A Appendix

Proof. [Proof of Proposition 1.2] Using properties of projection onto a convex set, we have
IGe (0, 2, B)I3 < 26% 10 — e (6 — 2/B)|l5 +26° e (6 - 2/8) — e (60 — V£(6)/5)ll5
< max(2,28*)V (8, z).
(]

Before proving Lemma 3.1, we present the following result on Poisson equation solution from
[Lial0], and [AMPOS] which is crucial to the proof of Lemma 3.1.

Lemma A.1 ([Lial0]) Let Assumption 2.4 be true. Then we have the following:

(a) For any 6 € O, the Markov kernel Py has a single stationary distribution my. Moreover,
VE(0,z): 0 x RY — O is measurable for all € O, Eyprr, [VF (0, 7)] < <.

(b) For any 0 € ©, the Poisson equation u(6,x) — Pyu(0,z) = VF(0,2) — V f(0) has
a solution u(0,x), where Pou(0,x) = [pau(0,2")Py(x,2")dx’. There exist a function
V :R? — [1,00) such that for all § € ©, the following holds:
(i) supyee [[VF(0,2)]l,, < oo,
(i) supgee ([[u(0, z)ll), + (| Pou(d, x)ll,) < oo,
(iii) supgee ([u(0,z) —u(0’,2)|\, + [[Pou(0, ) — Poru(®', z)[l,) < (10 = 0",
We now prove Lemma 3.1.
Proof. [Proof of Lemma 3.1] Let,

ert1 = U0k, p11) — Py, u(Ok, k)

—
Vk+1 = Poyy w(Ok1, Tiot1) — Pou(Ok, 1) + %P&Hlu(&ﬁ-h Thy1)
+1
Cit1 = M1 Pou(Or, 1)
k+1 — Ck
Chgr = M (29)

Mke+1
Now, one has,

E [ek+1|]:k] =K [u(&k,xk+1)|]-'k} — ngu((‘)k,xk) =0

We also have E [|ex11|] < 00. So ej1 is a martingale difference sequence. We also have, using
Lemma A.1, and the fact that © is compact,

E [Ivkt1llo] < €1 |0k — Orsills + compre < e1mpsr |y — Oklly + c2npre < campsr-

Again, using Lemma A.1, we have

E {HQHHJ < k1B [ Pou(Ok, ) ||5] < campgrs
where ¢;, i = 1,2, 3,4 are constants. |
A.1 Proof of Theorem 3.1

Let,

. B
Y = argmin {(zk,y —Ok) + 5 ly — Qng )
YyEO

and,
lyr = yrll2 < 0.

Consider the following system:

0o =00 %0 =2 (30)
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gjk:argmin{<2k,y—§k>+§Hy—ékHz} a3n

yeO®
Or1 = Ok + mir1 (G — ) (32)
Zht1 = Zk41 + G (33)
Equivalently one can also write:
- 5 1.
ur = e <0k - 521@) ; (34)
where Ilg is the orthogonal projection on the set ©. Let ¢(8, z) be the following function:
: p 2
0,2) = -0+ —|y—90 . 35
o(6,2) =iy o - 0) + Dl 013 35
Let us define the following merit function.
W(0,2) = (f(0) — ) — ¢(0,2). (36)

Recall that as optimality measure we use the following:
2

z
2
Lemma A.2 ([Jagl3]) Under Assumption 2.1,
;2 4'D(29(1 =+ w)
_ < 276\ T
Y yk||2 = tet2

where w is the accuracy of the LMO.

In Lemma A.3, we show that the iterates generated by the auxiliary updates are close to the orig-
inal updates of Algorithm 1. Using Lemma A.3 we show that V' (6, zx) is close to V (0, Zx) in
Lemma A.4. Lemma A.5, and Lemma A.6 bounds the first component of Eszl 1,V (0, 21 ), namely,
2
Zévzl Mk HH@ (Hk — %’“) - HkH . Finally, we bound the second component Zgﬂ Iz — Vf(&k)Hg
2
in (46).
Lemma A.3 Let the conditions of Lemma 3.1 hold. Then, for k > 1, and for any v € R, we have
k

) k—1
] 3 = 3 et I+y
E[Hgk—9ku2] <1+, )"‘22771‘ (T+n7) ‘Hrl (1+77j )
i= j=i

k—1 k
v23 nE 5] (en) T (140*). ¢8)
i=1 j=it+1

Lemma A.4 Let the conditions of Lemma 3.1 be true. Then, choosing ni, = (N + k)™% a > 1/2,
and setting v of Lemma A.3 to vy = 1/a — 1, for 6, < ny, we get

E [V (0, 21,)] < 2E [V(ék, 5@] +(9+4Lg) (N'71 +8N?717) 4 12N 2.

