A Proofs for Section 3

A.1 Proof of Theorem 1

In the proof, we ignore the superscripts 17 and B. We first show the sufficiency. Assume (17) holds.

For any distribution of Ty, obviously we have IEW®k € Mj,. Hence, if k is odd, linear stability
comes directly from (17). If k is even, for any vector v € RY, we have

EW" - v®* = (W v)k >0,
which means EW* € M;". Thus, the k™-order linear stability also holds for this distribution of
Wo.
Next, we show the necessity. Let A € My, then A has the following decomposition

A= XT: )\i’l};g)k.
i=1

where r € N*, \; are real numbers and v; € R". Then,
®k

B
T A = Z AT (0FF) Z Z A\, % 3w, . (28)

i=1 361 =1 j=1
Hence, T} A is still symmetric, i.e. T A € M. Therefore, T}, induces a linear transform from M
to M. Let T, be this linear transform. Since H; is symmetric for all i = 1,2, ..., n, if we understand

T+ as a matrix in R“’k ka, then T is symmetric for any batch J. Therefore, T}, is symmetric, which
means 7 is also a symmetric linear transform. Then, we can easily show the following lemma by
eigen-decomposition of Tj:

Lemma 1. Forany A € My and A # 0, if | T A|lr > ||A]

F, then lim ||(Tg)™A|lF = o0
m— o0

The lemma is proven in Section D. With the lemma, the necessity follows by showing that we can
find a distribution of Wy such that EW* = A for any A € M;! if k is even and A € M if k is
odd. First consider an even k. For any A € Mk , we have the decomposition

A=l (29)
=1

where \; > 0 for¢ = 1,2, ...,r. Let the probability distribution of W be given by the density
function

" i
(W) = Ti Aj)
g ;ZJ 1A Z

Then, we have EW{? k= A Next, if & is odd, for any A € My, we still have decomposition (29), but
some \; may be negative. However, since now k is an odd number, we can write the decomposition
as

T
: k
A=)\l (sign(Ai)oy) .
i=1
Then, a similar construction as in the even case completes the proof.

A.2 Corollary 3 and the proof

Corollary 3. The global minimum W* is 2"-order linearly stable for SGD with learning rate 1) and
batch size B if

max

<1 (30)

A ((I — nH)®2 + ngn _Bl - Z HE? — H®2)>
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Proof:
When k£ = 2 we have

B ®2
n,B __ Ui .
TP =By (1 - EZH
Jj=1
n B
—E, | 192 - EZ(I®H11+H Z H;, ®H,,
Jj=1 sz 1
7P
=1 I @H+HOI)+ 5 > Ea(Hi, ® Hy,,). 31)
J1,J2=1

Foreachi € {1,2,...,n}, H; appears in (},_ 1) batches, and for each (i, j), i,j € {1,2,...,n}, H;
and H; appears in ( B 2) batches simultaneously. Hence,

n—1

n B B n
E’TZHqJ ®H;; = Z (?n)l)Hi ®H; = ngz ® H;
j=1 B i=1

i=1

Ey > Hi, ZJQ_Z(?}é;)H@HjZIMZHZ@Hj.

J1#J2 i#j it
Therefore we have
Z Ey(H;;, ® H;,)) = ZH®H+ ZH@H
Ji1,J2=1
2 n 02
n°(B —
S H; ® H; H; ® H;
Bn(n—l ;1 @ +(B Bnn—l)z @
2 2
n°n(B —1) n°(n— B)
=1 'H®H H; ® H;
B(n—1) @ H+p ) Bn(n —1) Z ©
2 n
,772H®H+ iz HE? — H®?). (32)
- n =1
Plug (32) into (31), we have
_ B) 772 n
08 (- gy 4 B NS e ey 33

Then, the result is a direct application of Theorem 1.

