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A Appendix

In this section, we provide the proofs of our theoretical results. In Section A.1, we state the results we use in our
analysis. Section A.2 includes the proof of estimation error bound in Lemma 2. In Sections A.3 and A.4, we provide
the proofs for Theorem 3 (convex case) and Theorem 5 (non-convex case), respectively.

A.1 Preliminaries:

Theorem 7. (Theorem 2 in Abbasi-Yadkori et al. (2011)). Let {F;}:2, be a filtration and {w;}2, be a real-valued
stochastic process. Here, wy is F;-measurable and wy is conditionally R-sub Gaussian for some R > 0. Let {x;}$2,

be an R-valued stochastic process such that x, is F;_-measurable. Let V. 2= Zthl %%, + N where \ > 0. Define
Yy = a'x; + wy, then &y = V}l Z;‘ll Y1 Xy is the Uo-regularized least squares estimate of a. Assume HaH < Lgh
and thH < L, Vt. Then, for any § € (0, 1), with probability (1 — §), the true parameter a lies in the following set:

2
{a eR”:||a - arlly, < R\/dlog TR ALA} ,

forallT > 1.

Theorem 8. (Theorem 5.1.1 in Tropp et al. (2015)). Consider a finite sequence {X.} of independent, random and
positive semi-definite matrices of dimension d. Assume that Amax(Xy) < L, Vt. Define Y = Y, X, and denote
Amin(E[Y]) as pi. Then, we have

P(min(Y) < 1) < dexp (= (1= )*12), forany e € (0,1),
Now, let us define the shrunk version of the polytope as follows
X3 2 {x € RY: [A]p.X + Tin < by, Vk € [n]}, for some 73, > 0. (12)

Lemma 9 (Lemma 1 in Fereydounian et al. (2020)). Consider a positive constant Ty, such that X,

forany x € X%,

is non-empty. Then,

Vdri,
HHX;(X) —x[ < mv (13)

where C(A,b) is a positive constant that depends only on the matrix A and the vector b.
Theorem 10. (Theorem 3.7 in Shi et al. (2015)) Let us consider the following notation for EXTRA algorithm

x; i : The iterate of agent i at time k of the EXTRA algorithm,

T
X1k

Xk’ = 5
T
xm,k’
m

x* = argminx{ > ki (X)}v

i=1

X* =
X*T
m
£(X) = filxi).
i=1
A convex function h(-) is restricted strongly convex w.r.t. a point'y if there exists 1 > 0 such that

(VA(x) — Vh(y),x — y) > u|x — y||*, ¥x.
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Suppose that the gradient of f(X) w.rt. X is Lipschitz continuous with a constant Ly and (X)) + 1 ||X X* HP P

is restricted strongly convex w.r.t. X* with a constant 4. Then, with a proper step size o < M there exists
¢ > 0 such that | X, — X* ||215 converges to 0 at the R-linear rate of O((1 + ¢)~F).

A.2 Safe Distributed Set Estimation

Proof of Lemma 2. Let Vg, 2 7" S° x;,x], and V. = Vg + AL Let A be the solution of

argming > ., l;(A). Let [A] k.. and [A]g.. be the k-th rows of A and A, respectively. Based on Theorem 7, we
have with probability at least (1 — 0),

1ALk — [Alk:]ly < R\/ (W) + VAL, Vk € [n]. (14)

Knowing that Vi € [m], Vt € [Ty], xix = (1 — 7)X* + 7Ci,e» We have Amax (%%, ) < L? and E[x;,x],] =
(1 —7)?x*x°T + 4?0621 = 40 1. Therefore, we have

m Ty
)\min(E[VTg = mln Z Z X1 txl t > mTO’V UC (15)

Based on (15) and Theorem 8, we have

2mT0720§
P(Amin(VTo) < e/\min(E[VTO])> Sdexp(— (1-*—5). (16)
By setting e = 3 and Ty > i@; log(4), from (16), we have
¢
1 1 9 9

P()\min(v) > 2ng’}/ ) > P()\min(VTo) Z §mTo’)/ UC) 2 (]. — 6) (17)

Combining equations (14) and (17), we have with probability at least (1 — 24),

~ Ry Jdlog (BB 4 /XL,

[[Alk,: — [Alk.:|| < , Vk € [n]. (18)

