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Abstract

A conceptually appealing approach for learning Extensive-Form Games (EFGs)
is to convert them to Normal-Form Games (NFGs). This approach enables us
to directly translate state-of-the-art techniques and analyses in NFGs to learning
EFGs, but typically suffers from computational intractability due to the exponential
blow-up of the game size introduced by the conversion. In this paper, we ad-
dress this problem in natural and important setups for the ®-Hedge algorithm—A
generic algorithm capable of learning a large class of equilibria for NFGs. We show
that ®-Hedge can be directly used to learn Nash Equilibria (zero-sum settings),
Normal-Form Coarse Correlated Equilibria (NFCCE), and Extensive-Form Corre-
lated Equilibria (EFCE) in EFGs. We prove that, in those settings, the ®-Hedge
algorithms are equivalent to standard Online Mirror Descent (OMD) algorithms
for EFGs with suitable dilated regularizers, and run in polynomial time. This new
connection further allows us to design and analyze a new class of OMD algo-
rithms based on modifying its log-partition function. In particular, we design an
improved algorithm with balancing techniques that achieves a sharp O (v X AT)
EFCE-regret under bandit-feedback in an EFG with X information sets, A actions,
and T episodes. To our best knowledge, this is the first such rate and matches the
information-theoretic lower bound.

1 Introduction

Extensive form games (EFGs) is a natural formulation for multi-player games with imperfect informa-
tion and sequential play, which models real-world games such as Poker [9, 10], Bridge [45], Scotland
Yard [41], Diplomacy [7] and has many other important applications such as cybersecurity [32],
auction [39], marketing [29]. In multi-player general-sum EFGs, computing an approximate Nash
equilibrium (NE) [40] is PPAD-hard [15] and thus likely intractable. A reasonable and computa-
tionally tractable solution concept in general-sum EFGs is the extensive-form correlated equilibria
(EFCE) [46, 27, 13, 23]. It is known that, as long as each player runs an uncoupled dynamics
minimizing a suitable EFCE-regret, their average joint policy will converge to an EFCE [28].

Existing algorithms of minimizing the EFCE-regret are mostly built upon the regret decomposition
techniques [51], which utilize the structure of the game and the set of policy modifications [13, 38, 23,
42]. For example, Morrill et al. [38] decomposes the EFCE-regret to local regrets at each information
set (infoset) with each of them handled by a local regret minimizer; Farina et al. [23] utilizes the
trigger structure of the policy modification set to decompose the regret to external-like regrets.
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There are at least two alternative approaches to designing regret minimization algorithms for EFGs.
The first is to convert a EFG to a normal-form game (NFG) and use NFG-based algorithms such as
®-Hedge [28]. This approach typically admits simple algorithm designs and sharp regret bounds by
directly translating existing results in NFGs [44]. However, the conversion introduces an exponential
blow-up in the game size, and makes such algorithms computationally intractable in general. The
computational efficiency of these NFG-based algorithms is recently investigated by Farina et al. [25]
in the external regret minimization problem, who provided an efficient implementation of an NFG-
based algorithm using “kernel tricks”. The second is to use Online Mirror Descent (OMD) algorithms
via suitably designed regularizers over the parameter space. This approach has been successfully
implemented in minimizing the external regret [35] but not yet generalized to the EFCE-regret, as it
remains unclear how to design suitable regularizers for the policy modification space.

In this paper, we develop the first line of EFCE-regret minimization algorithms along both lines of
approaches above, and identify an equivalence between them. We consider EFCE-regret minimization
in EFGs with X infosets, A actions, and maximum L -norm of sequence-form policies bounded by
ITI]|; (cf. Section 2.2 for the formal definition). Our contributions can be summarized as follows:

* We present an efficient implementation of the ®-Hedge algorithm for minimizing the extensive-
form trigger regret, by recursively evaluating the gradient of a log-partition function (Section 3.1).
The implementation further reveals that this algorithm (via reparametrization) is equivalent to an
OMD algorithm with dilated regularizers, which we term as EFCE-OMD (Section C.1).

« We show that EFCE-OMD achieves trigger regret bound O(+/ |1I||, T') under full feedback and

O(/X ] 1 AT') under bandit feedback (Section 3.3). Notably, the proofs are done using the
corresponding NFG analysis straightforwardly, and is independent of the actual implementation.

* We design an improved algorithm Balanced EFCE-OMD, and show that it achieves a sharp
O(vV X AT) trigger regret under bandit feedback (Section 4). This improves over EFCE-OMD by
a factor of ||II||; and is the first to match the information-theoretic lower bound. The algorithm
works by modifying the above log-partition function using a variety of balancing techniques,
and is equivalent to another OMD algorithm (but no longer an NFG algorithm).

* As another example of our framework, we show that the ®-Hedge algorithm for vanilla (external)
regret minimization in EFGs, along with its efficient implementation via “kernelization” devel-
oped recently in [25], is actually equivalent to standard OMD with dilated entropy (Section 5).

1.1 Related work

®-regret minimization and correlated equilibrium The ®-regret minimization framework was
introduced in Greenwald and Jafari [28] and Stoltz and Lugosi [44]. In particular, Greenwald and
Jafari [28] showed that uncoupled no ®-regret dynamics leads to ®-correlated equilibria, a generalized
notion of correlated equilibria introduced by Aumann [5]. Stoltz and Lugosi [44] then developed a
family of ®-regret minimization algorithms using the fixed-point method (including the ®-Hedge
algorithm considered in this paper), and derived explicit regret bounds. Two important special cases
of ®-regret are the internal regret and swap regret in normal-form games [43, 8]. A recent line of
work developed algorithms with O(polylogT') swap regret bound in normal-form games [2, 3].

Regret minimization in EFG from full feedback A line of work considers external regret min-
imization in EFGs from full feedback [51, 12, 11, 21, 50]. In particular, Zhou et al. [50] achieves

1) (V XT) external regret. The recent work of Farina et al. [25] develops the first algorithm to achieve

O(||11]|; polylogT’) external regret in EFGs by converting it to an NFG and invoking the fast rate of
Optimistic Hedge [16], along with an efficient implementation via the “kernel trick”. Our ®-regret
framework covers their algorithm as a special case, and we further show that their algorithm (along
with its efficient implementation) is equivalent to the standard OMD with dilated entropy.

The notion of Extensive-Form Correlated Equilibria (EFCE) in EFGs was introduced in Von Stengel
and Forges [46]. Optimization-based algorithms for computing computing EFCEs in multi-player
EFGs from full feedback have been proposed in Huang and von Stengel [31], Farina et al. [20].

Gordon et al. [27] first proposed to use uncoupled EFCE-regret minimization dynamics to compute
EFCE; however, they do not explain how to efficiently implement each iteration of the dynamics.
Recent works [13, 23, 38, 42] developed uncoupled EFCE regret minimization learning dynamics



with efficient implementation; All of these algorithms are based on counterfactual regret decomposi-
tion [51] and minimizing each trigger regret (first considered by Dudik and Gordon [17], Gordon
et al. [27]) using a different regret minimizer. Celli et al. [13] decomposed the regret to each laminar
subtree, but they did not give an explicit regret bound. Farina et al. [23] decomposed the regret to
each trigger sequence and used CFR type algorithm to minimize the regret on each trigger sequence
and achieved an O(\/ X2T) EFCE-regret bound. Morrill et al. [38], Song et al. [42] decomposed
the regret to each information set and use regret minimization algorithms with time-selection func-
tions [8, 33] to minimize the regret on each information set, giving O(v X2T') and O(v/ XT) regret
bounds respectively. In this paper, we show that the simple ®-Hedge algorithm, which has an efficient
implementation and an intuitive interpretation, can also achieve the state-of-art O(v/ XT') regret
bound in the full feedback setting.

Regret minimization in EFG from bandit feedback Minimizing the external regret in EFGs from
bandit feedback is considered in a more recent line of work [36, 22, 19, 24, 49, 47, 34, 6]. Dudik and
Gordon [18] consider sample-based learning of EFCE in succinct extensive-form games; however,
their algorithm relies on an approximate Markov-Chain Monte-Carlo sampling subroutine that does
not lead to a sample complexity guarantee.

A concurrent work by Song et al. [42] also achieves O(X/e?) sample complexity for learning EFCE
under bandit feedback (when only highlighting X') using the Balanced K -EFR algorithm. Our work
achieves the same linear in X sample complexity, but using a very different algorithm (Balanced
EFCE-OMD). We also remark that the algorithm of [42] cannot minimize the EFCE-regret against
adversarial opponents from bandit feedback like our algorithm, as their algorithm requires playing
multiple episodes against a fixed opponent, which is infeasible when the opponent is adversarial.

2 Preliminaries

2.1 ®-regret minimization and ®-Hedge algorithm

Consider a generic linear regret minimization problem on a policy set II C R‘io with respect to a

policy modification set ® C R?*4, Here Il is a convex compact subset of R?, and ® is a convex
compact subset of R4¥¢, where each ¢ € ® is a policy modification function which is a linear
transformation from R% to R? that maps I1 to itself (¢(IT) C II). For any algorithm that plays policies

{ pt}zzl within T rounds and receives loss functions {ft}le - R‘éo, the ®-regret is defined as

Reg® (T) = supyeq >y (1 — dpt', 1) (D)
The ®-regret subsumes the vanilla regret (i.e. external regret) as a special case by taking ® to be
the set of all constant modifications ®** := {¢,, : p, € II} where ¢,p = p* for all p € II
Another widely studied example is the swap regret [8] (and the closely related internal regret [26])
for normal-form games, where I = A is the probability simplex over d actions, and ® is the set of
all stochastic matrices (i.e. those mapping A to itself). A primary motivation for minimizing the
®-regret is for computing various types of Correlated Equilibria (CEs) in multi-player games using
the online-to-batch conversion (see e.g. [14]), which has been established in many games and has
been a cornerstone in the online learning and games literature.

®-Hedge algorithm A widely used strategy for minimizing the ®-regret is to use any (black-box)
linear regret minimization algorithm on the ® set to produce a sequence of {¢‘}7_, C ®, combined
with the fixed point technique (e.g. [43])—Output policy ! that satisfies the fixed-point equation
¢tut = ut in each round ¢. In the common scenario where ® is the convex hull of a finite number of
vertices, i.e. & = conv(®Pg) where Dy is a finite subset of ¥, a standard regret minimization algorithm
over ® is Hedge (a.k.a. Exponential Weights) [4], leading to the ®-Hedge algorithm (Algorithm 1).

It is a standard result ([44], see also Lemma A.1) that Algorithm 1 achieves ®-regret bound
2
Reg®(T) < 41°g7|7‘1’0| + 1 23;1 e, Po{du', €1)". 2

By choosing 7 > 0, this result implies a quite desirable bound Reg® (T") < L\/2log || - T in the
full-feedback setting (assuming bounded loss (¢u’, ¢!) < L), and can also be used to prove regret
bounds in the bandit-feedback setting.



Algorithm 1 ®-Hedge

Require: Finite vertex set ®, C R%* such that conv(®g) = ®; Learning rate 7.
1: Initialize p* € Ag, with pj, = 1/|®¢| for ¢ € Dp.
2: for iterationt =1,...,7T do
3. Compute ¢' =3, 4 plo-

Set policy p! to be the fixed point of equation p! = ¢! put.

Receive loss function ¢ € RY , suffer loss (u', /).

Update pl,t! ocg ply - exp{—n (g, £*)}.

AN AR

2.2 Extensive-form games (EFGs) and extensive-form trigger regret

In this paper, we consider m-player imperfect-information extensive-form games (EFGs) with perfect-
recall (see Appendix B.1 for detailed definitions). For the purpose of this work, we consider an
alternative formulation of EFGs—Tree-Form Adversarial Markov Decision Processes (TFAMDP).
This model is equivalent to studying EFGs from the perspective of a single player, while treating all
other players as adversaries who can change both transitions and rewards in each round.

Tree-form adversarial MDP We consider an episodic, tabular TFAMDP which consists of the
followings (H, {Xn }nepmy, A, T, {0} breforoim,e>1, { R, the(m,e>1)- Here H € N is the horizon
length; X}, is the space of information sets (henceforth infosets) at step h with size |X,| = X},
and Y27 X;, = X; Ais the action space with size |A| = A. Next, T = {C(z, )} (z,a)ex x A
defines the tree structure over the infosets and actions, where C(z,, a) C Xj4+1 denotes the set of
immediate children of (z,, a). Furthermore, {C(xn, an)} (a5 )X, x.4 forms a partition of &7, 1.
It directly follows from the tree structure of TFAMDP that the player has perfect recall, i.e., for any
infoset x5, € A}, there is a unique history (z1,a1,...,2Zn—1,an—1) that leads to xj. Furthermore,
ph(-) € Ay, is the initial distribution over X at episode ¢; pl, (+|p, ap) is the transition probability
from (zy, ap) to its immediate children C(xp,, ay,) at episode ¢; R} (+|zy, ay) is the distribution of the

. . . . . =t
stochastic reward r € [0, 1] received at (xy, ap) at episode ¢, with expectation Ry, (zp, ap).

At the beginning of episode ¢, an adversary will first choose the initial distribution pf, transition
{P}, }he(m)> and reward distribution { R}, } ,c(]. Then in the bandit feedback setting, at each step
h, the player observes the current infoset xj,, takes an action ay,, receives a bandit feedback of the
reward 7§ ~ R} (+|zp, ap), and the environment transitions to the next state z,1 ~ p}, (+|zn, ap).

Policies  We use pu = {in(-[@n)} (1) 2, e v, t0 denote a policy, where each pu, (-|zp,) € Ay is the
action distribution at infoset :,. We say p is a deterministic policy if pp (-|z;) takes some single
action with probability 1 for any (h, xj). Let II denote the set of all possible policies. We denote the
sequence form representation of policy p € II by

h
prn(@n, an) =TT —1 i (@ |2ne), 3)
where (z1,a1,...,Zh—1,an—1) is the unique history of xj,. We also identify 4 as a vector in Rggﬁ,
whose (zp, ap)-th entry is equal to its sequence form pi1.5,(xp, ar). Let |II]|; = max,em ||zl;,

which admits bound ||II||; < X but can in addition be smaller (cf. Appendix B.3).

Expected loss function Given any policy u! at round ¢, the total expected loss received at round ¢
(which equals to H minus the total rewards within round ¢) is given by

<lut7 €t> = Zh,mh,ah ,U/Ii:h(l'h, a’h)éz(w}“ ah)’

where the loss function for the ¢-th round is given by £* = {€} (x1, an) }n.e), .0 € REgH:

_ —t
O (@ns an) = ph (1) Ty Pl (@l an) [ = By (zn, an)), )

where (21,a1,...,25-1,a,_1) is the unique history that leads to x,. In the full feedback setting, the

learner is further capable of observing the full loss vector £¢ € Rgé“ at the end of each round ¢.



