
A Outline940

The appendices are organized as follows:941

• Notation are summarized in Appendix B.942

• A detailed related work and a discussion on the limitations of Theorem 6 are given in943

Appendix C.944

• The lower bound on the expected sample complexity under ϵ-global DP (Theorem 2) is945

proven in Appendix D.946

• The proof of Lemma 4 is given in Appendix E.947

• The proof of our concentration results are detailed in Appendix F. In particular, this includes948

the proof of Theorem 5.949

• Appendix G gathers key properties on the (resp. modified) divergence d±ϵ (resp. d̃±ϵ ), the950

(resp. modified) transportation costs Wϵ,a,b (resp. W̃ϵ,a,b) and (resp. β-)characteristic times951

T ⋆
ϵ (ν) (resp. T ⋆

ϵ,β(ν)) and their (resp. β-)optimal allocation w⋆
ϵ (ν) (resp. w⋆

ϵ,β(ν)). In952

particular, this includes the proof of Theorem 3 based on Lemmas 42 and 46.953

• The proof of the upper bound on the asymptotic expected sample complexity of DP-TT954

(Theorem 6) is given in Appendix H.955

• In Appendix I, we propose variants of algorithms to tackle ϵ-global DP BAI. We aim at956

providing several choices for the interested practitioners.957

• Implementation details and additional experiments are presented in Appendix J.958

Table 1: Notation for the setting.

Notation Type Description

K N Number of arms
F ⊆ P([0, 1]) Class of Bernoulli distributions
νa F Bernoulli distribution of arm a ∈ [K]
ν FK Vector of Bernoulli distributions, ν := (νa)a∈[K]

µa (0, 1) Mean of arm a ∈ [K]
µ (0, 1)K Vector of means, µ := (µa)a∈[K]

a⋆(µ), a⋆(ν) ⊆ [K] Set of best arms, a⋆(ν) = a⋆(µ) := argmaxa∈[K] µa

a⋆ [K] Unique best arm, i.e., a⋆(µ) = {a⋆}
ϵ R⋆

+ Privacy budget for ϵ-global DP
δ (0, 1) Risk for δ-correctness

Alt(ν) ⊆ FK Alternative instances with different best arms

B Notation959

We recall some commonly used notation: the set of integers [n] := {1, · · · , n}, the comple-960

ment X∁ and interior X̊ of a set X , the indicator function 1 (X) of an event, the probabil-961

ity Pνπ and the expectation Eνπ taken over the randomness of the observations from ν and962

the algorithm π, Landau’s notation o, O, Ω and Θ, the (K − 1)-dimensional probability sim-963

plex △K :=
{
w ∈ RK

+ | w ≥ 0,
∑

i∈[K] wi = 1
}

. The functions [x]10 := max{0,min{1, x}},964

kη(x) := 1 + log1+η x, W−1 in Lemma 51, h in Eq. (31), r in Eq. (33), ζ is the Riemann ζ965

function. Moreover, we recall the definitions: d±ϵ in Eq. (3), dϵ in Eq. (2), d̃±ϵ in Eq. (32), W±
ϵ,a,b966

in Eq. (4), W̃±
ϵ,a,b in Eq. (34), (T ⋆

ϵ (ν), T
⋆
ϵ,β(ν), w

⋆
ϵ (ν), w

⋆
ϵ,β(ν)) in Eq.35. While Table 1 gathers967

problem-specific notation, Table 2 groups notation for the algorithms.968
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Table 2: Notation for the algorithm.

Notation Type Description

Bn [K] (EB) Leader at time n
Cn [K] (TC) Challenger at time n
an [K] Arm sampled at time n

Xn,an
{0, 1} Sample observed at the end of time n, i.e. Xn,an

∼ νan

Ykn,a,a R Noisy perturbation drawn at the beginning of phase kn,a
for arm a, i.e. Ykn,a,a ∼ Lap(1/ϵ)

Fn History before time n
ãn [K] Arm recommended before time n
τϵ,δ N Sample complexity (stopping time)

c(n, ϵ, δ) N× R⋆
+ × (0, 1)→ R⋆

+ Stopping threshold function
c1(n, δ) N× (0, 1)→ R⋆

+ Stopping threshold function
c2(n, ϵ) N× R⋆

+ → R⋆
+ Approximation threshold function

Nn,a N Number of pulls of arm a before time n
kn,a N Current phase of arm a at time n
Tk(a) N Time n where the arm a changes to phase k
S̃k,a R Private sum of observations for arm a at phase k
Ñn,a N Number of pulls of arm a at the beginning of phase kn,a
µ̃n,a R Private estimator of the empirical mean of arm a

at the beginning of phase kn,a
Ln,a N Counts of Bt = a before time n
Na

n,a N Counts of (Bt, at) = (a, a) before time n
β (0, 1) Fixed proportion

C Related Work and Limitations969

We provide a more detailed literature review in Appendix C.1, and discuss limitations of Theorem 6970

in Appendix C.2.971

C.1 Related Work972

Structured Bandits. While we consider unstructured bandits [6], numerous structural assumptions973

have been studied: linear bandits [77], generalized linear bandits [35] such as logistic bandits974

[53], combinatorial bandits [23], sparse bandits [46], spectral bandits [57], unimodal bandits [28],975

Lipschitz [65], partial monitoring [3], etc. Coping for the structural assumption while preserving976

ϵ-global DP is an interesting direction for future works.977

Pure Exploration Problems. While we consider only BAI [33], other pure exploration problems978

have been studied in the literature: ϵ-BAI [66], thresholding bandits [19], Top-k identification [56],979

Pareto set identification [7], best partition identification [21], etc. Extending our ϵ-global DP results980

to answer these identification problems is an interesting research direction.981

Performance Metrics. In pure exploration problems, the two major theoretical frameworks are the982

fixed-confidence setting [34, 47, 38], which is the focus of this paper, and the fixed-budget setting [4,983

36]. In the fixed-budget setting, the objective is to minimize the probability of misidentifying a correct984

answer with a fixed number of samples T . Recent works have also considered the anytime setting,985

in which the agent aims at achieving a low probability of error at any deterministic time [88, 52].986

Extending our findings to support ϵ-global DP in the fixed-budget or the anytime setting is an987

interesting direction for future works, see e.g., Chen et al. [24].988

DP in bandits. DP has been studied for multi-armed bandits under different bandit settings: finite-989

armed stochastic [68, 74, 89, 44, 9, 43, 10, 85, 45], adversarial [80, 1, 82], linear [41, 60, 10],990

contextual linear [76, 69, 89, 10], and kernel bandits [70], among others. Most of these works were991

for regret minimisation, but the problem has also been explored for best-arm identification, with fixed992

confidence [11, 12] and fixed budget [24]. The problem has also been studied under three different993

DP trust models: (a) global DP where the users trust the centralised decision maker [68, 76, 74, 9, 43],994
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(b) local DP where each user deploys a local perturbation mechanism to send a “noisy” version of995

the rewards to the policy [15, 89, 40], and (c) shuffle DP where users still feed their data to a local996

perturbation, but now they trust an intermediary to apply a uniformly random permutation on all997

users’ data before sending to the central servers [79, 37, 27].998

In the first papers on DP for bandits, the tree-based mechanism [32, 20] was used to compute the999

sum of rewards privately. However, this mechanism was proven to be sub-optimal, matching the1000

lower bounds up to logarithmic factors. Then, forgetting was first proposed by [74] to get rid of1001

the tree-based mechanism, then adapted to UCB in [44, 9]. Finally, if the KL is the divergence that1002

controls the complexity of bandits without privacy [58, 38], then Azize and Basu [9] were the first to1003

show that the TV controls the complexity of private bandits, in the high privacy regime.1004

In this paper, we focus on ϵ-pure DP, under a global trust model, in stochastic finite-armed bandits,1005

for best arm identification under fixed confidence.1006

Gap in the literature. This problem setting is first studied by Azize et al. [11], who proposed1007

the first problem-dependent sample complexity lower bound, and introduced AdaP-TT, an ϵ-global1008

DP version of the Top Algorithm. However, the sample complexity upper bound of AdaP-TT only1009

matches the lower bound in the high privacy regime ϵ→ 0, and for instances where the means have1010

similar order (see Condition 1 in [11] in the discussion after Theorem 5 in [11]).1011

Azize et al. [12] proposes AdaP-TT⋆, an improved version of AdaP-TT. The improvement is achieved1012

by using a transport inspired by the sample complexity lower bound from [11]. Using the new1013

transport, AdaP-TT⋆ gets rid of Condition 1 needed by AdaP-TT, and achieves the high privacy lower1014

bound for all instances up to a multiplicative factor 48.1015

However, both AdaP-TT and AdaP-TT⋆ do not match the lower bound, beyond the high privacy1016

regime, i.e. for both the low privacy regime and transitional regimes.1017

C.2 Limitations of Theorem 61018

Using adaptive targets βn(Bn, Cn) in DP-TT could replace T ⋆
ϵ,β(ν) by T ⋆

ϵ (ν). While we propose1019

two adaptive choices of target based on IDS [86] or BOLD [14] (Appendix I), we leave their analysis1020

for future work. The assumption that the means are distinct is used to prove sufficient exploration; it1021

can be removed by using forced exploration or a fine-grained analysis [49, 52]. While it improves the1022

asymptotic upper bound, choosing η too close to 0 negatively impacts the performance of DP-TT,1023

due to the dependency in O(1/ log(1 + η)) of the stopping threshold. The suboptimal scaling in1024

2 log(1/δ) of the stopping threshold yields the factor 2.1025

D Lower Bound1026

LetM : Xn → O be an ϵ-DP mechanism. For D ∈ Xn an input dataset, we denote byMD the1027

distribution over outputs, when the input is D, andMD(E) the probability of observing output E1028

when the input is D.1029

Let P and Q be two data-generating distributions over Xn. We denote by MP,M the marginal over1030

outputs of the mechanismM when the input dataset is generated through P, i.e.1031

MP,M(A) :=

∫
D∈Xn

MD (A) dP (D) , (9)

for any event A in the output space. We define similarly MQ,M the marginal over outputs of the1032

mechanismM when the input dataset is generated through Q.1033

The main question is to control the divergence KL (MP,M ∥MQ,M) when the mechanismM satisfies1034

DP. In general, for any mechanismM, the data-processing inequality provides the following bound1035

KL (MP,M ∥MQ,M) ≤ KL (P ∥ Q) . (10)

Now, for ϵ-DP mechanisms, we want to translate the DP constraint to a tight bound on the divergence1036

KL (MP,M ∥MQ,M). To do so, let L be any other distribution on Xn. Let CP,L be a coupling of1037

(P,L), i.e., the marginals of CP,L are P and L. We can now rewrite our the marginals using the1038
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definition of couplings. For MP,M, we have1039

MP,M(A) :=

∫
D∈Xn

MD (A) dP (D) =

∫
D,D′∈Xn

MD (A) dCP,L (D,D
′) ,

and for Q we get1040

MQ,M(A) :=

∫
D′∈Xn

MD′ (A) dQ (D′) =

∫
D′∈Xn

MD′ (A)
dQ (D′)

dL (D′)
dL (D′)

=

∫
D,D′∈Xn

MD′ (A)
dQ (D′)

dL (D′)
dCP,L (D,D

′) .

Using the data-processing inequality, we get1041

KL (MP,M ∥MQ,M) ≤
∫
D,D′∈Xn

∫
o∈O

log

 MD (o)

MD′ (o) dQ(D′)
dL(D′)

MD (o) dodCP,L (D,D
′)

=

∫
D,D′∈Xn

(
KL (MD ∥MD′) + log

(
dL (D′)

dQ (D′)

))
dCP,L (D,D

′)

= ED,D′∼CP,L [KL (MD ∥MD′)] + KL (L ∥ Q) .

Since this is true for any coupling CP,L and any distribution L, we get the final bound1042

KL (MP,M ∥MQ,M) ≤ inf
L∈P(Xn)

{
inf

CP,L∈C(P,L)

{
ED,D′∼CP,L [KL (MD ∥MD′)]

}
+KL (L ∥ Q)

}
where P(Xn) is the set of all distributions over Xn and C (P,L) is the set of all couplings between P1043

and L. Using that theM is ϵ-DP, we can use the simple bound KL (MD ∥MD′) ≤ ϵdHam(D,D
′)1044

which gives1045

KL (MP,M ∥MQ,M) ≤ inf
L∈P(Xn)

{
ϵ inf
CP,L∈C(P,L)

{
ED,D′∼CP,L [dHam(D,D

′)]
}
+KL (L ∥ Q)

}
.

(11)

D.1 Product Distributions1046

Suppose that P :=
⊗n

i=1 Pi and Q :=
⊗n

i=1 Qi are product distributions. Consider the subset of1047

product distributions L :=
⊗n

i=1 Li, and the maximal coupling C∞(P,L) :=
∏n

i=1 C∞(Pi,Li).1048

Plugging these in Equation (11), we get1049

KL (MP,M ∥MQ,M) ≤ inf
L1,...,Ln

{
ϵ

n∑
i=1

EDi,D′
i∼C∞(Pi,Li) [1 {Di ̸= D′

i}] +
n∑

i=1

KL (Li ∥ Qi)

}

= inf
L1,...,Ln

{
n∑

i=1

(ϵTV (Pi ∥ Li) + KL (Li ∥ Qi))

}

=

n∑
i=1

inf
Li∈P(X )

{ϵTV (Pi ∥ Li) + KL (Li ∥ Qi)} =
n∑

i=1

dϵ(Pi,Qi) ,

where1050

dϵ(P,Q) := inf
L∈P(X )

{ϵTV (P ∥ L) + KL (L ∥ Q)} . (12)

D.2 Sequential KL decomposition for bandits under DP1051

In this section, we adapt the techniques from product distributions to bandit marginals.1052

First, we introduce the bandit canonical model.1053

The bandit canonical model. A stochastic bandit (or environment) is a collection of distributions ν ≜1054

(Pa : a ∈ [K]), where [K] is the set of available K actions. The learner and the environment interact1055
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Algorithm 2 Bandit interaction between a policy and an environment

1: Input: A policy π and an environment ν ≜ (Pa : a ∈ [K])
2: for t = 1, . . . do
3: The policy samples an action at ∼ πt(. | a1, r1, . . . , at−1, rt−1)
4: The policy observes a reward rt ∼ Pat

5: end for
6: if Regret minimisation then
7: The interaction ends after T steps
8: else FC-BAI
9: The policy decides to stop the interaction at step τϵ,δ and recomends the final guess â

10: end if

sequentially over T rounds. In each round t ∈ 1, . . . , T , the learner chooses an action at ∈ [K],1056

which is fed to the environment. The environment then samples a reward rt ∈ R from distribution1057

Pat and reveals rt to the learner. The interaction between the learner (or policy) and environment1058

induces a probability measure on the sequence of outcomes HT ≜ (a1, r1, a2, r2, . . . , aT , rT ). In1059

the following, we construct the probability space that carries these random variables.1060

Let T ∈ N⋆ be the horizon. Let ν = (Pa : a ∈ [K]) a bandit instance with K ∈ N⋆ finite arms,1061

and each Pa is a probability measure on (R,B(R)) with B being the Borel set. For each t ∈ [T ], let1062

Ωt = ([K]× R)t ⊂ R2t and Ft = B(Ωt). We first formalise the definition of a policy.1063

Definition 2 (The policy). A policy π is a sequence (πt)
T
t=1 , where πt is a probability kernel from1064

(Ωt,Ft) to ([K], 2[K]). Since [K] is discrete, we adopt the convention that for a ∈ [K],1065

πt(a | a1, r1, . . . , at−1, rt−1) = πt({a} | a1, r1, . . . , at−1, rt−1)

We want to define a probability measure on (ΩT ,FT ) that respects our understanding of the sequential1066

nature of the interaction between the learner and a stationary stochastic bandit. Specifically, the1067

sequence of outcomes should satisfy the following two assumptions:1068

(a) The conditional distribution of action at given a1, r1, . . . , at−1, rt−1 is π(at | Ht−1) almost1069

surely.1070

(b) The conditional distribution of reward rt given a1, r1, . . . , at−1, rt−1, at is Pat
almost1071

surely.1072

The probability measure on (ΩT ,FT ) depends on both the environment ν and the policy π. To1073

construct this probability, let λ be a σ-finite measure on (R,B(R)) for which Pa is absolutely1074

continuous with respect to λ for all a ∈ [K]. Let pa = dPa/dλ be the Radon–Nikodym derivative of1075

Pa with respect to λ. Letting ρ be the counting measure with ρ(B) = |B|, the density pνπ : ΩT → R1076

can now be defined with respect to the product measure (ρ× λ)T by1077

pνπ(a1, r1, . . . , aT , rT ) ≜
T∏

t=1

πt(at | a1, r1, . . . , at−1, rt−1)pat
(rt)

and Pνπ is defined as1078

Pνπ(B) ≜
∫
B

pνπ(ω)(ρ× λ)T ( dω) forallB ∈ FT

Hence (ΩT ,FT ,Pνπ) is a probability space over histories induced by the interaction between π and1079

ν. We define also a marginal distribution over the sequence of actions by1080

mνπ(a1, . . . , aT ) ≜
∫
r1,...,rT

pνπ(a1, r1, . . . , aT , rT ) dr1 . . . drT ,

and forallC ∈ P([K]T ),1081

Mνπ(C) ≜
∑

(a1,...,aT )∈C

mνπ(a1, a2, . . . , aT ).
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Finally, ([K]T ,P([K]T ),Mνπ) is a probability space over sequence of actions produced when π1082

interacts with ν for T time-steps.1083

The KL upper bound. Now, we adapt the techniques for the bandit marginals. Let ν = {Pa, a ∈1084

[K]} and ν′ = {P ′
a, a ∈ [K]} be two bandit instances in FK . We recall that, when the policy π1085

interacts with the bandit instance ν, it induces a marginal distribution Mνπ over the sequence of1086

actions. We define Mν′π similarly.1087

The goal is to upper bound the quantity KL (Mνπ ∥Mν′π). The marginals Mνπ and Mνπ in the1088

sequential setting "look like" marginals generated by "product distributions". However, the hardness1089

of the sequential setting lies in the fact that the data-generating distributions depend on the stochastic1090

sequential actions chosen. Thus, the results of the previous section cannot be directly applied. To1091

adapt the proof ideas of the previous section to the bandit case, we introduce the idea of a coupled1092

bandit instance.1093

Let ν′′ = {P ′′
a : a ∈ [K]} be any “intermediary" bandit instance from FK . Define ca as the maximal1094

coupling between Pa and P ′′
a , i.e., ca := C∞(Pa, P

′′
a ). Fix a policy π = {πt}Tt=1.1095

Here, we build a coupled environment γ of ν and ν′′. The policy π interacts with the coupled1096

environment γ up to a given time horizon T to produce an augmented history {(at, rt, r′′t )}Tt=1. The1097

iterative steps of this interaction process are:1098

1. The probability of choosing an action at = a at time t is dictated only by the policy πt and1099

a1, r1, a2, r2, . . . , at−1, rt−1, i.e.the policy ignores {r′′s }t−1
s=1.1100

2. The distribution of rewards (rt, r′′t ) is cat
and is conditionally independent of the previous1101

observed history {(as, rs, r′′s )}t−1
t=1.1102

This interaction is similar to the interaction process of policy π with the first bandit instance ν, with1103

the addition of sampling an extra r′′t from the coupling of Pat
and P ′′

at
.1104

The distribution of the augmented history induced by the interaction of π and the coupled environment1105

can be defined as1106

pγπ(a1, r1, r
′′
1 . . . , aT , rT , r

′′
T ) :=

T∏
t=1

πt(at | a1, r1, . . . , at−1, rt−1)cat(rt, r
′′
t ) .

To simplify the notation, let a := (a1, . . . , aT ), r := (r1, . . . , rT ), r’ := (r′1, . . . , r
′
T ) and1107

r” := (r′1, . . . , r
′
T ). Also, let ca(r, r”) :=

∏T
t=1 cat(rt, r

′′
t ) and π(a | r) :=

∏T
t=1 πt(at |1108

a1, r1, . . . , at−1, rt−1). We put h := (a, r, r”). With the new notation1109

pγπ(a, r, r”) := π(a | r)ca(r, r”) .
By the definition of the couplings, we have that mνπ is the marginal of pγπ when integrated over1110

(r, r”), i.e.,1111

mνπ(a) =
∫

r,r”
pγπ(a, r, r”) dr dr” .

Now, we define a new joint distribution qγπ , inspired by the techniques used for product distributions:1112

qγπ(a, r, r”) := π(a | r”)
p′a(r”)
p′′a (r”)

ca(r, r”) ,

where p′a(r”) :=
∏T

t=1 p
′
at
(r′′t ), and similarly, p′′a (r”) :=

∏T
t=1 p

′′
at
(r′′t ).1113

First, observe that it is indeed a valid joint distribution, i.e.1114 ∑
a

∫
r,r”

qγπ(a, r, r”) dr dr” =
∑

a

∫
r,r”

π(a | r”)
p′a(r”)
p′′a (r”)

ca(r, r”) dr dr”

=
∑

a

∫
r”
π(a | r”)p′a(r”) dr” =

∫
r”
p′a(r”) dr” = 1 ,

and that mν′π is the marginal of qγπ when integrated over (r, r”), i.e.,1115 ∫
r,r”

qγπ(a, r, r”) dr dr” =

∫
r,r”

π(a | r”)
p′a(r”)
p′′a (r”)

ca(r, r”) drdr”
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=

∫
r”
π(a | r”)p′a(r”) dr” = mν′π(a) .

Using the data-processing inequality, we get1116

KL (Mνπ ∥Mν′π) ≤ KL (pγπ ∥ qγπ) . (13)

Now, we compute1117

KL (pγπ ∥ qγπ)
(a)
= Eh:=(a,r,r”)∼pγπ

log
 π(a | r)ca(r, r”)
π(a | r”) p′

a(r”)
p′′

a (r”)ca(r, r”)


(b)

≤ Eh:=(a,r,r”)∼pγπ

[
ϵdHam(r, r") + log

(
p′′a (r”)
p′a(r”)

)]
(c)
=

T∑
t=1

Eh∼pγπ

[
ϵ1 {rt ̸= r′′t }+ log

(
p′′at

(r′′t )

p′at
(r′′t )

)]
(d)
=

T∑
t=1

Eh∼pγπ

[
Eh∼pγπ

[ϵ1 {rt ̸= r′′t }+ log

(
p′′at

(r′′t )

p′at
(r′′t )

)
| at]

]
(e)
=

T∑
t=1

Eh∼pγπ

[
ϵTV

(
pat

∥∥ p′′at

)
+KL

(
p′′at

∥∥ p′at

)]
(f)
= Eνπ

[
T∑

t=1

ϵTV
(
pat

∥∥ p′′at

)
+KL

(
p′′at

∥∥ p′at

)]
.

where:1118

(a) by the definition of the KL1119

(b) the group privacy property, applied to the ϵ-global DP policy, we have

π(a | r) ≤ eϵdHam(r,r"π(a | r")

(c) by the definition of dham1120

(d) by the towering property of conditional expectations1121

(e) given at, we have rt ∼ pat , r′t ∼ p′at
and r” ∼ p′′at

1122

(f) by linearity of the expectation, and the fact that the expression inside the expectation only depends1123

on the actions at1124

Since this is true for any “intermediary" bandit instance ν′′ ∈ FK , we take ν′′⋆ to be the environment1125

where the infinimum of the dϵ(Pa, P
′
a) is attained for each arm a ∈ [K]. Specifically, let ν′′⋆ =1126

(p⋆a, a ∈ [K]) where1127

p⋆a = argmin
L∈F

{ϵTV (pa ∥ L) + KL (L ∥ p′a)}

Plugging ν′′⋆ gives1128

KL (Mνπ ∥Mν′π) ≤ Eνπ

[
T∑

t=1

dϵ(pat , p
′
at
)

]
(14)

Let Nt,a =
∑

s<t 1 {as = a} be the counts of arm a before step t. Then, we can rewrite the bound1129

as1130

KL (Mνπ ∥Mν′π) ≤
K∑

a=1

Eνπ[NT+1,a]dϵ(pa, p
′
a) , (15)

Stopping time version of the KL decomposition for BAI under DP. Let π be an ϵ-DP BAI strategy.1131

Let ν and λ be two bandit instances. Denote by Mνπ the marginal distribution of the output of the1132
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BAI strategy when π interacts with ν. By using Wald’s lemma in the proof technique seen before for1133

the canonical bandit setting under FC-BAI, we get that1134

KL (Mνπ ∥Mλπ) ≤ Eνπ

(τϵ,δ∑
t=1

dϵ(νat
, λat

)

)
=

K∑
a=1

Eνπ[Nτϵ,δ+1,a]dϵ(νa, λa) , (16)

where τ is the stopping time.1135

D.3 Sample Complexity Lower Bound Proof1136

Theorem 2 (Sample complexity lower bound for BAI under ϵ-DP). Let (ϵ, δ) ∈ R⋆
+ × (0, 1). For

any algorithm π that is δ-correct and ϵ-global DP on FK ,

Eνπ[τϵ,δ] ≥ T ⋆
ϵ (ν) log(1/(3δ))

for all ν ∈ FK with unique best arm. The inverse of the characteristic time T ⋆
ϵ (ν) is defined as1137

T ⋆
ϵ (ν)

−1 := sup
w∈△K

inf
κ∈Alt(ν)

K∑
a=1

wadϵ(νa, κa) , (17)

dϵ(νa, κa) := inf
φa∈F

{KL (φa ∥ κa) + ϵ · TV (νa ∥ φa)} . (18)

Proof. Let π be an ϵ-global DP δ-correct BAI strategy. Let ν be a bandit instance and λ ∈ Alt(ν).1138

Let Mνπ denote the probability distribution of the output when the BAI strategy π interacts with ν.1139

For any alternative instance λ ∈ Alt(ν), the data-processing inequality gives that1140

KL (Mνπ ∥Mλ,π) ≥ kl (Mνπ (ã = a⋆(ν)) ,Mλ,π (ã = a⋆(ν))) ≥ kl(1− δ, δ) , (19)

where the second inequality is because π is δ-correct, i.e., Mνπ (ã = a⋆(ν)) ≥ 1 − δ and1141

Mλ,π (ã = a⋆(ν)) ≤ δ, and the monotonicity of the kl. Now, using the stopping time version1142

of the KL decomposition for FC-BAI, we get that1143

kl(1− δ, δ) ≤ KL (Mν,π ∥Mλ,π) ≤
K∑

a=1

Eνπ[Nτϵ,δ+1,a]dϵ(νa, λa) .

Since this is true for all λ ∈ Alt(ν), we get1144

kl(1− δ, δ) ≤ inf
λ∈Alt(ν)

K∑
a=1

Eνπ[Nτϵ,δ+1,a]dϵ(νa, λa)
(a)
= E[τϵ,δ] inf

λ∈Alt(ν)

K∑
a=1

E
[
Nτϵ,δ+1,a

]
E[τϵ,δ]

dϵ(νa, λa)

(b)

≤ E[τϵ,δ]

(
sup

ω∈△K

inf
λ∈Alt(ν)

K∑
a=1

ωadϵ(νa, λa)

)
.

(a) is due to the fact that E[τϵ,δ] does not depend on λ. (b) is obtained by noting that the vector1145

(ωa)a∈[K] ≜

(
Eν,π[Nτϵ,δ+1,a]

Eν,π [τϵ,δ]

)
a∈[K]

belongs to the simplex △K . The theorem follows by noting1146

that for δ ∈ (0, 1), kl(1− δ, δ) ≥ log(1/3δ).1147

E Privacy Analysis1148

In this section, we prove Lemma 4. First, we justify using a geometric grid for updating the means1149

(Lemma 7). Second, we obtain Lemma 4 as a combination of Lemma 7 and the post-processing1150

property of DP (Proposition 1).1151

E.1 Releasing partial sums privately1152

First, the following lemma justifies the use of geometric grids, and provides that the price of getting1153

rid of forgetting is summing the Laplace noise from previous phases.1154
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Lemma 7 (Privacy of our grid-based mean estimator). Let T ∈ {1, . . . }, ℓ < T and t1, . . . tℓ, tℓ+11155

be in [1, T ] such that 1 = t1 < · · · < tℓ < tℓ+1 − 1 = T .1156

LetM be the following mechanism:1157 
x1
x2
...
xT

 M→


(x1 + · · ·+ xt2−1) + (Y1)

(x1 + · · ·+ xt3−1) + (Y1 + Y2)
...

(x1 + · · ·+ xT ) + (Y1 + Y2 + · · ·+ Yℓ−1)


where (Y1, . . . , Yℓ) ∼iid Lap(1/ϵ).1158

Then, for any {x1, . . . , xT } ∈ [0, 1]T ,M is ϵ-DP.1159

Proof. First, consider the following mechanism, that only computes the partial sums:1160 
x1
x2
...
xT

→


x1 + · · ·+ xt2−1

xt2 + · · ·+ xt3−1

...
xtℓ−1

+ · · ·+ xT

 .

Because xt ∈ [0, 1], the sensitivity of each partial sum is 1. Since each partial sum is computed1161

over non-overlapping sequences, combining the Laplace mechanism (Theorem 1) with the parallel1162

composition property of DP (Lemma 3) gives that the following mechanism:1163


x1
x2
...
xT

 P→


x1 + · · ·+ xt2−1 + Y1
xt2 + · · ·+ xt3−1 + Y2

...
xtℓ−1

+ · · ·+ xT + Yℓ−1


is ϵ-DP, where (Y1, . . . , Yℓ−1) ∼iid Lap(1/ϵ).1164

Consider the post-processing function f : (x1, . . . xℓ−1)→ (x1, x1+x2, . . . , x1+x2+ · · ·+xℓ−1).1165

Then, we have that thatM = f ◦ P . So, by the post-processing property of DP,M is ϵ-DP.1166

Remark 1. Mechanism P , defined in the proof of Lemma 7, is the fundamental mechanism used by1167

all previous bandit algorithms [74, 9, 43, 12] to justify the use of forgetting. Our mechanismM is1168

just summing over the partial sums computed on each phase, and thus the price of having sums of1169

xi that start from the beginning (i.e. do not forget) is that we have to sum now the noise from all1170

previous phases too.1171

E.2 Proof of Lemma 41172

We are now ready to prove Lemma 4, i.e. that any BAI algorithm based solely on using GPEη(ϵ) to1173

access observations is ϵ-global DP on [0, 1].1174

Proof. Let π be a BAI algorithm using only GPEη(ϵ) to access observations. Let R = {x1, . . . }1175

and R′ = {x′1, . . . } be two neighbouring sequences of private observations, i.e. there exists a1176

t⋆ ∈ {1, . . . } such that xt = x′t for all t ̸= t⋆, i.e. that R and R′ only differ at t⋆.1177

Fix a stopping time, recommendation and sampled actions (T +1, ã, (a1, . . . , aT )), we want to show1178

that1179

Pr[π(R) = (T + 1, ã, (a1, . . . , aT ))] ≤ eϵ Pr[π(R′) = (T + 1, ã, (a1, . . . , aT ))] .

Step 1: Probability decompositions: First, let us denote by τ , Ã andA1, . . . , Aτ the random variables1180

of stopping, recommendation and sampled actions, when π interacts with R. Similarly, let τ ′, Ã′1181

and A′
1, . . . , A

′
τ the random variables of stopping, recommendation and sampled actions, when π1182

interacts with R′.1183
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We have1184

Pr[π(R) = (T + 1, ã, (a1, . . . , aT ))] = Pr[τ = T + 1, Ã = ã, A1 = a1, . . . , AT = aT ]

Pr[π(R′) = (T + 1, ã, (a1, . . . , aT ))] = Pr[τ ′ = T + 1, Ã′ = ã, A′
1 = a1, . . . , A

′
T = aT ]

Since for all t < t⋆, xt = x′t, the policy samples the same actions, up to step t⋆, i.e.1185

Pr[A1 = a1, . . . , At⋆ = at⋆ ] = Pr[A′
1 = a1, . . . , A

′
t⋆ = at⋆ ]

And thus1186

Pr[π(R) = (T + 1, ã, (a1, . . . , aT ))]

Pr[π(R′) = (T + 1, ã, (a1, . . . , aT ))]

=
Pr[τ = T + 1, Ã = ã, At⋆+1 = at⋆+1, . . . , AT = aT | A1 = a1, . . . , At⋆ = at⋆ ]

Pr[τ ′ = T + 1, Ã′ = ã, A′
t⋆+1 = at⋆+1, . . . , A′

T = aT | A′
1 = a1, . . . , A′

t⋆ = at⋆ ]

Let us denote by t1, . . . , tℓ the time step corresponding to the beginning of the phases when π interacts1187

with R, and t′1, . . . , t
′
ℓ′ the the time step corresponding to the beginning of the phases π interacts with1188

r’.1189

Also, let tk⋆
be the beginning of the phase for which t⋆ belongs in R phases. Similarly, let t′k′

⋆
be the1190

beginning of the phase for which t⋆ belongs in R′ phases.1191

Since the actions a1, . . . , aT are fixed, and rt = r′t for t < t⋆, t⋆ falls in the same phase under both1192

R and R′. Thus, tk⋆
= t′k′

⋆
and k⋆ = k′⋆.1193

Step 2: Using the structure of GPEη(ϵ)1194

Let S̃p
k⋆ =

∑tk⋆+1−1
s=tk⋆ xs + Yk⋆ be the noisy partial sum of observations collected at phase k⋆ for1195

r, where Yk⋆ ∼ Lap(1/ϵ). Similarly, let S̃′p
k⋆ =

∑tk⋆+1−1
s=tk⋆ x′s + Y ′

k⋆
be the noisy partial sum of1196

observations collected at phase k⋆ for r’, where Y ′
k⋆ ∼ Lap(1/ϵ). Using the structure of GPEη(ϵ),1197

we have that:1198

(a) If the value of the noisy partial sums at phase k⋆ is exactly the same between the neighbouring1199

R and R′, then the BAI algorithm π will sample the same sequence of actions from step t⋆ onward,1200

recommend the same final guess and stop at the same time, with the same probability under R and1201

R′. Thus, for any s ∈ R:1202

Pr[τ = T + 1, Ã = ã, At⋆+1 = at⋆+1, . . . , AT = aT | A1 = a1, . . . , At⋆ = at⋆ , S̃
p
k⋆ = s]

= Pr[τ ′ = T + 1, Ã′ = ã, A′
t⋆+1 = at⋆+1, . . . , A

′
T = aT | A′

1 = a1, . . . , A
′
t⋆ = at⋆ , S̃′p

k⋆ = s]
(20)

This is due to the fact that, in GPEη(ϵ), the reward at step t⋆ only affects the statistic S̃p
k⋆ , and nothing1203

else.1204

(b) Since rewards are [0, 1], using the Laplace mechanism, we have that1205

Pr[S̃p
k⋆ = s | A1 = a1, . . . , At⋆ = at⋆ ] ≤ eϵPr(S̃′p

k⋆ = s | A1 = a1, . . . , A
′
t⋆ = at⋆) . (21)

Step 3: Combining Eq. 20 and Eq. 21, aka post-processing:1206

We have1207

Pr[τ = T + 1, Ã = ã, At⋆+1 = at⋆+1, . . . , AT = aT | A1 = a1, . . . , At⋆ = at⋆ ]

=

∫
s∈R

Pr[τ = T + 1, Ã = ã, At⋆+1 = at⋆+1, . . . , AT = aT | A1 = a1, . . . , At⋆ = at⋆ , S̃
p
k⋆ = s]

Pr[S̃p
k⋆ = s | A1 = a1, . . . , At⋆ = at⋆ ]

≤
∫
s∈R

eϵ Pr[τ ′ = T + 1, Ã′ = ã, A′
t⋆+1 = at⋆+1, . . . , A

′
T = aT | A1 = a1, . . . , A

′
t⋆ = at⋆ , S̃′p

k⋆ = s]

Pr(S̃′p
k⋆ = s | A1 = a1, . . . , A

′
t⋆ = at⋆)
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= eϵ Pr[τ ′ = T + 1, Ã′ = ã, A′
t⋆+1 = at⋆+1, . . . , A

′
T = aT | A′

1 = a1, . . . , A
′
t⋆ = at⋆ ] .