Lemma A.5 Let Assumption 2.1, Assumption 2.2, and Assumption 2.4 be true. Let {ék, Zks Uks JE>0
be the sequence generated by (30)-(33). Then Vk > 0,

IB N—-1 2 N—-1
5 > e 7 = 0| < Wiwo,20)+ Y s WN 2L (39)
k=0 k=0
where for k > 0,
(La+Le)nier (|- 112 Lo - 3
Thil = # Hyk - 9kH2 + 74) 12511 — 2l (40)

- o wt1 L2 ~ 12
e (B ) + 22 o
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Lemma A.6 Let {ék, Zk, Uk, }k>0 be the sequence generated by (30)-(33), and Assumption 2.1-2.4
hold. Then,

1. If no =1, we have,

-2
52E {Hgk - 0k”2 |}—k_1} <E {Hékng |fk—1] < o vk >1; (41)

2. Ifn, < 1/V2forall k > 1, then,

ZE[||5k+1_5k||g|fk <2 <||ZO||%+2402277£>, (42)
k=0 k=0

OOIE < o2 SRy E |||6, — 6 ’ 43
2 [Tk+1|—7:k]703k2:077k+7]§77k+1 H k— kH2 , (43)

where

1

52
We now prove Theorem 3.1.

Proof. [Proof of Theorem 3.1] Define,

k—1

i=0

Now, using the update of Algorithm 1,
Vi Oks1) = Zrrr = (U= mesn) (VFBe) = 2+ TS Orsr) = V(B
+ Mkt (Vf(ék-&-l) — Vf(0x) - €k+1) + M1 (Vf(ék) - Vf(9k)>
Dividing both sides by I'y, 1, we get,

Vf(Ors1) — Zria
| ]

(V00 — 2+ VI o) = VO + 255 (Vi Brin) = VG — 1)

Tk | V)
Nk 5
e (V00 - Vi)
1 ~ - 1 ~ ~ Nk - ~
=5 (V1O = 2) + 5 (VI 0e) = 95700)) = £ (fnr + VF0) = V5 01)
Summing both sides from k = 1to k =i — 1, we get,
~ ) i—1 FZ B . .
ELEEED M v (V#(Oks1) = V(00)) - Z ”’““1 (&0 + V1 00) = VI 1)) -
Then,
VI0) - 5 = (Vi) ~ i) + (Vf<é> V(i >) i (&4 V(i) - V(i)
= =) (VI Oir) = 2 ) + (V1 0i1)) = mi (@ + V(0i1) = VS (i)

Using Young’s inequality and Jensen’s 1nequa11ty,
2

|vr@) -2

2
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<1_Z§;‘ H 1 -, (Vf(~- )—ZH) Z—(Vf( 1) — vf(éil))_nigi:
e |,
gi%l(flnugn He =6 1H : (45)
where
2
B =) [ 1) = 2+ AT,

i
=2 (=) (V5Bir) = 20 ) + (V4 0) = VIBi)) )

Taking conditional expectation of I; with respect to F;_1, using (16), Assumption 2.4, and (32), we
get

B | Fial <0 =) [VFG0) = 7|+ w6 +n2o?
2B (1= m0) (Vi) = 2o ) + (VF0) = VI (Bim)) .G 1Fica
<= ) [V1 @) =i 228 [ [5ics = i 1720 | 4 520
20— [5G 5[ s e

< (1 - %) va(ézeﬂ - 5#1“2 + 2, LEE Hﬂzl - éilez |]:i1] +n7(1+0°).

