Lmax (\/ 02g + \/2 IOg 5) .

B Agnostic Learning of Bayesian Networks

In this section, we study the notions and our results on the agnostic learning of Bayesian networks
in general. Our first result in Section [B.I] shows that we can leverage the multiplicative weight
update method to get an agnostic learning guarantee in reverse KL distance in terms of the regret
of the RWM or EWA algorithm. Thereafter, we can plug in the standard regret bounds for EWA
and RWM to get an agnostic learning guarantee for our output distributions with high probability.
These results are given in Lemma [B.4] and respectively. Next we apply our general learning
result to the problem of learning Bayesian networks which requires us to define an appropriate set
of experts. Towards this, we define one expert for each possible DAGs on n nodes of in-degree at
most d. The distribution of such an expert will be fixed to the add-1 distribution at each conditional
distribution defined using a previous set of samples. A prior work by Bhattacharyya et al. ([2]) has
established that this add-1 estimator will have a near-optimal sample complexity of agnostically
learning fixed-structure Bayesian networks in KL divergence. Combining everything together, we
get interesting new sample-complexity upper bounds of agnostically learning Bayes nets in both
improper and proper learning setting using EWA and RWM algorithms respectively in Theorems [B.1T]
and[B. 12

Theorem B.1. Let C be the family of distributions over [k]™ that can be defined as Bayes nets over
DAGs with n nodes and maximum in-degree d. There exists a PAC-learner for C in the realizable
setting using O~(nkd+15_1) samples that returns a mixture of Bayes nets from C which is an &-
approximation of the input distribution with probability at least 2 /3.

The sample complexity in Theoremis nearly optima for constant error probability. The same
approach also yields polynomial sample complexity for agnostic learning in the non-realizable setting
with exponentially small error probability and for proper learning with polynomially small error
probability. While these bounds are no longer optimal, we will use them later to design the first
polynomial time algorithms for learning Bayes nets over large classes of DAGs.

We now describe the relation between regret and KL divergence, which is crucially used throughout
this work.

B.1 Connection between Regret and KL divergence

In the prediction with experts framework, let us fix the decision space D to be the probability simplex
on the outcome space X and the loss function to be ¢(P,x) = —log P(x) for the distribution P
defined over the probability simplex on X'. Then we have the following general connection between
the expected average regret and the expected KL divergence when the outcomes z(1), z(?) .. are
i.i.d samples from a distribution P*.
Lemma B.2. [f A is a (possibly randomized) online learning algorithm that receives L.i. d samples
=W 2D from a probability distribution P* on X and makes predictions Pl, .. PT eDC
A(X) wnh respect to an expert set C C D,
~ 1 .

Dk(PIP)| < 7 B [Regr(A; O)] +min D (P|1P).

), z(T) pPeC
3Note that for learning with respect to total variation distance, the corresponding sample complexity of

9} (nkd+15’2) is known ([4]), but the proof uses the tournament method which does not apply to KL divergence
as it is not a metric.

E
(1) ... x(T) t~Unif ([T])




Note that if A is a randomized algorithm, both the left and right hand side of the inequality in
Lemma [B.2] are random variables.

Proof. From the definition of regret (Definition[A.10), we have:

T
1
Reg(A; C) 0g =——— —min » log ———.
tz; Py x<t) PecC ; P(z®)
Thus, the expectation over the samples of the average regret for 7" rounds would be the following:
T
1 1 1
— E Regr(A; C)] = E log —
T 20, o)~ pr [Regr ( ) zW) . 2(T) T (t ] s Py (x®) PECZ g )
d 1
> min lo
- @),z (D [2} (z(® 1 PeC LNEP* [ & P(m)]
1

] min Dy (P*[|P) — H(P7)

Z %
&)

where the second-last step is by applying Jensen’s inequality, as min is a concave function, and also
uses the fact that z(1), ... z(T) ~ P*. Also, H(P*) denotes the entropy of the distribution P*.
Thus we have the following:

Tz @(T)

T
1 1
- Regp(A;C)] > — min Dy (P*||P) — H(P®
T o o BT Ol 2 7 (B [Z xm] tain D (P |P) = H(P")
= = E |lo ‘(1) L2tV — H(Pr
T;x(l) 2(t=1) P gpt ()

— min Dy (P*[| P)

:12

t

(D (P*1P)] ~ min Dy (P P)

(1), z(t 1)

1 ~
TZDKL(P*HR)

2 — min Dw (P7]|P)

2 (T=1)

In the second line, inside the summation over ¢, the expectation does not include () because the
prediction P, does not depend upon z(*), as P is predicted before z:(*) is revealed . O

We immediately have the following corollary:
Corollary B.3. In the same setup as Lemma|B.2|above, if ~Regp(A;C) < p,

T
1 ~
D P*||= P,
z(l)“]?zm [ KL< HT; t)

Proof. This follows from applying the fact that KL-divergence is convex in its second argument. [

< in Dk (P*||P).
< p+in kL(P*||P)

Now, we apply these results to the EWA and RWM algorithms. Let us start with the results for the
EWA algorithm.

Lemma B.4. In the same setup as Lemmaabove, suppose that for every P € C, mingcx P(z) >
T holds.

o If A is the EWA algorithm run with parameter 1 = 1, then we have the following:
log [C|
T

< min Dk (P*|| P
< min kL(P*||P) +

,,,,,



* For any ¢,6 € (0,1), let A be the EWA algorithm run with parameter n =
- . o o X )
VT Tog(1/7)V/Io(1/3)" Then with probability at least 1 — §, the following holds:

2log |C|log(1/7)+/log(1/0) Te

T
1 ~
DKL <P ”T E Pt> < I}glellcl DKL(P ||P) + 5\/T

t=1

Proof. Recall that our loss function £(P,z) = —log P(x) is n-exp-concave for all 0 < n < 1.
Hence, we can apply Lemma [A.T3] for any such 7. The first item follows from Corollary by
setting n = 1.

For the second item, we use the method of bounded differences. Define the function f:

T
1 ~

(1) (T)y — * fE
fXW X )DKL<P||Tt_1Pt>

Claim B.5. Forany XV, X® .. XD x0' ¢ x,

F(XDO, x® XDy - px® x® ) XT))| < 2log 1
T

Proof. Let ]3t and ]3t be the outputs from the EWA algorithm after ¢ rounds using the samples
XMW X XD and XWX @ L XD respectively. Then, P, = > e Wi,Q and Pl =
> gec Wi Q-

(I, <, QX)"
Cree([T< RXE))T

&
Since for every Q € C, 7 < % <1<

By definition of the EWA algorithm and the choice of our loss function, w; o =
(QXD ) TThe e QX))
Y ree BXD) (Tacac, RX©))"

@@ < 727 and hence for every y € X, 727 < 112 éz; < 7727 Therefore:
t Q t

and w 0=

FXW XMy px @ XD ‘— > P*(y)log PIREAC) gznlogl.
yeX Z Pt(y T

Applying the McDiarmid’s inequality,

|

. ~ 2¢2
D P*P—}E{D P*P”zg}ngx (—)ga,
kL(P*[|P) kL (P*[|1P) P\ T g 1

by our choice of 7. The second item then follows from Lemma [A.T3] Corollary [B.3] and the
above. O

Now let us discuss the guarantees of the RWM algorithm.

Lemma B.6. In the same setup as Lemma above, suppose that C = { Py, ..., Py} and that for
every P; € C, mingcx P;(x) > 7 holds.

o If Ais the RWM algorlthm run with the parameter 1 = +/ (8log N)/T — giving proper

predictions Pl, . PT €C—and P + Pt € C where t is sampled uniformly from [T),
then we have:

D log(1/7)y/T log|C
E [DKL (P*HP” < min D (P*||P) + g(1/ )m
AzD,...z () Pec T

,,,,,



o With the same algorithm A as above, for any § € (0,1), the following bound holds with
probability > 1 — § over the randomness of RWM, the random choice of t from [T, and

the randomness of the samples (V)| ... z(T):

log(1/7) (\/log IC| + \/log(2/) )
VT '

DL (P*||P) < min Dk (P*||P) +
kL (Pl )_Ilgleﬂ(} KkL(P*[|P) +

Proof. The first item follows from Lemma@], taking the expectation of both sides over the random-
ness of A, and the expected regret bound in Lemmal[A.14] Note that we can take Luax = log(1/7)
since P(z) > 7 forall z € X and P € C, by the assumption of the lemma.

The RWM algorithm (see Algorithm[2) can equivalently be viewed as follows. Sample Uy, ..., Up ~
Uniform((0, 1]) independently. At each ¢ € [T], predict P, <— P;, € C, where i, € [N] is the index

Z?I Wi, t—1 EJ 1 Wy, t—1
) NN

k= = t—

Z 1 Wht—1 7 2pog Wht—1

the RWM algorithm is deterministic.

From Lemma (high probability bound), with probability > 1 — §/2 over the random choice of
U, Regret;(A; C) <log(1/1) (\/Tloflc + \/% log g) Conditioning on this event £, applying
Lemma[B.2] we get

such that U; €

. Note that modulo the choice of U = (Uy,...,Ur),

E E [zx,t 2 Dy (P*||P,) — min D (P*||P) ’5]
() .. 2(T) t~Unif ([T]) pec

log 1/7) (\/log|C| + /log(2/0) )
< W

Note that, since P, € C for all ¢ € [T], Zx+ > 0forall 2™ ... 2T € X and t € [T]. Thus, we
can use Markov’s inequality to show that, conditioned on the event £, with probability > 1 — §/2

over the randomness of (1), ..., (") and the random choice of ¢ ~ Unif([T]),

log(1/7) (\/log\C| + /log(2/6) )
VT

Taking a union bound with event & and the failure event of the above bound , we can see that
holds with probability > 1 — § over the randomness of algorithm .4, the random choice of ¢, and the
randomness of the samples =1, ..., (). This completes the proof of the lemma. O

DL (P*||P) — min Dk, (P*||P
kL(P*[|P) min kL(P*||P) < (3)

B.2 Discretization

We will typically want to design agnostic PAC-learners for classes of distributions C that are infinite,
e.g., tree-structured distributions, etc. However, to apply the results of the previous section, we first
need to finitize C. We make use of the properties of the add-one distribution — also explored in [2] —
to do this finitization more efficiently compared to using a e-cover over each set of node distributions
(the cover method [[15}9]], applied to Bayes nets). This of course means that we make use of additional
samples from the ground truth distribution P* to construct the discretization. However, we show that
this can be done without affecting our asymptotic sample complexity (up to logarithmic factors).

