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Abstract001

Training Large Language Models (LLMs) for002
multi-turn Tool-Integrated Reasoning (TIR) –003
where models iteratively reason, generate code,004
and verify through execution – remains chal-005
lenging for existing reinforcement learning006
(RL) approaches. Current RL methods, exem-007
plified by Group Relative Policy Optimization008
(GRPO), suffer from coarse-grained, trajectory-009
level rewards that provide insufficient learn-010
ing signals for complex multi-turn interactions,011
leading to training stagnation. To address this012
issue, we propose Group Turn Policy Op-013
timization (GTPO), a novel RL algorithm014
specifically designed for training LLMs on015
multi-turn TIR tasks. GTPO introduces three016
key innovations: (1) turn-level reward assign-017
ment that provides fine-grained feedback for018
individual turns, (2) return-based advantage019
estimation where normalized discounted re-020
turns are calculated as advantages, and (3) self-021
supervised reward shaping that exploits self-022
supervision signals from generated code to den-023
sify sparse binary outcome-based rewards. Our024
comprehensive evaluation demonstrates that025
GTPO outperforms GRPO by 3.0% across di-026
verse math reasoning benchmarks, establishing027
its effectiveness. GTPO also improves GRPO028
by 3.9% on commonsense reasoning and pro-029
gram synthesis tasks, demonstrating its gener-030
alizability to non-math domains. Importantly,031
GTPO incurs negligible overhead, ensuring its032
practicality for real-world scenarios.033

1 Introduction034

Reinforcement learning (RL) has become a power-035

ful training technique to improve language model036

reasoning capabilities, enabling these models to037

generate long and complex chains of thoughts038

(Jaech et al., 2024; Team, 2025; DeepSeek-AI et al.,039

2025). To improve model reasoning beyond its nat-040

ural language form, recently Jin et al. (2025); Feng041

et al. (2025) adopted tool-using strategies (Chen042

et al., 2023; Gao et al., 2023) and optimized lan- 043

guage models for tool-integrated reasoning (TIR). 044

In domains that require intense and symbolic rea- 045

soning, TIR can facilitate precise and numerical 046

validations between intermediate reasoning steps 047

(Hendrycks et al., 2021; He et al., 2024). Figure 1 048

provides a motivating example task with TIR. 049

In TIR, the integration of tools provides an exe- 050

cutable interface a model can interact with across 051

multiple turns. In each turn, the model can itera- 052

tively evoke tools, receive tool output results, and 053

revise its reasoning accordingly. As this multi-turn 054

extension inherently complicates LLM reasoning 055

trajectories, we observed severe issues when apply- 056

ing advanced RL algorithms such as Group Rela- 057

tive Policy Optimization (GRPO) and its variants 058

(Shao et al., 2024; Liu et al., 2025; Yu et al., 2025) 059

for TIR. Specifically, we observed empirically that 060

models’ performance often stops improving effec- 061

tively when training with GRPO for multi-turn TIR, 062

even with continued learning iterations. 063

We identify two major challenges in existing 064

RL approaches for TIR tasks. Firstly, current RL 065

algorithms such as GRPO (Shao et al., 2024) adopt 066

a simple sequence-level reward assignment, and 067

represent the advantage of each token using the 068

normalized sequence-level reward. While scalable, 069

this assignment strategy introduces arbitrary and 070

noisy reward feedback in multi-turn TIR. Specifi- 071

cally, depending on the tool execution outputs in 072

each turn, the model can reflect and revise its rea- 073

soning steps significantly in the subsequent turns. 074

Potentially, this dynamic model behavior can dras- 075

tically shift the underlying reward contribution 076

across all reasoning turns. In this case, we found 077

that a turn-wise reward assignment strategy along 078

with return-based advantage is more appropriate. 079

Furthermore, we observe that existing work 080

often leverages a simple binary outcome reward 081

based on the accuracy of the final response 082

(DeepSeek-AI et al., 2025; Feng et al., 2025). 083
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We have found that for  b = 211, 
there are 15 b-beautiful integers 

(which is more than 10)...Answer: 211Code Ans.

Figure 1: Tool-integrated reasoning (TIR): Given a problem, the model progresses over multiple turns, where
each turn consists of: (1) generating textual reasoning, (2) invoking tools (e.g., code), and (3) incorporating tool
execution results to refine its understanding. The model repeats this cycle until a termination condition is met, either
by producing a final answer or by reaching a predefined stopping criterion.

