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ABSTRACT

Dynamical generative models that produce samples through an iterative process,
such as Flow Matching and denoising diffusion models, have seen widespread
use, but there have not been many theoretically-sound methods for improving
these models with reward fine-tuning. In this work, we cast reward fine-tuning
as stochastic optimal control (SOC). Critically, we prove that a very specific mem-
oryless noise schedule must be enforced during fine-tuning, in order to account
for the dependency between the noise variable and the generated samples. We
also propose a new algorithm named Adjoint Matching which outperforms exist-
ing SOC algorithms, by casting SOC problems as a regression problem. We find
that our approach significantly improves over existing methods for reward fine-
tuning, achieving better consistency, realism, and generalization to unseen human
preference reward models, while retaining sample diversity.

Base model (Flow Matching) w/ Guldance Adjoint Matching (Ours)

Figure 1: We introduce Adjoint Matching, a theoretically-driven yet simple algorithm for reward
fine-tuning that works for a large family of dynamical generative models, including for the first
time, Flow Matching models. Text prompts: “Beautiful colorful sunset midst of building in Bangkok
Thailand”, “Beautiful grandma and granddaughter are mixing salad and smiling while cooking in
kitchen”, “The beautiful young woman in sunglasses is standing at the background of field and hill.
She is smiling and looking over shoulder”, “Chess, intellectual games, figure horse, chess board”.
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1 INTRODUCTION

Flow Matching (Lipman et al.l[2023}/Albergo & Vanden-Eijnden, 2023} |Liu et al.,[2023)) and denois-
ing diffusion (Song & Ermon| 2019; Ho et al.,[2020; Song et al.|[2021b} Kingma et al.|, 202 1)) models
are being used for many generative modeling applications, including text-to-image (Rombach et al.,
2022; Esser et al.| [2024), text-to-video (Singer et al., 2022), and text-to-audio (Le et al.,[2024;|Vyas
et al., |2023). In most cases, the base generative model does not achieve the desired sample qual-
ity. To improve the generated samples, it is common to resort to techniques such as classifier-free
guidance (Ho & Salimans| 2022 [Zheng et al.| [2023) to get better text-to-sample alignment, or to
fine-tune using human preference reward models to improve sample quality and realism (Wallace
et al.l [2023a;|Clark et al.| [2024).

In the adjacent field of large language models, the behavior of the model is aligned to human prefer-
ences through fine-tuning with reinforcement learning from human feedback (RLHF). Either explic-
itly or implicitly, RLHF methods (Ziegler et al., 2020; Stiennon et al., |2020; |Ouyang et al., 2022}
Bai et al., 2022) assume a reward model r(x) that captures human preferences, with the goal of
modifying the base generative model such that it generates the following tilted distribution:

p*(@) o P () exp(r(z)), (1)
where ppase 18 the base generative model’s sample distribution.

Inspired by this, fine-tuning methods have been developed to improve denoising diffusion models
based on human preference data; either using a reward-based approach (Fan & Leel [2023; Black
et al.| 2024 [Fan et al.l 2023} |Xu et al., 2023} |Clark et al., |2024; [Uehara et al., [2024a;b)), or direct
preference optimization (Wallace et al., 2023a). However, unlike the fine-tuning methods designed
for large language models, most of the existing methods to a large degree ignore p®° and focus
solely on the reward model. Reward models can range from standard evaluation metrics such as
ClipScore (Hessel et al.l 2021} |Kirstain et al., [2023)) to specialized models that have been trained
on human preferences (Schuhmann & Beaumont, [2022; Xu et al., 2023} Wu et al.l 2023c). As
these are parameterized by neural networks, they fall pray to adversarial examples which lead to
the generation of undesirable artifacts (Goodfellow et al.,|2014; Mordvintsev et al., 2015). This has
led some works to consider adding regularization during fine-tuning (Fan et al.| 2024} [Uehara et al.,
2024b)) to incentivize staying close to the base model distribution; however, there does not yet exist
a simple, generic approach which actually provably generates from the tilted distribution (1).

The main contributions of our paper are as follows:

(1) We present a stochastic optimal control (SOC) formulation for reward fine-tuning of dynamical
generative models. Importantly, we prove that the naive approach considered by prior works
lead to a value function bias problem that biases the fine-tuned model away from the tilted
distribution (T)). This problem has also been observed by [Uehara et al(2024b) but they propose
a more complicated solution which involves training a separate generative model.

(i1) Instead, we propose a very simple solution: the memoryless noise schedule. This is a unique
noise schedule that completely removes the dependency between noise variables and the gen-
erated samples, resulting in provable convergence to the tilted distribution. This allows us to
fine-tune dynamical generative models in full generality, including being the first to fine-tune
noiseless Flow Matching models.

(iii)) We also propose a new method for solving SOC problems, called Adjoint Matching, which com-
bines the scalability of gradient-based methods and the simplicity of a least-squares regression
objective. This can be applied to general SOC problems, beyond reward fine-tuning.

(iv) We perform extensive comparisons to baseline approaches, and analyze them from multiple
perspectives such as realism, consistency, and diversity. We find that our proposed method
provides generalization to unseen human preference reward models, better text-to-sample con-
sistency, and retains good diversity.

2  PRELIMINARIES ON DYNAMICAL GENERATIVE MODELS

We are interested in fine-tuning base generative models p®#°(X;) where samples are generated
through the simulation of a stochastic process. That is, these models transform noise variables into a
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sample through an iterative process. In particular, we discuss the specific constructions and sampling
processes of Flow Matching (Lipman et al.| 2023} [Liu et al.| 2023} [Liu, [2022; |Albergo & Vanden-
Eijnden, 2023) and Denoising Diffusion Models (Ho et al.,|2020; Song et al., 2021bja)). The goal of
this section is to provide background information on these methods.

Given random variables from an initial distribution X ~ py = N(0, 1 ), and X1 which are dis-
tributed according to some data distribution, we define the reference flow X = (X;);c[0,1) where

X = B Xo + X, )

where (a¢)¢e(0,1), (Bt)iefo,1] are functions such that ap = 1 = 0 and a3 = By = 1. Diffusion
models and Flow Matching construct generative Markov processes X with initial distribution X ~
N(0,1) that result in flows X = (X;);c[0,1] With the same time marginals as the reference flow X,
i.e., the random variables X; and X; have identical distribution for all times ¢ € [0, 1]. This implies
X1 has the same distribution as the data distribution, so simulating the Markov process from random
noise X is a way to generate artificial sample

Flow Matching. We focus on Flow Matching here, and defer the overview of denoising diffusion
models (DDIM; [Song et al.| (2021a), DDPM; [Ho et al.| (2020)) to App. In its simplest form, the
generative Markov process of a Flow Matching model is an ordinary differential equation (ODE) of
the form:

AX, = (X, t)dt,  Xo~N(0,I). 3)

where v(X¢,t) is a parametric velocity that is optimized to match the derivative of the reference
flow, i.e., v(X;,t) = argmin, E||o(X,,t) — %X’tnz (see e.g. Lipman et al. (2023) for details on
pre-training Flow Matching models). It can then be proven that the solution of the generative process
has the same time marginals as the reference flow (Lipman et al.| 2023} [Liul 2022} |Albergo &
Vanden-Eijnden| 2023)), and a commonly used choice is oy = ¢t and 5; = 1 — t. One can also
consider a family of stochastic differential equations (SDEs) with an arbitrary state-independent
diffusion coefficienf?t

dXt = ('U(Xt,t) + Wtﬁ)iﬂ) (U(Xt,t) - g:Xt)) dt + U(t) dBt7 X() ~ ./\/’(O,I)7 (4)
where (B;);>0 is a Brownian motion. The generative processes in and have the same time
marginals. This can be seen by writing down the Fokker-Planck equations for (3) and (@), and
observing that they are the same up to a cancellation of terms (Maoutsa et al., [2020). The diffusion
coefficient o (¢) in () is compensated by the second term in the drift.

Flow Matching in terms of the score function. We can unify both the Flow Matching and
continuous-time DDIM generative processes as:

AX; = b(Xp, ) dt + o(8)dBy,  Xo ~N(0,1), 5)
where b(z,t) = K + (%t)z +n)s(x,t), me= S ne =G50 — Be) (6)

ay?

where (v, B;) are coefficients of the reference flow (2)), and s(z, ¢) is the score function—defined
as the gradient of the log density of the random variable X;. See App.[C.4and App. [C.5]for the
derivation of (5)-(6) for DDIM and Flow Matching. In Subsec. [3.3] we rely on this characterization
to derive our fine-tuning procedure. This expression has been written before for DDIM, e.g. Bartosh
et al.|(2024aib)).

3  FINE-TUNING AS “MEMORYLESS” STOCHASTIC OPTIMAL CONTROL

We now discuss the crux of the problem: how to produce a fine-tuned generative model that pro-
duces samples X; which follow the tilted distribution involving a reward model (I). An obvious
direction is to construct a fine-tuning objective involving both the base generative model and the

'In our derivations, we assume the base model has been trained perfectly during the pre-training phase.

2We use the common short-hand “over-dot” notation to denote the time derivative, i.e., T = %xt.
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reward model, where the optimal solution results in a fine-tuned generative model for the tilted dis-
tribution. However, as we will explain, this turns out to be non-trivial, because a naive formulation
will introduce bias into the solution.

In Subsec. we discuss the problem formulation of stochastic optimal control, a general frame-
work for optimizing SDEs, and its relation to the maximum entropy reinforcement learning frame-
work commonly used for RLHF fine-tuning. Next, in Subsec. [3.2] we discuss the initial value
function bias problem which plagues existing approaches and so far has seen no simple solution.
Finally, in Subsec. [3.3] we propose a novel simple solution that circumvents the bias problem, by
enforcing a particular diffusion coefficient, the memoryless noise schedule, to be used during fine-
tuning. This results in an extremely simple fine-tuning objective that provably converges to a model
which generates the tilted distribution (I)) without any statistical bias.

3.1 PRELIMINARIES ON THE STOCHASTIC OPTIMAL CONTROL PROBLEM FORMULATION

Stochastic optimal control (SOC;Bellman|(1957); Fleming & Rishel (2012)); |Sethi|(2018))) considers
general optimization problems over stochastic differential equations, but we only need to consider a
common instantiation, the control-affine problem formulation:

minE[ [y (3llu(Xp, 6)> + f(X¢, 1)) dt +g(X1)], 9
stdXp = (b(X{t) + o(t)u(Xp,t)) dt+o(t)dB:,  X§ ~po (8)

where in (8), X®* € R? is the state of the stochastic process, u : R? x [0,1] — R? is commonly
referred to as the control vector field, b : R? x [0, 1] — R? is a base drift, and o : [0,1] — R4*? is
the diffusion coefficient. These jointly define the controlled process X" ~ p" that we are interested
in optimizing; often both b and o are fixed and we only optimize over the control u.

As part of the objective functional (7), we have an affine control cost  [lu(X}", t)||?

cost f : R? x [0,1] — R and a terminal state cost g : R — R.

, a running state

The stochastic optimal control (SOC) objective can be decomposed recursively from the final
time value. It is common to define the cost functional which is the expected future cost starting from
state x at time ¢:

J(u;2,t) = Exop [ft (Llu(Xe, )| + f(Xars5)) ds+g(X)) | Xy = x} . )

From here, the value function is defined as the optimal value of the cost functionaﬂ : Vi, t)
mingey J(uw;x,t) = J(u*;z,t), where u* is the optimal control, i.e., minimizer of (7). Further-
more, a classical result is that the value function can be expressed in terms of the uncontrolled base
process pbase (Kappen| (2005), see Domingo-Enrich et al.||2023, Eq. 8, App. B for a self-contained
proof):

V(z,t) = — log Ex e [exp S (X, 8)ds — g(X) | X = x} : (10)

A useful expression for the optimal control (which we will make use of in deriving the Adjoint
Matching objective in Sec. [4) is that it is related to the gradient of the value function:

u*(x,t) = —o(t) 'V, V(z,t) = —o(t) Vi J(u*, x,1). (11)

Relation to MaxEnt RL. Stochastic optimal control with the control-affine formulation (7)) is the
continuous-time equivalence of maximum entropy reinforcement learning (MaxEnt RL; [Todorov
(2006); |Ziebart et al.| (2008)) with a KL regularization instead of only an entropy regularization.
In particular, by the Girsanov theorem (Thm. [2), the affine control cost is equivalent to a Kull-
back—Leibler (KL) divergence between the base process p°¢, when u = 0, and the controlled
process p*, when conditioned on the same initial state X (see App. [D.4):

Dia (p (X[X0) || P**(X|X0)) = Excunpe [ fy 3llu(xp,)]2dt] (12)

3Note that there is a slight difference in terminology between SOC and reinforcement learning, where our
cost functional is referred to as the state value function and our value function is the optimal state value function
in RL.
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resulting in the KL-regularized RL interpretation of (7):

s By [Exepe (300 [y =X D0t —g(X1)] — Diu (0 (X Xo) || 9°5(X|X0)
(13)

where the negative state costs correspond to intermediate and terminal rewards in the RL interpreta-
tion. The KL divergence forces the optimal process to stay close to the base process.

3.2 THE INITIAL VALUE FUNCTION BIAS PROBLEM

We next discuss why naively adding a KL regularization does not lead to the tilted distribution (TJ).
From (T3), we can show that the optimal distribution conditioned on X isﬂ

(X Xo) o pP*(X| Xo) exp (— [ f(Xe,t)dt — g(X1)). (14)

This is analogous to the exponentiated reward distribution in MaxEnt RL (Rawlik et al., 2013)), but
the entropy regularizer is generalized to a KL regularization with respect to a prior distribution p®e.
In order to relate this to the tilted distribution (1)) that we want to achieve for fine-tuning, first notice
that the normalization constant of the right-hand side (RHS) of (T4) is exactly the value function at
t=0:

EXpr“”C(X\XO) |:eXp ( fO Xta dt - ( )):| = exp (_V(X()a 0)) ) (15)

where the equality is due to (I0). Dividing the RHS of (I4) by (I3)) and multiplying by po(Xo), we
obtain the normalized distribution over the full path X,

p*(X) = pP*¢(X) exp ( fo (X, t)dt — g(Xq) + V(XO,O)). (16)
Setting f = 0 and ¢ = —r, we arrive at an expression for the optimal distribution
p*(Xo, X1) = p"™°(Xo, X1) exp (r(X1) + V(X0,0)). (17)

This unfortunately does not lead to the tilted distribution (I)) because we have a bias in the optimal
distribution that is due to the value function of the initial distribution V' (X¢,0). That is to say,
naively adding a KL regularization to the fine-tuning objective in the sense of leads to
a biased distribution (I6) after fine-tuning and is not equivalent to the tilted distribution (I)). For
instance, when the sampling procedure is noiseless, i.e., o(t) = 0, fine-tuning naively will not have
any effect because X completely determines X.

This is unlike the situation for large language models (Ouyang et al., [2022; Rafailov et al., [2023)),
where there is no dynamical process that samples X iteratively and hence no dependence on the
initial noise variable X. Although this KL regularization is a common objective for RLHF of large
language models, it has seen seldom use in fine-tuning diffusion models, likely due to this issue of
the initial value function bias. In the context of diffusion models, KL regularization has been
explored in prior works (Fan et al.||2024)), but its behavior was not well-understood and they did not
relate the fine-tuned model to the tilted distribution (I). Another direction that has been proposed
is to learn the initial distribution pg to cancel out the bias (Uehara et al., 2024b; [Tang} 2024) but
this simply shifts the work into tilting the initial distribution and requires an auxiliary model for
parameterizing the optimal initial distribution. In contrast, we show in the next section that it is
possible to remove the value function bias by simply choosing a very particular noise schedule
during the fine-tuning procedure.

3.3 THE MEMORYLESS NOISE SCHEDULE TO FINE-TUNE DYNAMICAL GENERATIVE MODELS

In this subsection, we propose a very simple method of turning into the tilted distribution (T))
through the use of memoryless noise schedules. We provide an intuitive explanation of why such
noise schedules are sufficient for fine-tuning, and show that if we want to sample the fine-tuned
model with an arbitrary noise schedule, we must use a particular memoryless noise schedule.

Intuitively, the main reason we cannot arrive at the tilted distribution from (I7) is due to the
pbase(Xo7 X1) distribution not factoring into X, and X;. Hence, we define a memoryless gener-
ative process as follows:

4Note is informal because densities over continuous-time processes are ill-defined; the formal statement

is dﬂ)bdsc (X | Xo0) = exp(— fo (X¢,t)dt — g(X1)), where denotes the Radon-Nikodym derivative.
We treat this formally in the proofs.

d]Pb ase
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K Mt Diffusion coefficient () Memoryless X
Flow Matching % Bt (g—:ﬁt - B) General (commonly 0) No
Memoryless Flow Matching (IZ_I]) i Bt (?Zﬂt — 5,5) 2t Yes
DDIM (29) 20 2 General (commonly 0) No
DDPM (30) S S 2n¢ Yes

Table 1: Diffusion coefficient o (¢) and the factors «, 7); for the Flow Matching, Memoryless Flow
Matching, DDIM, and DDPM generative processes. When the diffusion coefficient is o (t) = /27,
the generative process is memoryless, i.e., samples X; will be independent of the initial noise Xj.

Definition 1 (Memoryless generative process). A generative process of the form @)-(6) is memory-
less if Xo and X, are independent, i.e., p"¢(Xg, X1) = p®¢(X¢)p?®¢(X;).

When the base generative process is memoryless, this implies:

p*(X1) = [ pP™(Xo)p"™°(X1) exp(r(X1) + V(Xo,0))dXo o< pP=°(X1) exp(r(X7)). (18)
That is, solving the SOC problem (7)-(8) with a memoryless base model will result in a fine-tuned
model that generates samples p*(X;) according to the tilted distribution (I). This memoryless
property is not satisfied generally by the family of generative processes captured by (7)-(8). For
instance, the Flow Matching and DDIM generative processes with zero diffusion coefficient (i.e.,
o(t) = 0) are definitely not memoryless due to X and X being theoretically invertible. Below, we
provide the sufficient and necessary condition for the noise schedule in order to have a memoryless
generative process.
Proposition 1 (Memoryless noise schedules). Within the family of generative processes (3)-(6), a
generative process is memoryless if and only if the noise schedule is chosen as:

o(t)? = 2m + x(t), where x : [0,1] — Riis s.t. Vt € (0,1], limy_,+ ap exp (— f:/ ég’g ds) =0,
(19)
where 1 is defined in (6). In particular, we refer to o(t) = /21, as the memoryless noise schedule.