%m’y2 O’?TO

Let agent 4’s local estimate of A at time t € [Ty + 1,7y + Tl] returned by the EXTRA algorlthm (Shi et al., 2015)
be denoted by At Next, we upper bound the distance between A = argmin Ay li(A) and At based on Theorem
10 as follows. Based on the definition of /;(A), considering the vectorized vers1on of A, the Hessian matrix has the
following expression

-
Xit Xt

-

XitXi 1

A A
+ 221 < 2(TyL? + 21,
m m
Xi7tXZt

where the inequality is due to the boundedness of the baseline action and the noise vector. From above, we know
S, 1i(A;) is Lipschitz smooth with the constant 2(TyL? + 2 ) and strongly convex with the constant 22, so by

=1
< Q/mAmin (P)

selecting a step size « (ToL2t2)

as suggested by Theorem 10, there exists a 7 € (0, 1) such that
(A, — [Alp,|| < w7 Wi € [m],k € [n],t € [Ty +1,...,To + T1] (19)
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where v > 0 is a constant. Based on (18), (19) and our choice of Ty (T1 = (—log 7)™ log(vT?)), for k € [n],
te[To+1,...,To+T1] and i, j € [m], we have

\/dlog 1+m5T/°nL /)‘) VAL 4

A7k, = [Alk:|| < [[[ALk: = [Ale:]| + (Al = [Als, ]| < .0
. 2m’y UCTO
and R R R R R R 5
H[Aﬂk,: - [Az]k,H < H[Aﬂk, - [A]k7:H + H[A]k,: - [Ag]k,H < ﬁ- (21
O]

Lemma 11. Define

R\/dlog LEmIoL2/0) 4+ VXL 4

T v/ fm'y JCTQ
For each agent i, construct /'?f based on (8) with C; i, following from (7). By running Algorithm 1 with user-specified
Ty = Q(nw%z log(4)) and Ty = ©(log T?), there exists a mutual shrunk polytope (see the definition in (12)) subset
X3 (1in = 2B, L) for XZ-S, Vi € [m] with probability at least (1 — 20).

Proof of Lemma 11. Consider a mutual shrunk polytope subset X}, (7in = 2B,.L). Based on Lemma 2, with probability
at least 1 — 20, we have for any x € X%

mn’>

(Al + By x| = [Alox + (A, [A]k,:)xwrl\xll
< [Alkax + [[[Ailk,; = (Al ]| + B:[|x] (22)
< [Alg,x+ 2Br||xH < [A]g,x +2B,L < by, Vk € [n] and Vi € [m],

which implies that X5 C X, Vi. O

Lemma 12. For each agent i, construct )?f based on (8) with C; i, following from (7). By running Algorithm 1 with
user-specified Ty = Q(#jﬁ2 log(g)) and Ty = O(log T?), we have for any point x,
A

Mg () = T (9| < Oy ), Vi € [ ©3)

Xf - Tp

Before we discuss the proof of Lemma 12, for the sake of completeness, we provide the formal statement of Theorem
3.1 in Bonnans et al. (1998), used in the derivation of Lemma 12.

We first define the notations used in (Bonnans et al., 1998). Note that the notations here are only locally de-
fined for the statement of Theorem 3.1 in Bonnans et al. (1998). The work of Bonnans et al. (1998) focuses on the
sensitivity analysis of parametric optimization problems of the form

(Py) : mig f(x,u) subject to G(x,u) € K,
x€E

where & is a finite dimensional space, U is a Banach space, K is a closed subset of Banach space ) and f and G
are twice continuously differentiable mappings from X x U to R and ), respectively. The optimization problem is
considered to be unperturbed when u = 0.

Given u, the feasible set, optimal value and set of optimal solutions of (P,) are denoted as follows

d(u) £ {x € X : G(x,u) € K},
v(u) = inf{f(x,u) : x € ®(u)},
S(u) £ argmin{f(x,u) : x € ®(u)}.
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A point x € X is called an e-optimal solution of (P,) if x € ®(u) and f(x,u) < v(u) + €.