While accurate and efficient, such a binary sparse084

reward quickly becomes insufficient to bring085

enough learning signals in RL training for multi-086

turn TIR tasks. Specifically, simply assigning zero087

to incorrect trajectories neglects the fact that tra-088

jectories with wrong final answers may still be089

partially correct and contain valuable learning sig-090

nals, thus making RL training signals too sparse for091

LLMs to learn multi-turn TIR well. Clearly, it’s im-092

portant to explore new reward shaping techniques093

that can densify the sparse binary outcome reward094

while maintaining its accuracy and efficiency.095

To address the above challenges, we propose096

Group Turn Policy Optimization (GTPO). Un-097

like existing approaches that rely on trajectory-098

level rewards (Feng et al., 2025), we introduce099

a fine-grained turn-level reward function that as-100

signs diverse distinct rewards for individual turns101

within each trajectory. Building upon research in102

conventional multi-turn RL (Shani et al., 2024; Gao103

et al., 2025), we enable turn-level discounting to104

calculate return-based advantages. Essentially, this105

reward assignment strategy and return-based ad-106

vantage addressed not only the non-uniformity of107

reward distributions in TIR but also the temporal108

shift of rewards throughout the reasoning process.109

Additionally, GTPO introduces a novel reward110

shaping technique that leverages self-supervision111

signals based on tool-calling contents in each turn.112

Specifically, different from directly assigning zero113

reward to negative trajectories in outcome-based re-114

ward, we leverage the accumulated code contents in115

TIR trajectories to compute mean similarity scores116

between negative and positive trajectories during 117

training, and use such similarity scores as the par- 118

tial rewards for negative trajectories. We found this 119

reward modeling strategy simple yet effective in 120

augmenting conventional sparse binary outcome- 121

based rewards and maintaining their original accu- 122

racy, without losing any noticeable efficiency. 123

Our comprehensive evaluation demonstrates 124

that GTPO achieves 3.0% relative improvement 125

over GRPO on five diverse math reasoning bench- 126

marks . GTPO also improves GRPO by 3.9% on 127

commonsense reasoning and program synthesis 128

tasks, demonstrating its generalizability to non- 129

math domains. Furthermore, GTPO incurs negli- 130

gible overhead, establishing GTPO as a promising 131

solution for the real world. 132

2 Related Work 133

Related to our work is the research of reasoning 134

abilities in Large Language Models (LLMs). Early 135

research work have demonstrated critical model 136

behaviors such as reflection, deliberation, and cor- 137

rection (Wei et al., 2022; Shinn et al., 2023). Yao 138

et al. (2023); Snell et al. (2024) extended this line 139

of research with inference-time scaling, in which 140

sophisticated search techniques or nontrivial com- 141

putational resources are deployed to control and 142

manipulate model behaviors during reasoning pro- 143

cesses. More related to our work is the research for 144

model training techniques to improve model rea- 145

soning (Zelikman et al., 2022; Wang et al., 2024; 146

Trung et al., 2024; Xie et al., 2024; Kumar et al., 147

2025). Recently, Team (2025); DeepSeek-AI et al. 148
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Feature / Dimension GTPO (Ours) GRPO / DAPO / GSPO ReTool / ToRL / Search-R1
MDP Formulation " Turn-level ✗ Trajectory-level ✗ Trajectory-level
Reward Granularity " Dense (Self-Supervised Shaping) ✗ Sparse (Binary) ✗ Sparse (Binary)
Advantage Estimate " Discounted Return ✗ Broadcast Uniform Reward ✗ Broadcast Uniform Reward

Table 1: A comparison between GTPO and prior works: different from prior works, GTPO improves multi-turn
RL training by introducing turn-level MDP formulation (§4.1), return-based advantage estimates (§4.2), and denser
non-binary rewards based on self-supervised reward shaping (§4.3).

(2025); Team et al. (2025) showed that with appro-149

priate reward functions and scalable RL training,150

LLMs can learn from its past reasoning, improv-151

ing the reasoning qualities with naturally emerging152

behaviors and solving very complex tasks.153

Also related to our work is the research on tool-154

integrated reasoning (TIR). Chen et al. (2023); Gao155

et al. (2023) proposed test-time strategies to inte-156

grate tools to solve mathematical problems. These157

tools can provide precise numerical validation at158

each step. More related to our work is the research159

on RL training strategies for TIR. Retool (Feng160

et al., 2025), ToRL (Li et al., 2025), and Search-161

R1 (Jin et al., 2025) used RL with a binary and162

trajectory-level reward function based on the ac-163

curacy of final answers. Extending from these ap-164

proaches, we introduce GTPO with carefully de-165

signed turn-level reward assignment, discounted166

return-based advantage, and self-supervised reward167

shaping strategies to address the multi-turn nature168

and sparse reward feedback in TIR tasks. We con-169

duct a systematic comparison of GTPO and related170

works in Table 1 and Appendix A.1.171

3 Background172

Preliminaries. We define a language model pa-173

rameterized by θ as a policy πθ. We denote x174

as input to the model. The likelihood under πθ175

to obtain a response y from x is: πθ(y|x) =176 ∏|y|
t=1 πθ(yt|x, y<t) where |y| is the number of to-177

kens in y, yt denotes the t-th token in y, and y<t178

represents the part of y before the t-th token. Typi-179

cally, in reasoning tasks, a verifier v is available to180

assess the accuracy of the generated answer, result-181

ing in a reward r. A simple verifier provides binary182

rewards r ∈ {0, 1} where 1 is for an answer that183

exactly matches the ground truth, and 0 otherwise.184

Tool-integrated reasoning (TIR). TIR (Chen185

et al., 2023; Gao et al., 2023) enhances lan-186

guage models with external tools to improve rea-187

soning capabilities. TIR naturally decomposes188

output y as a sequence of n “turns”: y =189

{y1, b1, y2, b2, · · · , yn} and each turn yj (j < n)190

can be represented by yj = {tj , cj}, where tj is the 191

natural language reasoning, cj as the tool invoca- 192

tion, and bj as the feedback of tools execution. The 193

last turn yn will consist of natural language only: 194

yn = tn, in which the final answer is extracted. 195

Group Relative Policy Optimization (GRPO). 196

Recently, Shao et al. (2024) proposed Group Rela- 197

tive Policy Optimization (GRPO) to scale RL train- 198

ing by removing the need to train and maintain a 199

value model to estimate the rewards. Specifically, 200

GRPO adopts group-based advantage estimation 201

with the following objective 1: 202

JGRPO(θ) = Ex,{yi}[
1∑G

i=1 |yi|

G∑
i=1

|yi|∑
t=1

min(
wi,t(θ)Ai,t, clip

(
wi,t(θ), 1− εlow, 1 + εhigh

)
Ai,t

)
]

(1) 203

where G is the number of responses generated from 204

LLM for an input query x, ε is a clipping range, 205

and wi,t(θ) is the importance ratio of the token yi,t: 206

207

wi,t(θ) =
πθ(yi,t|x, yi,<t)

πθold(yi,t|x, yi,<t)
(2) 208

Unlike PPO (Ouyang et al., 2022), Ai,t in GRPO 209

is measured as the group-based relative advantage: 210

Ai,t = Ai =
r(x, yi)−mean

(
{r(x, yi)}Gi=1

)
std

(
{r(x, yi)}Gi=1

) ,

(3)

211

where each token yi,t within the same output i 212

shares the same advantage Ai. Following existing 213

work (Yu et al., 2025), we remove KL regulariza- 214

tion from the training objective in our experiments. 215

4 Group Turn Policy Optimization 216

Motivated by GRPO ’s oversight of the multi-turn 217

nature of TIR tasks, we propose Group Turn Pol- 218

icy Optimization (GTPO) to better fine-tune LLMs 219

through the following strategies: (i) turn-level re- 220

ward assignment (§4.1) assigns individual reward 221

1For notation, we simplify the details of data distributions
under E: x ∼ D, {yi} ∼ πθold where D is the training dataset.
Different from vanilla GRPO, we include several improve-
ments DAPO (Yu et al., 2025) introduces in the objective.
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Turn- level assignment

Advantages w ith 
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Policy Update
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Figure 2: An overview of GTPO: Unlike existing approaches that rely on trajectory-level rewards, GTPO introduces
a turn-level reward function that assigns diverse, rule-based rewards for individual turns within each trajectory and
performs turn-level return-based discounting for advantage calculation.