Due to the endpoint constraints of (c, 3;) for the reference flow (2)), the memoryless noise schedule
o(t) is infinite at ¢ = 0 and approaches zero at ¢t = 1. This provides a way for the generative process
to mix when close to noise X while stay steadying when close to the sample X;. Hence, the sample
will have no information about X due to the enormous amount of mixing with a large diffusion
coefficient. Furthermore, while we have intuitively justified the memoryless noise schedule through
its independence property, our theoretical result is actually even stronger: all generative models of
the form (3)-(6) must be fine-tuned using the memoryless noise schedule. We formalize this in the
following theorem, which we prove in App.[E.2}

Theorem 1 (Fine-tuning recipe for general noise schedule sampling). Within the family of gener-
ative processes @)-(0), in order to allow the use of arbitrary noise schedules and still generate
samples according to the tilted distribution (1), the fine-tuning problem (1)-(8) with f = 0 and
g = —r must be done with the memoryless noise schedule o(t) = \/2n;.

Thm. [1] states that we need to use the memoryless noise schedule for fine-tuning with the SOC
objective—or equivalently, the KL regularized reward objective (I3). This is the only noise sched-
ule that retains the relationship between the velocity and score function, allowing the conversion to
arbitrary noise schedules (e.g., o(t) = 0) after fine-tuning. It is worth noting that when using the
memoryless noise schedule for DDIM, this recovers what we derived as the continuous-time limit
of the DDPM generative process @]) However, the DDPM sampler (Ho et al., [2020) is not com-
monly used as the DDIM sampler (Song et al.|[2021a)) and Flow Matching models typically generate
samples using o (t) = 0, so an explicit conversion to the memoryless noise schedule is necessary for
fine-tuning. Tab.[I] summarizes the memoryless schedule for diffusion and Flow Matching models,
which we refer to as Memoryless Flow Matching. In Fig. 2] we visualize fine-tuning a 1D model,
where we see that constant o (¢) leads to biased distributions whereas the memoryless noise schedule
perfectly converges to the tilted distribution (I)). In App. we express the base drift b and the
control v in terms of the base and fine-tuned Flow Matching vector fields vP2%¢ and vfi"etun¢ and do
the same for DDIM.
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...... exp(r(x)) — p*(X) O(pbaSE(X)exp(r(X))

/ /,/"/‘”

== /'///”/”///[

(a) Pretrained FM v®¢  (b) Fine-tuned FM v17¢t"¢(¢) Fine-tuned FM v12¢*"?¢(d) Fine-tuned FM ofinetune
with o(t) = 0.2 with o(t) = 1.0 with memoryless o(t) =

RV4 27]t

Figure 2: Visualization of Thm.|l|showing that fine-tuning must be done with the memoryless noise
schedule to ensure convergence to the tilted distribution (T). (a) Shows the base Flow Matching
model. (b, ¢) Fine-tuning using a constant o (¢) leads to biased distributions. (d) Fine-tuning using
the memoryless noise schedule leads to the correct tilted distribution. Note that sample generation
can use any noise schedule after fine-tuning, including o (t) = 0.

4  ADJOINT MATCHING FOR STOCHASTIC OPTIMAL CONTROL

Although several deep learning methods have been proposed to solve SOC problems using deep
learning (Domingo-Enrich et al., 2023} Niisken & Richter, [2021)), the preferred approach is the ad-
joint method, which performs gradient-based optimization on the control objective (7) with respect
to a parameterized control function. There are two approaches which yield the same gradient in
the small step size limit (see App. for more detail): the discrete adjoint method, where the
control objective is discretized and an automatic differentiation engine is used to backpropagate
through it (Han & E|[2016), and the continuous adjoint method, where the continuous-time structure
is exploited by solving the adjoint ODE backwards in time:

(15 X, u) == [a(t: X, 0T (T, (6(X, ) +0 ()u(Xe, 1)) + Vx, (£(Xe,) + S u(X, 1))

(20)

with initial condition a(1; X, u) = Vg(X). The gradient of the continuous adjoint loss is given by
1 1 ou(Xe,t) T

8% =3 Jo gpllu(Xe, 0Pt + [y G0 o) a(t X, wydt, @1

The following proposition introduces and studies a loss whose gradient is also Z1).

Proposition 2. Let us define, for now, the basic Adjoint Matching objective as:

2 i
LBasic— Adj—Match (U; X)) :zéfol ||u(Xt,t)+a(t)Ta(t;X,u)” dt, X ~p*, u= stopgrad(u),
(22)

where t = stopgrad(u) means that the gradients of U with respect to the parameters 0 of the con-
trol w are artificially set to zero. The gradient of LBasic—Adj—Match (45 X ) with respect to 0 is equal
to the gradient % in equation 21). Importantly, the only critical point of E [L’Basic_ Adj_MatCh] is
the optimal control u*.

Critical points of £ are controls u such that %E(u) = 0, where %E denotes the first variation
of the functional £. In other words, Prop. 2] states that the only control that satisfies the first-order
optimality condition for the basic Adjoint Matching objective is the optimal control, which provides
theoretical grounding for gradient-based optimization algorithms. An intuitive way to understand the
basic Adjoint Matching objective is that it is a consistency loss. The Adjoint Matching objective is
based off of the observation that the optimal control v* (z, t) is the unique fixed-point of the relation
u(z,t) = —o(t)"Vud (u;2,t) (see Lemma|§| in App. and so we are directly optimizing for a
control that fits this relation, while using the adjoint state as a stochastic estimator of V. J(u; x, t).
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We can see that the basic Adjoint Matching objective produces the same gradient w.r.t. 6 as the
continuous adjoint method by expanding the square in (22) and removing terms that do not
depend on 6. And while the basic Adjoint Matching is not entirely novel, it provides the means of
deriving a simpler leaner objective function.

The “Lean’ Adjoint. The minimizer of a least-squares objective is the conditional expectation of
the regression target, so for the Adjoint Matching objective, at the optimum we have that

u*(z,t) = Exopr [—U(t)Ta(t;X,u*)|Xt = x] . (23)
Multiplying both sides by the Jacobian V ,u*(z,t) and re-arranging, we get the relation
Ex-p [u* (2, )" Vu* (2, ) + a(t; X, u*) o (t)Vou*(z,t) | X = m] =0. (24)

Notice that the terms inside the expectation in (24)) show up as part of the adjoint ODE (20). There-
fore, we motivate the definition of a lean adjoint state a with the terms in removed. Plugging
this lean adjoint back into the least-squares objective, we obtain our final proposed Adjoint Matching
objective:

L Adj—Maten (u; X) = %fol [|lu(Xe, t) + J(t)T&(t;X)||2dt, X ~ p“ @ = stopgrad(u),

(25)
where  La(t; X) = —(a(t; X) "V b(Xy, t) + Vi, f(X¢, 1)), (26)
a(L; X) = Vyg(X1). 27

Equations (26)-(27) define the lean adjoint state, and (23] is the complete Adjoint Matching objec-
tive. The unique critical point of E[£ Adijatch] is the optimal control, which we prove relying on

Prop. 2] and equation (see Prop.[7]in App.[F4).

Compared to the adjoint method (App. [F1.1), Adjoint Matching produces a different gradient in
expectation than the continuous adjoint. This is because the lean adjoint state is not related to the
gradient of the cost functional anymore, i.e., is not true, except at the optimum when u = u*.
Even at the optimal solution, since Adjoint Matching removes terms that have expectation zero, it
can potentially exhibit better convergence and lower variance than the continuous adjoint method.
Additionally, computation of the lean adjoint state (26) also exhibits a smaller computational cost
due to the removal of the extra terms (no longer need the Jacobian of the control V,u). We provide
a rigorous derivation of Adjoint Matching and the above claims in App.

Adjoint Matching can be applied to reward fine-tuning of dynamical generative models through the
memoryless SOC formulation discussed in Sec. [3| In App. we provide pseudo-code for Flow
Matching models (Alg.[T) and for denoising diffusion models (Alg.[2).

5 EXPERIMENTS

We experimentally validate our proposed method on reward fine-tuning a Flow Matching base model
(Lipman et al., 2023). In particular, we use the usual setup of pre-training an autoencoder for
512512 resolution images, then training a text-conditional Flow Matching model on the latent
variables with a U-net architecture (Long et al.,2015)), similar to the setup in[Rombach et al.[(2022).
We pre-trained our base model using a dataset of licensed text and image pairs. Then for fine-tuning,
we consider the reward function: (x) := A x RewardModel(x) corresponding to a scaled version
of the reward model, which we take to be ImageReward (Xu et al.| [2023). Different values of A
provide different tradeoffs between the KL regularization and the reward model (T3). For evaluation
and benchmarking purposes, we report metrics that separately quantify text-to-image consistency,
human preference, and sample diversity, capturing the tradeoff between each aspect of generative
models (Astolfi et al.| [2024). For consistency, we make use of the standard ClipScore (Hessel et al.,
2021)) and PickScore (Kirstain et al.,2023)); for generalization to unseen human preferences, we use
the HPSv2 model (Wu et al.| [2023b); and for diversity, we compute averages of pairwise distances
of the DreamSim features (Fu et al.,2023). More details are provided in App. As our baselines,
we consider the DPO (Wallace et al.| 2023a), ReFL (Xu et al.| 2023), and DRaFT-K algorithms
(Clark et al.| 2024). DPO does not use gradients from the reward function, while ReFL and DRaFT
make use of heuristic gradient stopping approaches to stay close to the base generative model. Out
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Fine-tuning Fine-tuning  Sampling . . DreamSim

Method o(t) o) ClipScore T PickScore{  HPS v21 Diversity

None N/A 214 24.15+0.26 17.25+006  16.19+017  53.60+1.37

(Base model) 0 28.32+0.22 18.15+0.07 17.89+016  56.53+1.52

DRaFT-1 V21 V21t 30.18+0.24 19.38+0.08 24.61+017  25.54+099

0 0 30.95+0.28 19.37+0.06 24.37+017  27.39+1.14

£  DRaFT-40 V2 V21 26.94+0.28 18.34+0.19 19.98+102  41.98+2.14

g 0 0 30.07+0.39 19.45+008  24.064024  36.53+1.69
Q

;‘E DPO V21 V2 24.11+022 17.24+0.06 16.15+014  53.27+136

0 0 27.77+0.18 17.92+0.07 17.30+020  54.11+1.50

ReFL V2 V2 28.59+031 18.68+0.10 22244046  32.71+276

0 0 30.06+0.63 19.07+0.21 23.06+041  32.69+1.28

Cont. Adjoint 5 2n¢ 26.99+0.43 18.33+0.16 20.83+063  46.59+1.40

A = 12500 v £l 0 29.49+0.32 18.98+0.16 21.34+053  48.41+1.44

8 Disc. Adjoint NoTn V21 28.04+0.57 18.44+021  20.04+039  54.90+2.03

»n A= 12500 Nt 0 29.28+0.17 18.82+0.14 19.73+017  53.36+248

% Adj.-Matching Non 214 30.36+0.22 19.29+008  24.12+017  40.89+1.50

g A = 1000 Nt 0 31.41+022 19.57+0.09 23.29+018  43.10+1.76

§ Adj.-Matching 5 V21 30.59+0.40 19.49+010  24.85+023  37.07+147

A = 2500 e 0 31.64+021 19.71+000  24.124027  39.88+1.59

Adj.-Matching 5 2m¢ 30.62+0.30 19.50+000  24.95+028 34.50+1.33

A = 12500 e 0 31.65+0.19 19.76+008  24.49+027  37.24+157

Table 2: Evaluation metrics of different fine-tuning methods for text-to-image generation. The
second and third columns show the noise schedules o (¢) used for fine-tuning and for sampling:
o(t) = +/2n; corresponds to Memoryless Flow Matching, and o () = 0 to the Flow Matching ODE
(3). We report standard errors estimated over 3 runs of the fine-tuning algorithm on random sets of
40000 training prompts, each evaluated over a random set of 1000 test prompts.
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Figure 3: Our proposed Adjoint Matching using the memoryless SOC formulation introduces a
much more principled way of trading off how close to stay to the base model while optimizing the
reward model. In contrast, baseline methods such as DRaFT-1 only optimize the reward model and
must rely on early stopping to perform this trade off, resulting in a much more sensitive hyperparam-
eter. Samples are produced using o(t) = 0 with the same noise sample. Text prompts: “Handsome
Smiling man in blue jacket portrait” and “Quinoa and Feta Stuffed Baby Bell Peppers”.

of these baseline methods, we find that DRaFT-1 performs the best, so we perform additional ab-
lation experiments comparing to this method. Within the same SOC formulation, we also consider
the discrete and continuous adjoint methods. We provide full experimental details in App. [H} an
important implementation detail is that we slightly offset o (¢) in order to avoid division by zero.
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Figure 4: Tradeoffs between different aspects of generative models: text-to-image consistency (Clip-
Score), sample diversity for each prompt (DreamSim Diversity), and generalization to unseen human
preferences (HPS v2). Different points are obtained from varying values of A for Adjoint Matching
and varying number of fine-tuning iterations for the DRaFT-1 baseline. Overall, we find our pro-
posed method Adjoint Matching has the best Pareto fronts.

Evaluation results. In Tab. 2] we report the evaluation metrics for the baselines as well as our
proposed Adjoint Matching approach. We compare each method at roughly the same wall clock time
(see the times and number of iterations in Tab. 3] and comments in App. [H.5). We find that across
all metrics, our proposed memoryless SOC formulation outperforms existing baseline methods. The
choice of SOC algorithms also obviously favors Adjoint Matching over continuous and discrete
adjoint methods, which result in poorer consistency and human preference metrics.

Ablation: base model vs. reward tradeoff. We note that the scaling in front of the reward model
A determines how strongly the we should prefer the reward model over the base model. As such,
we see a natural tradeoff curve: higher A results in better consistency and human preference, but
lower diversity in the generated samples. Overall, we find that Adjoint Matching performs stably
across all values of A\. Our method of regularizing the fine-tuning procedure through memoryless
SOC works much better than baseline methods which often must employ early stopping. We show
the qualitative effect of varying A in Fig. [3| while for the DRaFT-1 baseline we show the effect of
varying the number of fine-tuning iterations.

Ablation: classifier-free guidance. We note that it is possible to apply classifier-free guidance
(CFG; Ho & Salimans| (2022); [Zheng et al. (2023)) after fine-tuning. We use the formula (1 +
w)v(z, tly) — wo(z,t), where w is the guidance weight, v(z,t|y) is a fine-tuned text-to-image
model while v(z, t) is an unconditional image model. This is not principled as only the conditional
model is fine-tuned, but generally it is unclear what distribution guided models sample from anyhow.
In Fig. ] we show the evaluation metrics with classifier-free guidance applied. Comparing three
different guidance weight values, we see a higher weight does improve text-to-image consistency,
and to some extent, human preference, but this comes at the cost of being worse in terms of diversity.
We show qualitative differences in Fig. [6] (App. [A).

6 CONCLUSION

We investigate the problem of fine-tuning dynamical generative models such as Flow Matching and
propose the use of a stochastic optimal control (SOC) formulation with a memoryless noise schedule.
This ensures we converge to the same tilted distribution that the large language modeling literature
uses for learning from human feedback. In particular, the memoryless noise schedule corresponds
to DDPM sampling for diffusion models and a new Memoryless Flow Matching generative process
for flow models. In conjunction, we propose a novel training algorithm for solving stochastic opti-
mal control problems, by casting SOC as a regression problem, which we call the Adjoint Matching
objective. Empirically, we find that our memoryless SOC formulation works better than multiple
existing works on fine-tuning diffusion models, and our Adjoint Matching algorithm outperforms
related gradient-based methods. In summary, we are the first to provide a theoretically-driven algo-
rithm for fine-tuning Flow Matching models, and we find that our approach significantly outperforms
baseline methods across multiple axes of evaluation—text-to-image consistency, generalization to
unseen human preference, and sample diversity—on large-scale text-to-image generation.
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A ADDITIONAL FIGURES & TABLES
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Figure 5: Average values of ImageReward (reward function), control cost ( fot $lu(X, )| dt), and
ClipScore vs. wall-clock time for Adjoint Matching and our baselines. Lines show averages over
three fine-tuning runs, evaluating on separate test datasets of size 200. Confidence intervals show
standard errors of estimates.

Text prompt: “Man sitting on sofa at home in front of Text prompt: “3D World Food Day Morocco”
fireplace and using laptop computer, rear view”

Figure 6: Generated samples from varying classifier-free guidance weight w, from an Adjoint
Matching fine-tuned model. Higher guidance increases text-to-image consistency but loses diversity
and has use cases for generating highly structured images such as 3D renderings. Corresponding
samples from the base model can be found in Fig. m
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Fine-tuning Fine-tuning  Sampling ClipScore  PickScore  Total time (s) /
loss o(t) o(t) ImageReward T diversity T diversity 1 # iterations
None N/A V20 —1.384+0.040 28.07+1.40 1.63+0.08 N/A
(CFG = 1.0) 0 —0.920+0.042 30.29+153 1.82+0.09
DRaFT-1 2n¢ V21 1.357+0.039 16.86+0.98 1.21+0.07 140k 5.9k
0 0 1.251+0.040 16.76+1.06 1.27+0.07 /4000
DRAFT-40 V2n: V2 —0.560+0.138 24.07+137 1.64+0.12 148k+4.2k
0 0 0.424+0.042 20.99+1.54 1.67+0.08 /1500
DPO V2 V2 —1.386+0.033 27.80+1.40 1.62+0.08 118k-+0.6k
0 0 —0.957+0.040 29.81+1.43 1.68+0.10 /1000
ReFL V2 V2 0.687+0.085 19.49+1.76 1.22+0.08 173k+10.9k
0 0 0.709+0.080 18.39+1.11 1.31+0.10 / 6000
Cont. Adjoint 5 V2 —0.448+0.135 26.97+1.37 1.82+0.09 153k 0.9k
A = 12500 e 0 —0.249+0.116 26.25+1.30 1.90+0.10 /750
Disc. Adjoint 5 V2 —0.557+0.113 30.40+239  1.91+0.09 152Kk 415k
A = 12500 e 0 —0.552+0.041 28.37+2.26 1.97+0.09 /1000
Adj.-Matching NoTn V21 0.550+0.043 23.00+1.27 1.65+0.08
A = 1000 e 0 0.454+0.055 22.76+1.40 1.73+0.09
Adj.-Matching NoTn V21 0.755+0.040 21.33+171 1.55+0.08 156k+1.9k
A = 2500 e 0 0.671+0.047 21.424154 1.64+0.08 /1000
Adj.-Matching Non 2m¢ 0.882+0.058 20.49+1.48 1.50+0.09
A = 12500 e 0 0.778+0.050 20.34+1.49 1.57+0.09

Table 3: Metrics for various fine-tuning methods for text-to-image generation. The second and third
columns show the noise schedules o (¢) used for fine-tuning and for inference: o(t) = /21 corre-
sponds to Memoryless Flow Matching, and o(¢) = 0 to the Flow Matching ODE (3). Confidence
intervals show standard errors of estimates; computed over 3 runs of the fine-tuning algorithm on
separate fine-tuning prompt datasets of size 40000 each. Test prompt sets are of size 1000, and also
different for each run.