Subtree and subtree policies For any g < h, x4, € X,z € A}, and any action ay,a, € A,
we say xp, or (xp,ap) is in the subtree rooted at x4, written as z;, = x4 or (T, ap) = x4, if 74 is
either equal to xp, or is a part of the unique preceding history (z1, a1, ...,2Zn—1,ar—1) Which leads
to xj,. Similarly, we say xj, or (zp,ay) is in the subtree of (x4, ay), written as zj, > (x4,a,) Or
(h,an) = (x4, aq), if (x4, ay) is either equal to (xp, ap,) (only in the latter case), or is a part of the
unique preceding history (z1,a1,...,2Zp—1,ap—1) Which leads to xj,.

For any g € [H], and any infoset z, € X, we use % = {p," (‘|zp) € Aq ) = xg} to denote
a subtree policy rooted at x4. We use II?s and Vs to denote the set of all subtree policies and the
set of all deterministic subtree policies rooted at z,. We denote the sequence form representation of
w*s € II*%s by:
h Ty .
W (zh,an) = h'=g Hn/ (an|zn) if (zn, an) = g,
gih 0 otherwise.

Similarly, we can also identify any subtree policy u*¢ € II*¢ as a vector in R)gé“, whose (xp,, ap,)-th
entry is equal to its sequence form uzf’h(az h, @) (wWhich is non-zero only on the subtree rooted at ).

Extensive-form trigger regret The notion of trigger regret is introduced in [27, 13, 23]. An
(extensive-form) trigger modification ¢ q,—m=s is a policy modification that modifies any policy
w € 11 as follows: When x4 is visited and a4 is about to be taken (by 1), we say x4a, is triggered, in
which case the subtree policy rooted at , is then replaced by m®s € II*s. One can verify that the
trigger modification ¢4, —sm=s can be written as a linear transformation that maps from II to II:

. z, T XAxXA
(bzgagammg = (I - Etwgas) + m’cgeﬂlgay €R ) .

Here, E-; 4, is a diagonal matrix with diagonal entry 1 at all (x5, ay) satisfying (x5, an) = (24, ag),

and zero otherwise, and e, ,, € R*“ is an indicator vector whose only non-zero entry is 1 at (x4, a ).

We say gbmgag_wwg is a deterministic trigger modification if v*s € Vs is a deterministic subtree

policy. We denote the set of all deterministic trigger modifications and its convex hull as ®[" and @
respectively, where

Ol = U U {¢2,a,—vea }, ®" = conv{®{'}. )

9,Tg,ag v'IEVTY

The (extensive-form) trigger regret is then defined as the difference in the total loss when comparing
against the best extensive-form trigger modification in hindsight. We note that the trigger regret is a
special case of ®-regret (1) with ® = ®T".

Definition 1 (Extensive-Form Trigger Regret). For any algorithm that plays policies ut € 11 at round
t € [T, the extensive-form trigger regret (also the EFCE-regret) is defined as

Reg""(T) := maxgeqn 31—y (1 — pu', (). (©6)

From trigger regret to Extensive-Form Correlated Equilibrium (EFCE) The importance of
extensive-form trigger regret is in its connection to computing EFCE: By standard online-to-batch
conversion [13, 23], if all players have low trigger regret (with Reg;"(T') for the i™ player), then
the average joint policy 7 is an e-EFCE, where € = max;c[y) Reg,"(T)/T (cf. Appendix B.2).
We remark in passing by taking ® = &, low ®-regret implies learning (Normal-Form) Coarse
Correlated Equilibria in EFGs, as well as Nash Equilibria in the two-player zero-sum setting [6].

3 Efficient -Hedge for Extensive-Form Trigger Regret Minimization

In this section, we study the ®-Hedge algorithm (Algorithm 1) for minimizing the trigger regret.
Naively, Algorithm 1 requires maintaining and updating p* € Ag, (cf. Line 6), whose computational
cost is linear in |®"| which can be exponential in X in the worst case'. We begin by deriving an
efficient implementation of the iterate ¢! € @ (of Line 3) directly by exploiting the structure of ®/".

'|®{"| is at least the number of deterministic policies of the game, which could be A°X) in the worst case.



3.1 Efficient implementation of & "-Hedge algorithm

We first use a standard trick to convert the computation of ¢! (Line 3 & 6, Algorithm 1) in ®-Hedge
to evaluating the gradient of a suitable log-partition function. This is stated in the lemma below (for
any generic ®(), whose proof can be found in Appendix C.2.

Lemma 2 (Conversion to log-partition function). Define the log-partition function F®0 : R4¥4 — R
F® (M) := log 2456% exp{— (¢, M)}. 7
Then Line 3 of ®-Hedge (Algorithm 1) has a closed-form update for all t > 1:

_ Tpewy oxP {-n(e.sizi M) o
2 pew, OXP {*M@Z;i MS>}

o = —VF™ (y 210 Me) = L MU= (8)

Eq. (8) suggests a strategy for evaluating ¢! = —VF®0(p 22;11 M#)—So long as the vertex set D
has some structure that allows efficient evaluation of the sum of exponentials on the numerators and
denominators (i.e. faster than naive sum), ¢* may be computed directly in sublinear in |®¢| time, and
there is no need to maintain the underlying distribution p* € Ag,.

The following lemma enables such an efficient computation for the log-partition function F''" := e’
(and its gradient) associated with the trigger modification set ® = ®". This lemma (proof deferred to
Appendix C.3) is a consequence of the specific structure of @ (cf. (5)), whose elements are indexed
by a sequence x40, and a deterministic subtree policy v*s € V%9,

Lemma 3 (Recursive expression of F''" and VE™). For any loss matrix M € RXA*XA the EFCE
log-partition function can be written as

FT(M) =108 Y, 4, 0, XD { = (I = Brayays M) + Frya, 0, (M), )

where for any xp, = x4,

ngagwn (M) = IOg Zah eXp { - MI;LG;L@gag + EzhHEC(zh,ah) Fﬂﬂgay7l;L+1 (M)} (10)

Furthermore, define X = (Az,a,)z a,exxA € Axa and m = (Mz,a,)z,a,ex x A With My 4, €
II%s (and also identified as a vector in RX4) as

Azgag Cxccgag eXp{ - <I - Etwgag7M> + ngag,wg (M)}) (11)

mmgagah(ah‘mh) Ka;, €XP { - Mrh,ah,,wgag + thJrlGC(ach,,ah) Fmgagxl‘h,+1 (M)}7 (12)
then we have

—VET(M) = ¢\ m) =3, ., Avga,(I = Exz,a, + Mya,€5,0,)- (13)

Above, A = (Az,q,)z,a,exx4 € Axa is a probability distribution over X x A, and m =
(ngag)mg%e;ng ceM= Hg@,gag II*9% is a collection of subtree policies Mz ya, where each
Myya, € I1”s is a subtree policy that specifies an action distribution ngag,h(ah|Ih) for every
Ty, = x4, and can be identified with a vector in RX4 (c.f. Section 2.2).

The recursive structure in Lemma 3 offers a roadmap for evaluating (), m) and thus VF T (M) in
O(X2A?) time (formal statement in Appendix C.4). Applying Lemma 3 with M = 5 >'_} M*

gives an efficient implementation of (8), i.e. the ®-Hedge algorithm with ® = ®T". For clarity, we
summarize this in Algorithm 2. We remark that the parameters (\¢, m?) therein can also be expressed
in terms of (A\*~!, m?~1) and M*~!, which we present in Algorithm 4 (the equivalent “OMD” form)
in Appendix C.1. We also note that the fixed point equation ¢’ = p in Line 5 can be solved in

O(X?%A?) time [23, Corollary 4.15].

3.2 Equivalence to FTRL and OMD

We now show that Algorithm 2 is equivalent to FTRL and OMD with suitable dilated entropies and
divergences (hence the name EFCE-OMD). We define the trigger dilated entropy function and trigger



Algorithm 2 EFCE-OMD (FTRL form; equivalent OMD form in Algorithm 4)
Require: Learning rate > 0.
1: fort=1,2,...,T do

. ¢ t
2. Foreachzyay € X x A, from the reverse order of 5, compute m;, , ., (anlzn) and Fy o .,

t t—1 ars t
m%ag’h(ahlzh) ay, XD { - 25:1 Mmh’lha%“g + Z:C;LHEC(JC}“LL;L) Fzgagv-"’fh+1 }7 (14)
t _ t—1 ars t
FIgag,wh - 1Og Eah exp{ _7723:1 Mmhah,a:gag +th+1ec($h7ah) nga9,$h+1}7 (15)

3 Compute \; , as

)\igag Xzga, €XP { - <I - Etxgawzi;ll MS> + Frtgag.,xg } (16)

Compute ¢* = ¢(\!, m?) where ¢ is in Eq. (13).
Compute the policy !, which is a solution of the fixed point equation ¢*u! = .
Receive loss 0' = {{} (z, an)} (o an)caxa € REG
T XAxXA
€ RS, .

A A

Compute matrix loss M* = ¢t(u?)

dilated KL divergence function over (A,m) € Ax 4 X M as

HTF()" m) = H()‘) + Eg,:rq,aq AmgagHajg (mmgag)’
DT (A, m|[N,m") := D, (AIN) + 22 Azya, Dz, (Maya, M, a0, ),

g,xg,ag " Tglg Tglg

where H (-) and Dxkr,(+|-) are the (negative) Shannon entropy and KL divergence; and for any x,
H,,(-) is the dilated entropy, and D, (-||-) is the dilated KL divergence [30], both for the subtree
rooted at z, (detailed definitions in Appendix C.5).

Lemma 4 (Equivalent formulations of ®""-hedge). For any sequence of loss functions { M'},>1, the
iterates (\*, m') in Algorithm 2 (i.e. (14)-(16)) are equivalent to (i.e. satisfy) the following FTRL
update on H™ and OMD update on D" :

(\,m?) = arg min, ,, [77 <<Z)()\,m), 22;11 Ms> + H™(\, m)}, 17)

(N'ymt) = argminy, [1(8(A,m), M'=1) + DT\ m| A=, mi—)|. (18)

The proof of Lemma 4 follows directly by the concrete forms of (A*, m?) in (14)-(16), and can be
found in Appendix C.6.

3.3 Regret bound under full feedback and bandit feedback

We now present the regret bounds of Algorithm 2. We emphasize that these regret bounds are simple
consequence of the generic bound for $-Hedge in (2), and their proofs do not depend on the actual
implementation of Algorithm 2 developed in the preceding two subsections. We first consider the full
feedback setting, where the full expected loss vector /! € RE# is received after each episode.
Theorem 5 (Regret bound of EFCE-OMD under full feedback). Running Algorithm 2 with n =
O(\/|ML||1¢/(H?T)) achieves the following trigger regret bound

Reg"(T) < O(v/H2|[I[|1.T),

where . := log(X A) is a log factor.

The proof of Theorem 5 is simply by applying (2) and observing that log(®[") < ||II||; log A +
log(X A) (see Appendix D.1). This theorem shows that the ® ""-Hedge algorithm gives O(v/ X T)
trigger regret bound, which matches the information-theoretic lower bound Q2 (v/ X T") [48, Theorem 2]

up to a O(poly(H)) factor, and is slightly better than the O(v/X AT upper bound of [42, Corollary
F.3] though their definition of EFCE-regret is slightly stricter (thus higher) than ours.



Algorithm 3 Balanced EFCE-OMD (FTRL form; equivalent OMD form in Algorithm 5)

Require: Learning rate 7, balanced exploration policy { u*>h}h€[ H]-
1: fort=1,2,...,T do

. t *,t
2. Foreachzya, € X x A, from the reverse order of 5, compute m;, , ., (anlen) and F24,

t—1
b apon(@nlzn) s (ensan) (=0 M + Fl
ngag,h Ah|Th) Xq, €XP :u’g;h Lh,Qp n Tpap,Tgag Tgg,Thi1 )

s=1 zh+1€C(zh,ah)
1
*,t — *,h
Fayan = ————log E exp {ug:h(ach,ah)
Hg;h(xhvah) aneA
t

X [ - Z Mihah,wgag + Z F;;zg7$h+1] }

s=1 ZThi1€C(THan)
3:  Compute \Jt; as
) =1
Ay ay Xaga, XD {ﬂ( —n(l — Etxgag7z; M?) + F;ﬁzga:g) } (20)

4:  Compute ¢¢ = ¢p(\!, mt), where ¢ is as defined in Eq. (13).

5:  Find a u! to be a solution of the fixed point equation pf = ¢ put.

6:  Play policy p‘, observe trajectory (x},, aj,, 7} ) ne[)-

7: Form vector loss estimator (/5% = {ZZ’%“Q (h, an)}apa, for each (g, z4a4) as in Eq. (23).
8:  Compute matrix loss estimator M* =37 g , (4% Cayay-

In the bandit feedback setting, the learner only observes her own rewards and infosets. In this case
we replace ¢! in Algorithm 2 with the following loss estimator (with IX bonus «) proposed in [34]:

Oy (@, an) = 1{(x},,a},) = (zn, an)} (1 = })/(nLp (@n, an) + 7). (19)
We show that EFCE-OMD achieves the following guarantee in the bandit feedback setting (proof

in Appendix D.2). The proof follows by plugging the loss estimator ¢t into (2) and additionally
bounding concentrations (which we remark is a better strategy than using a naive bandit-based loss
estimator in the corresponding NFG space).

Theorem 6 (Regret bound of EFCE-OMD under bandit feedback). Run Algorithm 2 with loss

estimator {1}, (19), n = VIl log A/(HX AT), and v = /|1||, ¢/(X AT). Then we have
the following trigger regret bound with probability at least 1 — §:

Reg"(T) < O(VHXA||e - T),

where . = log(3X A/9) is a log term.

To our best knowledge, Theorem 6 gives the first trigger regret bound against adversarial opponents
and bandit feedback. This O(,/X A ||II||, T') rate is v/ X A worse than Theorem 5 (ignoring H and
log factors), and is at most O(v X2AT') using ||II||; < X.

4 Balanced EFCE-OMD for bandit feedback

We now build upon the EFCE-OMD algorithm (Algorithm 2) to develop a new algorithm, Balanced
EFCE-OMD (Algorithm 3), and show that it achieves near-optimal extensive-form trigger regret
guarantee under bandit feedback. Here we discuss the two key modifications in the algorithm design.

Key modification I: “Rebalancing” the log-partition function Building on the balancing tech-
nique of [6], we start from Eq. (9) and (10) of the log partition function, and rescale the inner

functions Fl g, ., using balanced exploration policies {u;;Z(:ch, an)}g,zn.a, (see Definition E.1



for the formal definition), and rescale the outer function F'" by X A. Concretely, for any matrix
M € RXAXXA e define the balanced EFCE log-partition function as

EI(M) = XAlogY, ., exp {ﬁ [~ I~ Bruyays M) + Ff o o (M) } @1

where for any x}, = z, (using pZ;Z = ;[;;Z(xh, ay,) as shorthand, which depends on x, but not ap),

IOg Z exp {M;Z [ o Mzhah@yay + Z F;gagﬁzh+1 (M)} } (22)

*,h
g:h ap zh41€C(TRan)

> (M) = !

