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Additional notation. Throughout the appendices, to simplify the notation, we write

exp(ai(X))
ST exp(a;(X))

so that f(X;p, E) = ZiT:1 qi(X)EwTiv. We will drop the dependence on X in a;(X), ¢;(X) when
there is no confusion. We also denote

a;(X) := pTEaci7 ¢(X) =

; 19)

vi(X,y) == yE, v, (20)

dropping again the dependency on X, y when there is no confusion. Finally, we define

1
9Xy) =1 +exp(yf(X;p, E))

2

Properties of initialization. By standard concentration inequalities, with probability at least 1 — 9,
at initialization we have

1 |SI?
E'E, El ET Tol b < —1/2log =
maX{sglﬁgS s By|,max|E, v|, max |E; p|, [p ] < 77\ 2loe 5 )
1
< i > =,
max {gleagEslz, pllz} <2, ggglIEst >3

For all results of the paper holding with probability at least 1 — &, we will be implicitly conditioning

on (22).
A Technical lemmas

Lemma A.1. The gradients of the empirical loss are given by

T T
VEsﬁ(Evp) =-E yg(Xv y) Z(Z(]lxlzs - ]]-m7:S)qz(X)qj(X))Ea—c:vp + Zﬂxq‘,:Sqiv )
i i=1 j#i i=1
N T
L i=1 j#i

where we have defined g(X,y) = m.

Proof. We start by taking the gradient of ¢; as

1.,—sexp (E],p) p (Zle exp (E;p)) - (Zle 1,—s exp (E;.p)p) exp(E,,p)

Ve, qi(X) = (E?:l exp (E;Jp))Q

pZ?:1(ﬂzi:s - ]la:J:s) €Xp (E;p) €xp (E;r,p)

(S ew(227))

T
=p Z(ﬂIi:s - ]le:s)qiqj

20
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759

761

762

Vpgi(X) =

(exp (E;p) EI) (Zle exp (E;r] p) ) — 25:1 exp (E;J p) E,; exp (E;,rp)

(e (EL0))

Z]T:l exp (E;'—Jp> exp(E, p)(Ey, — Ey;)

<Z]‘T:1 eXp (E;Jp

T
= Z qiqj(Emi - ET;)
J=1
= Z q¢qj(E-T7t - ET,)

i

Next, we look at the gradient of f(X;p, E):

MH

vEs f(Xa 2 E)

i=1
T

-y
i=1 \ j#i
T

vpf(X§p7 = Z Z QzQJ

i=1 \ j#i

This allows us to conclude that

o —Y
Ve L(Ep)=E [1 +exp(yf(X;p, E))

=K

—y
1+ exp(yf(X;p, E))

o —Y
VyL(E.p) =E [1 +exp(yf(X;p, E))

&

)

i=

wl_

T

(VE QZ) E Y + Z ]la: =s4iV

1
T

Z(]l:ri:s - ]la:j:s)quj E;:Up + Z ]l:vi:s%’v;

i=1

E.,) | E]v.

(>

=1

(

—y
[1 +exp(yf(X;p, E))

thus concluding the proof.

Lemma A.2. For any vector D, we have

7§Tvp£(Eap)

e (£ X

i=1 j>1

=p' E,, forallic {1,...,T}.

where a;

21

Z(]lfﬂizs - ]lmj—s)qi(X>Qj(X)> E;,Up

J#i

+§;]lm,;_sqi(X)v>1,

(X))@ (X)g;(X) (%:(X, y) —7;(X, y)))



763 Proof. From Lemmal[AT] we have

Vp/.:(E,p) =

764 where gx = [¢1(X),. ..

765 diagonal matrix with [Diag(gx)]; ;
766 Thus, letting a = [ay, . . .

_ﬁTvp‘C(‘Eap)

9(X,y)

I
&=

I
&=

I
&=

9(X,y)

I
&=

9(X,y)

|
&=

9(X,y)

767

768

769 € >0, thereisa t_( ) ensuring

il

770

771

772 We note that

>QT(X)]T7’Y(X7 y) =
:%‘(X)-

,ar] € RT with a;

(Eapt> Z

T
Z ZQT xz_ij) E;U
i=1 \ j#i
T
Z ZQ’L :Cl - EJUJ) ’)/Z(va)
i=1 \ j#i
~E [9(X,y) Ex (Diag(qx) — axax) ¥(X,)] ,
[v1(X,¥),...y7(X,y)] " and Diag(qx ) denotes the

= pTExi, we have

=E [g(X,y)p" Ex (Diag(qx) — axax)v(X,y)]
=E[g(X,y)a"

(Diag(qx) — ¢xqx)v(X,y)]

T T
Zaiqiu — i)V — Z Zaz’qz‘qwj
i=1

i=1 j#i

T
> aiqigi (v — )

