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In this document, we provide some further technical details and all the proofs of the results in “Lattice
partition recovery with dyadic CART”.

S1 Comparisons with some existing results

The procedures proposed in this paper all rely crucially on the DCART estimator 6 defined in (@). As
shown recently in [4]], 6 is such that E{||0 — 6*[|*} < 02kdyaa(0*) log(N), a rate that is the minimax
optimal. [4] also studies the de-noising performances of other rectangular partition estimators. [3]]
studied the de-noising performances of an £y-penalized estimator for a structured signal supported
over general graphs and obtained the same rates. Both the DCART and the estimator proposed in [S]]
are based on fy-penalization. A different approach is to instead rely on ¢;-penalizations [e.g.[9} [7].

In light of the de-noising rate, it is perhaps not surprising that the partition recovery estimation error
rate of the DCART, shown in Theorem E] is of order “de-noising error bound/jump size”, but what is
unsatisfactory for us is that when d = 1, this extra k4yaq(0*) factor suggests the sub-optimality of
the result. For instance, both [12]] and [[11]] showed that when d = 1, an ¢y-penalized estimator is
able to achieve a minimax optimal estimation error of order x =202 log(N ). In Section we have
shown that the term kqyaq(6*) can be avoided if further regularity condition is imposed. It remains
still an open problem without these regularity conditions, what the optimal estimation rate would be.

It is also worth mentioning another stream of work, focusing on the detection boundary in detection
a cluster of nodes in general graphs, including square lattices. Although testing and estimation are
two fundamentally different problems, often requiring different conditions, the detection boundaries
derived thereof could be a useful reference evaluating the signal-to-noise ratio condition we impose in
@I). [3,12,[1]], among others, stated that the detection boundary, in our notation is K2A < a logarithmic
term. Such rate is derived for k(6*) = O(1) and suggests that our condition (9) is optimal when
k(0*) = O(1). It remains an open problem to determine the optimal estimation rate when k(6*) is
allowed to diverge.

S2 Additional definitions

We have repeatedly used a concept that two rectangles are adjacent. In addition to the explanation in
Definition[2] we detail all the possible situations in Definition[ST| below.

Definition S1. For two disjoint subsets R1, Ry C Lg n, withd > 1, R} = H?Zl[a(l) b(»l)], le{l,2},

(R

we say that Ry and Ry are adjacent if there exists iy € [d], such that one of the following holds:
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* b(l) - ( )= =1land Hl;ﬁzo[ (1) b(l ] C Hz#zo[ '2) b(z)]
* b(l) - ( )= = land Hz;éio[ (2) b(2 ] c Hi#lo[ '1) b(l)]
. (1) b(2) _ 1 and 1—17’;‘EZ [ (1) b(l)] C Hz;ﬁm [a(Q)’bEQ)}’.
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. (1) b(2) — 1 and H#m[ o® b(Q)] - H#lo[ o b(l)}

S3 Proofs of main results

This section contains the proofs of the main results from Section[2] Theorem [T|demonstrates the
one-sided consistency of DCART. This result is not only interesting on its own but is also used
repeatedly and in as essential away to prove two-sided consistency. For readability, we express the
two main claims of Theorem [T} namely (3) and (), as the events

Al =13 D" |R\S| < O3 %0%kayaa(07) log(N) (S1)
JElk(9)]
and
Ay = {|Rj\sj| < Cur}20%kayaa(0f, ) log(N), j € [k(0)] and R; \ S; # (z)}, (S2)
respectively

S3.1 One-sided consistency of DCART

Proof of Theorem[I} For j € [k(0)], if R; \ S; # 0, then let 7; be the smallest positive integer

such that there exists a partition of R, namely {7} 1, ... s Ljrs S;} with 0F = a;, forall i € Ty,
le ['f’j}.
Without loss of generality assume that 0 < |T1| < |Tjo| < ... < [T}, | < [S;], foreachj € k().
Suppose that 7; is even. Then
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where the first inequality follows from Lemma [S2] The same bounds holds also when r; is odd.

Hence, <
|R;\S;| < ?Z(Q**_R +7Z 0%, — Ur;) )?
J 1€ER; J i€ER;
8 * N \2 _ 2 (83)
= 68 + IR, g,
J ieRj J

Let €, and 3 be the events defined below in (ST8)) and (S24), respectively. In the event 0 N Q3,
the result (@), i.e. the event A5 defined in (S2)), is a direct consequence of (S3).