This concludes the proof:1208

Pr[π(R) = (T + 1, ã, (a1, . . . , aT ))]

Pr[π(R′) = (T + 1, ã, (a1, . . . , aT ))]
≤ eϵ .

1209

E.3 Recalling the post-processing and composition properties of DP1210

Proposition 1 (Post-processing [30]). LetM be a mechanism and f be an arbitrary randomised1211

function defined onM’s output. IfM is ϵ-DP, then f ◦M is ϵ-DP.1212

The post-processing property ensures that any quantity constructed only from a private output is still1213

private, with the same privacy budget. This is a consequence of the data processing inequality.1214

Proposition 2 (Simple Composition). LetM1, . . . ,Mk be k mechanisms. We define the mechanism

G : D →
k⊗

i=1

Mi
D

as the k composition of the mechanismsM1, . . . ,Mk.1215

If eachMi is ϵi-DP, then G is
∑k

i=1 ϵi-DP.1216

Proposition 3 (Parallel Composition). LetM1, . . . ,Mk be k mechanisms, such that k < n, where
n is the size of the input dataset. Let t1, . . . tk, tk+1 be indexes in [1, n] such that 1 = t1 < · · · <
tk < tk+1 − 1 = n.
Let’s define the following mechanism

G : {x1, . . . , xn} →
k⊗

i=1

Mi
{xti

,...,xti+1−1}

G is the mechanism that we get by applying each Mi to the i-th partition of the input dataset1217

{x1, . . . , xn} according to the indexes t1 < · · · < tk < tk+1.1218

If eachMi is ϵ-DP, then G is ϵ-DP.1219

In parallel composition, the k mechanisms are applied to different “non-overlapping" parts of the1220

input dataset. If each mechanism is DP, then the parallel composition of the k mechanisms is DP, with1221

the same privacy budget. This property will be the basis for designing private bandit algorithms.1222

F Concentration Results1223

In Appendix F, we detail the proof of all our concentration results. In Appendix F.1, we start by1224

introducing a variant of GLR-based stopping rule using the modified transportation costs W̃ϵ,a,b1225

(see Appendix G.2.1 for details) which are defined based on the modified divergences d̃±ϵ (see1226

Appendix G.1.1 for details). The proof of Theorem 5 is given in Appendix F.2. In Appendix F.3, we1227

show tail bounds for a sum between independent Bernoulli and Laplace observations that feature the1228

product of the tail bounds of each process. We prove time-uniform and fixed-time tails concentration1229

for Laplace distribution in Appendix F.4, and recall existing results for Bernoulli in Appendix F.5.1230

In Appendix F.6, we provide tail bounds for a sum between independent Bernoulli and Laplace1231

observations that feature the modified divergence d̃ϵ defined in Eq. (32). In Appendix F.7, we give1232

geometric grid time uniform tails concentration for the reweighted modified divergence.1233
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F.1 Modified GLR Stopping Rule1234

The modified GLR stopping rule is defined as1235

τMGLR
ϵ,δ = inf

n | ∀a ̸= ãn, W̃ϵ,ãn,a(µ̃n, Ñn) >
∑

b∈{ãn,a}

c̃(kn,b, δ)

 with ãn ∈ argmax
a∈[K]

[µ̃n,a]
1
0 ,

(22)
where (µ̃n, Ñn) are the outputs of GPEη(ϵ). The modified transportation costs (W̃ϵ,a,b)(a,b)∈[K]2 are1236

defined in Eq. (34), i.e., for all (µ,w) ∈ RK × RK
+ and all (a, b) ∈ [K]2 such that a ̸= b,1237

W̃ϵ,a,b(µ,w) := 1
(
[µa]

1
0 > [µb]

1
0

)
inf

u∈(0,1)

{
wad̃

−
ϵ (µa, u, r(wa)) + wbd̃

+
ϵ (µb, u, r(wb))

}
,

where r(x) := x
1+log1+η x is defined in Eq. (33) for all x ≥ 1. The modified divergence d̃±ϵ are1238

defined in Eq. (32), i.e., for all (λ, µ, r) ∈ R× (0, 1)× R⋆
+,1239

d̃−ϵ (λ, µ, r) := 1
(
µ < [λ]10

)
inf

z∈(µ,[λ]10)

{
kl(z, µ) +

1

r
h(rϵ(λ− z))

}
,

d̃+ϵ (λ, µ, r) := 1
(
µ > [λ]10

)
inf

z∈([λ]10,µ)

{
kl(z, µ) +

1

r
h(rϵ(z − λ))

}
,

where h(x) :=
√
1 + x2 − 1 + log

(
2
x2

(√
1 + x2 − 1

))
is defined in Eq. (31) for all x > 0.1240

Lemma 8 gives a stopping threshold under which the modified GLR stopping rule is δ-correct.1241

Lemma 8. Let δ ∈ (0, 1) and ϵ > 0. Let η > 0. Let s > 1 and ζ be the Riemann ζ function.1242

Let W−1(x) = −W−1(−e−x) for all x ≥ 1, where W−1 is the negative branch of the Lambert1243

W function. It satisfies W−1(x) ≈ x + log x, see Lemma 51. Given any sampling rule using the1244

GPEη(ϵ), combining GPEη(ϵ) with the modified GLR stopping rule as in Eq. (22) with the stopping1245

threshold1246

c̃(k, δ) =W−1

(
log

(
Kζ(s)

δ

)
+ s log(k) + 3− log 2

)
− 3 + log 2 . (23)

yields a δ-correct and ϵ-global DP algorithm for Bernoulli instances with unique best arm.1247

Proof. Lemma 4 yields the ϵ-global DP. Let Eδ = Eδ,a⋆,+ ∩
⋂

a ̸=a⋆ Eδ,a,− with1248

Eδ,a⋆,+ =
{
∀n ∈ N, Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , µa⋆ , Ñn,a⋆/kn,a⋆) ≤ c̃(kn,a⋆ , δ)

}
,

∀a ̸= a⋆, Eδ,a,− =
{
∀n ∈ N, Ñn,ad̃

−
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≤ c̃(kn,a, δ)

}
,

where (µ̃n, Ñn, kn) are given by GPEη(ϵ), c̃ as in Eq. (23) and d̃±ϵ as in Eq. (32).1249

Using Lemmas 19 and 20, we have Pνπ(E∁δ,a,−) ≤ δ/K for all a ̸= a⋆, and Pνπ(E∁δ,a⋆,+) ≤ δ/K.1250

By union bound over a ∈ [K], we obtain Pνπ(E∁δ ) ≤ δ.1251

Let τMGLR
ϵ,δ as in Eq. (22) and ãn ∈ argmaxa∈[K][µ̃n,a]

1
0. Then, we directly have that1252

Pνπ

(
τMGLR
ϵ,δ < +∞, ãτMGLR

ϵ,δ
̸= a⋆

)
≤ Pνπ

(
E∁δ
)
+ Pνπ

(
Eδ ∩ {τMGLR

ϵ,δ < +∞, ãτMGLR
ϵ,δ
̸= a⋆}

)
≤ δ + Pνπ

(
Eδ ∩ {τMGLR

ϵ,δ < +∞, ãτMGLR
ϵ,δ
̸= a⋆}

)
.

Under Eδ ∩ {τMGLR
ϵ,δ < +∞, ãτMGLR

ϵ,δ
̸= a⋆}, by definition of the stopping rule as in Eq. (7) and the1253

stopping threshold in Eq. (8), we obtain that there exists a ̸= a⋆ and n ∈ N such that [µ̃n,a]
1
0 >1254

[µ̃n,a⋆ ]10 and1255 ∑
b∈{a,a⋆}

c̃(kn,b, δ) < W̃ϵ,a,a⋆(µ̃n, Ñn)
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= inf
u∈(0,1)

{
Ñn,ad̃

−
ϵ (µ̃n,a, u, r(Ñn,a)) + Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , u, r(Ñn,a⋆))

}
= inf

(ua,ua⋆ )∈(0,1)2, ua≤ua⋆

{Ñn,ad̃
−
ϵ (µ̃n,a, ua, r(Ñn,a)) + Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , ua⋆ , r(Ñn,a⋆))}

≤ Ñn,ad̃
−
ϵ (µ̃n,a, µa, r(Ñn,a)) + Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , µa⋆ , r(Ñn,a⋆))

≤ Ñn,ad̃
−
ϵ (µ̃n,a, µa, Ñn,a/kn,a) + Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , µa⋆ , Ñn,a⋆/kn,a⋆) ≤

∑
b∈{a,a⋆}

c̃(kn,b, δ) ,

where we used the definition of W̃ϵ,a,a⋆ in Eq. (34) and Lemma 39 in the two equalities and µa⋆ > µa1256

in the following inequality. The second to last inequality uses that r(Ñn,a) ≤ Ñn,a/kn,a for all1257

a ∈ [K] by definition of (kn, Ñn), i.e., kn,a ≤ 1+log1+η Ñn,a ≤ kn,a+1, and that r 7→ d̃±ϵ (λ, u, r)1258

is non-decreasing, see Lemmas 30 and 31. The last inequality is obtained by the concentration event1259

Eδ. Since this yields a contradiction, we obtain Eδ ∩ {τMGLR
ϵ,δ < +∞, ãτMGLR

ϵ,δ
̸= a⋆} = ∅. This1260

concludes the proof, i.e., Pνπ

(
τMGLR
ϵ,δ < +∞, ãτMGLR

ϵ,δ
̸= a⋆

)
≤ δ.1261

F.2 Proof of Theorem 51262

Lemma 4 yields the ϵ-global DP. The proof of δ-correctness is the same as the one of Lemma 81263

detailed above. In particular, we use the same concentration event Eδ = Eδ,a⋆,+ ∩
⋂

a ̸=a⋆ Eδ,a,− that1264

satisfies Pνπ(E∁δ ) ≤ δ.1265

Under Eδ ∩ {τϵ,δ < +∞, ãτϵ,δ ̸= a⋆}, by definition of the GLR stopping rule as in Eq. (7)1266

and the stopping threshold in Eq. (8), we obtain that there exists a ̸= a⋆ and n ∈ N such that1267

[µ̃n,a]
1
0 > [µ̃n,a⋆ ]10,1268 ∑

b∈{a,a⋆}

(
c1(Ñn,b, δ) + c2(Ñn,b, ϵ)

)
=

∑
b∈{a,a⋆}

c(kn,b, ϵ, δ) < Wϵ,a,a⋆(µ̃n, Ñn) .

Then, we obtain1269

Wϵ,a,a⋆(µ̃n, Ñn) = inf
u∈[0,1]

{
Ñn,ad

−
ϵ (µ̃n,a, u) + Ñn,a⋆d+ϵ (µ̃n,a⋆ , u)

}
= inf

(ua,ua⋆ )∈[0,1]2, ua≤ua⋆

{Ñn,ad
−
ϵ (µ̃n,a, ua) + Ñn,a⋆d+ϵ (µ̃n,a⋆ , ua⋆)}

≤ Ñn,ad
−
ϵ (µ̃n,a, µa) + Ñn,a⋆d+ϵ (µ̃n,a⋆ , µa⋆) ,

where we used the definition of Wϵ,a,a⋆ in Eq. (4) and Lemma 34 in the two equalities, and1270

(ua⋆ , ua) = (µa⋆ , µa) ∈ [0, 1]2 that satisfies ua⋆ > ua in the following inequality.1271

Using Lemma 38 and initialization yields min{r(Ñn,a⋆), r(Ñn,a)} > 0 by . When [µ̃n,a]
1
0 > µa1272

and µa⋆ > [µ̃n,a⋆ ]10, Lemma 29 yields1273

Ñn,a⋆(d+ϵ (µ̃n,a⋆ , µa⋆)− d̃+ϵ (µ̃n,a⋆ , µa⋆ , r(Ñn,a⋆))) ≤ kη(Ñn,a⋆)(log(1 + 2ϵ
Ñn,a⋆

kη(Ñn,a⋆)
) + 1)

Ñn,a(d
−
ϵ (µ̃n,a, µa)− d̃−ϵ (µ̃n,a, µa, r(Ñn,a))) ≤ kη(Ñn,a)

(
log

(
1 + 2ϵ

Ñn,a

kη(Ñn,a)

)
+ 1

)
,

where we used that (µa, µa⋆) ∈ (0, 1)2 and x/r(x) = 1+log1+η x = kη(x). When [µ̃n,a]
1
0 ≤ µa, we1274

have d−ϵ (µ̃n,a, µa) = 0 = d̃−ϵ (µ̃n,a, µa, r(Ñn,a)). When µa⋆ ≤ [µ̃n,a⋆ ]10, we have d+ϵ (µ̃n,a⋆ , µa⋆) =1275

0 = d̃+ϵ (µ̃n,a⋆ , µa⋆ , r(Ñn,a⋆)). In either case, the above inequalities are still valid since the left hand1276

side is null and the right hand side is positive. Therefore, we have1277

Ñn,ad
−
ϵ (µ̃n,a, µa) + Ñn,a⋆d+ϵ (µ̃n,a⋆ , µa⋆)

≤ Ñn,ad̃
−
ϵ (µ̃n,a, µa, r(Ñn,a)) + Ñn,a⋆ d̃+ϵ (µ̃n,a⋆ , µa⋆ , r(Ñn,a⋆)) +

∑
b∈{a,a⋆}

c2(Ñn,b, ϵ)
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≤
∑

b∈{a,a⋆}

c̃(kn,b, δ) +
∑

b∈{a,a⋆}

c2(Ñn,b, ϵ) ≤
∑

b∈{a,a⋆}

(
c1(Ñn,b, δ) + c2(Ñn,b, ϵ)

)
,

where the second inequality uses the proof of Lemma 8, and third leverages that1278

c̃(kn,a, δ) ≤W−1

(
log

(
Kζ(s)

δ

)
+ s log(kη(Ñn,a)) + 3− log 2

)
− 3 + log 2 ,

by using that W−1 is increasing (Lemma 51) and kn,a ≤ 1 + log1+η Ñn,a = kη(Ñn,a) for all1279

a ∈ [K], as well as r(x) = x/kη(x). Combining all the above inequalities, we have shown that1280 ∑
b∈{a,a⋆}

(c1(Ñn,b, δ) + c2(Ñn,b, ϵ)) < Wϵ,a,a⋆(µ̃n, Ñn) ≤
∑

b∈{a,a⋆}

(c1(Ñn,b, δ) + c2(Ñn,b, ϵ)) .

This yields a contradiction, hence we have Eδ ∩ {τϵ,δ < +∞, ãτϵ,δ ̸= a⋆} = ∅. This concludes the1281

proof, i.e., Pνπ

(
τϵ,δ < +∞, ãτϵ,δ ̸= a⋆

)
≤ δ.1282

F.3 Fixed Time Tails Bounds for a Convolution of Probability Distributions1283

We derive general upper and lower bounds on the upper and lower tails of the convolution (i.e., sum)1284

between two independent random variables (Lemma 9). We provide upper (Lemma 11) and lower1285

(Lemma 11) tail bounds for a sum (i.e., convolution) between independent Bernoulli and Laplace1286

i.i.d. observations for a fixed time. The bounds are expressed as a function of the infimum over a1287

bounded interval of a − 1
t log(·) transform of the product between the (upper or lower) tail bounds of1288

each process. Therefore, in Lemmas 11 and 11, we can plug any bounds on the (upper or lower) tail1289

concentration of each process. While those bounds are standard for Bernoulli distribution (Lemma 161290

in Appendix F.5), we propose new bounds for Laplace distribution (Lemma 15 in Appendix F.4).1291

Sketch of Proof of Lemma 9 The main difficulty when studying the sum of two random variables1292

lies in the fact that it involves the integral of the convolution of their probability measures. In all1293

generality, it is difficult to upper bound such a quantity. The main idea behind our proof technique1294

is to split the event of interest into a partition of carefully chosen events. Then, on each of those1295

smaller events, we derive a "tight" upper bound on the integral of the convolution of their probability1296

measures. It is reasonable to wonder how one could choose those events such that the upper bound1297

is easier to obtain. When the event is defined as the intersection of two independent events, then1298

we obtain a straightforward upper bound by the product of their respective probablities. When the1299

event truly mixes the distributions, we need to use a smarter approach to control the integrated1300

function. First, we upper bound a sub-component of this function by a maximum of the product of1301

their respective probablities (on a small interval that is defined by the smaller event). Second, after1302

this upper bound, the integrated function coincides with the hazard function, whose integral is the1303

cumulative hazard function. To conclude the proof, it only remains to merge together the different1304

upper bounds.1305

To the best of our knownledge, the proof technique closest to ours is the one used to prove Lemma 641306

in Jourdan et al. [50]. They control the probability that two random variables have an unexpected1307

empirical ranking as a function of the boundary crossing probabilities of each random variable.1308

While tackling a distinct problem, they adopt the same proof structure. They decompose the event1309

into carefully chosen events on which they can upper bound the integral of the convolution of their1310

probability distributions. The upper bounds are obtained similarly as ours, with fewer events to1311

consider.1312

Lemma 9 gives upper and lower bounds on the upper and lower tails of the sum of two independent1313

random variables. This result is of independent interest.1314

Lemma 9. Let θ and λ be two independent real random variables such that (i) θ has bounded support1315

included in [α, β] and mean µ ∈ (α, β) and (ii) λ has zero mean. Let1316

∀u ∈ [0, 1], ∀v ∈ (0, 1], p(u, v) := u(1− log(u) + log(v)) .

Then, for all x > 0, we have1317

P(θ + λ ≥ µ+ x) ≤ P(λ ≥ x)P(θ ∈ [α, µ]) + P(λ ≤ 0)P(θ ∈ [min{β, µ+ x}, β])
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+ p

(
sup

z∈(µ,min{β,µ+x})
{P(θ ∈ [z, β])P(λ ≥ µ+ x− z)} , P(θ ∈ [µ, β])P(λ ≥ 0)

)
,

P(θ + λ ≥ µ+ x) ≥ sup
z∈(µ,min{β,µ+x})

{P(θ ∈ [z, β])P(λ ≥ µ+ x− z)} ,

P(θ + λ ≤ µ− x) ≤ P(λ ≤ −x)P(θ ∈ [µ, β]) + P(λ ≥ 0)P(θ ∈ [α,max{α, µ− x}])

p

(
sup

z∈(max{α,µ−x},µ)
{P(θ ∈ [α, z])P(λ ≤ µ− x− z)} , P(θ ∈ [α, µ])P(λ ≤ 0)

)
,

P(θ + λ ≤ µ− x) ≥ sup
z∈(max{α,µ−x},µ)

{P(θ ∈ [α, z])P(λ ≤ µ− x− z)} .

Proof. I. Upper Bound on Upper Tail. We start by studying P(θ+λ ≥ µ+x) where x > 0. We can1318

suppose that there exists y1 ∈ (max{x+ µ− β, 0}, x) such that P(θ ≥ x+ µ− y1)P(λ ≥ y1) > 0.1319

Otherwise, the probability of {θ + λ ≥ µ+ x} is 0, and both bounds are 0 as well. Let y1 be such a1320

value, and1321

y3 ∈ [x, x+ µ) and y2 ∈ (min{x+ µ− β, 0}, 0] .
First, we note that − logP(θ ≥ x + µ − y1) and − logP(λ ≥ y1) are finite, since P(θ ≥ x + µ −1322

y1)P(λ ≥ y1) > 0 implies that min{P(θ ≥ x+ µ− y1),P(λ ≥ y1)} > 0. Second, we note that y21323

only exists when x+ µ < β, i.e., (min{x+ µ− β, 0}, 0] ̸= ∅. In order to study the cases x+ µ < β1324

and x+ µ ≥ β simultaneously, we adopt the convention that the maximum of a positive quantity on1325

an empty set is defined as zero. Note that the situation x+ µ < β has more subcases.1326

We partition of the event {θ + λ ≥ µ+ x} into eight sets, namely1327

{θ + λ ≥ µ+ x, θ ∈ [α, β], λ ∈ R} = {λ ∈ (max{x+ µ− β, 0}, y1), θ ∈ [x+ µ− λ, β]}
∪ {θ ∈ [x+ µ− y1, β], λ ≥ y1}
∪ {θ ∈ (µ, x+ µ− y1), λ ≥ x+ µ− θ}
∪ {θ ∈ [x+ µ− y3, µ], λ ≥ x+ µ− θ}
∪ {θ ∈ [α, x+ µ− y3), λ ≥ x+ µ}
∪ {λ ∈ [y3, x+ µ), θ ∈ [x+ µ− λ, x+ µ− y3)}
∪ {λ ∈ [y2, 0], θ ∈ [x+ µ− λ, β]}
∪ {λ ∈ [x+ µ− θ, y2), θ ∈ [x+ µ− y2, β]} .

First, it is direct to see that1328

{λ ∈ [y2, 0], θ ∈ [x+ µ− λ, β]} ∪ {λ ∈ [x+ µ− θ, y2), θ ∈ [x+ µ− y2, β]}
⊆ {λ ≤ 0, θ ∈ [min{β, µ+ x}, β]} ,

{θ ∈ [x+ µ− y3, µ], λ ≥ x+ µ− θ} ∪ {θ ∈ [α, x+ µ− y3), λ ≥ x+ µ}
∪ {λ ∈ [y3, x+ µ), θ ∈ [x+ µ− λ, x+ µ− y3)} ⊆ {λ ≥ x, θ ∈ [α, µ]} .

By union bound, the probability of the union of those five events is upper bounded by the sum of the1329

probability of those two events, i.e., P(λ ≥ x, θ ∈ [α, µ]) + P(λ ≤ 0, θ ∈ [min{β, µ+ x}, β]).1330

A. Separate Conditions. Those two events and one of the three remaining do not require to control1331

(θ, λ) simultaneously, as they separate the conditions on (θ, λ). Thanks to the independence of1332

(θ, λ), the probability of those events can be simply upper bounded by the product of the respective1333

probability of those conditions. Therefore, we obtain1334

P(λ ≥ x, θ ∈ [α, µ]) + P(λ ≤ 0, θ ∈ [min{β, µ+ x}, β]) + P (θ ∈ [x+ µ− y1, β], λ ≥ y1)
= P(λ ≥ x)P(θ ∈ [α, µ]) + P(λ ≤ 0)P(θ ∈ [min{β, µ+ x}, β])
+ P(θ ∈ [x+ µ− y1, β])P(λ ≥ y1) .

B. Mixed Conditions. The two remaining events truly require to control (θ, λ) simultaneously,1335

i.e., consider their convolution. The proof idea is the following: (1) we integrate one integral to1336

obtain one survival function, (2) we make appear the other survival function artificially, (3) we upper1337

bound the product of their survival functions on the whole set and (4) we integrate the remaining1338

hazard function, whose integral is the cumulative hazard function. Let dG and dF be the probability1339

measures of θ and λ on R.1340
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For all s ∈ (max{x+ µ− β, 0}, y1), we have P(λ ≥ s) ≥ P(λ ≥ y1) > 0. Then, we obtain1341

P (λ ∈ (max{x+ µ− β, 0}, y1), θ ∈ [x+ µ− λ, β])

=

∫
s∈(max{x+µ−β,0},y1)

P(θ ∈ [x+ µ− s, β])dF (s)

=

∫
s∈(max{x+µ−β,0},y1)

P(λ ≥ s)P(θ ∈ [x+ µ− s, β]) 1

P(λ ≥ s)
dF (s)

≤ sup
s∈(max{x+µ−β,0},y1)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])}
∫
s∈(max{x+µ−β,0},y1)

1

P(λ ≥ s)
dF (s)

≤ sup
s∈(max{x+µ−β,0},y1)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])} (− log(P(λ ≥ y1)) + log(P(λ ≥ 0))) ,

where we used that P(λ ≥ max{x+ µ− β, 0}) ≤ P(λ ≥ 0).1342

For all z ∈ (µ, x+ µ− y1), we have P(θ ∈ [z, β]) ≥ P(θ ∈ [x+ µ− y1, β]) > 0. Then, we obtain1343

P (θ ∈ (µ, x+ µ− y1), λ ≥ x+ µ− θ)

=

∫
z∈(µ,x+µ−y1)

P(λ ≥ x+ µ− z)dG(z)

=

∫
z∈(µ,x+µ−y1)

P(λ ≥ x+ µ− z)P(θ ∈ [z, β])
1

P(θ ∈ [z, β])
dG(z)

≤ sup
z∈(µ,x+µ−y1)

{P(λ ≥ x+ µ− z)P(θ ∈ [z, β])}
∫
z∈(µ,x+µ−y1)

1

P(θ ∈ [z, β])
dG(z)

≤ sup
s∈(y1,x)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])}

· (− log(P(θ ∈ [x+ µ− y1, β])) + log(P(θ ∈ [µ, β]))) .

C. Combining Results. Putting everything together, we have, for all y1 ∈ (max{x+ µ− β, 0}, x),1344

P (θ + λ ≥ µ+ x) ≤ P(λ ≥ x)P(θ ∈ [α, µ]) + P(λ ≤ 0)P(θ ∈ [min{β, µ+ x}, β])
+ P(θ ∈ [x+ µ− y1, β])P(λ ≥ y1)
+ sup

s∈(max{x+µ−β,0},y1)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])} (− log(P(λ ≥ y1)) + log(P(λ ≥ 0)))

+ sup
s∈(y1,x)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])} (− log(P(θ ∈ [x+ µ− y1, β])) + log(P(θ ∈ [µ, β])))

≤ P(λ ≥ x)P(θ ∈ [α, µ]) + P(λ ≤ 0)P(θ ∈ [min{β, µ+ x}, β])
+ P(θ ∈ [x+ µ− y1, β])P(λ ≥ y1)
+ sup

s∈(max{x+µ−β,0},x)
{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])}

· (− log(P(λ ≥ y1)P(θ ∈ [x+ µ− y1, β])) + log(P(θ ∈ [µ, β])P(λ ≥ 0))) ,

where the second inequality is obtained by extending the two suprema to (max{x+ µ− β, 0}, x),1345

which is possible since multiplied by a positive value, and factorizing them together. Taking1346

y⋆1 ∈ argmax
s∈(max{x+µ−β,0},x)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])}} ,

and the change of variable z = x+ µ− s, i.e.,1347

sup
s∈(max{x+µ−β,0},x)

{P(λ ≥ s)P(θ ∈ [x+ µ− s, β])}

= sup
z∈(µ,min{β,x+µ})

{P(θ ∈ [z, β])P(λ ≥ x+ µ− z)} ,

concludes the proof of the upper bound on the upper tail.1348

II. Lower Bound on Upper Tail. Let z ∈ (µ,min{β, µ+ x}). Then, we have directly that1349

{θ ∈ [z, β], λ ≥ µ+ x− z} ⊆ {θ + λ ≥ µ+ x} .
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Using independence, we obtain1350

P(θ ∈ [z, β])P(λ ≥ µ+ x− z) = P(θ ∈ [z, β], λ ≥ µ+ x− z) ≤ P (θ + λ ≥ µ+ x) .

Taking the supremum over z ∈ (µ,min{β, µ+ x}) on the left hand side concludes the proof of the1351

lower bound on the upper tail.1352

III. Upper/Lower Bound on Lower Tail. The third and forth inequalities are a direct consequence1353

of the first and second inequalities applied to the two independent real random variables −θ and −λ1354

since (1) −θ has bounded support included in [−β,−α] and mean −µ ∈ (−β,−α), and (2) −λ has1355

zero mean. Namely,1356

P(θ + λ ≤ µ− x) = P(−θ − λ ≥ −µ+ x) ,

P(λ ≤ −x)P(θ ∈ [µ, β]) = P(−λ ≥ x)P(−θ ∈ [−β,−µ]) ,
P(λ ≥ 0)P(θ ∈ [α,max{α, µ− x}]) = P(−λ ≤ 0)P(−θ ∈ [min{−α, x− µ},−α]) ,
P(θ ∈ [α, µ])P(λ ≤ 0) = P(−θ ∈ [−µ,−α])P(−λ ≥ 0) ,

sup
z∈(max{α,µ−x},µ)

{P(θ ∈ [α, z])P(λ ≤ µ− x− z)}

= sup
z̃∈(−µ,min{−α,−µ+x})

{P(−θ ∈ [z̃,−α])P(−λ ≥ −µ+ x− z̃)} ,

where we used the change of variable z̃ = −z.1357

Properties on the Rate Function Lemma 10 gathers properties on the rate function f in Lemmas 111358

and 11.1359

Lemma 10. Let us define1360

∀x ≥ 0, f(x) := (x+ 3− log 2) exp(−x) . (24)

On R+, the function f is twice continuously differentiable, positive, decreasing and strictly convex. It1361

satisfies f(0) > 1, limx→+∞ f(x) = 0 and1362

f(x) ≤ δ ⇐⇒ x ≥W−1(log (1/δ) + 3− log 2)− 3 + log 2 ,

where W−1 is defined in Lemma 51.1363

Proof. Direct manipulation yields f(0) = 3− log 2 > 1, limx→+∞ f(x) = 0,1364

∀x ≥ 0, f ′(x) = −(x+2− log 2) exp(−x) < 0 and f ′′(x) = (x+1− log 2) exp(−x) > 0 .

Using that f(x) = e3−log 2 exp(−h(x+ 3− log 2)) where h(x) = x− log(x), Lemma 51 yields1365

f(x) ≤ δ ⇐⇒ h(x+ 3− log 2) ≥ log
(
e3−log 2/δ

)
⇐⇒ W−1(log (1/δ) + 3− log 2)− 3 + log 2 ≤ x .

1366

Fixed Time Upper and Lower Tails Concentration Lemma 11 gives an upper and lower tails1367

bound for a sum between independent Bernoulli and Laplace i.i.d. observations for a fixed time.1368

Lemma 11. Let µ ∈ (0, 1) and ϵ > 0. Let Zt =
∑

s∈[t]Xs where Xs ∼ Ber(µ) are i.i.d.1369

observations. Let St =
∑

s∈[nt]
Ys where Ys ∼ Lap(1/ϵ) are i.i.d. observations where (nt)t∈N be a1370

piece-wise constant increasing function from N to N. Let f as in Eq. (24). Then, for all t ∈ N and all1371

x > 0,1372

P(Zt + St ≥ t(x+ µ)) ≤ f
(
t inf
z∈(µ,min{1,x+µ})

{
−1

t
log (P(Zt ≥ tz)P(St ≥ t(x+ µ− z)))

})
P(Zt + St ≤ t(µ− x)) ≤ f

(
t inf
z∈(max{0,µ−x},µ)

{
−1

t
log (P(Zt ≤ tz)P(St ≤ t(µ− x− z)))

})
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Proof. Let t ∈ N and x > 0. Then, Zt and St are two independent real random variables such that1373

(1) Zt has bounded support included in [0, t] and mean tµ ∈ (0, t) and (ii) St has zero mean. By1374

symmetry of Lap(1/ϵ) around 0, the cumulative sum of nt observations (i.e., St) is also symmetric1375

around 0. However, Zt follows Bin(t, µ) which can be skewed. Therefore, we have1376

P(St ≥ 0) = 1/2 = P(St ≤ 0) and max{P(Zt ∈ [tµ, t]),P(Zt ∈ [0, tµ])} ≤ 1 ,

∀z ∈ [0, 1], P(Zt ∈ [tz, t]) = P(Zt ≥ tz) and P(Zt ∈ [0, tz]) = P(Zt ≤ tz) .

Using that z 7→ P(Zt ≥ tz) is decreasing on (µ,min{1, x+ µ}) and z 7→ P(St ≥ t(µ− x− z) is1377

increasing on (µ,min{1, x+ µ}), we obtain1378

max{P(Zt ≥ tmin{1, x+ µ}))P(St ≤ 0),P(St ≥ tx)P(Zt ≤ tµ)}
≤ sup

z∈(µ,min{1,x+µ})
{P(Zt ≥ tz)P(St ≥ t(x+ µ− z))} .

Let us define g(x) := x(3− log(2)− log(x)). Using Lemma 9 for (Zt, St) and considering tx > 01379

and z ∈ (µ,min{β, µ+ x}) (i.e., tz ∈ (tµ, tmin{β, µ+ x})), we obtain1380

P(Zt + St ≥ t(x+ µ)) ≤ g

(
sup

z∈(µ,min{1,x+µ})
{P(Zt ≥ tz)P(St ≥ t(x+ µ− z))}

)
.

Let f as in Eq. (24) of Lemma 10. Then, we have f(x) = g(exp(−x)). This concludes the proof of1381

the upper bound on the upper tail. The second result is obtained similarly based on Lemma 9 and the1382

above results.1383

F.4 Tails Concentration of Cumulative Laplace Distributions1384

We derive time-uniform (Lemma 14) and fixed-time (Lemma 15) tails concentration for the cumulative1385

sum of i.i.d. Laplace observations. Our proof technique is based on the Chernoff method and Ville’s1386

inequality as in Eq. (26). Therefore, we need to derive the convex conjuguate of the moment1387

generating function of a Laplace distribution (Lemma 12). While the time-uniform result requires1388

using the peeling method, the proof of the fixed-time concentration is simpler. To use the peeling1389

method, we need to control the deviation of the process on slices of time (Lemma 13).1390

Convex Conjuguate of the Moment Generating Function of Laplace Distribution Let ϵ > 0.1391

The moment generating function of the Laplace distribution Lap(1/ϵ) is defined as1392

∀λ ∈ (0, ϵ), ψLap,ϵ(λ) = logEX∼Lap(1/ϵ) [exp(λX)] = − log(1− λ2/ϵ2) . (25)

Lemma 12 explicits the convex conjuguate of ψLap,ϵ and its associated maximizer.1393

Lemma 12. Let ψLap,ϵ as in Eq. (25). Let us define1394

∀x > 0, ψ⋆
Lap,ϵ(x) := max

λ∈(0,ϵ)
{λx− ψLap,ϵ(λ)} and λ(x) := argmax

λ∈(0,ϵ)

{λx− ψLap,ϵ(λ)} .

Then, for all x > 0, we have1395

λ(x) =
1

x

(√
1 + (xϵ)2 − 1

)
∈ (0, ϵ) and ψ⋆

Lap,ϵ(x) = h(ϵx) > 0 .

where h is defined in Eq. (31).1396

Proof. Let f(λ) = λx− ψLap,ϵ(λ) for all λ ∈ (0, ϵ). Direct manipulation yields that1397

∀λ ∈ (0, ϵ), f ′(λ) = x− 2λ

ϵ2 − λ2
and f ′′(λ) = −2 ϵ2 + λ2

(ϵ2 − λ2)2
< 0 .

Moreover, for all λ ∈ (0, ϵ), we have1398

f ′(λ) = 0 ⇐⇒ λ2 + 2λ/x− ϵ2 = 0 ⇐⇒ λ =
1

x

(√
1 + (xϵ)2 − 1

)
.