(use 1 — ¢q; = Z ;)
i=1 j#i J#i
1 T
30D it (v = Zzangqg — %)
i=1 j#i 2535
1 T
3 > (@i —a;)aiq;(vi — )
i=1 j£i
T
DO (@ —ay)ai (v — )
i=1 j>i

O

Lemma A.3 (Convergence lemma). Let ||p:||o — oo and suppose there exists p such that, for any

Then, if lim,g_>Oo m exists, we have

(1 )pt V,L(E,p),  forallt>i(e). (23)
l|pe]l2
lim Py P .
t=oc [pella [Pl

Proof. By the definition of the gradient flow, (Z3) is equivalent to

pldp gy pi dn

Ipll2 dt — l|pell2 dt
p dp_dy
Ipell> i~ di

773
=T

= \D
127s P

— Pite)) > (

Thus, by integrating both sides from [¢(¢), ¢], we have:

1—e)(llpell2 —

pr(e)HQ)a

22



774  which gives

=T _ ST,
PP g )Ilpt@llz P Pig
[Dll2]lpe]l2 [[pe]]2 [Dll2]lpe]l2
775 Since pg (), p have finite norm for fixed €, by taking the limit on both sides, we have

~T
lim inf D bt

__ >1—ce.
i=oo ||Pll2]lpt]l2

776 As we assume that lim;_, o H;ﬁ exist and the above argument holds for any €, we conclude

I bt P

im —— = ——.

t=oo [pell2 (B2

777 ]

77e Lemma A.4. Given a sequence X, model parameters E, p, v, and indices i, j s.t. z;, € Sx(p),x; €
79 X \ Sx(p), the following results hold.

780 1. We have )
—<q <1.
T= Gi, >
781 2. If there exist T > O such that p" (E,, — E,,) > 7 for all z;, € Sx(p), then we have
< 1
%=1 +exp(T)’
782 3. If there exist 7 > 0 such that p" (E,, — E,,) < 7 forall z;, € Sx(p), then we have
> )
%= T exp(T)

783 Proof. The upper bound on g;, is trivial. For the lower bound:
exp(p' Ea,, )
exp (pTEfEi*> + Zj;&i* exp(pTij)
exp(p'Er) 1

di. =

T Texp(p'Ey,) T

784 If there exists 7 > O such that p' (E,, — E,,) > 7 forall z; € Sx(p), then we have

J

1
q; =
! 1 + Zi;ﬁj exp(pT (E:m - Ez]))
1
<
1 + exp(pT (qu* - EI7))
1
~ 14exp(r)

785 If there exists 7 > 0 such that p" (E,, — E,,) < 7 forall z;, € Sx(p), then we have

J

1
i, =
1+ Zi;éj €xXp (pT (Eam - EzJ ))
1

> by definition of S

T T Deal B, — 5y Y xe)
5 1

~ Texp(r)’

786 O

23



787
788

B Properties after the first gradient step

Lemma B.1 (Boundedness of the embeddings). For any 6 > 0, let

789

SI2\*
d > max < 256, | 2log 5 ,
then with probability at least 1 —

max | EL|> < 201+ 2n0)
seES
790

[p'l2 <2+ 11nod ™
Proof. By using (22), we have that

max || B} 2 < max (B2 + B lolls + lerr,l2)

) _1
< 2+ ™ 4 11pyd )
_I?eag( * 2 + 1o
§2+47707
791 and that

792

793

1P |2 < 1P°ll2 + llerrpllz < 2+ 11ngd ™3

(24)
Lemma B.2 (Upper bound on the loss). For any 6 > 0, let

INE:
d> max{256 (210g 151
794 ]

! ) (S8 + 1111 + 2)8} ,
then with probability at least 1 — 6

T
1
log<1+exp< Tz% .+

)|

Proof. We first lower bound y f (X ; p, E) for each pair X, y. After the first step, we have
max |(p") " (B; — Ey)| =

L(E! ,p)<E

x| (p°) T (EY — E2)
796

n
+ EO(O‘S - O‘S’)(po)—rv

EL) + (erry —erry) " p'|

+err, (B} —
We bound each term separately

max |(p°) T (E? — EY)| < 2max |(p°) " EY| < 2477
s,s’ s

7o _1
5 (s — as)|(p°) o] <ol (p°) Tv] < mod ™7,
Ey)| < |lerr, |2 E}
(errs — errsz)—r

P

lere) (EL — EL o < 44mod ™7 (1 + 2np),

| | <2||p*||e max ||errg]]2 < 22n0d_% (2 + 11770d_i) ,
797 where we have used 22). By picking d > (88n2 + 11119+ 2)8, we get max; ¢ |(p*) T (E! — EL)|
798 d~ 8, which implies that, for any X and any i € {1