ri to individual turn yi; (ii) advantage with dis-222

counted return (§4.2) is measured by a discount223

factor γ based on the corresponding turn-wise posi-224

tion; and (iii) self-supervised reward shaping (§4.3)225

augments conventional binary reward models with226

a self-supervised scoring method. Figure 2 illus-227

trates the overall framework, and Figure 3 details228

the reward shaping mechanism. In all the figures229

and equations, we use red to indicate the specific230

terms that differ between GRPO and GTPO. We231

provide pseudocode (Algorithm 1 in the Appendix)232

to further clarify the workflow of GTPO.233

4.1 Turn-level Reward Assignment234

In the common practice of GRPO (DeepSeek-AI235

et al., 2025; Feng et al., 2025), a single terminal236

reward ri is assigned to a whole TIR trajectory i:237

ri = min(racci , rformati) (4)238

239 racci =

{
0 if final answer is wrong
1 otherwise

,

rformati =

{
0 if trajectory has a format error
1 otherwise

240

GRPO defines TIR with the following MDP:241

• State: the initial input prompt x as the state s242

• Action: the whole TIR trajectory yi =243

{yi,1, bi,1, yi,2, bi,2, · · · , yi,Ti} as one action ai244

(Ti refers to the number of turns in yi)245

While straightforward, this sequence-level reward246

assignment may introduce arbitrary and noisy feed-247

back in the long multi-turn trajectory in TIR. Based248

on this observation, we propose a turn-level reward249

assignment that measures individual reward rj at250

turn j. Correspondingly, instead of treating the251

TIR task as a simple bandit problem, we construct252

a new MDP as follows, where we treat each turn253

yj in the trajectory as a separate action:254

• State: the input prompt of the j-th turn xj = 255

{x, yi,1, bi,1, · · · , yi,j−1, bi,j−1} as the state si,j 256

in the i-th trajectory 257

• Action: the j-th turn of the i-th trajectory yi,j = 258

{ti,j , ci,j} as the action ai,j 259

Specifically, extending from the reward Eq.4 260

from GRPO, we can define ri,j for each turn j in 261

one TIR trajectory i as follows, and more details 262

have been included in Appendix A.2: 263

ri,j = racci,j + rformati,j (5) 264

265

racci,j =


0 if yi,j is not the last turn
0 if yi,j is the last turn and final

answer is wrong
1 otherwise

,

rformati,j =

{
−0.1 if yi,j contains format errors
0 otherwise

266

4.2 Advantage with Discounted Return 267

While the turn-level reward assignment strategy ac- 268

counts for more fine-grained rewards in individual 269

turns, it does not account for the sequential order of 270

turns. Motivated by traditional RL practice (Shani 271

et al., 2024; Gao et al., 2025), we propose to incor- 272

porate the temporal effect between turns through a 273

discounting factor γ in the reward formula: 274

Ri,j =

Ti∑
m=j

γm−jri,m, (6) 275

where ri,m refers to the reward of turn ym in tra- 276

jectory i. Essentially, the discounting factor γ can 277

systematically discount the value of future rewards 278

with a diminishing values turn-by-turn. At each 279

turn j, a return (i.e., reward-to-go) Rj is the sum 280

of individual discounted rewards from the current 281

turn until the terminal turn. From Eq.3, the GTPO 282

4



1. 0

0. 1

. . .

0. 5Question

Policy LLM
Text Code Exec

Text CodeExec

Text Code Exec

...

Ans.Text

Text Ans.

Ans.

...

...

...

...

Code Code

Right Answer

...
Code Code

Correct samples

Wrong samples

E
m

b
e

d
d

in
g

Text
Similarity 

scores

1. 0

0. 0

. . .

0. 0

GTPO GRPO 

Figure 3: GTPO reward shaping strategy: In GTPO, each rollout trajectory is partitioned by final outcome
(correct vs. incorrect), and the code content is extracted. For each trajectory in the incorrect group, we compute its
average similarity against all samples in the correct group and use the similarity score as its partial reward, so that
wrong trajectories can still be properly utilized during training for more learning signals.

advantages are then updated as:283

Ai,j,t = Ai,j =
Ri,j −mean ({Ri,j}∀i,j)

std ({Ri,j}∀i,j)
, (7)284

where the advantage normalization is performed285

globally: we aggregate the advantages from all286

turns across all sampled trajectories and compute a287

single mean and standard deviation over this pooled288

set. This global normalization scheme naturally289

handles trajectories of varying lengths, as each turn-290

level advantage is treated as an independent sample291

in the shared normalization pool.292

This turn-wise reward assignment with the293

discounting strategy addresses not only the non-294

uniformity of reward distributions in multi-turn295

TIR but also the temporal shift of rewards across296

reasoning steps throughout the reasoning process.297

We further study the relationship between the val-298

ues of γ and the model’s performance after RL299

training. As shown in §5.2, choosing the right γ is300

crucial to the final success of GTPO training.301

4.3 Self-supervised Reward Shaping302

GRPO estimates advantages from the binary out-303

come reward (DeepSeek-AI et al., 2025). While304

straightforward, such a sparse reward cannot bring305

enough learning signals for effective RL training.306

Specifically, simply assigning racc ∈ {0, 1} ne-307

glects the fact that trajectories with wrong final308

answers may still be partially correct and contain309

good supervision data (e.g., partially correct code).310

Assigning strict racc = 0 to failed trajectories311

makes RL training signals too sparse for LLMs312

to learn well. As such, we propose a simple yet ef-313

fective strategy to assign partial rewards for racc of314

the failed trajectories. See Figure 3 for an overview.315

Specifically, given a rollout sample i, we first316

extract and concatenate the tool invocation (code)317

contents: ci,0 ⊕ ci,1 ⊕ · · · ⊕ ci,Ti−1. From a group318

of G samples, we filter for samples with the final319

predicted answer matching the ground truth answer 320

and denote this set of positive samples as P . We 321

then compute the partial reward as the mean simi- 322

larity score between a negative code sample against 323

all positive code samples. Essentially, extending 324

racci,j when yi,j is the last turn from Eq.5: 325

racci,j =
α

|P|
∑
p∈P

sim
(⊕
m<j

ci,m,
⊕
m<j

cp,m

)
if i ̸∈ P

(8)