Taking expectation on both sides of (45),

e [[esr -zl ] < (- )2 [[9s6e - 5[]+ ansie s 6]

2
+ 207 (14 0%) + ALEnE “)91‘1 - 91‘1"2}

i iy s ? 2 N~y . i 1P S 2
<Y{E HVf(ao)—ZOH2 +4L% Y VimE Hyk,l—ek,lHQ +23 Vi (1 +0?)
k=1 k=1

(i , - 2
+4L% S Y mE U)akl — ey M ,
k=1

where
V=1 Yék:‘H (1—%) for k > 1.
j=i+1
Then,

N ~ 2
s o]
i=1
N _ _ 2 No i 2
<> mYE {va(eo) - 50”4 +ALE Y Y ViR {Hﬂkq - 9k—1H2:|
i=1 1=1 k=1
N i N i o
+23 N Vi (L4 0%) +4Lg Y > Vi B [H9k1 - 9k1H2]
=1 k=1 =1 k=1
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]+4L ZZYknmkE [Hyk 1= - 1H ]

) [HW (o) — %o
k=1 1i=k

+2iiyk minp (14 0%) + 4L ZZYk i [Hek 1 e IH]

k=1 1i=k k=1 1i=k
B 2 N—-1 2 N N—-1 ~ 2
<E Hv g —H AL E H —9H 25" 12(1 + 02) + 412 E H&-@H .
< [ f(6o) %ol + szzoﬁk G = Ok, + ;nk( +0%) + szzonk—&-l k= Ox),

The last inequality follows by Lemma A.7. Combining (39), and (43), we get,

N
ZmE |:va(éi) —Z
i=1

2

_ 2
} <E [HVf(%) _20H2:|
N L2 o0 ~ 112
+4L2 (W(J:o,zo) +0? ZU}% + ?G an‘HE [Hek N 91““2})
k=0 k=0

N N-1 )
2(1 + 02) 4+ 4L2 E Ha .y H . 46
+;nk( +0°)+ szzonk+l k0| (46)

2

Combining (46), and (39), we get,
E [V(ék,ik)}

B {[V160 - 2o}, + 4280 (00, 0) + 25 (14 07+ (025 + 428/ T i -6

<
chv:1 Nk
(47)
Choosing n, = (N + k)~*, using Lemma A.3, for v = 1/a — 1, we get,
N—-1 2
> menE {H% - QkH }
k=0 2
N-1 k
<3 e+ + Z mmzm 1) T (1+27)
k=0 J=i+1
N-1 k—1 k
2 (N+k+1)™*) (N+i) 1+ N+ [] (1 + (N+j)*“(””))
k=0 i=1 j=i+1
N—1 k-1 s
<2 NN (14N 14+ N
k=0 i=1
N-1
<2 N (14 (2N) ) (L+ NTHE - 1)
k=0
<8N?75 (N(1+N~HN —2N)
§8N3_5a.
Then,
~ 112
s o] e
< < 16N274a, (48)

N
2 k=1 Tk Zk 1(2N)~@
Now using (48), and (47), we get

E [V(ék, 2,@)} < ( {HW (Go) — zOH } AL W (o, z0)> N1 4 2(1 4 02)N~2 + 16N2 e,
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Then using Lemma A.4, we get,

E [V (0, %)) < (E [HW(%) - zOHﬂ + ALLW (0, z0)> a1

+2(140*)N~"“+ (9+4Lg) (N'7* 4+ 8N?71) 4 12N >* 4 16N>~ %7
(49)

Now choosing, a = 3/5, we get,
. 2 ;
E [V (6, 2)] < (E U\Vf(eo) . EOM ALZW (x0, ZO)> N2/

+2(1+ 0N 4+ (94 4L) (N7 4 8NH/5) 112N/ 1 16N
—0 (N*%> .

Now we the provide the proofs of the Lemmas required to prove Theorem 3.1.