We used that the second solution to the second order polynomial equation is negative, hence not in1399

(0, ϵ). Moreover, it is direct to see that 1
x

(√
1 + (xϵ)2 − 1

)
∈ (0, ϵ) since

√
1 + x2 − 1 ≤ x, as it1400
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is equivalent to 1 + x2 ≤ (x+ 1)2 which is true when x > 0. Since f is strictly concave, the above1401

computation gives its unique maximizer on (0, ϵ), namely we have λ(x) = 1
x

(√
1 + (xϵ)2 − 1

)
.1402

Moreover, the convex conjuguate of ψLap,ϵ is1403

ψ⋆
Lap,ϵ(x) = f(λ(x)) =

√
1 + (xϵ)2 − 1 + log

(
1− 1

(xϵ)2

(√
1 + (xϵ)2 − 1

)2)
=
√
1 + (xϵ)2 − 1 + log

(
2

(xϵ)2

(√
1 + (xϵ)2 − 1

))
.

This concludes the proof.1404

Test Martingale for Cumulative Laplace Observations Let ϵ > 0 and St =
∑

s∈[t] Ys where1405

Ys ∼ Lap(1/ϵ) are i.i.d. observations. Let us define1406

∀λ ∈ (0, ϵ), Mt(λ) := exp(λSt − tψLap,ϵ(λ)) .

It is direct to see that M0(λ) = 0 almost surely and1407

E[Mt(λ) | Ft−1] =Mt−1(λ)EX∼Lap(1/ϵ)[exp(λX − ψLap,ϵ(λ))] =Mt−1(λ) .

Therefore, Mt(λ) is a test martingale. Using Ville’s inequality [84] yields that1408

∀δ ∈ (0, 1), ∀λ ∈ (0, ϵ), P (∃t ∈ N, λSt − tψLap,ϵ(λ) ≥ log(1/δ)) ≤ δ . (26)

Time Uniform Tails Concentration Lemma 13 controls the deviation of the process on slices of1409

time.1410

Lemma 13. Let ϵ > 0 and St =
∑

s∈[t] Ys where Ys ∼ Lap(1/ϵ) are i.i.d. observations. Let N > 0.1411

For all x > 0, there exists λ(x) such that for all t ≥ N ,1412

{St ≥ tx} ⊆ {λ(x)St − tψLap,ϵ(λ(x)) ≥ Nh(ϵx)} ,

where λ(x) as in Lemma 12 and h as in Eq. (31).1413

Proof. Using Lemma 12, we obtain λ(x) ∈ (0, ϵ) and ψ⋆
Lap,ϵ(x) = h(ϵx) > 0, hence tψ⋆

Lap,ϵ(x) ≥1414

Nψ⋆
Lap,ϵ(x) for t ≥ N . Then, direct computations yield1415

St ≥ tx =⇒ λ(x)St − tψLap,ϵ(λ(x)) ≥ t (xλ(x)− ψLap,ϵ(λ(x))) = tψ⋆
Lap,ϵ(x)

=⇒ λSt − tψLap,ϵ(λ) ≥ Nψ⋆
Lap,ϵ(x) = Nh(ϵx) .

This concludes the proof.1416

Lemma 14 gives time-uniform tails concentration for the cumulative sum of i.i.d. Laplace observations.1417

It is obtained by applying Lemma 13 on slices of time with geometric growth rate.1418

Lemma 14. Let δ ∈ (0, 1). Let γ > 0, s > 1 and ζ be the Riemann ζ function. Let h−1 be the1419

inverse of h defined as in Eq. (31), which is well-defined by Lemma 27. Let ϵ > 0 and St =
∑

s∈[t] Ys1420

where Ys ∼ Lap(1/ϵ) are i.i.d. observations. Then,1421

P
(
∃t ∈ N, St ≥

t

ϵ
h−1

(
1 + γ

t

(
log

(
ζ(s)

δ

)
+ s log

(
1 + log1+γ t

))))
≤ δ ,

P
(
∃t ∈ N, St ≤ −

t

ϵ
h−1

(
1 + γ

t

(
log

(
ζ(s)

δ

)
+ s log

(
1 + log1+γ t

))))
≤ δ .

Proof. Let us define the geometric grid Ni = (1 + γ)i−1, hence we have N =
⋃

i∈N[Ni, Ni+1). For1422

all i ∈ N, let xi(δ) > 0 to be defined later, and λ(xi(δ)) as in Lemma 13. For all t ∈ N, let g(t, δ) to1423

be defined later such that g(t, δ) ≥ xi(δ) for t ∈ [Ni, Ni+1). Using Lemma 13 with xi(δ) > 0 and1424

g(t, δ) ≥ xi(δ) for t ∈ [Ni, Ni+1), a union bound yields that1425

P (∃t ∈ N, St ≥ tg(t, δ))
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≤
∑
i∈N

P (∃t ∈ [Ni, Ni+1) : St ≥ txi(δ))

≤
∑
i∈N

P (∃t ∈ [Ni, Ni+1) : λ(xi(δ))St − tψLap,ϵ(λ(xi(δ))) ≥ Nih(ϵxi(δ)))

≤
∑
i∈N

e−Nih(ϵxi(δ)) ,

where the last inequality uses Ville’s inequality as in Eq. (26) for all i ∈ N. Let us define1426

g(t, δ) =
1

ϵ
h−1

(
1 + γ

t

(
log

(
ζ(s)

δ

)
+ s log

(
1 + log1+γ(t)

)))
,

xi(δ) =
1

ϵ
h−1

(
1

Ni
log

(
isζ(s)

δ

))
.

Using Lemma 27, we obtain that xi(δ) > 0 and that h−1 is increasing on R⋆
+. Using t ∈ [Ni, Ni+1)1427

and i = 1 + log1+γ Ni, we obtain1428

g(t, δ) ≥ 1

ϵ
h−1

(
1

Ni

(
log

(
ζ(s)

δ

)
+ s log

(
1 + log1+γ(t)

)))
≥ 1

ϵ
h−1

(
1

Ni
log

(
isζ(s)

δ

))
= xi(δ) .

Therefore, we have1429

P (∃t ∈ N, St ≥ tg(t, δ)) ≤
∑
i∈N

e−Nih(ϵxi(δ)) ≤ δ

ζ(s)

∑
i∈N

1

is
= δ .

This concludes the proof of the first result.1430

By symmetry of the Lap(1/ϵ) around zero, the cumulative sum of i.i.d. observations is symmetric1431

around zero. Combining the first result with the symmetry around zero yields the second result.1432

Fixed Time Tails Concentration When the time is fixed and not random, there is no need to1433

consider slices of time and we can directly control the deviation of the process.1434

Lemma 15. Let ϵ > 0 and St =
∑

s∈[t] Ys where Ys ∼ Lap(1/ϵ) are i.i.d. observations. Let h as in1435

Eq. (31). Then,1436

∀t ∈ N,∀x > 0, P(St ≥ tx) ≤ exp(−th(ϵx)) ,
∀t ∈ N,∀x > 0, P(St ≤ −tx) ≤ exp(−th(ϵx)) .

Proof. The first result can be obtained with the same manipulation as in the proof of Lemma 14, i.e.,1437

combining Ville’s inequality in Eq. (26) with Lemma 13 at N = t.1438

By symmetry of the Lap(1/ϵ) around zero, the cumulative sum of i.i.d. observations is symmetric1439

around zero. Combining the first result with the symmetry around zero yields the second result.1440

F.5 Fixed Time Tails Concentration of Cumulative Bernoulli Distributions1441

The fixed time upper and lower tail concentration of cumulative Bernoulli distributions are well-1442

studied. Using the Chernoff method yields Lemma 16, whose proof is omitted since it is a classic1443

result.1444

Lemma 16 (Chernoff Tail Bound for Bernoulli Distributions [17]). Let µ ∈ (0, 1) and Zt =1445 ∑
s∈[t]Xs where Xs ∼ Ber(µ) are i.i.d. observations. Then,1446

∀t ∈ N,∀x ∈ (µ, 1), P(Zt ≥ tx) ≤ exp(−tkl(x, µ)) ,
∀t ∈ N,∀x ∈ (0, µ), P(Zt ≤ tx) ≤ exp(−tkl(x, µ)) .
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F.6 Fixed Time Tails Concentration for a Convolution between Bernoulli and Laplace1447

Distributions1448

We provide upper (Lemma 17) and lower (Lemma 18) tail concentrations for a sum (i.e., convolution)1449

between independent Bernoulli and Laplace i.i.d. observations for a fixed time.1450

Fixed Time Upper Tail Concentration Lemma 17 shows an upper tail concentration on the sum1451

(i.e., convolution) between independent Bernoulli and Laplace i.i.d. observations.1452

Lemma 17. Let µ ∈ (0, 1) and Zt =
∑

s∈[t]Xs where Xs ∼ Ber(µ) are i.i.d. observations. Let1453

(nt)t∈N be a piece-wise constant increasing function from N to N. Let ϵ > 0 and St =
∑

s∈[nt]
Ys1454

where Ys ∼ Lap(1/ϵ) are i.i.d. observations. Then,1455

∀t ∈ N, ∀x > 0, P(Zt + St ≥ t(µ+ x)) ≤ f
(
td̃−ϵ (µ+ x, µ, t/nt)

)
,

where f is defined in Eq. (24) and d̃−ϵ is defined in Eq. (32).1456

Proof. Let t ∈ N and x > 0. Combining Lemmas 15 and 16, we obtain, for all x > 0 and all1457

z ∈ (µ,min{1, x+ µ}),1458

−1

t
log
(
Ḡt(tz)F̄nt

(t(x+ µ− z))
)
≥ kl(z, µ) +

nt
t
h

(
t

nt
ϵ(x+ µ− z)

)
,

where we used that x + µ − z > 0. Taking the infimum on (µ,min{1, x + µ}) on both sides and1459

using that [x+ µ]10 = min{1, x+ µ} > µ, we obtain1460

inf
z∈(µ,min{1,x+µ})

{
−1

t
log
(
Ḡt(tz)F̄nt

(t(x+ µ− z))
)}
≥ d̃−ϵ (µ+ x, µ, t/nt) ,

where d̃−ϵ is defined in Eq. (32). Since f is decreasing on R+ (Lemma 10), using Lemma 11 yields1461

P(Zt + St ≥ t(x+ µ)) ≤ f
(
td̃−ϵ (µ+ x, µ, t/nt)

)
.

which concludes the proof.1462

Fixed Time Lower Tail Concentration Lemma 18 shows a lower tail concentration on the sum1463

(i.e., convolution) between independent Bernoulli and Laplace i.i.d. observations.1464

Lemma 18. Let µ ∈ (0, 1) and Zt =
∑

s∈[t]Xs where Xs ∼ Ber(µ) are i.i.d. observations. Let1465

(nt)t∈N be a piece-wise constant increasing function from N to N. Let ϵ > 0 and St =
∑

s∈[nt]
Ys1466

where Ys ∼ Lap(1/ϵ) are i.i.d. observations. Then,1467

∀t ∈ N, ∀x > 0, P(Zt + St ≤ t(µ− x)) ≤ f
(
td̃+ϵ (µ− x, µ, t/nt)

)
,

where f is defined in Eq. (24) and d̃+ϵ is defined in Eq. (32).1468

Proof. Let t ∈ N and x > 0. Combining Lemmas 15 and 16, we obtain, for all x > 0 and all1469

z ∈ (max{0, µ− x}, µ),1470

−1

t
log (Gt(tz)Fnt

(t(µ− x− z))) ≥ kl(z, µ) +
nt
t
h

(
t

nt
ϵ(z + x− µ)

)
,

where we used that µ− x− z < 0. Taking the infimum on z ∈ (max{0, µ− x}, µ) on both sides1471

and using that [µ− x]10 = max{0, µ− x} < µ, we obtain1472

inf
z∈(max{0,µ−x},µ)

{
−1

t
log (Gt(tz)Fnt

(t(µ− x− z)))
}
≥ d̃+ϵ (µ− x, µ, t/nt) ,

where d̃+ϵ is defined in Eq. (32). Since f is decreasing on R+ (Lemma 10), using Lemma 11 yields1473

P(Zt + St ≥ t(µ− x)) ≤ f
(
td̃+ϵ (µ− x, µ, t/nt)

)
,

which concludes the proof.1474
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F.7 Geometric Grid Time Uniform Tails Concentration for a Convolution between Bernoulli1475

and Laplace Distributions1476

We provide upper (Lemma 19) and lower (Lemma 20) tail concentrations for a sum (i.e., convolution)1477

between independent Bernoulli and Laplace i.i.d. observations that holds time uniformly on a1478

geometric grid.1479

Geometric Grid Time Uniform Upper Tail Concentration Lemma 19 gives a threshold ensuring1480

that a geometric grid time uniform upper tail concentration holds with probability at least 1− δ.1481

Lemma 19. Let δ ∈ (0, 1). Let (µ̃n, Ñn, kn) are given by GPEη(ϵ). Let s > 1 and ζ be the Riemann1482

ζ function. Let W−1(x) = −W−1(−e−x) for all x ≥ 1, where W−1 is the negative branch of the1483

Lambert W function. It satisfies W−1(x) ≈ x+ log x, see Lemma 51. Let us define1484

c(k, δ) =W−1 (log (1/δ) + s log(k) + log(ζ(s)) + 3− 2 log 2)− 3 + 2 log 2 . (27)

For all a ∈ [K], let us define1485

Eδ,a,− =
{
∀n ∈ N, Ñn,ad̃

−
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≤ c(kn,a, δ)

}
, (28)

where d̃−ϵ is defined in Eq. (32). Then, we have Pνπ(E∁δ,a,−) ≤ δ for all a ∈ [K].1486

Proof. Let us define the geometric grid Ni = (1 + η)i−1, hence we have N =
⋃

i∈N[Ni, Ni+1). Let1487

a ∈ [K]. If Ñn,a ∈ [Ni, Ni+1), then we have Ñn,a = ⌈Ni⌉ and kn,a = i. By union bound, we1488

obtain1489

Pνπ(E∁δ,a,−) = Pνπ

(
∃n ∈ N, Ñn,ad̃

−
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≥ c(kn,a, δ)

)
≤
∑
i∈N

Pνπ

(
∃i ∈ N, (Ñn,a, kn,a) = (⌈Ni⌉, i) ∧ Ñn,ad̃

−
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≥ c(kn,a, δ)

)
=
∑
i∈N

P
(
⌈Ni⌉d̃−ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ c(i, δ)

)
,

where Z⌈Ni⌉ is the cumulative sum of ⌈Ni⌉ i.i.d. observations from Ber(µa) and Si is the cumulative1490

sum of i i.i.d. observations from Lap(1/ϵ).1491

For all i ∈ N, let xi > 0 be the unique solution of ⌈Ni⌉d̃−ϵ (x + µa, µa, ⌈Ni⌉/i) = c(i, δ), which1492

exists by Lemma 32. Then, we obtain1493

P
(
⌈Ni⌉d̃−ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ c(i, δ)

)
= P

(
d̃−ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ d̃−ϵ (xi + µa, µa, ⌈Ni⌉/i)

)
≤ P(Z⌈Ni⌉ + Si ≥ ⌈Ni⌉(xi + µa)) ≤ f

(
⌈Ni⌉d̃−ϵ (xi + µa, µa, ⌈Ni⌉/i)

)
= f (c(i, δ)) ,

where f(x) := (x+ 3− log 2) exp(−x) for all x ≥ 0. The first and the last equalities are otained by1494

definition of xi, i.e., ⌈Ni⌉d̃−ϵ (x+ µa, µa, ⌈Ni⌉/i) = c(i, δ). The first inequality is obtained by using1495

Lemma 33, and the second inequality is obtained by using Lemma 17. Using Lemma 10 yields1496

f(x) ≤ δ ⇐⇒ W−1(log (1/δ) + 3− log 2)− 3 + log 2 ≤ x .

Taking1497

c(i, δ) =W−1(log (i
sζ(s)/δ) + 3− log 2)− 3 + log 2 ,

we can conclude the proof since Pνπ(E∁δ,a,−) ≤
∑

i∈N f (c(i, δ)) ≤
∑

i∈N
δ

ζ(s)is ≤ δ.1498

Geometric Grid Time Uniform Lower Tail Concentration Lemma 20 gives a threshold ensuring1499

that a geometric grid time uniform lower tail concentration holds with probability at least 1− δ.1500
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Lemma 20. Let δ ∈ (0, 1). Let (µ̃n, Ñn, kn) are given by GPEη(ϵ). Let c as in Eq. (27). For all1501

a ∈ [K], let us define1502

Eδ,a,+ =
{
∀n ∈ N, Ñn,ad̃

+
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≤ c(kn,a, δ)

}
, (29)

where d̃+ϵ is defined in Eq. (32). Then, we have Pνπ(E∁δ,a,+) ≤ δ for all a ∈ [K].1503

Proof. Let us define the geometric grid Ni = (1 + η)i−1, hence we have N =
⋃

i∈N[Ni, Ni+1). Let1504

a ∈ [K]. If Ñn,a ∈ [Ni, Ni+1), then we have Ñn,a = ⌈Ni⌉ and kn,a = i. By union bound, we1505

obtain1506

Pνπ(E∁δ,a,+) = Pνπ

(
∃n ∈ N, Ñn,ad̃

+
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≥ c(kn,a, δ)

)
≤
∑
i∈N

Pνπ

(
∃i ∈ N, (Ñn,a, kn,a) = (⌈Ni⌉, i) ∧ Ñn,ad̃

+
ϵ (µ̃n,a, µa, Ñn,a/kn,a) ≥ c(kn,a, δ)

)
=
∑
i∈N

P
(
⌈Ni⌉d̃+ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ c(i, δ)

)
,

where Z⌈Ni⌉ is the cumulative sum of ⌈Ni⌉ i.i.d. observations from Ber(µa) and Si is the cumulative1507

sum of i i.i.d. observations from Lap(1/ϵ).1508

For all i ∈ N, let xi > 0 be the unique solution of ⌈Ni⌉d̃+ϵ (µa − x, µa, ⌈Ni⌉/i) = c(i, δ), which1509

exists by Lemma 32. Then, we obtain1510

P
(
⌈Ni⌉d̃+ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ c(i, δ)

)
= P

(
d̃+ϵ ((Z⌈Ni⌉ + Si)/⌈Ni⌉, µa, ⌈Ni⌉/i) ≥ d̃+ϵ (µa − xi, µa, ⌈Ni⌉/i)

)
≤ P(Z⌈Ni⌉ + Si ≤ ⌈Ni⌉(µa − xi)) ≤ f

(
⌈Ni⌉d̃+ϵ (µa − xi, µa, ⌈Ni⌉/i)

)
= f (c(i, δ)) ≤ δ

ζ(s)is

where f(x) := (x+ 3− log 2) exp(−x) for all x ≥ 0. The first and the last equalities are otained by1511

definition of xi, i.e., ⌈Ni⌉d̃+ϵ (µa − x, µa, ⌈Ni⌉/i) = c(i, δ). The first inequality is obtained by using1512

Lemma 33, and the second inequality is obtained by using Lemma 18. The last inequality uses the1513

same derivations based on Lemma 10 as in the proof of Lemma 19 by taking1514

c(i, δ) =W−1(log (i
sζ(s)/δ) + 3− log 2)− 3 + log 2 .

This concludes the proof since Pνπ(E∁δ,a,−) ≤
∑

i∈N
δ

ζ(s)is ≤ δ.1515

G Divergence, Transportation Cost and Characteristic Time1516

Appendix G is organized as follow. First, we derive regularity properties for the signed (modified)1517

divergences d±ϵ (Appendix G.1) and d̃±ϵ (Appendix G.1.1). Second, we derive regularity properties1518

the (modified) transportation costs Wϵ,a,b (Appendix G.2) and W̃ϵ,a,b (Appendix G.2.1) for a pair of1519

arms (a, b). Third, we study the characteristic time for ϵ-global DP BAI (Appendix G.3).1520

G.1 Signed Divergence1521

Recall [x]10 := max{0,min{1, λ}} and1522

∀(λ, µ) ∈ (0, 1)2, kl(λ, µ) := λ log

(
λ

µ

)
+ (1− λ) log

(
1− λ
1− µ

)
where kl is infinity when {µ, λ} ∩ {0, 1} ≠ ∅. The signed divergences d±ϵ are defined in Eq. (3), i.e.,1523

∀(λ, µ) ∈ R× [0, 1], d−ϵ (λ, µ) := 1
(
µ < [λ]10

)
inf

z∈[µ,[λ]10]

{
kl(z, µ) + ϵ([λ]10 − z)

}
,

d+ϵ (λ, µ) := 1
(
µ > [λ]10

)
inf

z∈[[λ]10,µ]

{
kl(z, µ) + ϵ(z − [λ]10)

}
.

Lemma 21 relates dϵ and d±ϵ .1524
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Lemma 21. Let d±ϵ and dϵ as in Eq. (3) and (2). Let (κ, ν) ∈ F2 with means (λ, µ) ∈ (0, 1)2. Then,1525

dϵ(κ, ν) =


0 if λ = µ

d−ϵ (λ, µ) if µ < λ

d+ϵ (λ, µ) if µ > λ

.

Proof. When λ = µ, we have dϵ(κ, ν) = 0 by taking φ = ν and using the non-negativity of dϵ.1526

Let φ ∈ F with mean z ∈ (0, 1). When µ < λ, we have1527

dϵ(κ, ν) = min{ inf
z∈(0,µ)

{kl(z, µ) + ϵ(λ− z)} , inf
z∈[µ,λ]

{kl(z, µ) + ϵ(λ− z)} ,

inf
z∈(λ,1)

{kl(z, µ) + ϵ(z − λ)}}

= inf
z∈[µ,λ]

{kl(z, µ) + ϵ(λ− z)} = d−ϵ (λ, µ) ,

where we partitioned (0, 1) and used that (1) z 7→ kl(z, µ) + ϵ(z − λ) is increasing on (λ, 1), hence1528

the infimum on this interval is achieved at λ, and (2) z 7→ kl(z, µ)+ ϵ(λ− z), is decreasing on (0, µ),1529

hence the infimum on this interval is achieved at µ.1530

When µ > λ, we have1531

dϵ(κ, ν) = min{ inf
z∈(0,λ)

{kl(z, µ) + ϵ(λ− z)} , inf
z∈[λ,µ]

{kl(z, µ) + ϵ(z − λ)} ,

inf
z∈(µ,1)

{kl(z, µ) + ϵ(z − λ)}}

= inf
z∈[λ,µ]

{kl(z, µ) + ϵ(z − λ)} = d+ϵ (λ, µ) ,

where we partitioned (0, 1) and used that (1) z 7→ kl(z, µ) + ϵ(z − λ) is increasing on (µ, 1), hence1532

the infimum on this interval is achieved at µ, and (2) z 7→ kl(z, µ)+ ϵ(λ− z), is decreasing on (0, λ),1533

hence the infimum on this interval is achieved at λ.1534

Lemma 22 shows a strong link between d±ϵ . This symmetry property can be used to carry regularity1535

properties from d+ϵ to d−ϵ , and vice versa.1536

Lemma 22. Let d±ϵ as in Eq. 3. For all µ ∈ [0, 1] and all λ ∈ R,1537

d+ϵ (1− λ, 1− µ) = d−ϵ (λ, µ) and d−ϵ (1− λ, 1− µ) = d+ϵ (λ, µ) .

Proof. By definitions and change of variable z̃ = 1− z and kl(1− z̃, 1− µ) = kl(z̃, µ), we obtain1538

d+ϵ (1− λ, 1− µ) = 1
(
µ < [λ]10

)
inf

z∈[1−[λ]10,1−µ]
{kl(z, 1− µ) + ϵ(max{0,min{1, λ} − (1− z))}

= 1
(
µ < [λ]10

)
inf

z̃∈[µ,[λ]10]
{kl(1− z̃, 1− µ) + ϵ(max{0,min{1, λ} − z̃)}

= 1
(
µ < [λ]10

)
inf

z̃∈[µ,[λ]10]
{kl(z̃, µ) + ϵ(max{0,min{1, λ} − z̃)} = d−ϵ (λ, µ) .

The second equality is a consequence of the first.1539

Lemma 23 gathers regularity properties on the functions g±ϵ that appear in the explicit solutions of1540

d±ϵ , as shown below. Intuitively, those functionals govern locally the separation between the low1541

privacy regime where d±ϵ is equals to the kl and the high privacy regime where the divergence has to1542

be modified to account for the privacy budget ϵ.1543

Lemma 23. Let ϵ > 0. Let g±ϵ defined as1544

∀x ∈ [0, 1], g+ϵ (x) :=
x

x(1− eϵ) + eϵ
and g−ϵ (x) :=

xeϵ

x(eϵ − 1) + 1
. (30)

On [0, 1], the function g+ϵ is twice continuously differentiable, increasing and strictly convex. It1545

satisfies g+ϵ (0) = 0, g+ϵ (1) = 1 and g+ϵ (x) < x on (0, 1). On [0, 1], the function g−ϵ is twice1546

continuously differentiable, increasing and strictly concave. It satisfies g−ϵ (0) = 0, g−ϵ (1) = 1 and1547

g−ϵ (x) > x on (0, 1). For all x ∈ [0, 1], we have g+ϵ (g
−
ϵ (x)) = x and g−ϵ (1 − x) + g+ϵ (x) = 1.1548

For all x ∈ [0, 1], we have limϵ→0 g
+
ϵ (x) = limϵ→0 g

−
ϵ (x) = x; it satisfies limϵ→+∞ g−ϵ (x) = 1 if1549

x ̸= 0 and limϵ→+∞ g+ϵ (x) = 0 if x ̸= 1.1550
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Proof. Using that eϵ > 1, direct computations yield that, for all x ∈ [0, 1],1551

(g+ϵ )
′(x) =

eϵ

(x(1− eϵ) + eϵ)2
> 0 and (g+ϵ )

′′(x) = −2 eϵ(1− eϵ)
(x(1− eϵ) + eϵ)2

> 0 ,

(g−ϵ )
′(x) =

eϵ

(x(eϵ − 1) + 1)2
> 0 and (g−ϵ )

′′(x) = −2 eϵ(eϵ − 1)

(x(eϵ − 1) + 1)3
< 0 .

Therefore, g+ϵ is twice continuously differentiable, increasing and strictly convex on [0, 1] and g−ϵ1552

is twice continuously differentiable, increasing and strictly concave on [0, 1]. It is direct to see1553

that g+ϵ (0) = g−ϵ (0) = 0 and g+ϵ (1) = g−ϵ (1) = 1. Since they are strictly convex and strictly1554

concave, we obtain g+ϵ (x) < x and g−ϵ (x) > x for all x ∈ (0, 1). It is direct to see that, for1555

all x ∈ [0, 1], we have g+ϵ (g
−
ϵ (x)) = x and 1 − g+ϵ (x) = g−ϵ (1 − x). It is direct to see that,1556

limϵ→0 g
+
ϵ (x) = limϵ→0 g

−
ϵ (x) = x for all x ∈ [0, 1], and limϵ→+∞ g+ϵ (x) = 0 if x ̸= 1 and1557

limϵ→+∞ g−ϵ (x) = 1 if x ̸= 0.1558

Lemma 24 gathers regularity properties of d+ϵ . In particular, it gives a closed-form solution, which is1559

a key property used in our implementation to reduce the computational cost.1560

Lemma 24. Let d+ϵ as in Eq. (3), and g±ϵ as in Eq. (30). For all µ ∈ [0, 1] and λ ∈ R, we have1561

d+ϵ (λ, µ) =


0 if µ ∈ [0, [λ]10]

− log (1− µ(1− e−ϵ))− ϵ[λ]10 if µ ∈ (g−ϵ ([λ]
1
0), 1]

kl (λ, µ) if λ ∈ (0, 1) ∧ µ ∈ ([λ]10, g
−
ϵ ([λ]

1
0)]

.

The function (λ, µ) 7→ d+ϵ (λ, µ) is jointly continuous on R× [0, 1]. For all µ ∈ [0, 1], the function1562

λ 7→ d+ϵ (λ, µ) is constant on (−∞, 0] and on [1,+∞). Then,1563

∀λ ∈ (0, 1),∀µ ∈ [0, 1], d+ϵ (λ, µ) =


0 if µ ∈ [0, λ]

kl (λ, µ) µ ∈ (λ, g−ϵ (λ)]

− log (1− µ(1− e−ϵ))− ϵλ if µ ∈ (g−ϵ (λ), 1]

.

For all µ ∈ [0, 1], the function λ 7→ d+ϵ (λ, µ) is continuously differentiable, positive, decreasing1564

and convex on (0, µ); it is affine with negative slope −ϵ on (0, g+ϵ (µ)) and twice continuously1565

differentiable and strictly convex on (g+ϵ (µ), µ).1566

For all λ ∈ (0, 1), the function µ 7→ d+ϵ (λ, µ) is positive, three times differentiable with continuous1567

first derivative, increasing and strictly convex on (λ, 1]; its second derivative is discontinuous at1568

g−ϵ (λ) with gap ∂2d+
ϵ

∂µ2 (λ, g−ϵ (λ))− limµ→g−
ϵ (λ)+

∂2d+
ϵ

∂µ2 (λ, µ) > 0. Moreover, we have1569

∀µ ∈ (λ, 1],
∂d+ϵ
∂µ

(λ, µ) =

{
1−e−ϵ

1−µ(1−e−ϵ) if µ ∈ (g−ϵ (λ), 1]
µ−λ

µ(1−µ) if µ ∈ (λ, g−ϵ (λ)]
.

The function d+ϵ is jointly convex on (0, 1)× [0, 1].1570

Proof. Recall that d+ϵ (λ, µ) = 1
(
µ > [λ]10

)
infz∈[[λ]10,µ]

f+ϵ ([λ]10, µ, z) where f+ϵ (λ, µ, z) =1571

kl(z, µ) + ϵ(z − λ). Direct computations yield that, for all z ∈ ([λ]10, µ),1572

∂f+ϵ
∂z

(λ, µ, z) = log

(
z(1− µ)
(1− z)µ

)
+ ϵ and

∂f+ϵ
∂z

(λ, µ, z) = 0 ⇐⇒ z = g+ϵ (µ) ,

∂2f+ϵ
∂z2

(λ, µ, z) =
1

z(1− z)
> 0 .

Therefore, z → f+ϵ (λ, µ, z) is twice continuously differentiable, positive and strictly convex on1573

([λ]10, µ). Moreover, z → f+ϵ (λ, µ, z) is decreasing on ([λ]10,max{g+ϵ (µ), λ}) and increasing on1574

(max{g+ϵ (µ), λ}, µ). Using Lemma 23, we obtain1575

f+ϵ (λ, µ, λ) = kl (λ, µ) ,

kl(g+ϵ (µ), µ) = −(g+ϵ (µ) + g−ϵ (1− µ)) log (µ(1− eϵ) + eϵ) + ϵg−ϵ (1− µ)
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= − log
(
1− µ(1− e−ϵ)

)
− ϵg+ϵ (µ) ,

f+ϵ (λ, µ, g+ϵ (µ)) = − log
(
1− µ(1− e−ϵ)

)
− ϵλ .

By definition of the indicator function, we have d+ϵ (λ, µ) = 0 if µ ∈ [0, [λ]10]. When λ ≤ 0, for all1576

µ ∈ (0, 1), we have1577

∀µ ∈ (0, 1), d+ϵ (λ, µ) = f+ϵ ([λ]10, µ, g
+
ϵ (µ)) = − log

(
1− µ(1− e−ϵ)

)
− ϵ[λ]10 ,

by using the properties of z → f+ϵ (λ, µ, z) on (0, 1) = (g−ϵ ([λ]
1
0), 1) by Lemma 23. This function1578

can be extended by continuity to µ = 0 = g−ϵ ([λ]
1
0) with value d+ϵ (λ, 0) = 0. When λ ∈ (0, 1) and1579

µ ∈ (g−ϵ (λ), 1), we have1580

∀µ ∈ (0, 1), d+ϵ (λ, µ) = f+ϵ ([λ]10, µ, g
+
ϵ (µ)) = − log

(
1− µ(1− e−ϵ)

)
− ϵ[λ]10 ,

by using the properties of z → f+ϵ (λ, µ, z) on (g−ϵ (λ), 1) = (g−ϵ ([λ]
1
0), 1) by Lemma 23. This1581

function can be extended by continuity to (λ, µ) = (0, 0) = limλ→0+(λ, g
−
ϵ ([λ]

1
0)) with value1582

d+ϵ (0, 0) = 0. In both cases, this function can be extended by continuity to µ = 1 with value1583

d+ϵ (λ, 1) = ϵ(1− [λ]10).1584

When λ ∈ (0, 1), i.e., [λ]10 = λ, and µ ∈ (λ, g−ϵ (λ)) ⊆ (0, 1) by Lemma 23, we have1585

d+ϵ (λ, µ) = f+ϵ (λ, µ, λ) = kl (λ, µ) .

This function can be extended by continuity to µ = λ with value d+ϵ (λ, λ) = 0 since kl (λ, λ) = 0.1586

Using Lemma 23, this function can be extended by continuity to µ = g−ϵ (λ) (i.e., λ = g+ϵ (µ)) with1587

value1588

d+ϵ (λ, g
−
ϵ (λ)) = kl

(
λ, g−ϵ (λ)

)
= kl

(
g+ϵ (µ), µ

)
= − log

(
1− µ(1− e−ϵ)

)
− ϵg+ϵ (µ) .

Therefore, we have1589

∀λ ∈ (0, 1), ∀µ ∈ [λ, g−ϵ (λ)], d+ϵ (λ, µ) = kl (λ, µ) .

Using that limλ→0+ [λ, g
−
ϵ (λ)] = {0}, this function can be extended by continuity to λ = 0 with1590

value 0. Using that limλ→1− [λ, g
−
ϵ (λ)] = {1}, this function can be extended by continuity to λ = 11591

with value 0 = lim(µ,λ)→1− − log (1− µ(1− e−ϵ))− ϵ[λ]10.1592

Putting all the continuity arguments together, we have shown that (λ, µ) → d+ϵ (λ, µ) is jointly1593

continuous on R×[0, 1]. Moreover, it is direct to see that, for all µ ∈ [0, 1], the function λ→ d+ϵ (λ, µ)1594

is constant on (−∞, 0] and on [1,+∞). Then,1595

∀λ ∈ (0, 1),∀µ ∈ [0, 1], d+ϵ (λ, µ) =


0 if µ ∈ [0, λ]

kl (λ, µ) µ ∈ (λ, g−ϵ (λ)]

− log (1− µ(1− e−ϵ))− ϵλ if µ ∈ (g−ϵ (λ), 1]

.

Let µ ∈ [0, 1] and λ ∈ (0, µ). Using that µ ∈ (g−ϵ (λ), 1] if and only if λ ∈ (0, g+ϵ (µ)). For all1596

µ ∈ [0, 1], the function λ → d+ϵ (λ, µ) is positive and affine with negative slope −ϵ on (0, g+ϵ (µ)).1597

Let λ ∈ (g+ϵ (µ), µ). Direct computation yields that1598

∂d+ϵ
∂λ

(λ, µ) =
∂kl

∂λ
(λ, µ) = log

(
λ(1− µ)
(1− λ)µ

)
< 0 ,

lim
λ→g+

ϵ (µ)+

∂d+ϵ
∂λ

(λ, µ) = −ϵ = lim
λ→g+

ϵ (µ)−

∂d+ϵ
∂λ

(λ, µ) ,

∂2d+ϵ
∂λ2

(λ, µ) =
∂2kl

∂λ2
(λ, µ) =

1

λ(1− λ)
> 0 .