Suppose we are interested in the class C of G-structured Bayes nets, where G = {G1,...,G}
is a finite set of directed acyclic graphs (DAGs), all with indegree < d — G may be the set of all
rooted trees on [n] (with d = 1), all DAGs having a particular (undirected) skeleton, all DAGs on

[n] with indegree < d, etc. We define the discretization N g ’s to be the set of add-one distributions
constructed from a set of 550 (g, ) < O (dd"wrl log ("k/g‘s)) samples from P* (see Deﬁmtlon

and Theorem ) for each DAG G € G. Note that all the distributions in N '5 are constructed using
a single set of samples from P*.




Definition B.7. Suppose G = {Gi,...,Gys} is a set of DAGs on n nodes with maximum
indegree d, and P* is a distribution on [k]”. For ¢ > 0 and 6 € (0,1), the finitization

./\/:J;S is constructed as ./\/'6975 = {13(; g 1 i € [M]} (see Theorem , where S is a set of
sao(e,0) £ © ("kZH log ("d+15kd+l> log (%{M log (%))) i.i.d samples from P*.

For determining the number of samples sao (e, d) used to construct the finitization, we use the
following refined variant of Theorem 6.2, in [2]] (where the guarantee holds uniformly for all DAGs
on [n] with indegree < d).

Theorem B.8. Let G denote the set of all DAGs on [n] with maximum indegree < d, and P* is a
distribution on [k]". For any G € G, let PE,S denote the add-one distribution (see Deﬁnition@
with G-structure constructed given a set S of i.i.d samples from P*. Then, if |S| > sao(e,d) =

o (nkd+1 log (nd+16kd+1) log (nkZH log (%))), the distribution 133:5 satisfies

g

Dk (P* ||PG g) < min DrL(P*(|Q) + &

G-structured distributions Q

for every G € G, with probability > 1 — § over the samples S.

Proof. As in the proof of Theorem 6.2 in [2], for any DAG G € G, we can write Dy (P* Hﬁgs) —
Dk (P*||P%) as:

S P (Keegi = 00kt (P (Xl Xpagy = ) | P (Xl X = 1)), @)
ve[n] ze kPG (v)

where P/, is a distribution that minimizes Dy (P*||P) among all G-structured distributions P.

Note that this decomposition depends only on the set of parents of each node v € [n]. Thus
to upper bound the LHS for all DAGs in G, we just need to upper bound } cl]Y P*(Xy =

) Dkt (P*(XU\XU —2) || BY 5(X,| X0 = x)) for all v and for all subsets U C [n] with [U| < d.

The number of possible subsets is ("zd) < (26”) < O((2n)9) since d < n — 1. Not all such
configurations will give valid DAGs in G, but a bound for all v, U is sufficient to upper bound the
LHS for every G € G.

Now we can proceed as in the proof of Theorem 1.4 of [2]. Let N = | S| (total number of samples
from P*) and r be the number of samples from P*(X,|Xy = z) for a particular v € [n], U C [n]
and x € [k]U Using the guarantee for the add-one estimator at each node (Theorem 6.1, [2]) and
splitting into two cases (E[r] > 15log(1/d) and E[r] < 15log(1/4)) as in the proof of (Theorem
1.4, [2]) gives us that

=

~ klog (£)log N
P*(Xy =)D (P*(X0|Xu = 2) | B s(X,| Xy = 2)) <O <g(6)g>

with probability > 1 — § over the N samples.

Rescahng dtod = %n)d and using a union bound gives the above inequality for all choices of

€ [n], U C [n] with |U| < d and = € [k]Y together, with probability > 1 — n(2kn)?0’ =1 -6
over the samples.

Using this upper bound for all terms in equation (4)) along with the fact that |pas(v)| < d for all
G € G gives(wp>1—90)

nka*1log (%}m)d) log N
N

VG € g : Du(P*||Phg) — DuL(P*||PE) <O

Choosing N = © (”k " log (”d“[sde) log (%‘Hl log (%))) proves the theorem. O

This finitization of the class of G-structured Bayes nets has the following useful properties.



Lemma B.9. Any P € /\/'55 (where DAGs in G have indegree < d) satisfies min,¢jn P(z) >

n
£
(Cdnde o? (§)> , for some constant Cq > 0 that depends on d.

Proof. Each distribution P € N Eg s 1s an add-one distribution (see Definition ) constructed from

sao (g, d) samples of P*. Each such distribution is a Bayes net on an n-vertex DAG and hence the
joint probability is a product of the n node (conditional) probabilities. Since each node distribution
Xu| Xpa(v) is an add-one estimate, the probability value (for each X, = 2| Xpa(0) = Tpa(w)) is at
least where s, () 1s the number of samples consistent with X ;) = Zpa(v)-

1 > 1
Szpa(v)tk = sao(e,0)+k>
Hence,

1 1 " 5
P > | I > >0
(z) 2 Stpey TH (SAo(a, 0) + k) - <d3nkd+1 log (2£

v€E[n]

€
>
- (Cdnkdﬂ log? (’;{f)) ’

where the inequality (1) follows from sap(g,0) = © ("kzﬂ log ("dﬂ(;kdﬂ) log (”kzﬂ log %))
(see Definition [B.7).

) log (" log é))

Lemma B.10. Let C9 C A([k]™) be the set of all Bayes nets defined on any DAG G € G, where G is
a finite set of DAGs on [n), and all DAGs in G have maximum indegree d. For any P* € A([k]"), the
following holds with probability > 1 — § over the samples used in the construction of N;%:

min Dk (P*||P) < 1’I111’1 DkL(P*||P) + e.
pec

PENE 5

Proof. Take G = {G1,...,Gy} and N9 = {]35175, . .,135%5} for a set of samples S with
|S| > sao(e,d). Applying Theorem we have that for all DAGs G; € G (where 4 is not
dependent on the samples .S), with probability > 1 — 4,

DKL(P ||PG S) min DKL(P*HQ)+€ (5)

G ;-structured distributions @

Let P’ denote a distribution in CY that minimizes Dy (P*||P’). By definition of CY, P’ will be
G ;~-structured for some ¢* € [M] which is fixed as a function of P* (and independent of the samples
S), which implies that,

min DKL(P*HP> < DKL(P*HPg S) < DKL(P*HP/) +e= 9 min DKL( *HP) +e€
PeN?, PecY

Note that the equality (2) holds by definition of P’ as the KL minimizer, and the penultimate inequality
(1) holds since P’ is G;«-structured, applying (5) with ¢ = i*. O

B.3 Sample Complexity for learning Bayes Nets

We can now collect the tools developed in Sections [B.T|and [B.2] to prove Theorem [B.T] from the
introduction. The algorithm that yields the first part of Theorem [B.T] (improper learning) is quite
simple to describe (Algorithm [3| below), corresponding to EWA forecaster with = 1. In the
following theorem, we specify the A" and T to take so as to obtain desired guarantees.

Theorem B.11 (Bayes net improper learning). Let C be the class of distributions over [k]™ that can
be defined as Bayes nets over any unknown DAG with n nodes and in-degree < d.

* There is an algorithm that for all P* € A([k]") and all ¢ € (0,1), receives m =
(@) (d3 k™ |, g? "k) i.i.d. samples from P* and returns a distribution P that is with

probability at least 2/3, an (e, 4)-approximation for P* with respect to C.

10
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Algorithm 3: EWA-based learning for Bayes nets
Input : N ={Py,..., Py}, T, hyperparameter n > 0.
Output: Sampler for p.
w; o < 1 foreachi € [N].
fort < 1t0T do
Observe sample z(*) ~ P*.
fori € [N]do
Wip < w1 - Py(x®)n.

function EWA-SAMPLER()
Sample ¢ < [T] uniformly at random.
Sample i ~ [N] with probability L1

e[N] Wi, t—1

return xr ~ P;.

return EWA-SAMPLER /* This is a sampler for p. */

Algorithm 4: RWM-based learning for Bayes nets

Input : N ={Py,..., Py}, T, hyperparameter n > 0.
Output: P c N.

1 w; o < 1foreachi € [N].

A &

fort < 1t0T do
Sample ¢; from [N] with Pr(i; = i) = >

Wi, t—1
jeIN] Wit
Observe sample z(*) ~ P*.
for i € [N] do

| wie 4 wig—1 - Py(x®)7,

Sample ¢ uniformly from [T7].
return P P;,.

* There is a realizable PAC-learner for C with sample complexity O (d?’"’“d+1 log? M)

€d €d

e There is an agnostic PAC-learner for C with sample complexity

477,402774 n O2n6 3nd+1 n n
@) (max{d g () g2 ( hdl gs( k/ 6)) log(1/8), £~ log (%) log (“£ log %)}) .