Tgag,Th

Key modification II: New loss estimator under bandit feedback We use an adaptive family of
bandit-based loss estimators {¢**s%s}, , C RZg', one for each (4,a4) € X X A, defined as

1{ (2}, ,a})=(zn,an) }(1-r})
h
o @nan) Ay (il (@h,an)+ut q, m;gagyg:h(xh7(lh)1{$ht$g}) )

070 (wh, ap) =

(23)
where ,u;gag =t (g, ag) for shorthand. The main difference of (23) over (19) is in the adaptive
IX bonus term on the denominator that scales with  but is different for each x,a,. We then place

each uiqaqét’xﬂg into the x4a4-th column of a matrix loss estimator M t or in matrix form,

At — t Nt,xgag T
M =32 o ay Prgagl 7 €0 0, -

With (21)-(23) at hand, our algorithm Balanced EFCE-OMD is defined as the negative gradient of
F" evaluated at the cumulative loss estimators:

¢t = —VET (n -t 1\7) vt > 1, (24)

and ! € TI solves the fixed point equation ¢'u? = pf. Similar as EFCE-OMD, (24) also admits
efficient implementations in both FTRL and OMD form (cf. Algorithm 3 & 5). The corresponding
(At, m?) is also equivalent to running a FTRL/OMD algorithm with respect to a balanced dilated
entropy/KL-divergence over ¢ € ®'" (cf. Lemma E.4 and Appendix E.3 for details).

Main result We now present the theoretical guarantee of Algorithm 3 (proof in Appendix F).

Theorem 7. Balanced EFCE-OMD (Algorithm 3) withn = /X Av/HAT and v = 24/ X A/ H?T
achieves the following extensive-form trigger regret bound with probability at least 1 — §:

Reg"(T) < O(VH*X AT.),
where . = log(10X A/6) is a log term.

The O (VX AT) trigger regret asserted in Theorem 7 improves over Theorem 6 by a factor of +/[[TI][,
and matches the information-theoretic lower bound up to poly(H) and log factors>. By the online-to-
batch conversion (Appendix B.2), Theorem 7 also implies an O(H*X A/¢2) sample complexity for
learning EFCE under bandit feedback (assuming same game sizes for all m players). This improves
over the best known O(mH5X A% /=2) sample complexity in the recent work of Song et al. [42]°.

Overview of techniques The proof of Theorem 7 is significantly more challenging than that of
Theorem 6, even though the algorithm itself is designed by appearingly simple modifications. This
happens since Algorithm 3, unlike Algorithm 2, no longer necessarily corresponds to any normal-form
algorithm. The technical crux of the proof is to bound the nonlinear part of F| (with respect to the
losses), which we do by carefully controlling a series of second-order terms utilizing the balanced

policies within F|\| and the new adaptive IX bonus within {#twoas }e,a, (Lemma E5-E.8).

?As the trigger regret is lower bounded by the vanilla (external) regret, [6, Theorem 6] implies an Q(v/ X AT')
lower bound for the trigger regret as well under bandit feedback.

3We remark though that the 1-EFR algorithm of [42] actually finds an “1-EFCE” which is slightly stronger
than our EFCE defined via trigger modifications.



S Equivalence of OMD and Vertex MWU for external regret minimization

As another illustration of our framework, we now choose ® = & = conv{®§*} to be the set
of external policy modifications, which modify any policy to some deterministic policy. In this
case, the P**-Hedge algorithm minimizes the external regret in EFGs. In this section, we show that
®*t_Hedge, same as the vertex MWU algorithm considered in Farina et al. [25], is actually equivalent
to the OMD with dilated entropy [30]. Let {¢'},., C Ri(gﬁ be an arbitrary sequence of loss vectors.

Vertex MWU We use V to denote all the deterministic sequence-form policies, which can also be
viewed as the vertex set of the policy set II. A simple reformulation (cf. Appendix G) shows that
®**-Hedge (Algorithm 1) gives the vertex MWU algorithm considered by Farina et al. [25]

pt =3, cpph v and  pl o, exp {777 <v, Zi;ll €S>}. (25)

OMD with dilated entropy Another popular algorithm for external regret minimization is the
OMD algorithm on the sequence-form policy space with the dilated entropy [30, 35]:

pt = arg rgin [ {p, €7 1) + Dy (ull '~ 1)] (26)
uh(ah|lh)
(zh,an)lo (27)

Theorem 8 (Equivalence of OMD and Vertex MWU). For any sequence of loss vectors {{'};>1,
OMD with dilated entropy is equivalent to Vertex MWU, that is, (26) and (25) give the same {{'},~ ;.

The proof of Theorem 8 can be found in Appendix G.1. Our proof also reveals that the efficient
implementation of Vertex MWU developed by Farina et al. [25] using the “kernel trick” is actually
equivalent to the standard linear-time efficient implementation of OMD with dilated entropy.

6 Conclusion

In this paper, we present an efficient implementation of the ®-Hedge algorithm for minimizing the
extensive form trigger regret. The algorithm is equivalent to OMD with dilated regularizers, and
achieves efficient regret bounds under both full feedback and bandit feedback. We also design an
improved algorithm Balanced EFCE-OMD, which achieves a sharp trigger regret bound under bandit
feedback. We believe our work leads to many open questions, such as efficient implementations
of ®-Hedge with more general ® sets (e.g. the behavioral modifications considered in [38, 42]), or
accelerated polylog(7T') ®-regret bounds under full feedback by optimistic algorithms.
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A Technical tools

The following lemma is standard and gives a ®-regret bound of the ®-Hedge algorithm.

Lemma A.1 (Regret bound for ®-Hedge). For strategy modification vertex set @, step size n, and
total steps T', running Algorithm 1 gives

lo |<1> | a
Reg®(T) < €170 gz Z]% (ont, €t>)

t=1 ¢pc®go

Proof. We have
T ) T
Reg®(T) = sup Y (uf — pp' 0") = sup Y (' p’ — gyt €*)
ped ped =1

Y sup Z > (Plout ) — polon', £)).

PEAcpo t=1 pcd,

Above, (i) uses the fixed point equation ¢’ = pt (Line 4), and (ii) uses the fact that ® = conv{®}.
Note that the above expression is exactly the regret of {p’}71_;, where the loss vector in the ¢-th round
is {{ou', £')} pc o, Further, the update rule of p* (Line 6) coincides with Hedge algorithm. So by the
standard regret bound for Hedge, see, e.g. (Lattimore and Szepesvéri [37], Proposition 28.7), we have

T

Reg®(T) = sup Y Y (phlon', £") — pslon’,€%))

P€A<1>0 t=1 pcdo
< 10g|(1>0| 772 Z ¢M gt
t=1 pedy

This proves the lemma. O

The following Freedman’s inequality can be found in [1, Lemma 9].

Lemma A.2 (Freedman’s inequality). Suppose random variables { X t}?zl is a martingale difference
sequence, i.e. X; € F; where {.7-",g}t21 is a filtration, and B[ X¢|Fi—1] = 0. Suppose X; < R almost

surely for some (non-random) R > 0. Then for any \ € (0,1/R)], we have with probability at least
1 — 6 that

ZXt <\ Z]E[Xﬂft_l} + M.

B Properties of the game

In this section we some properties of EFGs (using the TFAMDP definition in Section 2.2).

B.1 Equivalence to classical definitions of EFGs

We first formally define Extensive-Form Games (EFGs). We then show that solving EFGs with
adversarial opponents can be reduced to solving Tree-Formed AMDP.

B.1.1 Classical definition of EFGs

We consider the problem of multi-player general-sum version of EFGs with adversarial opponents.
We remark that in order to study this problem, it suffices to study the two-player zero-sum version.
To apply the results obtained in the latter setting to the former setting, we simply view the second
player as the collection of all other players (who play jointly against the first player), and view the
zero-sum rewards as the reward of the first player and its opposite number.
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Partially observable Markov games Following the convention of [34, 6], we consider EFGs under
the model of finite-horizon, tabular, two-player zero-sum Markov Games with partial observability,
which can be described as a tuple POMG(H, S, X, Y, A, B, P, r), where

* H is the horizon length;
* 8§ = Upe(a) Sn is the (underlying) state space with [S,| = S, and Zle Sp =25,
X = helH] A}, is the space of information sets (henceforth infosets) for the max-player with

|Xn] = Xp, and X = Zle X At any state s, € Sy, the max-player only observes the infoset
xp = x(sp) € Xy, where x : S — X is the emission function for the max-player;

* Y = Upe(m Y is the space of infosets for the min-player with |V, = V), and Y := S Y.
An infoset y;, and the emission function y : S — ) are defined similarly.

» A, B are the action spaces for the max-player and min-player respectively, with |A| = A and
|B| = B.

o P={pi(-) € A(S1)} U{pn(|sn,an, bn) € A(Shi1)}(sn,an.bn)eSnx AxB, he[H—1] are the transi-
tion probabilities, where p; (s1) is the probability of the initial state being s1, and pp (Sp+1|Sh, an, bn)
is the probability of transiting to s, given state-action (s, ay, by) at step h;

s r={r(su,am,bu) € [0,1]} (5, o bu)esy x.axs are the (random) rewards received in the very

last step with mean 7(sgr, ag, by ). ¢

Policies, value functions As we consider partially observability, each player’s policy can
only depend on the infoset rather than the underlying state. A policy for the max-player
is denoted by p = {un(|lzn) € A(A)} e apea,> Where pn(an|zn) is the probability of
taking action ap, € A at infoset x;, € Aj. Similarly, a policy for the min-player is de-
noted by v = {vi(-|yn) € A(B)}yemyy ey, A trajectory for the max player takes the form
(x1,a1,%2,...,2H,am,7), Where ap ~ pp(-|xp), and the reward and infoset transitions depend on
the (unseen) opponent’s actions and underlying state transition.

The overall game value for any (product) policy (u, v) is denoted by V¥ :=E, , [r(sm, am, br)].
The max-player aims to maximize the value, whereas the min-player aims to minimize the value.

Interaction protocol At the beginning of each episode ¢, the adversarial opponent chooses a policy
vt, which is not revealed to the player. Then, the initial state s; is sampled from p;(-), and its
corresponding information sets 1, y; are revealed to each player respectively. At each step h, the
system is in a underlying state sp. The player chooses an action aj, according to the observed infoset
x1, while the opponent simultaneously chooses an action by, according to policy v* and the observed
infoset yj,. Afterwards, the environment transitions to a new state sj, 11 according to pp,(-|sp, an, bp).
This episode ends when (a g, by ) is played, and reward r(sg, ay, by ) is observed.

Tree structure and perfect recall We assume that our POMG has a tree structure: For any h and
sp, € Sp, there exists a unique history (s1,a1,b1,...,8,-1,an—1,bp—1) of past states and actions
that leads to s;,. We also assume that both players have perfect recall: For any h and any infoset
xp, € A, for the max-player, there exists a unique history (z1,a1,...,xp—_1,ap—1) of past infosets
and max-player actions that leads to z; (and similarly for the min-player). We similarly define
C(xp,ap) C Xpy1 to be the set of all immediate children of (zp,, ap,) at step h + 1.

With the tree structure and perfect recall, under any product policy (i, V), the probability of reaching
state-action (sy, ap, by,) at step h takes the form

P*Y (s, an, br) = pra(sn)pa:n(Th, an)vin(Yn, bn), (28)
where we have defined the sequence-form transition probability as

prau(sn) ==pi(s)) [ pw(snsrlsn an . bw),
h'<h-1

“We note in this formulation, reward depends on latent state, which can reveal information about latent state
beyond information sets. Here, we consider the formulation where reward is only revealed in the very last step,
to avoid such information leakage in the earlier steps. The more general formulation where rewards are received
at every step can be translated to this formulation (by postponing all rewards to the last step), which will only
incur mild (one or two) additional H factors in the rates.
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and the sequence-form policies as

pa:n(Ths an) H pws (ans|zne),  vin(Yn, br) : H Ve (b [yns).-
h'=1 h'=1

Above, {sp’,an, by}, <p,_, are the histories uniquely determined from sj, and x5 = x(sp/),
Y = y(sn)-

We let I1,,,,x denote the set of all possible policies for the max player (I1,,;, for the min player).
In the sequence form representation, I, iS a convex compact subset of RXA specified by the
constraints 1.5 (xp, ap) > 0 and Z%GA i (xh, an) = prp—1(zp—1,an—1) for all (h,zp, ap),
where (z,-1,ap—1) is the unique pair of prior infoset and action that reaches xj, (understanding
to(20, ao) = po(0) = 1).

B.1.2 Reduction from classical definition of EFGs to TFAMDP

In this section, we show that solving EFGs with adversarial opponents can be reduced to solving
TFAMDP. Formally, we prove the following proposition.

Proposition B.1. For any EFG (i.e. POMG with tree structure and perfect recall assump-
tions) (H,S,X,Y, A, B,P,r) with adversarial opponents’ policies {v'};>1, there exists an ad-
vez‘sarialNMDP (H,X, A, T) with adversarial transition {p* = {p}, }ne{oyuim) }e>1 and reward
{R" = {R} }ne(m) }e>1, so that for any policy sequences {ji* }>1, their joint distributions over the
learner’s trajectory P(x1,a1,%2,a2,...,2H,ay,r) are exactly the same for all episodes t > 1.

We remark that the joint distribution P(x1, a1, 2, as,...,2y,am,r) gives a complete description
about what the first player can obtain from the dynamic systems in both models. The joint distributions
being the same for two models means that information-theoretically, the learner has no way to
distinguish the two models, thus proving their equivalence.

Proof of Proposition B.1. In this section, we will use the notation in its original form X', A, p, r to
denote the quantity in EFGs while use their tilded form X', A, p, R to denote the corresponding
quantity in tree-form AMDP. It is not hard to see that in order to prove Proposition B.1 for all t > 1,
it suffices to prove for a fixed ¢ it is true.