Fine-tun. Fine-tun. Generat. DreamSim Runtime/
ImageReward ClipS: PickS HPS v2
loss o(t) o(t) mageReward T ipScore ickScore V2T diversity 1 Fiter.
ReFL 2n¢ V2n: 0.4594-0.096 28.4640.25 18.7740.09 22544017  37.51£350  43k42.7k
0 0 0.33040.114 29.6340.61 19.084-0.18 22464077  39.51+1.30 /1500
DRAFL] V20 V2n 0.9134-0.068 29.8040.22 19.164-0.06 23.634+0.16  35.21£1.93  35k41.5k
a 0 0 0.62640.195 30.48+0.32 18.9140.34 21.92+1.63  38.52+2.01 / 1000
Draft-40 V2n¢ V2n —1.4274-0.267 23.3941.72 17.244-0.45 15724180  41.98+2.14  49k+1.4k
0 0 —0.09740.052 29.1240.41 18.9740.14 21.934+020  46.35+1.34 /500
Adj.-Match. N V214 0.107£0.046 29.37+0.25 19.0540.07 22.794£020  46.3841.36
A = 1000 m 0 0.0514-0.044 30.5840.17 19.3140.07 21.934+023  48.12+1.56
Adj.-Match. > V21 0.19940.068 29.2740.21 19.0740.10 22984030  45.03£1.61  39k40.5k
A = 2500 m 0 0.1064-0.067 30.4340.24 19.324-0.11 22.164033  47.61£1.49 /250
Adj.-Match. 5 V2n: 0.2994-0.095 29.6140.37 19.2640.14 23.674+027  43.36+1.93
A = 12500 L 0 0.2244-0.051 30.7040.23 19.524-0.11 22934021  44.6241.79
Cont. Adj. 5 V2n —0.910=+0.116 26.2940.44 18.064-0.16 18.864+0.88  51.60+£1.97  51k40.3k
A = 12500 n 0 —0.68140.051 28.50+£0.19 18.6940.11 19.90+£050  50.8741.52 /250
Disc. Adj. 2 21 —0.97840.123 26.6840.76 18.5140.11 18.534028  55.9541.70  38k4-0.4k
A = 12500 m 0 —0.79140.065 28.66+0.33 18.5140.11 18.534+0.28  54.78+2.00 /250

Table 4: Additional metrics for various fine-tuning methods for text-to-image generation, which
complement the ones in Tab. 2] (both tables correspond to the same runs). The second and third
columns show the noise schedules o (¢) used for fine-tuning and for inference: o(t) = /21 corre-
sponds to Memoryless Flow Matching, and o (¢) = 0 to the Flow Matching ODE (3).
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. . N Dreamsi
w ine-tuning iter e-tun Samp ImageRewardt  ClipScore T  PickScore 1 HPS v2 1 -reanT51m
loss /A o(t) o(t) diversity 1
om0 —1.38440040 24154026 17254006  16.1940.17  53.60+1.37
00 N N/A N/A
one 0 092040042 28324022 18154007  17.8940.16  56.53+152
1000 V2ne 2n¢ 0.91340.068 29.8040.22 19.16+0.06 23.63+0.16  35.21+1.93
0 0 0.626:£0.195 30484032 18914034  21.92+4163  38.5242.01
VI VIm 120440046 29904043 19294012 24404027  28.514168
0.0 DRaFT-I 2000
a 0 0 105240088 30.65+024 19274011  23.814044 32114237
3000 VI VEm 130740041 29964022 19314006 24424013 26.57+132
0 0 117340058 30.864025 19374006 24174023  29.69+130
4000 V30 VZme 135740039 30.184024 19384008  24.6140.17  25.54+099
0 0 125140040 30954028 19374006 24374017  27.39+1.14
1000 V2 VZme 055040043 30364022 19294008 24124017 40894150
0 0 045440055 31414022 19574000 23294018  43.10+176
. N 1 0.75540.040 30.594040  19.4940.10  24.854023  37.07+147
00 Adj-Maich. 2500 0 0 0.67140047 31644021 19714009  24.124027  39.88+1.59
12500 oI Tm;  0.882+40058  30.624030  19.504009  24.95+028  34.50+133
0 0 077840050  31.65+0.19 19764008 24494027  37.24+157
2 026940050 30414022 18744007 20474018  43.82+124
1.0 None N/A N/A t + * * * *
0 012340041 31.8340.17 19284007  20.9540.16  42.59+123
1000 T, oI 112340051 32.0640.19  19.69+006  24.56+£0.17  28.25+155
0 0 0.856:£0.167  32.324025 19384034 22884154  29.98+186
1.0  DRaFT-1 2000 0 0 117740053 32364018  19.674008 24484028  25.09+1.82
3000 0 0 125540038  32.36£0.19 19704006  24.64+0.17  23.24+1.19
4000 0 0 129640033 32304019  19.684006 24714014  21.54:0.9
1000 0 0 078240044 33054022 202040090 24814018  32.67+126
, 0 TR 102740038 32.854021  20.084008  25.88-020  29.83+1.00
10 Adj-Match. 2
0 Adj-Matc 500 0 091040040 33204017 20294009 25394024  30.34+151
12500 0 0 098540041  33.104018 20284008  25.614027  28.86+137
40 Nome NA NA 0 02774004 32.68+018 19504007 22294016  35.124092
0 020940046  32.834017 19794007 22304017  32.05+105
1000 0 PR 106240045 32294016 19484006  23.6740.13  25.034132
0 0 0.604£0395  31.804086  19.09+4053 21694210  25.924257
40 DRaFT-1 2000 0 0 111240046 32294020 19344011 23314022  21.02+1.67
3000 0 0 115140036 32314021 19364006 23294014  19.53+124
4000 0 0 117240040 32204022 19304007 23204015  18.45+106
1000 0 0 0.85240.046  33.504022 20314008 24974019  25.83+082
, Norm o 105240030 33514019  20.154007  25.56+018  26.2140.73
40  Adj-Mach. 2
0 J.-ale 500 0 0 094240042 33.61+£0.19 20354008 25344021  24.30+0.86
12500 0 0 100740052 33484020 20294008 25504029  23.48+031

Table 5: Evaluation metrics when using classifier-free guidance (CFG; Ho & Salimans|(2022)).

LR/ Fine-tuning Fine-tun. Generat. . . DreamSim
I R d ClipS PickS HPS v2
Adam 3, loss o(t) o(t) mageReward ipScore T ickScore 1 V2t diversity
3x107° DRaFT-1 21 2n¢ 1.46740.029 30.28+0.56 19.3740.09 24.70+0.15 21.2040.93
/0.97 Adj.-Match.
Jovae oI oI 113040034 31014027  19.604008  25.014025  26.73+088
A = 12500
2% 10~°  Disc. Adj. Voo VI —1.18640553 21954429 16944095 12344440  28.3341026
/0.95 A = 12500 0 0 —0.96140.653 24.07+4.71 17.86+1.17 15.93+5.80 33.62+7.80

Table 6: Metrics for alternative optimization hyperparameters (learning rate and Adam ;).
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Fine-tuni Fine-tuni G ti D Si
me-tuning mne-funing enerative ImageRewardt  ClipScore T  PickScore 1 HPS v2 1 'ream. 1m
loss o(t) o(t) diversity 1
Adj.-Matching , 1 0.0094-0.077 29.1840.51 18.664-0.09 20.754+032  41.33+£1.24
A = 12500 0 0.4544-0.055 31.4140.22 19.574-0.09 23.2940.18  43.10£1.76
Adj.-Matching S 21t 0.8824-0.058 30.6240.30 19.504-0.09 24954028  34.50+1.33
A = 12500 i 0 0.77840.050 31.6540.19 19.76+0.08 24.4940.27 37.24+1.57

Table 7: Comparison with an alternative fine-tuning noise schedule o(t) = 1. We see that the
initial value function bias (Subsec. [3.2) results in the model not having a high reward function
(ImageReward is the reward function used for fine-tuning). Its performance on other metrics are
also lower than when fine-tuning with the memoryless noise schedule, except for diversity.

I Fine-tuni Fine-tun.  Sampl. DreamSi
#samp {ne-tuning fne-tun amp ImageReward +  ClipScore T  PickScore 1 HPS v2 1 _ream, m
timesteps  loss o(t) o(t) diversity 1

None (Base)  N/A VT 227940001 13.99+0.12 14984005  7.3740.10  5.0740.13
0 138640040 26264024 17642007 14924017 51264138
10 DRAFLL T oT 103340051 25984025 18284007 22084018 14474067
. 0 0 123640038 31544027  19.534007 24474019  24.78+0.8
Adj.-Match. . Tme —2.10440074  17.124056 15764020 11484103  9.88-051
A = 12500 e 0 0.607£0055 31364020 19564008 23234028  33.75+148
Tme —227540002 14584013 15074005 7474010  11.27+033
Bas A
None (Base) N 0 —1.01740055  27.924019  18.014007  17.1740.15  54.69-145
20 DRAFL1 2n¢ 21 1.3014-0.039 27.0940.24 18.93+0.07 23.784020  21.05+1.12
0 0 125540038 31142025 19434006 24524016  26.15+1.11
Adj.-Match. . 7 —0.03240072 25074027  18.014007 20754023  29.06+2.34
A = 12500 e 0 076840048 31704017 19731008 24304026  35.90+152
Note (Base) N/A 7 —1.38440.040  24.154+026  17.25+£006  16.194+0.17  53.60+1.37
one {base 0 092040042 28324022 18.154007  17.8940.16  56.53+1.52
40 DRAFT oI T 13574003  30.184024 193842008  24.6140.17  25.542099
0 0 125140040 30954028 19374006 24374017  27.39+1.14
Adj.-Match, 5 pTTm 0.88240058  30.624030  19.504000 2495028  34.50+133
A = 12500 t 0 077840050 31654019  19.76+0.08 24494027  37.24+157
;. —0.88140041  27.83+£0.19  18.104£007  18.43+0.17  57.2141.50
None (Base)  N/A 0 —0.88140036  28.65+4018 18224006 18204017  57.73+1.68
100 DRAFLL o V2 134310040 30644020  19.384008 24374017  25.51+1.10
0 0 123940037 30742028 19334006 24244017 28704111
Adj.-Match. . pTTm 0.89240044 31234023  19.654008 24924023  35.134140
A = 12500 e 0 077940048 31644017 19764008 24574025  38.26+1.65
None (Base)  N/A Tm; —0.84840048 28374021 18274008 18564019  58.00+1.58
onefbase 0 08714003  28.5040.18 182342006 18254014  57.84+1.60
200 - oI pTTm 133140044 30.694023 19364007 24214017 26414118
. 0 0 122240042 30774027 19324006  24.184016  29.09+1.07
Adj.-Match. . o 0.869+40062  31.334£021  19.6840.09  24.81+4030  35.90+155
A = 12500 e 0 076640050  3L6140.16 19754008 24524024  38.60+138

Table 8: Performance metrics for different number of sampling steps. Only the number of sampling
steps is ablated; the fine-tuned models used in all cases are the ones fine-tuned using 40 steps.
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Text prompt: “Man sitting on sofa at home in front of Text prompt: “3D World Food Day Morocco”
fireplace and using laptop computer, rear view”

Figure 7: Generated samples from varying classifier-free guidance weights, from the pre-trained
Flow Matching model. Corresponding samples from the fine-tuned model can be found in Fig.
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Base Flow Matching model

Figure 8: Generated samples with classifier-free guidance (w = 1) and o(¢) = 0 across ten selected
prompts. Each row corresponds to a different prompt and each image corresponds to a different
random seed consistent across models.
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Base Flow Matching model Adjoint Matching (Ours) DRaFT-1

Figure 9: Generated samples with classifier-free guidance (w = 1) and o(¢) = 0 across ten selected
prompts with people. Each row corresponds to a different prompt and each image corresponds to a
different random seed consistent across models.
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5555 BB E R

Figure 10: Generated samples without guidance (w = 0) and o(t) = 0 across seven selected
prompts. Each row corresponds to a different finetuning algorithm. Prompts: “Seaside view poster
with palm trees vector image”, “Cayucos Beach Inn”, “Happy Summer Life- Aloha Flowers and
Melon - Pattern Metal Print”, “Castle Square, Warsaw Old Town”, “Funny girl blowing soap bub-
bles. High quality photo”, “Colombian man with sweatshirt over yellow wall listening to something

LEINNT3

by putting hand on the ear”, “man in the hood black mask masquerade”.
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Figure 11: Generated samples without guidance (w = 0) and o(t) = +/21; across seven selected
prompts. Each row corresponds to a different finetuning algorithm. The prompts are the same as in

Fig.
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B RELATED WORK

Fine-tuning from human feedback. There are two main overarching approaches to RLHF: the
reward-based approach (Ziegler et al., [2020; |Stiennon et al., [2020; [Ouyang et al.| 2022} Bai et al.,
2022)) and direct preference optimization (DPO; Rafailov et al.|(2023))). The reward-based approach
(Ziegler et al.,[2020; |Stiennon et al., [2020; Ouyang et al., [2022; |Bai et al.| 2022) consists in learn-
ing the reward model r(z) from human preference data, and then solving a maximum entropy RL
problem with rewards produced by r(x). DPO merges the two previous steps into one: there is no
need to learn r(z) as human preference data is directly used to fine-tune the model. However, DPO
is typically only applied with a filtered dataset, and does not work explicitly with a reward model.
Furthermore, for flow and diffusion models specifically, it is possible to differentiate the reward
function, so there is a larger emphasis on reward-based approaches.

Fine-tuning for diffusion models. Among existing reward-based diffusion fine-tuning methods,
Fan & Lee|(2023)) interpret the denoising process as a multi-step decision-making task and use policy
gradient algorithms to fine-tune diffusion samplers. Black et al.|(2024) makes use of proximal policy
gradients for fine-tuning but this does not make use of the differentiability of the reward model. [Fan
et al.[ (2023) also consider KL-regularized rewards but do not make the critical connection
to the tilted distribution (I)) that we flesh out in Subsec. [3.2] The fine-tuning algorithms of [Xu
et al.| (2023); (Clark et al.| (2024) directly take gradients of the reward model and use heuristics to
try to stay close to the original base generative model, but their behavior is not well understood
and unrelated to the tilted distribution: |Xu et al.| (2023) takes gradients of the reward applied on
the denoised sample at different points in time, and |Clark et al.| (2024) backpropagates the reward
function through all or part of the diffusion trajectory. Finally,|Uehara et al.|(2024b) also fine-tune
diffusion models with the goal of sampling from the tilted distribution (I]), but their approach is
much more involved than ours as it requires learning a value function, and solving two stochastic
optimal control problems. Additional reward fine-tuning works include Bruna & Han| (2024), that
provide theoretical guarantees to sample from the tilted distribution when the reward is a quadratic
function, and Zhang et al.| (2024), that propose a reward fine-tuning algorithm for the GFlowNet
architecture.

Inference-time optimization methods. Some have proposed methods that do not update the base
model but instead modify the generation process directly. One approach is to add a guidance term
to the velocity (Chung et al., 2022} |Song et al.|[2023]; [Pokle et al., [2023); however, this is a heuristic
and it is not well-understood what particular distribution is being generated. Another approach is
to directly optimize the initial noise distribution (Li, 20215 [Wallace et al.| 2023b; Ben-Hamu et al.,
2024); this is taking an opposite approach to the inital value bias problem than us by moving all
of the work into optimizing the initial distribution. A more computationally intensive approach
is to perform online estimation of the optimal control, for the purpose of heuristically solving an
optimal control problem within the sampling process (Huang et al., 2024} [Rout et al., 2024)); these
approaches aim to solve a separate control problem for each generated sample, instead of performing
amortization (Amos et al.,[2023)) to learn a fine-tuned generative model.

Optimal control in generative modeling. Methods from optimal control have been used to train
dynamical generative models parameterized by ODEs (Chen et al.| [2018), SDEs (Li et al., |2020),
and jump processes (?), enabled through the adjoint method. They can be used to train arbitrary
generative processes, but for simplified constructions these have fallen in favor of simulation-free
matching objectives such as denoising score matching (Vincent, 2011) and Flow Matching (Lipman
et al} |2023). The optimal control formalism also has significance in sampling from un-normalized
distributions (Zhang & Chen, 2022; Berner et al., 2023 |Vargas et al.,[2023;[2022; Richter & Berner,
2024; Tzen & Raginskyl [2019). The inclusion of a state cost has been used to solve transport
problems where intermediate path distributions are of importance (Liu et al., 2024} [Pooladian et al.,
2024). These collective advances naturally lead to the consideration of the optimal control formalism
for reward fine-tuning.

Conditional sampling in inverse problems. |Denker et al.|(2024]) and [Wu et al.|(20234a) indepen-
dently consider a pre-trained diffusion model p(z), and an observation y on the generated sample z,
as well as the analytic likelihood p(y|z). Their aim is to sample from the posterior p(z)p(y|z), and
their applications include inpainting, class-conditional generation, super-resolution, phase retrieval,

27



Published as a conference paper at ICLR 2025

non-linear deblurring, computed tomography, and protein design. Their setting reduces to a partic-
ular case of our reward fine-tuning framework by setting r(x) = log p(y|z). [Denker et al.|(2024)
formulate an SOC problem, and they solve it via the log-variance loss (Richter et al.|(2020); Niisken
& Richter| (2021))), and the moment loss (Niisken & Richter} [2021)), which they refer to as the tra-
jectory balance loss (Malkin et al.| 2023). Wu et al.| (2023a) propose Twisted Diffusion Sampler, an
algorithm based on Sequential Monte Carlo that uses increased inference-time compute to reduce
bias. A third work that also tackles the conditional sampling problem is|Du et al.|(2024)), which use
a Lagrangian formulation that they solve approximately using Gaussian paths.