We also define the following notations to present the theorem statement.

y* Dual space of Y

dist(y, X) The minimum distance from point y to set X: inf{Jly — x[[ : x € X}
Tk (y) The tangent cone to the set K at the pointy € K: {h € Y : dist(y + th, ) = o(t)}
Ni(y) The normal cone to the set C at the pointy € KC: {y* € Y*: (y*,h) <0,Vh € Tx(y)}

Df(x,u) Derivative of f
Dy f(x,u) Partial derivative of f w.r.t. x
Dyx f(x,u) Second order derivative of f w.r.t. x
Df(x',u’)(x,u) || The linear function based on the derivative at (x’, u’)

L(x,\,u) The Lagrangian f(x,u) + (A, G(x,u)), A € Y*
Ayu(x) {\ € Nc(G(x%,u)) : DxL(x,A,u) =0}

{Xl + Xg} U{Xl —|—X2}, X1 € X1,X0 € Xy
int(X) The interior of the set X

To study the first order differentiabilitiy of the optimal value function v(u), for a given direction d € U and the
optimal solution of the unperturbed problem x, € S(0), Bonnans et al. (1998) consider the linearization of the family
of problems (P;q) and its dual as follows

(PLq) :ml}n f(x%0,0)(h,d) subject to DG(x0,0)(h,d) € Tic(G(x0,0)),

DLg): max DyL(xg,A,0)d.
(DLa): s Dul(x0: 0.0

Theorem 13. (Theorem 3.1 in Bonnans et al. (1998)) Let X(t) be an O(t?)-optimal trajectory of (Piq) converging to
a point xg € ®(0) as t — 0. Assume v(PLq) to be finite. Suppose that the following conditions hold:

1. xq satisfies the directional constraint qualification, which is implied if

0e inl{G(Xo,O) + DxG(XmO)X — ’C}

2. v(td) < v(0) + tv(PLq) + O(t?), t > 0 (Equation 3.4 in (Bonnans et al., 1998)).

3. The strong second order sufficient condition (Equation 3.1 in (Bonnans et al., 1998)) holds, which is implied

if
sup D2 _L(x0,\,0)(h,h) >0, Yh € C(x0)\{0},
AeS(DLg)

where C(x) denotes the critical cone.

Then x(t) is Lipschitz stable at X, i.e., fort > 0, |

x(t) — xo| = O(t).

Proof. (Proof of Lemma 12) The key idea is to leverage Theorem 13, which quantifies the sensitivity of the optimal
solution of a “perturbed” optimization problem. More specifically, it is shown that the distance between the original
optimal solution and the optimal solution of the perturbed problem is upper-bounded by the magnitude of the
perturbation.

First, we show that Vi € [m], the projection problem IT o (x) can be formulated as a quadratic programming
with second-order cone constraints. The definition of /'E" has the following equivalent expression
X2 {xeR%:a]x <by, Va, €Cip, Vk € [n]} = {x € R?: max &} x < by, Vk € [n]}

apeCyk
veC (24)
={xe R%: [Ai]k,:x+ BTHXH < by, Vk € [n]},
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where each second-order cone inequality: [Az]kx + BTHXH < b can be equivalently written as a linear matrix
inequality (LMI):

Rl R MU N L
For simplicity, we define the following matrix
Gl(x,A;) ~
Gix Ay 2 G*(x,A)
G"(x,A;)
Considering the intersection of all LMIs, we have
X7 2 {xeR%: G(x,A;) = 0}. (26)

Based on (26), for a point x € R?, we have IT fo (x) = x+&;, where &; is derived by solving the following optimization
problem '

Gl (X + 57 Kz)
G2 7;&1'
& = argmin £7¢, sit. (et A . > 0. 27

Gn(x + 57 ;&z)

Based on Lemma 2, we have |[[A;]5. — [Aj].|| = O(7%), Vi,j € [m] and Vk € [n]. Therefore, [A]x. can
be expressed as [A;]k,. + ¥y, where Hw;@H = O(). With this expression, the projection 5. (x) = x + & can

be formulated as a perturbed version of the optimization (27), where the perturbation is paramjeterized in terms of
Y = [11,...,¢y] as follows:

Gl(x+& A, +1)

G2(x+ &, A, +
§; = argming £Te, st (e 2 ) > 0. (28)

G"(x+& A+ )
To show that HH)?S (x) —1II5, (X)H = Hgi — QH = O(HwH) = O(75), we apply Theorem 13, where three conditions

need to be satisfied: directional constraint qualification (DCQ), Equation 3.4 in Bonnans et al. (1998) and strong
second-order sufficient conditions (we refer readers to Bonnans et al. (1998) for detailed definitions).