Construction of AMDP we construct the corresponding AMDP using EFGs in the following way:
welet H=H, X = X, A = A. Since EFG satisfies perfect recall assumption, which defines the
immediate children function C. We use the precisely same child function to define the tree structure
T in AMDP. We define the adversarial transition according to the following equations:

Pi(z1) ==Y pi(s1),

S1€x1
D snircans 2obpireB PLn1 (8h+1)V 1 (Ynt1 (8ht1), bhs)
D snean 2obpen Pra(sn)VE g, (yn(sn), bn)

where yp,+1(sh+1) and yp(sy) are the infoset of opponent at (h + 1)-th and h-th steps given state

sp+1 and sy, respectively. We also define the adversarial reward distribution RtH (‘|x g, am) such that
it gives the following distribution over reward r € [0, 1] for any fixed (27, azr)

Py (Thi1|Tn, an) ==

)

pra(sw)viy(a(sm), br)
ZSIHGCL‘H Zb'HEB pl:H(S}I)Vi:H(yH(S}{% b}[)

And we set the adversarial reward Rﬁl(~|xh, ap,) to be zero (almost surely) for all h < H — 1 and all
(xha Qp, t)

r=r(sy,ay,by) with probability

Proof of equivalence Denote P! as the probability of AMDP at episode ¢ with policy 1; denote

P’ as the probability of EFGs under policy p and 1. Itis very easy to check by induction over
step h, that for any h € [H], and all policy p simultaneously:

Pt (wy,ap) = P (xh, ap) = > wn(@n, an)prn(sn)vig (yn(sn), ba)-

spExTh bpeB
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This proves that the joint distribution:
~ t
Pu’t(xlyah o a'THvaH) = prY (xhah cee 7xHaaH)' (29)
Finally, the construction of adversarial reward is such that its conditional distribution given (x g, ar)
is exactly the same as the conditional distribution of the reward in the EFG:
~ t
R (r=r(sg,am, by)|lry,ax) = P*" (r = r(sg,an,by)|rm, an),

which immediately gives that:

~ t
Prt(ryley,ay,. .. xm,ag) = P*Y (rlzy,a1,. .., 2H, an). (30)

Combining (29) and (30), we finish the proof. O

B.2 Online-to-batch conversion
We consider an EFG with m players (e.g. using the definition in Section B.1), where each player
faces an equivalent Tree-Form Adversarial MDP. For any product policy 7 = {m;}, e[m)’ let {7~

denote the expected loss function for the i™ player if that the other players play policy 7_;. We define
a correlated policy 7 as a probability distribution over product policies, i.e. m ~ 7 gives a product
policy 7.

An EFCE of the game is defined as follows [13, 23].

Definition B.1 (Extensive-form correlated equilibrium). A correlated policy T is an e-approximate
Extensive-Form Correlated Equilibrium (EFCE) of the EFG if

max max Eqz({¢m;, {71y — (m;, £7)) < e.
i€[m] ¢eq>1T'

We say T is an (exact) EFCE if the above is equality.

When the game is played with product policies for 7" rounds, suppose the product policy at round ¢ is
wt, the extensive-form trigger regret (6) for the i player becomes

T
Reg!"(T) = max <¢,7T; o, ngi>_
i

The following online-to-batch lemma for EFCE is standard, see e.g. [13].

Lemma B.1 (Online-to-batch for EFCE). Let {n" = (7});c(n }te1) be a sequence of product policies
for all players over T rounds. Then, for the average (correlated) policy @ = Unif ({n*}L_,) is an
e-EFCE, where € = maX;c|y Reg]"(T)/T.

B.3 Properties

For any h < b/ and zj, € Xy, we let Cps (zp,ap) = {x € X 2 2 = (zh,ap)} and Cp/ (z) = {2 €
X i x = xR} = Uqg, caChr (2, ap) denote the infosets within the h/'-th step that are reachable from
(i.e. children of) xy, or (zy, ay), respectively. For shorthand, let C(z,,ap) = Cpy1(xh,ar) and
C(xp) := Cr11(xp) denote the set of immediate children.

We define X, for any z;, € &), as

H
Xoa, = > [Chr(an)l- (€1
h'=h

It can be interpreted as the number of infosets in the subtree rooted at zy,.

Lemma B.2. The L' norm of a sequence form is upper bounded by ||I1||, < X.

Proof. We can prove |II*"|| < X, forall h € [0,H] and z;, € X} by backward induction
over h = H,---,1,0. When h = H, for each infoset z},, the sequence form is just a probability
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distribution, which sums up to ||II**|; = 1 = | X, |. If the claim holds for i + 1, consider an
infoset xzj, in the h-th level. By induction hypothesis we have
e = max Y e <max Y Xl < Xen, |
 wpga=(zh,an) Tht12(Th,an)
So the equation above holds for any zj. Setting z;, = @ gives |II||; < X which completes the
proof. O

Lemma B.3. We have |®]"| < X Alllh+1,

Proof. By Proposition 5.1 of [25], V < Al Since there are at most X A different infoset-action
pair to be trigger, we have |®[7| < X All+1, O

C Proofs for Section 3.1 & 3.2

C.1 Incremental (OMD) form of Algorithm 2

We first present an incremental update of (\**1, m!*1) from (A!, m!) as in Algorithm 4. We set the
initial values of these variables as

)\;gag Xeya, EXP {Fgg }, migag’h(ahmh) Xa,, exp{ Z F:th }, (32)
Tht1€C(zhH,an)

where for any z;, = x4, th is recursively defined as

F;}h = log Z oxp{ Z FS}LH}.

aR€A Tht1EC(ThH,an)

When the summation is over an empty set C(zp, ar, ), the sum should be understood as zero. Here F, a?h
has an intuitive meaning: it is the logarithm of the number of deterministic sequence-form policies
starting from x,, and can be computed by the above sum-product formulation recursively.

Algorithm 4 is computationally more efficient than Algorithm 2 when the loss estimator is sparse.
For example, with bandit feedback, we need to update the loss matrix for at most H infoset-action
pairs, and thus incur at most H? operations in Algorithm 4. On the contrary, Algorithm 2 requires
O((X A)?) operations to update the policy in each iteration.

We now prove that Algorithm 4 and Algorithm 2 are actually equivalent.

Lemma C.1. Given the same sequence of M?, Algorithm 2 and Algorithm 4 outputs the same X' and
m! and thus the same ¢'.

Proof. We only need to prove for any z4a,,x), and t, F!

b yagn = S F Then \* and m!
will be the same in Algorithm 2 and Algorithm 4.

TgQg,Th*

We prove the above claim by induction. For the base case, the claim clearly holds if h = H + 1 or
t = 1 by definition. Assume this holds at £ — 1 and h + 1, then at the h-th step in Algorithm 4,

it _ § : t t § : Tt
Fmgag,zh - IOg mmga_q,h(ah|$h) exp { - T}Mmhah,zgag + Fa:gag,thrl}

ap€A zh+1€C(ThH,an)
t
— E E S t
- log exp { - 77 Mmhahazgag + Z Fzgagvthrl }
ap€A s=1 Zhr1€C(TH,an)

t—1
—log Z €xp { -n Z Mih,ahyrgag + Z F;;;.q’mhﬂ}
s=1

an€A zh41€C(Tn,an)
_rt t—1
quaq Tn Fzgaq Th
t ot F t —
Thus F o, 2, = Yot F3 a,z,,- We completes the proof by noticing at I + 1 step, £ o o, =

Ft =0. O

Tglg, TH+1
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Algorithm 4 EFCE-OMD (OMD form; equivalent FTRL form in Algorithm 2)
Require: Learning rate 7).
1: Initialize A} , ;andml ,
g*g gvgs
2: fort=1,2,...,Tdo
3:  Compute ¢' = ¢(A!, m?) where ¢ is in Eq. (13).

(ap|zn), for all (g, g4, ag, h, 1, ap) with g < h using Eq. (32).

4:  Compute the policy uf, which is a solution of the fixed point equation 1 = ¢ p.

5. Receive loss £" = {{} (xh,an)} (2 an)cxxa € R§64-

6:  Compute matrix loss M* = ¢t(ut) T € R)Z({;‘XXA.

7. Foreachzya, € X x A, from the reverse order of xj,, compute mgig_’h(ahuh) and ﬁ;gammh

1 ~
mﬁc—:ag,h(a’ﬂxh) Kay, m;gag,h(ah‘xh) exp { - nM;ha;“zgag + Z F:igag,x;Hd }7

Th41€C(TH,an)

ot _ 2 : t t 2 : ot
Fxgag,xh - IOg m;cgag,h(ah|mh) exp { - ’r]Mw;La;“ang =+ Fxgug,x;L+1 }7
ap€A Th+1€C(xThH,an)

8  Compute At} as

Notd, oy Aoy @0 { =00 = Bgyay MY+ L o b

C.2 Proof of Lemma 2

By Line 6 of Algorithm 1, we have

1 Po-eplonlen’, )y pg - expion(¢, M)} . 33)
o Xyl exp{—n{e'ut, )} 3, ply - exp{—n(¢/, M)}

Repeating this update and using the uniform initialization, we have

pt+1 _ eXp{—?7<¢, 22:1 M5>} .
v exp{—nl¢, Y, M*)}

As a result, we have

: o gexp{—n(o, X M)} . ( -1 )
B - =—-VF™° MeE . 34
’ %:p¢¢ >y exp{—n(¢, (2 M)} Y. (34)

This proves the lemma. O

s=1

C.3 Proof of Lemma 3

For any xj, = x4, we define F; o, o, (M) by

Fuyagon (M) =log Y exp(~(ma,a,eq,0,, M)).

Magag €EVTh

Note that for any ¢ € @', there exists a unique (g, x4, ag, My, q,) € [H] x X x A x V7 such that
¢ = (bwgag%mwgag. As a consequence, we have

FT(M) = log Y exp(—(¢, M))
PERY

= log Z Z eXp(_<¢xgagHmIgagvM>)

9,Tg,Qgq Magag %

=log Z Z exp(—(I — Exy,a, + ma;gagelgawM»

P
9,Tg,0g My gay, S

19



—log > exp{ — (I = Braya, M) + Frya,, (M) .

9:,Tg,0g

It remains to evaluate F, 4, ., (M) recurrently, which is handled by the structure of V** as follows:
Fryagen (M)
=log Y exp(—(myye,e] a0, M)

z
Magag EVTh

=log Z exp(—Mayan,w4a,) H Z eXp(_<mxh+1an+1eIgagvM))

ap€A Th1€C(ThAR) May, | ay, 4 EVIITE
T
= lOg E €Xp { - Ml‘ha}u@‘gag + § 10g E eXp(_<m$h+1ah+1eIgaQ’M>)}
ap€A zh+1€C(TRan) May  qapiq eVYTh+1
=log > eXp{ Mayaroge ¥ D F%%,W(M)}.
ap€A zh+1€C(TRan)

This proves Eq. (9) and (10).

Calculating the gradient, we have

Zg,ggwag €Xp { —(I - EtxgagvM> + Fxgag,xg (M)} [I - Etacgag - VF:cgag,xh (M)]
29»19@9 €xp { - <I - Etwyag’MO + Fa?gag@y (M)}

= Z )\1970,9 [I - Etxgag - Vnyag,mh (M)] . (35)

g,Tg,0qg

—VFT(M) =

It remains to compute VI

sag,z, (M). By the recurrent formula, we have

- vFﬁgangh (M)

T
ZaheA exp { - Mzhahr@gag + Zw;L+1EC(x;L<z;L) F-Tgag-thrl (M)} [61}1‘% eﬂ?g(lg - Zw;LJrl eC(xzpan) VFzgagvthrl (M)}

ZahEA €Xp { - Mmhah@gay + th+1€0(m11ah) Fwyag»thrl (M)}

= Z m:rgag,h(ah|33h) [ewhahe;ag + Z <_szgay7wh+1)(M):|'

ap€A zp41€C(zhan)

This gives a recursion formula for =V F, ,, ., (M). Solving this recursion formula, we get

_VF-'Egagvl'h (M) = ml’g eT

agqg Igag7

Plugging this into Eq. (35) completes the proof. O

C.4 Runtime of Algorithm 2

Here we explain how Lemma 3 and its execution in Algorithm 2 is an O(X? A2) time (in floating-point
operations) efficient implementation of —V F'T"(M) for any matrix M € RXAxXA,

First, the function value FT'(M ) can be recursively evaluated using (9) & (10), where we first
evaluate (10) for any z4a, € X' x A recursively in a bottom-up fashion over {z}, : x;, = 24} (i.e.
the subtree rooted at x4) up until x;, = x4, and then plug in the resulting values of Fgggag@g (M)
into (9) to obtain F'T"(M). This process costs O(X A) operations for each z4a,, so in total costs
oX 2AZ) operations. Second, (11)-(13) show that the gradient can be obtained without much extra
cost: By (13), =V ET"(M) is determined by the parameters (), m), which then by (11) & (12) are
exactly the ratios of the recursive log-sum-exps which we already evaluated in the previous step, and
thus can be directly yielded (with cost of the same-order) while evaluating F'T"(M). So the total
runtime of the recursive computations in Lemma 3 (i.e. Algorithm 2) is O(X?A?).
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C.5 Dilated entropy and dilated KL

We introduce the subtree dilated entropy and subtree dilated KL divergence, a variant of dilated
entropy and dilated KL divergence introduced in [30, 35, 34]. Here the modification we made is
that we allow these quantities to be rooted at any infoset x,. The original version is recovered when
the choose the full game tree as the subtree. These quantities were further used to define the trigger
dilated entropy and trigger dilated KL divergence as in Section 3.2.

Definition C.1 (Dilated entropy and Dilated KL divergence). The dilated entropy H., rooted at
of subtree policy u*s € 1179 is defined as

H
)= D agh(en an)log uy” (anlen). (36)

h=g (zn,an)>=z,4

The dilated KL divergence D, rooted at x4 between two subtree policies j4%9,v"s € 11" is defined
as

an|z
Dy, (u"e||v™s) Z Z Ihy: 2o (zn,ap)log M 37)
h=g (zn.an)=z, v (anfn)

C.6 Proof of Lemma 4

We check solving optimization problem (17) will result in exactly the same form of Algorithm 2. The
OMD form (18) is similar.

Using the definition of H"(\, m), the objective function in (17) can be written as

t
Z )\xgag l I E>x9a9’ZMs +7] Magag: Z ,m ag +H$g(m$gag)] :

g,Tgaq s=1 s=1

First fix A. and consider m 4, which is just to minimize {1 q,, Zizl M2y a,) + Hey(maya, ).