L TY,
24~ %

< qi(X) <
T_q()_

1 2d~%
T T

+

1
T

24
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800

801

802

803

805

806

808

809

810

Thus, we lower bound y f (X; p, E) for each pair (X, y) as

yf(X;p, E) =

E0 +erry,)

v

1 1o 2d=% 1o
T Z ?yawi Z awL + Z sz

1
> ? Z %yam - di%ﬁo - (1 + 2d7%)vT(E2i + errTl)

Y

1 1 1
=2 %y% —d s — 3(1 + 1lg)d ™7

z : 0
> — — Yo, —
T c 2 y i 227]() ’

which allows us to conclude that
L(E",p") =E[log(1 + exp(—yf(X;p, E)))]

T
1 m,

log <1 + exp (— E
T p 2Y

<E

1 (25)
F |

C Proofs for Section 4

C.1 Proof of Lemma 4.1]

For simplicity, in the proof we drop the time dependency in all the variables. By picking
S12\°
d> (2 log |5) ,

_1
o o |7 ol e BTl 7ol p < a2,

from (22)) we have

E <2.
o o |l e} <
Thus, at initialization, we have that, for all s,

exp (—d*%) < exp(pTES) < exp (d*%) ,

which implies that, for any sequence X and any position ¢,
1 1 1 1
<

T + 2T (d—%) S (T — 1 exp <2d_%) < gi(X) <

where we use the fact that for z € [—1,1],1 — |2]| < exp(z) <1+ |z|.
Furthermore, for d > 256 and for any sequence (X, y), we have

1 4d-1 1 4d-1
— (X)) < =
T 7= 7:(X) < 7+
and ) )
—Td = Td™ % 1
—92d"1 < X:p, E) < —1
_T_QTd,l_yf( p,E) < T}

1+ (T — 1) exp (72d—i) T roor (d—%)

)



g11  Then,
1 1

1
9(X,y) < < =
1+exp(—2d’%) 2-2d7% ~ 2

g2 and similarly

1
9(X,y)> = —d 1.

(\}

813 Now we look at the gradient update of the first step. By Lemma[A.T] we have

T T

~Vi LE,p) =E |yg(X.9) [ D[ D (Marme — 1oy | ELop+ ) 1o—agiv
i=1 \ j#i i=1

T
Yy Z ]l:ci—s‘| v

i=1

1 ~
=—E
2T

T
+ A X y Z Z Ti=s ]lmj:s)quj ET vp

T
~V,L(E.p) =E |yg(X.9) | D | D 0i4j(Ba, — Eo))ELv

814 We note that

g15 and we bound the remaining error terms.

g6 We have that

-] & 1
iE [yznxizs <Qi - T)

=1

s17 and

T
|fyg X y Z Z T;=8 ]lmjzs)qlq] E;;Up

i=1 \ j#i
1 T
1
+y (g(X, y) - 2) Zi:l ]1w¢—sqw] <1047 1.

sts  Furthermore, we also have that
IVpL(E,p)ll2 < 8d™%

g9 Thus, the desired claim follows.

g0 C.2 Proof of Lemma[4.2]

821 Proof. We first show that, if @I) is feasible, then the solution is unique. Indeed, assume by con-
s22 tradiction that pq, po are two different solutions of . Clearly, p; and p, have the same norm, so

26
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n
w

824

825

827

829

830

831

833

834

835
836
837

838

839

841

842

843

844

845

.
m # 1. Then, any convex combination of p1, ps gives a feasible solution with a strictly
smaller norm, which is a contradiction.

Next, we show that (T2) is always feasible. To see this, by definition, there exists some 7 such that

pl (Bs —Ey)>71,  V¥seSx(po), Vs' € Sx(po), VX € X,.
Then, 22 is a feasible solution of which concludes the proof of uniqueness.
To characterize p.(p. ), we first note that (I2)) can be equivalently written as:

1
arg min ol
P (26)

st. p'(Bs—FEy)>1, Vs€Sx(P,,), Vs’ € Sx(P,,), VX € X,.

Now we characterize the solution of explicitly. First of all, we can rewrite the constraints as
]-N - Mp S 0.
Then we can write the Lagrangian of (26) as
1
L(p, ) = 5lIpl3 + AT (1w = Mp),
where A\ € RY and p is a KKT point if
VPL(pv)‘) =P MTA = Oa
ViL(p,A\) =1y — Mp = 0.

Since the objective function is convex and the constraints are affine, the global optimum is achieved
at the KKT point, which satisfies M p = 1. Thus, if there exists a p satisfying this condition, we
can rewrite (26) as
I
arg win ]
P
st. M p= 1 N

whose solution is

p=M'1y.
It remains to show that there exists a feasible p. Since d > |S|+2, we have that, with high-probability,
E" is full rank. Furthermore, E* = E° + A and each row of A is in the subspace generated by v
and pg. Thus, we can pick p L v, pg, so that

E'p = E'.
Then, we define a € RIS! such that a; = 1 forall i € |y Sx(po), and a; = 0 otherwise. Let
E’%% =a.