326

Note that racci,j = 1.0 if i ∈ P , and α is the 327

upper bound hyperparameter of the partial rewards. 328

sim(., .) returns a similarity score between two in- 329

put components, which can be any efficient off-the- 330

shelf embedding model. When |P| = 0 (i.e., the 331

rollout group has no correct samples), no partial re- 332

wards will be assigned. Apart from the final result 333

of the ground truth to obtain the positive set P , our 334

reward shaping strategy does not need additional 335

external supervision to measure the turn-wise re- 336

ward, demonstrating its simplicity and efficiency to 337

apply. In practice, we set α = 0.5, which achieves 338

good results across benchmarks empirically. 339

4.4 Group Turn Policy Optimization 340

Adopting turn-level reward assignment, advantage 341

with discounted return, and self-supervised reward 342

shaping, we can obtain the final training objective 343

of GTPO by extending from Eq.1 as follows: 344

JGTPO(θ) = Ex,{yi}[
1∑G

i=1 |yi|

G∑
i=1

Ti∑
j=1

|yi,j |∑
t=1

min 345

(
wi,j,tAi,j , clip(wi,j,t, 1− εlow, 1 + εhigh)Ai,j

)
]
(9)

346

where yi,j denotes the turn j in sample i: yi,j = 347

ti,jci,j , and Ti refers to the total number of turns 348

in the sample i. Note that in Eq.9, we still adopt 349

the original formula Eq.2 for the importance ratio 350

wi,j,t and normalize the objective loss by the total 351

number of tokens
∑G

i=1 |yi|. We also conduct an 352

overhead analysis of GTPO in Appendix A.3. 353
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Models AIME 2024
(avg@16)

AIME 2025
(avg@16)

MATH 500
(pass@1)

AMC 2023
(avg@16)

SVAMP
(pass@1) Average

Qwen2.5-7B-Instruct 6.70 10.00 73.49 50.00 93.80 46.80

+ TIR Prompting 16.04 14.38 67.41 47.66 92.80 47.66

+ GRPO 20.63 16.25 70.25 54.38 87.40 49.78

+ GTPO (ours) 22.29 16.88 72.78 54.53 89.80 51.26

Table 2: Main experimental results: we report the passing rate results of TIR Prompting, GRPO, and GTPO on
five diverse mathematical reasoning benchmarks. We report either the avg@k or pass@k and k = {1, 16}.

5 Experiments354

5.1 Experimental Setup355

Cold-Start SFT Training. Following existing356

work, we first constructed our cold-start dataset357

based on ReTool-SFT (Feng et al., 2025). Specif-358

ically, we extracted problems from ReTool-359

SFT, distilled TIR trajectories from DeepSeek-R1360

(DeepSeek-AI et al., 2025) with OpenHands (Wang361

et al., 2025) as the scaffold, and conducted rejec-362

tion sampling by filtering out trajectories whose363

final answers were incorrect. In the end, our cold-364

start dataset contains 1.2K problem-trajectory pairs,365

and we performed SFT on Qwen2.5-7B-Instruct366

(Qwen et al., 2025) for three epochs.367

RL Training. We used DAPO-17K (Yu et al.,368

2025) as our RL training dataset and implemented369

GTPO by extending SkyRL (Cao et al., 2025). For370

self-supervised reward shaping in GTPO, we used371

Amazon Titan Text Embeddings V22 to embed the372

generated code and calculate the similarities be-373

tween embedding vectors. During training, we uti-374

lized the AdamW optimizer with an initial learning375

rate of 1e-6. We defined the maximum sequence376

length for each turn as 8192 tokens, the maximum377

number of turns as 3, and the mini-batch size as378

1024. Note that we set the KL coefficient to 0.0.379

Evaluation. To evaluate the effectiveness of380

GTPO, our evaluation focuses on mathematical rea-381

soning tasks in five diverse math reasoning bench-382

marks: AIME 2024, AIME 20253, MATH 500383

(Lightman et al., 2023), AMC 234, and SVAMP384

(Patel et al., 2021). We provide the detailed evalua-385

tion settings in Appendix A.4. We considered the386

following three baselines in our experiments:387

• Simple Prompting: Chain-of-thought reason-388

ing without any tool calling.389

2https://docs.aws.amazon.com/bedrock/latest/
userguide/titan-embedding-models.html

3https://huggingface.co/datasets/AI-MO/
aimo-validation-aime

4https://huggingface.co/datasets/zwhe99/amc23

• TIR Prompting: Directly using the Open- 390

Hands scaffold to generate TIR trajectories 391

without any RL training. 392

• GRPO Training for TIR: Following existing 393

work, to apply GRPO for TIR tasks, we per- 394

formed cold-start SFT and then used GRPO 395

to further finetune the model. To make a fair 396

comparison, the hyperparameter settings and 397

datasets are the same as fine-tuning GTPO. 398

5.2 Experimental Results 399

From Table 2, we observed the following: first, di- 400

rectly prompting a conventional language model 401

with TIR is not sufficient, increasing the average 402

passing rate only from 46.80% (i.e., simple prompt- 403

ing) to 47.66%. This observation indicates the 404

need of finetuning language models for TIR to 405

solve complex reasoning tasks. Secondly, we found 406

that finetuning with our GTPO consistently pushed 407

the performance across all benchmarks, achieving 408

51.26% passing rate on average. This result outper- 409

formed GRPO (49.78%) by 3.0% relative improve- 410

ment, with more significant performance gains in 411

AIME 2024, MATH 500, and SVAMP. Note that 412

we maintained the same training setup between 413

GRPO and GTPO to ensure a fair comparison. 414

Qualitative analysis. In Figure 4, we showed an 415

example task from AIME 2024 and the critical dis- 416

tinction between code generated by models trained 417

with GRPO and with GTPO. This task requires 418

finding the least integer b ≥ 2 for which there are 419

more than ten b-eautiful integers. An integer n 420

is b-eautiful if it has exactly two digits in base b 421

and they sum to
√
n. The GRPO-trained model 422

demonstrates a fundamental algorithmic flaw: it 423

attempts to validate test cases wrongly in a post- 424

hoc manner after completing the count operation, 425

resulting in an assertion error when b = 13 yields 426

only 3 beautiful integers. In contrast, the GTPO- 427

trained model implements more robust test case 428

6

https://docs.aws.amazon.com/bedrock/latest/userguide/titan-embedding-models.html
https://docs.aws.amazon.com/bedrock/latest/userguide/titan-embedding-models.html
https://huggingface.co/datasets/AI-MO/aimo-validation-aime
https://huggingface.co/datasets/AI-MO/aimo-validation-aime
https://huggingface.co/datasets/zwhe99/amc23


i mpor t  mat h
def  i s_per f ect _squar e( x) :

r oot  = mat h. i sqr t ( x)
r et ur n r oot  *  r oot  == x

def  t est _i s_per f ect _squar e( ) :
t est _cases = [ 1,  4,  9,  16,  25,  26]
expect ed = [ Tr ue,  Tr ue,  Tr ue,  Tr ue,  Tr ue,  