This is similar to form studied in Appendix B of [34] (or see Lemma G.3 for a full proof), which
implies that, the optimum is achieved at

t

m alanken) o, exp {3 (=M 0y ey + D0 Fhiaea)

s=1 Th41€C(ThH,an)
where

t
Faigag,xh log Z eXp { Z 1;Lah Tgag + Z Faﬁgag,x;LJrl] }

ap€A s= Ih+1ec($h,ah)

—

Plug in the optimal m,, ,,, the object now becomes

Z /\chag [ I E>zgag7ZMs F»Lgag,ig‘|'

g,Tgag s=1

This is a standard KL-regularized linear optimization problem on simplex. The optimum is achieved
at

t
)\?gr;g Xagag exp{ NI = Eryya,, ZMS + F;gaw%}
s=1

This gives the update of A\**! and m‘** as in Algorithm 2. This completes the proof. O
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D Proofs for Section 3.3

D.1 Proof of Theorem 5

Using regret bound of ®-Hedge algorithm (Lemma A.1), we get

Tr log | @] n a t topt\)2
Reg (T)§777 +2Z ZP¢(<¢M»£>)

t=1 ¢eq>'(|)'r
@ log |2 | 1+ ¢ o log|®J| | nHT
J H? = .
< p + 9 Z Dy " + B
t=1 ¢€q>'|0'7

Here, (i) uses (¢u', /*) € [0, H]. Note that ®[" := Uy.zya, Unraeves {¢2,a,—v=s } has cardinality
upper bounded by |®["| < X AlMI+1 by Lemma B.3. Substitute this into the regret bound, we have

L]l 41 2 2
X AlM+1y LT 2|11l 1e LT

RegTr(T) S log(

b

U 2.7 2
where ¢ = log(XA) is a log-term. Choosing = 2y/||TI||,./(H2T) gives Reg' (T) <
24/ H?2||II||1¢T, which completes the proof. O

D.2 Proof of Theorem 6

For the loss estimator Z we have the following lemma (see Lemma 3 in Kozuno et al. [34]):

Lemma D.1. Let § € (0,1) and v € (0,00). Fix h € [H]|, and let a(zp, ap) € [0,27] be some
constant for each (xp,ap) € Xp X A. Then with probability at least 1 — §, we have

T
Z Z a(zp,ap) (Z;L(:ch,ah) - Efl(xh,ah)) < log %

t=1zp€Xp,an€EA

Proof of Theorem 6. We have

T
Reg ' = max A
g"(T) = max t=1<lu ou', L")
T N T N T N
<) (=) + max y (op', 08 =01 + max » (u' —gu', L"),
¢E‘I’Tr ¢€‘§Tr
t=1 t=1 t=1
BIAS, BIAS, REGRET

We use the following three lemmas to bound the terms above respectively. In these lemmas, ¢ =
log(3X A/¢) is a log factor.

Lemma D.2 (Bound on BIAS;). With probability at least 1 — 6/3, we have
BIAS, < HV2T1 + X AT.
Lemma D.3 (Bound on BIAS,). With probability at least 1 — §/3, we have
BIAS, < [|IT];4/7.
Lemma D.4 (Bound on REGRET). With probability at least 1 — 6 /3, we have
REGRET < log |®("|/n +nHXAT + nHX At/7..

Lemma D.2, D.3, and D.4 bound bias terms and regret term respectively. Using these lemmas, we
have with probability at least 1 — 4§,

1 q)Tr
Reg™(T) < Og'ﬂ“ +nHXAT +nHX Av/y + ||T||1¢/y + HV2T1 + yX AT.
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By Lemma B.3, |®]"| < X Al'l1+1 We further have

2|11} e

Reg"(T) < +nHXAT +nHX Ac/y + |0||1¢/y + HV2Tt + v X AT.

Choosing v = \/||H||1¢/(XAT) and n = +/||TI||1¢/(HX AT) gives
Reg""(T) < 5\/HXA|I|, T + X AvH + HV2T.
<O(VHXA[M|- T + X AWH),

where we uses ||TI[|; > H. Notice that there is a “trivial” bound Reg""(T) < HT. For T >

X Au/||T||1, we have X Avs/H < /HX A|[TI||1¢ - T, which gives Reg"" < O(y/HXA|TI|y¢ - T);
For T < XAu/||lI||;, we have HT < \/HXA|TI|,.-T, which gives Reg”" < HT <

O(y/HXA||||1¢ - T). Therefore, we always have
Reg" < O(VHXA|M|1¢-T).

This completes the proof. O

Here, we give the proofs of the lemmas we used above.

Proof of Lemma D.2. We further decompose BIAS; to two terms by

BiAS = 3" (it — ) = 3 (bt~ B {FF 1)) 4 3 ({0 - )

t=1 t=1 t=1

(4) (B)

To bound (A), plug in the definition of loss estimator,

(e -ef))

t=1
T H
T, ap)lh (zh, ay
ZZ Z u’l :h x}uah) |:£h(xh7ah) — 'ul h( v L) (+ L):|
t=1 h=1xn,an :“1h($h,ah) ~
T H .
t t

1. (mh7ah)€ (Z‘h’ah) |::|

hz: Z o " /'L]i:h(xhvah) +

=1xp,ap

t

where the last inequality is by ¢} (x5, ap) € [0, 1].
To bound (B), first notice

H = (xp,a (1 —rt
<'U“t’2ﬁ> :Z Z :uﬁ:h(xh?ah {(xfﬂ t)_( > h)} (1 h)

h=1zp,an Hiin ( ah) + v
<ZZl{xh—xh,ah—ah} Zl—
h=1zp,an

Then by Azuma-Hoeffding, with probability at least 1 — §/3, we have

S (B {1} ) < 1 y/2TTog@/B) < HVET

Combining the bounds for (A) and (B) gives the desired result. O
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Proof of Lemma D.3. We have with probability at least 1 — §/3,

BIAS, — max Z <¢u 7t — £t>

PePT

= ma%iz Z > (duh)rn(@n, an) [Z’;;(xmah) - 52(%7%)}
pe t=1 h=1xp,an
T

= max Z ¢M G ZW {Eh Th,ap) EZ(%‘h,ah)}

h=1zp,ap t=1

@ 1o (3XA/6

< =~ ' 7

< ;rel%}%hzuhz;h S1')1:n(h, an)

< HHHM/ o
where (i) is by applying Lemma D.1 for each (z},ay) pair. To be more specific, we choose

a(z),ay,) =~v1{(«},,a}) = (xn,an)}, then Lemma D.1 yields that

T

~ 3XA
Z’y [ﬂ%(mh,ah) - EZ(mh,ah)} <log 5
t=1

with probability at least 1 — §/(3X A). Then taking union bound gives the inequality in (). O

Proof of Lemma D.4. Note that by Lemma A.1, we have

10g“I’Tr| 77 t 7\ \2
REGRET < 52: Pl ((pp!, 1))2.

To bound the second term, we have

S5 P ((out, )2

t=1 gy

T
2 Z Z Z Z Z pfp((bﬂt)l:h(xhzah)(¢lit)1;h/($hl,ah/)ET;L(.’L‘h,ah)fz,(xh,’ah,)
h'>h t=1 xp,an (Ih"rah’)ech’(mh»ah,) ¢€<§Tr
T
Th,a
3555 SRS SRS gl e LU AP
h'>h t=1 Tn,an (1,051 )ECs1 (Th,an) GBI Ml:h(xh’ ah) +y

T Th,Q
2535 55 SENED SEND - CLCL N
., (xn, an)

h'>h t=1 Th,an (x50, )EChr (Th,an) GEDT

IN

IN

22 Y feewan)

h'’>h t=1 zn,an (wh/,ah/)ech/(a:;“ah)

<2 Z (Z Z Z 0 (xp, an) —|—XhAA/7>

h'>h t=1xn,an (z7,a,)ECL (Th,an)

<2HXAT +2HX Ai/~,

(w)

where (i) uses that pt is the solution of the fixed point equation uf = Zd)eq)n phouts (i) is by
Lemma D.1, which gives

T
> > V(ZZ (xhry ans) = Ly (e, ah’)) < log 3)§A

t=1 (z/,a5,,)ECL/ (Th,an)
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with probability at least 1 — 6/(3X A) (choosing «(z},, ay,) = v1{(z},,a),) € Ch/(xph,apn)} in the
lemma). Then taking union bound yields that (i¢) holds with probability at least 1 — §/3.

Finally, putting everything together, the lemma is proved. O

E Onmitted details in Section 4

E.1 Balanced exploration policy

We define the balanced exploration policies formally as introduced in Definition 2 in Bai et al. [6].
Forany 1 < h < h' < H and (z}/,ap ) € Xy x A, we denote Cp(xpr, aps) = {zp, € Xp : xp >
(zhs, ap/)} to be the set of children of (zp/, ap ) at layer h.

Definition E.1 (Balanced exploration policy). For any 1 < h < H, the balanced exploration policy
for layer h, denoted as y*" € 11, is defined as

ICr(zpr,an)|

X e S N ST LY

! (ans|zne) = [Chlmn )| (38)
1/A, Welh,... H).

In words, at time steps ' < h — 1, the policy x*"* plays actions proportionally to their number of
descendants within the h-th layer of the game tree. Then at time steps h’ > h, it plays the uniform
policy.

A crucial property of the balanced exploration policy is the balancing property (Lemma C.4 in Bai
et al. [6]). We also include it here for convience.

Lemma E.1 (Balancing property of M*’h)- For policy (1 € Il and any h € [H], we have
S o)y
(Th,an)EXR XA ﬂl:h(fﬁiu an)
Moreover, for any x4 as the root of a subtree, we have
I :h(xh,, ap )
> B (G ()| - A,
(zh,an)=zg4 /”Lg:h(‘rhv ah)

Corollary E.1. We have

1
N
Py (xh, an) > XA

forany h € [H] and (xp, ap) € Xp X A

Proof. Choosing some deterministic policy p s.t. p1.,(p, ap) = 1 in Lemma E.1 and noticing each
term in the summation is non-negative, we have

,Ul:h(xha Clh)

L < X,A.
/”le’h(xhv ah)

E.2 Algorithms: Balanced EFCE-OMD (in FTRL form and OMD form)

In this section, we present the algorithms omitted in Section 4. We begin with the Balanced EFCE-
OMD (in FTRL form) as in Algorithm 3. This algorithm is actually equivalent to the algorithm as in
Eq. (24) because of the following lemma, whose proof is similar to Lemma 3.

Lemma E.2. For any loss matrix M € Ri(OAXX 4 recall that the balanced EFCE log-partition

function as defined in Eq. (21)). Let A = ()\xq_aq)%aqe;(m“ € Axaandm = (Mg,a,)z,a,exxA €
M be gag )40, gag)zga,

1
Neyay Sagay 0 { 7 (=1 (T = Brayays M)+ Fiy, 2, ) | (39)
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Algorithm 5 Balanced EFCE-OMD (OMD form; equivalent FTRL form in Algorithm 3)

Require: Learning rate 7, balanced exploration policy {u* }he[ H]-
I: Initialize A} , ~ o,a, exP{(X»q,/X)logA}, and my , ,(aplzy) = 1/A, for all
(9,24,aq, h,xzp, ap) with g < h.
2: fort_1,2,.. T do
Compute ¢t = ¢(\', m?), where ¢ is as defined in Eq. (13).
Find a uf to be a solution of the fixed point equation pt = ¢tut.
Play policy j*, observe trajectory (z},, a7}, ) ne(m]-

Form vector loss estimator 5% = {Zt #9%9 (21, an) Yapa, for each (g, z4a4) as in Eq. (23).
Tt — 7t T
Compute matrix loss estimator M Zg . Nz o (bea0ge] g,

A R o

For each z,a, € X x A, from the reverse order of z,, compute mr ay.h(@n|Tn) and Fr o

mite wlanlen) oo, my o, g (anlzn) exp {M;ZZ(C% an)

At 2 : Tkt
( Mxhah,zgag + F:rgag,zh,_'_l)}?
zh41€C(TnH,an)

~ 1 h
Epon = ————log > mb . 4(an|zs)exp {u;;h(fmah)
'ug:h(xh’ Clh) ap€A

It T, t ]
X [ Mxhahvxgag + Z ngagvxin+1 }

zp+1€C(THan)

9:  Compute \;t] as

1 N *
/\f;gr;g Xzgay /\ig‘lg exp {ﬂ ( - <I - Etxg“g ’ M > Flgilgwbg) } (41)

mwgag,h(ah|xh) Xa,, €XP {M;ZZ(IM ah)( - nMwha;“xgag + Z F;gag,xhﬂ) } (40)

zh+1€C(TH,an)
then we have —N FJ1 (M) = ¢(\,m), where ¢ is as defined in Eq. (13).

We also present an efficient update of (‘™1 m!™1) from (A, m!), which gives the OMD form of the
Balanced EFCE-OMD algorithm as in Algorithm 5. Notice the initialization of Balanced EFCE-OMD
is different from EFCE-OMD (Algorithm 4) due to the presence of the balanced exploration policy.
Algorithm 3 and Algorithm 5 are indeed equivalent due to the following lemma, whose proof is
similar to that of Lemma C.1.

Lemma E.3. Given the same sequence of M*, Algorithm 3 and Algorithm 5 outputs the same \' and
m! and thus the same ¢'.

E.3 Equivalence to FTRL and OMD

Similar as Section 3.2, we show that the Balanced EFCE-OMD algorithm (Algorithm 3) is equivalent
to FTRL with the balanced trigger dilated entropy, and OMD with the balanced dilated KL divergence,
both over the (A, m) parametrization.

We first introduce Balanced dilated entropy and balanced dilated KL divergence, and their trigger
versions as below.

Definition E.2 (Balanced dilated entropy and balanced dilated KL divergence). The balanced dilated
entropy H 32' rooted at x4 of subtree policy u*s € 1179 is defined as

*9 (zh,a
bal Z Z Hg: w(Th h; loguig(ahbﬁh)- (42)

h=g (zn,an) =z, :ug h(xha Qp,
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The balanced dilated KL divergence Dg‘;' rooted at x4 between two subtree policies ;%9 ,v%9 € I1%9
is defined as

Tg Th,ay zg
Dbal achVacg . Z Z :U‘QZ( z) log ,ugg (ah|xh)- )
h=g (zn,an)=x4 Mg h(xha ah) Vh (ah|$h)

Definition E.3 (Balanced trigger dilated entropy and balanced trigger dilated KL divergence). The
balanced trigger dilated entropy function on (A\,m) € Ax 4 X M is defined as

HIAm)=XA-HN+ Y Apya, HP (Mg,a,)- (44)

Tg

9,Zg,Qg
The balanced trigger dilated KL divergence function on (A, m), (N, m’) € Axa x M is defined as
DI ml| X m') = XA- D AIN) + > Aaya, D5y (mayay Imla,)- - (49)

g:%g,ag

The following lemma shows that the Balanced EFCE-OMD (Algorithm 3 and 5) are essentially FTRL
with the balanced trigger dilated entropy, and OMD with the balanced tirgger dilated KL divergence.
The proof of this lemma is similar to that of Lemma 4.

Lemma E.4 (Equivalent of Balanced EFCE-OMD to OMD/FTRL on (A, m)). For any sequence

of loss functions {M }i>1, the algorithm as in Eq. (24) is equivalent to (i.e. satisfy) the following
FTRL update on H[', and OMD update on D{I";:

(AL m! ) = argmin, ,, {77 <gz5()\, m), 22:1 MS> + HI(\, m)] , (46)
()‘t+1amt+1) = arg minA,m |:77 <¢(>\am)aMt> bal(/\ m”/\ m )} (47)

with 't = (AT mitl),

F Proof of Theorem 7

Here we restate the theorem for convenience.
Theorem F.1 (Sample complexity under bandit feedback). Run Balanced EFCE-OMD (Algorithm 3)
withn = /X Au/H*T and v = 2,/ X Av/ H?T. Then with probability at least 1 — §, we have the

following extensive-form trigger regret bound,

Reg'"(T) < 200V X AHAT,
where . = log(10H X A/§) is a log factor.