For all µ ∈ [0, 1], the function λ→ d+ϵ (λ, µ) is continuously differentiable, positive, decreasing and1599

convex on (0, µ). For all µ ∈ [0, 1], the function λ→ d+ϵ (λ, µ) is twice continuously differentiable,1600

positive and strictly convex on (g+ϵ (µ), µ). Combining the above results concludes the part of1601

λ 7→ d+ϵ (λ, µ) on (0, µ).1602

Let λ ∈ (0, 1). Let a > 0 and k ∈ N. The k-th derivative of u(x) = a(1 − ax)−1 on [0, 1] is1603

u(k)(x) = (k − 1)!ak+1(1− ax)−(k+1). Then,1604

∀µ ∈ (g−ϵ (λ), 1], ∀k ∈ N,
∂kd+ϵ
∂µk

(λ, µ) =
(1− e−ϵ)k(k − 1)!

(1− µ(1− e−ϵ))k
> 0 ,
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∀µ ∈ (λ, g−ϵ (λ)],
∂d+ϵ
∂µ

(λ, µ) =
µ− λ
µ(1− µ)

> 0 ,

∂2d+ϵ
∂µ2

(λ, µ) =
(µ− λ)2 + λ(1− λ)

µ2(1− µ)2
> 0 ,

∂3d+ϵ
∂µ3

(λ, µ) > 0 .

Direct computation yields1605

lim
µ→g−

ϵ (λ)

µ− λ
µ(1− µ)

= (1− e−ϵ)(1 + λ(eϵ − 1)) ,

lim
µ→g−

ϵ (λ)

1− e−ϵ

1− µ(1− e−ϵ)
= (1− e−ϵ)(1 + λ(eϵ − 1)) ,

lim
µ→g−

ϵ (λ)

{
(µ− λ)2 + λ(1− λ)

µ2(1− µ)2
− (1− e−ϵ)2

(1− µ(1− e−ϵ))2

}
=

λ(1− λ)
g−ϵ (λ)2(1− g−ϵ (λ))2

> 0 .

For all λ ∈ (0, 1), the function µ→ d+ϵ (λ, µ) is positive, three times differentiable with continuous1606

first derivative and increasing on (λ, 1]. For all λ ∈ (0, 1), the function µ → d+ϵ (λ, µ) is strictly1607

convex on (λ, g−ϵ (λ)] and (g−ϵ (λ), 1]. The second derivative is discontinuous at g−ϵ (λ) with gap1608

∂2d+
ϵ

∂µ2 (λ, g−ϵ (λ))− limµ→g−
ϵ (λ)+

∂2d+
ϵ

∂µ2 (λ, µ) > 0. Thanks to the continuity of the first derivative and1609

the sign of the second derivative, the function µ→ d+ϵ (λ, µ) is strict convexity on (λ, 1].1610

Let (µ1, µ2) ∈ [0, 1]2 and (λ1, λ2) ∈ (0, 1)2. On the convex set F0 = {(λ, µ) ∈ (0, 1)× [0, 1] | µ ∈1611

[0, λ]}, the function d−ϵ is null hence jointly convex. Let ((µ1, λ1), (µ2, λ2)) ∈ (((0, 1)×[0, 1])\F0)
2.1612

Let (z1, z2) ∈ [λ1, µ1]× [λ2, µ2] be the minimizers realizing d+ϵ (λ1, µ1) and d+ϵ (λ2, µ2). Since it is1613

a convex set, we have (αλ1 +(1−α)λ2, αµ1 +(1−α)µ2) ∈ ((0, 1)× [0, 1]) \F0 for all α ∈ [0, 1].1614

Moreover, we have αz1+(1−α)z2 ∈ [αλ1+(1−α)λ2, αµ1+(1−α)µ2] for all α ∈ [0, 1]. Using1615

the definition of d+ϵ as an infimum, we obtain1616

d+ϵ (αλ1 + (1− α)λ2, αµ1 + (1− α)µ2)

≤ kl(αz1 + (1− α)z2, αµ1 + (1− α)µ2) + ϵ(αz1 + (1− α)z2 − (αλ1 + (1− α)λ2))
≤ α (kl(z1, µ1) + ϵ(z1 − λ1)) + (1− α) (kl(z2, µ2) + ϵ(z2 − λ2))
= αd+ϵ (λ1, µ1) + (1− α)d+ϵ (λ2, µ2)

where the second inequality comes from the joint convexity of the Kullback-Leibler divergence.1617

Combining both results, we have shown that the function d+ϵ is jointly convex on (0, 1)× [0, 1].1618

Lemma 25 gather regularity properties of d−ϵ . In particular, it gives a closed-form solution, which is a1619

key property used in our implementation to reduce the computational cost.1620

Lemma 25. Let d−ϵ as in Eq. (3), and g±ϵ as in Eq. (30). For all µ ∈ [0, 1] and all λ ∈ R, we have1621

d−ϵ (λ, µ) =


0 if µ ∈ [[λ]10, 1]

− log (1 + µ(eϵ − 1)) + ϵ[λ]10 if µ ∈ [0, g+ϵ ([λ]
1
0))

kl(λ, µ) if λ ∈ (0, 1) and µ ∈ [g+ϵ ([λ]
1
0), [λ]

1
0)

.

The function (λ, µ) 7→ d−ϵ (λ, µ) is jointly continuous on R× [0, 1]. For all µ ∈ [0, 1], the function1622

λ 7→ d−ϵ (λ, µ) is constant on (−∞, 0] and on [1,+∞). Then,1623

∀λ ∈ (0, 1),∀µ ∈ [0, 1], d−ϵ (λ, µ) =


0 if µ ∈ [λ, 1]

kl (λ, µ) if µ ∈ [g+ϵ (λ), λ)

− log (1 + µ(eϵ − 1)) + ϵλ if µ ∈ [0, g+ϵ (λ))

.

For all µ ∈ [0, 1], the function λ 7→ d−ϵ (λ, µ) is continuously differentiable, positive, increasing and1624

convex on (µ, 1); it is affine with positive slope ϵ on (g−ϵ (µ), 1) and twice continuously differentiable1625

and strictly convex on (µ, g−ϵ (µ)).1626
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For all λ ∈ (0, 1), the function µ 7→ d−ϵ (λ, µ) is positive, three times differentiable with continuous1627

first derivative, decreasing and strictly convex on [0, λ); its second derivative is discontinuous at1628

g+ϵ (λ) with gap limµ→g+
ϵ (λ)−

∂2d−
ϵ

∂µ2 (λ, µ)− ∂2d−
ϵ

∂µ2 (λ, g+ϵ (λ)) < 0. Moreover, we have1629

∀µ ∈ [0, λ),
∂d−ϵ
∂µ

(λ, µ) =

{
− eϵ−1

1+µ(eϵ−1) if µ ∈ [0, g+ϵ (λ))

− λ−µ
µ(1−µ) if µ ∈ [g+ϵ (λ), λ)

.

The function d−ϵ is jointly convex on (0, 1)× [0, 1].1630

Proof. Using Lemmas 22 and 23, we have1631

d−ϵ (λ, µ) = d+ϵ (1− λ, 1− µ) and g+ϵ (λ) = 1− g−ϵ (1− λ) ,
∂d−ϵ
∂µ

(λ, µ) = −∂d
+
ϵ

∂µ
(1− λ, 1− µ) and

∂2d−ϵ
∂µ2

(λ, µ) =
∂2d+ϵ
∂µ2

(1− λ, 1− µ) .

Moreover, we have kl(λ, µ) = kl(1− λ, 1− µ) and1632

− log (1 + µ(eϵ − 1)) + ϵ[λ]10 = − log
(
1− (1− µ)(1− e−ϵ)

)
− ϵ[1− λ]10 .

Combining the above with properties of d+ϵ in Lemma 24 concludes the proof.1633

G.1.1 Modified Divergence1634

Let us define1635

∀x > 0, h(x) :=
√
1 + x2 − 1 + log

(
2

x2

(√
1 + x2 − 1

))
. (31)

For all (λ, µ, r) ∈ R× (0, 1)× R⋆
+, we define1636

d̃−ϵ (λ, µ, r) := 1
(
µ < [λ]10

)
inf

z∈(µ,[λ]10)

{
kl(z, µ) +

1

r
h(rϵ(λ− z))

}
,

d̃+ϵ (λ, µ, r) := 1
(
µ > [λ]10

)
inf

z∈([λ]10,µ)

{
kl(z, µ) +

1

r
h(rϵ(z − λ))

}
. (32)

Lemma 26 shows a strong link between d̃±ϵ . This symmetry property can be used to carry regularity1637

properties from d̃+ϵ to d̃−ϵ , and vice versa.1638

Lemma 26. Let d̃±ϵ as in Eq. (32). For all (λ, µ) ∈ R× [0, 1], we have1639

d̃+ϵ (1− λ, 1− µ, r) = d̃−ϵ (λ, µ, r) and d̃−ϵ (1− λ, 1− µ, r) = d̃+ϵ (λ, µ, r) .

Proof. Using the definitions, the change of variable z̃ = 1− z and kl(1− z̃, 1− µ) = kl(z̃, µ), we1640

obtain1641

d̃+ϵ (1− λ, 1− µ, r) = 1
(
µ < [λ]10

)
inf

z∈[1−[λ]10,1−µ]

{
kl(z, 1− µ) + 1

r
h (rϵ(λ− (1− z)))

}
= 1

(
µ < [λ]10

)
inf

z̃∈[µ,[λ]10]

{
kl(1− z̃, 1− µ) + 1

r
h (rϵ(λ− z̃))

}
= 1

(
µ < [λ]10

)
inf

z̃∈[µ,[λ]10]

{
kl(z̃, µ) +

1

r
h (rϵ(λ− z̃))

}
= d̃−ϵ (λ, µ, r) .

The second equality is a consequence of the first.1642

Lemma 27 gathers regularity properties of the function h defined in Eq. (31).1643
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Lemma 27. Let h as in Eq. (31). Then,1644

∀x > 0, h′(x) =
x√

x2 + 1 + 1
> 0 and h′′(x) =

1

1 + x2 +
√
1 + x2

> 0 .

On R⋆
+, the function h is twice continuously differentiable, increasing and strictly convex. Moreover,1645

it satisfies1646

h(x) =x→0 x
2/4 +O(x4) and h(x) =x→+∞ x−O(log(x)) .

Proof. For all x > 0, h1(x) = x+ log(x), h2(x) =
√
1 + x2 − 1 and h3(x) =

√
1 + x2 − x. Then1647

h′1(x) = 1 +
1

x
, h′2(x) =

x√
1 + x2

and h′3(x) =
x√

1 + x2
− 1 ,

Then, we have1648

∀x > 0, h(x) = h1(h2(x))− 2 log(x) + log 2 .

Therefore, we have1649

h′(x) = h′2(x)h
′
1(h2(x))−

2

x
=

x√
1 + x2

(
1 +

1√
1 + x2 − 1

)
− 2

x

=
x√

1 + x2 − 1
− 2

x
=

√
1 +

1

x2
− 1

x
= h3(1/x) .

Note that1650 √
1 +

1

x2
− 1

x
=

x√
x2 + 1 + 1

.

Moreover, we have w1651

h′′(x) = − 1

x2
h′3(1/x) = −

1

x2

(
1/x√

1 + (1/x)2
− 1

)
=

1

1 + x2 +
√
1 + x2

.

By taking the limit, we have limx→0+ h(x) = 0. Moreover, we see that limx→0+ h
′(x) = 0 and1652

limx→0+ h
′′(x) = 1/2. Therefore, one can conclude that h(x) =x→0 x

2/4 + O(x4) by Taylor1653

expansion. The second result is obtained directly by limit.1654

Lemma 28 provides upper and lower bound on the function r 7→ h(rx)/r involved in the definition1655

of d̃±ϵ .1656

Lemma 28. Let h as in Eq. (31). Let κ(r, x) = h(rx)/r − x for all r > 0 and all x ∈ R⋆
+. Then,1657

we have1658

∀r > 0,
∂κ

∂r
(r, x) =

rxh′(rx)− h(rx)
r2

= log

(
1

2
(
√
1 + (rx)2 + 1)

)
> 0 .

On R⋆
+, the function r 7→ κ(r, x) is increasing. Moreover, we have1659

∀r > 0,∀x ∈ R+, 0 ≤ rκ(r, x) + log(1 + 2xr) + 1 ≤ 1 + log 4 ,

Proof. Using Lemma 27 and the definition in Eq. (31), we obtain that1660

∀x > 0, xh′(x)− h(x) = − log

(
2

x2

(√
1 + x2 − 1

))
= log

(
1

2
(
√
1 + x2 + 1)

)
> 0 ,

where we used that
√
1 + x2 + 1 > 2 for the last inequality. Let us define1661

∀x ∈ R+, g1(x) =
2(1 + 2x)√
1 + x2 + 1

.

Then, we obtain g1(0) = 1, limx→+∞ g1(x) = 4 and1662

g′1(x) = 2
2 + 2

√
1 + x2 − x√

1 + x2(
√
1 + x2 + 1)2

> 2
2 + x√

1 + x2(
√
1 + x2 + 1)2

> 0 .
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Since g1 is strictly increasing on R⋆
+, we obtain log g1(x) ≥ log g1(0) = 0 and log g1(x) ≤ log 4 for1663

all x ∈ R+.1664

By definition, we obtain1665

rκ(r, x) + log(1 + 2xr) + 1 = h(rx)− rx+ 1 + log(1 + 2xr)

=
√

1 + (rx)2 − rx+ log

(
2(1 + 2xr)√
1 + r2x2 + 1

)
.

Using that 0 ≤
√
1 + x2 − x ≤ 1 on R+, we obtain1666

rκ(r, x) + log(1 + 2xr) + 1 ≥ log

(
2(1 + 2xr)√
1 + r2x2 + 1

)
= log(g1(rx)) ≥ 0 ,

rκ(r, x) + log(1 + 2xr) + 1 ≤ 1 + log(g1(rx)) ≤ 1 + log 4 .

This concludes the proof.1667

Lemma 29 provides lower and upper bounds on the gap between d̃±ϵ and d±ϵ .1668

Lemma 29. Let d±ϵ and d̃±ϵ as in Eq. (3) and (32). For all (λ, µ, r) ∈ R × (0, 1) × R⋆
+ such that1669

[λ]10 < µ. Then,1670

d+ϵ (λ, µ) ≤ d̃+ϵ (λ, µ, r) +
log(1 + 2ϵr) + 1

r
.

For all (λ, µ, r) ∈ R× (0, 1)× R⋆
+ such that [λ]10 > µ. Then,1671

d−ϵ (λ, µ) ≤ d̃−ϵ (λ, µ, r) +
log(1 + 2ϵr) + 1

r
.

For all (λ, µ, r) ∈ [0, 1]× (0, 1)× R⋆
+ such that λ < µ. Then,1672

d+ϵ (λ, µ) ≥ d̃+ϵ (λ, µ, r)−
log 4

r
.

For all (µ, λ, r) ∈ [0, 1]× R⋆
+ such that λ > µ. Then,1673

d−ϵ (λ, µ) ≥ d̃−ϵ (λ, µ, r)−
log 4

r
.

Proof. Since µ ∈ (0, 1), we have [λ]10 = max{0, λ}. Therefore, we have z − λ ≥ z − [λ]10 and1674

z − [λ]10 ∈ (0, µ − [λ]10) ⊂ (0, 1) for all z ∈ ([λ]10, µ). Using Lemmas 27 and 28 and ϵ > 0, we1675

obtain, for all r > 0 and all z ∈ ([λ]10, µ),1676

ϵ(z − [λ]10) ≤
1

r
h(rϵ(z − [λ]10)) +

log(1 + 2ϵ(z − [λ]10)r) + 1

r

≤ 1

r
h(rϵ(z − λ)) + log(1 + 2ϵr) + 1

r
.

Therefore, for all z ∈ ([λ]10, µ), we obtain that1677

kl(z, µ) + ϵ(z − [λ]10) ≤ kl(z, µ) +
1

r
h(rϵ(z − λ)) + log(1 + 2ϵr) + 1

r
.

Taking the infimum over z ∈ ([λ]10, µ) on both sides of both inequalities and using that1678

d+ϵ (λ, µ) = inf
z∈[[λ]10,µ]

{
kl(z, µ) + ϵ(z − [λ]10)

}
= inf

z∈([λ]10,µ)

{
kl(z, µ) + ϵ(z − [λ]10)

}
,

d̃+ϵ (λ, µ, r) = inf
z∈([λ]10,µ)

{
kl(z, µ) +

1

r
h(rϵ(z − λ))

}
,

we obtain1679

d+ϵ (λ, µ) ≤ d̃+ϵ (λ, µ, r) +
log(1 + 2ϵr) + 1

r
.
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This concludes the proof of the first result. Using Lemmas 22 and 26 yields the second result.1680

Suppose that λ ∈ [0, 1], hence λ = [λ]10. Using Lemmas 27 and 28 and ϵ > 0, we obtain, for all1681

r > 0 and all z ∈ ([λ]10, µ),1682

1

r
h(rϵ(z − λ)) ≤ ϵ(z − λ) + log 4− log(1 + 2ϵ(z − λ)r)

r
≤ ϵ(z − [λ]10) +

log 4

r
.

Adding kl(z, µ) on both sides and taking the infimum over z ∈ ([λ]10, µ) on both sides of both1683

inequalities yields the proof of third result. Using Lemmas 22 and 26 yields the forth result.1684

Lemma 30 gathers regularity properties on the modified divergences d̃+ϵ . In particular, it gives a1685

closed-form solution based on an implicit solution of a fixed-point equation. This is a key property1686

used in our implementation to reduce the computational cost.1687

Lemma 30. Let d̃+ϵ as in Eq. (32), and g±ϵ as in Eq. (30). For all µ ∈ (0, 1), λ ∈ R and r > 0, we1688

have1689

d̃+ϵ (λ, µ, r)

=

{
0 if µ ∈ (0, [λ]10]

kl(x+ϵ (λ, µ, r) + g+ϵ (µ), µ) +
1
rh(rϵ(x

+
ϵ (λ, µ, r) + g+ϵ (µ)− λ)) if µ ∈ ([λ]10, 1)

,

where x+ϵ (λ, µ, r) ∈ (max{0, λ− g+ϵ (µ)}, µ− g+ϵ (µ)) is the unique solution for x ∈ (max{0, λ−1690

g+ϵ (µ)}, µ− g+ϵ (µ)) of the equation1691

log

(
1 +

x

g+ϵ (µ)(1− x− g+ϵ (µ))

)
+ ϵ

 rϵ(x+ g+ϵ (µ)− λ)√
(rϵ(x+ g+ϵ (µ)− λ))2 + 1 + 1

− 1

 = 0 .

For all (µ, r) ∈ (0, 1) × R⋆
+, the function λ 7→ d̃+ϵ (λ, µ, r) is positive, twice continuously differ-1692

entiable, decreasing and strictly convex on (−∞, µ); it satisfies limλ→µ− d̃+ϵ (λ, µ, r) = 0 and1693

limλ→−∞ d̃+ϵ (λ, µ, r) = +∞.1694

For all (λ, r) ∈ R× R⋆
+, the function µ 7→ d̃+ϵ (λ, µ, r) is positive, twice continuously differentiable,1695

increasing and strictly convex on ([λ]10, 1). Moreover, we have1696

∀µ ∈ ([λ]10, 1),
∂d̃+ϵ
∂µ

(λ, µ, r) =
µ− g+ϵ (µ)− x+ϵ (λ, µ, r)

µ(1− µ)
.

For all (λ, µ) ∈ R× (0, 1) such that µ ∈ (0, [λ]10], the function r 7→ d̃+ϵ (λ, µ, r) is the zero function.1697

For all (λ, µ) ∈ R × (0, 1) such that µ ∈ ([λ]10, 1), the function r 7→ d̃+ϵ (λ, µ, r) is positive,1698

continuously differentiable and increasing on R+.1699

Proof. By definition of the indicator function, we have d̃+ϵ (λ, µ, r) = 0 if µ ∈ (0, [λ]10]. Let (λ, µ)1700

such that µ /∈ (0, [λ]10], i.e., ([λ]10, µ) is non-empty. Since µ ∈ (0, 1), this implies that λ ∈ (−∞, 1)1701

necessarily, i.e., [λ]10 = max{0, λ}.1702

Recall that d̃+ϵ (λ, µ, r) = 1
(
µ > [λ]10

)
infz∈([λ]10,µ)

f̃+ϵ (λ, µ, r, z) where f̃+ϵ (λ, µ, r, z) = kl(z, µ)+1703

1
rh(rϵ(z − λ)). Using Lemma 27, direct computations yield that, for all z ∈ ([λ]10, µ),1704

∂f̃+ϵ
∂z

(λ, µ, r, z) = log

(
z(1− µ)
(1− z)µ

)
+ ϵh′(rϵ(z − λ))

= log

(
z(1− µ)
(1− z)µ

)
+ ϵ

rϵ(z − λ)√
(rϵ(z − λ))2 + 1 + 1

,

∂2f̃+ϵ
∂z2

(λ, µ, r, z) =
1

z(1− z)
+ rϵ2h′′(rϵ(z − λ)) > 0 .
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Therefore, z → f̃+ϵ (λ, µ, r, z) is twice continuously differentiable, positive and strictly convex on1705

([λ]10, µ). Moreover, we have1706

lim
z→µ

∂f̃+ϵ
∂z

(λ, µ, r, z) = ϵh′(rϵ(µ− λ)) > 0 ,

∂f̃+ϵ
∂z

(λ, µ, r, g+ϵ (µ)) = −ϵ

(
1− rϵ(z − λ)√

(rϵ(z − λ))2 + 1 + 1

)
< 0 ,

When [λ]10 > g+ϵ (µ),
∂f̃+ϵ
∂z

(λ, µ, r, λ) = log

(
λ(1− µ)
(1− λ)µ

)
< 0 .

Note that max{[λ]10, g+ϵ (µ)} = max{λ, g+ϵ (µ)} since µ ∈ (0, 1). Using that z → ∂f̃+
ϵ

∂z (λ, µ, r, z)1707

is continuously differentiable and increasing on ([λ]10, µ), with negative value at max{λ, g+ϵ (µ)}1708

and finite positive limit at µ, z 7→ f̃+ϵ (λ, µ, r, z) admit a unique minimizer on (max{λ, g+ϵ (µ)}, µ).1709

Let g̃+ϵ (λ, µ, r) ∈ (max{λ, g+ϵ (µ)}, µ) be defined as this unique minimizer, defined implicitly as1710

solution for z ∈ (max{λ, g+ϵ (µ)}, µ) of the equation1711

log

(
z(1− µ)
(1− z)µ

)
+ ϵ

rϵ(z − λ)√
(rϵ(z − λ))2 + 1 + 1

= 0 .

Then, we have ∂f̃+
ϵ

∂z (λ, µ, r, z) = 0 if and only if z = g̃+ϵ (λ, µ, r). Moreover, z 7→ f̃+ϵ (λ, µ, r, z) is1712

decreasing on ([λ]10, g̃
+
ϵ (λ, µ, r)) and increasing on (g̃+ϵ (λ, µ, r), µ).1713

Let us define z = g+ϵ (µ) + x where x ∈ (max{0, λ− g+ϵ (µ)}, µ− g+ϵ (µ)). Then, we have1714

∂f̃+ϵ
∂z

(λ, µ, r, g+ϵ (µ) + x)

= log

(
1 +

x

g+ϵ (µ)(1− x− g+ϵ (µ))

)
+ ϵ

 rϵ(x+ g+ϵ (µ)− λ)√
(rϵ(x+ g+ϵ (µ)− λ))2 + 1 + 1

− 1


Therefore, we have g̃+ϵ (λ, µ, r) = g+ϵ (µ) + x+ϵ (λ, µ, r) where x+ϵ (λ, µ, r) ∈ (max{0, λ −1715

g+ϵ (µ)}, µ− g+ϵ (µ)) is the solution for x ∈ (max{0, λ− g+ϵ (µ)}, µ− g+ϵ (µ)) of the equation1716

log

(
1 +

x

g+ϵ (µ)(1− x− g+ϵ (µ))

)
+ ϵ

 rϵ(x+ g+ϵ (µ)− λ)√
(rϵ(x+ g+ϵ (µ)− λ))2 + 1 + 1

− 1

 = 0 .

When λ ∈ (0, 1) and µ→ λ = [λ]10, it is direct to see that g̃+ϵ (λ, µ, r)→ λ. Then, we have1717

lim
µ→λ+

d̃+ϵ (λ, µ, r) = lim
µ→λ+

{kl(g̃+ϵ (λ, µ, r), µ)}+
1

r
lim

g̃+
ϵ (λ,µ,r)→λ+

{h(rϵ(g̃+ϵ (λ, µ, r)− λ))} = 0 .

Direct computation yields that, for z ∈ ([λ]10, µ) ⊂ (0, 1),1718

∂f̃+ϵ
∂µ

(λ, µ, r, z) =
µ− z

µ(1− µ)
> 0 ,

∂2f̃+ϵ
∂µ2

(λ, µ, r, z) =
(µ− z)2 + z(1− z)

µ2(1− µ)2
> 0 ,

∂2f̃+ϵ
∂z2

(λ, µ, r, z) =
1

z(1− z)
+ rϵ2h′′(rϵ(z − λ)) > 0 ,

∂2f̃+ϵ
∂µ∂z

(λ, µ, r, z) = − 1

µ(1− µ)
< 0 .

Since ∂f̃+
ϵ

∂z (λ, µ, r, g+ϵ (λ, µ, r)) = 0, the implicit function theorem yields that1719

∂g̃+ϵ
∂µ

(λ, µ, r) = −
∂2f+

ϵ

∂µ∂z (λ, µ, r, g
+
ϵ (λ, µ, r))

∂2f̃+
ϵ

∂z2 (λ, µ, r, g+ϵ (λ, µ, r))
> 0 .
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Moreover, for µ ∈ ([λ]10, 1),1720

∂d̃+ϵ
∂µ

(λ, µ, r) =
∂f̃+ϵ
∂µ

(λ, µ, r, g̃+ϵ (λ, µ, r)) +
∂g̃+ϵ
∂µ

(λ, µ, r)
∂f̃+ϵ
∂z

(λ, µ, r, g̃+ϵ (λ, µ, r))

=
∂f̃+ϵ
∂µ

(λ, µ, r, g̃+ϵ (λ, µ, r)) =
µ− g+ϵ (µ)− x+ϵ (λ, µ, r)

µ(1− µ)
> 0 ,

∂2d̃+ϵ
∂µ2

(λ, µ, r) =
∂2f̃+ϵ
∂µ2

(λ, µ, r, g̃+ϵ (λ, µ, r))
∂g̃+ϵ
∂µ

(λ, µ, r) > 0 .

Therefore, for all (λ, r) ∈ R × R⋆
+, the function µ 7→ d̃+ϵ (λ, µ, r) is positive, twice continuously1721

differentiable, increasing and strictly convex on ([λ]10, 1).1722

Let (µ, r) ∈ (0, 1)× R⋆
+. Direct computation yields that, for z ∈ ([λ]10, µ) ⊂ (0, 1),1723

∂f̃+ϵ
∂λ

(λ, µ, r, z) = −ϵh′(rϵ(z − λ)) < 0 ,

∂2f̃+ϵ
∂λ∂z

(λ, µ, r, z) = −rϵ2h′′(rϵ(z − λ)) < 0 .

Since ∂f̃+
ϵ

∂z (λ, µ, r, g+ϵ (λ, µ, r)) = 0, the implicit function theorem yields that1724

∂g̃+ϵ
∂λ

(λ, µ, r) = −
∂2f+

ϵ

∂λ∂z (λ, µ, r, g
+
ϵ (λ, µ, r))

∂2f̃+
ϵ

∂z2 (λ, µ, r, g+ϵ (λ, µ, r))
=

rϵ2h′′(rϵ(g+ϵ (λ, µ, r)− λ))
1

z(1−z) + rϵ2h′′(rϵ(g+ϵ (λ, µ, r)− λ))
< 1 .

Direct computation yields that, for λ ∈ (−∞, µ),1725

∂d̃+ϵ
∂λ

(λ, µ, r) =
∂f̃+ϵ
∂λ

(λ, µ, r, g̃+ϵ (λ, µ, r)) +
∂g̃+ϵ
∂λ

(λ, µ, r)
∂f̃+ϵ
∂z

(λ, µ, r, g̃+ϵ (λ, µ, r))

=
∂f̃+ϵ
∂λ

(λ, µ, r, g̃+ϵ (λ, µ, r)) = −ϵh′(rϵ(g̃+ϵ (λ, µ, r)− λ)) < 0 ,

∂2d̃+ϵ
∂λ2

(λ, µ, r) = rϵ2
(
1− ∂g̃+ϵ

∂λ
(λ, µ, r)

)
h′′(rϵ(g̃+ϵ (λ, µ, r)− λ)) > 0 .

Therefore, for all (µ, r) ∈ (0, 1)× R⋆
+, the function λ 7→ d̃+ϵ (λ, µ, r) is positive, twice continuously1726

differentiable, decreasing and strictly convex on (−∞, µ). Similarly as above, it is direct to see that1727

limλ→µ− d̃+ϵ (λ, µ, r) = 0 and limλ→−∞ d̃+ϵ (λ, µ, r) = +∞.1728

Let (λ, µ) ∈ R × (0, 1). When µ ∈ (0, [λ]10], we have d̃+ϵ (λ, µ, r) = 0 for all r ∈ [1,+∞), hence1729

r 7→ d̃+ϵ (λ, µ, r) is non-decreasing. Let κ as in Lemma 28. Using Lemma 28, we have1730

∀z > λ,
∂f̃+ϵ
∂r

(λ, µ, r, z) =
∂κ

∂r
(r, ϵ(z − λ)) > 0 .

When µ ∈ ([λ]10, 1), we have g̃+ϵ (λ, µ, r) ∈ (max{λ, g+ϵ (µ)}, µ) and, for all r > 0,1731

∂d̃+ϵ
∂r

(λ, µ, r) =
∂f̃+ϵ
∂r

(λ, µ, r, g̃+ϵ (λ, µ, r)) +
∂g̃+ϵ
∂r

(λ, µ, r)
∂f̃+ϵ
∂z

(λ, µ, r, g̃+ϵ (λ, µ, r))

=
∂f̃+ϵ
∂r

(λ, µ, r, g̃+ϵ (λ, µ, r)) > 0 ,

where we used that g̃+ϵ (λ, µ, r) > λ. This concludes the last part of the proof.1732

Lemma 31 gathers regularity properties on the modified divergences d̃−ϵ . In particular, it gives a1733

closed-form solution based on an implicit solution of a fixed-point equation. This is a key property1734

used in our implementation to reduce the computational cost.1735
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Lemma 31. Let d̃−ϵ as in Eq. (32), and g±ϵ as in Eq. (30). For all µ ∈ (0, 1), λ ∈ R and r > 0, we1736

have1737

d̃−ϵ (λ, µ, r)

=

{
0 if µ ∈ [[λ]10, 1)

kl(g−ϵ (µ)− x−ϵ (λ, µ, r), µ) + 1
rh(rϵ(x

−
ϵ (λ, µ, r) + λ− g−ϵ (µ))) if µ ∈ (0, [λ]10)

,

where x−ϵ (λ, µ, r) := x+ϵ (1 − λ, 1 − µ, r) ∈ (max{g−ϵ (µ) − λ, 0}, g−ϵ (µ) − µ) is the solution for1738

x ∈ (max{g−ϵ (µ)− λ, 0}, g−ϵ (µ)− µ) of the equation1739

log

(
1 +

x

(1− g−ϵ (µ))(g−ϵ (µ)− x)

)
+ ϵ

 rϵ(x− g−ϵ (µ) + λ)√
(rϵ(x− g−ϵ (µ) + λ))2 + 1 + 1

− 1

 = 0 .

For all (µ, r) ∈ (0, 1) × R⋆
+, the function λ 7→ d̃−ϵ (λ, µ, r) is positive, twice continuously dif-1740

ferentiable, increasing and strictly convex on (µ,+∞); it satisfies limλ→µ+ d̃+ϵ (λ, µ, r) = 0 and1741

limλ→+∞ d̃−ϵ (λ, µ, r) = +∞.1742

For all (λ, r) ∈ R× R⋆
+, the function µ 7→ d̃−ϵ (λ, µ, r) is positive, twice continuously differentiable,1743

decreasing and strictly convex on (0, [λ]10). Moreover, we have1744

∀µ ∈ (0, [λ]10),
∂d̃−ϵ
∂µ

(λ, µ, r) =
µ− g−ϵ (µ) + x−ϵ (λ, µ, r)

µ(1− µ)
.

For all (λ, µ) ∈ R× (0, 1) such that µ ∈ (0, [λ]10], the function r 7→ d̃−ϵ (λ, µ, r) is the zero function.1745

For all (λ, µ) ∈ R × (0, 1) such that µ ∈ ([λ]10, 1), the function r 7→ d̃−ϵ (λ, µ, r) is positive,1746

continuously differentiable and increasing on R+.1747

Proof. Using Lemmas 26 and 23, we have1748

d̃−ϵ (λ, µ, r) = d̃+ϵ (1− λ, 1− µ, r) and g+ϵ (λ) = 1− g−ϵ (1− λ) ,

∂d̃−ϵ
∂µ

(λ, µ, r) = −∂d̃
+
ϵ

∂µ
(1− λ, 1− µ, r) and

∂2d̃−ϵ
∂µ2

(λ, µ, r) =
∂2d̃+ϵ
∂µ2

(1− λ, 1− µ, r) .