C RESULTS ON DDIM AND FLOW MATCHING

C.1 DENOISING DIFFUSION MODELS

We next discuss diffusion models, in particular the sampling scheme proposed by Denoising Diffu-
sion Implicit Model (DDIM; [Song et al.| (2021a))) which we will later relate to Denoising Diffusion
Probabilistic Models (DDPM; |Ho et al.[(2020)) as a particular case of the former. For sampling from
a diffusion model, the DDIM update rul' (Song et al.| (2021a), Eq. 12), typically stated in discrete
time with k € {0, ..., K}, is:

Xpt1 = \/dk+1()ﬁc_+;:6(xk’k)) + /1= apg1 — ope(Xp, k) + open, (28)

where g, ~ N(0,1), Xo ~ N(0,7), (&) is an increasing sequence such that ag = 0, ax = 1,
and the sequence oy, is arbitrary. That is, one samples an initial Gaussian random variable x(, and
applies the stochastic update (28) iteratively K times in order to obtain an artificial sample X .
Updates can be interpreted as progressively denoising the iterate: z( is completely noisy and x i is
fully denoised. The noise predictor model e(zy, k) is trained to predict the noise of xj, (see e.g. [Ho
et al.| (2020) for details on pre-training denoising diffusion models).

To convert DDIM to a continuous-time stochastic process, we can show that the DDIM update rule
(28], up to a first-order approximation, is equivalent to the Euler-Maruyama discretization of the
following SDE:

base
Gy g ol )ALV dt + o(t)dB,, X~ N(0, 1), (29)

See App. [C.2] for the full derivation. To go from (28) to (29), we assumed a uniform discretiza-
tion of time, i.e. t = % This results in identifying the discrete-time process (Xy) ke{o,.... K}

with a continuous-time process (X¢)ic[o,1], Where ay, = &, o} = \/% o(t), and e(Xy, k) with

dX; = (=X, — (

(204,

€"8¢( Xy, ). In relation to the reference flow (2), the generative process in has the same time
marginals when oy = /&, and B; = /1 — &, (Ho et al.,[2020).

Furthermore, when viewed up to first order approximations, the DDPM sampling scheme (Ho et al.
(2020); Algorithm 2) can be seen as special instance of the DDIM sampling scheme when o (t) =

\/@t/a,. This results in the following generative process:
X, = (o X, - & KD)qp 4\ [Eap, X~ N(0,T), (30)

C.2 THE CONTINUOUS-TIME LIMIT OF DDIM

The DDIM inference update (Song et al.,2021a| Eq. 12) is

Tpt1 = \/dk_ﬂ(u\/%df%k)) + /1 — agg1 — oie(xy, k) + oper, xr ~ N(0,1).
(3D

If we let Ay, = @p41 — Gy, we have that

ay ap+a a a a A ~ Aa
\/ gzr1 :\/ k k+1 k \/1_|_ k+1 k \/1_|_ Ady 14+ 25: (32)

SWe slightly depart from the notation in|Song et al.| (2021a) by flipping the direction of time and using &,
which corresponds to the ax, in|Song et al.|(2021a) while it corresponds to the &y, inHo et al.| (2020).
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where we used the first-order Taylor approximation of /1 + . And
—\/m+\/l—ak+1—ak— \/1+Aa’“ 1—ag)++/1— a1 — o}

_¢1+Am_ak_mk+m_ — -G+ 2 T o]

o — Aa / o7

=.,/1— Oék—i-l - 1 + @k(l—@kk+1) + 1— Otl;+1

. 5 o of
~ VT = (- (1+ zak(?fékﬂ)) +1— 5= ak+1)) _@Ta: + %)\/ﬁ,

(33)

where we used the same first-order Taylor approximation. Thus, up to first-order approximations,
(31)) is equivalent to

wp1 = (1+ %5:) Ty — (%5: + Jk)\;ﬁ#ik)l + Ok, zr ~ N(0,I). (34)

If we modify our notation slightly, we can rewrite this as

& h)2 € .
Xppnyn = (1= B380) Xy, 4 (2en — DOCU ) Ln ) o o (kh)e,, — Xo ~ N(0,1).
(35)
To go from (B34) to (B), we introduced a continuous time variable and a step size h = 1/K, and we
regard the increment hay, as approximately equal to h times the derivative of &. We also identified

oy, with v/ho (kh), where o (kh) plays the role of a diffusion coefficient. Note that equation (33)) can
be reverse-engineered as the Euler-Maruyama discretization of the SDE

AX, = (= g 4 (S - 2@° ) )dt + o(t)dBy,  Xo ~ N(0, ). (36)

2aut

C.3 FORWARD AND BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS

Let (K¢)ye(0,1) and (1¢)4¢o,1) such that

Vt € [07 1], Nt 2 0, fol Rl1—s ds = “+00, 2‘[01 M —¢ €Xp ( — 2]:, Kl—s dS) dt/ =1.

(37

As shown in Tab. |1} DDIM corresponds to
Rt = %, = 51:(%:/815 - 5t)~

Lemma 1 (DDIM and Flow Matching fulfill the conditions (37)). The choices of (k¢)c[0,1] and
(nt)tefo,1) for DDIM and Flow Matching fulfill the conditions (37). For DDIM, we have that

2‘%, N = 2% and Flow Matching corresponds to

fg Ki_sds = —Llogay_y = fol Ki1_sds = 400, 38)
2f0t77t/exp(—2ﬁ,/£sds) dt/ =1 —a1y = QfOlm/eXp(—Qf:, keds)dt’ = 1.
For Flow Matching,

fg Ki_sds = —log oy =—> fol K1_sds = 400, (39)

2 fot neexp ((— 2 ftt, keds)dt' = B7_, = 2 fol neexp (— 2 ftt, ksds)dt’ =1. (40)
Forward and backward SDEs Consider the forward and backward SDEs

dX; = —k1_¢ Xy dt + 21— dBy,  Xo ~ Pdatas 1)

dX; = (ke Xy + 2m8(Xy, t))dt + /21, dBy, Xo ~ N(0,1), (42)

where we let 7, be the density of X,, and we define the score function as s(x, ) := V log 7 _¢ ().
Similarly, we let p; be the density of X;. p; and p, solve the Fokker-Planck equations:

Opr =V - (k1—exPi) + m—t APy, Do = Pdata, (43)
Ope =V - ((— mex — 20,V 1og Pr—¢(X¢)) pe) + meAp, po=N(0,1). (44)
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Lemma 2 (Solution of the forward SDE). Let (k¢)¢>0, (t)e>0 withne > 0, and (§;)i>0 be arbi-
trary. The solution Xt of the SDE

AX; = (= ki X + &) dt + 2 dBy, X ~ Ddata (45)
s

Xt:X() exp (—fot R1—gs dS)-’-fOt exp (—j;t, KRl—s ds)glft’ dt/+f0t \/2’[]1,t/ exXp (—j:, R1—gs dS) dBt’a
(46)

which has the same distribution as the random variable

X, =X, eXp(—fg Ki_s ds)—l—fot exp (—j;t/ K1—sds)é&_p At/ + \/2 fot M—yp exp (—2 j;t/ K1—s ds) dt'e,

e~ N(0,I).
(47)

Applying Lemma[2] with & = 0, we obtain that 7 is also the distribution of

X; = Xgexp (- fg Ki_sds) + \/2 f(f M-y exp (— 2 ftt, K1_sds) dt’e = e, (48)

where € ~ N(0,I). The third equality in holds by (37). Hence we obtain that p5 = N(0,I).
Note also that

Op1—1 =V~ (’itxﬁlft) —nApr—¢ = -V - (( — KT — 277tV10g1717t($))1717t) + APy
(49)

Thus, p1_; is a solution of the backward Fokker-Planck equation (44]), which proves the following:

Proposition 3 (Equality of marginal distributions). For any time t € [0,1], the densities of the
solutions X, X, of the forward and backward SDEs are equal up to a time flip: py = p1_;.

Forward and backward SDEs with arbitrary noise schedule Next, we look at the following
pair of forward-backward SDE:s:

— — _ 2 — —
AX, = (= riooXo + (955 = )s(X 1 =) dt+0(1 =) dB;, Ko ~ pasa, (50)
dX; = (ke Xy + (2 4 0)s(X,, 0))dt + o(t)dBy, X ~ N(0,1), (51)

Here, the score function s is the same vector field as in (51). Remark that equations @1)-([@2) are a
particular case of (30)-(51) for which o (¢) = /27;. The Fokker-Planck equations for (50)-(51)) are:

oy =V - ((ki—ex+ (- 0(1 b® 4 M—1)s(Xe, 8))Pt) + M-t APk, D0 = Pdata;  (52)
Opr = V- ((— ke — (25 4 0))s(X0, 0))pe) + 225 Apy,  po = N(0,1). (53)

It is straight-forward to see that for any o, the solutions p; and p; of (52))-(53) are also solutions of

(@3)-@3). Hence, the marginals X; and X, are equally distributed for all noise schedules o, and
they are equal to each other up to a time flip.

Equality of distributions over trajectories The result in Prop. [3]can be made even stronger:

Proposition 4 (Equality of distributions over trajectories). Let X, X be the solutions of the SDEs
@]) 5T) with arbitrary noise schedule. For any sequence of times (t;)o<i< 1, the joint distribution of

(Xt )0<1<1 is equal to the joint distribution of (X1_4, )0<1<1, or equivalently, that the probability

measures B, P of the forward and backward processes X, X are equal, up to a flip in the time
direction.

This result states that sampling trajectories from the backward process is equivalent to sampling
them from the forward process and then flipping their order.
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C.3.1 PROOF OF LEMMAII]

As shown in Tab. |1, DDIM corresponds to x; = 2%, n = 2% Thus, 7; > 0 because @; is

increasing, and

fot Ki_sds = fot 20(‘111 “ds=—13 g@s loga_sds = —1(log @4 —logay) = —1 log & ¢,
— [} Ki_sds = —Llogag = +oo
(54
2 s (2 [ e ) = [ B e (— f1 B ) ar
= [ St B gy =gy [y 0n (5 ) A = (5 - L) =1 -, (55)

= 2f0 Ut/eXp(—th/list)dt/ =1—a¢=1.
where we used that @; = 1 and &y = 0. And Flow Matching corresponds to x; = % N =

B (3—1 By — Bt) We have that 77, > 0 because «y is increasing and j3; is decreasing, and

f Ki_sds = ft Q1 = ds fg dslogay_sds = —(logag_y — logay) = —log a4, s
(56)
= fo Ki_gds = —log oy = +00,

and
2 fymovexp (=2 [} msds)dt! =2 [) B p (52 By — frv) exp (=2 [, 2= ds) dt!
:2f0tﬂl—t( =By — B t’)(al ‘) dt’,

Qup g/
(57)
To develop the right-hand side, note that by integration by parts,
. 2
Jo BrwBrov (222) b = — fy o (252) (224)" ar
2 2 2 .

() S (o~ [ (2 i o

(58)

And if we plug this into the right-hand side of (57, we obtain
]t 2 Q1 —t 2
2 i exp (— 2 [ woads) (52 (27, = 7~ () = (59

— 2 [ mpexp(—2 [, kisds)dt! = 7 = 1. (60)
where we used that 51 = 0, a; = 1.

C.3.2 PROOF OF LEMMA[2

We can solve this equation by variation of parameters. To simplify the notation, we replace x1_g,
m_s and &4 by kg, 15 and €. Defining f()zt, t) = X, exp (fot Ki_s ds), we get that

df (X4, 1) = k1_4 X exp (fot Ki—sds) dt + exp (fot Kl_s ds)d)?t
= k1_t Xt exp (fot K1—sds) dt+exp (fot K1—s ds) ((—m,t)zt + &1y) dt+/2m— dBy)

= exp (f(f K1—sds)&—y dt + /21, exp (fot K1-sds) dB;. )
(61)

Integrating from O to ¢, we get that
Xt exp (fot Ri—s ds) :Xo+fg exp (fot Kl—s ds)fl,t/ dt/-l-fg \/2’]71,)5/ exp (fot Rl1—gs dS) dBt/,

(62)
— X, = Xyexp (- f(f K1—sds) + fg exp (— ftt, K1—sds)&—y At/ (63)
+ fo V2mi—p exp (— ftf/ K1—sds) dBy. (64)
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Since

E[(fot V211 _p exp ( — ftt, Kl—s ds) dBt/)Q] =2 fg Ni—y €XP ( — 2ft€ Kl—s ds) de’, (65)
we obtain that fg V2n1—p exp ( — ftt, Ki—s ds) dB;s has the same distribution as
\/2 fot M—vexp (—2 ftt, K1-s ds) dt’e, where € ~ N (0, 1).

C.3.3 PROOF OF Pror.[4]

This is a result that has been used by previous works, e.g. (De Bortoli et al.l 2021, Sec. 2.1), but
their derivation lacks rigor as it uses some unexplained approximations. While natural, the result
is not common knowledge in the area. We provide a derivation which is still in discrete time, and
hence not completely formal, but that corrects the gaps in the proof of |De Bortoli et al.|(2021).

We introduce the short-hand

b(z,t) = —ki_ + (le_t)z —m—e)s(z,1—t), (66)
b(x,t) = ke Xy + (285 4 )8 (X, 1), 67)
G(t)=o(1—1t). (68)

Remark that b(z, t) = —b(z, 1 — t) + o (t)2s(Xy, 1).
Suppose that we discretize the forward process X using K + 1 equispaced timesteps:
Lri1 = T + hb(zy, kh) + VA& (kh)ey,  with e, ~ N(0,1). (69)

It is important to remark that x4 — 2, = O(hl/ 2). Throughout the proof we will keep track of all
terms up to linear order in h, while neglecting terms of order O(h3/ 2) and higher. The distribution
of the discretized forward process is:

o1 exp (7|\mk+1—wk—h3(zk,kh)”2)
- - -1 5 = G 2
P(xo.x) = Po(wo) [T—g Prtijk(Trs1|rr), where piiqp(@rgr]zr) = DL
(70)
Using telescoping products, we have that
_ _ K-1 B (25
P@o:rx) = Pr(Tr) [ 1eo pk+1|k(xk+1|$k)% a1

= i (2x) [Teeo Prripe(@rr1lor) exp (log(Bi(zr)) — log(Bht(zrs1)))
We can use a discrete time version of Ito’s lemma:
S 2
log Fwr41, (k + 1)h) ~ log jlwx, kh) + h(9; log plax, kh) + T8 Alog play, kb)) (72)
+ (Vlog g, kh), w1 — ai) + O(h/2). (73)
Using equation (69) and a Taylor approximation, observe that

(Viegp(wg, kh), 2p41 — x1)

= (Viogp(axy1, (k+ 1)h) = V2 log p(zkir, (k + Dh)(@k1 — o), 2p1 — 2x) + O(R3?)
= (Vlog p(Ti+1, (k + 1)), 21 — zp)
— (hb(xy, kh) + Vhé (kh)ex, V2 log p(zgi1, (k + 1)h) (Ab(zk, kh) + Vh& (kh)ey)) + O(h*/?)
= (Vlogp(zys1, (k + 1)), 211 — xx) — hd (kh)?Alog p(zyi1, (k + 1)h) + O(h/?).
(74)
And since p'satisfies the Fokker-Planck equation
O = V - (=@, 1) + 24V log pi(2))51), (75)
we have that
O log j, = 2B — V- (B + 755V 105 71 ()7
P P (76)

==V - b(x,1) + 2 Alog pi () + (~b(x, 1) + -V log i (x), V log fi ().
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Hence,
Or log p(xy, kh) = 0 log p(zk11, (k + 1)h) + O(RY/?)

= =V - B, (k+ Dh) + XD Alog g, (k + 1)h)

+ (=bl@rs, (k + k) + ZEEDNEG 10g 5y 4y (k + 1)R), Vog plapsr, (k + D)) + O(RY2).

77

If we plug (74) and (77) into (72)), we obtain

log p(z 41, (k + 1)h) - 10gp($k, kh)

= W(=V - b@pr1, (k+ 1D)h)+(=bwgi1, (k+ 1)h)
IO G 00 (s, (k + 1)R), Viog flzk1, (k + 1)h)))

4 (Vg (st (k+ DR, 2ppt — ) + O(h32) (78)

_ (2h&(kh)*Vlog p(ky1,(k+ D)@k 1 =2 —hb(@kir,(k+1)h))
= 2h& (kh)2

Hh( =V B(arsr, (5 + 1)h) + D G 100 5y o, (k + 1)R)|2) + O(h3/2).
Applying a discrete time version of Ito’s lemma again, we have that
Bk, kh) = b(wkir, (k+ DR) — h(Ob(wksr, (k + 1)h) + ZEEDDEAG G (k4 1)R))
+ Vb(zpi1, (k+ 1DR)T (2 — 2pp1) + O(R3/2)

—

= b(wpir, (k+ Dh) + Vg, (k+ D) (@ — @y41) + O(h).

(79)
where Ab denotes the component-wise Laplacian of b. Thus,
log Ply1(k (Tht1]7r)

llzkt1— 5”k hb(zre,kh) ||
2h& (kh)?

o Hﬁb‘k+1—$k—h(b($k+17(k+1)h)-t75(§ck+1y(k+1)h)1—(xk—$k+1))|\2 + O(h3/2)

215 (kh)2 G (kh)?

_\|3fk+1—xk—:;)((;:z;h(k-i'l)h)\lz h&(kh)® (%Vi((il;sh(k-l-l)h) 6’ﬁ>_|-0(h3/2)

o oMo GEDRIE ARy, (k + 1)) + O(h/2)

(2mh(kh)?) —
(2mhd (kh)?)
log (27h& (kh)?) — Lzt W ) Ut DI? | oy DBy (2 D0 (ensn)) | 0(3/2)
(2mhd (kh)?)
(2mhd (kh)?)

(80)
Combining and (80), we obtain that

108 Pt 1)k (Tt 1]2k) — (log p(zit1, (k + 1)h) — log p(xk, kh))

— _% log (Qﬂ_ha_a(kh)g) _ H:D]H,l—a:k—hb(aik+1,(k-&-l)f}bl)o-:‘?:i)(fh)Qvlogp(karh(k-‘rl)h)H? 4 O(h3/2)

_% log (27Th0_"((k + 1)h)2) _ okt 1 —xk—hb(zgi1,(k+1)h)+h&((k+1)R)>V log p(zk11,(k+1)h)||? + O(h3/2).