Fal se]
f or  i ,  x  i n enumer at e( t est _cases) :

r esul t  = i s_per f ect _squar e( x)
asser t  r esul t  == expect ed[ i ] ,  f " Fai l ed 

f or  { x} :  expect ed { expect ed[ i ] } ,  got  { r esul t } "
pr i nt ( " Test  f or  i s_per f ect _squar e passed. " )

t est _i s_per f ect _squar e( )
def  count _beaut i f ul _number s( b) :

count  = 0
beaut i f ul _n = [ ]
f or  d0 i n r ange( 1,  b) :

f or  d1 i n r ange( 0,  b) :
n = d0 *  b + d1
i f  i s_per f ect _squar e( n) :

r oot  = mat h. i sqr t ( n)
i f  r oot  == d0 + d1:

count  += 1
beaut i f ul _n. append( n)

r et ur n count ,  beaut i f ul _n
. . . . . .

1
2
3
4
5
6
7

8
9

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

def  count _beaut i f ul _i nt eger s( b) :
count  = 0
f or  k i n r ange( 1,  b) :

numer at or  = k *  b -  k* * 2
i f  numer at or  % ( b- 1)  == 0:

c_val  = numer at or  / /  ( b- 1)
i f  0 <= c_val  < b:

n = k* * 2
di gi t s = [ ]
t emp = n
whi l e t emp:

di gi t s. append( t emp % b)
t emp / / = b

i f  l en( di gi t s)  == 2 and di gi t s[ 0]  >= 1:
i f  sum( di gi t s)  == k:

count  += 1
r et ur n count

def  t est _exampl e( ) :
b = 13
pr i nt ( f " Test i ng b=13:  Expect ed 1 ( f or  81) " )
r esul t  = count _beaut i f ul _i nt eger s( b)
pr i nt ( f " Resul t  f or  b=13:  { r esul t } " )
asser t  r esul t  == 1,  f " Expect ed 1 f or  b=13,  got  

{ r esul t } "
t est _exampl e( )
. . . . . .

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23

24
25

GRPO Sol ut i on GTPO Sol ut i on

Figure 4: Qualitative example: We demonstrated an AIME24 example task
to compare the distinct coding patterns of GRPO and GTPO. Qwen2.5-7B-
Instruct trained with GTPO can write correct code along with accurate tests
that thoroughly validate the code correctness, while Qwen2.5-7B-Instruct
trained with GRPO fails to solve the problem.
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Figure 5: Training accuracy curves
of GRPO and GTPO under the
same experimental setup and train-
ing datasets.
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Figure 6: Code ratio curves of GRPO
and GTPO during training: the code
ratio refers to the percentage of roll-
out trajectories that contain some
code content in reasoning.

Turn-level
Reward

Adv. w/
Disct. Ret.

Reward
Shaping

MATH 500
(pass@1)

AIME 2024
(avg@16)

Average

✗ ✗ ✗ 67.09 20.63 43.86

" ✗ ✗ 72.15 20.21 46.18

" " ✗ 69.94 20.63 45.29
" " " 72.47 21.25 46.86

Table 3: Ablation results of GTPO: we reported the results with
Qwen2.5-7B-Instruct when removing major components from
GTPO: (i) turn-level reward assignment, (ii) advantage with dis-
count return, and (iii) our reward shaping strategy.

Discounting
factor (γ)

MATH 500
(pass@1)

AIME 2024
(avg@16) Average

0.5 70.57 20.21 45.39

0.7 72.78 17.50 45.14

0.9 72.47 21.25 46.86
1.0 72.15 20.21 46.18

Table 4: GTPO with different discounting
factors (γ): we reported the results on Qwen2.5-
7B-Instruct with γ ∈ [0.5, 1], where γ = 1 refers
to no discounting in advantage estimate.

validation directly into the search loop (lines 8-10),429

allowing it to correctly verify the correctness of in-430

termediate results. The GTPO model successfully431

identifies that b = 2 produces 11 beautiful integers432

(as shown in the test output), satisfying the prob-433

lem’s requirements. This example task underscores434

how finetuning with GTPO can correctly incorpo-435

rate test-driven validation as an integral part of the436

solution process, indicating superior reasoning en-437

hancement for language models than GRPO.438

Training Curves. We investigated the training439

progress of GRPO and GTPO in Figure 5. Com-440

pared with GRPO, GTPO demonstrates both higher441

peak performance (reaching approximately 40%442

accuracy) as well as greater volatility. This obser-443

vation suggests more aggressive optimization and444

exploration of GTPO for RL training. GRPO ex-445

hibits a more conservative learning pattern as we 446

found its accuracy plateauing around 25% - 30% 447

in the later stages. This persistent performance gap 448

between GRPO and GTPO demonstrates the effec- 449

tive use of reward feedback from our method to 450

improve the model reasoning capabilities. 451

Figure 6 compares the code ratio curves of 452

GRPO and GTPO. GTPO demonstrates a more ag- 453

gressive shift toward code-based reasoning, reach- 454

ing nearly 98% code ratio by training step 40 with 455

a relatively consistent upward trend. In contrast, 456

GRPO exhibits a more conservative learning pat- 457

tern, plateauing around 85%, suggesting potential 458

instability or exploration-exploitation trade-offs in 459

its optimization process. Compared with GRPO, 460

training with GTPO significantly pushes the model 461

to use code as an external tool for TIR tasks. 462
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Ablation Studies. We performed ablation stud-463