Let x+ϵ (1 − λ, 1 − µ, r) ∈ (max{0, g−ϵ (µ) − λ}, g−ϵ (µ) − µ) be the unique solution for x ∈1749

(max{0, g−ϵ (µ)− λ}, g−ϵ (µ)− µ) of the equation1750

log

(
1 +

x

(1− g−ϵ (µ))(g−ϵ (µ)− x)

)
+ ϵ

 rϵ(x− g−ϵ (µ) + λ)√
(rϵ(x− g−ϵ (µ) + λ))2 + 1 + 1

− 1

 = 0 ,

where we used g+ϵ (1− µ) = 1− g−ϵ (µ) to simplify the formula given in Lemma 30. Therefore, we1751

define x−ϵ (λ, µ, r) = x+ϵ (1− λ, 1− µ, r). Then, we have1752

kl(g−ϵ (µ)− x−ϵ (λ, µ, r), µ) +
1

r
h(rϵ(x−ϵ (λ, µ, r) + λ− g−ϵ (µ))) =

kl(x+ϵ (1− λ, 1− µ, r) + g+ϵ (1− µ), 1− µ) +
h(rϵ(x+ϵ (1− λ, 1− µ, r) + g+ϵ (1− µ)− 1 + λ))

r

where we used that kl(g−ϵ (µ)− x−ϵ (λ, µ, r), µ) = kl(1− g−ϵ (µ) + x−ϵ (λ, µ, r), 1− µ). Combining1753

the above with the properties on d̃+ϵ in Lemma 30 concludes the proof.1754

Lemma 32 shows that we can invert d̃±ϵ with respect to their first argument, which is a key property1755

used in Appendix F.1756

Lemma 32. Let d̃±ϵ as in Eq. (32). For all (µ, r, c) ∈ (0, 1) × R⋆
+ × R⋆

+, there exists x > 0 such1757

that d̃+ϵ (µ − x, µ, r) = c. For all (µ, r, c) ∈ (0, 1) × R⋆
+ × R⋆

+, there exists x > 0 such that1758

d̃−ϵ (µ+ x, µ, r) = c.1759
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Proof. Let us define f(x) = d̃+ϵ (µ − x, µ, r) for all x > 0. Using Lemma 30, we know that f is1760

continuous and increasing on R⋆
+ and it satisfies limx→0+ f(x) = 0 and limx→+∞ f(x) = +∞.1761

Therefore, there exists a unique x > 0 such that d̃+ϵ (µ − x, µ, r) = c. Using Lemma 31, we can1762

conclude similarly for d̃−ϵ .1763

Lemma 32 shows that d̃±ϵ is non-decreasing with respect to their first argument, which is a key1764

property used in Appendix F.1765

Lemma 33. Let d̃±ϵ as in Eq. (32). For all (µ, r) ∈ (0, 1)× R⋆
+ and all (λ1, λ2) ∈ R× (−∞, µ),1766

d̃+ϵ (λ1, µ, r) ≥ d̃+ϵ (λ2, µ, r) =⇒ λ1 ≤ λ2
For all (µ, r) ∈ (0, 1)× R⋆

+ and all (λ1, λ2) ∈ R× (µ,+∞),1767

d̃−ϵ (λ1, µ, r) ≥ d̃−ϵ (λ2, µ, r) =⇒ λ1 ≥ λ2

Proof. Using Lemma 30, we known that λ 7→ d̃+ϵ (λ, µ, r) is decreasing on (−∞, µ). Let (λ1, λ2) ∈1768

R× (−∞, µ). Then, we have1769

λ1 > λ2 =⇒ d̃+ϵ (λ1, µ, r) < d̃+ϵ (λ2, µ, r) ,

which is equivalent to the statement of the lemma by contraposition. Using Lemma 31, we can1770

conclude similarly for d̃−ϵ .1771

G.2 Transportation Cost1772

Recall that Wϵ,a,b is defined in Eq. (50), i.e., for all (µ,w) ∈ RK × RK
+ ,1773

∀(a, b) ∈ [K]2, Wϵ,a,b(µ,w) := 1
(
[µa]

1
0 > [µb]

1
0

)
inf

u∈[0,1]

{
wad

−
ϵ (µa, u) + wbd

+
ϵ (µb, u)

}
,

where d±ϵ are defined in Eq. (3).1774

Lemma 34 gathers regularity properties on the transportation costs.1775

Lemma 34. Let d±ϵ as in Eq. (3). For all (λ, µ) ∈ (0, 1)2 such that λ ≥ µ and w ∈ R2
+.1776

• The function u 7→ w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u) is strictly convex on [µ, λ] when1777

max{w1, w2} > 0 and on [0, 1] when min{w1, w2} > 0. Then,1778

inf
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = inf

u∈[µ,λ]
{w1d

−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} .

• The function (λ, µ,w) 7→ infu∈[0,1]{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} is continuous on (0, 1)×1779

(0, 1)× R2
+.1780

• If max{w1, w2} > 0, u⋆(λ, µ,w) = argminu∈[0,1]{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} is unique1781

and continuous on (0, 1)× (0, 1)× R2
+.1782

• If min{w1, w2} > 0 and λ > µ, u⋆(λ, µ,w) ∈ (µ, λ) and1783

min{d−ϵ (λ, u⋆(λ, µ,w)), d+ϵ (µ, u⋆(λ, µ,w))} > 0.1784

Moreover,1785

inf
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = inf

(u1,u2)∈[0,1]2 : u1≤u2

{w1d
−
ϵ (λ, u1) + w2d

+
ϵ (µ, u2)} .

Proof. These results are obtained by leveraging Lemmas 24 and 25 at each step.1786

For u ≤ µ, the function is equal to w1d
−
ϵ (λ, u), which is decreasing and strictly convex on [0, λ)1787

unless w1 = 0 since u ≤ µ ≤ λ. Therefore, the minimum over that interval is attained at µ. For1788

u ≥ λ, the function is equal to w2d
+
ϵ (µ, u), which is increasing and strictly convex on (µ, 1] unless1789

w2 = 0 since u ≥ λ ≥ µ. Therefore, the minimum over that interval is attained at λ. On the interval1790

(µ, λ), the function is equal to w1d
−
ϵ (λ, u)+w2d

+
ϵ (µ, u), hence it is the sum of two convex functions,1791
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one of which is strictly convex. Furthermore, the function is continuous at µ and λ. This concludes1792

the first part of the proof.1793

As we have just shown, we can restrict the infimum to [µ, λ]. We apply Berge’s Maximum theorem1794

[16, page 116]. Let1795

ϕ(u, λ, µ, w) = −w1d
−
ϵ (λ, u)− w2d

+
ϵ (µ, u) ,

Γ(λ, µ,w) = [µ, λ] ,

M(λ, µ,w) = max{ϕ(u, λ, µ, w) | u ∈ Γ(λ, µ,w)} ,
Φ(λ, µ,w) = argmax{ϕ(u, λ, µ, w) | u ∈ Γ(λ, µ,w)} .

We verify the hypotheses of the theorem:1796

• ϕ is continuous on [µ, λ] × (0, 1) × (0, 1) × R2
+, by using the properties in Lemmas 241797

and 25 since (λ, µ) ∈ (0, 1)2.1798

• Γ is nonempty, compact-valued and continuous (since constant).1799

We obtain that M is continuous on (0, 1)× (0, 1)× R2
+ and that Φ is upper hemicontinuous. This1800

concludes the second part of the proof.1801

When max{w1, w2} > 0, we have just shown that ϕ is a strictly concave function of u. Combining1802

this with the fact that Γ is convex, we can argue as in [78, Theorem 9.17] to prove that Φ is a1803

single-valued upper hemicontinuous correspondence, hence a continuous function. This concludes1804

the third part of the proof.1805

Suppose that min{w1, w2} > 0 and λ > µ. Using Lemmas 24 and 25, the function u 7→1806

w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u) is continuously differentiable on (µ, λ) with derivative w1

∂d−
ϵ

∂u (λ, u) +1807

w2
∂d+

ϵ

∂u (µ, u) where1808

∀u ∈ (µ, 1],
∂d+ϵ
∂u

(µ, u) =

{
1−e−ϵ

1−u(1−e−ϵ) if u ∈ (g−ϵ (µ), 1]
u−µ

u(1−u) if u ∈ (µ, g−ϵ (µ)]
,

∀u ∈ [0, λ),
∂d−ϵ
∂u

(λ, u) =

{
− eϵ−1

1+u(eϵ−1) if u ∈ [0, g+ϵ (λ))

− λ−u
u(1−u) if u ∈ [g+ϵ (λ), λ)

.

Since ∂d−
ϵ

∂u (λ, u)→u→λ− 0 and ∂d+
ϵ

∂u (µ, u)→u→µ+ 0, we obtain1809

lim
u→λ−

{
w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u)

}
= w2

∂d+ϵ
∂u

(µ, λ) > 0 ,

lim
u→µ+

{
w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u)

}
= w1

∂d−ϵ
∂u

(λ, µ) < 0 .

Therefore, the infimum is attained inside the open interval. Using Lemmas 24 and 25, we can1810

conclude the proof of the first part of the fourth property.1811

Using the strict convexity of u1 7→ w1d
−
ϵ (λ, u1) and u2 7→ w2d

+
ϵ (µ, u2) on (µ, λ), we obtain that1812

inf
u∈(µ,λ)

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = inf

(u1,u2) : µ<u1≤u2<λ
{w1d

−
ϵ (λ, u1) + w2d

+
ϵ (µ, u2)} .

Re-using the same arguments as above, we obtain that1813

inf
(u1,u2) : µ<u1≤u2<λ

{w1d
−
ϵ (λ, u1) + w2d

+
ϵ (µ, u2)}

= inf
(u1,u2)∈[0,1]2 : u1≤u2

{w1d
−
ϵ (λ, u1) + w2d

+
ϵ (µ, u2)} .

This concludes the proof of the second part of the fourth property.1814

Lemma 35 relates the transportation costs Wϵ,a⋆,a with the transportation costs used in Eq. (1) to1815

define the characteristic time. Crucially, this shows the equivalence with the definitions in Eq. (35).1816
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Lemma 35. Let Wϵ,a⋆,a and dϵ as in Eq. (4) and (2). Let µ ∈ (0, 1)K such that a⋆(µ) = {a⋆}. Let1817

Alt(µ) = {λ ∈ (0, 1)K | a⋆(λ) ̸= {a⋆}}. Then,1818

∀w ∈ △K , inf
λ∈Alt(µ)

∑
a∈[K]

wadϵ(µa, λa) = min
a ̸=a⋆

Wϵ,a⋆,a(µ,w) .

Proof. It is direct to see that Alt(µ) =
⋃

a̸=a⋆ Ca where Ca = {λ ∈ (0, 1)K | λa ≥ λa⋆}. Then,1819

∀w ∈ △K , inf
λ∈Alt(µ)

∑
a∈[K]

wadϵ(µa, λa) = min
a̸=a⋆

inf
λ∈Ca

∑
c∈[K]

wcdϵ(µc, λc) .

By non-negativity of dϵ(µa, λa) for all a ∈ [K], we obtain1820

inf
λ∈Ca

∑
c∈[K]

wcdϵ(µc, λc) = inf
λ∈Ca

∑
c∈{a,a⋆}

wcdϵ(µc, λc)

= inf
(λa,λa⋆ )∈(0,1)2, λa≥λa⋆

∑
c∈{a,a⋆}

wcdϵ(µc, λc) ,

where the two equalities are obtained by choosing λ(a) ∈ (0, 1)K such that λ(a)b = µb for all1821

b /∈ {a, a⋆} with the two other coordinates choosen freely such that λ(a)a ≥ λ(a)a⋆ . Using that1822

µa⋆ > µa, we can partition this set as follows1823

Ca,a⋆ = {(λa, λa⋆) ∈ (0, 1)2 | λa ≥ λa⋆} = {(λa, λa⋆) ∈ (0, µa)
2 | λa ≥ λa⋆}

∪ {(λa, λa⋆) ∈ [µa, µa⋆ ]× (0, µa)}
∪ {(λa, λa⋆) ∈ (µa⋆ , 1)2 | λa ≥ λa⋆}
∪ {(λa, λa⋆) ∈ (µa⋆ , 1)× [µa, µa⋆ ]}
∪ {(λa, λa⋆) ∈ [µa, µa⋆ ]2 | λa ≥ λa⋆} .

Using Lemma 21, µa⋆ > µa and Lemmas 24 and 25, we obtain1824

inf
(λa,λa⋆ )∈(0,µa)2| λa≥λa⋆

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈(0,µa)2| λa≥λa⋆

{wa⋆d−ϵ (µa⋆ , λa⋆) + wad
−
ϵ (µa, λa)} = wa⋆d−ϵ (µa⋆ , µa) ,

inf
(λa,λa⋆ )∈[µa,µa⋆ ]×(0,µa)

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈[µa,µa⋆ ]×(0,µa)

{wa⋆d−ϵ (µa⋆ , λa⋆) + wad
+
ϵ (µa, λa)} = wa⋆d−ϵ (µa⋆ , µa) ,

inf
(λa,λa⋆ )∈(µa⋆ ,1)2| λa≥λa⋆

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈(µa⋆ ,1)2| λa≥λa⋆

{wa⋆d+ϵ (µa⋆ , λa⋆) + wad
+
ϵ (µa, λa)} = wad

+
ϵ (µa, µa⋆) ,

inf
(λa,λa⋆ )∈(µa⋆ ,1)×[µa,µa⋆ ]

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈(µa⋆ ,1)×[µa,µa⋆ ]

{wa⋆d−ϵ (µa⋆ , λa⋆) + wad
+
ϵ (µa, λa)} = wad

+
ϵ (µa, µa⋆) ,

inf
(λa,λa⋆ )∈[µa,µa⋆ ]2| λa≥λa⋆

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈[µa,µa⋆ ]2| λa≥λa⋆

{wa⋆d−ϵ (µa⋆ , λa⋆) + wad
+
ϵ (µa, λa)} .

Therefore, we obtain1825

inf
(λa,λa⋆ )∈Ca,a⋆

{wa⋆dϵ(µa⋆ , λa⋆) + wadϵ(µa, λa)}

= inf
(λa,λa⋆ )∈[µa,µa⋆ ]2| λa≥λa⋆

{wa⋆d−ϵ (µa⋆ , λa⋆) + wad
+
ϵ (µa, λa)}

= inf
u∈[µa,µa⋆ ]2

{wa⋆d−ϵ (µa⋆ , u) + wad
+
ϵ (µa, u)}

= inf
u∈[0,1]

{wa⋆d−ϵ (µa⋆ , u) + wad
+
ϵ (µa, u)} =Wϵ,a⋆,a(µ,w) ,
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where the second equality is obtained similarly as in Lemma 34 by leveraging the strict convexity1826

of d±ϵ in their second argument (see Lemmas 24 and 25). We used Lemma 34 and the definition of1827

Wϵ,a⋆,a(µ,w) for the last two equalities. This concludes the proof.1828

Lemma 36 gathers additional properties on the transportation costs.1829

Lemma 36. Let d±ϵ as in Eq. (3).1830

• Let (λ, µ) ∈ (0, 1)2 such that λ > µ. When w2 > 0, the function w1 7→1831

minu∈[0,1]{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} is increasing on R+. When w1 > 0, the function1832

w2 7→ minu∈[0,1]{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} is increasing on R+.1833

• Let (λ, µ) ∈ (0, 1)2 and µ ∈ (0, 1)K . The function w 7→1834

minu∈[0,1]{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} is concave on R2

+. The function1835

w 7→ mina∈[K]\{1} minu∈[0,1]{w1d
−
ϵ (µ1, u) + wad

+
ϵ (µa, u)} is concave on RK

+ .1836

Proof. Let w2 > 0 and w′
1 > w1 ≥ 0. Using Lemma 34, since w′

1 > 0, there exists u′ ∈ [0, 1] with1837

d−ϵ (λ, u
′) > 0 such that1838

min
u∈[0,1]

{w′
1d

−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = w′

1d
−
ϵ (λ, u

′) + w2d
+
ϵ (µ, u

′)

> w1d
−
ϵ (λ, u

′) + w2d
+
ϵ (µ, u

′)

≥ min
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} .

Let w1 > 0 and w′
2 > w2 ≥ 0. Then, we can show similarly by using Lemma 34 that1839

min
u∈[0,1]

{w1d
−
ϵ (λ, u) + w′

2d
+
ϵ (µ, u)} > min

u∈[0,1]
{w1d

−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} .

This concludes the first part of the proof. The proof of the second part is direct since those functions1840

are minimum of linear functions, hence concave.1841

Lemma 37 gives a closed-form solution for the transportation costs. This is a key property used in1842

our implementation to reduce the computational cost.1843

Lemma 37. Let d±ϵ and g±ϵ as in Eq. (3) and (30). For all (a, c) ∈ R2
+ and b ∈ R, let r1,+(a, b, c) :=1844

√
b2+4ac−b

2a . For all (λ, µ) ∈ (0, 1)2 and w ∈ R2
+ such that min{w1, w2} > 0 and λ > µ.1845

• When (1) g−ϵ (µ) ≥ λ, or (2) g−ϵ (µ) < λ, g+ϵ (λ) ≤ g−ϵ (µ) and w2µ+w1λ
w2+w1

∈ [g+ϵ (λ), g
−
ϵ (µ)], we1846

have u⋆(λ, µ,w) = w2µ+w1λ
w2+w1

and1847

min
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = w1kl(λ, u⋆(λ, µ,w)) + w2kl(µ, u⋆(λ, µ,w)) .

• When (3) g−ϵ (µ) < λ, g+ϵ (λ) > g−ϵ (µ) and u3,⋆(w) ∈ [g−ϵ (µ), g
+
ϵ (λ)] where1848

u3,⋆(w) :=
w1(e

ϵ − 1)− w2(1− e−ϵ)

(w2 + w1)(1− e−ϵ)(eϵ − 1)
,

we have u⋆(λ, µ,w) = u3,⋆(w) and1849

min
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)}

= w1 (− log (1 + u3,⋆(w)(e
ϵ − 1)) + ϵλ) + w2

(
− log

(
1− u3,⋆(w)(1− e−ϵ)

)
− ϵµ

)
.

• When (4) g−ϵ (µ) < λ, g+ϵ (λ) ≤ g−ϵ (µ) and w2µ+w1λ
w2+w1

∈ (µ, g+ϵ (λ)), or (5) g−ϵ (µ) < λ, g+ϵ (λ) >1850

g−ϵ (µ) and u3,⋆(w) < g−ϵ (µ), we have u⋆(λ, µ,w) = u1,⋆(µ,w) and1851

u1,⋆(µ,w) := r1,+ ((w2 + w1)(e
ϵ − 1), (w2 − (w2µ+ w1)(e

ϵ − 1)) , w2µ) ,

min
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)}

59



= w1 (− log (1 + u1,⋆(µ,w)(e
ϵ − 1)) + ϵλ) + w2kl(µ, u1,⋆(µ,w)) .

• When (6) g−ϵ (µ) < λ, g+ϵ (λ) ≤ g−ϵ (µ) and w2µ+w1λ
w2+w1

∈ (g−ϵ (µ), λ), or (7) g−ϵ (µ) < λ, g+ϵ (λ) >1852

g−ϵ (µ) and u3,⋆(w) > g+ϵ (λ), we have u⋆(λ, µ,w) = u2,⋆(λ,w) and1853

u2,⋆(λ,w) := 1− r1,+ ((w2 + w1)(e
ϵ − 1), (w1 − (w1(1− λ) + w2)(e

ϵ − 1)) , w1(1− λ)) ,
min

u∈[0,1]
{w1d

−
ϵ (λ, u) + w2d

+
ϵ (µ, u)}

= w1kl(λ, u2,⋆(λ,w)) + w2

(
− log

(
1− u2,⋆(λ,w)(1− e−ϵ)

)
− ϵµ

)
.

Proof. Suppose that g−ϵ (µ) ≥ λ. Using Lemma 23, we know that g−ϵ (µ) ≥ λ if and only if1854

µ ≥ g+ϵ (λ). Therefore, for all u ∈ (µ, λ), we have1855

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
λ− u
u(1− u)

+ w2
u− µ
u(1− u)

=
(w2 + w1)u− (w2µ+ w1λ)

u(1− u)
.

Therefore, we have1856

u⋆(λ, µ,w) =
w2µ+ w1λ

w2 + w1
∈ (µ, λ) .

Suppose that g−ϵ (µ) < λ. Using Lemma 23, we know that g−ϵ (µ) < λ if and only if µ < g+ϵ (λ).1857

Using strict convexity of the function on (µ, λ), it is enough to exhibit one local minimum to obtain a1858

global minimum on (µ, λ).1859

Suppose that g+ϵ (λ) ≤ g−ϵ (µ). Similarly as above, we obtain, for all u ∈ [g+ϵ (λ), g
−
ϵ (µ)],1860

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) =
(w2 + w1)u− (w2µ+ w1λ)

u(1− u)
.

Suppose that w2µ+w1λ
w2+w1

∈ [g+ϵ (λ), g
−
ϵ (µ)]. Then, we can conclude as above that1861

u⋆(λ, µ,w) =
w2µ+ w1λ

w2 + w1
∈ [g+ϵ (λ), g

−
ϵ (µ)] ,

since it is a local minimum of a strictly convex function.1862

Suppose that w2µ+w1λ
w2+w1

< g+ϵ (λ). Since the gradient is positive on [g+ϵ (λ), g
−
ϵ (µ)], we know that1863

the minimum on (µ, λ) is achieved on (µ, g+ϵ (λ)), i.e., u⋆(λ, µ,w) ∈ (µ, g+ϵ (λ)). Then, for all1864

u ∈ (µ, g+ϵ (λ)),1865

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
eϵ − 1

1 + u(eϵ − 1)
+ w2

u− µ
u(1− u)

.

Using Lemma 23, direct computation yields1866

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) > 0 ⇐⇒ µ < u

(
1 +

w1

w2

(
1− g−ϵ (u)

u

))
,

lim
u→µ+

u

(
1 +

w1

w2

(
1− g−ϵ (u)

u

))
= µ

(
1 +

w1

w2

(
1− g−ϵ (µ)

µ

))
< µ ,

lim
u→g+

ϵ (λ)−
u

(
1 +

w1

w2

(
1− g−ϵ (u)

u

))
= g+ϵ (λ)

(
1 +

w1

w2

(
1− λ

g+ϵ (λ)

))
> µ ,

where the second result uses that u < g−ϵ (u) and the last result is obtained by continuity of the1867

differentials (Lemmas 24 and 25) and the positivity on [g+ϵ (λ), g
−
ϵ (µ)]. For all (a, c) ∈ R2

+ and1868

b ∈ R, we define r1,+(a, b, c) =
√
b2+4ac−b

2a . Therefore, we have1869

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = 0

⇐⇒ (w2 + w1)(e
ϵ − 1)u2 + (w2 − (w2µ+ w1)(e

ϵ − 1))u− w2µ = 0

⇐⇒ u⋆(λ, µ,w) = r1,+ ((w2 + w1)(e
ϵ − 1), (w2 − (w2µ+ w1)(e

ϵ − 1)) , w2µ) ∈ (µ, g+ϵ (λ))
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where we used that u⋆(λ, µ,w) ∈ (µ, g+ϵ (λ)) is unique for the last equivalence, and that the second1870

root of the second order polynomial equation is negative. Notice that u⋆(λ, µ,w) is independent of λ.1871

Suppose that w2µ+w1λ
w2+w1

> g−ϵ (µ). Since the gradient is negative on [g+ϵ (λ), g
−
ϵ (µ)], we know that1872

the minimum on (µ, λ) is achieved on (g−ϵ (µ), λ), i.e., u⋆(λ, µ,w) ∈ (g−ϵ (µ), λ). Then, for all1873

u ∈ (g−ϵ (µ), λ),1874

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
λ− u
u(1− u)

+ w2
1− e−ϵ

1− u(1− e−ϵ)
.

Using Lemma 23, direct computation yields1875

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) < 0 ⇐⇒ λ > u

(
1 +

w2

w1

(
1− g+ϵ (u)

u

))
,

lim
u→λ−

u

(
1 +

w2

w1

(
1− g+ϵ (u)

u

))
= λ

(
1 +

w2

w1

(
1− g+ϵ (λ)

λ

))
> λ ,

lim
u→g−

ϵ (µ)+
u

(
1 +

w2

w1

(
1− g+ϵ (u)

u

))
= g−ϵ (µ)

(
1 +

w2

w1

(
1− µ

g−ϵ (µ)

))
< λ ,

where the second result uses that u > g+ϵ (u) and the last result is obtained by continuity of the1876

differentials (Lemmas 24 and 25) and the negativity on [g+ϵ (λ), g
−
ϵ (µ)].1877

Using Lemma 22, we obtain1878

argmin
u∈[0,1]

{w1d
−
ϵ (λ, u) + w2d

+
ϵ (µ, u)} = 1− argmin

u∈[0,1]

{w1d
+
ϵ (1− λ, u) + w2d

−
ϵ (1− µ, u)} .

Using Lemma 23, we obtain1879

g−ϵ (µ) < λ ⇐⇒ g−ϵ (1− λ) < 1− µ ,
w2µ+ w1λ

w2 + w1
∈ (g−ϵ (µ), λ) ⇐⇒ w2(1− µ) + w1(1− λ)

w2 + w1
∈ (1− λ, g+ϵ (1− µ)) .

Therefore, we can leverage the above case to obtain u⋆(λ, µ,w) = u2,⋆(λ,w) where1880

u2,⋆(λ,w) = 1− r1,+ ((w2 + w1)(e
ϵ − 1), (w1 − (w1(1− λ) + w2)(e

ϵ − 1)) , w1(1− λ))
Notice that u⋆(λ, µ,w) is independent of µ.1881

Suppose that g−ϵ (µ) < λ and g+ϵ (λ) > g−ϵ (µ). Similarly as above, we obtain, for all u ∈1882

[g−ϵ (µ), g
+
ϵ (λ)],1883

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
eϵ − 1

1 + u(eϵ − 1)
+ w2

1− e−ϵ

1− u(1− e−ϵ)
.

Therefore, we obtain1884

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) > 0

⇐⇒ w2(1− e−ϵ)(1 + u(eϵ − 1))− w1(e
ϵ − 1)(1− u(1− e−ϵ)) > 0

⇐⇒ u > u3,⋆(w) :=
w1(e

ϵ − 1)− w2(1− e−ϵ)

(w2 + w1)(1− e−ϵ)(eϵ − 1)
.

Suppose that u3,⋆(w) ∈ [g−ϵ (µ), g
+
ϵ (λ)]. Then, we can conclude as above that1885

u⋆(λ, µ,w) = u3,⋆(w) ∈ [g−ϵ (µ), g
+
ϵ (λ)] ,

since it is a local minimum of a strictly convex function. Notice that u3,⋆(w) is independent of (λ, µ).1886

Suppose that u3,⋆(w) > g+ϵ (λ). Since the gradient is negative on [g−ϵ (µ), g
+
ϵ (λ)], we know that1887

the minimum on (µ, λ) is achieved on (g+ϵ (λ), λ), i.e., u⋆(λ, µ,w) ∈ (g+ϵ (λ), λ). Then, for all1888

u ∈ (g+ϵ (λ), λ),1889

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
λ− u
u(1− u)

+ w2
1− e−ϵ

1− u(1− e−ϵ)
.
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This recovers the condition solved above. As we know that u⋆(λ, µ,w) ∈ (g+ϵ (λ), λ), we obtain1890

u⋆(λ, µ,w) = u2,⋆(λ,w) where1891

u2,⋆(λ,w) = 1− r1,+ ((w2 + w1)(e
ϵ − 1), (w1 − (w1(1− λ) + w2)(e

ϵ − 1)) , w1(1− λ))

Suppose that u3,⋆(w) < g−ϵ (µ). Since the gradient is positive on [g−ϵ (µ), g
+
ϵ (λ)], we know that1892

the minimum on (µ, λ) is achieved on (µ, g−ϵ (µ)), i.e., u⋆(λ, µ,w) ∈ (µ, g−ϵ (µ)). Then, for all1893

u ∈ (µ, g−ϵ (µ)),1894

w1
∂d−ϵ
∂u

(λ, u) + w2
∂d+ϵ
∂u

(µ, u) = −w1
eϵ − 1

1 + u(eϵ − 1)
+ w2

u− µ
u(1− u)

.

This recovers the condition solved above. As we know that u⋆(λ, µ,w) ∈ (µ, g−ϵ (µ)), we obtain1895

u⋆(λ, µ,w) = u1,⋆(µ,w) where1896

u1,⋆(µ,w) = r1,+ ((w2 + w1)(e
ϵ − 1), (w2 − (w2µ+ w1)(e

ϵ − 1)) , w2µ) .

This concludes the proof.1897

1898

G.2.1 Modified Transportation Cost1899

Let η > 0 be the geometric parameter used for the geometric grid update of our private empirical1900

mean estimator. Let us define1901

∀x ≥ 1, r(x) :=
x

1 + log1+η x
, (33)

which is increasing if and only if x > e
1+η . For all (µ,w) ∈ RK × RK

+ and all (a, b) ∈ [K]2 such1902

that a ̸= b, we define1903

W̃ϵ,a,b(µ,w) := 1
(
[µa]

1
0 > [µb]

1
0

)
inf

u∈(0,1)

{
wad̃

−
ϵ (µa, u, r(wa)) + wbd̃

+
ϵ (µb, u, r(wb))

}
, (34)

where d̃±ϵ are defined in Eq. (32).1904

Lemma 38 gathers regularity properties of the function r defined in Eq. (33).1905

Lemma 38. Let r as in Eq. (33). Then,1906

∀x ≥ 1, r′(x) =
log(x(1 + η)/e)

log(1 + η)(1 + log1+η x)
2
,

r′′(x) = − 1

x(log(1 + η))2
log((1 + η)xe−2)

(1 + log1+η x)
3
.

On [1,+∞), the function r is twice continuously differentiable. It is decreasing on [1, e/(1 + η))1907

and increasing on (e/(1 + η),+∞); its minium is r(e/(1 + η)) ∈ (0, 1). It is strictly convex on1908

[1, e2/(1 + η)) and strictly concave on (e2/(1 + η),+∞).1909

Proof. The proof is obtained by direct differentiation and manipulation. We have1910

∀η > 0, r(e/(1 + η)) =
e log(1 + η)

1 + η
∈ (0, 1) .

1911

Lemma 39 shows that the modified transportation costs can be rewritten differently, which is a key1912

property used in Appendix F.1913

Lemma 39. Let d̃±ϵ as in Eq. (32), and r as in Eq. (33). For all (λ, µ) ∈ R2 such that [λ]10 > [µ]101914

and (w1, w2) ∈ [1,+∞)2. Then,1915

inf
u∈(0,1)

{w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= inf
u∈([µ]10,[λ]

1
0)
{w1d̃

−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= inf
(u1,u2)∈(0,1)2: u1≤u2

{w1d̃
−
ϵ (λ, u1, r(w1)) + w2d̃

+
ϵ (µ, u2, r(w2))} .
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Proof. These results are obtained by leveraging Lemmas 30 and 31.1916

Note that the condition [λ]10 > [µ]10 implies that µ ∈ (−∞, 1) and λ ∈ (0,+∞), i.e., [µ]10 =1917

max{0, µ} and [λ]10 = min{1, λ}.1918

Suppose that µ ≤ 0 and λ ≥ 1. Then, we have [µ]10 = 0 and [λ]10 = 1. Therefore, the first part of the1919

result holds by definition.1920

Suppose that µ ≤ 0 and λ ∈ (0, 1). Then, we have [µ]10 = 0 and [λ]10 = λ. For u ∈ [λ, 1), the1921

function is equal to w2d̃
+
ϵ (µ, u, r(w2)), which is increasing and strictly convex on (0, 1). There-1922

fore, the minimum over that interval is attained at λ. For u ∈ (0, λ), the function is equal to1923

w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2)). Since it is the sum of two strictly convex function, the1924

minimum over that interval is achieved in (0, λ). This concludes the proof of the first part of the1925

result for this case.1926

Suppose that µ ∈ (0, 1) and λ ≥ 1. Then, we have [µ]10 = µ and [λ]10 = 1. For u ∈ (0, µ], the1927

function is equal to w1d̃
−
ϵ (λ, u, r(w2)), which is decreasing and strictly convex on (0, 1). There-1928

fore, the minimum over that interval is attained at µ. For u ∈ (µ, 1), the function is equal to1929

w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2)). Since it is the sum of two strictly convex function, the1930

minimum over that interval is achieved in (µ, 1). This concludes the proof of the first part of the1931

result for this case.1932

Suppose that (µ, λ) ∈ (0, 1)2. Then, we have [µ]10 = µ and [λ]10 = λ. For u ∈ [λ, 1), the function1933

is equal to w2d̃
+
ϵ (µ, u, r(w2)), which is increasing and strictly convex on (0, 1). Therefore, the1934

minimum over that interval is attained at λ. For u ∈ (0, µ], the function is equal tow1d̃
−
ϵ (λ, u, r(w2)),1935

which is decreasing and strictly convex on (0, 1). Therefore, the minimum over that interval is attained1936

at µ. For u ∈ (µ, λ), the function is equal to w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2)). Since it is1937

the sum of two strictly convex function, the minimum over that interval is achieved in (µ, λ). This1938

concludes the proof of the first part of the result for this case.1939

In summary, we have shown that1940

inf
u∈(0,1)

{w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= inf
u∈([µ]10,[λ]

1
0)
{w1d̃

−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))} .

Using the strict convexity of u1 7→ w1d̃
−
ϵ (λ, u1, r(w1)) and u2 7→ w2d̃

+
ϵ (µ, u2, r(w2)) on1941

([µ]10, [λ]
1
0), we obtain that1942

inf
u∈([µ]10,[λ]

1
0)
{w1d̃

−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= inf
(u1,u2) : [µ]10<u1≤u2<[λ]10

{w1d̃
−
ϵ (λ, u1, r(w1)) + w2d̃

+
ϵ (µ, u2, r(w2))} .

Re-using the same arguments as above, we obtain that1943

inf
(u1,u2) : [µ]10<u1≤u2<[λ]10

{w1d̃
−
ϵ (λ, u1, r(w1)) + w2d̃

+
ϵ (µ, u2, r(w2))} =

= inf
(u1,u2)∈(0,1)2: u1≤u2

{w1d̃
−
ϵ (λ, u1, r(w1)) + w2d̃

+
ϵ (µ, u2, r(w2))} .

This concludes the proof.1944

Lemma 40 gives a closed-form solution for the modified transportation costs based on an implicit1945

solution of a fixed-point equation. This is a key property used in our implementation to reduce the1946

computational cost.1947

Lemma 40. Let d̃±ϵ as in Eq. (32), x±ϵ as in Lemmas 30 and 31, and r as in Eq. (33). For all1948

(λ, µ) ∈ R2 such that [λ]10 > [µ]10 and w ∈ [1,+∞)2. Then,1949

inf
u∈(0,1)

{w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= w1d̃
−
ϵ (λ, u

⋆(λ, µ,w), r(w1)) + w2d̃
+
ϵ (µ, u

⋆(λ, µ,w), r(w2)) ,
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where u⋆(λ, µ,w) ∈ ([µ]10, [λ]
1
0) is the unique solution for u ∈ ([µ]10, [λ]

1
0) of the equation1950

u(w1 + w2)− w1g
−
ϵ (u)− w2g

+
ϵ (u) + w1x

−
ϵ (λ, u, r(w1))− w2x

+
ϵ (µ, u, r(w2)) = 0 .

Proof. Using Lemma 39, we have1951

inf
u∈(0,1)

{w1d̃
−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))}

= inf
u∈([µ]10,[λ]

1
0)
{w1d̃

−
ϵ (λ, u, r(w1)) + w2d̃

+
ϵ (µ, u, r(w2))} .

Using Lemmas 31 and 30, we obtain1952

∀u ∈ (0, [λ]10),
∂d̃−ϵ
∂u

(λ, u, r(w1)) =
u− g−ϵ (u) + x−ϵ (λ, u, r(w1))

u(1− u)
,

∀u ∈ ([µ]10, 1),
∂d̃+ϵ
∂u

(µ, u, r(w2)) =
u− g+ϵ (u)− x+ϵ (µ, u, r(w2))

u(1− u)
.

Therefore, for all u ∈ ([µ]10, [λ]
1
0),1953

w1
∂d̃−ϵ
∂u

(λ, u, r(w1)) + w2
∂d̃+ϵ
∂u

(µ, u, r(w2))

=
w1(u− g−ϵ (u) + x−ϵ (λ, u, r(w1))) + w2(u− g+ϵ (u)− x+ϵ (µ, u, r(w2)))

u(1− u)

=
u(w1 + w2)− (w1g

−
ϵ (u) + w2g

+
ϵ (u)) + w1x

−
ϵ (λ, u, r(w1))− w2x

+
ϵ (µ, u, r(w2))

u(1− u)
.

For u ∈ ([µ]10, [λ]
1
0), let us define1954

g1(u) := u(w1 + w2)− w1g
−
ϵ (u)− w2g

+
ϵ (u) + w1x

−
ϵ (λ, u, r(w1))− w2x

+
ϵ (µ, u, r(w2)) .