Proof. Let G be the collection of all DAGs on n nodes that have in-degree d, then we can say that
IG| < (n!)4*L. Suppose N = Nag/s 52> using the notation of Deﬁnition By construction, we
have

log(JNV]) <log(|G]) < (d+ 1)logn! < (d+ 1)nlog(n), (6)

and the sample complexity of the learning algorithm will be sa0 (g, %) (to construct N) + T (the
number of online rounds), where

d3nkat1
sao(e/8,8/2) <O (n log (%) log (™ log é)) (using Definition [B.7)and Theorem [B.8§).
5
(N
By Lemma [B.10]and the definition of N above,
. * < . *
mnin Dy (P7[|P) < win Dy (P71 P) +€/8, ®)

with probability > 1 — §/2 over the samples used to construct .

We begin with the first item. Here, we can take 6 = % for the purpose of constructing A/. We run
EWA-based learning (Algorithm using N = ./\/Eg s.1/16 as the expert set, ) = 1, and loss function
{(P,z) = —log P(x). By the first part of Lemma and Markov’s inequality, with probability at

11



least 3/4:

C))

ol . ) log |V
Dk | P HTZPt <4 min Dy (P P) + —7— ).
t=1

Using (6), and combining and @) with a union bound — choosing 7" = w >
8% — now ensures that right-hand-side in (9) is at most 4 minpec Dy (P*||P) + € with

probability at least 1 — (i + %) > % The sample complexity will be dominated by sao(§, %) <
3 d+1
0 (% log? (%’“)) (see Definition .

For the second item, let N/ = Nagé J1.5/2 A8 the expert set for the algorithm. By Lemma B.10l> if

P* € C, minpenr Dk (P*||P) < €6/4 with probability > 1 — /2. We can now run the same
argument as above with ¢ being €0 /4 (applying Markov’s inequality with error probability §/2) to
obtain the result.

We now prove the third item. Suppose €,5 € (0,1). By Lemma and |G| < (nh)H! <

n"e, for every P € N, mingep P(x) > © <d2nkd+llog("5:) log("sklog(ls)> = 7. Thus,

2 d+1 2 vk
d*nk! log? ( 2k

log(1/7) < © (nlog <E>)> We run EWA using N as the expert set, n =

e
d2nkd+110g2( 2k
4+/Tn log %(55) log(2/6)

and the same loss function.

£ —
4v/Tlog(1/7)/log(1/5)

By the second part of Lemma|[B.4] we get that with probability at least 1 — §/2:

d2nkdtl 1062

nk
4dn? log(n) log (5(56>) v/ 1og(2/9)

T
DKL (P ”T 2 Pt> S FI)Iéljl\l/ DKL(P ||P)+@ T +

po|m

(10)
Using () and (8) along with a union  bound, it T =
2
© (d4n4 log?(n)e—* logQ(M) log(l/é)) , then the right-hand-side of l) is at
most minpee Dk (P*||P) + € and the bound will hold with probability > 1 — ¢. Here, the sample
complexity will be

T+ sa0(e/8,6/2) <O (d4n41€o4g(n) log? (W) log(1/0)

d3nkdt! nk nk 1
+———log | — | log | — log = .
€ 6 € 6

The above theorem is interesting in the context of improper learning of Bayes nets with constant
in-degree d, because it gives a nearly-optimal sample complexity (optimal up to logarithmic factors)
for realizable PAC learning with constant success probability (second part) and for getting a (&, 3)-
approximation with constant success probability (first part).

O

While the next theorem does not have significant advantages for general in-degree d Bayesian
networks due to the less efficient nature of Algorithm[d]and its higher sample complexity compared
to established algorithms such as Chow-Liu for proper learning, we prove it to lay the groundwork for
subclasses of Bayesian networks (such as trees, polytrees, and chordal graphs). For these subclasses,
the sampling method employed in Algorithm 4] can be optimized to yield efficient algorithms for
proper learning.

Theorem B.12 (Bayes net proper learning). Let C be the class of distributions over [k]™ that can be de-
fined as Bayes nets over any unknown DAG with n nodes and in-degree < d. There is a proper agnostic

12



(e,8)-PAC-learner for C with sample complexity O (max { d'n’ 1og3'( ) R log? (”—k) })
) £252 ) 5 g
forany 6 € (0,1) and e > 0.

Proof. Define N' = J\/'Eg/2 N where G is the collection of all DAGs on n nodes with in-degree
< d — the same way as in the proof of Theorem[B.I1] We run the RWM-based learning algorithm

(Algorithm with A as the expert set, n = /(8log|N)/T, and the log loss function. By the
second part of LemmaB.6] and noting that:

(i) The maximum loss at any round is at most (using Lemma [B.9} see also the third item in the
proof of Theorem [B.1T))

d3 kd+11 2 (nk
Ljax = IOg(l/T) <0 <’I’L log < " o8 (£6> )

3

(i) the size of the cover A satisfies log |NV| < log |G| < (d + 1)nlog(n).

we have that, for any § > 0, with probability > 1 — §/2 over the random samples as well as the
randomness of the algorithm, we have:

d3nkdtl1og2 ( g—(’;)

_ )) (\/(d+1)nlog(77,)+\/10g(4/5)>
VT ,

. (nlog(
* < . *
DL (P*[|P) < min D (P7[|P) +C

£ ErrorBound
where C is some constant > 1.

Using the above inequality with a union bound, along with Lemma|B.10] the definition of C, and the
fact that N = J\/Eg/2 5/2» We have that

Dk (P*||P) < min Dyt (P*|[P) + ErrorBound + /2,
€

with probability > 1 — ¢ over the samples and the randomness of RWM.

d2n?log? (7"“1“{("’“/5‘” ) (dn log(n)+log(4/8))
Now if we choose any T > © 557 , we get

Dk (P*||P) < €/2 + /2 = ¢ with probability > 1 — § (this bound for T uses the fact that
(Vz + /y)? < 2(z + y) by the AM-GM inequality). The total sample complexity of the algorithm
will be T + sp0(e/2,6/2) (see Theorem B.8|and Lemma B.10). This gives us the

d3n3log® (nkd 3, 1.d+1
0 n°log (65)+dnkz log? nk
€242 € )

sample complexity for proper agnostic (&, §)-PAC learning. O

C Learning Chordal-structured distributions

In this section, we show that chordal-structured distributions can be learnt efficiently. Before
proceeding to describe our results, we first define some notions that will be used in our results and
proofs.

C.1 Preliminaries about Chordal Graphs

Given an undirected graph G = (V, E) and subsets S,T C V, we let G[S] denote the induced
subgraph of G on S, E(S) denote the edge set of G[S], and E(S, T') denote the set of edges with one
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endpoint in S and the other in T'. For a vertex v of G, let Nbr(v) denote the set of adjacent vertices
of v in G (vertices u such that {u, v} € E(G)).

An undirected graph is chordal if every cycle of length at least 4 contains a chord, that is an edge
connecting two vertices of the cycle which is not part of the cycle.

Definition C.1 (Clique tree). Let G = (V, E) be a graph with vertex set V' and edge set E. The
clique tree, denoted by T G of G is a tree that has the maximal cliques of G as its vertices and for
every two maximal cliques C' and C’, each clique on the path from C' to C” in T contains C' N C".
T has the induced subtree property: for every vertex v € V, the set of nodes in 7 that contains
v forms a connected subtree of 7. The treewidth of G equals one less than the size of the largest
maximal clique in G.

Let G be a chordal graph, and let 7 be a clique tree of G. Fix an arbitrary maximal clique
Cr € V(T) and we view T as a tree rooted at C,.. We denote this rooted clique tree as TS and
as T¢, if G is clear from context. For any maximal clique C, let pay, (C) denote the parent of C'in
the rooted tree 7¢,, and let 7 denote the subtree of T¢, rooted at C. Let V[7¢] denote the vertex
set of G[T¢|, that is, | J eV (Te) C'. For notational convenience, we will use 7¢ to denote both the
subtree of 7 as well the vertex set V[7¢] when the usage will be clear from the context. Thus,
G|T¢] denotes the subgraph of G induced by the vertices in V[7T¢].

Definition C.2 (Separator set). Let G be a chordal graph, and let 7¢,. be a rooted clique tree of G for
a maximal clique C,.. For C € V(7¢, ), the separator of C with respect to T, is defined as follows:

Sep(C) = CnPaz, (C)

Next we define the notion of link set, which is crucially used in our proofs.

Definition C.3 (Link set). Let G = (V, E)) be a chordal graph, and 7¢, be a rooted clique tree of G
for a maximal clique C,.. For C € V(7¢,.), the link set of C' is defined as follows:

Link(C) = E(C, V[Tc])

An orientation of an edge set I’ assigns a direction to each edge in F'; an orientation is acyclic if
it does not give rise to a directed cycle. The indegree of an orientation is the maximum number of
incident edges which are oriented inward at any vertex. Two acyclic orientations on edge sets F' and
F’ are said to be consistent with each other if they agree on the edges in F' N F”.

Definition C.4 (Indegree-Bounded Acyclic Orientations). Let G = (V, E) be an undirected graph.
For any subset of edges F' C E and integer d > 0, AO4(F') denotes the set of all acyclic orientations
of F with indegree at most d. Given an orientation O that assigns orientations to a subset of F, we
let AO,4(F'; O) denote the subset of AO4(F) that is consistent with O. If F' corresponds to the edge
set of a subgraph H, then we also use the notations AO4(H) and AO,(H, O) respectively.

Figure 1: In the left panel, a chordal graph and a clique tree decomposition with reference clique
C = DEG. In the left panel, the edges of Link(C) are in red and the vertices V[T¢]| are in bold. In
the right panel, the nodes of 7¢ are in green, and the separator vertices in each node of the clique tree
are colored in blue. The same chordal graph and a different clique tree decomposition with reference
clique C' = ACDE. The colors have the same meaning as in the left.