ies to investigate the design choices of GTPO. All464

the ablation experiments start from Qwen2.5-7B-465

Instruct after cold-start SFT, following the same466

settings described in §5.1. First, we conducted an467

experiment to study the effect of return discount-468

ing and self-supervised reward shaping in GTPO.469

As shown in Table 3, the model trained with both470

return discounting and self-supervised reward shap-471

ing achieves the best evaluation results on MATH472

500 and AIME 2024, achieving 46.86% passing473

rate on average. When we removed these compo-474

nents gradually, we observed negative performance475

impacts with more significant performance drops476

when removing both turn-level reward and reward477

shaping strategies. These observations highlight478

the importance of different components in GTPO479

for multi-turn TIR tasks.480

Impact of Discounting Factor We studied the481

effect of the discounting factor γ. In our experi-482

ment, we study four different values of the discount-483

ing factor: γ = {0.5, 0.7, 0.9, 1.0}. As shown in484

Table 4, γ = 0.9 achieves the optimal balance485

between distant rewards and immediate rewards,486

outperforming the conventional approach in GRPO487

(where γ = 1.0). When γ < 0.9, we observed neg-488

ative performance impacts with a reduction of pass-489

ing rate up to 1.72%. These observations demon-490

strate the importance of the discounting factor for491

any turn-based RL approaches like GTPO.492

For more experimental results, please refer to493

Appendix A.5, A.6, A.7, and A.8.494

6 Discussion495

6.1 Generalization across Model Families496

To assess the generality of GTPO across architec-497

tures and scales, we additionally trained Llama-498

3.2-3B-Instruct with both GRPO and GTPO and499

evaluated on AIME 2024 (avg@16) and MATH500

500 (pass@1). As shown in Table 5, GTPO con-501

sistently outperforms GRPO, improving accuracy502

from 21.18% to 23.01% on average, supporting our503

claim that GTPO generalizes across diverse LLM504

families and model sizes.505

6.2 Generalization to Non-Math Domains506

We extended our evaluation beyond mathemati-507

cal reasoning to assess GTPO on two additional508

task families: commonsense reasoning and pro-509

gram synthesis. For commonsense reasoning, we510

evaluated on GPQA Diamond (Rein et al., 2023)511

Llama3.2-3B-Instruct MATH 500
(pass@1)

AIME 2024
(avg@16)

Average

+ GRPO 37.97 4.38 21.18

+ GTPO (ours) 39.56 6.46 23.01

Table 5: Generalization across model families: we
validated the generalizability of GTPO across model
families and sizes. On Llama-3.2-3B-Instruct, GTPO
consistently outperforms GRPO by 8.6% on average.

and BBEH-mini (Kazemi et al., 2025), using tool- 512

integrated reasoning for each problem. For pro- 513

gram synthesis, we use EvalPlus (Liu et al., 2023), 514

including HumanEval and MBPP, which is a nat- 515

ural fit since TIR-trained models tend to develop 516

stronger Python-based problem-solving skills. 517

As shown in Table 6, across all four bench- 518

marks, GTPO consistently outperforms GRPO with 519

3.9% relative improvement on average. This shows 520

that GTPO can generalize beyond mathematical 521

reasoning and provide gains for non-math tasks. 522

Qwen2.5-7B GPQA
(pass@1)

BBEH
(pass@1)

HumanEval
(pass@1)

MBPP
(pass@1)

Avg.

+ GRPO 21.7 4.1 77.4 81.0 46.1

+ GTPO (ours) 24.2 4.4 81.7 81.2 47.9

Table 6: Generalization to non-math domains: we
evaluate the generalizability of GTPO to commonsense
reasoning and program synthesis tasks. GTPO main-
tains stable improvements over GRPO with 3.9% rela-
tive improvement on average.

7 Conclusion 523

In this work, we addressed the challenge of train- 524

ing language models for multi-turn Tool-Integrated 525

Reasoning through RL. Our solution, Group Turn 526

Policy Optimization (GTPO), introduces turn- 527

level reward functions with rule-based rewards for 528

individual turns and turn-level reward discounting 529

for advantage calculation, overcoming trajectory- 530

level reward limitations. Additionally, our reward 531

shaping technique uses self-supervision signals 532

from generated code to densify sparse binary re- 533

wards, improving learning efficiency. Empirical 534

results demonstrate that GTPO achieves 3.0% rel- 535

ative improvement on average over GRPO on five 536

diverse math reasoning benchmarks. GTPO also 537

improves GRPO by 3.9% on commonsense rea- 538

soning and program synthesis tasks, demonstrating 539

its generalizability to non-math domains. Further- 540

more, GTPO incurs negligible overhead, setting it 541

as a new advanced RL technique to improve model 542

reasoning in the real world. 543

8



Limitations544

While GTPO has proven effective through exten-545

sive evaluation in the paper, our experiments are re-546

stricted to models no larger than 7B parameters due547

to the computation budget. It is prohibitively ex-548

pensive to perform large-scale RL experiments for549

LLMs, and unfortunately, we do not have enough550

resources to demonstrate the impact of GTPO on551

larger models. In addition, this work has mainly552

focused on Tool-Integrated Reasoning tasks, but553

the idea of GTPO can be broadly applicable for554

improving models’ reasoning capability in general555

multi-turn scenarios such as real-world software556

engineering tasks, which we leave to future work.557
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A Appendix 773