Using the proof of Lemmas 31 and 30, we know that1955

lim
u→[µ]10

∂d̃+ϵ
∂u

(µ, u, r(w1)) = 0 and lim
u→[λ]10

∂d̃−ϵ
∂u

(λ, u, r(w1)) = 0 ,

∀u ∈ (0, [λ]10),
∂d̃−ϵ
∂u

(λ, u, r(w1)) < 0 and ∀u ∈ ([µ]10, 1),
∂d̃+ϵ
∂u

(µ, u, r(w1)) > 0 .

Combined with the strict convexity of d̃±ϵ in their second argument, the equation g1(u) = 0 admits1956

a unique solution on ([µ]10, [λ]
1
0). Since u(1 − u) > 0, we obtain the implicit equation defining1957

u⋆(λ, µ,w) as above.1958

G.3 Characteristic Time1959

Let ν be a Bernoulli instance with means µ ∈ (0, 1)2 and unique best arm a⋆ ∈ [K], i.e.,1960

argmaxa∈[K] µa = {a⋆}. For all β ∈ (0, 1), we define1961

T ⋆
ϵ (ν)

−1 = sup
w∈△K

min
a̸=a⋆

Wϵ,a⋆,b(µ,w) and w⋆
ϵ (ν) = argmax

w∈△K

min
a̸=a⋆

Wϵ,a⋆,b(µ,w) , (35)

T ⋆
ϵ,β(ν)

−1 = sup
w∈△K ,wa⋆=β

min
a̸=a⋆

Wϵ,a⋆,b(µ,w) and w⋆
ϵ,β(ν) = argmax

w∈△K ,wa⋆=β
min
a ̸=a⋆

Wϵ,a⋆,b(µ,w)

where Wϵ,a,b are defined in Eq. (4).1962

Lemma 41 gathers regularity properties on the characteristic times and their optimal allocations.1963

Lemma 41. Let Wϵ,a,b as in Eq. (4). Let (T ⋆
ϵ , T

⋆
ϵ,β) and (w⋆

ϵ , w
⋆
ϵ,β) as in Eq. (35). The function1964

(µ,w) 7→ mina ̸=a⋆(µ)Wϵ,a⋆(µ),a(µ,w) is continuous on (0, 1)K×△K . The functions ν 7→ T ⋆
ϵ (ν)

−11965

and ν 7→ T ⋆
ϵ,β(ν)

−1 are continuous on FK . The correspondences ν 7→ w⋆
ϵ (ν) and ν 7→ w⋆

ϵ,β(ν)1966

are upper hemicontinuous on FK with compact convex values.1967
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Proof. Let FK
a =

{
ν ∈ FK | a ∈ a⋆(ν)

}
. Since

⋃
a∈[K] FK

a = FK , it is enough to show the1968

property for all FK
a for a ∈ [K]. Let a⋆ ∈ [K].1969

First, the function (w,ν) 7→ mina̸=a⋆ infu∈[0,1] {wa⋆d−ϵ (µa⋆ , u) + wad
+
ϵ (µa⋆ , u)} is continuous on1970

△K ×FK by Lemma 34 and the fact that a minimum of continuous functions is continuous. It is1971

concave in w by Lemma 36.1972

The correspondence (w,ν) 7→ △K is nonempty compact-valued and continuous (since constant). By1973

Berge’s maximum theorem, we get that ν 7→ T ⋆
ϵ (ν)

−1 is continuous on FK
a⋆ and that ν 7→ w⋆

ϵ (ν) is1974

upper hemicontinuous with compact values. By [78, Theorem 9.17], the concavity of the function1975

being maximized implies that ν 7→ w⋆
ϵ (ν) is convex-valued.1976

The correspondence (w,ν) 7→ △K ∩{wa⋆ = β} is nonempty compact-valued and continuous (since1977

constant). By Berge’s maximum theorem, we get that ν 7→ T ⋆
ϵ,β(ν)

−1 is continuous on FK
a⋆ and that1978

w⋆
β(ν) is upper hemicontinuous with compact values. By [78, Theorem 9.17], the concavity of the1979

function being maximized implies that ν 7→ w⋆
ϵ,β(ν) is convex-valued.1980

Lemma 42 provides additional properties on the characteristic times and their optimal allocations.1981

In particular, this results show that the (β-)optimal allocations is unique, has positive allocation for1982

each arm and that the transportation costs are equal at equilibrium. Those properties are key in the1983

analysis of a sampling rule.1984

Lemma 42. Let Wϵ,a,b as in Eq. (4). Let (T ⋆
ϵ , T

⋆
ϵ,β) and (w⋆

ϵ , w
⋆
ϵ,β) as in Eq. (35). Let β ∈ (0, 1)1985

and ν ∈ FK such that a⋆(ν) = {a⋆} is a singleton.1986

• T ⋆
ϵ (ν)

−1 > 0 and T ⋆
ϵ,β(ν)

−1 > 0.1987

• mina∈[K] w
⋆
a > 0 and mina∈[K] w

⋆
β,a > 0 for all w⋆ ∈ w⋆

ϵ (ν) and w⋆
β ∈ w⋆

ϵ,β(ν).1988

• the (β-)optimal allocations are unique and the transportation costs are all equals at equilibrium1989

w⋆
ϵ (ν) = {w⋆

ϵ } and ∀a ̸= a⋆, inf
u∈[0,1]

{
w⋆

ϵ,a⋆d−ϵ (µa⋆ , u) + w⋆
ϵ,ad

+
ϵ (µa, u)

}
= T ⋆

ϵ (ν)
−1 ,

w⋆
ϵ,β(ν) = {w⋆

ϵ,β} and ∀a ̸= a⋆, inf
u∈[0,1]

{
w⋆

ϵ,β,a⋆d−ϵ (µa⋆ , u) + w⋆
ϵ,β,ad

+
ϵ (µa, u)

}
= T ⋆

ϵ,β(ν)
−1

Proof. Using the definition of the supremum with 1K/K ∈ △K and Lemma 34, we obtain1990

T ⋆
ϵ (ν)

−1 = sup
w∈△K

min
a ̸=a⋆

inf
u∈[0,1]

{
wa⋆d−ϵ (µa⋆ , u) + wad

+
ϵ (µa, u)

}
≥ 1

K
min
a ̸=a⋆

inf
u∈[0,1]

{
d−ϵ (µa⋆ , u) + d+ϵ (µa, u)

}
> 0 ,

where the last inequality strict uses Lemma 34 and µa < µa⋆ for all a ̸= a⋆. Similarly, we can prove1991

that T ⋆
ϵ,β(ν)

−1 > 0. This concludes the first part of the proof.1992

We proceed towards contradiction. Suppose that there exists w⋆ ∈ w⋆
ϵ (ν) and b with w⋆

b = 0. Then,1993

we will show T ⋆
ϵ (ν)

−1 = 0, which is a contradiction with the above result. If b = a⋆ we have1994

T ⋆
ϵ (ν)

−1 = min
a ̸=a⋆

inf
u∈[0,1]

w⋆
ad

+
ϵ (µa, u) ≤ min

a ̸=a⋆
w⋆

ad
+
ϵ (µa, µa) = 0 .

If b ̸= a⋆, we have1995

T ⋆
ϵ (ν)

−1 = min
a̸=a⋆

inf
u∈[0,1]

{
w⋆

a⋆d−ϵ (µa⋆ , u) + w⋆
ad

+
ϵ (µa, u)

}
≤ inf

u∈[0,1]

{
w⋆

a⋆d−ϵ (µa⋆ , u) + w⋆
bd

+
ϵ (µb, u)

}
= inf

u∈[0,1]
w⋆

a⋆d−ϵ (µa⋆ , u) = 0 .

A similar proof allows to show the result for w⋆
ϵ,β(ν) by reasoning on T ⋆

ϵ,β(ν)
−1. This concludes the1996

second part of the proof.1997

For notational simplicity, we assume without loss of generality that a⋆ = 1 is the best arm. At the1998

optimal allocations, all wa are positive. Let us define Gb(x) = infu∈[0,1] {d−ϵ (µ1, u) + xd+ϵ (µb, u)}1999

for all b ̸= 1. Let w⋆ ∈ w⋆
ϵ (ν). Then, we have2000

T ⋆
ϵ (ν)

−1 = max
w∈△K ,w1>0

w1 min
b ̸=1

Gb

(
wb

w1

)
and w⋆ ∈ argmax

w∈△K

w1 min
b̸=1

Gb

(
wb

w1

)
.
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Introducing x⋆b =
w⋆

b

w⋆
1

for all b ̸= 1, using that
∑

b∈[K] w
⋆
b = 1, one has2001

w⋆
1 =

1

1 +
∑

c̸=1 x
⋆
c

and ∀b ̸= 1, w⋆
b =

x⋆b
1 +

∑
c̸=1 x

⋆
c

.

If x⋆ is unique, then so is w⋆. Since it is optimal, {x⋆b}Kb=2 ∈ RK−1 belongs to2002

argmax
{xb}K

b=2∈RK−1

minb ̸=1Gb (xb)

1 +
∑K

c=2 xc
. (36)

Let’s show that all the Gb (x
⋆
b) have to be equal. Let O =2003

{a ∈ [K] \ {1} | Ga (x
⋆
a) = minb ̸=1Gb (x

⋆
b)} and A = [K] \ ({1} ∪ O). Assume that A ̸= ∅. For2004

all a ∈ A and b ∈ O, one has Gb (x
⋆
b) > Ga (x

⋆
a). Using the continuity of the Gb functions and the2005

fact that they are increasing (Lemma 36), there exists ϵ > 0 such that2006

∀b ∈ A, a ∈ O, Gb (x
⋆
b − ϵ/|A|) > Ga (x

⋆
a + ϵ/|O|) > Ga (x

⋆
a) .

We introduce x̄b = x⋆b − ϵ/|A| for all b ∈ A and x̄a = x⋆a + ϵ/|O| for all a ∈ O, hence
∑K

b=2 x̄b =2007 ∑K
b=2 x

⋆
b . There exists a ∈ O such that minb̸=1Gb (x̄b) = Ga (x

⋆
a + ϵ/|O|), hence2008

minb̸=1Gb (x̄b)

1 + x̄2 + . . . x̄K
=

Ga (x
⋆
a + ϵ/|O|)

1 + x⋆2 + · · ·+ x⋆K
>

Ga (x
⋆
a)

1 + x⋆2 + · · ·+ x⋆K
=

minb ̸=1Gb (x
⋆
b)

1 + x⋆2 + · · ·+ x⋆K
.

This is a contradiction with the fact that x⋆ belongs to (36). Therefore, we have A = ∅.2009

We have proved that there is a unique value by y⋆ ∈ R+, such that for all b ̸= 1, Gb (x
⋆
b) = y⋆. Now2010

since Gb is increasing, this defines a unique value for x⋆b , equal to G−1
b (y⋆).2011

For y in the intersection of the ranges of all Gb, let xb(y) = G−1
b (y). Then, y⋆ belongs to2012

argmax
y∈[0,minb̸=1 lim+∞ Gb(x))

y

1 +
∑

b ̸=1 xb(y)
. (37)

For β ∈ (0, 1), the same results (and proof) hold for w⋆
ϵ,β(ν) by noting that2013

T ⋆
ϵ,β(ν)

−1 = max
w∈△K :w1=β

βmin
b̸=1

Gb (wb/β) .

Let w⋆
ϵ,β ∈ w⋆

ϵ,β(ν), since we have equality at the equilibrium, we obtain βGb

(
w⋆

ϵ,β,b/β
)

=2014

T ⋆
ϵ,β(ν)

−1 for all b ̸= 1. Using the inverse mapping xb, we obtain w⋆
ϵ,β,b = βxb

(
T ⋆
ϵ,β(ν)

−1/β
)

for2015

all b ̸= 1. This concludes the third part of the proof.2016

Lemma 43 shows that an asymptotically 1/2-optimal algorithm has an asymptotic expected sample2017

complexity which is at worse twice the asymptotic expected sample complexity of an asymptotically2018

optimal algorithm. This result motivates the recommendation to the practitioner of using β = 1/22019

when no prior information is available on the true instance ν.2020

Lemma 43. Let (T ⋆
ϵ , T

⋆
ϵ,β , w

⋆
ϵ ) as in Eq. (35). Let β ∈ (0, 1) and ν ∈ FK such that a⋆(ν) = {a⋆}2021

is a singleton. Then,2022

T ⋆
ϵ,1/2(ν) ≤ 2T ⋆

ϵ (ν) and
T ⋆
ϵ (ν)

−1

T ⋆
ϵ,β(ν)

−1
≤ max

{
β⋆

β
,
1− β⋆

1− β

}
with β⋆ = w⋆

ϵ,a⋆ .

Proof. Define for each non-negative vector ψ ∈ RK
+ ,2023

f(ψ) := min
a ̸=a⋆

inf
u∈[0,1]

{
ψa⋆d−ϵ (µa⋆ , u) + ψad

+
ϵ (µa, u)

}
.

T ⋆
ϵ (ν)

−1 is the maximum of f(ψ) over probability vectors ψ ∈ △K . Here, we instead define f for
all non-negative vectors, and proceed by varying the total budget of measurement effort available

66



∑
a∈[K] ψa. Using Lemma 36, f is non-decreasing in ψa for all a. f is homogeneous of degree 1.

That is f(cψ) = cf(ψ) for all c ≥ 1. For each c1, c2 > 0 define

g (c1, c2) = max

f(ψ) | ψ ∈ RK
+ , ψa⋆(ν) = c1,

∑
a̸=a⋆(ν)

ψa ≤ c2,

 .

The function g inherits key properties of f ; it is also non-decreasing and homogeneous of degree 1.
We have

T ⋆
ϵ,β(ν)

−1 = max

f(ψ) | ψ ∈ RK
+ , ψa⋆ = β,

∑
a∈[K]

ψa = 1


= max

f(ψ) | ψ ∈ RK
+ , ψa⋆ = β,

∑
a ̸=a⋆

ψa ≤ 1− β

 = g(β, 1− β) ,

where the second equality uses that f is non-decreasing. Similarly, T ⋆
ϵ (ν)

−1 = g (β⋆, 1− β⋆) where
β⋆ = w⋆

ϵ,a⋆ . Setting r := max
{

β⋆

β ,
1−β⋆

1−β

}
implies rβ ≥ β⋆ and r(1− β) ≥ 1− β⋆. Therefore

rT ⋆
ϵ,β(ν)

−1 = rg(β, 1− β) = g(rβ, r(1− β)) ≥ g (β⋆, 1− β⋆) = T ⋆
ϵ (ν)

−1 .

Taking β = 1
2 , yields that T ⋆

ϵ (ν)
−1 ≤ 2max{β⋆, 1− β⋆}T ⋆

1/2(ν)
−1 ≤ 2T ⋆

1/2(ν)
−1.2024

Lemma 44 gives sufficient conditions on the means and allocations in order for the transportation2025

costs to be equals to the non-private transportation costs. Moreover, it gives sufficient conditions on2026

the means in order for this equality to hold irrespective of the considered allocation. Taken together,2027

this result allows to have fine and coarse understanding of the separation between the high privacy2028

regime and the low privacy regime for ϵ-global DP BAI.2029

Lemma 44. Let Wϵ,a,b as in Eq. (4). Let µ ∈ (0, 1)K such that a⋆ = argmaxa∈[K] µa is unique.2030

Let w ∈ (R⋆
+)

K . Let ϵ > 0. For all x ∈ (0, 1), we define fϵ(x) := (1 − x)
(
1− 1

1+x(eϵ−1)

)
=2031

(1 − x)g−ϵ (x)(1 − e−ϵ). Let us define µw
a⋆,a := wa⋆µa⋆+waµa

wa⋆+wa
for all a ̸= a⋆. For all a ̸= a⋆, we2032

have2033

µa⋆ − µa ≤ min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}
=⇒ Wϵ,a⋆,a(µ,w) = wa⋆kl(µa⋆ , µw

a⋆,a) + wakl(µa, µ
w
a⋆,a) .

Moreover, we have2034

max
a⋆∈[K], µ∈(0,1)K , a⋆(µ)={a⋆}, w∈(R⋆

+)K
min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}
≤ ϵ/2

and, for all a ̸= a⋆, we have2035

ϵ ≥ log

(
µa⋆(1− µa)

µa(1− µa⋆)

)
=
∂kl

∂x1
(µa⋆ , µa) =

∂kl

∂x1
(µa, µa⋆)

=⇒ ∀w ∈ (R⋆
+)

K , Wϵ,a⋆,a(µ,w) = wa⋆kl(µa⋆ , µw
a⋆,a) + wakl(µa, µ

w
a⋆,a) .

Proof. Let us define fϵ(x) = (1− x)
(
1− 1

1+x(eϵ−1)

)
for all x ∈ (0, 1). Then, we have2036

µa(1− µa)(e
ϵ − 1)

1 + µa(eϵ − 1)
= (1− µa)

(
1− 1

1 + µa(eϵ − 1)

)
= fϵ(µa) ,

µa⋆(1− µa⋆)(eϵ − 1)

eϵ − µa⋆(eϵ − 1)
= µa⋆

(
1− 1

1 + (1− µa⋆)(eϵ − 1)

)
= fϵ(1− µa⋆) .

Using Lemma 23, direct manipulation yields that2037

fϵ(1− µa⋆) < µa⋆ − µa ⇐⇒ g+ϵ (µa⋆) > µa ⇐⇒ fϵ(µa) < µa⋆ − µa
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g−ϵ (µa) < µw
a⋆,a ⇐⇒ fϵ(µa) <

wa⋆

wa⋆ + wa
(µa⋆ − µa) ,

g+ϵ (µa⋆) > µw
a⋆,a ⇐⇒ fϵ(1− µa⋆) <

wa

wa⋆ + wa
(µa⋆ − µa) .

Using that max
{

wa

wa⋆+wa
, wa⋆

wa⋆+wa

}
≤ 1, we obtain that2038

(
g−ϵ (µa) < µa⋆ ∧ g−ϵ (µa) < µw

a⋆,a

)
⇐⇒

(
1 +

wa

wa⋆

)
fϵ(µa) < µa⋆ − µa ,(

g−ϵ (µa) < µa⋆ ∧ g+ϵ (µa⋆) > µw
a⋆,a

)
⇐⇒

(
1 +

wa⋆

wa

)
fϵ(1− µa⋆) < µa⋆ − µa ,(

g−ϵ (µa) ≥ µa⋆ ∨
(
g−ϵ (µa) < µa⋆ ∧ µw

a⋆,a ∈ [g+ϵ (µa⋆), g−ϵ (µa)]
))

⇐⇒
(
g−ϵ (µa) ≥ µa⋆ ∨ µw

a⋆,a ∈ [g+ϵ (µa⋆), g−ϵ (µa)]
)

⇐⇒ (min{fϵ(µa), fϵ(1− µa⋆)} ≥ µa⋆ − µa

∨ µa⋆ − µa ≤ min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

})
⇐⇒ µa⋆ − µa ≤ max {min{fϵ(µa), fϵ(1− µa⋆)},

min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}}
⇐⇒ µa⋆ − µa ≤ min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}
.

Combining those conditions with Lemma 37 concludes the first part of the proof.2039

For all x ∈ (0, 1), we have2040

f ′ϵ(x) =
(1− x)(eϵ − 1)− x(eϵ − 1)(1 + x(eϵ − 1))

(1 + x(eϵ − 1))2
= −(eϵ − 1)

x2(eϵ − 1) + 2x− 1

(1 + x(eϵ − 1))2
,

f ′ϵ(x) = 0 ⇐⇒ x =
eϵ/2 − 1

eϵ − 1
,

f ′′ϵ (x) = −2(eϵ − 1)
(1 + x(eϵ − 1))2 − (eϵ − 1)

(
x2(eϵ − 1) + 2x− 1

)
(1 + x(eϵ − 1))3

= − 2eϵ(eϵ − 1)

(1 + x(eϵ − 1))3
≤ 0 .

As fϵ is strictly concave, the maximum is achieved at eϵ/2−1
eϵ−1 with value2041

max
x∈(0,1)

fϵ(x) = fϵ

(
eϵ/2 − 1

eϵ − 1

)
=
eϵ − eϵ/2

eϵ − 1

(
1− e−ϵ/2

)
=

(eϵ/2 − 1)2

eϵ − 1
.

Let κ1(x) = x(ex − 1)− 4(ex/2 − 1)2 for all x > 0. Then, we have2042

(eϵ/2 − 1)2

eϵ − 1
≤ ϵ/4 ⇐⇒ κ1(ϵ) ≥ 0 .

Then, we have κ1(0) = 0 and2043

κ′1(x) = 4ex/2 − 3ex − 1 + xex and κ′′1(x) = ex
(
2(e−x/2 − 1) + x

)
.

Using that e−x/2 − 1 ≥ −x/2, we obtain κ′′1(x) ≥ 0. Using that κ′1(0) = 0, we obtain κ′1(x) ≥ 0.2044

Using that κ1(0) = 0, we obtain κ1(x) ≥ 0. Therefore, we have shown that2045

∀ϵ > 0, max
x∈(0,1)

fϵ(x) ≤ ϵ/4 .

Direct manipulation yields that2046

min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}
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≤
(
1 + min

{
wa⋆

wa
,
wa

wa⋆

})
max

x∈(0,1)
fϵ(x) ≤ ϵ/2 .

Taking the supremum over w ∈ (R⋆
+)

K , µ ∈ (0, 1)K such that a⋆ = a⋆(µ) and over a⋆ ∈ [K]2047

concludes the second part of the proof.2048

Let a ̸= a⋆. Direct manipulations yield that2049

µa⋆ − µa ≤ min{fϵ(1− µa⋆), fϵ(µa)}

=⇒ ∀w ∈ (R⋆
+)

K , µa⋆ − µa ≤ min

{(
1 +

wa⋆

wa

)
fϵ(1− µa⋆),

(
1 +

wa

wa⋆

)
fϵ(µa)

}
=⇒ ∀w ∈ (R⋆

+)
K , Wϵ,a⋆,a(µ,w) = wa⋆kl(µa⋆ , µw

a⋆,a) + wakl(µa, µ
w
a⋆,a) .

Recall that fϵ(x) = (1− x)
(
1− 1

1+x(eϵ−1)

)
. Then, we have directly that2050

fϵ(x) ≥ y ⇐⇒ 1− x− y
1− x

≥ 1

1 + x(eϵ − 1)
⇐⇒ (y + x)(1− x)

x(1− x− y)
≤ eϵ .

Plugging this result, we obtain2051

µa⋆ − µa ≤ min{fϵ(1− µa⋆), fϵ(µa)} ⇐⇒ eϵ ≥ µa⋆(1− µa)

µa(1− µa⋆)

⇐⇒ ϵ ≥ log

(
µa⋆(1− µa)

µa(1− µa⋆)

)
.

Recall that2052

∂kl

∂x1
(µa⋆ , µa) =

∂kl

∂x1
(µa, µa⋆) = log

(
µa⋆(1− µa)

µa(1− µa⋆)

)
.

This concludes the proof of the last part of the result.2053

Lemma 45 shows that our lower bound is larger (hence better) than the one derived in Azize et al.2054

[12].2055

Lemma 45. Let T ⋆
g (ν, ϵ) as in Theorem 13 in Azize et al. [12], and T ⋆

ϵ (ν) as in Eq. (35). Then, we2056

have T ⋆
g (ν, ϵ) ≤ T ⋆

ϵ (ν).2057

Proof. Let T ⋆
g (ν, ϵ) as in Theorem 13 in Azize et al. [12]. A sufficient condition to obtain T ⋆

g (ν, ϵ) ≤2058

T ⋆
ϵ (ν) is to show that, for all λ ∈ Alt(µ), we have2059

∑
a∈[K]

wadϵ(µa, λa) ≤ min

 ∑
a∈[K]

wakl(µa, λa), 6ϵ
∑

a∈[K]

wa|µa − λa|

 ,

since we can conclude by taking the infimum over λ ∈ Alt(µ) and the supremum over w ∈ △K on2060

both sides of the inequalities. By definition of dϵ and evaluation the function at z = µ and z = λ2061

respectively, we obtain2062

dϵ(λ, µ) = inf
z∈(0,1)

{kl(z, µ) + ϵ|λ− z|} ≤ min {kl(λ, µ), ϵ|λ− µ|} .

By summing those inequalities over arms a ∈ [K], we obtain2063 ∑
a∈[K]

wadϵ(µa, λa) ≤
∑

a∈[K]

wa min {kl(µa, λa), ϵ|µa − λa|}

≤ min

 ∑
a∈[K]

wakl(µa, λa), ϵ
∑

a∈[K]

wa|µa − λa|

 .

Using that
∑

a∈[K] wa|µa − λa| ≥ 0 and 6ϵ ≥ ϵ, this concludes the proof.2064
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In Garivier and Kaufmann [38], the authors show how to rewrite the optimization problem underlying2065

the characteristic time and its optimal allocation as a simpler optimization problem. Lemma 462066

shows that similar properties holds for ϵ-global DP BAI. In particular, it shows that computing the2067

characteristic time T ⋆
ϵ (ν) and their optimal allocation w⋆

ϵ (ν) can be done explicitly based on solving2068

nested fixed-point equations. This result is key to implement computationally tractable Track-and-2069

Stop algorithms. Additionally, Lemma 46 gives an explicit lower bound on the characteristic time2070

T ⋆
ϵ (ν).2071

Lemma 46. Let d±ϵ as in Eq. (3), and (T ⋆
ϵ , w

⋆
ϵ ) as in Eq. (35). Let a ̸= a⋆. For x ∈ [0,+∞), let2072

Ga(x) := inf
u∈[0,1]

{
d−ϵ (µa⋆ , u) + xd+ϵ (µa, u)

}
andua(x) := argmin

u∈[µa,µa⋆ ]

{d−ϵ (µa⋆ , u)+xd+ϵ (µa, u)} .

• The function Ga is an increasing and strictly concave one-to-one mapping from [0,+∞) to2073

[0, d−ϵ (µa⋆ , µa)); it satisfies that Ga(0) = 0 and limx→+∞Ga(x) = d−ϵ (µa⋆ , µa).2074

• The function ua is a decreasing one-to-one mapping from [0,+∞) to (µa, µa⋆ ]; it satisfies2075

that ua(0) = µa⋆ and limx→+∞ ua(x) = µa.2076

• Let xa(y) be defined as the unique solution of Ga(x) = y for all y ∈ [0, d−ϵ (µa⋆ , µa)). The2077

function xa is an increasing and strictly convex one-to-one mapping from [0, d−ϵ (µa⋆ , µa))2078

to [0,+∞); it satisfies that xa(0) = 0 and limy→d−
ϵ (µa⋆ ,µa)

xa(y) = +∞.2079

For all y ∈ [0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)), let us define2080

G(y) :=
y

1 +
∑

a ̸=a⋆ xa(y)
and F (y) :=

∑
a ̸=a⋆

d−ϵ (µa⋆ , ua(xa(y)))

d+ϵ (µa, ua(xa(y)))
.

• The function F is an increasing one-to-one mapping from [0,mina̸=a⋆ d−ϵ (µa⋆ , µa)) to2081

[0,+∞); it satisfies that F (0) = 0 and limy→mina̸=a⋆ d−
ϵ (µa⋆ ,µa)

F (y) = +∞.2082

• On [0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)), the function G is maximized at the unique y⋆ solution in2083

[0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)) of the fixed-point equation F (y) = 1. Moreover, we have2084

w⋆
ϵ (ν)a = w⋆

ϵ (ν)a⋆xa(y
⋆) for all a ̸= a⋆,2085

w⋆
ϵ (ν)a⋆ =

1

1 +
∑

a ̸=a⋆ xa(y⋆)
and T ⋆

ϵ (ν)
−1 =

y⋆

1 +
∑

a̸=a⋆ xa(y⋆)
.

• Moreover, we have2086

T ⋆
ϵ (ν) ≥

1

mina̸=a⋆ d−ϵ (µa⋆ , µa)
+
∑
a̸=a⋆

1

d+ϵ (µa, µa⋆)
.

If ϵ < log
(

µa(1−µb)
µb(1−µa)

)
, we have d+ϵ (µa, µa⋆) = − log (1− µa⋆(1− e−ϵ)) − ϵµa and2087

d−ϵ (µa⋆ , µa) = − log (1 + µa(e
ϵ − 1)) + ϵµa⋆ .2088

Proof. Using Lemma 36, we know that Ga is concave. Let ua(x) ∈2089

argminu∈[0,1] {d−ϵ (µa⋆ , u) + xd+ϵ (µa, u)} for all x ∈ [0,+∞), whose explicit formula is2090

given in Lemma 44. It is direct to see that Ga(0) = 0 and ua(0) = µa⋆ . Using the optimality2091

condition of ua(x), we obtain, for all x ∈ [0,+∞),2092

G′
a(x) = u′a(x)

(
∂d−ϵ
∂u

(µa⋆ , ua(x)) + x
∂d+ϵ
∂u

(µa, ua(x))

)
+ d+ϵ (µa, ua(x))

= d+ϵ (µa, ua(x)) > 0 ,

where the last inequality is obtained by Lemma 34 and using that d+ϵ (µa, ua(0)) = d+ϵ (µa, µa⋆) > 0.2093

Therefore, Ga is an increasing one-to-one mapping from [0,+∞) to [0, limx→+∞Ga(x)).2094

Let µx
a⋆,a = µa⋆+xµa

1+x for all x ∈ [0,+∞). It is easy to see that Ga(0) = 0, ua(0) = µa⋆ and2095

limx→+∞ µx
a⋆,a = µa. Using Lemma 44, we obtain that2096

lim
x→+∞

min {(1 + 1/x) fϵ(1− µa⋆), (1 + x) fϵ(µa)} = fϵ(1− µa⋆) .
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When µa⋆ − µa ≤ fϵ(1− µa⋆), we obtain2097

lim
x→+∞

Ga(x) = lim
x→+∞

{
kl(µa⋆ , µx

a⋆,a) + xkl(µa, µ
x
a⋆,a)

}
= kl(µa⋆ , µa) + lim

x→+∞

{
xkl(µa, µ

x
a⋆,a)

}
= kl(µa⋆ , µa) ,

where we used that2098

xkl(µa, µ
x
a⋆,a) = x

(
µa log

(
1− µa⋆ − µa

µa(1− µa)

1
µa⋆

µa
+ x

)
+ log

(
1 +

µa⋆ − µa

1− µa

1
1−µa⋆

1−µa
+ x

))
,

lim
x→+∞

{
xkl(µa, µ

x
a⋆,a)

}
=

(µa⋆ − µa)
2

µa(1− µa)2
lim

x→+∞

 x(
µa⋆

µa
+ x
)(

1−µa⋆

1−µa
+ x
)
 = 0 ,

where we used that log(1 + x) =x→0 x+O(x2). Using Lemma 25 and the proof of Lemma 44, we2099

know that µa⋆ −µa ≤ fϵ(1−µa⋆) if and only if µa ∈ [g+ϵ (µa⋆), µa⋆), hence we have kl(µa⋆ , µa) =2100

d−ϵ (µa⋆ , µa). This concludes the proof in the first case.2101

When µa⋆ − µa > fϵ(1− µa⋆), we obtain2102

lim
x→+∞

Ga(x) = lim
x→+∞

{− log (1 + u1,⋆(µa, x)(e
ϵ − 1)) + ϵµa⋆ + xkl(µa, u1,⋆(µa, x)} ,

where2103

u1,⋆(µa, x) =√
(x(1− µa(eϵ − 1))− (eϵ − 1))

2
+ 4(1 + x)(eϵ − 1)xµa − (x(1− µa(e

ϵ − 1))− (eϵ − 1))

2(1 + x)(eϵ − 1)
.

Direct manipulation yields that limx→+∞ u1,⋆(µa, x) = µa, hence2104

lim
x→+∞

Ga(x) = − log (1 + µa(e
ϵ − 1)) + ϵµa⋆ + lim

x→+∞
{xkl(µa, u1,⋆(µa, x)} .

Let us denote v1,⋆(µa, x) = u1,⋆(µa, x)− µa ≥ 0, i.e., limx→+∞ v1,⋆(µa, x) = 0. Direct manipula-2105

tion yields that2106

v1,⋆(µa, x)

=
1 + µa(e

ϵ − 1)

2(eϵ − 1)

(
1− 1

x+ 1

)
(√

1− 2x(1− µa(eϵ + 1))(eϵ − 1)− (eϵ − 1)2

x2(1 + µa(eϵ − 1))2
− 1 +

(eϵ − 1)(1− 2µa)

x(1 + µa(eϵ − 1))

)

=

√
1− 2x(1− µa(eϵ + 1))(eϵ − 1)− (eϵ − 1)2

x2(1 + µa(eϵ − 1))2
− 1 +

(eϵ − 1)(1− 2µa)

x(1 + µa(eϵ − 1))

=x→+∞
(eϵ − 1)(1− 2µa)

x(1 + µa(eϵ − 1))
− 2x(1− µa(e

ϵ + 1))(eϵ − 1)− (eϵ − 1)2

2x2(1 + µa(eϵ − 1))2
+O(1/x2)

=x→+∞
2x(eϵ − 1)2(1− µa)µa(e

ϵ − 1) + (eϵ − 1)2

2x2(1 + µa(eϵ − 1))2
+O(1/x2) ,

hence v1,⋆(µa, x) =x→+∞
2(1− µa)µa(e

ϵ − 1)2

x(1 + µa(eϵ − 1))2
+O(1/x2) .

where we used that
√
1− x− 1 =x→0 −x/2 +O(x2) to obtain the last result. Similarly as before,2107

we derive2108

xkl(µa, u1,⋆(µa, x)) = x

(
µa log

(
1− 1

µa(1− µa)

v1,⋆(µa, x)

1 + v1,⋆(µa, x)/µa

)
+ log

(
1 +

1

1− µa

v1,⋆(µa, x)

1− v1,⋆(µa, x)/(1− µa)

))
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lim
x→+∞

{
xkl(µa, µ

x
a⋆,a)

}
=

1

µa(1− µa)2
lim

x→+∞

 xv1,⋆(µa, x)
2(

1− v1,⋆(µa,x)
1−µa

)(
1 +

v1,⋆(µa,x)
µa

)


=
limx→+∞ xv1,⋆(µa, x)

2

µa(1− µa)2
= 0 ,

where we used that v1,⋆(µa, x) =x→+∞ O(1/x) to conclude. Therefore, we have shown that2109

limx→+∞Ga(x) = − log (1 + µa(e
ϵ − 1)) + ϵµa⋆ . Using Lemma 25 and the proof of Lemma 44,2110

we know that µa⋆ − µa > fϵ(1 − µa⋆) if and only if µa ∈ [0, g+ϵ (µa⋆)), hence we have2111

− log (1 + µa(e
ϵ − 1)) + ϵµa⋆ = d−ϵ (µa⋆ , µa). This concludes the proof in the second case.2112

Therefore, Ga is a strictly increasing one-to-one mapping from [0,+∞) to [0, d−ϵ (µa⋆ , µa)). Using2113

the implicit function theorem, we obtain2114

∀x ∈ [0,+∞), u′a(x) = −
∂d+

ϵ

∂u (µa, ua(x))

∂2d−
ϵ

∂u2 (µa⋆ , ua(x)) + x∂2d+
ϵ

∂u2 (µa, ua(x))
< 0 ,

where the strict inequality is obtained by using properties in Lemmas 24 and 25, since ua(x) ∈2115

(µa, µa⋆) by Lemmas 34 and 24. Similarly, we obtain2116

∀x ∈ [0,+∞), G′′
a(x) = u′a(x)

∂d+ϵ
∂u

(µa, ua(x)) > 0 ,

Therefore, we have shown that Ga is strictly concave and that ua is decreasing.2117

Let us define xa(y) as the unique solution of Ga(x) = y, which is well-defined based on our above2118

computations. Therefore, we have2119

y = d−ϵ (µa⋆ , ua(xa(y))) + xa(y)d
+
ϵ (µa, ua(xa(y))) .