A.2 Proof of Lemmas for Theorem 3.1

Proof. [Proof of Lemma A.3] By Jensen’s inequality, contraction property of the projection operator,
and Youngs’ inequality, we get

_ 2
H9k+1 - 9k+1H

2

<(1 = mpt1) Hék - QkHz + i1 1k — vll3

<(1 = Mpt1) Hék - QkHE + NMk41 (Hék - 9ku2 + |2k/8 — 2/ Bll + 5k)2

<(1 —Mg41) Hék = QkHz + e (L 4m0,) Hék - QkHz + 201 (T + 1 04) 126/ 8 — Zk/ﬁ“é + 2mp41 (1 + 771;-:1)513-
Now taking expectation on both sides, and using Lemma 3.1, we have

~ 2
2 [[oes -0

~ 2
<(1+mi)E [Hak - ekM + 2y (L mely) + 201 (1 + 1) )E [67]

k k+1 k k+1
<ot () 42 ) ond (e ) TT (Vb ) +2 X nE [02] (™) I (140577).
i=1 j=it1 i=1 j=it+1
| |

Proof. [Proof of Lemma A.4] Using (16), and contraction property of the projection operator,
V(0 2) = Mo (0 — 21) = Okl + [z — V(003

~ ~ 112 2
SQHH@ (kazk)—kaH@ <9k72k)+9kH2+2 )

5= V() — 2+ V60|
ol (5 5) a2 w6
<2V (B 34) + (8 + 4La) | ox - ékHz +12]|2 — A%
Using Lemma A.3, and Lemma 3.1, we get,

E [V (0, 21)]
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<9E {V(ék, Ek)} + (8+4Lg)E |:H9k - ék“ﬂ + 12E [sz - 51«“3}

k

<2E V(0. 20) | + (8 +4L) | mi(1+n,” +2§:m 1) IT (1+0)
j=itl
k
+QZ771 1] (L+n;7) H (1+7Z;+7) + 1207
j=itl
For §j,_1 < ny, choosing n;, = m with a > 1/2, we get,
E [V (O, 21)]
k- k
. L+ (N k)™ 1+ (N + i) o
< N a(l+y)
<R [V(ek,zk)]+(8+4LG) s g ERE Jl:L (N +5) )
L
N+kt=
4 1 ’ 12
<2E |V ek Z; :| 9+4LG (N?)a ay +Z N3a—ay (1 + Na(1+’Y)> > + N2a
4 1 N 12
<2k [V O 2 } (O +4La) (NSa o T Nz (1+ Na(1+7)> ! ) AT
4 1—a(1+ 12
<2E [V Gk,zk } 9+4Lg) <N3a = N2‘1 Sy [eXp (N ( ’Y)) _ 1}) 4 Vi
~ 12
= 1—-3a+a
<2 [V (0, 2)] + (9 + 4Lc) <N3a — +8N 7) + (50)
Setting v = 1/a — 1, we get,
E [V (0k, 2)] < 2E [V (0, 2)] + (94 4L) (N4 + 8N274) 4 12N 2,
n
Proof. [Proof of Lemma A.5]
Recall that,
6(0,2) = min ((z.y = 0)+ Dy — 03 ) 5
’ yeO® ’ 2

It is easy to verify that ¢(6, z) has a L,-Lipschitz continuous gradient [GRW20, Lemma 3] where

Ly =2/(1+8)? + (1 +1/(28))2.

Using the definition of ¢(6, z) in (51), and Lipschitz continuity of its gradient, we have
¢ (Or, Zk) — GOk 11, Z41)

< <5k + B(ijk — Or), Os1 — 5k> - <§k — Ory g1 — 5k> + % |:H9~k+1 - ékHz + kg1 — 23 -

(52)
By the optimality condition of the subproblem (31) we have,
<2k+ﬁ(gk_§k>vy_?jk> >0 Vyeo. (53)
For y = 0, we have,
(2 + Bk = 00), 1 — ) <0, (54)
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Note that this also implies
¢(Ok, %) < 0. (55)
‘We also have,
241 — 2k
=Zk41 — (L= Mht1) 2 — i1 2k
=2k1 — (1= Meg1) 2k — Mhg1 2k + CGepz — (1= 0eg1)Crpn
=nk1 (VF(O) + ex1 + vrr1 + Ge1) — Mhr1 2k + Corz — (1= Mag1 )t

=mt1 (VF(Or) + ens1 + vir1) + (Cerr — Cet2) — M1 2k + Coro — (1= My 1) Gt
=Nk+1 (VF(Or) + €kt1) — Mer1Zk,

where, €, = e, + v, + fk Then, using (16) we have,
<37k — Ok, Zpg1 — 5k>
= <ﬂk — Oy M1 (VF(O1) + &) — 77k+15k>