Since d > |S| and EY has full row rank, there exists a non-zero p that solves the above equation,
which finishes the proof.

O

C.3 Proof of Theorem

We prove each part separately. We first show that lim;_,, ||p¢]|2 = oo.

Lemma C.1. Under Assumption|[I] for any 6 > 0, by picking

S
d > max 256,(210g6> ASI+3 5,

with probability at least 1 — 0, we have lim;_, o ||pt||2 = oo.
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Proof. Tt is sufficient to show that there exists a non-zero finite-norm p, such that for any finite norm

b,
BTV,L(E p) £0.

Indeed, the above condition means that there is no stationary point for any finite-norm p. For gradient
flow, we have that

li E' p) =

Jim V, L(E, p) = 0,

which by contradiction implies the desired result.

Now we construct such p. Since d > |S| + 2, we have that with high-probability E° is full rank.
Furthermore, E' = E° 4+ A and each row of A is in the subspace generated by v and py. Thus, we
can pick p L v, pg, so that

E'p = E°.
Without loss of generality, let 21 be an important token in a positive sequence Xy, i.e., 1 (X3) > 7.
Then, we define @ € RIS! such that a; = 1 and a; = 0 for all ¢ # 1. Let

E’% =a.

Since d > |S| and E° has full row rank, there exists a non-zero p that solves the above equation. By
Lemma[A.2] we have that, for any p,

T
—ﬁTvpﬁ(El,P) =E |9(X,y) Z Z(ai —a;)qiq5 (Vi — ;)
i=1 j>i
_ ) "o
= 9(Xk, yr) Z%(Xk)q] (X) o >0,
g>1
which concludes the proof. O

Next, we show that, if the directional limit exists, then it must select all completely positive/negative
tokens.

Lemma C.2. Under Assumptionl[l] for any 6 > 0, by picking
S’
no > 4nT?, d > max < 256, (2 log 6) ,(88778 + 111no + 2)8 ’

with probability at least 1 — 0, if poo = limy_ o H;’ﬁ exists, then poo, satisfies

55 € Sx(Poo), forall X € X,

where s denotes the unique completely positive/negative token in the sequence X.

Proof. We prove the lemma by contradiction. W.1.0.g., assume by contradiction that there exists
X € X, cointaining the important token x; s.t. 71 ¢ Sx (Psc). We show that there exists ¢ such that,
forallt > t,

L(E',p") > L(E"p'),
which contradicts the fact that the gradient flow always decreases the loss.
To see this, we first note that by the definition of Sx (po ), there exists some 7 > 0 independent of ¢

such that
T
I Pog (B, — Ey) = =7
W.Lo.g, we assume that x5 is the token that achieves the minimum.
As limy o ||pt||2 = oo and limy o Hiﬁ = Poo, We have that, for any > 0, R > 0, there exists a
large enough ¢ such that

Pt
— Poo
[pell2

< u, forallt > t.

Ipills > 2R, H
2
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879

880
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887
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Thus, we have:

p P '
t
Hit(Eil - Eﬂﬁz) :p;(Efﬂl - EIQ) + ( _p00> (Erl - E$2)
pell2 [[pe]]2

< =7+ 2u(4no + 2)%,

where we have used the result of Lemma Thus, by picking y1 = 777557, we have
T
Py
Lt (B, —EB,)< -,
ol o~ B =7

which implies that
p;r(Erl - E$2) < —TR.

Next, we upper bound y f (X; p;, E'). We first note that

q1

q; = eXp(p:(Eml - E$2)) < exp(—TR),
which gives

q1 < exp(—TR).

Note that

T
vf(Xip, BY) =Y qivi
i=1
< exp(—7TR)y1 + max~;
J#1
< exp(—7R) (% +(1+ 11n0)d*%) +(1+ 1ne)d 7.
Thus, by picking R > %, we have
3 23 1
yf(X;pi, EY) < (2 + 2770) d~% <
which implies a lower bound on the loss:
1 1 3 1
L(E',p;) > —log(1 + exp(—yf(X;p:, E'))) > = 10g<1 + eXp(dé)) > =, 27
n n 4 2n
where we used that d > 256 in the last passage. Under Assumption|I| by Lemmal4.1] we have that

yag, > 1/(nT) if x; is either the completely positive or the completely negative token in X, and
otherwise ya,;, = 0. Hence, given that each sequence X contains a completely positive or negative

token, we have that
1 & 1
— > —
T ; Ya: = T2

Asng > 4n*T? > /2nT?2/11, by applying Lemma we obtain

1
L(Bp1) < log(1+exp(— 5 ) ) < log(1 + exp(—n)) < exp(—n) < 5,
which gives a contradiction and concludes the proof. O

Finally, we show that for each possible selection, if p; converges in direction, it must converge to the
max-margin solution. In particular, we first prove the following lemma which gives an approximation
to the directional gradient of the locally optimal selection. To do so, we define the secondary selection
set and the locally optimal selection as follows:

Definition C.3. Given a vector p, for each sequence X, denote by S% (p) the secondary selection set

given by
Sk (p) = argmax{s : p' By, s ¢ Sx(p)}- (28)
We also denote by S5 (p) the set of tokens that are not chosen in the first and in the second place, i.e.,
S3(p) =X\ (Sx(») | JSX (). (29)
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Definition C.4. Given a vector p, we say that p is locally optimal if for every (X, y) pair, we have

Z (’Yl(X,y)_’YJ(Xay))ZN>Oa foralljes)zf(p)v
1€Sx (p)

for some constant p that does not depends on p.

In the definition above and for the rest of this appendix, to help readability, we will abuse notation by
letting indices (e.g., ¢, j above) also denote the corresponding tokens (e.g., z;, z; above).

Lemma C.5. Let p be a unit-norm vector and p = Rp for some positive constant R. Suppose P is
a locally optimal direction as defined in Definition with some  that does not depends on R.
Moreover, suppose there exists a constant T, that may depend on p,ng,n, T, d but not on R, such
that:

min{p' (B, — Ey),Vs € Sx(p),¥s' € Sx(p)} > 71,

E : (30)
min{p” (E, — Ey),¥s € $3(0), ¥s' € S3(0)} 2 7.

Then, for any € > 0, for any p &= p such that ||p||2 does not depend on R and
Irgn{ﬁT(Es — Ey),Vs € Sx(p),Vs' € X\ Sx(p)} > 72,

there exists R large enough such that:

P VLE D) <A+0E | Y Y (@(X) - @ (X)hi j(X,y.p)| .
| i€Sx (p) jE€S% ()

—PIVLEL D) = (1-0B | Y > (@(X)—a;(X)hi;(X,y.p)] ,

[i€Sx (p) jESX (P)

where @;(X) = p' E,,,0;(X) =p' E,, and

hi j(X,y,p) = 9(X,9)qi(X)q; (X)) (vi(X,y) — 75 (X, 9))-

Proof. By Lemmal[A2] we can write the directional gradient as follows:

[T
P VLB p) =E | YD (@(X) - a;(X))hi j(X,y.p))

i=1 j>i

=E| > Y @(X) - a;(X)hii(X.y.p) (BO)

Li€Sx (p) j€S% ()

FE[ Y (@(X) —@(X))hi (X, y,p)) B1)

Li€Sx (p) j€S5 (D)

+E| Y S @X) —a(X)hi(X.yp)| . (B

L1 €X\Sx (p) 1>i:7€X\Sx (p)

The rest of the proof is to show that

— Crexp(—m R)(BO) < (BI) < Cy exp(—71 R)(BO),
— Cyexp(—m1 R)(BO) < (B2) < Cs exp(—71R)(BI),

for some C, Cy > 0 that do not depend on R. Then, by taking R large enough, we obtain the desired
result.
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First, we simplify (BO). Note that, for all i,79 € Sx(p), we have that a;(X) = @;,(X ). Hence, by
switching the order of 7, j, we obtain

Z Z az _a‘j X))hl,](Xayvp) = Z (aio( _aj Z hl] X Y, p

1€5x (p) J€S% (p) 7€8% (p) zESX (»)
=9(X,y) D (@(X) —a(X))qi(X)g;(X) Y (1(X,y) — (X, ),
j€S% (p) i€Sx (p)
for any ig € Sx (p). Since p is a locally optimal direction, we have
> (iXy) —vi(X,y) =, forall j € Sk(p).
€8x (p)
Now, we compare (BI)) and (B0). By the exact same reason above, we can rewrite

Yo Y @lX) =@ (X))hiy(X,y.p)

1€Sx (p) jGSf( (p)
=g(X,y) D (@i(X) = a;(X))ain(X)g;(X) Y (3(X,y) —1(X,)),
j€Ss(p) 1€Sx (p)

for any igp € Sx(p), and we compare to (BO) term-by-term. Namely, for any X, j € S%(p) and
k € S5 (p), we have:

@i (X) —ax(X)] _ 1Pll2l|Beiy — Eosll2_ 25l max, || B |-

= = < < = Cj, 31
iy (X) —;(X) = s ’ Gh
ar(X)

=exp(ar(X) —a;(X)) < exp(—m R), 32)
i = ep(as(X) —0,(X) < expl(—niR) (

i 7 X7 - X7
ZzESX(p) 17i (X, y) — (X, )] < 2T max; |7s]| < 2T max;, || Es||2 —C, (33)
Yicsy (X, y) — (X, ) I I
which implies that, for any X, j € S%(p) and k € S5 (p),
(@i (X) — @k (X)gio (X)qr(X) Z 17 (X, y) — (X, )]
i€Sx (p)

<exp(—71R)C3Cy(@;,(X) — 8;(X))qio (X)g5(X) Y (n(X,y) —%(X, ).