Using the derivative of the inverse function, we obtain2120

∀y ∈ [0, d−ϵ (µa⋆ , µa)), x′a(y) =
1

G′
a(xa(y))

=
1

d+ϵ (µa, ua(xa(y)))
> 0 ,

hence xa is increasing on [0, d−ϵ (µa⋆ , µa)). Moreover, we have2121

∀y ∈ [0, d−ϵ (µa⋆ , µa)), x′′a(y) = −
u′a(xa(y))

d+ϵ (µa, ua(xa(y)))3
∂d+ϵ
∂u

(µa, ua(xa(y)) > 0 ,

hence xa is strictly convex on [0, d−ϵ (µa⋆ , µa)).2122

For all y ∈ [0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)), let us define G(y) = y
1+

∑
a ̸=a⋆ xa(y)

and F (y) =2123 ∑
a ̸=a⋆

d−
ϵ (µa⋆ ,ua(xa(y)))

d+
ϵ (µa,ua(xa(y)))

. Using the above results, direct manipulations yield that, for all y ∈2124

[0,mina̸=a⋆ d−ϵ (µa⋆ , µa)),2125

G′(y) =
1 +

∑
a̸=a⋆ xa(y)− y

∑
a ̸=a⋆ x′a(y)

(1 +
∑

a̸=a⋆ xa(y))2
=

1 +
∑

a ̸=a⋆ xa(y)−
∑

a ̸=a⋆
y

d+
ϵ (µa,ua(xa(y)))

(1 +
∑

a ̸=a⋆ xa(y))2

=
1− F (y)

(1 +
∑

a̸=a⋆ xa(y))2
,

hence we obtain that G′(y) = 0 if and only if F (y) = 1. Using that xa(0) = 0, ua(0) = µa⋆ and2126

d−ϵ (µa⋆ , µa⋆) = 0, we obtain that F (0) = 0.2127

Using that limy→d−
ϵ (µa⋆ ,µa)

xa(y) = +∞, limx→+∞ ua(x) = µa, d−ϵ (µa⋆ , µa) > 0 and2128

d+ϵ (µa, µa) = 0, we obtain that limy→mina ̸=a⋆ d−
ϵ (µa⋆ ,µa)

F (y) = +∞.2129

Let H(y) =
∑

a̸=a⋆
1

d+
ϵ (µa,ua(xa(y)))

for all y ∈ [0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)). Then, we have2130 ∑
a ̸=a⋆

xa(y) = yH(y)− F (y) ,
∑
a ̸=a⋆

x′a(y) = H(y) ,
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∂d−ϵ
∂u

(µa⋆ , ua(x)) + x
∂d+ϵ
∂u

(µa, ua(x)) = 0 ,

d−ϵ (µa⋆ , ua(xa(y))) + xa(y)d
+
ϵ (µa, ua(xa(y))) = y .

Then, for all y ∈ [0,mina̸=a⋆ d−ϵ (µa⋆ , µa)), we have2131

H ′(y) = −
∑
a ̸=a⋆

u′a(xa(y))x
′
a(y)

(d+ϵ (µa, ua(xa(y))))2
∂d+ϵ
∂u

(µa, ua(xa(y)))

= −
∑
a ̸=a⋆

u′a(xa(y))

(d+ϵ (µa, ua(xa(y))))3
∂d+ϵ
∂u

(µa, ua(xa(y))) ,

F ′(y) =
∑
a̸=a⋆

u′a(xa(y))x
′
a(y)

(d+ϵ (µa, ua(xa(y))))2(
d+ϵ (µa, ua(xa(y)))

∂d−ϵ
∂u

(µa⋆ , ua(xa(y)))− d−ϵ (µa⋆ , ua(xa(y)))
∂d+ϵ
∂u

(µa, ua(xa(y)))

)
= −

∑
a ̸=a⋆

u′a(xa(y))x
′
a(y)

(d+ϵ (µa, ua(xa(y))))2
∂d+ϵ
∂u

(µa, ua(xa(y)))(
xa(y)d

+
ϵ (µa, ua(xa(y))) + d−ϵ (µa⋆ , ua(xa(y)))

)
= −y

∑
a ̸=a⋆

u′a(xa(y))x
′
a(y)

(d+ϵ (µa, ua(xa(y))))2
∂d+ϵ
∂u

(µa, ua(xa(y))) = yH ′(y) ,

Therefore, showing that H is increasing is a sufficient condition to show that F is increasing. Using2132

the above results, we have, for all a ̸= a⋆ and all y ∈ [0,mina ̸=a⋆ d−ϵ (µa⋆ , µa)), we have2133

1

(d+ϵ (µa, ua(xa(y))))3
∂d+ϵ
∂u

(µa, ua(xa(y))) > 0 and u′a(xa(y)) < 0 .

Therefore, H is increasing as a summation of increasing function, hence F is increasing.2134

Let y⋆ such that F (y⋆) = 1. Reusing the above manipulation, we obtain2135

G′′(y) = −
F ′(y)(1 +

∑
a̸=a⋆ xa(y)) + 2(1− F (y))

∑
a ̸=a⋆ x′a(y)

(1 +
∑

a̸=a⋆ xa(y))3

= −yH
′(y)(1 + yH(y)− F (y)) + 2(1− F (y))H(y)

(1 + yH(y)− F (y))3
,

G′′(y⋆) = − H ′(y⋆)

y⋆H(y⋆)2
< 0 ,

Therefore, y⋆ is the unique maximum of G. We conclude this part of the proof by using the2136

intermediate results in the proof of Lemma 42.2137

By strict convexity of xa and using its properties proven above, we obtain2138

xa(y) ≥ xa(0) + yx′a(0) =
y

d+ϵ (µa, µa⋆)
.

Summing those inequalities, we obtain2139

∀y ∈ [0, min
a ̸=a⋆

d−ϵ (µa⋆ , µa)), G(y) =
y

1 +
∑

a̸=a⋆ xa(y)
≤ 1

1
y +

∑
a ̸=a⋆

1
d+
ϵ (µa,µa⋆ )

.

Using that y 7→ 1/(1/y + α) is increasing for α > 0, we obtain that2140

T ⋆
ϵ (ν)

−1 = max
y∈[0,mina ̸=a⋆ d−

ϵ (µa⋆ ,µa))
G(y) ≤ 1

1
mina ̸=a⋆ d−

ϵ (µa⋆ ,µa))
+
∑

a ̸=a⋆
1

d+
ϵ (µa,µa⋆ )

.

This concludes the proof of the second to last result. The last result is obtained by combining2141

Lemmas 25 and 24 and the derivation in the proof of Lemma 44.2142
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Lemma 47 is a technical result used in the proof of sufficient exploration of our sampling rule.2143

Lemma 47. Let d±ϵ as in Eq. (3). Let µ ∈ (0, 1)K . There exists α > 0 such that2144

Cµ := min
(a,b):µa>µb

inf
λa,λb:

maxc∈{a,b} |µc−λc|≤α

inf
u∈[0,1]

{
d−ϵ (λa, u) + d+ϵ (λb, u)

}
> 0 . (38)

Proof. Using Lemma 34 for w1 = w2 = 1, the function µ 7→ infu∈[0,1] {d−ϵ (µa, u) + d+ϵ (µb, u)} is2145

continuous on FK . Since it has strictly positive values when µa > µb (Lemma 34), there exists α2146

such that2147

inf
λa,λb:

maxc∈{a,b} |µc−λc|≤α

inf
u∈[0,1]

{
d−ϵ (λa, u) + d+ϵ (λb, u)

}
> 0 .

Further lower bounding by a finite number of strictly positive constants yields the result.2148

Lemma 47 is a technical result used in the proof of convergence towards the optimal allocation of our2149

sampling rule.2150

Lemma 48. Let d±ϵ as in Eq. (3). Let (ϕ1, ϕ2) ∈ (0, 1)2. Let Ia :=
{
µ ∈ (0, 1)K | a ∈ a⋆(µ)

}
for2151

all a ∈ [K]. For all a⋆ ∈ [K], all µ ∈ Ia⋆ , all (a, b) ∈ ([K] \ {a⋆})2 such that a ̸= b, and all2152

β ∈ [0, 1], define2153

Ga,b(µ, β) := inf
u∈[0,1]

{
βd−ϵ (µa⋆ , u) + ϕ1d

+
ϵ (µa, u)

}
− inf

u∈(0,1)

{
βd−ϵ (µa⋆ , u) + ϕ2d

+
ϵ (µb, u)

}
.

The function (µ, β) 7→ Ga,b(µ, β) is continuous on (0, 1)K × [0, 1]. For all ξ > 0, the function2154

(µ, β) 7→ inf β̃:|β−β̃|≤ξ Ga,b(µ, β) is continuous on (0, 1)K .2155

Proof. Since
⋃

a∈[K] IKa = (0, 1)K , it is enough to show the property for all a ∈ [K]. Let a⋆ ∈ [K],2156

µ ∈ Ia⋆ , (a, b) ∈ ([K] \ {a⋆})2 such that a ̸= b. As done in Lemma 41 by using Lemma 34,2157

we obtain that the function (µ, β) 7→ Ga,b(µ, β) is continuous on Ia⋆ × [0, 1] for all a⋆ ∈ [K],2158

hence on (0, 1)K × [0, 1]. Let Φ : µ 7→
{
β̃ : |β − β̃| ≤ ξ

}
, it is a continuous (constant), compact2159

valued and non-empty correspondence. Using the above continuity, Berge’s theorem yields that2160

µ 7→ inf β̃:|β−β̃|≤ξ Ga,b(µ, β̃) is continuous on (0, 1)K .2161

H Asymptotic Upper Bound on the Expected Sample complexity2162

Let ν be a Bernoulli instance with means µ ∈ (0, 1)2 and unique best arm a⋆ ∈ [K], i.e.,2163

argmaxa∈[K] µa = {a⋆}. Let β ∈ (0, 1). Let w⋆
ϵ,β(ν) = {w⋆

ϵ,β} be the unique β-optimal al-2164

location defined in Eq. (35), which satisfies mina∈[K] w
⋆
ϵ,β,a > 0 by Lemma 42. At equilibrium, we2165

have equality of the transportation costs by Lemma 42, namely2166

∀a ̸= a⋆, Wϵ,a⋆,a(µ,w
⋆
ϵ,β) = T ⋆

ϵ,β(ν)
−1 , (39)

where Wϵ,a,b is defined in Eq. (4) and T ⋆
ϵ,β is defined in Eq. (35).2167

Let γ > 0. Let ω ∈ △K be any allocation over arms such that mina ωa > 0. We denote by Tγ(ω) the2168

convergence time towards ω, which is a random variable quantifying the number of samples required2169

for the global empirical allocations Nn/(n− 1) to be γ-close to ω for any subsequent time, namely2170

Tγ(ω) := inf

{
T ≥ 1 | ∀n ≥ T,

∥∥∥∥ Nn

n− 1
− ω

∥∥∥∥
∞
≤ γ

}
. (40)

The proof of Theorem 6 follows the same analysis as the unified analysis of Top Two algorithms, see,2171

e.g., Jourdan et al. [50]. Appendix H is organised as follows. After recalling some technical results2172

(Appendix H.1), we prove sufficient exploration of our sampling rule (Appendix H.2). Second, we2173

prove that convergence time towards the β-optimal allocation of our sampling rule (Appendix H.3)2174

has finite expectation. Finally, we conclude the proof of Theorems 6 (Appendix H.4).2175
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H.1 Technical Results from the Literature2176

Lemma 49 relates the global counts (Nn,a)a∈[K] and the local counts (Ñn,a)a∈[K].2177

Lemma 49. Let η > 0 be the geometric parameter used for the geometric grid update of our private2178

empirical mean estimator. For all (a, k) ∈ [K] × N s.t. Eνπ[Tk(a)] < +∞, NTk(a),a = Ñk,a =2179

⌈(1 + η)k−1⌉. For all a ∈ [K] and all n ∈ N, Nn,a ≥ Ñn,a ≥ Nn,a/(1 + η).2180

Proof. Let a ∈ [K]. After initialisation, we have k = 1, T1(a) = K + 1 and NT1(a),a = 1.2181

Using the definition of the phase switch, it is direct to see that NT2(a),a = Ñ2,a = ⌈1 + η⌉ when2182

Eνπ[T2(a)] < +∞. Similarly, we obtainNTk(a),a = Ñk,a = ⌈(1+η)k−1⌉when Eνπ[Tk(a)] < +∞.2183

The last result is a direct consequence of the definition of the per-arm geometric update grid.2184

Lemma 50 controls the deviation Na
n,a − βLn,a enforced by the tracking procedure.2185

Lemma 50 (Lemma 2.2 in [49]). For all n > K and all a ∈ [K], −1/2 ≤ Na
n,a − βLn,a ≤ 1.2186

Lemma 51 gathers properties on the W−1 function used in the stopping threshold.2187

Lemma 51 ([51]). Let W−1(x) := −W−1(−e−x) for all x ≥ 1, where W−1 is the negative branch2188

of the Lambert W function. The function W−1 is increasing on (1,+∞) and strictly concave on2189

(1,+∞). In particular, W
′
−1(x) =

(
1− 1

W−1(x)

)−1

for all x > 1. Then, for all y ≥ 1 and x ≥ 1,2190

W−1(y) ≤ x ⇐⇒ y ≤ x− log(x) .

Moreover, for all x > 1,2191

x+ log(x) ≤W−1(x) ≤ x+ log(x) + min

{
1

2
,

1√
x

}
.

Lemma 52 gives an upper bound on a time define implicit as a function of W−1, namely it is an2192

inversion result.2193

Lemma 52 (Lemma 32 in [12]). Let W−1 defined in Lemma 51. Let A > 0, B > 0 such that2194

B/A + logA > 1 and C(A,B) = sup {x | x < A log x+B}. Then, C(A,B) < h1(A,B) with2195

h1(z, y) = zW−1 (y/z + log z).2196

Lemma 53 shows that upon correction the supremum of sub-exponential random variables is also a2197

sub-exponential random variable.2198

Lemma 53 (Lemma 72 in [50]). Suppose that (Xn)n≥1 are sub-exponential random variables with2199

constants (Cn), such that c := infn Cn > 0. Then supn(Xn/ log(e+ n)) is sub-exponential.2200

Lemma 54 gives a coarse convergence rate of the private empirical estimators of the means towards2201

their true means.2202

Lemma 54. There exist sub-exponential random variable Wµ such that almost surely, for all a ∈ [K]2203

and all n such that Ñn,a ≥ 1,2204

Ñn,a|µ̃n,a − µa| ≤Wµ log(e+ Ñn,a) .

In particular, any random variable which is polynomial in Wµ has a finite expectation.2205

Proof. Let us define2206

Wµ = max
a∈[K]

sup
n∈N

Ñn,a|µ̃n,a − µa|
log(e+ Ñn,a)

.

Let a ∈ [K]. Let us define the geometric grid Nk = ⌈(1 + η)k−1⌉ for all k ∈ N, on which we2207

effectively need to control the concentration. The maximum of a finite number of sub-exponential2208

random variables is sub-exponential. Therefore, using the geometric update grid, it suffices to show2209

that2210

sup
k∈N

Nk|(ZNk
+ Sk)/Nk − µa|

log(e+Nk)
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is sub-exponential, where ZNk
is the cumulative sum of Nk i.i.d. observations from Ber(µa) and Sk2211

is the cumulative sum of k i.i.d. observations from Lap(1/ϵ).2212

Using that ZNk
−Nkµa is sub-Gaussian and Sk is sub-exponential, for a fixed k, |ZNk

−Nkµa+Sk|2213

is sub-exponential. Applying Lemma 53, we obtain that2214

sup
k∈N

Nk|(ZNk
+ Sk)/Nk − µa|

log(e+Nk)

is sub-exponential. We finally obtain that the maximum over the finitely many arms has the same2215

property.2216

H.2 Sufficient Exploration2217

The first step of in the generic analysis of Top Two algorithms [50] consists in showing sufficient2218

exploration. The main idea is that, if there are still undersampled arms, either the leader or the2219

challenger will be among them. Therefore, after a long enough time, no arm can still be undersampled.2220

We emphasise that there are multiple ways to select the leader/challenger pair in order to ensure2221

sufficient exploration. Therefore, other choices of leader/challenger pair would yield similar results.2222

Given an arbitrary phase p ∈ N, we define the sampled enough set, i.e., the arms having reached2223

phase p, and the arm with highest mean in this set (when not empty) as2224

Sp
n = {a ∈ [K] | Nn,a ≥ (1 + η)p−1} and a⋆n = argmax

a∈Sp
n

µa . (41)

Since mina̸=b |µa − µb| > 0, a⋆n is unique. Let p ∈ N such that (p− 1)/4 ∈ N. We define the highly2225

and the mildly under-sampled sets as2226

Up
n := {a ∈ [K] | Nn,a < (1 + η)(p−1)/2} and V p

n := {a ∈ [K] | Nn,a < (1 + η)3(p−1)/4} .
(42)

Those arms have not reached phase (p− 1)/2 and phase 3(p− 1)/4, respectively.2227

Lemma 55 shows that, when the leader is sampled enough, it is the arm with highest true mean among2228

the sampled enough arms.2229

Lemma 55. Let Sp
n and a⋆n as in (41). There exists p0 with Eνπ[exp(αp0)] < +∞ for all α > 02230

such that if p ≥ p0, for all n such that Sp
n ̸= ∅, we have2231

• For all a ∈ Sp
n, we have µ̃n,a ∈ (0, 1) and a⋆n = argmaxa∈Sp

n
µ̃n,a.2232

• If Bn ∈ Sp
n, then Bn = a⋆n.2233

Proof. Let p0 to be specified later. Let p ≥ p0. Let n ∈ N such that Sp
n ̸= ∅, where Sp

n and a⋆n as2234

in Equation (41). Since Nn,a ≥ (1 + η)p−1 for all a ∈ Sp
n, we have Ñn,a ≥ (1 + η)p−1. Using2235

Lemma 54 and x→ log(e+ x)/x is decreasing, we obtain that2236

µ̃n,a⋆
n
≥ µa⋆

n
−Wµ

log(e+ (1 + η)p−1)

(1 + η)p−1
,

∀a ∈ Sp
n \ {a⋆n}, µ̃n,a ≤ µa +Wµ

log(e+ (1 + η)p−1)

(1 + η)p−1
.

Let ∆min = mina ̸=b |µa − µb| and ∆0 = mina∈[K] min{µa, 1 − µa} > 0. By assumption on the2237

considered instances, we know that ∆min > 0. Let p1 = ⌈log1+η(X1 − e)⌉+ 1 with2238

X1 = sup
{
x > 1 | x ≤ 4(min{∆min,∆0})−1Wµ log x+ e

}
≤ h1(4(min{∆min,∆0})−1Wµ, e) ,

where we used Lemma 52, and h1 defined therein. Then, for all p ∈ N such that p ≥ p1 + 1 and all2239

n ∈ N such that Sp
n ̸= ∅, we have2240

∀a ∈ Sp
n, µa −min{∆min,∆0}/4 ≤ µ̃n,a ≤ µa +min{∆min,∆0}/4 .
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Therefore, we have µ̃n,a ∈ (0, 1) for all a ∈ Sp
n. Since µ̃n,a⋆

n
≥ µa⋆

n
− min{∆min,∆0}/4 and2241

µ̃n,a ≤ µa + min{∆min,∆0}/4 for all a ∈ Sp
n \ {a⋆n}, we obtain a⋆n = argmaxa∈Sp

n
µ̃n,a since2242

argmaxa∈Sp
n
µ̃n,a is unique. The leader is defined as Bn = argmaxa∈[K][µ̃n,a]

1
0. If Bn ∈ Sp

n, we2243

obtain2244

Bn = argmax
a∈Sp

n

[µ̃n,a]
1
0 = argmax

a∈Sp
n

µ̃n,a = a⋆n .

For all α ∈ R+, we have exp(αp1) ≤ e3α(X1 − e)α/ log 2, hence Eνπ[exp(αp1)] < +∞ by using2245

Lemma 54 and h1(x, e) ∼x→+∞ x log x to obtain that exp(αp1) is at most polynomial in Wµ.2246

Taking p0 = p1 concludes the proof.2247

Lemma 56 shows that the transportation costs between the sampled enough arms with largest true2248

means and the other sampled enough arms are increasing fast enough.2249

Lemma 56. Let Sp
n as in Eq. (41). There exists p1 with Eνπ[exp(αp1)] < +∞ for all α > 0 such2250

that if p ≥ p1, for all n such that Sp
n ̸= ∅, for all (a, b) ∈ (Sp

n)
2 such that µa > µb, we have2251

Wϵ,a,b(µ̃n, Nn) ≥ (1 + η)p−1Cµ ,

where Cµ > 0 is a problem dependent constant.2252

Proof. Let p0 as in Lemma 55. Let p ≥ p0. Let n ∈ N such that Sp
n ̸= ∅, where Sp

n as in Eq. (41).2253

Since Nn,a ≥ (1 + η)p−1 for all a ∈ Sp
n, we have Ñn,a ≥ (1 + η)p−1 by using Lemma 49. Let2254

(a, b) ∈ (Sp
n)

2 such that µa > µb. Using Lemma 47, there exists αµ > 0 such that2255

Cµ = min
(a,b):µa>µb

inf
λa,λb:

maxc∈{a,b} |µc−λc|≤αµ

inf
u∈[0,1]

{
d−ϵ (λa, u) + d+ϵ (λb, u)

}
> 0 .

Let η > 0 s.t. η < 1
4 min{∆min,∆0, αµ} where ∆min = mina̸=b |µa − µb| and ∆0 =2256

mina∈[K] min{µa, 1 − µa}. Similarly as in the proof of Lemma 55, we can construct p2 with2257

Eνπ[exp(αp2)] < +∞ for all α > 0 such that if p ≥ p2, for all n such that Sp
n ̸= ∅, we have2258

|µ̃n,a − µa| ≤ η for all a ∈ Sp
n. Therefore, we have µ̃n,a = [µ̃n,a]

1
0 and [µ̃n,b]

1
0 = µ̃n,b. Moreover,2259

we have µ̃n,a ≥ µa − η > µb + η ≥ µ̃n,b. Then, we obtain2260

Wϵ,a,b(µ̃n, Nn) = inf
u∈[0,1]

{
Nn,ad

−
ϵ (µ̃n,a, u) +Nn,bd

+
ϵ (µ̃n,b, u)

}
≥ (1 + η)p−1 inf

u∈[0,1]

{
d−ϵ (µ̃n,a, u) + d+ϵ (µ̃n,b, u)

}
≥ (1 + η)p−1 inf

λa,λb:
maxc∈{a,b} |µc−λc|≤αµ

inf
u∈[0,1]

{
d−ϵ (λa, u) + d+ϵ (λb, u)

}
≥ (1 + η)p−1Cµ .

This concludes the proof.2261

Lemma 57 shows that the transportation costs between sampled enough arms and undersampled arms2262

are not increasing too fast.2263

Lemma 57. Let Sp
n be as in Eq. (41). There exists p2 with Eνπ[exp(αp2)] < +∞ for all α > 0 such2264

that if p ≥ p2, for all n such that Sp
n ̸= ∅, For all p ≥ p2 and all n such that Sp

n ̸= ∅, for all a ∈ Sp
n2265

and b /∈ Sp
n,2266

Wϵ,a,b(µ̃n, Nn) ≤ (1 + η)p−1Dµ ,

where Dµ ∈ (0,+∞) is a problem dependent constant.2267

Proof. Let n ∈ N such that Sp
n ̸= ∅, where Sp

n as in Eq. (41). Since Nn,a ≥ (1 + η)p−1 for all2268

a ∈ Sp
n, we have Ñn,a ≥ (1 + η)p−1 by using Lemma 49. Likewise, Nn,b < (1 + η)p−1 for all2269

b /∈ Sp
n, we have Ñn,b < (1 + η)p−1. Let a ∈ Sp

n and b /∈ Sp
n. Since the result is direct when2270

[µ̃n,a]
1
0 ≤ [µ̃n,b]

1
0, we assume [µ̃n,a]

1
0 > [µ̃n,b]

1
0 in the following.2271

Let η > 0 s.t. η < 1
4 min{∆min,∆0} where ∆min = mina̸=b |µa − µb| and ∆0 =2272

mina∈[K] min{µa, 1 − µa} > 0. Similarly as in the proof of Lemma 55, we can construct p22273
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with Eνπ[exp(αp2)] < +∞ for all α > 0 such that if p ≥ p2, for all n such that Sp
n ̸= ∅, we have2274

|µ̃n,a − µa| ≤ η for all a ∈ Sp
n. Let g+ϵ (x) =

x
x(1−eϵ)+eϵ as in Lemma 23. Using Lemma 23, for all2275

a ∈ Sp
n, we have2276

1 > µa +min{∆min,∆0}/4 ≥ µ̃n,a > g+ϵ (µ̃n,a) ≥ g+ϵ (µa −min{∆min,∆0}/4) > 0 .

Taking u = µ̃n,a ∈ [0, 1] and using that d−ϵ (µ̃n,a, µ̃n,a) = 0, we obtain2277

Wϵ,a,b(µ̃n, Nn) = inf
u∈[0,1]

{
Nn,ad

−
ϵ (µ̃n,a, u) +Nn,bd

+
ϵ (µ̃n,b, u)

}
≤ Nn,bd

+
ϵ (µ̃n,b, µ̃n,a) ≤ (1 + η)p−1d+ϵ (µ̃n,b, µ̃n,a) ,

where the last term is positive since µ̃n,a > [µ̃n,b]
1
0 and µ̃n,a ∈ (0, 1) by Lemma 24.2278

When µ̃n,b ≤ 0, Lemma 24 yields that2279

d+ϵ (µ̃n,b, µ̃n,a) = − log
(
1− µ̃n,a(1− e−ϵ)

)
≤ ϵ ,

where we used that x→ − log (1− x(1− e−ϵ)) is increasing on (0, 1). When µ̃n,b ∈ (0, g+ϵ (µ̃n,a)),2280

Lemma 24 yields that2281

d+ϵ (µ̃n,b, µ̃n,a) = − log
(
1− µ̃n,a(1− e−ϵ)

)
− ϵµ̃n,b ≤ ϵ .

When µ̃n,b ∈ [g+ϵ (µ̃n,a), µ̃n,a), Lemma 24 yields that2282

d+ϵ (µ̃n,b, µ̃n,a) = kl(µ̃n,b, µ̃n,a) ≤ − logmin{µ̃n,a, 1− µ̃n,a}
≤ − logmin{µa −min{∆min,∆0}/4, 1− µa −min{∆min,∆0}/4} ,

where we used the classical result that kl(q, p) ≤ − logmin{p, 1− p}. Let us define2283

Dµ = ϵ+ max
a∈[K]

{
− logmin{µa −min{∆min,∆0}/4, 1− µa −min{∆min,∆0}/4}

}
.

Then, we have shown that d+ϵ (µ̃n,b, µ̃n,a) ≤ Dµ where Dµ ∈ (0,+∞). This yields the result.2284

Lemma 58 shows that the challenger is mildly undersampled if the leader is not mildly undersampled.2285

2286

Lemma 58. Let V p
n be as in Equation (42). There exists p3 with Eνπ[exp(αp3)] < +∞ for all2287

α > 0 such that if p ≥ p3, for all n such that Up
n ̸= ∅, Bn /∈ V p

n implies Cn ∈ V p
n .2288

Proof. Let p3 to be specified later. Let p ≥ p3. Let n ∈ N such that Up
n ̸= ∅ and V p

n ̸= [K], where2289

Up
n ⊆ V p

n are defined in Eq. (42). Since the statement holds when Bn ∈ V p
n , we suppose that2290

Bn /∈ V p
n in the following.2291

Let p0 as in Lemma 55, p1 and Cµ as in Lemma 56, and p2 and Dµ as in Lemma 57. Let p4 =2292

max{2p2 − 1, 43 max{p0, p1} − 1/3}, which satisfied that Eνπ[exp(αp4)] < +∞ for all α > 0 by2293

using Lemmas 55, 56 and 57. Then, for all p ≥ p4 = max{2p2− 1, 43 max{p0, p1}− 1/3} and all n2294

such that Bn /∈ V p
n , we have µ̃n,a ∈ (0, 1) for all a /∈ V p

n , Bn = b⋆n := argmaxa/∈V p
n
µa, Bn /∈ Up

n2295

and2296

∀b /∈ {b⋆n} ∪ V p
n , Wϵ,b⋆n,b

(µ̃n, Nn) + logNn,b ≥ (1 + η)3(p−1)/4Cµ +
3(p− 1)

4
log(1 + η) ,

∀b ∈ Up
n, Wϵ,b⋆n,b

(µ̃n, Nn) + logNn,b ≤ (1 + η)(p−1)/2Dµ +
p− 1

2
log(1 + η) ,

where we used Lemmas 55, 56 and 57. Direct manipulations yield that2297

(1 + η)3(p−1)/4Cµ +
3(p− 1)

4
log(1 + η) ≥ (1 + η)(p−1)/2Dµ +

p− 1

2
log(1 + η)

⇐= p ≥ p5 = 4⌈log1+η (Dµ/Cµ)⌉+ 1 ,

where Eνπ[exp(αp5)] < +∞ for all α > 0 since it is a deterministic constant. Let p3 = max{p4, p5}2298

which satisfies Eνπ[exp(αp3)] < +∞ for all α > 0. Then, we have shown that for all p ≥ p3, for2299

all n such that Bn /∈ V p
n , we have Bn = b⋆n and2300

min
b/∈{b⋆n}∪V p

n

{Wϵ,b⋆n,b
(µ̃n, Nn) + logNn,b} > max

b∈Up
n

{Wϵ,b⋆n,b
(µ̃n, Nn) + logNn,b} .

By definition of the TC challenger, i.e., Cn ∈ argminb̸=Bn
{Wϵ,Bn,b(µ̃n, Nn) + logNn,b}, we2301

obtain that Cn ∈ V p
n . Otherwise, there would be a contradiction since we assumed Up

n ̸= ∅. This2302

concludes the proof.2303
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Lemma 59 shows that all the arms are sufficient explored for large enough n.2304

Lemma 59. There exists N0 with Eνπ[N0] < +∞ such that, for all n ≥ N0 and all a ∈ [K],2305

Nn,a ≥
√
n/K.2306

Proof. Let p0 and p3 as in Lemmas 55 and 58. Combining Lemmas 55 and 58 yields that, for all p ≥2307

p4 = max{p3, 4p0/3− 1/3} and all n such that Up
n ̸= ∅, we have Bn ∈ V p

n or Cn ∈ V p
n . We have2308

Eνπ[(1+η)
p2 ] < +∞. We have (1+η)p−1 ≥ K(1+η)3(p−1)/4 for all p ≥ p5 = 4⌈log1+ηK⌉+1.2309

Let p ≥ max{p5, p4}. For notational simplicity, we conduct the proof as if that k(1 + η)p−1 ∈ N for2310

all k ∈ [K]. It is direct to adapt the proof by using the operator ⌈·⌉.2311

Suppose towards contradiction that Up
K(1+η)p−1 is not empty. Then, for any 1 ≤ t ≤ K(1 + η)p−1,2312

Up
t and V p

t are non empty as well. Using the pigeonhole principle, there exists some a ∈ [K] such2313

that N(1+η)p−1,a ≥ (1 + η)3(p−1)/4. Thus, we have
∣∣∣V p

(1+η)p−1

∣∣∣ ≤ K − 1. Our goal is to show2314

that
∣∣∣V p

2(1+η)p−1

∣∣∣ ≤ K − 2. A sufficient condition is that one arm in V p
(1+η)p−1 is pulled at least2315

(1 + η)3(p−1)/4 times between (1 + η)p−1 and 2(1 + η)p−1 − 1.2316

Case 1. Suppose there exists a ∈ V p
(1+η)p−1 such that L2(1+η)p−1,a − L(1+η)p−1,a ≥2317

β−1
(
(1 + η)3(p−1)/4 + 3/2

)
. Using Lemma 50, we obtain2318

Na
2(1+η)p−1,a −N

a
(1+η)p−1,a ≥ β(L2(1+η)p−1,a − L(1+η)p−1,a)− 3/2 ≥ (1 + η)3(p−1)/4 ,

hence a is sampled (1 + η)3(p−1)/4 times between (1 + η)p−1 and 2(1 + η)p−1 − 1.2319

Case 2. Suppose that for all a ∈ V p
(1+η)p−1 , we have L2(1+η)p−1,a − L(1+η)p−1,a <2320

β−1
(
(1 + η)3(p−1)/4 + 3/2

)
. Then,2321 ∑

a/∈V p

(1+η)p−1

(L2(1+η)p−1,a − L(1+η)p−1,a) ≥ (1 + η)p−1 −Kβ−1
(
(1 + η)3(p−1)/4 + 3/2

)
.

Using Lemma 50, we obtain2322 ∣∣∣∣∣∣∣
∑

a/∈V p

(1+η)p−1

(Na
2(1+η)p−1,a −N

a
(1+η)p−1,a)− β

∑
a/∈V p

(1+η)p−1

(L2(1+η)p−1,a − L(1+η)p−1,a)

∣∣∣∣∣∣∣
≤ 3(K − 1)/2 .

Combining all the above, we obtain2323 ∑
a/∈V p

(1+η)p−1

(L2(1+η)p−1,a − L(1+η)p−1,a)−
∑

a/∈V p

(1+η)p−1

(Na
2(1+η)p−1,a −N

a
(1+η)p−1,a)

≥ (1− β)
∑

a/∈V p

(1+η)p−1

(L2(1+η)p−1,a − L(1+η)p−1,a)− 3(K − 1)/2

≥ (1− β)
(
(1 + η)p−1 −Kβ−1

(
(1 + η)3(p−1)/4 + 3/2

))
− 3(K − 1)/2 ≥ K(1 + η)3(p−1)/4

where the last inequality is obtained for p ≥ p6 + 1 with2324

p6 = sup

{
p ∈ N | (1− β)

(
(1 + η)p−1 −Kβ−1

(
(1 + η)3(p−1)/4 + 3/2

))
− 3

2
(K − 1)

< K(1 + η)3(p−1)/4
}
.