We will use below some standard observations about chordal graphs and acyclic orientations; for the
sake of completeness, we give their proofs.
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Lemma C.5 (Lemma 1 of [1I], restated). Let G = (V, E) be a chordal graph and consider a clique
tree Te, of G rooted at a node C,.. Let C be a node in Tc, and C1,. .. ,Cy be its children in T¢,.
Then the edge sets of the graphs G[Tc, \ Sep(C1)], ..., G[Tc, \ Sep(Cy)] are mutually disjoint.

Proof. We will prove this by contradiction. Let us assume that there exists ¢ # j with 4, € [¢]
such that G[7¢, \ Sep(C;)] and G[T¢; \ Sep(C};)] share an edge e = {u, v}. This implies that both
G[Tc,] and G[T¢,] contain the edge e. However, this would imply C' O {u,v} by the inducted
subtree property (since any pair of nodes in 7¢; and 7¢; can only be connected in T through O),
and thus that e will be present in both E(Sep(C;)) and E(Sep(C})). This contradicts our assumption
on e. 0

Lemma C.6 (See Theorem 11 in Chapter 4 of [13]]). Let G be a chordal graph which is acyclically
orientable with indegree < d, and consider a rooted clique tree Tc, of G. Consider a non-leaf
node C € T¢, and Cy, . ..,Cy be the set of children of C' in the rooted tree. Consider an acyclic
orientation O¢ of Link(C') with indegree < d, and let Osep(c,) be the orientation O¢ restricted
to E(Sep(C;), Tc,) for every i € [{]. Then there exists a bijection between AOy4(Tc, Oc) and
Aod(Tcl, OSep(Cl)) X ... X Aod(TcL;, OSep(Cg))-

Proof. Consider any acyclic orientation O of 7 with indegree < d consistent with a given acyclic
orientation O¢ of Link(C). Any subset of an acyclic orientation O will be acyclic as well, and
indegree bounds will be preserved. Hence O restricted to each T, will give acyclic orientations
O, of T¢, with indegree < d. Given these consistent orientations O, . .., O, of the subtrees, and
knowing that O is consistent with O¢, we can reconstruct O. This suffices to argue the injectivity.

In order to prove surjectivity, let us consider acyclic orientations O; € AO4(T¢,, Osep(c,)) for every

i € [f]. Now let us consider the following orientation O by taking the union of O¢ and Ule O;.
Following Lemma|[C.5] we know that O is consistent with Oc. Now we would like to prove that O is
an acyclic orientation and has indegree < d.

We will prove acyclicity by contradiction. Assume that there is at least one cycle in O. Consider
the shortest cycle among all those cycles in O. The cycle must contain at least two edges in E(C),
because if it contains one or no edges of E(C'), then it is contained inside some 7 (C;) which is
impossible since O; is acyclic. Consider two vertices u, v € C which are in the cycle but not adjacent
in the cycle. In C, there exists an edge between u and v, with O¢ orienting it either (u, v) or (v, u).
Whichever the case, we can shorten the cycle by taking a shortcut on the edge, which contradicts the
assumption that we are considering the shortest cycle. This implies that O is acyclic.

To argue that the indegree of O is < d, note that any v which is common to 7¢, and 7¢; fori # j will
belong to C' as well. Hence the orientation of all incident edges of v will be fixed by O¢ itself, and
combining Oy, ..., O, will not increase the indegree beyond d since they are all consistent with O¢.
Thus the mapping is surjective as well. Combining the above, we have the proof of the lemma. [

Lemma C.7. Let C and C; be two cliques of G so that C'is a node in T and C; is a child of C'in
TC. Then there are no edges between V[T¢,] \ C and C \ C;.

Proof. Assume for the sake of contradiction that {u, v} is an edge between u € V[T¢,] \ C and
v € C'\ C;. In particular, say u € K where K is a clique in T¢,. Then, by the definition of the clique
tree decomposition, (i) the edge is contained neither in C' nor in any of the cliques in the subtree
rooted at C; (since u & C and v € C'\ C;), but (ii) the edge is part of some maximal-clique C’.
Hence, C’ and K must be separated by C' in the clique tree. But this is a contradiction, since u € C’
andu € Kbutu ¢ C. O

C.2 EWA and RWM with Chordal Experts
In this section, we consider distributions on chordal graphs which can be oriented acyclically with
indegree < d. This assumption is sufficient to bound the size of each maximal clique.

Remark C.8. Let G be an undirected chordal graph. If there exists an acyclic orientation of G with
indegree < d, then for any clique tree decomposition 7¢, of G (rooted at a maximal clique C,), all
the nodes of 7¢, (maximal cliques of G) have cardinality < d + 1.
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Proof. By assumption, we have an acyclic orientation with indegree < d for each clique C € V(7¢,.).
If we topologically order the nodes of C, the last node will have indegree |C| — 1 < d, which implies
|IC] < d+1. O

We will establish the following theorem.

Theorem C.9. Let G be an undirected chordal graph, and suppose k and d are fixed constants. Let
Eg be the family of distributions over [k]™ that can be defined as Bayes nets over DAGs having
skeleton G and with indegree < d. Given sample access from P* € A([k]"™), and a parameter € > 0,
there exist the following:

(i) An agnostic PAC-learner for L using 0] (max { de log? ("?kd) log?(1/6), ds"fkdﬂ log? (’;—f) })

samples that is improper and returns an efficiently-samplable mixture of distributions from

G,
(ii) An agnostic PAC-learner LearnChordalDist for £§ using
9] (max { ‘ii?j, ds"fdﬂ log? (’;—f) }) samples and poly(n) running time that is

proper and returns a distribution from Edq

The sample complexity guarantees follow from Theorem [B.1T|and from Theorem[B.12] What remains
to be justified is that the algorithms run efficiently and the distribution output by the improper learning
algorithm can be sampled efficiently. Below, let (1), ..., 2(T) be the samples drawn from P* for
the online phase, and let S, denote the set of sao (e, d) samples — for appropriate choices of ¢, §
as used in Theorem [B.TT|and Theorem [B.12]— used to construct the finite expert set N used in the
algorithms..

Let chi be a clique tree decomposition of G rooted at a maximal clique C'.. We can assume without
loss of generality that G has at least one acyclic orientation with indegree < d; otherwise, EdG is
empty and the problem is trivial. Hence, by Remark every node in Tg. has at most d + 1 vertices
of G.

Claim C.10. Forany C € V(T¢,), )d+1.

: +d
AO,4(Link(C))] < ("d
Proof. Note that there are at most d + 1 vertices in C and each such vertex has at most n incident
edges, of which at most d can be incoming. Combining the above, we have the claim. O

For an orientation O of G[T¢] and a node v € V[T¢], let ing (v, O) denote the set of in-neighbors
of v in G[T¢| with respect to O. We define the weight, with respect to the clique C, of a node
v € V[T¢], acyclic orientation O of G[7¢]| and time-step ¢ € [T'] as follows:

t
wto(v, 0,t) £ H exp,, log P;N,U’mc(vyo) (xq(f) | :Ei(lf()j(’u,o)) . (11)

s=1
where P;'N v ing (v,0) is the add-one distribution for the node v with nodes in¢ (v, O) chosen as the

parents of v (see Definition[A.7), computed from the first set of samples S used to construct V.

At any point of our sampling algorithm, we only compute the add-one distribution for a node v with
respect to a fixed set of < d parents for the node v, which are fixed (and adjusted) recursively. Note
that this distribution can be computed by performing a single pass over the poly(n, k, ¢,log(1/4))
many samples (for constant d).

For all C' € V(T%) and for all O € AO4(Link(C)), and for all ¢ € [T}, we will store an entry in a
table Table[C, O¢, t].

Table[C, O¢, 1] £ Z H wte (v, 0, 1). (12)
OEAOd(G[Tc],Oc) UEV[Tc]

Note that, according to this definition, Table[C,., ), ¢] gives the total weight of all indegree < d acyclic
orientations of GG after observing ¢ samples. The sum is over an exponential-sized set; nevertheless,
we will be able to use dynamic programming to compute it efficiently.
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Let us start with the case that C' is a leaf node of 7C. Note that, if C is a leaf node of TC,
AO4(G[T¢],Oc) = {O¢}, where O¢ is an acyclic orientation of C. So, the corresponding table
entry can be directly computed for any O¢ in poly(n,t, k, 1/¢) time for constant d. This completes
the base case of our dynamic programming.

Now let us assume that C' has / children Cj, ..., Cy in T¢. For Oc € AO4(Link(C)), we show
that Table[C, O¢, t] can be inductively computed in terms of the table entries Table[C;, O¢,, t] for
1 <4 < ¢, where each O¢, € AO,4(Link(C})), so that we obtain a bottom-up dynamic programming
algorithm for counting weighted acyclic orientations with indegree < d starting from the leaf nodes
of T¢. By Lemma |C.6| we first break each acyclic orientation O of T¢ into Oy, ..., O, (acyclic

orientations of the child subtrees 7¢,) which can be combined consistently with an orientation
Oc¢ € AO4(Link(C)).

The table entry Table[C, O¢, t] can be expressed as follows:

Table[C, O¢,t] 2 > I[I wtc@ 0.1
OeA04(G[Tc],0c) veV[Tc]

= Z H WtC(Uanzlojvt)

O1 EAOd(G[TCI],Oc), veV|[Te]

0¢€A04(C[Tc,],00)

14
= [ wtcw Oc.t) > II II wte@ 0t 13
vel OleAOd(G[TCI],Oc), izl’uEV[TCi]\C

0¢€A04(C[Tc,],00)

where in the last line, we used the fact that V[7¢,] \ C are disjoint for distinct 4, and also that, there
are no edges between V[7¢,] \ C and C' \ C; by Lemma|C.7}

For each 4, let Cons; (O.) C AO4(Link(C;)) be the set of acyclic orientations of Link(C;) of indegree
at most d that are consistent with O¢. From , we can write Table[C, O¢, t] as:

H wto(v,Oc,t) x
veC\(C1U...UCY)

¢
Z Z H H wte, (v, 0;, t) (14)

Vi,Ocl €Cons; (Oc) Vi,0; eAOd(G[TC,‘];OCi ) =1 1)6V[Tci}\sep(ci)

H WtC(UaOC7t)

veU!_, Sep(C;)

We can now state a recurrence for Table[C, O¢, t] using the notation above.