Proof. By the fixed point property of our algorithm, we have the regret decomposition

Reg""(T )
T
= sup — ¢t ) = sup Y (¢'u' — ¢t ul 0 = sup Y (' — " 0 (u")T)
¢,* eq;.Tr tzl ¢* E(I;.Tr tzl ¢* E‘I’Tr t:zl
T
< sup Z<¢ ¢*, M") +Z (@', (") = M"Y+ sup > (¢, M"— (" (u")T).
¢* eq;.Tr =1 ¢’( ECI)T" —1
BIAS, BIAS,

REGRET ' (T)

—~— Tr
We bound the term REGRET (7'), BIAS;, and BIAS; in the following lemmas, whose proofs are
presented in Section F.2 and F.3.
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—~— TIr
Lemma F.1 (Bound on REGRET (T')). Assume that v > 2nH. We have with probability at least
1—46/3 that

X Alog(X A?) 38nH3X Au

—~~— Tr
REGRET (T) < + 22nHT +

where . = log(10H X A/¢) is a log factor.
Lemma F.2 (Bound on BIAS;). We have with probability at least 1 — §/3 that

BIAS, < 2yH?T + 2HV T,
where . = log(3/0) is a log factor.
Lemma F.3 (Bound on BIAS,). We have with probability at least 1 — 6 /3 that

XA
BIAS, < =2°,
5

where . = log(3X A/d) is a log factor.

By these three lemmas, whenever v > 2nH, we have with probability at least 1 — § that (for
= log(10HX A/J))

X Alog(X A?)
n

Taking n = \/ X Au/H4T and v = 2/ X Ac/ H?T, we get

Reg™(T)) < 100 [x/XAH4TL + HQXAI,} .

38nH3X Au XA

+ 22nHT + +2yH?*T + 2HVTL +

RegTr(T) <

Notice that we always have the “trivial” bound RegT'(T) < HT.ForT > X Ar, we have H2X A, <
VX AH*T:, which gives RegTr < 200VHAX AT, For T < XA, we have HT < VX AHAT,
which gives Reg™ < HT < v HAX AT\. Therefore, we always have

Reg" < 200V H4X AT.
This gives the desired bound. O

The rest of this section is organized as follows. We introduce some notation in Section F.1. In Section

—~— Tr
F.2, we bound the regret term REGRET (7). In Section F.3, we bound the two bias terms BIAS;
and BIAS,.

F.1 Some preparations

Note that m! € II%s is a subtree policy rooted at z,, we define for any (Zp,, an) > z,

Tglg
h
t N t ~ i~
mxgag,g:h(xhv a’h) = H ma:gag,h/(ah/|xh/)7
h'/=g
where (Zg,ag, Tg41,Gg+1, "+ , Th—1, @h—1) i8 the unique history leading to (Zy, ap), and T, = x,.

Note that we have ¢ = >
equations give

T tot _ ot
g0y Negay (L = Era,a, + My 4 €5 4,) and ¢'p® = p'. These two

Z )‘xqaq I_ Eifﬂga Z )‘m ag /u‘m ag txgag € RXA' (48)

9,Tg,0g 9,Tg,0g

As a consequence, for any x4a,4, we have

Ny aobth aomh < >Nt = (49)

g,Tg,0g
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Here X, , € Axa, il o, = pig(7g,ay) are two scalars, mf, , € 1% and p' € II are two
vectors of length X A, and the < above is understood in an entryw1se sense.

We also define (recall that {pf } he{oyu[H],t>1 are the adversarial transition probabilities)

h—1

p'(wn) = ph(ar) [] pho(@nsalan, an). (50)
h'=1

Note that p'(x,) € [0, 1]. Furthermore, for any policy p € II and any (h, t), we have
> pan(@n, an)p (zn) = 1, (51)
Th,0h

as the left-hand side is the probability of visiting some (x, aj) in episode ¢ using policy L.
F.2 Proof of Lemma F.1

—~— Tr
Recall that REGRET (T') is defined as

—~~— Tr T —~
REGRET (T):= sup » (¢'—¢* M").
¢*€¢.Tr —1

First, we claim that

sup (—¢*, M) = sup (—¢*, M) < Fba|(M)
preDT o €<I>g'
for any M € RX4XX4 TIndeed, the equality follows from &' = conv{@gr}. The inequality is due
to the following argument: for any fixed M, the maximizer ¢z a,—m,, ., € @] specifies a trigger
sequence z4a, and a deterministic subtree policy m; 4, € II%9 starting from 4. Replacing all the
sums by this realization in the formula of Ft;ra', (cf. Eq. (21)) and F}} (c.f. Eq. (22)) exactly

gQgTh

gives F'T"(M) > = Pzgay—maya,» M) = NSUPgscqr (—¢*, M). This proves the claim.
This claim gives

T

T
—~— Tr =
REGRET (T)= sup Z<¢t7¢*,Mt>: sup (-~ ZMt + > (gt M)

p* DT =1 €T = t=1 (52)

(¢!, M') = —Fy( +ZDt

A
ctij)—‘
s o
/N
[~]
=)
N——
+
W

D' = %FJ;' (nzf:z\?) i (n ZMS) (¢t, DY), (53)

The following lemma gives bound on the initial entropy F,,(0) with proof in Section F.2.1.

Lemma F.4 (Bound on initial entropy). We have

Foi(0) = XAlog »  exp{[Xy, Alog A]/ X A} < X Alog(X A%). (54)

9,Tg,0g

The following lemma gives a reformulation of the stability term D! with proof in Section F.2.2.

Lemma F.5 (Reformulation of stability term via incremental update). We have

D' =TF'/n+ (¢!, M), (55)
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where we have

—t 1 'Y *
F=XxA log Z A;gag xp { XA [ N T]<I o Etxgag’Mt> + Fzs’:t“gvl'g] }7 (56)
g:Tgag
1 x
Fragan = = log Y mt o, s (anlen) exp {uph (@n,an)

T
lug‘h(xh’ah) ap€A

[ ’r]:u»Lgage7 ! g(xhvah)+ Z F;;ttzg,thrl]}? Y(xn, an) = xg, (57)

zpy1€C(TH,an)

lt'hah’xg“g
and (note that F;‘gag}wg (0) is as defined in Eq. (22) by plugging in M = 0)

t—1

1 1
t * *,8
Xoya, Kegay XD { 5 Fiyay iy (0) + X2 ( — I = Braya, M)+ Fii 2 )} (58)

u-

-1
h ) )
oy nlanken) o, exp (st @n,an) 30 (= nps o G5 @nan) + D0 Fi
s=1

Th41€C(TnH,an)

_1:
ThAh Tgag

(59)

To upper bound D?, note that by Lemma F.5 we have
D' =T /n+ (¢, M")

XA 1 —~
<¢t Mt> * T log Z )‘z ag exp {ﬂ [ - 7}<I - Etxgag + mi’gage;rga.q’Mt> + Atfqaq] }’

97wyag

where Af , “is given by

t _ *,t txga
Azgag . Fmgag Tg +77< :rgaglu’:ngag A g>

_F*t + < Mt> (60)
wgag,;rg 77 wgag wgag

Note that —n(m tzqaquigag,zt’zgag> is the linear term in the Taylor expansion of F;(, . = over

variable #¢ at 0, so Al

2,a, ¢an be understood as the nonlinear part within F7; ¢ . By convexity of

Tglg,Tg
Frt , as afunction of (t, we have AL__ > 0. Furthermore, we have the following almost sure
9%g:Th TgQg

upper bound of sup, . Atmgag with proof in Section F.2.4.

Lemma F.6 (Bound on sup,, , ,_ ). We have for all t € [T that, almost surely,

$gag

1 2n?
— Al < L H?.
XA giz%g Tgg — 72

Given this lemma, we further assume that v > 2H1 so that ﬁ SUPg 4.a, A;g% < 1. Now we use
elementary inequalities log(1 + z) < x and
e_””"’“’gl—(m—c)—i—g(x—c)Q <l—(z—c)+e(@®+c?), Vr>0,c<1,

and (taking ¢ = AL for each (g, z4a,) below) we get

Tglgqg

IOg Z )‘ Tgag exXp {XA[ 77<I - Eizgag _’_migage;l'ga ’ >+ A; aq]}

g,Xgag
Z A;r:(ag eXp {XA [ <I E>'1g‘19 + mmgag ;rgag > + Atzgag]} -1
g,Tgag
{gz AI 9% (1 + ﬂ[ n<I B Etxgag + miga.‘?ezg > + Aiqaq]
Tglg
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e
+X2A2[ <I EVEG +mm gQg math> (Atrqaq)]}_l
= = M) - DN LA
ngJ“g
2
X2A2 Z Aig“a( I E>'1 9%g +mlgage*9ag Mt> + (Atxgug) )
g,Tgag

This gives that

t ot t
D S Z )‘xgag zgag XA Z zgay( I E>Igag +mx gQg xgag M> (Amgag) )

g Tgag 9,Tgag
() 1
At
s - Z >\7'gag Tglg (1 - ﬂ S;u()z Arga9> Z AT ag (I - Eraya, +m7"9“q Tgag M >
g ,Lglg 9 9 Tglg
(i1) 4 " en t T A7t 2
S - Afga_q Tgag Z )‘:cqaq Ii Etmga'q +mmgag€xgag7M > '

9,Tgag ‘ngag

I II;
(61)

Above, (i) used A;gag > 0, and (ii) used Lemma F.6 and v > 2nH.

Next, we use the following lemmas to bound Zthl I; and Zthl 11, with proofs in Section F.2.5 and
F2.6.
Lemma F.7 (Bound on Zthl 1;). With probability at least 1 — § /10, we have

a 32nH3X Au

th < 16nH3T 4+ ————|
t=1 v

where 1 := log(10H/¢) is a log factor.
Lemma F.8 (Bound on ZtT:l I1;). With probability at least 1 — §/10, we have

T

HXA
ST < 6nHT + OnH x4
t=1 v
where 1 := log(10X A/0) is a log factor.

Combining Eq. (52), Lemma F.4 and F.5, Eq. (61), and Lemma F.7 and E.8, we have

X Alog(X A?) 38nH3X AL
n

Tr
REGRET (T) < + 22nHAT +

with probability at least 1 — /3, where ¢ := log(10X AH/¢) is a log factor. This completes the
proof of Lemma F.1. O

F.2.1 Proof of Lemma F.4

Proof of Lemma F4. By the definition of balanced EFCE log-partition function (see (21) and (22)),
we have

F0) = XAlog Y exp{ o100, 0]},

g,Tg,0q
where for any x), = x4,
* 1 h
Fmgag,zh (O) = hhilngeXp {M;h(mhaah)[ Z F;gag@h,_'_l(o)]}' (62)
/JJ!J;h(Ih7 ah) ap zh4+1€C(xTh,an)
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So we only need to prove that F; , . (0) = X, Alog A. In fact, we can use backward induction

to prove the following: for any xz, € X; and x5, € Ci(z4), we have

Fr. . (0)= ZH: Co@nl 4106 4 63
- g A, ( )

Tgag,Th *:h’
o M1 (Th—1, an-1)

(with convention u;;g_l = 1) where xj,_1, a1 is uniquely determined as x4, < (xp—1,@n—1) < Th.
Itis easy to see that, choosing z), = x4 in (63) gives F; , . (0) = X, Alog A.

Next we prove (63). We use backward induction on h. When h = H, from (62), for any zy €
Cr(zg), we have
. 1 1
F%aw:H (0) = T o log A = e Alog A.
/J“g:H(‘rH7a’H) :ug;H_l(xH—la am-1)

This proves the base case.

Now suppose (63) is true for h + 1 where h € [g, H — 1]. By the recursive formula and the inductive
hypothesis, for any x;, € Cp,(z4), we have

F;gag,xh (O)
1 h
= Wilogzexp {,Uf;;h(xhyah)[ Z F;gag,mh+1 (O)]}
Mg:h(mh’ an a, Thi1€C(Th,an)
- *h Lovleniil g1oq 4
= —=m ogZeXp ug:h(xh,ah)[ Z Z N 08 ] ’
:ug;h(xh’ a’h) ap $h+lec($h ah) h'=h+1 ,LLg :h Th; ah)

Then by the definition of the balanced policies (E.1), we have

Z IChr (2h 1)
*,h’
Th4+1€C(ThH,an) ’ug :h (xh’ ah)

Danirecanan) S0 (@na)lCu(wn)| |Ch ()|

o (Tho1,an-1) Chr(wnsan)l il (an—y,an-1)

)

which is also independent of aj,. So we have

FL oy, (0)
1 S [Cr (n)|
= ———log {A.exp {M;Z(azh,ah)[ Z . )AlogA]}}

*,
,ug;h(xhaah) h=h+1 ,Ug:h,]_(‘rh—laah—l

H
IOgA Ch/ Th
—~h. T E *7h,| ()] Alog A
”g-h(x’“ah) ot Pyin—1(Th-1,an-1

= Z I |Ch/ (zn)] )AlogA.

h =h :u’gh 1 mh 1,ap—1

This proves (63), and thus we proved the first equation in Eq. (54). The inequality in Eq. (54) is
direct since exp{[X,, Alog A]/X A} < A. This proves the lemma. O

F.2.2 Proof of Lemma F.5

Proof of Lemma F.5. We only need to verify that

: bal( ZMS) bal( ZMS) (64)

can be computed via recursive formulas (56)-(59).
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For any xga4, 1, = 24, define

t t—1
G;jag,xh, = Fm*ga_q,mh (nzﬂs> - Fz*ga_q,zh <772M8> .
s=1 s=1

By the definition of F , . asinEq. (22), we have
*,t _ 1
Tgag,Tp

ty.p, (T, an)

A : v ;
‘1 ZahGA exp {lj’g:h(xh7 ah) X {F::gag,a:h (0) + Zs:l [ - nM:;L’Shah,a:gag + Zzh_HEC(rhah) G;;ag,a:h+1] }}
og

h t—1 'Ye s
Zah €A exp {u;h(x}“ ah) X {F;gagvrh (0) + ZS=1 [ - nMxShah,mgag + Za’,'thl eC(xpan) G;gsagva:h-%—l] }}

1 h ~
= mlog Z ntwgag,h(a’h|xh)exp {M;h(xmah) x [ - nMihah,azgag + Z G;jagawhﬂ] }’
g:h ’ ap€A Th41€C(zRan)

where

h
0y n(@nl20) Xy exp {1k (@n, an) F g, 2, (0)

t—1
*,h § Ars § : *,8
+ 'ugih(xh’ an) ( - anfiLahﬂ?gag + ngagvxlz+1) }
s=1 zh+1€C(Th,an)
Because ;L;Z(rh, ap) and I , . (0) are independent of ay, for any (25, an) = (24, ag) (see proof
of Lemma F.4), we have
t—1
t *,h E A7s E : *,8
nmgag,h(ah|xh) Kay €XP {Mg:h(mlh ah) ( - anhah,ang + Ga:gag,zh,+1) }
s=1 @h41€C(Th,an)
*,t *,t . .
So Gy &, and F00 o (cf. Eq. (57)) have the same recursive formula, which means that
*,t _ *,t
Grrayen = Fila, a, forany zgaq and xp, = .