R&((k+1)h)Z
(81)
By Bayes rule, and taking the exponential of this equation, we obtain
= — 7 P (k)
Pk (Thi1lTh) = Pevrpe(@rralen) 5000
o (_ \\zk—zk+1+h5<zk+1,(k+1>h)—hs<(k+1>m2vlogp(zkﬂ,Uc+1>h)u2)
_ xp 2h ((k+1)h)2 + O(h3/2)
2mhG((k+1)h)2)d/? :
(82)

Up to the O(h>/?) term, the right-hand side is the conditional Gaussian corresponding to the update

= wxi1 + b = b@pr, (k+ 1)) + &((k + 1)h)?Vlog p(ws1, (k + 1)h))

(83)
+Vhi((k+ Dh)ers1, w1~ N(0,1).
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If we define y, = . and we use that b(z, t) = —b(z,1 — t) + &(t)2V log p(x, 1 — ), we can

rewrite (83) as
YK—k —=YK—k—1 +h(— l_)’(yK,kfl, (K —k— 1)h)+5((K—k:—1)h)2Vlogp(yK,k,h (K—kj—l)h))
+Vhei(K =k —1Dh)er, = yx 1+ hb(yx k1, kh) + Vho(kh)ex 1,

—> Ykt1 = Yk + hb(yk, kh) + Vho (kh)ey,.
(84)

And this is the Euler-Maruyama discretization of the backward process X. If we plug (82) into (71),
we obtain that

P@o.x) = Pr(TK) H?:_ol Prtifk(Trr1]zr). (85)

which concludes the proof, as px (zf) is the initial distribution of the backward process, and
Prt1|k(Try1]|2r) are its transition kernels.

C.4 THE RELATIONSHIP BETWEEN THE NOISE PREDICTOR € AND THE SCORE FUNCTION

Applying Lemmawith the choices of (k¢)¢>0 and (n;);>o for DDIM, we obtain that X, has the
same distribution as

X, = JaiXo+vI—aie, e~ N(0,1). (86)

Since X; and X, have the same distribution, predicting the noise of X, is equivalent to predicting
the noise of X;. The noise predictor € can be written as:

e(w,t):=E[e| X1, = 2] =E[e[ V@ Xo + VT — are = 2] =E[* X020 | /&, X + /T — age = a].
(87)
And the score function s(z, t) := V log p1_(x) admits the expression

s(x,t) := Viogpi_+(x) = Vﬁlf:zx) _ VE[ﬁ;?:LO(SC)l)(O)] _ EV IOgﬁl—t\O;filii(;))ﬁl—t\o(xlxo)]’ (88)

where
P (] Xo) = SLEIEVEMIYEO00) — Vlogp, (afty) = — 554220 (89)
Plugging this into the right-hand side of (88)) and using Bayes’ rule, we get
s(z,1) = B[ — 2850 | /5 X 4+ T = age = ). (90)
Comparing the right-hand sides of and (90), we obtain that s(z, t) = —\;(%721

C.5 THE RELATIONSHIP BETWEEN THE VECTOR FIELD v AND THE SCORE FUNCTION

By construction (Lipman et al., [2023} |Albergo & Vanden-Eijnden, 2023; |Albergo et al., [2023), we
have that

v(z,t) = E[&:Y1 + 5iYole = arYr + 5, Yo
= E[2E2800) 4 3 ¥y |a = Y7 + B Y] O1)
= &0+ (B — LB)EYolz = Y3 + BiYo),
where we used that Y1 = (z — 3;Y))/ay. Also, we can write the score as follows

() _ VE[py1(2|Y1)] _ E[Vpy1(2|Y1)] _ Elpsyji (¢]Y1)V log pyjr (2|
5(x,t)::Vlogpt(x):V:(i)): [ppll(g\ ] _ [ppll(gl )] _ Elpjs (=] )pt(;)gpu(:cl )], (92)

where

exp(—||lz—aq 2 t2 - T—oy
pap (] Y1) = =2 I‘(zwﬁf?duz/(zﬁ D — Viogpy(alyr) = — 2= (93)

t
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Plugging this back into the right-hand side of (92), we obtain

Elpujs (2]Y1) =54 J B @1Y1)pr (V) ==L dva
s(@,t) = - p@ @
= = [ pp(Yafo) =5 dYy = “E[E52 = auYy o BiYo] = - Shel=gsn]

(94)
The last equality holds because (z — «;Y7)/8; = Yo. Putting together (OT)) and (94), we obtain that
v(x,t) = z—:q: + ﬁt(z—:ﬁt — Bt)s(x,t) — s(z,t) = m(v(x,t) — %aﬁ) (95)
Thus, the ODE (3) can be rewritten like this: |
W0 — X, + BB — B)s(Xist),  Xo ~po. (96)
To allow for an arbitrary diffusion coefficient, we need to add a correction term to the drift:
dX; = ($£X; + (”5)2 + B (5B — B1))s(Xy,t))dt + o(t)d By, Xo~po-  97)

This can be easily shown by writing down the Fokker-Planck equations for (96) and (97), and ob-
serving that they are the same up to a cancellation of terms. Finally, if we plug the right-hand side
of (93)) into (97), we obtain the SDE for Flow Matching with arbitrary noise schedule (equation ().

D STOCHASTIC OPTIMAL CONTROL AS MAXIMUM ENTROPY RL IN
CONTINUOUS SPACE AND TIME

In this section, we bridge KL-regularized (or MaxEnt) reinforcement learning and stochastic opti-
mal control. We show that when the action space is Euclidean and the transition probabilities are
conditional Gaussians, taking the limit in which the step size goes to zero on the KL-regularized RL
problem gives rise to the SOC problem. A consequence of this connection is that all algorithms for
KL-regularized RL admit an analog for diffusion fine-tuning. This is not novel, but it may be useful
for researchers that are familiar with RL fine-tuning formulations.

App. is providing a more direct, rigorous, continuous-time connection between SOC and Max-
Ent RL, as it shows that the expected control cost is equal to the KL divergence between the distri-
butions over trajectories, conditioned on the starting points (see equation (T2))).

D.1 MAXIMUM ENTROPY RL

Several diffusion fine-tuning methods (Black et al., 2024; |Uehara et al.| [2024b) are based on KL-
regularized RL, also known as maximum entropy RL, which we review in the following. In the
classical reinforcement learning (RL) setting, we have an agent that, starting from state so ~ po,
iteratively observes a state sy, takes an action ay according to a policy 7(ay; sk, k) which leads
to a new state s;41 according to a fixed transition probability p(skt1|ak, i), and obtains rewards
7% (K, ax). This can be summarized into a trajectory 7 = ((sk, ax))sr_,. The goal is to optimize the

policy 7 in order to maximize the expected total reward, i.e. max, ETNﬂ,p[ZkK:O ri(Sk, ak)].

Maximum entropy RL (MaxEnt RL; Ziebart et al.[(2008)) amounts to adding the entropy H (7) of
the policy 7 (+; sk, k) to the reward for each step &, in order to encourage exploration and improve
robustness to changes in the environment: max,; E;r [Zf:o ri(Sk, ak) + EkK;Ol H(n(-; 88, k))]

H As a generalization, one can regularize using the negative KL divergence between 7(+; s, k) and
a base policy Thase(*; Sk, k):

maXz ETNﬂ',p [Z?:O Tk (Slm ak) - 2(:701 KL(ﬂ'(, Sk, k)”ﬂ-base('; Sk, k))L (98)

which prevents the learned policy to deviate too much from the base policy. Each policy 7 induces
a distribution ¢(7) over trajectories 7, and the MaxEnt RL problem can be expressed solely in
terms of such distributions (Lemma [3]in App.[D.3):

maxg Erq[Y e mi(se, ar)] — KL(g||g"), (99)

SThe entropy terms are usually multiplied by a factor to tune their magnitude, but one can equivalently
rescale the rewards, which is why we do not add any factor.
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where qbase is the distribution induced by the base policy 7Tase, and the maximization is over all
distributions ¢ such that their marginal for s is po. We can further recast this problem as (Lemmad]

in App.[D.3):
min, KL(q|lg*),  where ¢*(7) := ¢"*°(r) exp ( 4o 7k (ks ar) — V(s0,0)),  (100)

where

V(sk, k) =108 (Ermmyeplexp ( gy ra (s, ar)) k)
= maxy Brr [ S0y i (517 anr) — S KL (s, k)| [hase (-3 sk, &)
(101)

is the value function. Problem (100) directly implies that the distribution induced by the optimal
policy 7* is the tilted distribution ¢* (which has initial marginal pg).

D.2 FROM MAXIMUM ENTROPY RL TO STOCHASTIC OPTIMAL CONTROL

The following well-known result, which we prove in App. [D.3] shows that in a natural sense, the
continuous-time continuous-space version of MaxEnt RL is the SOC framework introduced in Sub-
sec. In particular, when states and actions are vectors in R¢, policies are specified by a vector
field u (the control), and transition probabilities are conditional Gaussians, the MaxEnt RL problem
becomes an SOC problem when the number of timesteps grows to infinity.

Proposition 5. Suppose that

(i) The state space and the action space are R¢,

(ii) Policies T are specified as 7(ay; s, k) = §(ap — u(sy, kh)), where v : R? x [0,T] — R?
is a vector field, and 0 denotes the Dirac delta,

(iii) Transition probabilities are conditional Gaussian densities: p(sgy1|ak, sp) = N(sp +
h(b(sk, kh) + a(kh)ay), ho(kh)o(kh) "), where h = T/K is the step size, and b and o
are defined as in Subsec.

Then, in the limit in which the number of steps K grows to infinity, the problem is equivalent to
the SOC problem (1)-@®), identifying

* the sequence of states (si)}_ with the trajectory X* = (X{*)ic[0,1],

* the running reward Zf:_ol ri(Sk, ar) with the negative running cost — fo (X, 1)
* the terminal reward vk (S , ax ) with the negative terminal cost —g(X?%),

* the KL regularization B | 5;01 KL (7 (+; 5k, k)| |Tbase (+; Sk, k)] with & times the ex-
pected L? norm of the control %E[fOT u(X, )] dt],

* and the value function V(sy, k) defined in (101)) with the negative value function —V (x,t)
defined in Subsec.[3.1]

A first consequence of this result is that every loss function designed for generic MaxEnt RL prob-
lems has a corresponding loss function for SOC problems. The geometric structure of the latter
allows for additional losses that do not have an analog in the classical MaxEnt RL setting; in partic-
ular, we can differentiate the state and terminal costs.

A second consequence of Prop. [3] is that the characterization (I00) can be translated to the SOC
setting. The analogs of the distributions ¢*, ¢”**¢ induced by the optimal policy 7* and the base
policy 7% are the distributions p*, p®**° induced by the optimal control «* and the null control.
For an arbitrary trajectory X = (X¢).c[0, 1), the relation between P* and PP2s¢ is given by

A (X) = exp(— fo (Xy,t)dt — g(X7) + V(X0,0)) (102)

where V is the value function as defined in Subsec. 3.1} Note that this matches the statement in (T6)).
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D.3 PROOF OF PROP.[3t FROM MAXENT RL TO SOC
Since the transition p(sg+1|ak, sk) is fixed, for each 7 we can define

T(ak, Skr1; 5k, k) = T(ag; Sg, k)p(Sky1lak, sk)

- 103)
and Thase (ks Sk+1; Sky k) = Thase(ak; Sk, K)p(skr1lak, sk), (
and reexpress (98) as (see Lemma 3))
ming Err [3100 a (ks k) = Xpsg KLGEC, 5 880 k) [fbase (550, k)] (104)
Using the hypothesis of the proposition, we can write
(an, sp41; 8x, k) = 0(ar — (s, kn))N(sk +1(b(sy, kn) + o(kn)ax), no (kn)o(kn) ") (105)

- 6(0‘76 - u(5k7 kn)) (Sk-i-la Sk, k)7

where 7(spyi1;56,k) = N(sg + n(b(sg, kn) + o(kn)u(sk, kn)),no(kn)o(kn) ) is the state
transition kernel. We set the base policy as Tpase(ak; Sk, k) = 0(ax), and we obtain anal-
ogously that 7(ag, Sx+155k, k) = 0(ar)Thase(Sk+15 Sk, k) With Thase(Sky15 8k, k) = N(sp +
nb(sk, kn),no(kn)o(kn) ™). Now, if we take K large, the trajectory (si)1_, generated by 7 can be
regarded as the Euler-Maruyama discretization of a solution X* of the controlled SDE (8], while
the trajectory generated by 7. is the discretization of the uncontrolled process X obtained by
setting u = 0. As a consequence

limg o0 B[S KL(7 (- 5 8k k)| Tbase (- 5 5k, k)]

. e " . (106)
=limg 0 E‘rwﬁ'[ k=0 KL(ﬂ'(, Sk k)“’frbase('; Sk k))] = Exu~pu [IOg qPo (Xu)}

where P“ and P° are the measures of the processes X" and X° respectively The Girsanov theorem

(Thm.implies that log 455 (X*) = *fo (X, t),dBy) — 5 fo lu(X}, t)]|? dt, which implies
that E xu.pu[log %(X“)] = —1Exu pu fo lu(X,t)||? dt]. Setting the rewards 7y (ay, sp) =

nf(sk,kn) fork € {0,..., K —1} and r (ax, Sk ) = ng(sk), where f and g are as in Subsec.[3.1]
yields the following limiting object:

thﬁoo E.,-Nﬁ—[Zf:O Tk (Sk, ak)] = ]EXuNPu [fOT f(Xf’7 t) dt + g(X%)] (107)
Hence, the limit of the MaxEnt RL loss (T04) is the SOC loss (7).

Lemma 3. Ler 7(ag,Sk+1;8k, k) and Tpase(ak, Sp+1; Sk, k) be as defined in (103).
KL(7(+, 5 8k, K)||Tbase (s 5 Sk, k)] and KL(7(+; sk, k)||Toase(+; Sk, k)] are equal.  Moreover,
if ¢, q°2¢ denote the distributions over trajectories induced by T, Tyase, we have that

KL(q||q"°) = E[Y gy KL(7(+; 5, k)| [Tbase (5 55, k))]- (108)

Proof. We have that

- ~ ~ (ak, iSk,k
KL(7 (-, 5 8, k)| Tpase (5 85, k)] = D4, s0sy T(ks Skt15 5k, k) log %

m(ak;sk,k)p(sk+1lar,sk)

= Zamskﬂ m(ar; sk, k)p(sk+1lar, sx) log Thase (@k;8k,k)P(sk+1lak,sk)
iSk,k
=D apsers Tk Sk, K)p(Sk1lak, si) log Wb’::(’“ai’“ﬂ)k) (109)

= Y, wlan; sk, k) (S, ,, Plsky1|ar, sx)) log st
= Y, wlan; sp, k) log TR — KI(7(-; 55, k)| [moase (5 8k, K)))-

Thase (Ak3sk,k
To prove (108)), by construction we can write

base () = po(so) Hitol Thase @k, Sk+1; Sk, k),

(110)

q(T) ZPO(SO)Hf:Blﬁ(ak,Sk+1;Sk7k)7 q
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which means that
. T K-1 7(ak,s 1Sk,k
KL(Ql ‘qbdse) = ETNq[IOg 4,1131&0()7.)] = ]Er~q[ k=0 log ﬁbaie(haklj;ll]:sk,)k)]

. —1 ﬁ(ak,5k+1;sk,k)
= Zk:O ]ETNCIO‘U”I) [IOg ﬁ'base(akyskﬂ;skvk)]

K-1 ~ 7(agk, Sk, k
=2 k0 Bregor Doy spvy T(Qks Sk Sk k) log %] (111
= Y0 Ermqor [KL(F (5 85, k) [fbase (-, 5 8, )
= e B ok [KL(7 (-5 85, k) | [Tbase (-5 5k, k)]
= Erngon[Shso KL((5 55, k)| Mbnse (5 5k, )]
Here, the notation ¢** denotes the trajectory ¢ up to the state sy. O

Lemma 4. The distribution-based MaxEnt RL formulation in Q9) is equivalent to the the following
problem:
g"2 (r) exp (A ra(sk,ax))

min, KL(ql||q*), where q*(T) 1=
q (H ) () ﬁzﬁqs():so}qb“e(""/)e’(p(Zgzork'(si:va;c))

, (112)

where the minimization is over q with marginal py at step zero. The optimum of the problem is q*,
which satisfies the marginal constraint. The following alternative characterization of ¢* holds:

q*(1) = ¢"™°(7) exp (Zfzo ri(sk, ar) — V(s0,0)), (113)
where V(x, k) = max, Erw,p[Zf/:k Tr (Skry apr ) — 5;,16 KL(7 (5 857, B')||Tbase (5 Sk, K)) [k = ac]
(114)

Proof. Let us expand KL(g||¢*):
KL(q|lg") = Ernq[log £75]
=E,q [log q(1) —logq — Zf:o Tk (Sk, k)
108 (s Doty () exp (g il ap)))] (119)
= KL(q||g"™) — qu[sz:O 71 (Sks ar)]

oo [108 () X spmsoy (7)) exp (ko 7 (54 a}))) .

where the third equality holds because the marginal of q at step zero is py by hypothesis. Since the
third term in the right-hand side is independent of ¢, this proves the equivalence between (99) and

Next, we prove that the marginal of ¢* at step zero is pg:

qbase(T) exp (Zf:o rk(sk,ak))
T|So= *T = T|S0=T ’ B v (116)
Zrteomar ()= Lutrioome) S o e (Sho o) 20

base(,]_)

Now, for an arbitrary so, let gs,, g5, be the distributions ¢, ¢* conditioned on the initial state being
50. We can write an analog to equation (TT3)) for g, ¢ :

KL(s,1a2,) = Era,, [l0g 5275
= Erny., [10g a5, (1) — log ¢225°(7) — 0o 7k (58, ar)
K
+10g (5otiey 2 qrlsymsey Do () exp (g ra(sh, az)))] (17
= KL(qSOquaSe) E"'"’qm [Ek:o ’I“].C(S]g, ak)]
+ 1o (72 baSB(T’)eX (EK i (8] a’)))
& (5o(s0) 2o{r'Ish=s0} 4 P (ko Tk (ks ak))),

Hence,
. % K ase
0 = ming, KL(gs, l1g5,) = — maXg,, {ETM]SO [Zk:o TSk ak)] KL(qsqub )}

| (118)
+108 (513 3 vy oy €7 () exp (204 T (50 a3))-
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And applying (TO8) from (TI08)), we obtain that
ase K
log (ﬁ Z{qug:so} " (") exp (2o i (8 a)))

= max, B [ Do 7 (5 1) — Do KL (55 55, k)| [Thase (5 55, k)| s0] = V(s0,0),

(119)
which concludes the proof. O
D.4 PROOF OF EQUATION (12): THE CONTROL COST IS A KL REGULARIZER
Theorem 2 (Girsanov theorem for SDEs). If the two SDEs
dX, = b1(Xy,t)dt + o(X, t) dBy, X0 = Tinit (120)
dYy = (b1(Ys, t) + b2(Ye, 1)) dt + o (Y3, t) dBy, Yo = Zinit (121)

admit unique strong solutions on [0, T, then for any bounded continuous functional ® on C([0,T)),
we have that

E[®(X)] = E[@(Y) exp (— [ o(¥e,t) " ba(¥.t) dBy — & [ o(Ver )~ ba(Yi, 1)[2 )]
—E[O(YV)exp (- [ o(Yi,t) Lha(Yi,t)dBy + L [T |0 (¥, )_lbg(Y't,t)Hth)],zz
(122)

where B, = By + f (Ys, 8) " Lbo(Ys, 5) ds. More generally, by and by can be random processes
that are adapted to filtration of B.