= <9~k+1 — O, Vf(ék)> + <9~k+1 — 01, Vf(0r) — Vf(ék)> + <?Jk - ékvnk+1€k+1> - <5k+1 — O, 5k>

> 0) = 00 = S i = el = 5 s = ], = 2[00 = V1660
+ <?§k - ék,ﬁk+1€k+1> - <ék+1 - éka2k> : (56)

Combining (52), (53), (54), and (56), using (16), and rearranging, we get,
GOk, 21) — 3041, Zut1)
- _ Lo - _ _ _ 2 _ o2
<FO) ~ FOrn) + ZE s — 0l 52— s — | + | s0) ~ 9160
2 2Nk+1 2 B 2

L

_ 2 o
5 U’Gkﬂ - 91@H2 +11Zk1 — Zk||2}

- -~ 12
- <l?k — Ok, 77k+1€k+1> — Nr+1B Hﬂk - 91@H2 +
W (Oks1, Zrg1) — W (O, 2)

-2 (Lg+ Ly)n?
_nkglﬁ Hg’“_a’“Hﬁ( ¢+ Lo)miia H

112 Loy - . N1 L i l1?
< = Oaf|, + 5 s = 2l + P o — 6
3 Gk = 0|, + | Zes1 — Zll5 + 5 ROk,

— Mk+1 <l7k — 0y, 5k+1>

Summing both sides from k£ = 0 to IV — 1, and using (55), we get,
i N-1
Mer1B |- 5 |2 5
kz_o % Hyk — 9kH2 < W(bo, 20) + kZ_O Tht1s

where

(La+Le)niq . ~12 Ly . N S L2 <12
Tht1 = ﬁ“yk—ek” +7¢|‘2k+1_zk|‘;+77k+1 <9k—yk,€k+1>+m Hgk—9kH .
2 2 2 15} 2

n

Proof. [Proof of Lemma A.6] We omit the details of the proof of Lemma A.6 since the proof is
similar to Proposition 1 of [GRW20] except that we no longer have E [(ék — gjk)Ték\]-'k_l} =0

since {€x } is no longer a martingale difference sequence. But we can show that the term is small
enough, i.e., of the order of the stepsize. Note that, using (41), we have

E | (0 — gk)TgkU'—k—l} =E [(ék — k) (i + fk)|}—k—1}

/B 13— 51315 ] B [+ Gl
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e
<¢E [”ﬁ’;"’ml}nk

2(7’17k
< . (57)
B
Combining (57) with Proposition 1 of [GRW20] we get Lemma A.6. |
A.3 Auxilliary Results
Let
- Ui
Yi=1 YF= 1)
7 K2 H 1 4
Jj=i1+1
Then, we have the following results:
Lemma A.7 Fork <i <N,
; 1
||Y,§71||2 < exp <_8 ((N + k)lfa —(N+i+ 1)1,1))
N .
> Yim =0(1). (58)
i=k
Proof. Using the fact that 1 — z < exp(—z), we get
i i 7 i 7 i (N+j)°
= 110 <Hom(-3) <o (- £ 052
j=k Jj=k j=k
7 N —a
<exp (—/ (V) )d
k 8
1
<exp (—8 ((N +i)l7 — (N + k)l—a))
Now,
N .
ZYkllm
i=k
al 1
< Z;exp (—8 (N4 — (N + k)l_“)) (N4~
N k 1—a 2N il—a
—exp ((JFS)) | S e (z . ) —a
i=k+N
N + k)@ 2N i — 1)1-a
o (LB [ o (LD g
8 e 8
exp (7(]“?1_&) @2N-1)'°
:—/ exp (—u) du
l1—a (k+N—-1)1-a
exp ((NH;)““ _ (N+kgl)1*“>
<
- 1—a
e
<
“1-a
|
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B Proof of Theorem 3.2

Before introducing the main proof we present some notations. Recall that,

o(6.2) =i (e = 0) + Sl 013).

,and,

Yp = argmin {(zk,y —Or) + b ly — 0k||§} :
yeO 2

For a given 6, and z, we introduce the following notation for convenience.
H(y) = 9 b 6)|2
(y) = {2,y = 0) + Slly — 0ll2

Then we have [Jag13],

% ok — w3 < H () ~ HGR).
We choose the parameters of Algorithm 2 such that
H(yx) — H(yy) < 0.
We will choose ¢y, later. Let us define the following merit function.
W(0,2) = (F(0) = f*) = 6(0.2) + ||V f(0) = 2]l a>0 (59)

We need the following result from [AMPO05] on mixing properties of the data under Assump-
tion 2.4 (a).