A.1 Comparison of GTPO and related works 774

Different from prior works, we introduced GTPO 775

by reformulating multi-turn TIR as a turn-level 776

MDP with a specific, tool-aware reward struc- 777

ture and integrating this with group-based policy 778

optimization. This reformulation is simple yet crit- 779

ical to address a fundamental modeling issue in 780

prior TIR works: these methods continue to treat 781

the entire tool-using trajectory as a single action 782

with a sparse outcome reward. Below, we discussed 783

in detail the differences between GTPO and prior 784

work along the following dimensions: turn-level re- 785

ward assignment, discounted return for advantage 786

calculation, and self-supervised reward shaping for 787

negative trajectories. 788

A.1.1 Turn-level reward assignment 789

GRPO-style methods in TIR treat the entire multi- 790

turn trace as one action with a single trajectory- 791

level reward (e.g., final correctness), broadcasting 792

the same scalar advantage to all tokens. Our ap- 793

proach (GTPO) explicitly redefines the decision 794

process at the turn level: each turn is an action 795

whose reward is computed from tool feedback and 796

signals (e.g., format correctness, presence, and 797

quality of tool calls). This is not just a cosmetic 798

tweak of GRPO’s reward; it changes the under- 799

lying state–action structure from a bandit over 800

full trajectories to a sequential decision process 801

over turns, which is tailored to multi-turn TIR. 802

Our ablations (Table 3) show that this reformula- 803

tion alone yields clear gains over trajectory-level 804

GRPO under the same data and infrastructure. 805

A.1.2 Discounted return for advantage 806

calculation 807

GRPO/GSPO/DAPO typically use group- 808

normalized, trajectory-level rewards that ignore 809

temporal structure: every token in a trajectory 810

receives the same normalized advantage scalar. 811

Our approach (GTPO) instead computes dis- 812

counted reward-to-go at the turn level, so 813

terminal success or failure propagates backward 814

in a degraded way. To our knowledge, prior 815

GRPO-style methods for TIR do not (i) define 816

a turn-level MDP and simultaneously (ii) use 817

turn-wise discounted returns within the group 818

objective. Our ablations (Tables 3–4) show that 819

removing discounted turn-level return degrades 820

performance and that the discount factor γ has a 821
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def  t est _dp( ) :
    n_max = 10
    t ot al _subset s = 2* * 10
    dp = [ [ 0]  *  ( n_max+1)  f or  _ i n 
r ange( t ot al _subset s) ]
    f or  s i n r ange( t ot al _subset s) :
        dp[ s] [ 1]  = 1
    f or  n i n r ange( 2,  n_max+1) :
        f or  s i n r ange( t ot al _subset s) :
            f or  t  i n r ange( t ot al _subset s) :
                i f  ( t  & s)  == t :
                    dp[ s] [ n]  = ( dp[ s] [ n]  + 
dp[ t ] [ n- 1]  % 10)  % 10
    K = 0
    f or  s i n r ange( t ot al _subset s) :
        f or  n i n r ange( 1,  n_max+1) :
            K += dp[ s] [ n]
    K_mod10 = K % 10
    pr i nt ( f " Test :  K mod 10 = { K_mod10} " )
    r et ur n K_mod10
r esul t  = t est _dp( )
pr i nt ( f " Resul t :  { r esul t } " )

1
2
3
4

5
6
7
8
9

10
11

12
13
14
15
16
17
18
19
20

def  t est _l ast _di gi t _sum( ) :
    t ot al  = 0
    f or  n i n r ange( 1,  11) :
        # Comput e 4^n mod 10
        t er m = pow( 4,  n,  10)
        t ot al  = ( t ot al  + t er m)  % 10
        pr i nt ( f " n={ n} :  4^ { n}  mod 10 = { t er m} " )
    r et ur n t ot al
r emai nder  = t est _l ast _di gi t _sum( )
pr i nt ( f " The r emai nder  when K i s di v i ded by 10 i s:  
{ r emai nder } " )

1
2
3
4
5
6
7
8
9

10

GRPO Sol ut i on GTPO Sol ut i on

Figure 7: An AMC23 example to compare the distinction in generation samples between GRPO and GTPO.

clear “good” range.822

A.1.3 Self-supervised reward shaping for823

negative trajectories824

Prior TIR RL work (e.g., ReTool, ToRL, Search-825

R1) typically uses binary or near-binary outcome826

rewards, treating all incorrect trajectories as equally827

bad and providing little signal when all samples in a828

group fail. GTPO introduces self-supervised shap-829

ing for failed trajectories: we assign partial rewards830

based on the similarity between their code and code831

from successful trajectories. This recovers infor-832

mative signal from “almost correct” code and833

exploits the fact that code is a concise, verifi-834

able proxy for intermediate reasoning quality.835

Table 7 shows that this shaping outperforms both836

purely binary rewards and simpler string-matching837

baselines.838

The combined three designs target the core RL839

challenge: sparse, delayed rewards and poor tem-840

poral credit assignment (Pignatelli et al., 2024).841

GTPO simultaneously (1) changes the MDP granu-842

larity to turns, (2) propagates credit via discounted843

returns over turns, and (3) densifies supervision844

inside failed trajectories using code-based self-845

supervision. To our knowledge, GTPO is the first846

method to instantiate this specific turn-level, dis-847

counted, self-supervised RL formulation for multi-848

turn TIR, and our experiments and ablations consis-849

tently show empirical gains over standard GRPO-850

style baselines. 851

A.2 Turn-level Format Reward Design 852

In practice, considering the nature of TIR tasks, 853

we focus on two major format requirements: (1) 854

the format of tool calling must be correct, and (2) 855

there must exist at least one tool call throughout the 856

trajectory. Specifically, we assign rformati,j = −0.1 857

when yj contains any invalid tool calls. To further 858

ensure that at least one tool call happens through- 859

out the trajectory, we directly demand the first turn 860

y1 to contain tool calls: we assign rformati,1 = −0.1 861

if y1 does not include any tool calls. The rea- 862

son is that, based on our observation, for all the 863

trajectories that contain tool calls, models will al- 864

ways make tool calls in the first turn. Following 865

DAPO (Yu et al., 2025), we use the answer format 866

"Answer:" throughout all the evaluations. 867

A.3 Overhead Analysis 868

GTPO introduces minimal and negligible compu- 869

tational overhead compared to GRPO. Firstly, the 870

overhead of turn-level reward calculation is min- 871

imal. Both the format and outcome rewards rely 872

solely on lightweight string-matching operations; 873

thus, extending them from the trajectory level to 874

the turn level does not introduce any meaningful 875

additional cost. Likewise, the overhead of our self- 876

supervised reward shaping is negligible: it only 877

requires computing a single embedding per sam- 878
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Algorithm 1 Group Turn Policy Optimization (GTPO)

Require: Policy πθ, reference policy πθold , dataset D, group size G, discount γ, clip ϵlow, ϵhigh, shaping
cap α, learning rate η

1: for each update step do
2: Sample prompt x ∼ D
3: Roll out G trajectories {yi}Gi=1 ∼ πθold(· | x), where yi = {yi,1, . . . , yi,Ti} and yi,j = (ti,j , ci,j)
4: Let P ← {i | final answer of yi is correct}
5: for i = 1, . . . , G do
6: for j = 1, . . . , Ti do

7: rformati,j ←

{
−0.1 if yi,j has any format error
0 otherwise

8: racci,j ←


0 j < Ti

1 (j = Ti) ∧ (i ∈ P)
α
|P|

∑
p∈P

sim
(⊕

m<j ci,m,
⊕

m<j cp,m

)
(j = Ti) ∧ (i /∈ P)

9: ri,j ← racci,j + rformati,j

10: Ri,j ←
Ti∑

m=j

γm−j ri,m

11: end for
12: end for
13: Compute global mean µ and std σ over all {Ri,j} (all i, j)
14: Ai,j ← (Ri,j − µ)/(σ + δ)