Lemma C.11. Forany C € V(7¢, ), Oc € AO4(Link(C)),t € [T, if C1, ..., Cy are the children
of CinTg,, then:

14
Table[C,Oc, ] = [] wte(v,0c.t) > (HTable[C’i,Oci,t]>5(007(’)01,...,005),

veC\U;C; Vi,Oci =1
€Cons; (O¢)
where:
Wtc(v, Oc,t)
Z2(0¢,0¢0,,...,0¢,) = .
( = C ’ CZ) H H Wtc.(’U,Oc.,t)
vEU;Sep(C;) el 5 J J

Proof. We argue by induction. For the base case, when C is a leaf, we have Table[C, O¢,t] =
[I,ccwto(v, Oc,t) which agrees with . Otherwise, we inductively use (12) on each
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Table[C;, O¢,, t] and check that (14), and therefore (12), holds for Table[C,O¢,t]. The only
fact we need here is that if v € Sep(C;), all its incident edges belong to Link(C;) and hence their
orientations are fixed by Oc¢,. O

The pseudocode for counting the number of acyclic orientations with maximum indegree d is
described in Algorithm 5]

Algorithm 5: CountChordalDist (G, T¢, , 1, Sar, SampleList = [z(1) ... z(")] t)

Input: A known chordal skeleton G which is acyclically orientable with indegree d, a rooted
clique tree T, of G, hyperparameter 1), a list of samples [z(1), ..., z(!)] from P*, time
step .

Output: 3-dimensional table Table.

Table < 0.

Numberoflevels < the number of levels in 7.

for every leaf node C € V(T¢) do

for every Oc € AO,4(C) do

for everyv € V(G¢) do
L Compute wt o (v, Oc, t) from the samples Sy according to Equation .

Table[C, Oc, 1] = [T,cc wte (v, Oc, t) according to Equation (12).

// The root is at level 0, and the lowest leaf is at level NumberOfLevels.
for j = NumberOflLevels — 1 10 0 do
S « the nodes at level j in 7C.
for every non-leaf C € S do
Let the children of C' be (', ..., Cy, which are at level j + 1 by definition.
for every Oc € AOy4(Link(C)) do
| Compute Table[C, O, t] according to LemmalC.11]

Return Table.

Once Table[-, -, ] has been constructed, we can sample an orientation of the chordal graph G at time
step t. The idea is to go down from the root of T, to its leaves, level-by-level, with each iteration
orienting the link of a maximal clique while being consistent with the orientations sampled so far. For
each clique C' € V(7¢,) with parent C,,, we suppose that the edges in Link(C},) have been oriented
fully. We use the table Table[-, -, ¢] to sample in a consistent way with the already oriented edges. To
argue correctness, we again appeal to Lemma|[C.6|to see that once a parent clique has been oriented,
its children can be oriented independently as long as they are consistent with the parent’s orientation.
Algorithm[6] gives the pseudocode.

Suppose D is the orientation of G that is sampled by SamplingChordalDist for a uniformly chosen

value of t € [T]. Following Deﬁnition we return the add-one distribution P, with respect to the
structure D and the samples Sr, as the Bayes net. The proper learning algorithm is summarized as
pseudocode in Algorithm[7] The improper learning algorithm is similar, but it uses EWA in place of

RWM, and so, it samples a random P when generating samples instead of during the learning phase.

D Learning Tree-structured distributions

Let us start with the definition of arborescence, which will be used throughout this section.

Definition D.1 (Arborescence). A directed graph G = (V, E) is an out-arborescence rooted atv € V
if its skeleton (underlying undirected graph) is a tree (acyclic and connected) and there is a unique
directed path from v to w for every w € V' \ {v}. An in-arborescence rooted at v is similar, but with
unique directed paths from all w € V'\ {v} to v.

Given a vertex set V' = [n], let Gt denote the set of out-arborescences rooted at node 1. Note that
each G € Gr will have m = n — 1 edges. Any tree-structured distribution P on [k]" is G-structured
for some G € Gr. Let CTREE denote the set of all tree-structured distributions on [k]™. Now we have
the following lemma.

18



[ I S

10

11
12
13
14

-7 T VR

Algorithm 6: SamplingChordalDist (G, d,n, Sxr, SampleList = [z, ... 2®] ¢)

Input: A chordal skeleton GG which is acyclically orientable with indegree d, hyperparameter

n > 0, a list of samples (1), ..., z(®) from distribution P* on [k]", time step ¢ € [T

QOutput: A DAG with skeleton G.

Construct a clique tree 7¢ of G using the algorithm of [12]].
r + root(T%).

L < Leaves(T%).

Stack < 0.

Call the counting algorithm CountChordalDist (G, 7,7, Sxr, SampleList) to obtain a 3-d DP
table Table.

6 Push (r, () to the Stack.

while Stack is not empty do

Pop (B, O,) from Stack, where B is a node in 7 and O,, € AO4(Link(pasc(B))) if
B #r.
for every orientation O € AO(Link(B), O,) do

Table[B, O, 1]

> Table[B, O, t]
07eA0(Link(B),0,)

PB(O) —

Sample Op € AO(Link(B)) from the distribution Pg.
Fix the orientation of Link(B) to be Op.
for each child C of B in T do

| Push (C, Op) to Stack.

Return all the orientations of the edges in G.

Algorithm 7: LearnChordalDist (RWM-based proper learning of chordal-structured distributions)

Input : Sample access to P*, Chordal skeleton GG, indegree parameter d, hyperparameter

n>0,T.

Output: A chordal-structured distribution P.

Let Sy <= sao(e, d) samples from P* (see Theorem B.8).
Sample t < {1,..., T} uniformly at random.
OnlineSampleList < 0.

for s+ 1totdo

!

Observe sample z(*) ~ P*,
OnlineSampleList < OnlineSampleList U {z(*)}.

7 Call SamplingChordalDist (G, d, 17, Sar, OnlineSampleList, t) to obtain a DAG D.
s return the Bayes net P £ the add-one distribution with structure D computed from samples Sxr

(Definition [A7).
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Lemma D.2. Consider the finite set NI = N9 (see Deﬁnition@) — where Gr is the set of all
1-rooted out-arborescences on vertex set [n] — of tree-structured Bayes net distributions on [k]™ (see

Definition[A.3). Then, for any distribution P* € A([k]™),

Dk (P* < Dk (P*
er'/l\}'l;lkEE KL( ||Q) renCln KL( ”Q) + &,

with probability > 1 — § over the samples used to construct N TREE The size of NTX* is bounded by
log |/\/;T§EE\ <log|Gr| < nlog(n).

Proof. By the definition of tree-structured distributions, every tree-structured distribution will be G-
structured for some G € Gr. Thus, by the construction of J\/Eg;{ (see Deﬁnitionand Lemmal|B.10),
we will have that minPeNg;F DkL(P*||P) < minpgeme Dy (P*||P) + & w.p > 1 — 5. We also
have |V, Eg 5| < |G| by construction, and the final bound follows from Cayley’s formula. O

D.1 Sampling from the EWA/RWM Distribution

In this section, we describe our approach for sampling tree-structured distribution using EWA and
RWM algorithms.

Following Definition each tree-structured distribution P in N, ET 5FE can be factored as (G, Vp)
where G is the underlying rooted arborescence and Vp = (p. : ¢ € E(G),p1) is the vector of
functions where p.(z;, x;) for e = (4, j) corresponds to Prx~p(X; = x; | X; = x;) and p1(z1)
corresponds to Pry . p(X; = x1), where X; denotes the root node of G. By construction of N_'§ TREE
(Lemma [D.2)), each p; will be the add-one distribution (see Definition and Definition i of
Xi| Xpa(iy» computed using sao (e, d) samples from P* (see Deﬁnition

Let us start with our result for EWA algorithm.

Lemma D.3. Let P, be the output of the EWA algorithm run with the expert set TREE, parameter 1),
and horizon T > t for time step t. For any sequence of observed samples V) . .. ,x(T) € k], one
can generate a sample from Py in polynomial time (w.r.t n, k,1/e and log(1/9)).

Proof. In the EWA algorithm, P, is a mixture of the distributions in A ET SFE. For a distribution
P e N that factors into (G, (pe : € € E(G),p1)) as above (where p; and all p.. : e € E(G) are

add-one distributions (see Definition and Definition [B.7)), let the weight of P in P; be w(P).
We have the following (note that, in the analysis below, we use q1, ¢. : e € E(H) for the add-one
distributions w.r.t DAG H to distinguish them from py, p. : e € E(G) (w.r.t DAG G)):

w(P)
- [Ls<; exp, log (pl(xgs)) ) HeeE(G) pe(l’gs))>
Y megy s exp, log (q1(x§5)) Necram qe(wés)))

S

Hs<t €XPy log p1(zy7) - HeeE(G Hs<t eXpy, log pe (e 'y ))
Hs<t eXpn 10g q1 (.1?1 ZHEQT HeEE(H) Hs<t expn log de (xf(j))

).
W 1 I, exp, log ¢. (")

5 (s)
I1 g0 (0)”)  ecr(6) 2oncar eerm) [y expylog ge(ze”)

i

15)

where we note that p; = ¢; always (both are add-one distributions from the same set of samples, and
node 1 is the root node in both G and H by definition of Gr.