Lemma B.1 [AMPO5] Let Assumption 2.4 (a) be true. Then, for any 0 € ©, the chain {xy} is
exponentially mixing in the sense of Definition 25.

Proof. First we establish recursion relations on the three components of W (0, z): (f(6) — f*).
(0, 2), and a |V £(9) - =[5.
Using (16), Assumption 2.1, Young’s inequality,

J(Or41) — f(Ok)
<VF(Or) T (Ors1 — Ok) + %} 1051 — Ol

=M1V Or) " Wk — O) + kst (VFOr) — 26) T (e — W) + et (2 + Bk — 0)) T (e — vi)

— N1 B Yy, — Ok Yk — yp) + %
<M1 (H(yk) — H(y,) — g lyx — yéHi) + 771@;%16 9k = OnllZ + Ampesr B llye — wil2 + %
+ 771@;615 IV £(0r) — zi) I3 + 4772+1 19 = a4+ e VFO0)T (5 — O0)
<1 (H(yr) — H(yp)) + nkfﬁlﬁ 5 — Oxllz + A sr Bl — vill2 + %
+ 77k1+615 IV F(Or) — 2i)l5 + 477;“ 196 = vhl2 + mess V£O0)T (wh — 0n). ©0)
Using (52),

®(Oks 2k) — G(Ot1, 2141)
L
< (o + By = 00): Ot = O0) = Wk = O 2 — 20) + 52 |01 = Onll3 + o — 23]
<1 (2 + Bk = Ok), Yk — Ok) + M1 (2 + BL — Ok), Yk — Yk) — Wk — Ok, 21 — 2k)
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L
+ 7¢ [||9k+1 — Okll3 + |2k — Zngi|
<o (O = HOK) = 5 I = 0h13) = s 0 = 00, VF 01, 100)

i (0 — 00,78+ 22 (101 — 13+ lonr — 2]

— ka1 B Wk — Okll3 + mesr (H (yi) — H(yh)) — esr (U, — Ok, V£ (0r))

i (0 O 1 O i) + 2 [0 — O3+ 12 — 2l] (61)
Recall I'; defined in (44). Then

Fl;_il (Vf(Oi1) = 2i=1) + (VF(0:) = VF(0i-1)) =i (& + V(0i-1) = Vf(0i-1))

—(1 =) (Vf(O5-1) = 1) + Z— (V(0:) = V(1)) — mics.

Vf(0;) =z =

Using Jensen’s inequality,

IV £0:) = zilly <L =) [IVF(Oi1) — zia i3 + 7 IVF(0:) = VFOi1)|5 + 07 &
=205 (&, (L= m:) (Vf(0im1) — 2im1) + (Vf(0:) = V(0i-1)))
<A =n) V(i) — 2i71||§ + 2L ||yi_1 — 9%1”3 +2LEn; ||yi-1 — y§,1||§ + 07 H&Hg
=205 (&, (1= m:) (Vf(0im1) — 2im1) + (VF(0:) = Vf(0i-1))) - (62)
Now combining (60), (61), and (62) we have,
W (Ok+1, 2k+1) — W(Ok, z1)
=f(Ok11) = F(Ok) — ¢(Os1, 2h1) + GOk, 26) + @ [V (Ors1) — 2rs1l3 — [V F(0k) — 2el5

15an 155n
<2 (H () = Hp)) =~ ||Vf<9k>—zk||§—( 16’““—2aLénkH) v, — 6l

+ Mht1 (48 +4/a + 2LEa) [lye — vil3

LgD%  LyD?
+ni+1< G+ =52 ok = VO w3 + (€1 O x5 + 2 661 (O, 241) ||Vf<ek>—Zk2>

= M1 Wk — Oks Gt 1 Oy 1)) — 201 (St (O Tten), Vi (Orgr) — 21)
Rearranging, and choosing o = 3/(32L%) we get,