« DCQ:
A sufficient condition for DCQ is constraint qualification (CQ) (see the definition in Bonnans et al. (1998)),
which is satisfied in our problem formulation if the first-order approximation of G(x + &, A; + 1) w.r.t. the
variable £ can be positive-definite. Noting that G(x + &, Kl + 1)) is an affine function of &, the first-order
approximation is exactly the original function. Now suppose that Vi € [m], /'E-S has a strictly feasible point
(this is implied by the existence of the mutual shrunk polytope), which means there exists a é such that
G(x + &, A; + ) is positive-definite, and then CQ is satisfied.

¢ Equation 3.4 in Bonnans et al. (1998):
In Bonnans et al. (1998), the authors provided the sufficient conditions for Equation 3.4: DCQ and second-
order regularity (Definition 2.2 in Bonnans et al. (1998)). DCQ, as mentioned previously, holds in our case,
and second-order regularity holds for semi-definite optimization, which is the case for our problem setup.
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¢ Second-order sufficient conditions:
The strong second-order sufficient condition (Equation 3.1 in Bonnans et al. (1998)) has an alternative form
(Equation 3.3 in Bonnans et al. (1998)), which is satisfied in our problem setup since the Hessian of the
Lagrangian is 21, which is positive-definite.

Since all the conditions above are met, the lemma is proved by applying Theorem 13. O

A.3 Convex Part

L 1 m
1 Xigandy, = -3 "y . Under
Assumptions 1 to 3 and the fact that gradients are bounded, i.e., ’ S for any x E X?®, we have that

Vi € [m]

Lemma 14. Let Algorithm 2 run with step size n > 0 and define x; = % ZZ
t X ‘

vmp

[[xe = xie|| < (O(i 15

TP) + 277G)

Proof. For the presentation simplicity, we define the following matrices

X £ [Xl,ta ce ;Xm,t]7 Y, £ [th, cee aym,t]a Gy £ [Vfl,t(xl,t)v sy vfm,t(xm,t)]a and R, £ [rl,t; B I‘m,t},

where r; ¢ = Vit — (xi’t — ani,t(xi,t)). Then, the update can be expressed as X; = Y, 1P = (Xt—l —nGy_1 +
Rt_l)P.

Expanding the update recursively, we have
X, =X, PUT) Z G, P+ Z R._,P. (29)

Since P is doubly stochastic, we have P*1 = 1 for all £ > 1. Based on the geometric mixing bound of P and the
above equation we get

1
HM—XmH=HXAg1—%W
t—Ts

t—T
<, =X UL+ 3 Gt~ P+ 3[R (2= 1P
=1

t—Ts

ZWJW+Z N

\fﬂ
-8’

IN

(O( )+ 27 G)

Tr

where ||XTS — X7, [PT]. H = 0 by the identical initialization of all agents with the same action at T, and the other
inequality is based on Lemma 12 as follows

= HZ gill Xs YJt 1= (Z[P]”yﬂ 1 _nvf”(xl t))H

r;¢

Yit — (Xit =V fis( Xit H

22



Published in Transactions on Machine Learning Research (MM/YYYY)

Proof of Theorem 3. First, we decompose the individual regret of agent j into three terms:

Ts—1 T T
SN fialx )= filxi) = YD firxie) = FiaxD) + DD fielxi0) = Fia XD+ Y f(XD) = fil(x),
t [ t t=1 1 t=Ts 1 t=Ts
Term I Term 11 Term I1T

., which is a mutual subset of {Q?is}ie[m] with 73, = 2B, L based on Equation
(22) in Lemma 11. We now proceed to bound each term.

(30)
where X} is the projection of x; on &

The upper bound of Term I

Note that by choosing v < we have Vi € [m] and t € [1,...,To + T4]

LL ’
(Al Xip = [Alk,: (1= 7)x" +7Gi) < (1= )bj + A% < (1 = 7)bf, + (b — bf) < b, €2))

which implies the safeness of the action.