Finally, by the definition of F asin Eq. (64) and the definition of F\[|, as in Eq. (21), we have

=17

F
gy P { [ = (= Braya n M) + F L (1300 )]
s trog Zremes OP U3y, 00 2 {27 [Tl (ST = Py, 0 30 + 75,0, )1
2og,,ag XP {ﬁFg?gag,xg (0)} exp {ﬁ[ZZ;ll (—([ — Byya,,n M) + Fi;ig,xg)]}

1 —
= XAlog Z /\twgay oxXp {XA[_MI N E?““’g“s’Mt> + F;;zw””g]}’

g,xgag
where
1 1 & ~
Xeyay agay P { =2 Fo 0, 0+ 57 2 (=L = By, M) + F25, L, ) |-
s=1
This proves the lemma. O

F.2.3 Bound on Al _ via Hessian

The following lemma can be proved similar to Lemma D.11 in Bai et al. [6] by calculating the Hessian

of AY _ with respect to 1999 This result is the starting point of both Lemma F.6 and Lemma E.7.

TgQg
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Lemma F.9 (Bound on A;gag ). We have, almost surely,

t 2 h” t t tot t toot
Axgag <2 E E Ng :h!! (@hyr, aj)m :I:gag,h”Jrl:h’(mh”a’h’)m:cgag,g:h(mh’ah)
g<h<h'<H h'=g

Jtxgag ot t\ b Tgag
x £y (xhv ap)!

W @heaiy) - (e, )* L { (@h aly) = (), ap) = @}

2 t t 2
<27 E : § : § : /u’q h” 'Ih” ah”) xgag,h”+1 h! (I}L' ah’) ;cgag,g:h(xh7 ah)(:uxgag)
g<h<h'<H h''—g zp ap

1{z}, a}, = zp,an}
(15, (@ns an) + 1y @ny an) + gl o ml o (@hy an) 1 {an = z,}))
1{z},,a}, = xp,ap}
(B (s ane) + (s (@nrs @) + il gl o o (@ne an )1 {ns = 24}))
x L{(zn,an) = (zh,an) = x4} .

X

Proof. First, notice that F7;: ta .z, has a similar form as =! in Appendix D.6 of [6] with three minor
differences:

. mtwgag) ,, is used instead of their p}, for layer h,

a ? 9% js used instead of their Kt for layer h,

g9Qg

» We terminate the induction argument earlier at (x4, a4) instead of the root of the full tree.

Therefore A’; ag defined as below (cf. (60)) is exactly the non-linear part (i.e. remainder term of the

first-order Taylor expansion with respect to u;g%ﬁ@g% around 0) within F, ; ta oy

t I *,t Ttxga
Axgag T Fx gQg,Th +77< xgagp’:vyag ﬁ’ g g>'

Further taking the above differences into account and following exactly the same analysis as in
Appendix D.6.1 of [6], we get the first inequality as claimed. The second inequality follows by

definition of the loss estimator Zth’gﬂ" 9 in (23). O

F.2.4 Proof of Lemma F.6
Proof of Lemma F.6. By Lemma F.9, for any x4a,, we have

At

Tgag

§ 2772 Z Z Z Iu‘g h” .’ﬂh// ah”) zg g,h"+1: h’(xh' ah’) my aqgh(xh7ah)(:utzgag)2

G<h<h/<H h''=g T/ ap
1{z}, a}, = zp,an}
(1 (s an) +(uyn @n, an) + gty ml o (s an)1{@, = 2g}))
1{x},,a}, = xp,ap}
(1 g @y ane) + (s @y ane) + st o (o an) 1w = 24}))
x 1 {(th an) = (Th,an) = 24}

X

2 § § : § : t t 2
< 277 :ug h” ‘Th” ah”) wJag,h”+l h’(‘rh' ap’ ) mgag,g:h('rh7ah)(:umgag)
g<h<W <H h''=gps,a,

l{mz’az :xhﬂah} % 1{‘1‘2/70‘2’ :xh’vah’}

t t *,h’
fy‘uxgagmwgag)gih(zh’ ah) Y g ('rh’a ah’)

X 1{(zp, an) = (xh,an) = 24}

34



2 2 'U, ,u' h” Th', ah//) NYEST h’( h's ah/)
Uy oy oy el 1{(e,an) = 74

T g<h<n<n h”:g B ag 1wy (@ an)
(i) 2
2w vy

’Y g<h<h'<H h''=g xps,ap

5 t
Hl:g—l(‘rg_l’ ag—l)ﬂg;h” (l'h//7 ah”)mmgay’h’url:h’ (l'h/, ah/)l {(xh'a ah') = LEg}
*,h’
lul:h’ ($h/, a’h/)

(i) 277

h
< ? Z Z XA

g<h<h'<H h''=g
2
< L HX A,
gl
Here, (i) uses that
N’fvgag = :u’tlzg(xg’ a’g) < :u’i:gfl(ngl’ agfl)’
and (ii) uses the property of the balanced policy as in Lemma E.1, and observing that
7h”
uﬁ:g—l(xg—la ag—l):u;;h” (J?h//, ah”)migag,h”-&-l:h’ ('rh’a ah’)l {(l’h/ 5 ah/) b l‘g}
is bounded by some sequence form policy over steps 1 : h/.
Taking supremum over x4a,, we get
1 21>
— sup AL <=L H?
XA g, Ig%g Fote 72

This proves the lemma. ]

F.2.5 Proof of Lemma F.7
Proof of Lemma F.7. We first upper bound I;:

It §877 Z Z Z Z zJagMg h” xh" Cbh//) ;Jag7h"+1:h’ (xh'7a’h')m;gag,g:h(xhaa’h)(:u’txgag)Q

g<h<h'<H h'"'=g xpr,apr xgay
1{z}, al, = zp,an}
(1 (@ns an) + (o @ny an) + il o ml o (@ns an)1{an = z4}))
1{z}, al, = zp,an}
(i (s anr) + Y (s @nr ane) + i, o o (@nr an )1 {mp = 24}))
X 1{(th ap') = (Th,an) = T4}

X

%)877 > Z > Mq wo (@, apr)m Mg a hs1i (Ths Gn ) iy o, 110 (T, an)
g<h<h!<H h''—g xp/ ap Tyag
1{z}, al = zp,an}
(. (s an) + Yy @n, an) + gt mb o (@, an) 1 {z, = 2g}))
» 1{z}, al, = zp,an}
(e (s anr) + Y (s @nrs ane) + il gt o o (@nr an )1 {mp = 24}))
X 1{(xh1 ap') = (xp,ap) = x4}

=YD D Db Db Syt LTI

g<h<h/<H h''=g Tp,1,a1 T4a,
1{.’172/,61,2/ = xh/,ah/} x 1 {(xh’7ah’) t (;I;}“ah) t ;(;g}
b
(/ug_;h’ ('I:h/? a’h/) + ’Y(:u‘]f;h’ (.Th/, ah/) + /“thgag mt;pgag,g:h’ (J"h/7 ah/)]‘ {xh/ t xg}))

X
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h'
*,h' t t
§877H E E E E Ug;h/' (xh”vah”)mxgag,h”-i-l:h’ (xh’aah/),uxgag

g<W<H h''=g zyr,a5s T4aq
t t
1 {.’Eh,, Qpr = Tht, ah/} x 1 {:L'h/ > (Eg}

lu’ﬁ:h’ (‘rh'7 ah') + ’Y(IU/?Z: (xh/’ ah') + /’thgag migag,g:h/ (mh/ ) ah'))

.. h// —
D ST ST AL e

g<h <H h'=g

X

Here, (i) used the fact that Aj, , my . o, (Th, an)iiy,q, < 11.,(%n, an) as shown in Eq. (49).

Moreover, in (ii), we define for any g < h” < h/:

At o } : 2 : *,h" t t
Ag)hlﬂhu = 'ug:h” (.’L‘h“,ah”)mwgagyh//dFl:h/ (.’L‘h/,a/h/)/,l/mgag
Th!,Apt Tgag
t t
1 {:zzh,,ah, = zh/,ah/} x 1 {xh/ ~ Ig}

o ’
/'l’)i:h/(xh’ ’ (lh/) + V(Mih: (xh/ ) a’h,) + /Jégag mtmgllgvglh’ (xh/7 ah/))

X

Observe that the random variable ﬁtg’ n po satisfies the following properties:

* Al < X A7y almost surely: We have

12

h
1 Z ngag ’u';:h”(xh”’ah”)mtzvgag,h”Jrl:h’(xh’vah’)utmgagl{xh’ = xg}

At
Rgnwr < = —°
v TptyQps Hy:p (xh’ ,an)

Notice that (for this fixed g, h'")
*,h" t t
Z p’g;h” (xh“7 ah”)mxgag,h”-i-lzh’ (l'h/, ah’):uxgag 1 {xh/ = ZZ?g} (65)
Tgag

is the sequence-form of a certain policy at (z/, an’), where the policy is defined as follows: First,
take policy yf., and arrive at some x, € X;. Let a, be the action sampled from p!,(-|z,). Then,

starting from x4, discard a4 and instead take policy u;;ﬁﬁim;g% w41, until the end of the
game. One may check that the sequence-form of this policy is indeed given by (65). Therefore,
we have Al , ;. < Xjs A/~ by the balancing property of u’{jz, (Lemma E.1).

. E[ﬁ;h,,hﬂft,l] < 1: We have
]E[Ag,h',h”LFt—ﬂ

1"
<O i @nean)ml o g @ an) o P ()1 {an = ag} = 1.

Tpt,Apt Tglg
Above, the last equality used again the fact that (65) is the sequence-form of a policy.
. E[(ﬁg7h,,h,,22|ft,1] < Xy A/~: Note that ny,h',h" is non-negative, so by the almost sure
bound that Af],h,7h,, < Xy A/, we have
E[(gg,h/,h”)zu'—t—l] < E[Z;h’,h“|ft—l] X Afy < XAl

By Freedman’s inequality (Lemma A.2) and taking the union bound, with probability at least
1 —3/(10H?) and some fixed A < /(X A), we get

T
~ AXp AT 4log(10H/o
STAL o ST+ ’; + Og(}\ /9.

t=1
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Taking A = /(X A), we have

T

Z &tgﬁ/ W S oT + 4Xh/AlOg(10H/(5> .
A 0%

t=1

Finally summing up A; pe e OVer g, hy h'" and taking the union bound, we have with probability at
least 1 — §/10, we have

T
32nH3X A
3L < 1epET + T2
t=1 v
where ¢ := log(10H /). This proves the lemma. O

F.2.6 Proof of Lemma F.8

. . . . it _ t "%7 T
Proof. First, recall thE}t the matrlx loss estimator is defined as M* = Zg’mgag 1 pa, "0 0],
and the vector loss estimator is computed by

1{(z},,a}) = (xn,an)} (1 —1})
*,h :
1 (@, an) + (03 (@ns an) + w0, MG o0 o (@nsan)1{an = x4})

Zth’mgag (th, ah) =

We define a vector ¢! = {572(50;“ an)}(zn.an)exx A € R)ggl as

gt (xh ah) 1{(mhaa’h) (xhaah)} (1_702). (66)
, Ml:h(xh’ah) + ’yuij(wh,ah)

Then we have for any (¢, zga4), (2, ap) that

7t
eh;vgag (a:h, ah) < eZ(JZh, ah).

Then (I — Ery 0, + ngag Igag , Mt> can be upper bounded as follows:
<I E>z ag +mz glg m aq Mt>

_ t t Ttxgag T
- <I - Etwgag —+ mwgagewgag7 E :u’xhahg e gea:hah>

h,zpan
<I E>x,ag +mxgag wgag Z Mwhah $hah
h s Lh,ap
Gt T t ot
<¢$gag_>mmjag’£ (M ) > - <¢x9a9—>m;yay'u X >

= Z > (P2yag—me 1) 1:n (@, an)l, (Thy an),
h=1 h,l‘h(l.h
where we have used ¢ q, mt ag = I—FEryja, + migag ezgag to denote the EFCE modification
triggered at (x4, ay) and then playing the policy mx a, Also, (I = By a, +mxgag xgag Mt> >0
as both matrices have non-negative entries. As a result we get that

T t\2
Z Z /\wgag I E>_$9a1 +m93g“1 Tgag) M>

t=1g,xgay

Y Y oo (@0, 1T

t= lgzjag

Sy Y, YOy %

t=1 g,x4a4 1<h<h'<H xh,an (7,051 )EC, (Th,an)

37



1) 1en (@, an) 1 {(2},, a,) = (zpr,ap)} - (1 —rp) - (1 —17,)
*,h/

(1, (@ny an) + Vg (@ny an)) (g (@ney ane) + vy (2, ans))

Nt)rh(xhaah)

r A (Gayayorms, . 1O _
<2 Z Z Z Z Z xga;r:zxm ah) Ez, (xh/, ah/)

1<h<h’'<H t=1 zn,an (zr,a,/)ECLI (Th,an) 9:Tgag

PP D DD DR T

1<h<h<H t=1 xn,an (x,/,a5,/)ECy (Th,an)

T
<2y Y Lulow,aw)
t=1h',xpr,ap,
e log(10X A/
<20y > (aw,aw)+2H %
R xyr,an Vﬂlzh’ (J?h/, a’h’)

t=1h',z,r,apy

(¢mgag —mt

Tgag

<1

(#47)

< 2HXAT +2H Z Lo Xp Ay

h' YLt ,Apt

<2HXAT +2HX?A% /.

Above, (i) uses that u' is the solution of the fixed point equation y = 3= vy Ayay (I = Brya, +
mi .. wgag),u, (i3) is by [6, Corollary D.6] for each (', 2/, ap/) with probability 1 — §/(10X A)

and a union bound; (iii) uses Nl; b (l‘h/, ap') > 1/(Xpr A) by Corollary E.1. Therefore, we have with
probability at least 1 — §/10 that

T
ZHt ~ XA Z Z /\mgag (I - E>'7”gag +ngag ;ryag Mt>2
t=1

t=1 g,xgay

6—7174 (2HX AT + 2HX?A%1/~) < 6nHT + 6nHX Av/7.