Consider the SDEs
dX; = b(Xy,t)dt + o(t)d By, Xo = o, (123)
dXp = (b(X{,t) + o(t)u(X, t)) dt + o(t)dBy, XY = xzq. (124)

If we let P|,,, P“|,, be the probability measures of the solutions of (T23) and (T24), Thm. [2|implies
that

dp|, " 1 " 1 "
log dIP"“lljo (X)) =— fo u(Xy',t)dB: — %fo [u(X3 ,t)||2dt. (125)

Hence,

Dir (%[, || Play) = E[log d(fm‘o (X")|Xg = xo] = —E[log d‘ﬂro (X™)| Xy = o]

- [fo uw(XP,t)dB; + % fo u(X 2, 6)]12 At X3 = ao] (126)
E[L [y lu(X 0)]|2 A X = o),

where we used that stochastic integrals are martingales.

E PROOFS OF SUBSEC. 3.3l MEMORYLESS NOISE SCHEDULE AND
FINE-TUNING RECIPE

E.1 PROOF OF PROP.[Il THE MEMORYLESS NOISE SCHEDULE

We consider the forward-backward SDEs (50)-(51) with arbitrary noise schedule. By Prop. 4] the
trajectories X, X of these two processes are equally distributed up to a time flip, which also means
that their marginals satisfy p; = p;_¢, for all ¢ € [0, 1]. First, we develop an explicit expression for
the score function s(z, t) = V log p¢(x). By the properties of flow matching, we know that p; is the
distribution of the interpolation variable X; = 3, X¢ + a; X1, where Xo ~ N(0,1), X; ~ pdat® ar

independent. Thus, % ~ N(0,1), which means that we can express the density p; as
exp (, Hw—agyuz)
() = Joa —@mpmar— P (y) dy. (127)
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Thus,

fRdyexp( \\Z;‘;t?/\\z)pdata(y) dy -
— Vvl _ — _zoauibi(w) 12
3(1‘,t) \4 ngt(x) 62 + ,gt f dexp( lo— tgtyH ) pdata(y) dy ) ( 8)

where we defined

Jd yexp (*

[e—orl? ), dat: :
Jra exp (—%)pd““(y) dy

llz—atyl? ) data
252 )p (y)dy

i(x) =

(129)

Hence, we can rewrite the forward SDE (50) as

N — 2 X, —a —t&1—t _‘t e
dX: = (= moXe = (S5 - ) St dt o= 0dB Ko~ panse
(130)
Hence, if we substitute x1_; < Ki_¢ + % §it — 5 t(g(éﬂt) =) 51 +(X2)
1 1—t

(where we ignore the dependency on )Zt), 2m— < o(l —t), we can apply Lemma which
yields

X, = Xoexp (- fot (k1—s + %) ds)

267,
o(l—s)%— 1—s oy _yr (0 1—t)2-2 1—¢/ 4
- Jyexp (= [ (1o 4 SRR ds) et e, (K ) d (131)

+ fo o(l—t)exp(— ftt, (F1-s + %) ds) dBy.

We simplify the recurring expression:

o= —om s . | o0=97=281 (S=EA-fin.) L2

1o + SOl ns — e T =2l 4 fme (13
Thus,
Sy (s + 2Um2mesy ds = [ (222 — 0, log B ) ds = [, %l ds — (log B — log By v),
(133)
which means that
exp (= [y (s + TUS2m2 ) ds) = exp (— [ Sl ds) 2=t (134)

—

w(o(1— t)2—2 ) o(1— /Bft’ t/
U5 o (R 4 - )

If we define x(1 — s) such that 6%(1 — s) = 261,S(é‘1‘f,6’1,s - Bl,s) + x(1 — s), we obtain that

ag_

_5)? 5! —
exp (— [y T ds) St = exp (— [ (Sme — Bree 4 4UE) ds) et

=exp ([} (9slogai—s — dslog fi—s — ggii)) ds) £=L = exp (— [, gg 2 ds s) et
(136)
Oél—t’(a(l t')? + Biy  Gy_y )51 t/(Xt’) _ 0‘17t/X(1*t,)§1_t/ (Xt’) (137)

251 ¢! Br_e Qy_y/ 25?,“

If we plug equations (I36)-(137) into (T34)-(133), and then those into (I31)), we obtain that

X, =X, exp (— fo XQ(;Q 3) ds) 2=t + oy tfo exp (— ft, égQ *) ds) ’;(52 t)f _v(Xp)dt’

+ fot (Qﬁl—t'(::: Brt — 51—t/) +x(1—t))exp (- ft/ 252 =) )% dBy.
(138)
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and if we take the limit ¢ — 1~ and use that ov; = 1,

X, = X‘O(limtﬁl_ exp (— fot X(1=s) ds)oq—¢) + limy ;- ar— fg exp (— ftt, x(1=s) ds) X(lgt')gl,t, (Xyp)dt'

267_, 267_, 267_,
+limy 1 fy (2810 (522810 — Biow) + x(1 = 1)) exp (= [, 45 ds) 2=t d By
(139)

The assumption on  in (T9) is equivalent, up to a rearrangement of the notation and a flip in the
time variable, to the statement that for all ¢’ € [0, 1),

lim, 1~ exp (— [} gg%‘_? ds)ai—; = 0. (140)

Hence, under assumption (T9), the factor accompanying X, in equation (T39) is zero. Moreover,
this assumption also implies that

lim; ;- a1 fot €Xp ( - ftt/ )(2(51%*_55) ds) é(ﬁlfi:) §1-t (Xt/) dt’

= Jy (imyr- exp (= [ 35 ds)aa ) Y26 v (Xe) d” =0,

If we plug (T40) and (T47)) into (139), we obtain that

Xy =limyr- fy (2810 (525810 = Brov) +x(1 = ) exp (= [, %572 ds) 22=- By,
(142)

(141)

which shows that X is independent of X 0. Next, we leverage that X and X have equal distributions
over trajectories (Prop. . In particular, the joint distribution of (X, X;) is equal to the joint
distribution of (X7, X(). We conclude that X; and X are independent, which is the definition of
the memorylessness property. Hence, the assumption (T9) is sufficient for memorylessness to hold.
It remains to prove that the assumption (T9) is necessary. Looking at equation (I38) we deduce that

generally, for any ¢t € [0,1), )?0 and f(} are not independent, because the first two terms in (138))
are different from zero. Thus, if there existed a ¢’ € [0, 1) such that the limit (I40) is different from

zero, then X 1 would not be independent from X’t/, which means that in general it would not be
independent of X either.

E.2 FINE-TUNING RECIPE FOR GENERAL NOISE SCHEDULES

E.2.1 EXPRESSING b, u IN TERMS OF v OR €

Before proving the result we clarify the relation between the DDIM and Flow Matching vector fields
¢, v, and the base drift b and the control u. Let €?25¢, yP2s¢ denote the pre-trained vector fields and
efinetune - finetune the fine_tuned vector fields. Then we have the following expressions for the full
drift b(z,t) + o(t)u(x, t) and control u(z,t) when o (t) = \/2n;:

DDIM / DDPM:
b, O) o (O)ule, )= feo— 8 7L, ule ) ==y o (€ 2, 6) = (2, 1),
(143)
Memoryless Flow Matching:
b(xv t) +0—(75)“(557 t) = QUﬁHEtune(xv t) - %[L‘, u(x, t) = m(vﬁnetune (:L'v t) 7Ubase(x, t))
(144)

Thus, to solve the SOC problem (7)-(8) in practice, we parameterize the control u in terms of
elinetune o gfinetune and optimize these vector fields instead. After plugging in (T43)-(T44), the
SOC problem [@)-(8) can then be solved using any SOC algorithm in order to perform fine-tuning,
and we propose an especially effective algorithm in Sec. [} Adjoint Matching. After fine-tuning,
efinetune apd yfinetune can simply be plugged back into their respective generative processes (3)-(30)
to sample from the tilted distribution (1)) using any choice of diffusion coefficient.
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E.2.2 PROOF OF THM.[II

The proof of Thm. [I]relies heavily on the properties of the Hamilton-Jacobi-Bellman equation:

Theorem 3 (Hamilton-Jacobi-Bellman equation). If we define the infinitesimal generator

L= 2 Z” 1(00 )w( )azlazj + Zz 1 (x7t)ami7 (145)

the value function V for the SOC problem (I)-(8) solves the following Hamilton-Jacobi-Bellman
(HJB) partial differential equation:

0V (w,t) = =LV (z,1) + 5[ (0 TVV) (@, 1)|* = f(2.1),

V(z,T) = g(). (146)

Consider forward SDEs like (50), starting from the distributions pP*¢ and p*, where p*(z)
P> (@) exp(r(z)).
AdX; = b(X;, t)dt + o(t)dB;, X~ p>>e, (147)
dX; =" (X7 t)dt +o(t)dB,,  Xo ~p*. (148)
where the drifts are defined as

1—t)?

— _+\2 o
b(z,t) = =K1z + (U(T - Ul—t)ﬁ(% 1—t)=—Ki_x+ (@ - 771—t)V10gPt($),

b*(z,t) = —k1_4x + (@ —moy)st(z, 1 —t) = —kiz + (@ —m—¢)Vlogp; (z),

(149)
and p;, p; are the densities of X, )Zt, respectively. gy, py satisfy Fokker-Planck equations:
O = V- (B, ) + V- (UFEVE), gy = p, 150)
O =V - (5 (2,057 + V- (U5, po =
Plugging (T49) into (T150), we obtain
by =V - (k1—apy) + V- (m-e VD), Po = pPe, (151)

by =V - (k1—zpy) + V- (m—«VP;), Po = p*.
We apply the Hopf-Cole transformation to obtain PDEs for — log p; (and — log p; analogously):

N _ V- (k1i—txp:)+V- (Ul—tvﬁt)
bt Dt

—0i(—log p;) =

= K14V - T+ Ki—¢(x, V1og D) + ni_4 v logﬁ;:)(p(logpt)) (152)
= k1-td + k1o (x, Vg pi) + m i (Alog pi + ||V log pi[|?).

Hence, if we define ¥ (z,t) = —logpi(x), ¥*(x,t) = —logp;(z), then ¥ and ¥ satisfy the
following Hamilton-Jacobi-Bellman equations:

—OY = k1—4d — k1 (x, VYY) + (= AV +[|[VY]]?), ¥ (x,0) = — log p*° (),

(153)
09" =i = e, VI (- AT [VIR), 9 (e,0) = ~logp' (2).
(154)
Now, define ¥ (z,t) = ¥ *(z,t) — ¥ (, t). Subtracting (T54) from (T33), we obtain
—0V = —k1t(x, V) + m_i(— AV + | V)2 = || VY )
= —r1t(@, V) + (= AT + V(T + )P = VY ?)
= k1@, V) + (= AV + |[VY | + 2V, VY)) (155)

= (—k1@ + 2 VY, V) + (= AV + | VY |?)
= (—k1_x — 21 _ys(2, 1 — £), VYV + m—t( — AY + ||V”/7||2)7
¥ (2,0) = —log p*(x) + log p"*°(z) = —r(z) + log ([ pP**(y) exp(r(y)) dy).
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Hence, ¥ also satisfies a Hamilton-Jacobi-Bellman equation. If we define V' such that V4 (z,t) =
V(z,1 —t), we have that

OV = (—rx — 2mys(2,t), VV) + e (— AV + || VV]]?),

V(e,1) = r(z) — log ( f 2(y) exp(r(y)) dy). (150

Using Thm. [3] we can reverse-engineer V' as the value function of the following SOC problem:
1 1 u ase
min B[ [y [u(X},1)[* dt—r(z)+log ([ p***(y) exp(r(y)) dy)], (157)
s.t. dXp = (ke + 2ms(w, ) +/2nu( X, 1)) di4/2nd By, X§ ~ po. (158)

Note that this SOC problem is equal to the problem (7)-(8) with the choices f = 0, g = —r, and
o(t) = v/2n:. By equation (TT), the optimal control of the problem (157)-(138) is of the form:

ut(z,t) = —/20VV (2,8) = =20,V (2,1 — t) = —M(V”f/*(:c 1—t) = V¥ (2z,1-1))
20;(— Viogpy_y(x) + Vg p1—4(x)) = /21 (5% (, ) — s(x, 1)),

(159)
— s*(z,t) =s(z,t) + u*(z,t) /20 (160)

As in (51)), the backward SDEs corresponding to the forward SDEs (148)) take the following form:

AX7 = (ke X7+ (295 4 )" (X7, 0))dt + o(t)dBy, X ~N(O,1).  (161)

If we plug (T60) into this equation, we obtain

AX; = (keX7 4+ (T8 4 ) (s(X7, 1) + “EL0))dt + o (1) dB,, X ~ N(0,T), (162)

Ve
am?
— dX] = (b(X,;*,t) + f/%"t u*(X;‘,t))dt +o(t)dBy, X ~ N(0,I). (163)

where we used that b(z,t) = Kz + (%")2 + n¢)s(z, ) by definition in equation (6).

The fine-tuned inference SDE for DDIM Now, for DDIM, we have that u*(z,t) =
at(?iat) (6* (.CE, t) - ebase(x’ t)) by @ Hence,

o()? o0 4 & & N bas sy S bas
—Zmut (3, 1) = ==t [ oS (€ (s 1) — €002, 1)) = — ==t (M (@, 1) — € (w,1)),

at

(164)
2 +777 u* 't (o D) (t)2 base(Xt’t) (t) +2(§¥tt * base
= b(x,t) + —gu (z,t) = Xt (2% + ) e \/1 = (e*(x,t) — €™*¢(x,t))
vy g o(t (Xt
:2atX (Qat+ ())\/(17704,)
(165)
‘We obtain that the fine-tuned inference SDE for DDIM is
* _ (O yx _ [ Gy U(t)2 (X *
AX; = (£22X; - (£ + ) Sy dt 4 o(t)dB,  Xg ~ N(O, 1), (166)

which is matches the SDE (29) with the choice € = €*.
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The fine-tuned inference SDE for Flow Matching For Flow Matching, we have that u*(z, t) =

# * _ ,,base )
m< (2.8) = 09%2(z. 1) by (. Hence.

2% 45 (5 i)
2 t\ay Pt— Pt 2 * base
2t u*(z,t) = —— NCTTR (v*(z,t) — v°2%¢(x, 1))
" V2Be(EtB—pu) | Be(EEB—BY) 67
— %2_ * _ ,,base
=(1+ 2B,(%ﬁ,,_[,,t))(v (2,8) — 0™ (2, 1)).
U(f +77t pbase a(t)? base [

(e} 2 * ase
+ (L ) () — 0P (w, ) (168)

* o(t)? * Qe
= (xvt)-s-m(v (x,t)—a—tx).

We obtain that the fine-tuned inference SDE for Flow Matching is

a(t)? * * G Yk *
dX; = (v(X7,t) + m(v (X7.1) — &X;))dt + o()dB,,  Xg ~ N(0,1),
(169)

which matches equation (@) with the choice v = v*.

F METHODS TO SOLVE SOC PROBLEMS

F.1 EXISTING METHODS
F.1.1 THE ADJOINT METHOD

The most basic method of optimizing the simulation of an SDE is to directly differentiate through
the simulation using gradients from the SOC objective function. The adjoint method simply uses
the objective:

= [ (X, )2+ F(Xeo 1)) dE+g(X1), X ~pt (170)

This is a stochastic estimate of the control objective in (7), and the goal is to take compute the
gradient of £(u; X) with respect to the parameters 6 of the control u. Due to the continuous-
time nature of SDEs, there are two main approaches to implementing this numerically. Firstly, the
Discrete Adjoint method uses a “discretize-then-differentiate” approach, where the numerical solver
for simulating the SDE is simply stored in memory then differentiated through, and it has been
studied extensively (e.g., Bierkens & Kappen| (2014); (Gomez et al.[ (2014); Hartmann & Schiitte
(2012); Kappen et al.| (2012); Rawlik et al.| (2013); Haber & Ruthotto| (2017)). This approach,
however, uses an extremely large amount of memory as the full computational graph of the numerical
solver must be stored in memory and implementations often must rely on gradient checkpointing
(Chen et al.l 2016) to reduce memory usage.

Secondly, the Continuous Adjoint method exploits the continuous-time nature of SDEs and uses an
analytical expression for the gradient of the control objective with respect to the intermediate states
X, expressed as an adjoint ODE, and then applies a numerical method to simulate this gradient
itself, hence it is referred to as a “differentiate-then-discretize” approach (Pontryagin) 1962} (Chen
et al.,[2018; |L1 et al., 2020). We first define the adjoint state as:

a(t; X, u) = va(ft ( lu(Xe, t)|1*+ f( Xy, t)) dt’+g(X1)),

171
where X solves dX; = (b(Xy,t) + o(t)u(Xy, t)) dt + o(t)dB,. 7y
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This implies that Ex ,« [a(t; X,u) | X; = 2] = V,J(u;z,t), where J denotes the cost func-
tional defined in (). It can then be shown that this adjoint state satisfies[}

alt: X u)=—[a(t: X, )T (Vx, (6(Xe, )0 (0u(Xe, ) 4V x, (760 0) + 3lu(X0 D))
(172)
a(l; X, u)=Vg(Xy). (173)

The adjoint state is solved backwards in time, starting from the terminal condition (I73). Com-
pututation of can be done with a vector-Jacobian product which can be efficiently done on
automatic differentiation software (Paszke et al., 2019). Once the adjoint state has been solved
for ¢t € [0, 1], then the gradient of L(u; X ) with respect to the parameters ¢ can be obtained by
integrating over the entire time interval:

d. _ 1

.
A — 180 lu( Xy, ¢)||2dt + [ 2486 ()T a(t; X, u)dt, (174)

where the first term is the partial derivative of £ w.r.t. 6 and the second term is the partial derivative
through the sample trajectory X. See Prop.[6]in App. [F2]for a statement and proof of this result.
The discrete and continuous adjoint methods converge to the same gradient as the step size of the
numerical solvers go to zero. Both are scalable to high dimensions and have seen their fair share of
usage in optimizing neural ODE/SDEs (Chen et al., 2018;2021;[Li et al., 2020). As the adjoint meth-
ods are essentially gradient-based optimization algorithms applied on a highly non-convex problem,
many have also reported they can be unstable empirically (Mohamed et al., 2020; |Suh et al., 2022;
Domingo-Enrich et al., 2023).