We can interpret as follows: the whole product gives the probability of sampling structure
G (and hence a Bayes net distribution P on [k]™ when G is combined with the appropriate add-
one distribution) as a product distribution over G’s edges. Hence, we can sample G edge-wise,

20



recursively following the above product distribution, as long as we can sample from the edge-
probability distributions efficiently. The difficulty lies in the fact that the normalization factors
involve exponentially many terms (going over each H € Gr).

G is sampled from a weighted mixture of spanning arborescences of the complete directed graph
on n nodes, where the weight of a spanning arborescence H is proportional to [] w(e) and
ecE(H)
w(e) =[], exp, log qe(z$) forany e = (4, §) € [n]? (g is an add-one distribution). Sampling
weighted arborescences is known to be in polynomial time ([3, (7} [14}8]]), using Tutte’s theorem; for
completeness, we describe the algorithm in Appendix [D.3] Once G is sampled, we can construct P
from a sufficiently large set Sy of samples from P* (]Sy/| = sao (e, ), see definition[B.7). First,
we fix the distribution p; (of X7) and then we follow the edge structure of G to fix the distribution of

each X;| X, ;) as the appropriate add-one distribution (see Definition [A.7).

Once P is constructed, a sample from P can be generated in polynomial time (in n, k) as P is
tree-structured. This completes the proof of the lemma. [

Now let us state our result for RWM algorithm.
Lemma D.4. [f the RWM algorithm is run with the expert set ./\/'Er SEE, parameter 1), and horizon

T, the prediction 13,5 at time stef t < T can be computed in polynomial time, for any sequence of
observed samples x| ... x(T) € [k]™.

Proof. This follows directly from the argument used to prove Lemma since in RWM, 1315 is
sampled during the execution of the learning algorithm rather than during the sampling stage as in
EWA. O

D.2 Learning Guarantees

In this section, we will state the learning guarantees for tree-structured distributions for both the
improper and proper settings. Let us start by describing our result for the improper setting.
Theorem D.5. Let P* be an unknown distribution over [k|", and €, € (0, 1) be parameters. Given
sample access to P*, there exist algorithms outputting efficiently-sampleable distributions (which are
mixtures of trees) giving the following guarantees:

(i) With probability at least 2/3, the the output distribution Q is an (e, 4)-approximation of P*;

.. A [ nk?log?(nk/e)
the sample complexity is O (f>

.. . . . A [ nk%log?(nk/8e)
(ii) A realizable (¢, 0)-PAC learner for CTR®® with sample complexity O (%).

(iii) An agnostic (g, 0)-PAC learner for CTR®® with sample complexity
O (nte? log* (nk/ed) 4+ nk?e! logZ(nk/s(s)) .

instantiated with appropriate N' = NXFE as in the proof of Theorem The correctness and

sample complexities in each case follow from Theorem [B.TT] The fact that the output distribution is
efficiently sampleable is shown in Lemma[D.3] O

Proof. The algorithm in all cases is the EWA-based improper leamini alliorithm (Algorithm

In the realizable case (where P* is a tree-structured distribution), this sample complexity bound
matches the following lower-bound in [5, Appendix A.2] up to log-factors for constant error probabil-
ity.

Lemma D.6 (Restatement of lower bound result in Appendix A.2 of [S]]). Let P* be an unknown
tree-structured distribution defined over {0,1}", and ¢ € (0,1) be a parameter. Any algorithm that
outputs a distribution QQ which is an e-approximation of P* with constant probability requires (%)

samples from P*El

*The lower bound stated in [5]] holds for general Bayes net distributions of indegree < d. For tree-structured
distributions, we have d = 1. Moreover, their lower bound is with respect to TV-distance, which translates to
KL-divergence due to Pinkser’s inequality.
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Now we will state the guarantees for proper learning of the tree-structured distributions.

Theorem D.7. Let P* be an unknown distribution over [k]", and €,6 € (0,1) be parameters.
Given sample access to P*, there exists a proper agnostic (¢, 9)-PAC-learner for C™R*® that takes

9] (5322 log® (Z—?) + ”?162 log? (Z—(I;)) samples from P* and runs in time O(poly(n, k,1/e,1/9)).

Proof. The algorithm is the RWM-based proper learning algorithm (Algorithm [ applied with
N = ET/‘;E(E; j2 = (8log |N|)/T and the log loss function. The algorithm, by construction, will
output a tree-structured distribution in A. The correctness (agnostic PAC guarantee) and sample
complexity follow from exactly the same argument as in Theorem [B.12] taking d = 1 since tree-
structured distributions are Bayes nets with in-degree 1. The fact that the RWM-computation can be
done in poly(n, k, é, %) time, in spite of having exponentially many distributions in A, follows from
the fact that the sampling from the weight distribution, for each time step ¢, can be done efficiently
when N = NT/R;E/Q (see Lemma . O

€

D.3 Proof of Lemma(D.3

Given a vertex set V' = [n], G denotes the set of all spanning out-arborescences rooted at node
1. CTREE denotes the set of all tree-structured distributions on [k]™. NTXEE denotes the finite set

of distributions (see Lemma and Definition [B.7) that finitizes CTR*" with error € in Dk and
failure probability 6. Let Sxs denote the set of samples used to construct NTRFE. By construction,

each tree-structured distribution P in NT{F® can be factored as (G, Vp) where G is the underlying

rooted arborescence and Vp = (p. : e e E(G), p1) is the vector of functions where p(z;, ;)

for e = (i,7) corresponds to Pry .+ . }(Xj = z; | X, = z;) and p;(z1) corresponds to
Sarsdi i

_ . .o, +

PTX~P;N,1_@(X1 = x1) (here, as in Definition |A.7} P o ipal

computed from Sy for node v when the parent set is {pa(v)}).

0} denotes the add-one distribution

In the proof of Lemma we derive the following expression for w; (P), the weight assigned to a
tree-structured distribution P 2 (G, (p. : e € E(G), p1)) in the discretized set A" = N5 by the
EWA/RWM algorithms at step ¢.

1 &
) =[] Loy

(16)
(s)y’
cer(G) 2onegy eern [s<r expylog ge(ze™)

where p, : e € E(G) denotes the add-one-distributions w.r.t structure G, and ¢, : e € E(H) denotes
the add-one distributions w.r.t structure H (all distributions computed from the samples Sy with

|Sn| = sao(e,6) <O (w), see Definition .
This gives the following high-level algorithm for sampling from the EWA/RWM distribution.

(i) Sample a spanning arboresence G € Gr (rooted at node 1), where Pr(G) o« [[ w(e)
ecE(G)
n
and w(e) = (Hs<t P;N i) (z@)) for any e = (i,j) € [n]?. This can be done in
polynomial time (even though there are exponentially many such arborescences) by applying
Tutte’s matrix-tree theorem to weighted digraphs ([3L[7, [14} 8]]). We describe this approach
in the algorithm SAMPLINGARBORESCENCE, which we describe and analyze later. We
invoke
G + SAMPLINGARBORESCENCE(Gy + K,,w + w,7 < 1),

where K, is the complete graph on the vertex set [n] viewed as a digraph, which returns
G € Gr (rooted at 1) with the required sampling probability.

(ii) Foreache = (i,j) € E(G) (fixed in the preceding step), set the node distribution of node 7,
Pj(x;]zi), to be the add-one distribution Py, (iy- Also let py be the add-one distribution

Snyd
P;N,L@' Finally, let P be the Bayes net (G, (p1, .. .,Dn))-

Once P is sampled, a sample from P can be generated in polynomial time as P is tree-structured.
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Correctness The correctness of the above algorithm follows from considering each factor of
Equation (I6) and noting that the steps (i)-(ii) described above are independent.

Running Time The SAMPLINGARBORESCENCE call in step (i), in this case (invoked with K,),
requires O(n5) time, and the weights required (for all the edges in K,) can be computed in O(n2k X
|sao(g,d)]) time. The add-one distributions used in step (ii) can again be computed in O(nk -
sao(g, d)) time (one pass over the samples, with fixed G giving the parent, for each node). which

gives an overall time complexity which is O (n8k?/<d).

The SamplingArborescence algorithm

Preliminaries Let G = ([n], E,w) be a connected weighted directed graph on n vertices
{1,...,n} with m edges ey, ...,en. w : E — Ry is a positive weight function. Let A,,(G)
denote the n x n weighted vertex adjacency matrix of G. For every i, j € [n], A,,(G) is defined as
follows:

Au(G)]i s = w(eg), if ey is the directed edge from 4 to j

[Aw(G)]ig = 0, if there is no directed edge from i to j

Let Nin ., (G) be the weighted inward incidence matrix of order m x n defined as follows: For every
i € [n] and k € [m], we have:

w(ey), if directed edge ey, points to vertex ¢
[Ninw(G)ii = {O\/ (ex) ted edge i, p
, otherwise
Similarly, we can define the weighted outward incidence matrix Moy ,(G) of order n x m as
follows, for i € [n] and k € [m]:

w(eg), if directed edge ey, points from vertex 4
0, otherwise

Mot €] = {
The indegree matrix Dy, ,,(G) is a n x n diagonal matrix such that, for all i € [n], [Din w(G)]i; is
equal to the sum of the weights of all incoming edges to vertex ¢. Similarly, the outdegree matrix
Doyt w(G) is an x n diagonal matrix such that for all ¢ € [n], [Dout,w(G)]:.: is equal to the sum of
the weights of all outgoing edges from vertex 1.