This proves the lemma. O

F.3 Bound on two bias terms

Proof of Lemma F2. First, recall that the matrix loss estimator gives M?® =
t t, T . .
> g1z P a,t7"9" €4, q, and the vector loss estimator is computed by

1{(x},a;,) = (zn,an)} (1 —1})

*,h :
,U/Yi:h(l'h, a‘h) + ’Y(/”Ll:h(xhv a’h) + Mtzgagmfpgag,g:h(xh’ ah)l {ifh = fﬂg})

Zt}iwgag (xh’ ah) =

Then we decompose BIAS; as

T

BIAS; = Y (¢!, ¢'(u")" — M)
tTl N . N N
=3 (¢l (u E[th,l})+Z<¢21E[Mt\ft,1] ~ MY,
t=1 t=1

(4) (B)

We first the second term (B) by Azuma-Hoeffding inequality. Recall the definition of (* in (66). We
immediately have ¢/%:%s%s < (* pointwisely, so we can upper bound (¢!, M*) by

(@', M) < (¢, > b, lel , )= ('u 0" = (u', 0"),

9:%g,ag
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where the last equality comes from fixed point equation p* = ¢*ut. Then we have
<¢t M) < (' 0

- Z Z (., (@, an) 1{(z},ap) = (zn,an)} - (L=1})

T
he1 oo g, (@n, an) 4+ yui, (Tn, an)
< Z > o =ajan=ay} = Zl—
h=1zp,an

As a consequence, by Azuma-Hoeffding inequality, with probability at least 1 — ¢ /10, we have

T
3 <¢21E[1\7t|ft,1] — M*) < H\/2T10g(10/3) < Hv2T..
t=1
Then we turn to bound the first term (A). Denote (©%s% = E[Z’f’%“ﬂft,l} and plug in the

definition of /t:%9% , we get
<¢t’€t(ut)'l' _ E[Mt|ft71}>
=@ T = D (S ke, O e )

9,Tg,0q

= Z <¢tezgaguigag’€t7£t,zgag>'

9,Tg,0g
Note that by the definition of the loss estimator as in Eq. (4), we have
—
(@, an) = p'(xn)[1 — Ry (zn, an)] < p'(an),
where we recall the definition of p*(zy) in (50).

Moreover, the £%%9% (x,, ap,) is related to ¢} (xp,, ap,) by a rescaling

ét’myag — Iu‘i:h(xfﬂ ah)EZ(l’;“ ah)

(Ih’ ah) Tt *,h t t .

'ul:h(xh’ an) + 7(Ml:h(xhv ah) + lu’l?gaymitgagyg:h(xh7 ap)l {xh = mg})

So we get

(@', ¢ ut) T — B[ M| Foa])

Do D Hoga, (@ ea,a,)n(zn an)
9:Tg,ag h,xp,an
Jh
,Y(M;:h(xh’ Clh) + l’[’twgagm;’gag,g:h(xh’ Clh)]_ {'rh t xg})f%(ﬂ?h, ah)

0
155, (@ns an) + (3 (@h, an) + 1k 0, M o on(@h, an)1{@n = 2g})

t t *,h t
<y Z Z Hgya, (¢ ea:gaj)l h(x}u ah)ﬂl h(xha ah)p (xh)

9,Tg,ag h,xp,ap /1’1 :h m}“ah) +’Y(IU’1 h(xh’a’h) + /j‘:z:gagmtz ag,g: h(x}“a’h) {th t .I'g})

4y Z Z /J‘zgag (¢ emgag)l h(m}H ah)p’x gag ;ttgag g: h(‘rh? ah) {xh e .Z‘g}pt(l'h)
9,Tg,ag h,xp,apn 'u’l h(xh7 a’h) + ’Y(/’Ll h(mh’ ah) + /J’mgagmgcgag g: h(mh? ah) {th i l‘g})
The first term admits an upper bound

UDIEDY Haya, (9'€s, “Q)M(Ih’ah)uﬁ(%ah)p n)

ﬂl h(mh , ah)

h,xh,an §,Tg,0g

@ (i4)
=y > win@n,an)p!(zn) = yH.

h,xp,an
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Here, (i) uses u! = ¢'ut and (i7) uses Eq. (51).

The second term can be upper bounded by

t t t t t
P ga, (@' €xyay )1 (Ths Q) e 0, M a g (Thy @R )D (Th)
DD

ph, (xn, an)

h,xh,an gv-'l/'gvagvl'htl'g

t t
Mo, (@ €zya,)1:n(Th, an)
S v Z Z e — ’ Z 'U/twgaymtwgayvg:h(xh’ah)pt(xh)

,Ltﬁ:h(l'h, ah)

h,xh,an g’fg’agymhimg g,rg,ag,mhizg

<z Z Z Mi’gagm;gag,g:h(xhﬂa’h)pt(xh)

h,Th,an §,Tg,0g,Th=Tg

h
Y Z Z Z Mi;gagm;gag,g:h(xh7 a’h)l {xh = .Z'g} ’ pt(xh)

h,xp,an g=1Tga4
— t t t
=7 E E E ngagmxgag,g:h(xh7ah)1 {xh = .’Eg} P (xh)
1SgShSH Th,Ah Tghg
(i)

< ~HZ
Here, the inequality in (i) also uses u'! = ¢'u?; (i) used the fact for any fixed g,
> zyay Haga,Maya,,g:n (Ths an)1{@n = 4} is the sequence-form of a policy, similar as (65).
Taking summation over t = 1,2,--- T, we have

(A) < 2yH?T.

Combined with the bound on (B), we have with probability at least 1 — §/10 that

BIAS, < 2vH?T + 2HVT..
This completes the proof of this lemma. O

Proof of Lemma F.3. Recall the definition of /tin (66). We have (twgag < ot pointwisely, so we
have

<¢*7Mt _ ft(,ut)T> — <¢*, Z ét,xgag’u;gagelgag _ Et(ut)T>
g:Tgag
< (o, () " = )T = (¢t = ).
Then we can get that with probability at least 1 — §/3

T
BIAS, < max <¢*,J,Zt _ et>
(b*E‘I’T' et

= max ZZ Z (* 1) 1.0 (T, an) {éh(xh,ah) 14 (Jﬁh,ah)]

* Tr
pred t=1 h=1xp,an

= o Sy Y W), (i, an) = € (. an)|

Tr
S I sl an.an 7/~L1h (zh,an)

— max Z Z (" 1) 1:n(2n, an) ZWhh T, ap) [éh(a:h,ah) éh(a:h,ah)}

* Tr
PR T dhan Wilh(xhvah) t=1

(@) log (3XA/5 )u:n(zh, an)
: a3 3
h=1zn,an Nlh (zn, an)

(7.1) L

ZX A=XA/y,

where (i) is a hlgh probability bound by applying Corollary D.6 in Bai et al. [6] for each (z},, ap) and
taking union bound, and (ii) is by the balancing property of ;**". This proves the lemma. O
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Algorithm 6 OMD (FTRL form)

Require: Learning rate n > 0.
1: fort=1,2,...,T do
2: Compute j}, (ap|zp) and F in the bottom-up order over z, € X

sztl (ah|xh) Xay €XpP { -n Z;;ll 62(1‘}“ ah/) + th+1 eC(xn,an) F£;L+1 }’ (67)
t—1
F;h = log Eah, exp { - 25:1 G (@n, an) + th,+1 €C(zn,an) FlEhﬂ } (68)

3: Receive loss 0 = {£} (xn,an)}(ap,an)cxxa € RIS

G Equivalence between Vertex MWU and OMD

G.1 Proof of Theorem 8

In this section we prove Theorem 8. Our proof is based on Algorithm 6, which is just (the efficient
implementation of) the standard OMD algorithm with dilated entropy regularizer in FTRL form [35].
Indeed, Lemma G.3 show that its output policy {ut}t21 is the same as (26). Then, Lemma G.1 & G.2

show that its output policy { Nt}tgl is the same as (25). These together imply the equivalence of (26)
and (25), thereby proving Theorem 8.

The rest of this subsection is devoted to stating and proving Lemma G.1-G.3.

Remark on optimistic algorithms As pointed out in [25], Theorem 8 does not depend on the
concrete values of {ft}t21. As a result, the equivalence also holds for the optimistic version of the

algorithms (where the algorithms are fed with loss functions {2¢* — ¢*=1} _ . with £° := 0) which

achieves an faster O(poly(log T")) regret. In words: The Kernelized OMWU algorithm of Farina
et al. [25] is equivalent to an Optimistic OMD algorithm with the dilated KL distance.

Lemma G.1 (Conversion to log-partition function). Define the log-partition function F¥ : RX4 — R
FY(0) :=1og 3, ey exp{— (v,0)}. (69)
Then update (25) has a closed-form update for all t > 1:

ng\) exp {*77@122;1 ZS>}’U

b= —VFY (i) = — : 70
m (UZH ) ST e (70)
Proof. By (25),
S pexpi{—n (v, S0 ) v =1
w=3 plo="=2 < tfl > = -VFY (77265).
: 5, exp{—n (v, 02 £0)} =
O

Lemma G.2 (Recursive expression of IV and VFY). For any loss matrix { € RX4, the log-
partition function can be written as F¥ ({) = Fy({) where Fy, (£) :=10g > oy, exp{— (v,0)}

can be computed recurrently by F,,, . (-) = 0 and
th (f) = log Zah exp { - Zh(x}w ah) + thHEC(xh,ah) Ffﬂh+1 (E)} (71)
Furthermore, define a (sequence form) policy p by
plan|zn) a, exp{ —ln(Tn, an) + X0, ecanan) Foni (4)}7 (72)
then we have
—VFY(0) = p. (73)
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Proof. We first show (71). Using the structure of V",
F,, () =log Y exp{—(v,0)}

veVTh

=log Z exp{ — lp(zh, an) + Z Z exp{—(v,f)}}.
ap€As, Th41€C(TRan) veEVThtl

=log Z exp{ —lp(zp,an) + Z th+1(€)}.
ap€Ag, Th41E€C(zRan)

Next we show (73). Taking the gradient,
- VE Th (E)

Z(lhE»Axh exp { - gh(mfﬂ a‘h) + Zrh+1€C(l‘h(lh) Fxh,+1 (6)}[61’115% - ZthrlEC(mhah) VFl’h-H (e)]

e, o { —lulenan) + o, s cotmpan) Fona (O ]
= Z pn(anlzn)(€xya, + Z (=VFu,,1)(0)].

ap€AL, Th41€C(zRan)
For any x, repeat the above process along the treeplex, the contribution of the production of p(+|-)
will be the sequence form. As a result, —V ' (¢) = u, which completes the proof. O
Lemma G.3. The policy ut in Algorithm 6 is the optimizer of the optimization problem
t—1
arg min [77 <u, > €S> + H,, (u)]
s=1

HEII®h

for all xy, simultaneously. Furthermore,
t—1 t—1
i (0 Sy | = r (550
s=1 s=1

The result is known in the literature (e.g. [35]) and its proof is similar to Appendix B of [34], which
focuses on the special case when the loss function is the bandit-based loss estimator (19):

1{(z},a}) = (xn,an)} (1 —1})
Py (xhyan) + 7y .

O (zh,ap) =

For completeness, we include a proof for any generic loss vector £ € R¥4; Lemma G.3 follows by
taking £ = 1 3"t 45

Proof. We prove by induction for h = H,--- ,1. For h = H, since there is no further decisions
to be make, this is just a linear optimization problem with entropy regularizer on simplex. As a

result, pp(ap|rm) Xapy exp{—Lu(zm,am)} as desired and the minimum is —log >, exp { —
Ci(wm,an) p = ~Fuy (0)

If the claim holds for levels after /4 1, consider the h-th level. Plug in the optimizer after the & 4- 1-th
level, the optimization problem in the sub-tree rooted at x;, becomes

argmin | pn(anlen) [ a(en,an) = D0 Fu (0 | + H(pa(lan)) |,

€m”h
H an Th41€C(THan)

which is again a linear optimization problem with entropy regularizer on simplex. As a result,
pn(an|zn) Xa, exp{—Cn(zn,an) + 3 ., cc(znan) Fonsr ()} as desired and the minimum is

—log Zah exp { - gh(xhv ah) + th+1 eC(znan) F$h+1 (6))} =—Fy, (5) 0
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G.2 Equivalence between OMD implementation and “Kernelized MWU” implementation
of Farina et al. [25]

Farina et al. [25] design another efficient implementation of the Vertex MWU algorithm (25) via
the “kernel trick”, which they term as the Kernelized MWU algorithm (Algorithm 1 in [25]%). As
Theorem 8 shows that Vertex MWU is equivalent to standard OMD, the Kernelized MWU algorithm
is also equivalent to standard OMD.

In this section, we further show that the implementation in Kernelized MWU is also “equivalent” to
the standard linear-time implementation of OMD (Algorithm 6), by showing that the key intermediate
quantities in both implementations are also equivalent.

Since the notation used in [25] is slightly different from ours, we first describe their key intermediate
quantities using our notation. Their exponential weight b* € RX4 is defined by

t

b (zp,an) = exp{—n Z 0 (zp,an)}

s=1
Then, their kernel function K : R¥4 x RX4 — R is defined by
;Lg b b/ Z Z l’h, ah Z‘h, Clh)
vEV®I (zp,ap)EV

where (zp,,ap) € v is a shorthand notation meaning that (z, ay) is such that vy.; (zp, ap) = 1.
We will also use 1 € R*4 to denote the all-ones vector in RX4. [25, Proposition 5.3] shows that the
output policy u! of kernelized OMWU can be written in conditional-form as
bt_l(xhvah) thJrleC(:vhah) Th1 (b 1)

Ky, (071,1) .
The key step within Farina et al. [25]’s Kernelized MWU implementation is the recursive evaluation

of the quantity K, (b'~1, 1) in the bottom-up order over x;, € X, whereas our Algorithm 6’s key
step is the recursive evaluation of F; , in the bottom-up order over xj, € A}, in (68).

wH(anlen) =

The following proposition shows that these two quantities are exactly equivalent, thereby showing
the equivalence of the two implementations.

Proposition G.1. We have for all xy, € X and all t > 1 that

Kwh(bt_l, 1) = eXp{F;jh}.

Proof. We prove this by induction forh = H = 1,--- ,1. Forh = H + 1, K, (b'"!,1) = 1 and
F;h = 0 by definition. If the claim holds for i + 1, then by Theorem 5.2 of [25],

’ﬂh bt 1 1 ZeXp{ UZE I’haah H Th+1(bt ! 1)

Th+1E€C(zHan)

:ZQXP{*UZfS(Ih,ah)JF Z Fo )
an s=

Th41€C(THan)

= eXp{FaL';’I b

Their Algorithm 1 is an optimistic algorithm with a “prediction vector”. Here we are referring to their
non-optimistic version where the prediction vectors are set to zero.
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