F.1.2 IMPORTANCE-WEIGHTED MATCHING OBJECTIVES FOR REGRESSING ONTO THE
OPTIMAL CONTROL

An alternative is to consider regressing onto the optimal control «*, which is the approach of the
cross-entropy method (Rubinstein & Kroese, |2013; Zhang et al., 2014} and stochastic optimal con-
trol matching (SOCM; IDomingo-Enrich et al.| (2023)). These methods make use of path integral
theory (Kappen, 2005)) to express the optimal control through importance sampling, resulting in an
importance-weighted least-squares objective function

Lsocm(u; X) fo lu( Xy, t) — a* ( Xy, t)2dt x w(u, X), X ~ p4, (175)

where w is an importance weighting that approximates sampling from the optimal distribution p*,
and 4* is a stochastic estimator of the optimal control relying on having sampled from the optimal
process. We defer to |Domingo-Enrich et al.|(2023) for the exact details. The functional landscape
of this objective is convex, which is argued to help yield stable training. However, the need for
importance sampling renders this impractical for high dimensional applications: the variance of the
importance weighting w grows exponentially with dimension of the stochastic process, leading to
catastrophic failure. This unfortunately means that such importance-weighted matching objectives
are impractical for fine-tuning dynamical generative models; however, a least-squares objective is
greatly coveted as it can lead to stable training and simple interpretations.

F.2 DERIVATION OF THE CONTINUOUS ADJOINT METHOD
Proposition 6. The gradlent of the adjoint loss L(u; X) defined in (I70) with respect to the
parameters 0 of the control can be expressed as in (174).

Proof. First, note that we can write

VoE[fy (Sllug (X}, )2+ F (X, 1)) dt+g(X5)]

- E[fo veu@(XZw7t)u9(Xtus’t) dt] + VGE[I{] ( ||U szat H2+f(szat)) dt+g(Xu )] |v:stopgrad(u9)~
(176)

Ov; (z)

"Note we use the convention that a Jacobian matrix J = V,v(z) is defined as J;; = Forrymlt
J
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To develop the second term, we apply Lemma [5] Namely, by the Leibniz rule and equation (I8T)),
we have that

VOE[ fy (Bllo(Xy, )24 £(X1, 1)) di+g(X5")] o=stopgradiun)
=E[Vo( [y (LIv(Xp, )2+ F(X1, 1)) dt+g(X2)) [umstopgrad(us)] 177)
=E[ [, (Vouo) (X} (w),t) To(t) Tay(w) dt].

Plugging the right-hand side of this equation into (T76) concludes the proof. O

Lemma 5. Let v be an arbitrary fixed vector field. The unique solution of the ODE

balt; X" u) = - [(vmb()fzat) Fo(tu(xi 1) alt X" ) + Vg (X0 + yv(X&t)H?)} ,

(178)

a(l; X", u) = Vg(X7'), (179
satisfies:

alt: X 1= Vo (G ) P FO0 ) de+o(XD). o0

where X solves dX;" = (b(X{,t) + o(t)u(X,t)) dt + o(t)dB;.

Moreover, when u = ug is parameterized by 0 we have that

Vol fy GlloCxe )2+ (X7, 1) dt+9(X59)) = [ (Voue)(Xy (@), t)o(t) Tar(w) dt.
(181)

Proof. We use an approach based on Lagrange multipliers which mirrors and extends the derivation
of the adjoint ODE (Domingo-Enrich et al., [2023, Lemma 8). For shortness, we use the notation

bo(z,t) := b(z,t) + o (t)ug(z,t). Define a process a : Q x [0,T] — R? such that for any w € Q,
a(w, -) is differentiable. For a given w € ), we can write

S G llo(X 024 F(X1 1)) dt+g(Xw)
= [y (3l Xz“zt 124 F(X[0, 1)) dt+g(X%) (182)
— Jo {an(w), (dX} (w) — by (X} (w), ) dt — o(t) dBy)).

By stochastic integration by parts (Dommgo—Enrich et al.| 2023, Lemma 9), we have that

Jo {ar(w), dX; () = (ar (@), X7 ()) — (a0(w), X¢* (@) — [y (X} (@), % (w)) dt. (183)

Hence, if X(’)L“ = x¢ is the initial condition, we have thalﬁ

Voo (J (Bl 0) 2+ £ (X1, 1)) di+g(X22))

= Voo (o (Blo(Xp )2+ £, 1)) di+g(X3e)
— (ar(w), X2 (@) + {a0(w), Xg* (@) + f ({ae(w), ba(X7 (w), £)) + (2 (w), X} (w))) dt
+ Jy (ar(w), o(t) dBy))

= ) Vi X0 (@) TV (Mo (X )24+ (X1 (), 8)) b+ Vi X ()T Vg (X3 ()
— Vo X3 (@) Tar(w) + Vi X3 (w) Tag(w)
S (Voo X0 (@) TVabo (X1 (@), ) Ta(w) + Vg X1 (o) T 422 () dt

= ) Vo X0 ()T (Vi (S0 )2+ F (X (), 8)) + Vb (X1 (w), )T ap(w) + %2 (w)) dt

).

+ Voo X177 () T (Vg (X737 (w)) — ar(w)) + ao(w
(184)

8Unlike (Domingo-Enrich et al) [2023, Lemma 8), we use the convention that a Jacobian matrix J =
Vzv(x) is defined as J;; = 81’#@) Their definition of Vv is the transpose of ours.
J
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In the last line we used that V,, X’ (w) = V20 = L. If choose a such that
day(w) = (= Vabo (X} (W), 1) Tar(w) = Va (5llo(X;, D+ F(X7 (W), 1)) dt,
ar(w) = Vog(X7" (w)),
which is the ODE (T78)-(T79), then we obtain that
Vao (Jy Gl 02+ £(X7, 1)) dt+9(Xf*)) = ao(w) (186)

Without loss of generality, this argument can be extended from ¢ = 0 to an arbitrary ¢ € [0, 1], which
proves the first statement of the lemma.

(185)

To prove (I81)), we similarly write
Vol fy (Rllo(xf, 0|2+ 7(Xp, 1) di+g(Xy))
=Vo(fy Bl o)+ (X0, 1) dt+g(X59)
— (ar(w), X5 (W) + (a0(w), X§* @) + fy ((ar(w), bo(X{ (@), £)) + (%5 (w), X} (w))) dt
+ Jy (ar(w), o(t)dBy))
= [y VoX{ (@) TV (Sllo(X77 )2+ (X7 (w), 1) dt + Vo X3 (w) T Vag(X5 (w))
— Vo X7’ (w) "ar(w) + Ve X (w) Tag(w)
+ [ (vexue(w)Tv Do (X (w), ) Tar(w) + Vb (X (w), ) Tar(w) + Vo X (w) T 45 () dt
= [y VoX{ (@) T (Va (R )2+ £(X[ (@), 1)) + Vab (X} (w), 1) Tay (w) + %2 (w)) dt
+ Vo X ()T (Vag(Xi (W) — ar(w)) + fy (Vobe) (X1 (w), t) T a(w) dt.

(
(

(187)
In the last line we used that V¢ X? (w) = Vya = 0. When a satisfies (I83)), we obtain that
Vo i (3l i 10820 42 q58)
= Jo (Vabo)(X{ (), as(w) dt = [ (Vouo) (X} (@), 1) o () ar(w) dt.
The last equality holds because by (, t) := b(x, t) + o (t)ug(x, ). O

F.3 PROOF OF PROP.[2 THEORETICAL GUARANTEES OF THE BASIC ADJOINT MATCHING
LOSS

Let & = stopgrad(ug). We can rewrite equation (T74) as:

VoL(ug; X™) = 1 [ Vollug(XF, t)|[2t + [y Vou(X7, ) o(t)Ta(t; X ¥, a)dt (189)
= % fol VOHUQ(X?a t) + U(t)Ta(t; Xﬁa ’U’)szt = VGAL:BaLsic—Adj—Match(UEH Xﬁ)
(190)

This proves the first statement of the proposition. To prove that the only critical point of the ex-
pected basic Adjoint Matching loss is the optimal control, we first compute the first variation of
E[LBasic— Adj—Match). Letting v : R? x [0,T] — R? be arbitrary, we have that

L[ LBasic— Adj—Maten (u + €v; X)) = SE[L [T ][(u+ ev)(XF, 1) + o(t) Ta(t, X, 0)|* dt]
—E[fo (X7 ), u(XEt) 4+ o(t) Ta(t, X", u)) dt]
= ]E[fo (X7 t), u(XPt) 4+ o(t) "Ela(t, X ¥, u)| X{]) di]
g E [EBasicfAdijatch(u)(x, t) = U(IE, t) + E[a(t, ‘XP’D’7 ﬂ)‘X? = x]

(191)
Hence, critical points satisfy that
u(w,t) = —o () TEla(t, X", 0)| X} = 2] = —o(t) "E[Vxy [, Bllo(X7, 02+ £(X7,1) dt+9(Xp)|X§ = 7]
= —o(®)TVLE[ [ ($0(X7, D)2+ F(XP 1) dt+g(XP)|X§ = 2] = —o(t) T VI (us 2, 1),
(192)
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In this equation, the second equality holds by equation (I80) from Lemma[5] and the third equality
holds by the Leibniz rule.

Lemma [6] shows that any control  that satisfies (I92) is equal to the optimal control, which con-
cludes the proof.

Lemma 6. Suppose that for any x € R%, t € [0,T), u(x,t) = —o(t) ' Vo J (u; 2, t). Then, J(u;-,-)
satisfies the Hamilton-Jacobi-Bellman equation (146). By the uniqueness of the solution to the
HJB equation, we have that J(u;x,t) = V(x,t) for any v € R, t € [0,T]. Hence, u(x,t) =
—o(t) 'V, V(x,t) is the optimal control.

Proof. Since J(u;x,t) [ft (Sllu(X 0|17 + f(XP, 1) ds + g(X$)| X = ], we have that
J(us2,t) = B[J(u; X ppo b+ AD|X; = 2] +E[ [T (S u(X2, 8)||2 + F(XY, 5)) ds|X; = 2],
(193)
which means that
B[ (s Xy art + ADIXe = a] = T2, ) | ELL (GluXy, )l + F(XY 5) ds| X, = o]
At At

(194)
Recall that the generator 7* of the controlled SDE (B) takes the form:

U 13 [ (XY+A1 t)|Xt:z] —f(z,t)
T f(x,t) :=limas—o ~ (195)

-
= 0uf (w,1) + (Vf (2,8), bz, 1) + o (t)u(z, 1)) + Te(“OF-V2 f (1)

Hence, if we take the limit A¢ — 0 on equation (194), we obtain that:

0="T"J(usz,t) + glu(z, )|* + f(,1)

— 0] (us 2, t) + (VI (w2, ), b, £) + o (B)ule, £) + Tr(ZOZOZT2 T (s 2, 1)) + Lule, ]2 + f(x,1).
(196)

Now using that u(z,t) = —o(t) " V,J (u; z,t), we have that
(VI (u;z,t), 0(t)ulz, 1)) + zllulz, > = ~[lo) " Vad (w2, )] + 3llo(t) T Ve d (us 2, 1)

= Lo )T Vad (w2, )%
(197)

Plugging this back into (T96)), we obtain that

0 = 0T (u; 2, t) + (VI (3 2,1), bz, 1)) + Tr (2020092 1(u; 2, 1)) — Lo ()T Vad (us 2, 1) | + f(x,1).
(198)
And since J(u; z, T) = g(x) by construction, we conclude that J(u; z, t) satisfies the HIB equation

(136). O

F.4 THEORETICAL GUARANTEES OF THE ADJOINT MATCHING LOSS

Proposition 7 (Theoretical guarantee of the Adjoint Matching loss). The only critical point of the
loss E[L Aqj—Matcn)] is the optimal control u*.

Proof. Let v be an arbitrary control. If a(¢; XV) is the solution of the Lean Adjoint ODE 26)-27),
it satisfies the integral equation

a(t; Xv) ft (Vab(X?, ) a(s;XY) 4+ Vo f(XY,5)) ds + Vg(X3). (199)
Hence,
E[a(t; X")|X7] = E[ f (Vab(X?,5)Ta(s; X?) + Vo f(X!,5)) ds + Vg(X3)| X7]

=E[ [ (V.b(X2,s)TE[a(s; X")| XY] + Vo f (X2, 5)) ds + Vg(X2)| X7,
(200)

t
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where we used the tower property of conditional expectation in the second equality.

Similarly, if a(t; X", v) is the solution of the Adjoint ODE (T72)-(T73), it satisfies the integral
equation

a(t; XV, v) = ftT (Vm (b(X;’, s)Ta(s; XV, v) + o(s)v(XY, s)) + Vg (f(X;’, s)+ %”’U(X:, s)HQ)) ds + Vg(X%),
201)

and its expected value satisfies

E[a(t; X", v)| X{]

= E[ftT (Vo (b(X2,s) + o(s)v(X2, s))Ta(s;X”,v) + Vo (f(XY,8) + 3[v(X2,8)]%)) ds + Vg(X%)|Xt”]

:E[ftT (Vz (b(X;’, s)+o(s)v(X?, s))TE[a(S;X“, 11)|X;’] +Va (f(X;’7 s)—|—%||v(X§, 3)||2)) ds—|—Vg(X%)|Xt”].
(202)

Let us rewrite E[£Adj—Matcn] as follows:

E[Ladj—maten (0)] = B[ [ lu(XP,t) + o (t) TE[a(t, X)|X7] || dt] lo—stopgrad(u)

+E[ ST o) T (E[att, X)|X7] — at, X)) ||” dt] |o=stopgrad(u):
(203)

Now, suppose that @ is a critical point of E[£dj—Match]. By definition, this implies that the first
variation of E[£ adj—Maten] is zero. Using (203), we can write this as follows:

0 = 2 E[Ladj—Maten(?)](z) = 2(@(z, 1) + o(t) "Ela(t, X¥)| X = 2]), (204)
= d(x,t) = —o(t) TE[a(t, X%)| X = 2. (205)

Hence, we have
Vo a(XH ) To(t) TE[a(t, X%)| X + Vea(XE, 1) Ta(XE, 1) = 0, (206)
— E[ [ (Va(o(s)a(X2,5)) Ela(s; X®)|X2]+V, (la(X2, 5)|2)) ds|X7] = 0. (207)

If we set v = 4 in equation (200}, and add (207) to its right-hand side, we obtain that E[a(t, X %)| X ]
also solves the integral equation

E[a(t; X")| X 7]
=E[ [ (Vo (b(XE, 8)+o(s)a(XE, 5))  Ela(s; X*)| X +V, (F(XE 8)+La(XE, 9)|?)) ds+Vg(XE)| X7
(208)

Note that this integral equation is the same one as equation (202) when we set v = @ in the
latter.  Prop. |3) states that the solution of the integral equation is unique, which means that
Ela(t; X")|X ] = Ela(t; X%, a)| X ] forall t € [0, T].

Since we can reexpress the basic Adjoint Matching loss as

IE[‘CBasic—Adj—Match (u)] = E[IOT Hu(XtUa t) + O(t)TE [a(t; XU) 'U)|Xtv] H2 dt] |v:stopgrad(u)
+E [ fOT HO'(t)T (E [a(t’ XU7 ’U)‘ijl - a’(t7 Xva U)) H2 dt] |'U:stopgrad(u)7
(209)

we obtain that when 4 is a critical point of E[£ adj—Match],

%E[£B35107Adj7MatCh(a)](x) = 2(’[11(%, t) + U(t)TE[a(t; )(ﬁ’7 ﬁ)lXta = x])

N N (210)
=2(a(z,t) + o(t) "Ela(t; X*)| X} = z]) =0,

where the second equality holds because E[a(t; X*)|X{"] = E[a(t; X", 4)|X{*], and the third

equality holds by equation (203). Thus, we deduce that the critical points of E[Ladj—Maten] are

critical points of E[Lgasic—Adj—Match]- BY Prop. 2 E[LBasic—Adj—Match) has a single critical point,

which is the optimal control «*, which concludes the proof of the statement for E[£ adj—mMatch]- [
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Proposition 8. Let v be an arbitrary control. Consider the integral equation:

— B[ [ (Vo (b(X?, 5)+0(s)u(X?,5)) Yot Vo (F(X2,8)+1[0(X2, 5)[2)) ds+Va(X2)|XP],
(211)

where t € [0, T). This equation has a unique solution, i.e. if Y'', Y2 are two solutions then Y1 = Y.

Proof. Let Y'', Y2 be two solutions of the integral equation. We have that

V! =E[ [ (v} - Y2)TV.b(XZ,5))ds| X;]. (212)
Thus,
it =yl
SB[ (00 = Y2 Tab(X50)ds||X7] < BLLT [[(07F = Y2 TVab(X?, ) [ds] X]
SELS Y= Y2l [ 9ab (X)) las| Xi] = B[y = Y2[|- [[Vab(xz, 9) [ X7]ds
<Ji @[y -2 |X])”2~( B[|[Vab(xz, )| *|x7])  as
(213)

And this implies that

w1\ 1/2
supyepo (E[IVE — Y221 X5])

< ST @[ - ¥2Pe]) - €[V, 9| X7]) ds @14

< S\ swpvero.q (B = Y21 [X50)"* - suppeo g (BIIVb(XZ, ) X5]) ds
Applying Gronwall’s inequality on the function f(t) = supyco, (E[[Y; — 3@2||2|X;])1/2,
we obtain that sup, ¢ (E[|V;' — 1/;2||2|X;])1/2 = 0 for all ¢ € [0,7], which means
that ;! = Y2 almost surely. And since [|[Y;! — Y2 < [T (E[|v} — v2|*|x;])"? -
(E[||V.b(XE,5)|%1X:]) " *ds = 0, we obtain that V! = Y2, m

F.5 PSEUDO-CODE OF ADJOINT MATCHING FOR FLOW MATCHING AND DDIM
FINE-TUNING

Note that for each pair of equations 218)-219), 220)-221), (222)-(223), the first equation corre-

sponds to the updates in the DDPM paper, while the second equation is an Euler-Maruyama / Euler
discretization of the continuous-time object. To check that both discretizations are equal up to first
order, remark that

Vo = T S L B 4 O(0kn — ). (224)

2ag

G ADAPTING DIFFUSION FINE-TUNING BASELINES TO FLOW MATCHING

G.1 ADAPTING REFL (XU ET AL.,|2023)) TO FLOW MATCHING

Reward Feedback Learning (ReFL) is a diffusion fine-tuning algorithm introduced by [Xu et al.
(2023) which tries to increase the reward on denoised samples. Namely, if X = (X;);c[,1] is the
solution of the DDPM SDE (30), we can denoise X; as

X (X)) = Xe=V1-are(Xs)t) Vl\;g;ttf(xtﬂ (225)

This equation follows from the stochastic interpolant equation (@) if we replace X, with the noise
predictor ¢(X¢,t). And then, the ReFL optimization update is based on the gradient:

Vor(X1(Xy)) = Vor(FAgrealiet), (226)
where the trajectories have been detached.
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Algorithm 1 Adjoint Matching for fine-tuning Flow Matching models

Input: Pre-trained FM velocity field vP*, step size h, number of fine-tuning iterations N.