148,41 2 1500k 2
16 s — Oll5 + 51212 IVF(Or) — zkll5
<W Ok, 2k) — W (Ort1, 2141) + (4/8 + 48 + 4/a + 2LEa) ni163 + np 1 U — M1 Sk — M1 Qs
(63)
where
LoD2  LyD?2
v = 2P0 LoD LGP0 a6 O i) 32 61 O ) V100 = 2l

Sk = (W, — Ok Eer1(Ok, Trg1)), and Qr = 2 (Ert1(Ok, 2rv1), Vf(Okg1) — 2x). Taking expecta-
tion on both sides and summing from k = 0 to k = N, we get,

14577k+1 v, 2 | 1508n,41 2
ZE[ T k= 0l + TS IV 60 —

N
W(60,20) + > (4/B+ 4B +4/a+ 2LEa) 1167 + Z i1 E [Uk] — Z Met1 (E [Sk] + E [Qk]),
k=0 k=0
(64)
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Bound on E [Uy] : Similar to (41), we have E [||z1||,] < o. Using Lipschitz continuity of f(-), as
explained in Section 2, we have V f(6)) < L. Combining these with Assumption 2.3, we have,

E[Ux] =0(1) (65)

Bound on E [Sk] : Using Epor [<y;€il — ek_l,£k+1(9k_l, .Z‘)>] =0, forl € {1, R 1}, we
have

E [Sk|Fr—i]

=E [(y), — Ok Err1(Oks Trr1)) [Frt] — E [(yh — Ok Err1 (O, Trg1)) [Fr—i]
+E (Y5 — Ok Er1 Okt 1)) [Frt] = B [(Yhy = Ot Eh1 (O —15 T141) ) [ Fri]
+E [(Wt = Ok—ts &1 (Or—t, 2hs1) ) [Fret] = Baorr [(Wht — Ok—t, Errr1 (01, )|

k
=E l<yf< — O, Z (Eky1(0i, xpt1) — §k+1(0i—1azk+1)> |-7:k—l‘|

i=k—1+1

+E

k
< > oWi-0i—yi+ 9¢—1),€k+1(9k—1,$k+1)> |]:/f—l]

i=k—14+1
+ (Yt = Ot E [Ehp1 On—t, T 1) | Fi—t)) — (Whet = Ok—t, Barore [E1 (O, 2)])

K
=E ly;g — Okl Z i llyi-1 = 0i-1ll, |fk—l]
i=k—l+1

K
+E | Y (lzi = zically /8 4+ 2105 = 0iall) 16k+1 Okt zar) 1 fkl]
i=k—1+1
+ || Wk = k1], 1B [€k41(Ok—1, Try1) | Fret] — B [kt (Or—1, 2]l - (66)
Using Assumption 2.1 one has,
k
E l|yff — Okl Z i lyi—1 — Oi—1lly | = OUnk—141). (67)
i=k—1+1

Using Assumption 2.1, Assumption 2.3, zx+1 — 2k = Ni+1(VF(Ok, Thy1) — 2i), E|lzkll2] < o
one has,
k

>z = zically /B4 210; = 0i-1lly) k1 (O —t, a1 Il
i=k—1+1

E = O (IMk—141). (68)

Using Assumption 2.1, Assumption 2.4, Lemma B.1, (25), and Lipschitz continuity of f(-), we have,

k-1 = Okl 1B (€1 (Ok 1, Thy 1)1 Frt) = Bamr (€101, )] ||, < Oeap(—rl)), (69)
where 7 is as in (25). Combining (67), (68), and (69) with (66) we get,

E [Sk] = O(Ink—141 + exp(—rl)) (70)
Bound on E [Q)]: Following similar techniques used to establish bound on E [Sy], we have,
E [Qk] = O(Ing—141 + exp(—rl)) (71)

Combining (65), (70), and (71) with (63), choosing t;, = f\/E] to ensure 5,% = 7, setting [ =
[%], and choosing n, = (N + k)72, 1/2 < a < 1, we get,

N
14 15
ZE [ BNk+1 ||y;c - eng + M IV f(0r) — Zk|§:| < W (b, z0) + O (leza ]ogN) )

2
2 16 51212,
(72)
Dividing both sides by ZIJLO 7%, and choosing a = 1/2 we get,
log N
E[V(0gr,zr) = 0O .
V0m 2] = 0 ()
]
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