1€Sx (p)

Thus, we get that:

|(BI)| < exp(—71R)T'C3C4|(BO)).
Next, we compare (B2) and (B0). Take any i’ € X \ Sx(p),k > i’ € X \ Sx(p),io € Sx(p),j €

8% (p). We compare
(@i (X) — ar(X))hir 1(X, y, p)
with each term in (BI). We note that the bounds on ZX)=0x(X) [var (X0 — e ()

Ty (0=, (%) A 5 R ) () AT

the same as those in (31) and (33). Furthermore,
qi gk
on q]

|B2)| < T2 exp(—71 R)C3C4|(BO,

< exp(—71 R),

which gives that

thus concluding the proof.

Lemma C.6. Under Assumption[l] for any § > 0, by picking
2
no > 4n2T?,  d > max {256 <2log | 5' ) , (88m2 + 1110 + 2)8} ,

with probability > 1 — § over the initialization, if poo = limy_, o H;ﬁ exists, then oo € Py (Poo)-
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Proof. We prove the lemma by contradiction. We first assume that there exists po, such that
Poo & Pi(Poo) and poo = limy_ Héjﬁ' Then, we show that there exists p € P.(pso) such that, for

any € > 0, there is ¢(¢) ensuring

p' P .

—=—V,L(E" p) > —(1 — €)=V, ,L(E", p,), for all £ > t(e).
1Pll2 Ip¢l2

As a consequence, by Lemma we have that p, =

T 5’”2 , which gives a contradiction.

pe||Bll2
[P

For the rest of the proof, we fix any € > 0 and denote R = ||p;||2. We define p; =
equivalently show that:

, and we

—p'V,L(E', p) > —(1— e)pV,L(E", py (34)

).
To prove this, we first note that since poo ¢ Pi(poo), for all Hg\lz € P.(poo), there exists
independent of R such that
1P = pocIPll2lly = 70

Thus, by the definition of P, (po ), there exists Xy C X, such that for each sequence X € Xy, we
can find a pair of indices (4, j) withi € Sx (Do), j € X \ Sx(Po) violating the margin, i.e.,

(IBll2poc) " (Es; — Ewy) <1 -3,
for some T < % that does not depend on R. With a slight abuse of notation, we define 7 as
1. . A ) .
7 =g min{ min {1 = ([pll2poc) " (Ea, = Bz, ), € Sx(poc),j € Sk (p)},
€X
Ezj);i € SX(poo)v] € S?((poo)}a

Ey;),i € 8% (po),j € S (pso)}}-

uin {([Bll2pe) " (B, —
uin {([Bll2pe) " (B, —

This means that, for all X € X, and for all (i, j) pairs such that i € Sx (ps),j € S% (Do), We have
(IPll2poc) T (B, — Exy) = 373

for all pairs (7, j) such that i € S% (P ), ] € SX(Pso), We have
(IPll2poc) T (Bu, — Ey) = 373

and forall X € Xp,i € Sx(p),j € S%(Poo), We have

with some 7 that does not depend on R.

Now, we compute the overlap with p;. For all X and (¢, j), we have

ET(EM - ij) = (||ﬁ‘|2poo)T(Ewl - E$j) + (ITt - ||1/7\||2POO)T(EM - Emj)'
We upper bound

Dt

(Pt = 1Pll2po0) T (B, = Ea )| < IIpll2 || 7 =
el

||E£D1 - E:Ez ||27
2

P

and since ||D||2, || Bz, — Ex, |2 are finite, we have
. __ ~ T o
Jinn (77 — [llpo) (e, — Ex)| = 0.
Thus, we can pick ¢, such that for ¢ > ¢, we have
B = 1Pll2p00) T (Bay — Euy)| < 7,

which implies that, for all X € X, and for all (4, j) pairs such that i € Sx (p),j € S% (Poo), We
have
i (Boy — Euy) 273
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oa7 for all (4, 7) pairs such that i € % (poo), j € S5 (Poo), We have
Pt (Bx, — Eyy) > 75
sas  and forall X € Xp,i € Sx(Pao), i € S% (P ), We have:
ITtT(Ez.L - Ea:J) S 1 -7,
949 for some 7 that does not depend on .