15: L(θ)← − 1∑
i |yi|

G∑
i=1

Ti∑
j=1

∑
t∈yi,j

min
(
wi,j,tAi,j , clip(wi,j,t, 1− ϵlow, 1 + ϵhigh)Ai,j

)
16: where wi,j,t =

πθ(yi,j,t | x, history)
πθold(yi,j,t | x, history)

17: Update θ ← θ − η∇θL(θ)
18: end for

pled trajectory, which takes on the order of seconds879

and is insignificant compared to the cost of gener-880

ating full trajectories.881

A.4 Additional Evaluation Settings882

For benchmarks where we report avg@16 perfor-883

mance, including AIME 2024, AIME 2025, and884

AMC 2023, we set the sampling temperature to885

be 0.6. For other benchmarks where we report886

pass@1 performance, including MATH500 and887

SVAMP, we set a lower sampling temperature of888

0.2 for more stable evaluation results. In the eval-889

uation, we define the maximum sequence length890

for each turn as 8192 tokens and the maximum891

number of turns as 10, allowing models for more892

exploration. Because the RL training set we use893

(i.e., DAPO-17K (Yu et al., 2025)) only includes894

problems whose answer is a single integer, we filter895

out all the problems from these benchmarks whose896

ground truth is not a single integer. In the main897

experiments in Table 2, both GRPO and GTPO 898

checkpoints we evaluate have been trained for 40 899

steps. Limited by computational resources, for all 900

the other experiments, we evaluate checkpoints that 901

have been trained for 30 steps. 902

A.5 Impact of Reward Shaping Strategy 903

We evaluated different design choices for GTPO re- 904

ward shaping. Specifically, we compared character- 905

based sequence matching via Difflib 5 (Wei et al., 906

2025) and embedding-based similarity (Zhang 907

et al., 2024). We also varied the content scope 908

used to compute similarity, contrasting entire tra- 909

jectories (natural language + code) with code-only 910

inputs. As shown in Table 7, representing trajec- 911

tory correctness using only code components yields 912

the largest gains. In particular, embedding-based 913

similarity computed on code-only content achieves 914

5https://docs.python.org/3/library/difflib.
html
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Scoring
method

Sample
content

MATH 500
(pass@1)

AIME 2024
(avg@16)

Avg.

Difflib Code 71.52 21.25 46.39

Difflib Trajectory 72.15 18.75 45.45
Embedding Code 72.47 21.25 46.86

Table 7: GTPO by reward shaping strategies: we
change the reward shaping strategy by the scoring
method (using embedding model or Difflib) and the
data sample content (code only or the whole trajectory).

the best performance. This finding suggests that,915

for TIR tasks, code provides a concise and reli-916

able feedback signal for steering model reasoning,917

replacing the conventional natural language data.918

A.6 Comparison with Additional Baseline919

To compare GTPO with more baselines, we have920

conducted an additional experiment comparing921

GTPO against DAPO on Qwen2.5-7B-Instruct, us-922

ing the same training setup and computational bud-923

get in the ablation experiments (§A.4). Following924

standard practice, we evaluate using MATH 500925

(pass@1) and AIME 2024 (avg@16). As shown926

in Table 8, while DAPO provides a small improve-927

ment over GRPO, GTPO still achieves the best per-928

formance, supporting our claim that GTPO offers929

benefits beyond standard RL objectives.930

Qwen2.5-7B-Instruct MATH 500
(pass@1)

AIME 2024
(avg@16)

Average

+ GRPO 67.09 20.63 43.86
+ DAPO 67.72 20.77 44.25

+ GTPO (ours) 72.47 21.25 46.86

Table 8: Comparison with DAPO: we add DAPO in
our evaluation as an additional baseline. Results show
that GTPO still consistently outperforms DAPO, indi-
cating that our turn-level reward formulation provides
complementary advantages over existing RL methods.

A.7 Additional Case Studies931

In Figure 7, we show an example from AMC23, il-932

lustrating the distinct problem-solving approaches933

between GRPO and GTPO models in tackling com-934

binatorial counting problems. The task requires935

counting sequences of subsets with specific con-936

tainment properties modulo 10 - a problem that de-937

mands careful handling of the exponential growth938

in possibilities. The GRPO solution attempts a939

direct computational approach using dynamic pro-940

gramming with memoization, but critically fails to941

properly manage the modular arithmetic. Specif-942

ically, it computes the full count first and only943

applies the modulo operation at the end, leading 944

to integer overflow issues that produce an incor- 945

rect result of 0. In contrast, the GTPO solution 946

demonstrates superior algorithmic insight by main- 947

taining the modulo 10 constraint throughout the 948

computation within its dynamic programming ta- 949

ble, preventing overflow and correctly identifying 950

the answer as 5. 951

A.8 Training Curves 952

Figure 8 demonstrates the format correctness 953

curves of GRPO and GTPO. GTPO exhibits su- 954

perior performance throughout the training process, 955

achieving a robust improvement to around 99% by 956

training step 40. In contrast, GRPO shows more 957

volatile behavior, particularly evident in the dra- 958

matic spike and subsequent drop around training 959

steps 20-25. While GRPO eventually recovers and 960

stabilizes around 97% by the end of training, it con- 961

sistently underperforms GTPO by approximately 962

2-3 percentage points in the later stages. 963

0 5 10 15 20 25 30 35 40
Training Step

0.88

0.90

0.92

0.94
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rm
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Figure 8: Format correctness curves of GRPO and
GTPO: the format correctness metric refers to the per-
centage of rollout trajectories that do not include any
format-based errors (e.g. generated code blocks).

A.9 Additional Results 964

Scaling with different trajectory turns . We 965

further conducted ablation study by changing the 966

maximum number of turns in generated trajecto- 967

ries. As shown in Table 9, the performance of 968

GTPO improves steadily when increasing the num- 969

ber of maximum turns. This observation shows 970

that GTPO scales well with the trajectory length in 971

multi-turn TIR reasoning. 972
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Max
turns T

MATH 500
(pass@1)

AIME 2024
(avg@16) Average

1 71.20 19.38 45.29

2 69.62 20.21 44.92

3 72.47 21.25 46.86

Table 9: GTPO by different maximum trajectory
turns: We conducted experiments with GTPO where
we changed the maximum number of turns in rollout
trajectories T = {1, 2, 3} during training.
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