Based on the Lipschitz property of the function sequence, we have

T,—1 T,—1
Z Zfi’t(xj,t) — fie(x)) < Z ZGHXN — X:H < 2GLm(Ty + Ty). (32)
t=1 t=1 3

The upper bound of Term II:
Based on the update rule, Vi € [m] and t € [T, ...,T] we have

fi,t(xi,t) - fz,t(i:) Svfi,t(xi,t)T(Xi,t - i:)

RIS Al + S~ Sl 55 0 s

< Bt + lux@t T .
:% :%WQHVfi,t(th +3 H Pliyji—1— inQ — %Hytt — %! 2}

S% :%n2||vfi,t(xi,t)”2 + % Z[P]jiuyj,t,1 — x| - %Hyz o m’

J

where the second inequality is due to the projection property that Hyi_,t — X7 H < qu -V fi(Xizt)
third inequality is due to the convexity of the square function.

Based on Equation (33) and Lemma 14, we have

fia(Xje) = fie(Xy) = fin(Xj) — fie(Xie) + fie(Xie) — fin(X7)

SGHXN—Xz’tH'i‘fit(Xit)_fit(i:) (34)
1 1
§2G(O(T ) + 21G) ‘Fg + 77||sz e || + 2 S Plillyse — %5 - %Hyi,t -

J
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Summing Equation (34) over ¢, we get

D (finlxyn) = fie(%))

i

(35)

1
<mG(O0t) + ME) Y + Y IS+ g, o D s =i 5 S e -l
=mG(0() +210) Y75+ E S Vet + Z(Hyi,t-luﬂ||yi,t||2+2<yum—m)-
Summing Equation (35) over t € [T, ..., T], we have

Z D2 i) = Fin(%0)
<7 Z Zvai’t(xi’t)Hg'F ZHle*IH + ZszxT ZYZTAXT 1)

t=T

vmp

Z Z { — Xig1) Yi,t+2TmG(O(T )+ 21 G) s

tTfl [

The upper bound of Term III:

Based on Lemma 9, we have for any x; € X’ and its projection to &X;°, denoted by X}, that

T T
. . e 2V/dLB,
t;' Z (fie(X}) = fie(xp)) < t;. zi:GHXt -x;|| < mTGic(A’b) -

Substituting Equations (32), (36) and (37) into Equation (30), we get

D03 Uarlxy) = fialxi))

TG? 1
<AGLm(Ty +Ty) + Z [yir,a|* + ;,(ZyZchi} N yin %)
1 7

1 Vmp 2VdLB,
+ z Z Z —%i11) Ty + ZTmG(O(ﬁ) + QUG)m ™ mTGm’

t Ts—1 1@

(36)

(37

(38)

whichis O(Ty + T} + % + %C} 4 IvloeTo | puT ) and the final regret bound is derived by substituting the choices

VTo (1-8)

of n and T into above.

A.4 Non-convex Part

O

Lemma 15 (Lemma 4 in Ghai et al. (2022)). Suppose Assumptions 5, 6, 7 hold and v, = q(x;), then Hq(xt_,_l) —

|| = O(W4G§’7/2773/2) based on the following update rule:
. r T 1
Uep1 = argmingc o 3 Vfi(ug) 'u+ 6D¢(u, w) ¢,

1
X¢41 = Argminy e ys {Vft(xt)TX + %HX - XtHQ} :
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Theorem 16 (Theorem 7 in Ghai et al. (2022)). Given a convex and compact domain X C X°, and not necessarily
convex loss f+(+) satisfying Assumption 7. When Assumption 8 is met, there exists an OMD object with convex loss
f+(+), a convex domain and a strongly convex regularization ¢ satisfying Assumption 5.