950 Next, we show that J is a locally optimal solution as per Definition[C.4] By Lemma|[C.]] p selects
951 all the completely positive/negative tokens. Thus, as p; = po, Pz also selects such tokens, the rest
ss2  being irrelevant by Assumption[l] Hence, for any pair (X, y) and for any j € X \ Sx (p;), we have:

Z "o

. — A >
v (’Y'L (X7 y) IYJ (X7 y)) = 4nT7
1€Sx (pe)

953 by picking d large enough (as per the hypothesis of the lemma). By construction, p = py,
954 not depends on R and, moreover, for any X,

P (Ey, — Eg,) > 1, foralli € Sx(p), j € X \ Sx(p).

955 By applying Lemma on both p and p;, we have that for any €; > 0 there exist ¢y s.t. for all
956 ¢ > max{ty,t2}, we have

p||2 does

P VLE p) > 1—e)E | Y YT @(X) —a;(X)hi (X, y,p0) |
i€Sx (p) j€S% (p)

P VRLE ) <+ a)E | Y D (@(X) — (X)) (X, y,p0) |
1€Sx (p) j€S% (p)

957 where @; (X)), a@;(X) are defined analogously to @;(X), a;(X) by replacing p with p;.

958 Now, we further show that, for any €5 > 0, there exist ¢3 such that for all ¢ > ¢3,

El S Y @) —aG(X)hi (X, 5. m)

i€Sx (p) j€S% (p)

< (1+e)Exex, Z Z (@i (X) — a5 (X))hi (X, y,pt)
i€Sx (p) jE€S% (p)

59 To see this, we use the same idea as in the proof of Lemma|[C.5] We can write

El S 3 @(X) —a(X)hi (X, 5. m0)

i€Sx (p) j€S% (p)

=Exex, | >, . (@X)—aG(X)hi;(X,y.p:) (A0)

1€Sx (p) j€S% (p)

tExexva e | D Y. (@X)—G(XNhii (X p)| . (AD
i€Sx:(p) JES%, (p)

(AT) < e2(AD).

o6t To prove this, we compare term-by-term. Let X € Xy, X' € X, \ Xo,j € S%(pt),j € S%(pt), and
962 recall that:

D @(X) =@ (X)hi (X, y,p)
1€Sx (pt)

960 and it is sufficient to show that

= 9(X,9) (@ (X) — G (X))ai, (X)g;(X) Y (ra(X,9) —%(X,9)),
1€Sx (pt)

33



963

964

965

966

968

969

971

972

973

974

975

> @(X) =@ (X )iy (X', pr)
1€Sx/ (pt)
= g9(X",y") (@, (X') — @ (X"))qi, (X)) g (X) Z (vi(X' ) — v (X)),
i€Sxs (pr)
for any ig € Sx(pt), i1 € Sx/(pt). Note that
9(X"y')  maxx,y g(X,y)
g9(X,y) ~ minx, g(X,y)

< H)l(éf(l +exp(yf(X))) < (1 + exp(no)) := Cs.

By using the same argument as in (3T) and (33)), we have
@i (X') — a5 (X')

@iy (X) —a;(X)

Licsy o) (XY — 9 (XNY)) o
Yoo (Xy) = (X)) "

Finally, we need to upper bound:

S C37

gi, (X") g (X")
Qio (X)Qj(X) .
We note that
ai, (X') —aj(X') > R/[1p]l2,
aio (X) — a;(X) < (1= 7)R/[|p]2,

where a;(X) = p; E,,. Thus by Lemma we have:

1 1 !
@i, X 277 q; X)) > i, X/ <1a q;5’ Xl SiA’
()25 a(X) <1 X < SR

~ Texp((1—7)R/|pll2)’ B
which implies that

(X (X) o o
Qi (X) g (X) < T7 exp(=7R/[|p]2)-

Thus, for each X € Xy, X' € X, \ Xo,j € S%(p1), )’ € S%(pt), we have

Y @X)=ap(X))hig (XY pe) < Coexp(=7R/Bll2) D (@i(X)=a5(X))hij (X, y.pe)-
€8x (p) 1€8x (p)
Thus by picking large enough t3 which gives large enough R, we have:

(AT) < e2(AD).

This allows us to conclude that

—p VLLE p) > (1—e)E | Y D (@(X) —a(X))hi i (X, y,pe)
i€Sx (p) j€S% (p)

>(1—e)Exex, | D, Y. (@(X) =@ (X)hi (X, y.p) |
i€Sx (p) jE€S% (p)

P VoL(E'p) < (1 +ea)1+e)Exex, | D D (@(X)—a;(X))hi; (X, y,pe)
i€Sx (p) jE€S% (p)
Note that, for each X € A,
a;(X) —a;(X) =1, @w(X)-g(X)<1-7,
which gives that

1—c¢

AT 1 1 —T 1

—p V,L(E", > — V,L(E", p).