A.3 Proof of Theorem 2

By Theorem 1, for any A € M; we have ||T,27"BAHF < ||A||p. Forany j € {1,2,...,w}, let
e; € RY be the j™ unit coordinate vector, and let A; = e;@k. Then ||A||r = 1. On the other hand,

1
(T3P A7) = mz(Tgv’ffAj)j’j"“’j

T (age)

Hence,

B k

1

A > ( %Z zw) < TP A IF < 1. (34)
k=1

B/ 3

Next, we will use the following lemma, whose proof is also provided in the appendix.
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Lemma 2. Foranyt > 0 and k € N*, we have

<ot —1)F +1).

For any batch J = {iy, iy, ...,ip}, lett = n/BY0_, a;, ;, we obtain

k=1 k=1
Together with
" < = ’
2k 2
Yt e (p2d,)
k=1 k=1
we have
B , B k
1 2k—1Bk—1
gl < =g al, 1] +1]. (35)
k=1 n k=1

n

B k
Lo on o B[] " 2 2(2B)*!
palis S ey (gl o) 1) < Te— @0

i=1 N

B Proofs for Section 4

B.1 Proof of Proposition 2

In this proof, || - ||2x always means the vector or matrix 2k-norm, not the function norm. Then, we
have
afW afwax, W) || o7 (Wix, W) [
1X, Wo 1X, Wa
IV f (Wix, Wa) |3 = || W < I | =
S oWix) I(Wrx)
2k
On the other hand,

m d
S (Vs F(Wax, W) 2 = HW"W’ 2L

e O(W1x)

Hence,

2 ||WT\| g
D [V f (Wix, Wa)) 2 < ENTS [V f(Wax, W) 3

j=1 I3 j=11=1

Since W is a subset of W, obviously we have
m d
SN Vw fWx, W) 3 < [V f(Wrix, W2) 135,
j=11=1
which completes the proof.
B.2 Proof of Proposition 3

Recall that f(x, W) = f(Wlx, Ws). First, we find a Wy such that Wix, = Wix. Let V =
W1 — W7, this is equivalent with solving the linear system

Vx, = Wi (x —x4)
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for V. The linear system above is under-determined, hence solutions exist. We take the minimal
norm solution

V =

1 *
HX HQ(WI )T(X_X*)XZ'
*112

Especially, we have

IV (x = %)l _ W2

[P = Tl

Wr =Willr = [IVIlF =

” *”2 < 5approx-

Next, since Wyx, = W;x, we have f(W;x, W) = f(Wix,, W), and for gradient we have

~ . . W* T
19 W, W5 < A 9, F 01,9
_ ||(W1*)T||2k afN(Wl*xv W2*) ||X||2k
(/|25 oWwix) |,
_ ||(W1*)T||2k 8.]?(W1X*’W2*) ” HQk ||X*H2k
e | 0%i%) el
= Wt 9 Fvame, ) @

Let W = (W7, W), then ||[W — W*||a = |[W1 — Wi ||p < dapprox- Hence, by (8) we have
19w FWix0, W)k < 9w FWaxe, W) lor < © (9w FOW3 %0, W) o+ 1)

This together with (37) completes the proof of (23).

B.3 Proof of Theorem 4

Let B(x;6) be the ball in R centered at x; with radius . Then, for any x € B(x;, §), by Proposition 3
we have
gl (W1 ) ||2k

([IVw f (i, WH)l2k + 1) .
Hence,

O2k W* T2k )
NV Tk (17, o, W) i + 1)
TS

2RO (W) T3k
<3 135

where Vp, is the volume of B(x;,d), which does not depend on x;. Sum the above integral up for all
training data, we have

/ Vs (e, W) 38 < Vs,
B(Xi,(;)

< Vg,

(IVw f (i, W)l + 1)

[ 1T e = [ s

B(xi,0

22k02k W n
< Vi, (W) 115k <Z|wa x;, W )||2k+n>
i=1

min; [|x; ||
vy ZECIOVOTIR (2w@B) (38)
ST ming [|xg|2 s '

On the other hand,

IVt W) B > [ Vctc ) [
Xs Xs
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Therefore,