Lemma 17. Suppose Assumptions 5-7 hold and v, y = q(x; ), Vi € [m]; then

HQ(Xi,t-H) - ug’tHH = O(= +1%/?),

T2p

based on the following update rules:

Z;t

. = 1
argmin, 3., {Vfi,t(u“)—ru + 5D¢(u, ui,t)} ,

w =Y [Plizis,

J
1
Vit = argminxe)/(\iS {Vfi,t(xm)Tx + o ||X — Xt ||2} )

Xit+1 = Z[P]jiy]',t~

J

(39)

Proof. We first upper bound ||q(x; 11) — LY | as follows

la(xiie1) =i || < || S [Pz, z i (. H+HZ Liia(yie) = aQ_PLividll- (o)

J J

To bound the second term, we consider the Taylor expansion of ¢(y) w.r.t. a point ¥ in the convex hull of {y; +};:
| Z Jiia(yse) = aQ_Plavioll <[ [Pl (a@) + 13 ie = 3) + O30 = 317))
j j
- (q(S')+J (A)(Z[P]jiwt — ) +0( ||Z Jji¥ it —9”2))“
<O(Y_IPlillyse —91°) +O( ||Z lii¥ie = 2)

J
<0(D?),
(41)
where D denotes the diameter of the convex hull of {y; ,} and is upper bounded as follows
D Zmax|lyis — v
(@.4)
= I(IZH;X ||H (X,L t aniyt(xiyt)) — HX“ (Xj t — ’I]ij7t (xj,t)) ||
= I(Ilé}X ||H (Xq ¢ =0V fia(Xit)) — s, (xi0 =V fie(xi0))
+ 15, (Xi,t - nvfi,t(xi,t)) -1z, (Xj,t - vaj,t(xj,t)) || (42)

< I(H&;X ||H (Xi,t =V fii(Xit)) — s, (xi0 =V fie(xi0)) H
3 J

+ || (xie =0V fie(xi1)) — (x50 — 1V fie(x50)) |

vmp
-B

1

<O(g)+2( (050 +200) Y22

T )+20n:O(+n)

Tr
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The first inequality follows from the non-expansive property of projection, where ||ILy(x) — ILx(y)|| < [|x — ¥/|
for any x,y and a closed convex set X, and the last inequality is based on Lemma 12, Lemma 14 and the Lipschitz
continuity of the function sequence.

Substituting Equations (41) and (42) into Equation (40) and based on Lemma 15, we have

||q X t+1 u; t+1|| <|| Z ]'sz,t Z ﬂq Yt || + || Z qu YJ t (Z[P]ji}’j,t)n

! (43)

+1%) = 0(L

4,~3/2 3/2
<OWiG3! )4 O(=— T3

3/2
TQP +1°7),

when 7 is small enough. O

Proof of Theorem 5. As for the proof of Theorem 3, we decompose the individual regret into three terms:

T
ZZfi.,t(Xj,t)—Z Z D firlxie) = fur(x +ZZfzt Xj0) = fie &)+ D Fi(%F) = fulx)),
tod i i t=T,
Term I Term II Term 111

N (44)
where X is the projection of x} on A;}, which is a mutual subset of {X;°};c[n With 7, = 2B, L based on Equation
(22).
The upper bound of Term I:

Similar to the proof of convex part, during the estimation phase, v is less than % to ensure the safeness of each
agent’s action, and based on the Lipschitz property we have

30 3 Fuos) — furli) Zan (x50)) = Jia(a(x0))

Ts—1
>N GeWxjp — x}|| < 2GEWLm(Ty + Ty). (45)

t=1 1

IN

The upper bound of Term II:
Define X' £ {q(x)|x € X7}, (same for X and X'®). Then, for any ¢(X}) = G} € X%

m °

based on Equation (39), we
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have
n(fie(xit) — fir(X)) =n (fi,t(ui,t) — flt(ﬁf;))
<V fie(wie) " (g — )
_ T
= (v¢(ul,t) - v¢(zi,t) - nvfi,t(uz"t)> (ut — Zi,t)
+ (V(ZS(ZZ'J) - V¢(ui,t))—r (ﬁ: — zi,t) + nvfi,t(ui,t)—r(ui’t N Zi,t)
< (Vo(zia) — Vo(uin)) " (8 — zi4) + 0V fra(uie) T (wiy — z:4)
= Dy (0], ;1) — Dy (0}, 2i.t) — D (a0, Wit) + 0V fie (i) (Wiy — 2 1)
uy i 1 2 1 os 2
< D(}S(Ut ) ui,t) - D¢(ut ) Zi,t) - D¢.(Zi7t, ui,t) =+ §Hui,t — Zi,tH + ?vai,t(uiﬂt)H
772 1 2
< Dy(ug, i) — Dy (07, 24) + ?vai,t(ui,t)u
2
o B . ) ,
=Dy (0}, ;) — Dy(af,u; ;) + Dg(uy,u;,) — Dy(05,zis) + ?vai,t(ui,t)H
2
; i* n 3 2
< Dy(0y,u ) — Dy(f,u +Z 1;iDp (0}, 2j1—1) — Dyp(0},2i ) + ?vai,t(ui,t)n )
(46)