The left hand side summation is exactly the number of times where an arm a /∈ V p
(1+η)p−1 was leader2325

but wasn’t sampled, hence we have shown that2326

2(1+η)p−1−1∑
t=(1+η)p−1

1
(
Bt /∈ V p

(1+η)p−1 , at = Ct

)
≥ K(1 + η)3(p−1)/4 .
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For any (1+ η)p−1 ≤ t ≤ 2(1+ η)p−1− 1, Up
t is non-empty, hence we have Bt /∈ V p

(1+η)p−1 (hence2327

Bt /∈ V p
t ) implies Ct ∈ V p

t ⊆ V
p
(1+η)p−1 . Therefore, we have shown that2328

2(1+η)p−1−1∑
t=(1+η)p−1

1
(
at ∈ V p

(1+η)p−1

)
≥

2(1+η)p−1−1∑
t=(1+η)p−1

1
(
Bt /∈ V p

(1+η)p−1 , at = Ct

)
≥ K(1+η)3(p−1)/4

Therefore, there is at least one arm in V p
(1+η)p−1 that is sampled (1 + η)3(p−1)/4 times between2329

(1 + η)p−1 and 2(1 + η)p−1 − 1.2330

In summary, we have shown
∣∣∣V p

2(1+η)p−1

∣∣∣ ≤ K − 2 for all p ≥ p7 = max{p6, p4, p5}. By2331

induction, for any 1 ≤ k ≤ K, we have
∣∣∣V p

k(1+η)p−1

∣∣∣ ≤ K − k, and finally Up
K(1+η)p−1 = ∅ for all2332

p ≥ p7. Defining N0 = K(1 + η)p7−1, we have Eνπ[N0] < +∞ by using Lemmas 55 and 58 for2333

p4 = max{p3, 4p0/3−1/3} and p6 and p5 are deterministic. For all n ≥ N0, we let (1+η)p−1 = n
K .2334

Then, by applying the above, we have Up
K(1+η)p−1 = U

log1+η(n/K)+1
n is empty, which shows that2335

Nn,a ≥
√
n/K for all a ∈ [K].2336

H.3 Convergence Towards β-Optimal Allocation2337

The second step of in the generic analysis of Top Two algorithms [50] is to show the convergence of2338

the empirical proportions towards the β-optimal allocation. First, we show that the leader coincides2339

with the best arm. Hence, the tracking procedure will ensure that the empirical proportion of time we2340

sample it is exactly β. Second, we show that a sub-optimal arm whose empirical proportion overshoots2341

its β-optimal allocation will not be sampled next as challenger. Therefore, this “overshoots implies not2342

sampled” mechanism will ensure the convergence towards the β-optimal allocation. We emphasise2343

that there are multiple ways to select the leader/challenger pair in order to ensure convergence towards2344

the β-optimal allocation. Therefore, other choices of leader/challenger pair would yield similar results.2345

Note that our results heavily rely on having obtained sufficient exploration first.2346

Lemma 60 shows the leader and the candidate answer are equal to the best arm for large enough n.2347

Lemma 60. Let N0 be as in Lemma 59. There exists N1 ≥ N0 with Eνπ[N1] < +∞ such that, for2348

all n ≥ N1, we have µ̃n ∈ (0, 1)K and ãn = Bn = a⋆.2349

Proof. Let ∆min = mina ̸=a⋆(µa⋆ − µa) and ∆0 = mina∈[K] min{µa, 1 − µa} > 0. Using2350

Lemma 54, we obtain, for all n ≥ N0,2351

µ̃n,a⋆ ≥ µa⋆ −Wµ
log(e+

√
n/K/(1 + η))√

n/K/(1 + η)

∀a ̸= a⋆, µ̃n,a ≤ µa +Wµ
log(e+

√
n/K/(1 + η))√

n/K/(1 + η)
,

where we used that x→ log(e+ x)/x is decreasing and Ñn,a ≥ Nn,a/(1 + η) ≥
√
n/K/(1 + η).2352

Let N1 = max{N0, ⌈K(1 + η)2X2
1⌉} where2353

X1 = sup
{
x > 1 | x ≤ 4(∆min,∆0)

−1Wµ log x+ e
}
≤ h1(4(∆min,∆0)

−1Wµ, e) ,

where we used Lemma 52, and h1 defined therein. Using Lemmas 54 and 59, we obtain Eνπ[N1] <2354

+∞. Then, we have 0 < µa −∆0/4 ≤ µ̃n,a ≤ µa +∆0/4 < 1 for all a ∈ [K]. Moreover, for all2355

n ≥ N1, we have µ̃n,a⋆ ≥ µa⋆ −∆min/4 and µ̃n,a ≤ µa +∆min/4 for all a ̸= a⋆, hence2356

a⋆ = argmax
a∈[K]

µ̃n,a = argmax
a∈[K]

[µ̃n,a]
1
0 = ãn = Bn .

This concludes the proof.2357

Lemma 61 shows that that the pulling proportion of the best arm converges towards β. It is a direct2358

consequence of Lemma 60 by using the same proof as Lemma 39 in Azize et al. [12], hence we omit2359

the proof.2360
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Lemma 61 (Lemma 39 in Azize et al. [12]). Let γ > 0, and N1 be as in Lemma 60. There exists a2361

deterministic constant C0 ≥ 1 such that, for all n ≥ C0N1, we have
∣∣∣Nn,a⋆

n−1 − β
∣∣∣ ≤ γ.2362

Lemma 62 shows that if a sub-optimal arm overshoots its β-optimal allocation then it cannot be2363

selected as challenger for large enough n.2364

Lemma 62. Let γ ∈ (0, γµ) where γµ is a problem dependent constant. Let N1 and C0 be as in2365

Lemma 60 and 61. There exists N2 ≥ C0N1 with Eνπ[N2] < +∞ such that, for all n ≥ N2,2366

∃a ̸= a⋆,
Nn,a

n− 1
≥ γ + ω⋆

ϵ,β,a =⇒ Cn ̸= a .

Proof. Let η > 0 and γ > 0 be small enough, which we will specify below. Let γ̃ ∈ (0, γ). Let N12367

as in Lemma 60 and C0 as in Lemma 61 for γ̃. Let n ≥ C0N1. Therefore, we have µ̃n ∈ (0, 1)K and2368

ãn = Bn = a⋆ and
∣∣∣Nn,a⋆

n−1 − β
∣∣∣ ≤ γ̃. Using the same proof as in Lemma 60, there exists N3 with2369

Eνπ[N3] < +∞ such that, for all n ≥ N3, we have ∥µ̃n − µ∥∞ ≤ η. Let n ≥ max{C0N1, N3}.2370

Let a ̸= a⋆ such that Nn,a

n−1 ≥ ω⋆
ϵ,β,a + γ. Suppose towards contradiction that Nn,b

n−1 > ω⋆
ϵ,β,b for all2371

b /∈ {a⋆, a}. Then, for all n ≥ C0N1, we have2372

1− β + γ̃ ≥ 1− Nn,a⋆

n− 1
=
∑
b ̸=a⋆

Nn,b

n− 1
> γ +

∑
b̸=a⋆

ω⋆
ϵ,β,b = 1− β + γ ,

which yields a contradiction since γ̃ < γ. Therefore, for all n ≥ C0N1, we have2373

∃a ̸= a⋆,
Nn,a

n− 1
≥ ω⋆

ϵ,β,a + γ =⇒ ∃b /∈ {a⋆, a}, Nn,b

n− 1
≤ ω⋆

ϵ,β,b .

Let b /∈ {a⋆, a} such that Nn,b

n−1 ≤ ω
⋆
ϵ,β,b. By definition of the TC challenger, we obtain2374

Cn ̸= a ⇐= Wϵ,a⋆,a(µ̃n, Nn) + logNn,a > Wϵ,a⋆,b(µ̃n, Nn) + logNn,b

⇐= 1

n− 1
(Wϵ,a⋆,a(µ̃n, Nn)−Wϵ,a⋆,b(µ̃n, Nn)) >

1

n− 1
log

ω⋆
ϵ,β,b

ω⋆
ϵ,β,a + γ

⇐= 1

n− 1
(Wϵ,a⋆,a(µ̃n, Nn)−Wϵ,a⋆,b(µ̃n, Nn)) >

1

n− 1
max
a ̸=b

∣∣∣∣∣log ω⋆
ϵ,β,b

ω⋆
ϵ,β,a

∣∣∣∣∣ ,
where we used the positivity of the β-optimal allocation (Lemma 42) to ensure that2375

maxa̸=b

∣∣∣log ω⋆
ϵ,β,b

ω⋆
ϵ,β,a

∣∣∣ ∈ (0,+∞). Using that µ̃n,a⋆ > max{µ̃n,a, µ̃n,b}, we obtain2376

1

n− 1
(Wϵ,a⋆,a(µ̃n, Nn)−Wϵ,a⋆,b(µ̃n, Nn))

≥ inf
u∈[0,1]

{
Nn,a⋆

n− 1
d−ϵ (µ̃n,a⋆ , u) + (ω⋆

ϵ,β,a + γ)d+ϵ (µ̃n,a, u)

}
− inf

u∈[0,1]

{
Nn,a⋆

n− 1
d−ϵ (µ̃n,a⋆ , u) + ω⋆

ϵ,β,bd
+
ϵ (µ̃n,b, u)

}
≥ inf

β̃:|β̃−β|≤γ̃
Ga,b(µ̃n, β̃) ≥ inf

λ:∥λ−µ∥∞≤η
inf

β̃:|β̃−β|≤γ̃
Ga,b(λ, β̃) ,

where, for all (a, b) ∈ ([K] \ {a⋆})2 such that a ̸= b,2377

Ga,b(λ, β̃) = inf
u∈[0,1]

{
β̃d−ϵ (λa⋆ , u) + (ω⋆

ϵ,β,a + γ)d+ϵ (λa, u)
}

− inf
u∈[0,1]

{
β̃d−ϵ (λa⋆ , u) + ω⋆

ϵ,β,bd
+
ϵ (λb, u)

}
.

Using the equality at equilibrium from (39) (see Lemma 42) and the fact that the transportation2378

costs are increasing in their allocation argument (see Lemma 36), we obtain Ga,b(µ, β) > 0 for all2379

(a, b) ∈ ([K] \ {a⋆})2 such that a ̸= b, since2380

inf
u∈[0,1]

{
βd−ϵ (µa⋆ , u) + (ω⋆

ϵ,β,a + γ)d+ϵ (µa, u)
}
> Wϵ,a⋆,a(µ,w

⋆
ϵ,β) =Wϵ,a⋆,b(µ,w

⋆
ϵ,β) .
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By Lemma 48, the functions (λ, β̃)→ Ga,b(λ, β̃) and λ→ inf β̃:|β̃−β|≤γ̃ Ga,b(λ, β̃) are continuous.2381

Therefore, there exists ηµ and γµ small enough such that2382

inf
λ:∥λ−µ∥∞≤η

inf
β̃:|β̃−β|≤γ̃

Ga,b(λ, β̃) ≥ Ga,b(µ, β)/2 ≥
1

2
min

a ̸=b,a̸=a⋆,b ̸=a⋆
Ga,b(µ, β) > 0 ,

where the last strict inequality uses that the minimum of a finite number of positive constants2383

is also positive. Considering such (ηµ, γµ) at the beginning of the proof and taking N2 =2384

max{C0N1, N3, κµ} where2385

κµ = 2 +
2maxa ̸=b

∣∣∣log ω⋆
ϵ,β,b

ω⋆
ϵ,β,a

∣∣∣
mina̸=b,a̸=a⋆,b̸=a⋆ Ga,b(µ, β)

< +∞ ,

As it satisfies Eνπ[N2] < +∞, this concludes the proof.2386

Lemma 63 shows that the convergence time towards the β-optimal allocation has finite expectation.2387

It is a direct consequence of Lemmas 60, 61 and 62 by using the same proof as Lemma 41 in Azize2388

et al. [12], hence we omit the proof.2389

Lemma 63 (Lemma 41 in Azize et al. [12]). Let γ ∈ (0, γµ) where γµ is a problem dependent2390

constant, and Tγ(w) as in Eq. (40). Then, we have Eνπ[Tγ(ω
⋆
ϵ,β)] < +∞.2391

H.4 Asymptotic Upper Bound2392

The final step of the generic analysis of Top Two algorithms [50] is to invert the GLR stopping rule in2393

Eq. (7) by leveraging the convergence of the empirical proportions towards the β-optimal allocation.2394

Provided this convergence is shown, the asymptotic upper bound on the expected sample complexity2395

only depends on the dependence in log(1/δ) of the threshold that ensures δ-correctness. Compared2396

to the non-private GLR stopping rule, the GLR stopping rule in Eq. (7) pay an extra cost to ensure2397

privacy.2398

Lemma 64. Let ϵ > 0, η > 0 and (δ, β) ∈ (0, 1)2. Let T ⋆
ϵ,β(ν) as in Eq. (35) and ω⋆

ϵ,β be its2399

associated β-optimal allocation. Assume that there exists γµ > 0 such that Eνπ[Tγ(ω
⋆
ϵ,β)] < +∞2400

for all γ ∈ (0, γµ), where Tγ(w) is defined in Eq. (40). Combining such a sampling rule, using the2401

GPEη(ϵ) update, with the GLR stopping rule as in Eq. (7) and the stopping threshold c as in Eq. (8)2402

yields an ϵ-global DP and δ-correct algorithm which satisfies that, for all ν with mean µ such that2403

|a⋆(µ)| = 1,2404

lim sup
δ→0

Eνπ [τϵ,δ]

log(1/δ)
≤ 2(1 + η)T ⋆

ϵ,β(ν) .

Proof. Lemma 4 yields the ϵ-global DP. Theorem 5 yields the δ-correctness.2405

Let ζ > 0 and a⋆ be the unique best arm. Using the equality at equilibrium from (39) (see Lemma 42)2406

and the continuity of (µ,w) 7→ mina̸=a⋆(µ)Wϵ,a⋆(µ),a(µ,w) (see Lemma 41), there exists γζ > 02407

such that
∥∥∥ Nn

n−1 − ω
⋆
ϵ,β

∥∥∥
∞
≤ γζ and ∥µ̃n − µ∥∞ ≤ γζ implies that2408

∀a ̸= a⋆, Wϵ,a⋆,a(µ̃n, Nn/(n− 1)) ≥ (1− ζ)
T ⋆
ϵ,β(ν)

.

We choose such a γζ . Let γµ > 0 be such that for Eνπ[Tγ(ω
⋆
ϵ,β)] < +∞ for all γ ∈ (0, γµ), where2409

Tγ(ω) is defined in Eq. (40). Let γ ∈ (0,min{γµ, γζ ,mina∈[K] ω
⋆
ϵ,β,a/4,∆min/4,∆0/4}) where2410

∆min = mina̸=a⋆(µa⋆ − µa) and ∆0 = mina∈[K] min{µa, 1− µa}. For all n ≥ Tγ(ω⋆
ϵ,β), we have2411

Ñn,a ≥ Nn,a/(1 + η) ≥ (n− 1)(ω⋆
ϵ,β,a − γ)/(1 + η) ≥ (n− 1)

3

4(1 + η)
min
a∈[K]

ω⋆
ϵ,β,a > 0 ,

where the last inequality used the positivity of the β-optimal allocation (Lemma 42). Since arms2412

are sampled linearly, it is direct to construct N3 ≥ Tγ(ω
⋆
ϵ,β) with Eνπ[N3] < +∞ such that2413

∥µ̃n − µ∥∞ ≤ γ and
∥∥∥ Nn

n−1 − ω
⋆
ϵ,β

∥∥∥
∞
≤ γ (as well as mina∈[K]Nn,a > e trivially).2414
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Recall that c(n, ϵ, δ) = c1(n, δ)+ c2(n, ϵ) where n 7→ c1(n, δ) and n 7→ c1(n, δ) are increasing (see2415

Lemmas 51 and 38). Since Ñn,a ≤ Nn,a ≤ n, we obtain2416 ∑
b∈{a⋆,a}

c(Ñn, ϵ, δ) ≤ 2(c1(n, δ) + c2(n, ϵ)) .

Using Lemma 36 and Ñn,a ≥ Nn,a/(1 + η) for all a ∈ [K] (Lemma 49), we obtain2417

Wϵ,a⋆,a(µ̃n, Ñn) ≥
n− 1

1 + η
Wϵ,a⋆,a

(
µ̃n,

Nn

n− 1

)
.

Let κ ∈ (0, 1) and T > N3/κ. For all n ∈ [κT, T ], we have ãn = a⋆ and, for all a ̸= a⋆,2418

τϵ,δ > n

=⇒ ∃a ̸= a⋆, Wϵ,a⋆,a(µ̃n, Ñn) ≤
∑

b∈{a⋆,a}

c(Ñn, ϵ, δ)

=⇒ ∃a ̸= a⋆,
n− 1

1 + η
Wϵ,a⋆,a

(
µ̃n,

Nn

n− 1

)
≤ 2(c1(n, δ) + c2(n, ϵ))

=⇒ ∃a ̸= a⋆,
n− 1

1 + η

(1− ζ)
T ⋆
ϵ,β(ν)

≤ 2c1(T, δ) + 2c2(T, ϵ) ,

where we used that n 7→ c1(n, δ) and n 7→ c2(n, ϵ) are increasing and n ≤ T . Therefore, we obtain2419

min {τϵ,δ, T} ≤ κT +

T∑
n=κT

1 (τδ > n)

≤ κT +

T∑
n=κT

1

(
n− 1

1 + η

(1− ζ)
T ⋆
ϵ,β(ν)

≤ 2c1(T, δ) + 2c2(T, ϵ)

)

≤ κT + 1 +
2(1 + η)T ⋆

ϵ,β(ν)

1− ζ
(c1(T, δ) + c2(T, ϵ)) .

Let Tζ(δ) defined as2420

Tζ(δ) := inf

{
T ≥ 1 | 1

1− κ

(
1 +

2(1 + η)T ⋆
ϵ,β(ν)

1− ζ
(c1(T, δ) + c2(T, ϵ))

)
≤ T

}
.

Using Lemma 51, we know that W−1(x) =x→∞ x + log x, hence we have2421

lim supδ→0 c1(T, δ)/ log(1/δ) ≤ 1. Since limδ→0 c2(T, ϵ)/ log(1/δ) = 0, we obtain2422

lim supδ→0
Tζ(δ)

log(1/δ) ≤
2(1+η)T⋆

ϵ,β(ν)

(1−ζ)(1−κ) . For every T ≥ max{Tζ(δ), N3/κ}, we have τϵ,δ ≤ T ,2423

hence Eνπ [τϵ,δ] ≤ Tζ(δ) + Eνπ [N3] /κ < +∞. Therefore, for all ζ, κ > 0, we obtain2424

lim sup
δ→0

Eνπ [τϵ,δ]

log(1/δ)
≤ lim sup

δ→0

Tζ(δ)

log(1/δ)
≤

2(1 + η)T ⋆
ϵ,β(ν)

(1− ζ)(1− κ)
.

Letting ζ and κ go to zero concludes the proof.2425

Proof of Theorem 6 The proof is obtained by combining Theorem 5 and Lemmas 4, 59, 63 and 64.2426

I Variants of Algorithms2427

In Appendix I, we propose several variants of the algorithmic components used in our algorithm. The2428

objective is to give freedom of choice for the practitioners interested in solving ϵ-global DP BAI.2429

Given the rich literature on BAI, it is unreasonable to provide details for the ϵ-global DP version of2430

all the existing BAI algorithms. Therefore, we settle for a few instances that has received increased2431

scrutiny in the BAI literature.2432
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First, we adapt the Track-and-Stop sampling rule [38] to solve ϵ-global DP BAI (Appendix I.1). This2433

leverages the computational tractable procedure to compute the optimal allocation w⋆
ϵ derived in2434

Lemma 46. Second, we explore some alternative choices of components of the Top Two sampling2435

rule for ϵ-global DP BAI (Appendix I.2). This includes adaptive choice of target for the leader, hence2436

aiming at achieving T ⋆
ϵ (ν) instead of T ⋆

ϵ,β(ν). Third, we adapt the LUCB sampling rule [55] for2437

ϵ-global DP BAI (Appendix I.3).2438

I.1 Track-and-Stop Sampling Rule2439

The Track-and-Stop (TaS) sampling rule was introduced in the seminal paper [38]. At each time2440

n, it solves the optimization problem defining the characteristic time for the current empirical2441

estimator µ̃n. When µ̃n ∈ (0, 1)K , we define w̃n = w⋆
ϵ (ν̃n) where ν̃n is the Bernoulli instance with2442

means µ̃n. When µ̃n /∈ (0, 1)K , [µ̃n]
1
0 corresponds to a degenerate Bernoulli instance, hence we2443

define w̃n = 1K/K. Since µ̃n is updated on a per-arm geometric grid governed by η, the optimal2444

allocation w̃n is updated on the same per-arm geometric grid. Therefore, choosing a larger η yields2445

lower computational cost of TaS at the cost of larger expected sampled complexity, i.e., asymptotic2446

multiplicative factor 1 + η due to the update grid.2447

Given the vector w̃n ∈ △K , the next arm an to sample is obtained by using C-Tracking [38] with2448

forced exploration in order to ensure that sufficient exploration holds. This is done here by projecting2449

on △ϵ
K = {w ∈ [ϵ, 1]K |

∑
a∈[K] wa = 1} for a well chosen ϵ ∈ (0, 1/K]. Let w̃ϵn

n be the ℓ∞2450

projection of w̃n on△ϵn
K with ϵn = (K2 + n)−1/2/2. While we consider a projection that changes2451

at each time n (due to ϵn), w̃ϵn
n could also be updated on a per-arm geometric grid, i.e., when w̃n is2452

updated itself. For all n ≥ K + 1, the TaS sampling rule defines2453

an ∈ argmax
a∈[K]

∑
t∈[n]

w̃ϵt
t,a −Nn,a

 . (43)

In summary, our proposed Track-and-Stop algorithm is defined as in DP-TT with the sole modification2454

that Lines 13-14 are replaced by the sampling rule defined in Eq. (43).2455

Optimal Allocation Oracle In Lemma 46, we show that w⋆
ϵ (ν) can be computed explicitly based2456

on the unique fixed-point solution Fµ(y) = 1 for y ∈ [0,mina̸=a⋆(µ) d
−
ϵ (µa⋆(µ), µa)), where Fµ is2457

an increasing one-to-one mapping from [0,mina̸=a⋆(µ) d
−
ϵ (µa⋆(µ), µa)) to [0,+∞) defined as2458

Fµ(y) =
∑

a ̸=a⋆(µ)

d−ϵ (µa⋆(µ), ua(xa(y)))

d+ϵ (µa, ua(xa(y)))
. (44)

The definitions of ua and xa is defered to Lemma 46, ua is decreasing and xa is increasing and2459

strictly convex.2460

Asymptotic Expected Sample Complexity Combining the TaS sampling rule an as in Eq. (43)2461

with the GPEη(ϵ) update and the GLR stopping rule as in Eq. (7) for the stopping threshold as in2462

Eq. (8) yields a δ-correct and ϵ-global DP algorithm (see Lemma 4 and Theorem 5). Moreover, we2463

conjecture that its satisfies that, for all ν ∈ FK with unique best arm,2464

lim sup
δ→0

Eνπ [τϵ,δ]

log(1/δ)
≤ 2(1 + η)T ⋆

ϵ (ν) .

The multiplicative factor 1+ η comes from the per-arm geometric update grid, and the factor 2 comes2465

from the asymptotic scaling in 2 log(1/δ) of the stopping threshold. Using Theorem 6 for β = 1/22466

and T ⋆
ϵ,1/2(ν) ≤ 2T ⋆

ϵ (ν) (Lemma 43), proving this conjecture would only yield an asymptotic2467

improvement by a factor of at most 2. However, this would come at the price of a significantly higher2468

computational cost.2469

Proof Sketch of Conjecture While the detailed proof of this conjecture is beyond the scope of this2470

work, an astute reader could notice that all the necessary steps were proven to derive Theorem 6 for2471

DP-TT. At a high level, it is intuitive that the asymptotic analysis of Track-and-Stop is simpler than2472

the one of DP-TT.2473
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First, the forced exploration is enforced algorithmically, hence an equivalent of Lemma 59 can be2474

shown for the Track-and-Stop sampling rule. In contrast, the proof of sufficient exploration for DP-TT2475

is more challenging and involves a subbtle reasoning towards contradiction, see Appendix H.2 for2476

more details.2477

Second, the convergence towards the optimal allocation is also enforced algorithmically. Thanks to2478

the forced exploration and due to the continuity of ν 7→ w⋆
ϵ (ν) (Lemma 41) and the convergence2479

µ̃n →n→+∞ µ, the empirical optimal allocation w̃n converges towards the true optimal allocation2480

w⋆
ϵ (ν). Therefore, an equivalent of Lemma 63 can be shown for the Track-and-Stop sampling rule.2481

In contrast, the proof of convergence towards β-optimal allocation for DP-TT is more challenging2482

and leverage subbtle regularity properties of the β characteristic time and its optimal allocation, e.g.,2483

the equality at equilibrium of all the transportations costs in Eq. (39), see Appendix H.3 for more2484

details.2485

Third, the invertion of the GLR stopping rule can be done similarly as for DP-TT. The sole modifica-2486

tion lies in using our derived regularity properties for w⋆
ϵ (ν) instead of w⋆

ϵ,β(ν), e.g., the equality at2487

equilibrium of all the transportations costs in Lemma 42. Therefore, an equivalent of Lemma 64 can2488

be shown for the Track-and-Stop sampling rule with 2(1 + η)T ⋆
ϵ (ν) instead of 2(1 + η)T ⋆

ϵ,β(ν), see2489

Appendix H.4 for more details.2490

I.2 Top Two Sampling Rule2491

As detailed in Chapter 2.2 in [48], a Top Two sampling rule is defined by four choices: a leader arm2492

Bn ∈ [K], a challenger arm Cn ∈ [K] \ {Bn}, a target βn(Bn, Cn) ∈ [0, 1] and a mechanism to2493

reach the target, i.e., an ∈ {Bn, Cn} by using βn(Bn, Cn). For instance, the sampling rule in DP-TT2494

uses the EB leader, the TCI challenger, a fixed target β ∈ (0, 1) and K independent β-tracking2495

procedures (one per leader). We propose adaptive choice of target (Appendix I.2.1), as well as leader2496

fostering implicit exploration (Appendix I.2.2).2497

I.2.1 Adaptive Target2498

When the target is fixed to β beforehand, the Top Two sampling rule can achieve T ⋆
ϵ,β(ν) at best. We2499

propose adaptive choices of the target inspired by the recent literature on asymptotically optimal Top2500

Two algorithms [86, 14].2501

BOLD Target Given the EB-TCI leader/challenger pair (Bn, Cn) defined in DP-TT, we adapt the2502

BOLD target from Bandyopadhyay et al. [14]. Let us define2503

uϵ,Bn,a(µ̃n, Nn) = argmin
u∈[0,1]

{
Nn,Bnd

−
ϵ (µ̃n,Bn , u) +Nn,ad

+
ϵ (µ̃n,b, u)

}
, (45)

whose closed-form solution is given in Lemma 44. Then, the deterministic BOLD target defines the2504

next arm to pull as2505

an = Bn if
∑
a ̸=Bn

d−ϵ (µ̃n,Bn , uϵ,Bn,a(µ̃n, Nn))

d+ϵ (µ̃n,a, uϵ,Bn,a(µ̃n, Nn))
> 1 and an = Cn otherwise. (46)

In summary, the sole modification in DP-TT is Line 14 that is replaced by the sampling rule defined2506

in Eq. (46).2507

For any single-parameter exponential family of distributions, Bandyopadhyay et al. [14] shows that the2508

BOLD target allows to reach asymptotic optimality. Forced exploration is added by Bandyopadhyay2509

et al. [14] to ensure that sufficient exploration holds. Showing that the BOLD target can achieve2510

asymptotic optimality without forced exploration, i.e., meaning that it ensures sufficient exploration2511

on its own, is an open problem.2512

IDS Target Given the EB-TCI leader/challenger pair (Bn, Cn) defined in DP-TT, we adapt the2513

IDS target from You et al. [86]. Namely, the randomized IDS target defines the next arm to pull from2514

as2515

an =

{
Bn with proba βn(Bn, Cn)

Cn otherwise
where βn(Bn, Cn) =

Nn,Bn
d−ϵ (µ̃n,Bn

, uϵ,Bn,Cn
(µ̃n, Nn)

Wϵ,Bn,Cn
(µ̃n, Nn)

,

(47)
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where uϵ,Bn,Cn(µ̃n, Nn) is defined in Eq. (45). In summary, the sole modification in DP-TT is Line2516

14 that is replaced by the sampling rule defined in Eq. (47).2517

While we could use K(K − 1) tracking procedures to select an ∈ {Bn, Cn}, we use randomization2518

above for the sake of simplicity. For Gaussian distributions with known variance, You et al. [86]2519

shows that the IDS target allows to reach asymptotic optimality. Showing that the IDS target can2520

achieve optimality for other classes of distributions is an open problem.2521

Asymptotic Expected Sample Complexity Sampling an as in Eq. (46) or (47) for the EB-TCI2522

leader/challenger pair (Bn, Cn) defined in DP-TT based on the GPEη(ϵ) update and the GLR stopping2523

rule as in Eq. (7) for the stopping threshold as in Eq. (8) yields a δ-correct and ϵ-global DP algorithm2524

(see Lemma 4 and Theorem 5).2525

While we conjecture that their asymptotic expected sample complexities lim supδ→0
Eνπ [τϵ,δ]
log(1/δ) are2526

both upper bounded by 2(1+ η)T ⋆
ϵ (ν), we emphasize that our analysis doesn’t provide the necessary2527

steps for this result to hold. This is an interesting research direction left for future work.2528

I.2.2 Implicit Exploring Leaders and TC Chalenger2529

The empirical best (EB) leader is a greedy choice of leader that doesn’t foster implicit exploration.2530

Without additional exploration mechanism, it can suffer from large empirical stopping time despite2531

being enough for an asymptotic analysis, see [50]. This motivated the choice of the TCI challenger2532

for DP-TT, since it fosters additional implicit exploration by penalizing over sampled challengers2533

with the logNn,a term. We propose other choices of leaders that foster implicit exploration, and2534

define the TC challenger that removes this penalization.2535

The UCB leader is defined as2536

BUCB
n ∈ argmax

a∈[K]

Un,a where Un,a = max
{
u ∈ [0, 1] | Nn,ad

+
ϵ ([µ̃n,a]

1
0, u) ≤ log(n)

}
. (48)

By adding a bonus to the empirical mean, we are optimistic since we consider that the means are2537

better than suggested by our observations.2538

The IMED leader builds on the IMED algorithm [42] is defined as2539

BIMED
n ∈ argmin

a∈[K]

{
Nn,ad

+
ϵ ([µ̃n,a]

1
0, µ̃

⋆
n) + logNn,a

}
where µ̃⋆

n = max
a∈[K]

[µ̃n,a]
1
0 . (49)

The TC challenger is defined as2540

CTC
n ∈ argmin

a ̸=Bn

Wϵ,Bn,b(µ̃n, Nn) , (50)

where Wϵ,a,b is defined as in Eq. (4).2541

In summary, the sole modification in DP-TT is Line 13 which can be replaced by choosing the leader2542

as in Eq. (48) or Eq. (49), or choosing the challenger as in Eq. (50).2543

Asymptotic Expected Sample Complexity Choosing the leader as in Eq. (48) or Eq. (49) or the2544

challenger as in Eq. (50) based on the β-tracking as in DP-TT, the GPEη(ϵ) update and the GLR2545

stopping rule as in Eq. (7) for the stopping threshold as in Eq. (8) yields a δ-correct and ϵ-global2546

DP algorithm (see Lemma 4 and Theorem 5). Moreover, we conjecture that its satisfies that, for all2547

ν ∈ FK with distinct means,2548

lim sup
δ→0

Eνπ [τϵ,δ]

log(1/δ)
≤ 2(1 + η)T ⋆

ϵ,β(ν) .

While the detailed proof of this conjecture is beyond the scope of this work, an astute reader could2549

notice that all the necessary steps were proven to derive Theorem 6 for DP-TT. When using the TC2550

challenger as in Eq. (50), the proofs of Lemmas 58 and 62 can be readily adapted. When using the2551

UCB leader as in Eq. (48) or the IMED leader as in Eq. (49), the proofs of Lemmas 55 and 60 could2552

also be adapted.2553
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I.3 LUCB Sampling Rule2554

While the Top Two terminology was introduced in Russo [73], the first sampling rule having a Top2555

Two structure is the greedy sampling strategy in LUCB1 introduced by Kalyanakrishnan et al. [55].2556

At each time n, it selects the EB leader BEB
n = ãn and the UCB challenger defined as2557

CUCB
n ∈ argmax

a ̸=BEB
n

Un,a where Un,a as in Eq. (48) . (51)

Then, it samples both BEB
n and CUCB

n . Instead of using the GLR stopping rule as in Eq.(7), LUCB12558

stops when the LCB (lower confidence bound) of the leader exceeds the UCB of the challenger, i.e.,2559

τLUCB1
ϵ,δ = inf

{
n | L̃n,BEB

n
> Un,CUCB

n

}
, (52)

where2560

L̃n,a = max
{
u ∈ [0, 1] | Nn,ad

−
ϵ ([µ̃n,a]

1
0, u) ≤ log(n)

}
. (53)

In summary, the modifications in DP-TT are: (1) the sampling rule in Lines 13-15 is replaced by2561

sampling both BEB
n and CUCB

n , and (2) the stopping rule in Line 10 is replaced by Eq. (52). While2562

studying this algorithm is beyond the scope of this work, we emphasize that LUCB is known to not2563

reach asymptotic (β-)optimality.2564

J Implementation Details and Supplementary Experiments2565

Appendix J is organized as follows. First, we provide additional detail on the implementation details2566

for our algorithm (Appendix J.1). Second, we provide supplementary experiments to illustrate the2567

good performance of our algorithm (Appendix J.2).2568

J.1 Implementation Details2569

We present additional experiments comparing the algorithms in different bandit instances with2570

Bernoulli distributions, as defined by Sajed and Sheffet [74], namely2571

µ1 = (0.95, 0.9, 0.9, 0.9, 0.5), µ2 = (0.75, 0.7, 0.7, 0.7, 0.7),

µ3 = (0.1, 0.3, 0.5, 0.7, 0.9), µ4 = (0.75, 0.625, 0.5, 0.375, 0.25)},
µ5 = (0.75, 0.53125, 0.375, 0.28125, 0.25), µ6 = (0.75, 0.71875, 0.625, 0.46875, 0.25)}.

For each Bernoulli instance, we implement the algorithms with2572

ϵ ∈ {0.001, 0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 10, 100, 125} .

The risk level is set at δ = 0.01. We verify empirically that the algorithms are δ-correct by running2573

each algorithm 1000 times.2574

We implement all the algorithms in Python (version 3.8) and on an 8 core 64-bits Intel i5@1.6 GHz2575

CPU.2576

Remark 2. To implement the thresholds of AdaP-TT, AdaP-TT⋆ and DP-TT, we use empirical2577

thresholds that we get by approximating the theoretical thresholds. The expressions of the empirical2578

thresholds used can be found in the code in the supplementary material.2579

J.2 Supplementary Experiments2580

Figure 2 confirms our experimental findings from Section 6. DP-TT outperforms all the other2581

δ-correct and ϵ-global DP BAI algorithms, for different values of ϵ and in all the instances tested.2582

The empirical performance of DP-TT demonstrates two regimes. A high-privacy regime, where the2583

stopping time depends on the privacy budget ϵ, and a low privacy regime, where the performance2584

of DP-TT is independent of ϵ, and requires twice the number of samples used by the non-private2585

EB-TCI-β.2586
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Figure 2: Empirical stopping time τϵ,δ (mean ±2 std. over 1000 runs) for δ = 10−2 with respect to
the privacy budget ϵ for ϵ-global DP on Bernoulli instances µ3, µ4, µ5 and µ6 (top left to bottom
right). The shaded vertical line separates the two privacy regimes.
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