1 nVp, 22FC2F|| (W) |55 (2w(2B*1)
—_— Vo f (x, W*)||2Rdx < 5 . 2k +1
VX(; X5 || ( )||2k: VX5 min; ||XZH§Z nk
1 22k02k W T2k 9 28 k—1
Ry [ V)R, ( w(25) +1)
Vs Jxs min; [|x; |35 n
o KPRCH WO (20@B) 39)
: 2k k :
min; |[x; |55 U

Finally, we have

| f(x W) 12,25 < (KVits) 201 (W) | ((w);k 25 1) . (40)

mini Hxi||2k7 B

C Proofs for Section 5

C.1 Proof of Theorem 5

Recall we let a; = Vyy f(x;, W*) € R?. By Theorem 2, we have

Z 2k<2kBk 1

74]— )

for any j = 1, 2, ..., w. Therefore, for any j,

ok QkBk 1
max a;; < ————.
1<i<n n
Sum j from 1 to w, we obtain
w —
ok _ 28BFlpw
max lla; |2k < max a;; < —————
1<:i< 1 1<i<n n
j=

Hence, forany i = 1,2,....n, || Vw f (xi, W*)||ar, < (2"“’ \/ 22, which together with Proposi-
tion 3 finishes the proof.

C.2  Proof of Theorem 6
Let X5 = O {x: ||x = x4||]2 < ¢}. Then, we have
i=1
E|fG¢, W) = f*x)I3 = E [IIf(x, W) = f*(x) 3% € Xs] + E[|If(x, W) = f*(x)[31x ¢ Xs]

SE[[If(x W) = f*(x)[31x € Xs] + e2(2M7), (@1)

where to be short we ignored the subscript x ~ p for the expectations. For any x € X, let x, be a
training data that satisfies ||x — x.|| < §. By Theorem 5, for any x € X5 we have

*\T' ﬁ
1V o, W) o < SUVE) law (20w 0 J2B ) )
min; [|x;|2x B n

Therefore, by Holder inequality,
1fGe, W) = SR )] < 1 Gew, W) = f7 ()] + max (Vo f (', W) lanllx — 3l 2
* / _
+ max [[Vaef" ()21 — x|z

*\T'
GOV a (‘mw) 2 1) Vs + Mo, (43)
min; [|x;]|2 B n
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In the last line, the V/d§ term comes from

e =30l g, < llx = ] |2d = < V.

*\T' ﬁ
ClUOVE) |2 (2nw> 2B 1) 64 Moo
min; ||X; |2k B N
2
2 *\T'||2 %
< KNV G, (20w} 2B ) e oapge
min; [|x;|3, B "

(44)

Hence, we have

2

E [IIf (x, W*) = £ (x)3]x € X5]

IN

Inserting (44) to (41) yields the result.

D Additional proofs

D.1 Proof of Lemma 1

We show the following more general result.

Lemma 3. Let A € R"*" be a symmetric matrix, and x € R™ be a vector. Then, if || Ax||2 > ||x
we have

2,

lim [|[A™x|]2 = 0.
m—r oo

The proof is a simple practice for linear algebra. Let A = QXQ7 be the eigenvalue decomposition
of A, and let y = QTx. Then, for any m € N* we have

n
1A x5 = IS™yl3 = > oi™yi,
i=1

where o; are eigenvalues of A. Hence, ||Ax||2 > ||x||2 means

n n
S ot >l
=1 =1

which means there exists j € {1,2,...,n} such that y; # 0 and 07 > 1. Then,

n
lim ||A™x||3 = lim E o?my? > lim 02™y? = oco.
m—r o0 m—r o0 m— o0 J

J
i=1

D.2 Proof of Lemma 2
When t € [0, 1), we have t¥ + (1 —t)* < (¢t + 1 — ¢)¥ = 1. Hence,