Initialize fine-tuned vector fields: vfinetine = P25 with parameters 6.

forn e {0,...,N —1}do
Sample m trajectories X = (X¢)ieqo,...,1} With memoryless noise schedule o (t) = | /2,6}(2—;@ — B,

e.g.:

Xt+h =X+ h (QUgnenlne(Xtvt) - %Xt) + \/HO‘(t)Et7 &t~ N(07[)7 Xo ~ N(O7 I)

(215)
For each trajectory, solve the lean adjoint ODE (26)-(27) backwards in time from ¢ = 1t0 0, e.g.:
Gen = s + hal Vx, (%base(xt,t) - %Xt) . =~V (X)) 216)
Note that X; and a; should be computed without gradients, i.e., X; = stopgrad(X:), a: =
stopgrad(at).
For each trajectory, compute the Adjoint Matching objective (23):
netune ase ~ 2
Lagi-Maren(0) = Yieqo, 1ny 5 (067 (Xe, 8) — 0P(Xe, 1)) + o (t)ae | (217)

Compute the gradient V¢ £(60) and update 6 using favorite gradient descent algorithm.
end

finetune

Qutput: Fine-tuned vector field v

To adapt ReFL to Flow Matching, we need to express the denoiser map in terms of the vector field
v. We have that

v(z,t) = E[B X0 + e X1| B Xo + o X1 = ]
E[% (5tX0 + atXl) + (dt - %at)X1|ﬂtX0 + o Xy = I} (227)
= %x + (dy — %at)ffl(x,t).

where we defined the denoiser map X (z,t) := E[X1|8: X0 + au X1 = z]. Hence,

v(w,t)f%x

. Bt
atfﬁozt

Xi(x,t) = (228)

G.2 ADAPTING DIFFUSION-DPO (WALLACE ET AL.,[2023A)) TO FLOW MATCHING

The Diffusion-DPO loss assumes access to ranked pairs of generated samples 2’ = !, where 2%
and ! are the winning and losing samples. For DDPM, the loss implemented in practice reads
(Wallace et al.| 2023a, Eq. 46):

LDPO(9) = —E(a;;v,zg)ND,kNU[o,K],x}g,LNq(mgh\acg”),x%q(asgeh\acll)[
log S(— 5 (lle” — eo(py, kh)1? — e — eer(iy, kh)||? (229)

= (lle" = eo (@l KR)|* — lle" — €xet (whon, KR)I1%))) ],
where S(z) = H% denotes the sigmoid function, and g(z7,|z7}) is the conditional distribution of

the forward process, i.e. 7}, is sampled as z7;, = /Y] + /1 — Ykne, € ~ N(0,I). Following
the derivation of the Diffusion-DPO loss in (Wallace et al.,2023al Sec. S4), we observe that the term

_§||Ew — ep(x,, kh)||? arises from

— i lE () — 2t )%, (230)
Ykh

up to a constant term in . If we switch to the more general flow matching scheme, the analog of
this term is

— iyl (i) — a1 (231)

2

arn
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Algorithm 2 Adjoint Matching for fine-tuning DDIM

base

Input: Pre-trained denoiser ¢°**°, number of fine-tuning iterations V.
Initialize fine-tuned denoiser: ¢finetine = Pase with parameters 6.
forne {0,...,N — 1} do

Sample m trajectories X = (X¢)ieo,...,1} according to DDPM, e.g.:

Ok 1-ai/a finetune 1—ay g
Xip1=1/ "5 (X — — g5t e (Xk, k) 4/ o (L= 52 e (218)
or Xpy1 = Xy + SEGLESE Xy — RSk e (g k) 4 [ Sk ey (219)

where €, ~ N(0, 1), Xo ~ N(0, ).
For each trajectory, solve the lean adjoint ODE (26)-(27) backwards in time from k = K to 0, e.g.:

~ ~ ~ ap 1—ap/a ase pd
ax = Qp4+1 +CL£+1VX,€ ( a (kaﬁ b (Xk,k:))ka), ax = Vxr(Xk),
(220)
orar = k1 + k1 Vx, (%;MX’C - Z‘,’j%—iﬁ € (X, k)) i = Vxr(Xk).
(221)

Note that X and aj should be computed without gradients, i.e., X = stopgrad(Xk), ax =
stopgrad(ak).

For each trajectory, compute the Adjoint Matching objective (23):

LAdijatch(e) = Zke{o,.‘,,xfl} ||\/7 &ftl (1 _ fik )(eﬁnetmw()(l€7 k’) _ 6base(Xk’ k))

ap(l—agy1) Qkt1
1—ay, a
- \/ 1— a:l Oék-l;—l kH
(222)
or LAdj—Match( ) Zke{o LK1} || /akz-f ::c ﬁnetune X k’) _Ebase(Xk k)) /ak+1k ak~ ||2
(223)

Compute the gradient Vo £(#) and update 6 using favorite gradient descent algorithm.
end
Output: Fine-tuned vector field v

finetune

Using the expression of the denoiser map in terms of the vector field v in equation (228), we can

rewrite (231)) as:

B v(zy), kh)— ﬁkh“fkh wl|? _ v(xy) kh)— khzz:h an |2 232
82, || ~ Brn 1 H -2 || Skhg o fen " Brn H ( )
2‘?1; Gkh Brp Yk aph 3 .
Thus, the Diffusion-DPO loss for Flow Matching reads
Loro(0) = ~Biap at)np k0, K] it ~aoty o) gvaal o) |
log S( — é(Hve(mkh’kh) BZ: Tien _ Quen wH2 _ | Vrot (Ziep kh) — 5 hg’:}“I _ Qkh w”2
2 Zfz Brch—Brn Brn mﬁkh*ﬁkh Brn
1
_ (va(zkh,kh) xkh _ oyl ||2 _ | Vret (Thy ,kR)— Bkh _ o gl ||2)))]
a:: ﬁkh,*ﬁkh Bren ﬁﬁkh Brn Brn ™1 ’
(233)

(Wallace et al., 2023a, Sec. 5.1) claim that 8 € [2000, 5000] yields good performance on Stable
]?iffusion 1.5 and Stable Diffusion XL-1.0, which if we translate to our notation corresponds to
B € 14000, 10000].

When we have access to the reward function r, instead of a winning sample z7" and a los-
ing sample x!, we have a pair of samples (2%, %) with w1nn1ng weights S(r(x¢) — r(zb)) =

3 S(—(r(z) — r(zh))) = . Hence, the loss (233) be-

L+exp (r(wi)—v( a%) Ltexp (—(r(a’{)—r(x‘f)))
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comes:
LDPO(Q) = 7E(z‘f,xll’)ND,kNU[O,K],mzhwq(xzh|x‘f),m?~q(mih|xﬁ’) Zse{il} S(S(T‘(:L"ll) - r(xl{») X
ve (i kh)— 5 Bk Ty, o vlef(zkh kh)— Zkb o
log S(— % e senag | — | S e asa 7 |
. (HUG(TM kh)—[s:: a _ awn b” ‘ vret (23, kh) — /3kh TR _ amn b H )))
z’;;‘ Bien—Brn Breh %5&4 —Brn Bren 1
(234)

We want to emphasize that despite the similarities, even though the loss Lppo that we use (equation
(234)) is very similar to the one implemented by [Wallace et al| (2023al), the preference data pairs
that we use are very different from theirs. We sample the preference data from the current model,
which results in imperfect samples, while they consider off-policy, high-quality, curated preference
samples. The reason for this discrepancy is that the starting point of our work is a reward model, not
a set of preference data, and we only benchmark against approaches that leverage reward models for
an apples-to-apples comparison. Our experimental results on DPO (Tab. 2] Fig.[5] Tab.[3) show that
the resulting model performs like the base model, or a bit worse according to some metrics. Hence,
we conclude that DPO is not a competitive alternative for on-policy fine-tune when the base model
is not already good.

H EXPERIMENTAL DETAILS

Unless otherwise specified, we used the same hyperparameters across all fine-tuning methods.
Namely, we used:

* K = 40 timesteps.

» Adam optimizer with learning rate 2 x 1075 and parameters 8; = 0.95, 8> = 0.999,
= 1 x 1078, weight decay 1 x 102, gradient norm clipping value 1. For Discrete
Adjoint, these hyperparameters resulted in fine-tuning instability (see Tab. [6); the results
that we report in all other tables for Discrete Adjoint were obtained with learning rate

1 x107°.

* Bfloat16 precision.

e Effective batch size 40; for each run we used two 80GB A100 GPUs with batch size 20
each.

* A set of 40k fine-tuning prompts taken from a licensed dataset consisting of text and image
pairs (note that we disregarded the images). Thus, each epoch lasts 1000 iterations; see the
total amount of fine-tuning iterations for each algorithm in Tab. [3] For each of the three
runs that we perform for each data point that we report, the set of 40k prompts is sampled
independently among a total set of 100k prompts.

H.1 NOISE SCHEDULE DETAILS

Since we use K = 40 discretization steps, the timesteps are ¢t €
{0,0.025,0.05,0.075,0.1,...,0.95,0.975}. To sample X, from X; we use equation ZI3).

We use the choices oy = t, f; = 1 — t, which means that o(t) = ,/2@(3—:& —Bt) =

V2 (5 1) = /2070

Note that if we plug ¢ = 0 into this expression, we obtain infinity, and if we plug ¢ < 1, we obtain
o(t) = 0. For obvious reasons, the former issue requires a fix: we simply add a small offset to the
denominator of o (t), replacing 1/1/t by \/1/(t + h) (note that h := 1/K = 0.025). But the latter
issue is also not completely satisfactory from a practical standpoint, because looking at the adjoint
matching loss (23), we observe that u( X}, ) is trained to approximate the conditional expectation
of o(t)Ta(t; X*). Thus, if we set o(t) very close to zero for t < 1, we are forcing the control u
to be close to zero as well, or equivalently preventing v*¢*""¢ from deviating from v, While
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this is the right thing to do from a theoretical perspective, we concluded experimentally that setting
o(t) just slightly larger results in substantially faster fine-tuning, thanks to the additional leeway
provided to vfirtne o deviate from vP2¢. In particular, we added a small offset to the factor 1 — ¢
in the numerator 1 — ¢ of o'(t): we replaced 1 — ¢ by 1 — ¢ + h. Thus, the expression that we used to
compute the diffusion coefficient in our experiments is

o(t) = /25, (235)

When solving the lean adjoint ODE (26)-(27) backwards in time via the Euler scheme (216)), the
timesteps we use are t € {1,0.975,0.95,0.925,0.9,...,0.05,0.025}. We do not actually initialize
the adjoint state as V,g(X1 ), but rather as Vzg(f(l), where X7 := Xq_p + hoP¥e (X1 _p, 1 — h).
That is, X7 is obtained by performing a final noiseless update, instead of using noise o(1—h) = v/4h
given by equation (233)). The reason for this is that the regular final iterate X; contains some noise
that was added in the final step, and that can distort the gradient V,g(X7). By setting a(1; X) =
V.g9(X1), we get rid of this bias. Note that in the continuous time limit & — 0, X, = X, which
means that this small trick is consistent.

H.2 SELECTION OF GRADIENT EVALUATION TIMESTEPS

In Alg. equation (ZI7), we state that the term || % (vfinetune (X, t) — vbase(X, 1)) + a(t)dtHZ
must be computed for all K steps in {0,...,1 — h}. However, the gradient signal provided by
backpropagating through this expression for consecutive times ¢ and ¢ + h is quite similar. In the
interest of computational efficiency, we sample a subset /C of timesteps, and we only compute and

backpropagate the terms || oy (057 (X, 1) — vP2e(Xy, 1)) + a(t)dtﬂz for those timesteps. We
construct X by sampling ten timesteps uniformly without repetition among {0, ...,0.725}, and
always sampling the last ten timesteps {0.75,...,0.975}. This is because fine-tuning the last ten
steps (25% of the total) well is critical for good empirical performance, while the initial steps are

not as important.

H.3 LOSS FUNCTION CLIPPING: THE LCT HYPERPARAMETER

Note that the magnitude of o(¢)Ta(t; X ®, u) is much larger for times ¢ 2 0 than for times ¢ < 1.
The reason is two-fold:

* As discussed in App. o(t) is much larger for ¢ Z 0 than for ¢t < 1.

* The magnitude of the lean adjoint state a grows roughly exponentially as ¢ goes backward
in time. In fact, if we assumed that V,b(X, t) is constant in time, this statement would be
exact.

Observe that when o(t)Ta(t; X% ) is large, the gradient VQH%(vgncmnc(Xt,t) -

VP2 (X, 1)) + a(t)dtH2 also has a high magnitude. Including such terms in our gradient com-
putation decreases the signal to noise ratio of the gradient. Even more so, as discussed in App.
for good practical performance it is critical to get a good gradient signal from the last 25% steps.
Hence, including the high-magnitude terms for ¢ < 0 in our gradients can muffle these other impor-
tant, low-magnitude terms.

To fix this issue, we clip the terms such that ||% (vfinetune (X, ¢) — vPase(Xy ) + cr(t)&tH2 >

LCT, where LCT stands for the loss clipping threshold. That is, the adjoint matching loss that we

use in our experiments is of the form:
A . -2
Ladj—Mateh (0) = 3, min {LCT, |%(ugneﬂme(xt, t) — oP*°(Xy, 1)) + o(t)ae||”}, (236)

where K is the random timestep subset described in App.

For adjoint matching, we set LCT = 1.6 x A\%. Remark that LCT needs to grow quadratically with
A, because the magnitude of the lean adjoint @ grows quadratically with X\. We set the constant 1.6
through experimentation; all or almost all of the terms for the last ten timesteps fall below LCT, but
only a fraction of the terms (= 25%) for the first ten steps fall below LCT. The constant for LCT is
a relevant hyperparameter that needs to be tuned to obtain a similar behavior.
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We also used loss function clipping on the continuous adjoint loss. For that loss we set LCT =
1600 x A\2. The reason is that the magnitude of the regular adjoint states is significantly larger than
the magnitude of the lean adjoint states (which is a big reason why adjoint matching outperforms
the continuous adjoint).

H.4 COMPUTATION OF EVALUATION METRICS

We used the jopen_clip library (Ilharco et al., 2021) to compute ClipScores. We computed Clip-
Score diversity as the variance of Clip embeddings of 40 generations for a given prompt, averaged
across 25 prompts. Namely,

ClipScore Diversity = -5 3% 527 371 i <05 IClip(g¥) — Clip(g)|12, (237)

where g¥ denotes the i-th generation for the k-th prompt.

We used the|t rans formerslibrary to compute the PickScore processor and model (Kirstain et al.,
2023)). PickScore diversity is computed in analogy with ClipScore diversity.

We used the hps|library to compute values of Human Preference Score v2 (Wu et al.,|2023b).

To compute Dreamsim diversity we use the dreams im library (Fu et al.,[2023). Dreamsim diversity
is computed in analogy with ClipScore diversity.

H.5 REMARKS ON COMPUTATIONAL COSTS

Observe from the figures reported in Tab. [3]that the per iteration wall-clock time of Adjoint Matching
(156 seconds) is very similar to that of the Discrete Adjoint loss (152 seconds). We report hardware
and hyperparameter details at the beginning of App.[H| The reason for which both algorithms take
a similar time is that they perform a similar amount of forward and backward passes on the flow
matching model and the reward model. Namely, for each sample in the batch, both algorithms
perform K forward passes on the flow model to obtain the trajectories. In order to compute the
gradient of the training loss, the Discrete Adjoint loss does K additional forward passes to evaluate
the base flow model, one forward and backward pass on the reward model, and K backward passes
on the current flow model, which typically use gradient checkpointing to avoid memory overflow.
In the case of Adjoint Matching, solving the lean adjoint ODE requires one forward and backward
pass on the reward model, and K backward passes on the base flow model. Finally, computing the
gradient of the loss takes K /2 additional backward passes if we evaluate at only half of the timesteps
as we do, although this computation is much quicker because it can be fully parallelized.

Meanwhile, computing the gradient of the Continuous Adjoint loss takes 204 seconds. With respect
to Adjoint Matching, Continuous Adjoint performs additional backward passes to compute the gra-
dients Vx, ||u(X¢,t)||* when solving the adjoint ODE. Finally, we observe that models that directly
fine-tune the reward are quicker, but that comes with its own set of issues that we discuss throughout
the paper.

H.6 REMARKS ON NUMBER OF SAMPLING TIMESTEPS

In our experiments and all baselines, we used 40 timesteps in the fine-tuning procedure (h = 1/40
in Alg. [T). The experiments reported in all tables and figures except for Tab. [§] were performed at
40 inference timesteps. In Tab. [8] (App. [A), we show experimental results at 10, 20, 40, 100, and
200 inference timesteps, for the base model and the models fine-tuned with adjoint matching and
DRaFT-1. We make the following observations about the results:

* The metrics for Adjoint Matching at 100 and 200 timesteps are statistically equal to the
ones for 40 timesteps, with slight increases in Dreamsim diversity. This suggests that fine-
tuning at large numbers of timesteps is a good idea if we want to perform inference at a large
number of timesteps, as otherwise the capabilities of the model are limited by the number
of fine-tuning timesteps instead of the inference compute. Also, at 100 and 200 timesteps
the difference in performance of Adjoint Matching relative to DRaFT-1 increases.

* The metrics for Adjoint Matching at 10 and 20 timesteps are worse than at 40 timesteps,
especially for 10. The difference in performance between Adjoint Matching and DRaFT-1
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vanishes at 10 timesteps for all metrics except for diversity, for which Adjoint Matching is
still clearly better.
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