Now we can define the Laplacian matrices L1 .,(G) and Lo ,,(G) associated with digraph G as
follows:

L1.0(G) 2 Dinw(G) — Ay(G), and Ly 4, (G) = Doyt (G) — AL (G). (17)

For all these associated matrices, we omit G and denote the matrix A,,(G) as A,, etc. when G is
clear from the context. Now we have the following relationships between the Laplacian and incidence
matrices:

Claim D.8 (Equation (10) of [8])). (i) L1, = (N}

in,w

- Mout,w)Nin,u»

(ii) L2,w = (Mout,w - N}

in,w

) O—I;It,w'
For a vertex r € [n], let L, be the (n — 1) x (n — 1) matrix obtained by removing the r-th row and
r-th column of Ly ,,. Similarly, we also define N}, ,, and M Then we have the following:

out,w*
Claim D.9 (Equation (11) of [8]). (i) L = (NG, )" — M,

) T
out,w in,w*

(ll) Lg,w = ((Mgut,w - (Nicl,w)T))(Mgut,w)T'
Definition D.10 (Weight of a graph). Let G = (V, E, w) be a weighted (directed or undirected)
graph, where w : ' — R+ (. Let H be any subgraph of GG. The weight of graph H is defined as the

product of the weights of its edges, i.e.



Definition D.11 (Contraction and deletion). If G = (V, E, w) is a weighted undirected graph (not
necessarily simple) and e = {i, j} € F, the graph G /e obtained by contracting edge e is a weighted
graph on V'\ {i,5} U {(4, j)} where

* Vertices 7 and j are removed, and a new vertex (7, j) is added.
o All edges {i, 7} (in case of parallel edges) are removed in G/e.
 Edges {u, v} where u,v € V' \ {4, j} are preserved in G/e with the same weight.

* Every edge {u,v} € E where u € {i,j} and v € V'\ {4, j} becomes an edge {(i, j), v} in
G /e with the same weight.

Similarly the graph G \ e obtained by deleting edge e is just (G'\ e) = (V, E'\ e,w |g\.) where the
edge e is deleted (including all parallel edges) from G.

Definition D.12 (Contraction edge mapping). With the above definition of contraction (with parallel
edges kept), if G is a graph and G’ = G \ e fore = {i,j} € E(G), we can map each edge
e € E(G') injectively to an edge e € E(G) that caused its inclusion in G’. We denote this mapping
by for.q : E(G') — E(G).

The following theorem is a generalization of Tutte’s matrix-tree theorem to weighted graphs.

Lemma D.13 (Theorem 3 of [8]). Let G = (V, E, w) be a weighted directed graph on n vertices
[n] with positive weight function w : E — Rsq. Then, for any v € [n], the sum of the weights of
the weighted outgoing (incoming) spanning arborescences rooted at vertex r is equal to det (LY )
(det(L3 ), respectively).

Now the next corollary follows as any undirected graph can be viewed as a directed graph with edge
{4, j} corresponding to a pair of directed edges (¢, j) and (j,1).
Corollary D.14. If G = K,, (the complete graph on n vertices) and w : [n]?> — R is any positive

weight function,
det(Li,)= Y ] wle),
Gegr e€cE(G)

where G, as defined earlier, is the set of all spanning out-arborescences on [n] rooted at vertex 1.

The algorithm If G is a graph and v € V(G) be a vertex of G, let A, denote the set of out-
arborescences on V' (G) which are subgraphs of G (viewed as a digraph), rooted at v, and span the
set of nodes reachable from v. Note that this set will not be empty unless v is an isolated vertex.

Definition D.15 (Product arborescence distribution). Let G = (V, E, w) be a weighted graph where
w : E — R is a weight function on the edges. For any v € V(G), a distribution 1 on Ag , is said
to be the product arborescence distribution if

Pr (G forall G € Ag .
21@) x [Lwte) o

Claim D.16. Suppose G = (V, E, w) is a weighted digraph with non-negative weights, r € V(Q)
and p is a product arborescence distribution on Ag ,. Then

det(L] ,(G\ e
pr e e 1) - 1 SHEL(C\ )
2 det(L},(G))
Proof. Since Pr,(T') o< [], o, w(e), we have
pse W(T 756 W(T det(L7 ,(G\ e
Pr (6 c T) _ ZTGAG’J».TB ( ) —1_ ZTEAG,’V‘-Tg ( ) —1_ ( 1,T( \ ))’
T Yreaq, W) >Yreaq, w(T) det(Ly ,,(G))
where the first equality follows from Definition [D.15] and Definition [D.10] and the third equality
follows from applying Lemma to G \ e and G. O

Now we are ready to prove the correctness of the algorithm SAMPLINGARBORESCENCE.
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Algorithm 8: The SAMPLINGARBORESCENCE algorithm

Input: G a directed graph, w : E(Gy) — R>q weight function, r € V(Gy) root node.
Output: Arborescence G € Ag,,r with Pr(output Gr) o [[.c g, wle).
Let G «+ 0.
Choose an arbitrary ordering of the m edges of Gy, and let EdgeList < [e1, ..., €m].
Let ContractionMapping[e;] < e; for each i € [m].
Let j + 0.
while r has an outgoing edge in G; do
Let e = (r, ) be the first remaining outgoing edge.
det(L] ,,(G;\e))
Compute p, Tt} (G
Sample u ~ Unif((0, 1]).
if u < p. (with probability p.) then
Gjt1 < G, \ e (delete edge e).
| <7+ 1L
else
Gjt1 < G, /e (contract edge e).
Add ContractionMapping[e] to G (this will be an edge of Gy).
/* Reconstruct ContractionMapping for mapping E(G,t1) to E(Go). */
CM’ <~ empty dictionary.
for each edge e € E(G;11) do
| CM'[e] - ContractionMapping[fg,,,:c, (€)] (see Deﬁnition.

ContractionMapping «+ CM’
r < (r,z) € V(G,11) (the newly-contracted vertex).
jj+1L

return Gr.

Claim D.17. There is an algorithm SAMPLINGARBORESCENCE that, if invoked with input (G, w,r)
for a digraph G, w : E(G) — Rxq, and r € V(QG), returns a random arborescence Gt sampled
from the product arborescence distribution on Ag.,. The algorithm runs in time O(|E||V|?) in the
real RAM model.

Proof. The pseudocode for the algorithm is given as Algorithm@ Observe that, if G € Ag,,, then
it is actually sampled from the product arborescence distribution (Definition [D.T5) by Claim[D.T6]
since each edge e is added to G with the correct probability 1 — pe.

It remains to ensure that G is indeed a spanning arborescence. Let r; denote the value of r used
in iteration j of the while loop (lines 5-20). r; € V(G;) by construction. Let S(r;) € V(Go)
denote {r;} if V(G;) = V(Gy) (no contractions) and the set of nodes in G corresponding to the
contracted-vertex in G; otherwise.

By construction, when |S(r;)| > 1, the algorithm maintains (in Gr) an out-arborescence rooted at
r = r( that spans S(r;). This is because when the algorithm selects an edge e = (r;,z) € E(G;)
and takes G;11 = G;/(r;, ), this edge will correspond to an edge (v, «) in the original graph Gg
where v € S(r;) and = ¢ S(r;). This will ensure that there are no (undirected) cycles formed
when adding (v, z) to Gr and the rooted arborescence invariant will be maintained in iteration j + 1
with S(rj4+1) = S(rj) U {z}. Note that when an edge e is selected for contraction in iteration j,
the algorithm maintains a mapping ContractionMapping from the edges in G to the edges in Gg
and adds the original edge (in G) to Gr. The other property of the algorithm is that it does not
disconnect the graph — an edge e which is a cut edge will be present in all arborescences and hence
will have p, = 0, ensuring that it will never be selected for deletion (in line 9). So, the algorithm
will terminate when S (rj) is the set of nodes reachable from r = ry, and G will have the required
spanning arborescence.

For the time complexity bound, note that the while loop (lines 5-20) will run at most |E| times,
while the expensive step inside the while loop will be the two determinant computations in line 7 (to
compute p.). These can be done in O(|V|?) time in the real RAM model, by Gaussian elimination etc.
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Contraction, deletion etc. require only O(|V| + |E|) < O(|V'|?) time. This gives us the O(|E||V|?)
bound. O

E Lower bound for learning tree-structured distributions

In this section, we show a lower bound of €2(%) holds for our tree structure learning results. This
follows from [2]]. We are including it here for completeness.

Theorem E.1. Given sample access to an unknown tree-structured discrete distribution defined over
[k]", and & > 0 be a parameter. With probability at least 9/10, (%) samples are necessary for any
realizable PAC learner for learning CTREE,

We will prove the above result for k = 2, that is, for distributions defined over {0, 1}"™. The lower
bound immediately extends to distributions over [k]".

We will first prove the above result for n = 3 nodes. Then we will extend the result for n = 3¢, for
some positive integer /.

Definition E.2 (Hellinger distance). Let P and () be two probability distributions defined over the
same sample space D. The Hellinger distance between P and @ is defined as follows:

HpQ) =53 (Ve - vaw)

z€D

Fact E.3. Let P and () be two probability distributions defined over the same sample space D. Then
the following holds:

HIP,Q) </ 3DwL(PIIQ)

We will also need the following folklore result.

Fact E.4. Let P be an unknown discrete distribution defined over {0, 1}3, and & > 0 be a parameter.
In order to output a distribution P defined over {0,1}3 such that H(P, P) <\, Q(1) samples from
P are necessary.

Lemma E.5. There exist three tree-structured distributions Py, Py, P3 defined over {0,1}3, such
that any algorithm that that can learn any distribution P; in up to e-KL-distance, that is, can output
a distribution P; such that D, (P;||P;) < ¢, requires Q(L) samples from P;, for any i € [3].