th<1-—(Q-trF<1+@E-DF <2 YEt-1F+1).
When ¢ > 1, by the Holder inequality,

t=(t-D+1< (-1 +1)F (14 1)1 F,

Taking k-th order on both sides, we have

th <2kt -1k 4+1).
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Figure 2: Results for g¥, and g% with k = 2, on a fully-connected neural network trained on
FashionMNIST (shown in (a)) and a VGG-11 network trained on CIFAR10 (shown in (b)). For both
(a) and (b), the left panel shows g%, and g% of the solutions found by SGD with different learning
rate, while batch size fixed at 20. The right panel shows solutions found by SGD with different batch
size, with learning rate fixed at 0.1.
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Figure 3: Results for ¢g¥, and g% with k = 3, on a fully-connected neural network trained on
FashionMNIST (shown in (a)) and a VGG-11 network trained on CIFAR10 (shown in (b)). For both
(a) and (b), the left panel shows g"jv and g,’i of the solutions found by SGD with different learning
rate, while batch size fixed at 20. The right panel shows solutions found by SGD with different batch
size, with learning rate fixed at 0.1.

E Additional Experiments

Except the gy and gx in (5), we also checked the gradient norms with higher & in the same experiment
settings. We consider
a1 a1
2k 2k

1’ﬂ
gl = (= Y IVw s WIBE) gk @3)
i=1

1 n
— > Ve i W3
i=1

Figures 2 and 3 show the scatter plot for £ = 2 and k = 3, respectively. The figures shows that in
most cases there is still a strong correlation between the gradient norm with respect to W and the
gradient norm with respect to x.

The next figure (Figure 4) shows experiment results on more complicated dataset and network
architectures, where we trained a 14-layer Resnet on a subset of the CIFAR100 dataset. The scattered
plots show similar results as in Figrue 1, which further justifies our theoretical predictions.

010 0
o e®
18 45
0.09 2
”

1 ®e 008 40
L] 3 = 20 [
14 & 007 E .0 BN
]

X o
& 2 0.06 g o 18 ® 0o
c e o S
10 = o o x©
005 %5 8
@ 16
8 004 — 20
.
6 0.03 14 15
.
d .
41 T T T T 0.02 T T T T 10
80 100 120 140 160 140 150 160 170
Iw 9w

Figure 4: Results for a Resnet trained on CIFAR100 dataset. (Left) gy and gx of the solutions found
by SGD with different learning rate, while batch size fixed at 20. (Right) gy and gx of the solutions
found by SGD with different batch size, with learning rate fixed at 0.05.
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F Experiment details

General settings In the numerical experiments shown by Figure 1, 2 and 3, we train fully-connected
deep neural networks and VGG-like networks on FashionMNIST and CIFAR10, respectively. As
shown in the figures, for each network, different learning rates and bacth sizes are chosen. 5 repetitions
are conducted for each learning rate and batch size. In each experiment, SGD is used to optimize the
network from a random initialization. The SGD is run for 100000 iterations to make sure finally the
iterator is close to a global minimum. then, gx and gy in (5) are evaluated at the parameters given by
the last iteration. In the experiments shown in Figure 4, we train a residual network on CIFAR100.
Experiments are still repeated by 5 times in each combination of learning rate and batch size. In each
experiment, SGD is run for 50000 iterations. All experiments are conducted on a MacBook pro 13"
only using CPU. See the code at https://github.com/ChaoMa93/Sobolev-Reg-of-SGD.

Dataset For the FashionMNIST dataset, 5 out of the 10 classes are picked, and 1000 images are
taken for each class. For the CIFAR10 dataset, the first 2 classes are picked with 1000 images per
class. For the CIFAR100 dataset, the first 10 classes for picked with 500 images in each class.

Network structures The fully-connected network has 3 hidden layers, with 500 hidden neurons
in each layer. The ReLU activation function is used. The VGG-like network consists of a series
of convolution layers and max pooling layers. Each convolution layer has kernel size 3 x 3, and is
followed by a ReLU activation function. The max poolings have stride 2. The order of the layers are

166—>M—>16—>M—>32—>M—->64—>M—>64—> M,

where each number means a convolutional layer with the number being the number of channels, and
“M” means a max pooling layer. A fully-connected layer with width 128 follows the last max pooling.

The residual network takes conventional architecture of Resnet. It consists of 6 residual blocks. The
number of channels in the blocks are 32,32, 64, 64, 128,128, from the input block to the output
block.
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https://github.com/ChaoMa93/Sobolev-Reg-of-SGD