where the second inequality is based on the optimality of z; ;; the fourth inequality is due to the strong convexity of
¢(+) and the fifth inequality is based on Assumption 9.

Based on Theorem 16, Lemma 17, and the Lipschitz assumption on D, we have

1
|@W¥mﬂ—%@ﬁmW§WWM—%MSmwﬁg+ﬁ%) (47)
And based on Lemma 14, we get
max Huz t — uy, t|| = nax ||q Xit) — Q(XJ t || - (Wn) (48)

i,j€[m] i,j€[m]
With Equations (46), (47) and (48), we derive
Fie(je) — fir(@)) = fir(se) — fir(Wie) + fie(wis) — fie(@)

< G|l —ujq| + O(W( +1'/%))

n1=r

1 . 1 o n = 2
—|——E P]..,D ,Zii_1) — —D,  Zi) + = ||V fi(u
nZ [P];iDy (07, 25,t-1) 1 6(07,2it) 2“ fig(u t)H (49)

<O(GEWn) + O(W (- +1'/?))

n1=r

1 ~ % 1 ~ % n r 2

to > PPy (i}, 254-1) — 5D¢(ut 1Zig) + §vai,t(ui,t)|| :
j

Based on the definition of Bregman divergence, we have the following relationship
Dy (0, 2it-1) — Dy (0y,2it)
= (Vo(2i1) = Vo(2i11)) | (8 = 2i1) + D (2.1, 2i11) (50)
=(V(2ie) — Vo(zii-1)) | @ + (0(2i0) — Vb(2i1) 204) — (8(2i,-1) — VO (Zig—1) Ziy—1) -
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Summing Equation (49) over ¢, based on Equation (50) we get

Z Fia(uge) = fie(ay)

1 -
<O(mGrWn) +O(mW(nT2 1/2)) «I»;;]HVfi,t(ui,t)Hz (51)
+% Z {(V(;S(zi,t) - Véf)(zi,tq))T fl: + ((i)(zi,t) - V¢(Zi,t)Tzi,t) - (¢(zi,t71) - Vﬁb(zi,tfl)—rzi,tfl)} .

Then, by summing Equation (51) over [T, . .., T], we have

T
SO Frlwi) — Furli)
t=Ts 1

T
<O(mTGpWn) + O(mTW( T2P +i/2)) + Z Z g’|Vfi,t(ui,t)||2

(52)
% tTZ_1¥ F—ui,) ngzlt —l—ZV(szT ay ZV(szT,l) ar
+- Z (zi 1) V¢(Zi,T)TZi,T) — (¢(zi,r,-1) — V¢>(Zi,TS—1)TZi,Ts—1)] .
The upper bound of Term III:
Based on Lemma 9, we have for any xj € X'® and its projection to &;;: X}
ET:TS Z (fia(a(xD) = fia( - x| < mTGFWm. (53)

Substituting Equations (45), (52) and (53) into Equation (44), the final regret bound is as

ZZ fia(Xja) = fin (D))

<O(mTGrWn) + O(mTW (—=- sz /%) ZZ 1% fire(uie)||®

1
o Z Do =) 'Ve(zi) + > Ve(zir) 0 =Y V(zim, 1) 05,y | +2GeWLm(Ty +Th)

t=Ts—1 1
2V dLB,
+= Z o(zir) — Vo(zir) zir) — ((zir,—1) — VO(Zir,—1) Zim,—1)] + mTGFWm

=0O(To+T1 +T\/n+ ——2— — 1y ,4)),

T\/logTo 11 XT:
VTo T far
(54)

where the final regret bound is proved by applying the specified n and Ty. By choosing p as a large enough number,
—2> is dominated by n'/2. i
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