P has three nodes X1, Y7, Z1, P» has three nodes X5, Y5, Z5 and Pj5 has three nodes X3, Y3, Z3. In
Py, (Y1, Z1) takes values uniformly at random between (0, 0) and (1, 1) and X; coples Y; and Z;
with probability (1 — £), and with the remaining probability, takes a value from Ber( ). Py and Ps
are defined in a similar fashion where we set Xy = Z5 and X35 = Y3, respectively.

We will use the following results from [2].
Claim E.6 (See Fact 7.4 (i) and Lemma 7.5 (i) of [2])). (i) H(P;, P;) > 10\/e foranyi # j €
(3].

(ii) Every tree T on 3 vertices is not © (e log é)-approximatefor any of Py, P and Ps.

Proof of LemmalE.5] We will prove this by contradiction. Suppose there exists an algorithm A4 that
can learn any distribution up to e-KL-distance using 0(%) samples, by outputting the pmf of P. In
that case, we will argue that using A, we can distinguish between P, P» and P;.

Let us denote the unknown distribution be P, and suppose given sample access to P, A takes o(1/¢)
samples from P and outputs a distribution P such that H(P, P) < y/e. This 1mplles that given

sample access to either of P; with ¢ € [3], A can output such a P such that H(FP;, P) < /e, which
contradicts Fact[E.4] Using Fact[E.3] we are done with the proof of the lemma. O

Now we are ready to prove Theorem
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Proof of Theorem|[E.1] Let us assume that n = 3¢ for some positive integer £. We will divide the n
variables into ¢ blocks, each of size 3 nodes. We will prove this by contradiction. We will define a
distribution P over {0, 1}", where the i-th block is chosen uniformly to be either P; or P.

Suppose there exists an algorithm that can take o(%) samples and outputs an s-approximate tree
T of P, with probability at least 9/10. Since we have chosen each block independently, 7" is a
disjoint union of 71, ..., Ty. Using Claim [E.6] and setting ¢ as /¢, we can say that each T} is not
©(e/{)-approximate with probability at least 2/3. Thus, using Chernoff bound, we can say that at
least 55 trees are not <= approximate. Thus, Dk, (P||P) > e for a suitable constant C for any

tree-structured distribution P. This completes the proof of the theorem. O

F Learning Bayesian networks with bounded vertex cover

In this section, we show that bayesian networks can be learned efficiently if the size of the vertex
cover of the associated moralized graph is bounded. Before proceeding to present our result, we need
some notations.

Let G = (V,E) be DAG with the vertex set V' and the edge set E. Here each vertex v € V
corresponds to a variable and the edges in £ encode the conditional independence relations between
the nodes of V. Let D denote the set of all possible DAG on the vertex set V. Moreover, for every
DAG G, let us associate it with a non-negative weight function f : G — R* U {0} which encodes
how well G fits a given dataset. Now we are ready to define the notion of modular weight function,
which will be crucially used in our proofs.

Definition F.1 (Modular weight function). Let G(V, E) be a DAG with vertex set V' and edge set
E. Moreover, let f : G — RT U {0} denotes the weight function associated with G. The weight
function f is said to be a modular weight function if it has the following form:

£@) =] £.(Gv) (18)

veV

Now we define the notion of the vertex cover number of a DAG below.

Definition F.2 (Vertex cover number of a DAG). Given a DAG G, let Gj; denote the undirected
moralized graph corresponding to G. The vertex cover number 7(G) of G is the size of the smallest
vertex cover of G ;. Moreover, for some integer ¢, the set of DAGs G such that 7(G) < ¢ is denoted

as DAGY.

Now we are ready to state the main result that we will be proving in this section.
Theorem F.3. Let P* be an unknown discrete distribution on [k]™ defined over a DAG G such that
the size of the vertex cover of the moralized graph Gy corresponding to G is bounded by an integer

(. Moreover, let DAG®) be the family of distributions over [k]" that can be defined as Bayes nets
over DAGs whose vertex cover size of the associated moralized graph is bounded by (. Given sample
access from P*, and a parameter € > (0, there exist the following:

(i) An agnostic PAC-learner for DAGY which uses
O (ZZ—TI log? (%M) log (%) + Enk™ log? (2—?)) samples and runs in  time

£
O(exp({)poly(n)) that is improper and returns an efficiently samplable mixture of
distributions from DAG o,
(ii) An agnostic PAC-learner for DAGY) which uses O (% log? (Z—g) + M log? (Z—(’;))
samples and runs in time O(exp(£)poly(n)) that is proper and returns a distribution from

DAGY.

In order to prove the above theorem, we will be using the following result from [[11] which states that
DAGY can be sampled efficiently.

Theorem F.4 (Theorem 13 of [[1L1]] restated). There exists a randomized algorithm that can sample
from DAG © with weight proportional to f(Q) efficiently in expected sampling time 4en0M),
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Note that the above result gives a polynomial time sampling algorithm for DAGY when ¢ is bounded
by a constant.

Interestingly, our loss function is also a modular weight function.

Claim E.5. Our loss function expg log (szl P(:c(i))> is a modular weight function.

This follows from the fact that the distribution P* defined over the DAG G factorizes: see Equation (1)
in Definition[A.3] Now we are ready to present the proof of our main result.

Proof of Theorem|[F3] First note that a vertex cover of the moralized graph G, having size < ¢
implies that the indegree of G is < ¢; if the indegree of G is > d, there exists a cligue in the moralized
graph of size > d + 1, which implies that any vertex cover of the moralized graph must have size
> d.

(i) We will be using the EWA algorithm (Algorithm|T) for this purpose. In each round of the
algorithm, we will be using the algorithm from Theorem[F.4] The sample complexity (aka.
number of rounds of EWA algorithm) follows from the guarantee of EWA algorithm for
learning Bayesian networks with bounded indegree (see Theorem [B.TT). Since in each
round, we will be calling the algorithm corresponding to Theorem [F4] the running time of
our algorithm will be O(exp(¢)poly(n)).

(ii)) We will be calling RWM algorithm (Algorithm [2)) here. Similar to the above, in each
round, we will be using the algorithm from Theorem [F4] The sample complexity (aka.
number of rounds of RWM algorithm) follows from the guarantee of RWM algorithm for
learning Bayesian networks (see Theorem[B.12)). Since in each round, we will be calling
the algorithm corresponding to Theorem the running time of our algorithm will be

O(exp(¢)poly(n)).
O

G Efficient Maximum Likelihood Estimation

It is well-known that maximizing the likelihood E,.p» P(z) is equivalent to minimizing the
KL divergence D (P*||P). This equivalence, in expectation, follows from the definition of

KL divergence as Dk (P*||P) & Ey~p- log (P*@)). From a finite-sample PAC distribution

P(x)

learning perspective, we can still say that if P € C is a distribution that maximizes the em-
pirical log-likelihood % Zle log P(x*)) — computed using a sufficiently large set of samples
{zM . 2T} ~ (P*)®T, T > Sample-Complexity(C, ¢, §) — over all P € C, then with proba-
bility > 1 — ¢, we will have Dx| (P*||P) < mingec Dk (P*]|Q) + €. For instance, see Theorem 17
(Appendix G) of [10]. However, if N is a class of discretized Bayes nets {(G1, P1), ..., (Gn, Pn)},
even with each DAG structure G; endowed with add-one conditional probabilities P; as we do in our
EWA/RWM based learning-via-sampling approach, efficiently finding a (G;+, P;+) that maximizes
the empirical log-likelihood over such a class is not a trivial task.

By the Bayes net factorization property, the empirical log-likelihood of each G; does decom-
pose nicely; as Zthl log Pi(z®) = ", Zthl log Piyv(xg,t)|xé?cl(v)). However, maximizing
> log Pi,v(xg,t) |xg)) over all S C N(v) with |S| < d, for each node v (independently), does not

suffice since this may result in the formation of cycles in the final digraph. Note that this is not an
issue with tree-skeletons (tree-structured or polytree-structured distributions).

Another issue with independent maximization is that the final structure G needs to be consistent with
the skeleton and with the choice of parents for each node (each edge of the skeleton can only be
oriented in one direction), which would need to be kept track of in the maximization algorithm.

We claim that the dynamic programming approaches developed for weighted-counting/sampling of
exponentially-large classes of polytree and chordal-structured DAGs can be adapted to efficiently
compute the maximum likelihood as well. For polytree distributions, we can root the skeleton
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G arbitrarily and recursively compute T'[v, P, t] for each “subtree” T;, rooted at vertex v, where
T[v, P, t] gives the maximum empirical likelihood (¢-sample) over all possible DAG structures
(with add-one probabilities) of T}, such that vertex v has fixed parents P, for all P C N (v) with
|P| < d. In the base case (only single edge), we can brute-force. We can then use the recurrence
T, Pt] =3 vi,oe Y Py... Py T'[v;, P;, t] to compute a maximum-likelihood acyclic
. . “children” of v " consistent with P and G . X . A
orientation of GG. This is similar to our proposed weighted-counting DP, replacing the weighted

sum with maximum empirical likelihood. For chordal-structured Bayes nets, we can do a similar
adaptation of the CountChordalDist algorithm (Algorithm [)); still recursively computing the DP
table bottom-up from the clique-tree decomposition, orienting the “link” of each clique to prevent
cycles while getting “independence” of orientations of child-subtrees, etc.

Finally, we remark on the sample complexity of this approach. From e.g., [10, Theorem 17], which
uses a Hoeffding bound on the difference between the empirical and the true log-likelihood, we

log”(1/7) log |C|
52

obtain a sample complexity of 0 ( ) for proper realizable learning in KL divergence

(with constant error probability) via maximum likelihood, and the analysis can be adapted to agnostic
learning as well. This matches our sample complexity bounds via RWM-regret up to log factors.
For improper learning in the realizable case, our EWA-regret approach gives a better, near-optimal,
sample complexity, as has been discussed before.
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