P P ( pt) - (1+€1)(1+62)(1—7)pt P ( pt)

Since €7, €2 can be arbitrarily small, the proof is complete. O

34



976

977

979

980

981

982

983
984

985

986

987

988

989
990

991

C.4 Proof of Lemmal4.3]

Proof. Let ' be the max-margin solution of (I2)) with a different selection. By Theorem 4.3 we
have that, for all X, sX € Sx(p’). We denote by iX the index of sX. Assume by contradiction

Poo = ﬁ. We will now show that this implies the following statement: for any € > 0, there is a
t(€) ensuring

AT T
L VLB p) > —(1— )LV, L(E,p,),  forallt > t(c). (35)
151l2 el
Then, by Lemma we have that p,, = 1 57”2 , which gives a contradiction.

As in the proof of Lemma |C.6| we define p; = —2t—||p||2. Thus, is equivalent to
P ToeTs

7ﬁTvp£(Eapt) Z 7(1 - G)ZTtTvP‘C(Eapt)'
First of all, since p, p’ are two max-margin solutions, by Lemma we have that all the constraints
are tight, that is:
P (Bex — Eg) =1, Vs € X\ sX, VX € &,

*

() (BEs—Ey)=1, VseSx(p), Vs’ € X\ Sx(#), VX € X,
which implies that

ﬁ/THﬁHz _ _ ||]3||2 1 A1 / Y
(Es — Ey) 1-p<1, Vs € Sx(p'), Vs' € X\ Sx(p), VX € X,.

1"l el
As ||pell2 = |IPll2 < || ]2, Pr violates the max-margin condition. Moreover, as lim;_, o Dz =
T ) A
pH[}U\:Tl‘Z , for any €; € (0, p1), there exists a ¢1 ensuring the following for all ¢ > ¢;: for all (z, 7) pairs
such that i € Sx (pao),j € S% (P ), We have

Pt (Ey, —Ep) <1—p+e <L

J

By applying Lemma[C.3to p7, we obtain that, for any e, > 0, there exists a ¢ ensuring that, for all
t > 1o,

VLB ) <+ oK) Y Y (@) - @006 (X (0:(X) - 3,(0)
1€Sx (pt) j€S% (pe)

=(1+e)E [g(X,y) > @r(X)-aG(X)gx(X)q(X) (i (X) = 7(X)))
j€8% (pt)

+1+e)E [g(Xy) Y Y @(X) — a(X)qi(X)a;(X) (3 (X) = 7(X)))

1€Sx (pr),i#iX jE€S% (pt)

We then compute by Lemma [A2] that

VLB p) =E [g(X,y) Y (@x(X) = 6(X))gix (X)g;(X) (vix (X) — 75(X)))
JEX\Sx (p1)

>E [g(X,y) D (@x(X) = @(X)gix (X)g;(X) (yix (X) = 2;(X)))

j€S% (pe)

=(1-wE [g(X,y) Y (@x(X) =@ (X))gx (X)g;(X)(yix (X) = 7;(X)))
J€S% (pt)

HuE [g(X,y) D (@ (X) — @(X))gix (X) g (X) (ax (X) — 5 (X)) |

€S (pr)
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where in the first equality we use the fact that, for all j, j' # i ,a; (X) — a;(X) = 0, and in the
second inequality we use the fact that all the terms in the summand are positive.

‘We note that:

(L+e)E [g(Xy) Y (@x(X)—a(X)gx (X)q(X)(x (X) — (X))
j€S% (pe)

<I=pE |g(X,y) D (@x(X) = 6(X))gix (X)q;(X) (vax (X) =5 (X)) |,
J€S% (pt)

as

ax(X) —a;(X) =1, ax(X) -a;(X) <1—-p—e.
It remains to show that
j€S% (pt)

>(1+e)E | g(X,y) Z Z (@ (X) —a;(X))q:(X)q; (X)) (7:(X) — (X))
i€Sx (pr):i#i¥ j€S% (pr)

(36)
We have that, for each i € Sx (pt) : i # 2, j € S%(pt)s
- o
[7i(X) =7 (X)| < 24714, Yix (X) =5 (X) 2
Asd > (M)4 (36) holds and the proof is complete O
- KMo ’ p P ’

D Details of numerical experiments
For all numerical simulations, we use the AdamW optimizer from torch. optim, and we reduce the
learning rate in a multiplicative fashion by a factor v = 0.1 at epochs 100 and 200, i.e.,
LRyew = LRo1a - 7.
We adhere to the batch size of 128 and fix the embedding dimension to 2048.

IMDB and Yelp datasets. The hyperparameters do not differ between the two-layer model and the
one-layer model. We set the number of training epochs to 500, the learning rate to 0.01, and the
weight decay to 1075,

Synthetic data. We set the number of training epochs to 196, the learning rate to 10~4, and the
weight decay to 1074
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