Let 2 be the event defined in (S22). In the event Q4 N Q5 N g, it follows from (S3)) that (3)), i.e. the
event .4, defined in (ST)), holds. To be specific, we have that

k(0) k(0) 8
S IR\SI<3 500 SR, -
1ER;
< 7“9* a2+ 8010302kzdyad2(9*) log(N) < Cs0? log(NQ)kdyad(H*).
K K K
Finally, note that the final theorem claim (7)) is shown in Lemma[S3] O

S3.2 Two-sided consistency of DCART: a two-step constrained estimator

Proof of Theorem 2] The proof of (I3) is identical to that of Theorem [ST| with one difference. The
rectangular partition induced by 6 is such that

k a 0* 21 N
min{|R;|, |R;|} > n> ¢ dvad ,)5 el )

As aresult, we do not need to account for the term » iR |1<n |R;|, and this is the only part of the

proof of Theorem [ST]that requires the stronger requirement in Assumption [S1] The rest of the proof
goes through using Assumption [I]

S3.3 Optimality: A regular boundary case

Proof of Corollaryd} Let 0 be the estimator of 6* defined in (10). Let { R}, c[k(@) De a rectangular

partition of L4, induced by 6 and let S; be the largest subset of R; with constant * value, for

j € [k(8)]. Let J C [k(B)], such that R;\ S; # 0, j € J. With the notation in Theoreml 1| define
the event A3 as

02 kqyad (6% )1
dyad (0% 2)Og( ), jej} { ()<c1kdyad(9)}_ (S4)

Az = {|Rj\5j <0yl -
It follows from (6) that the event .43 holds with probability at least 1 — N~ for some positive
constants ¢, Cy and ¢;. The rest of this proof is conducted in the event Aj3.

Forany j € J. Let A, B € A* be that A # B, 0% = 0% and (R; N A) U (R; N B) C S;. Then it
follows from an almost identical argument as that in Step 1.1 in the proof of Theorem[ST] we see that

Assumptionmleads to a contradiction. It follows that S; is a connected set in Lg ,,. Hence, we let
A€ A*besuchthat R; NA=S5;.

Suppose now that B € A* and R; N B C R;\S;. Since

o’k 0% )lo 2 *
[RA\S;| < C4 ayad (O, ) 108(N) -, o%kayaa (6) log(N)
/@ 12
recalling that dist(A4, B) = minge 4 pep ||a — b|, it holds that

andyad(G*) log(N)
K2

dist(4, B) < Cs
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for some constant C5 > 0. Hence,

|{B cAN* Rj NBC RJ\SJH < ‘{B S A*\{A} : dlSt(A,B) <

c0?kayaa(0*) log(N) } ‘ <c
K2 -
where the second inequality follows from Assumption[2] As a result,

o2 log(N
IR;\S;| < 040%. (S5)

It follows from an identical argument as that in Step 5 in the proof of Theorem [ST] that, for any
A € A* there exists A € A such that
- o 1og( )
|A\A] < > |Rj\Sj| < CuC [{j « RjNA=25;}]
JEIA
o2k(0) log(N) 02 kayaa(07) log(N)
B} S C6 2 ’
K K

for some constant Cs > 0, where the second inequality follows from (S3). Hence,

[ RinA=S} <7t Y IR < |Al/n < (JA[+ A\ A]/n

JEIA

<CyC (S6)

0kayaa (6*) log(NV) <Al
Ul -

where C” > 0 is an absolute constant. Combining the above with we arrive at
C"o*log(N) |A|
K2 e

< |Al/n+Cs

|A\A| <

To bound the difference from the other direction, we have that

|A\A[ < Y R\S

j: R;NAE{0,5;}

< > [R5\

j:3BeA*, R;NB=S;, dist(A,B)<co2k2kayaa(0*) log(N)
2)
<c, 2080 Og |{ IBe A", RyNB=35;, dist(4,B) < co®k 2kayaa(6%) log(N) }|

<C7Lg() k(d) < Cng() kayaa (0%), (S7)

for some constants Cr,Cs >0, Where the second inequality follows from Assumption|[I] and the last
from (S3)). Hence,

{i:3Ben, RNB=S; dist(4,B) < Chama s}

> > IR,

BeA*, dist(A,B)<co?k"2kayaa(0*)log(N) jE€IB

> |B|

BeA*, dist(A,B)<co?k~2kayad (0*) log(N)

—

IN

I
S|I= II= 3=

IN

18]+ |B\B]]
BeAx, dist(A,B)<co?k™2kgyaa(0*) log(N)
1B| |B\B|
max + max
BeAx, dist(A,B)<co?k"2kgyaa(0*)log(N) 1) BeAx, dist(A,B)<co?k~2kqyaq (0*) log(N) n
B 2log(N
max |B| | o”log(N) 0g2( ) Edyad (60™)
BeA*, dist(A,B)<co?k~2kayaqa(0*) log(N) 1) Nk
max @
BeA*, dist(A,B)<co?k—2kqyaa(0%) log(N) 1
where the third inequality follows from Assumption[2] the fourth from (S7)), and the last from (14).
We therefore have shown (T7). The claim (I8) is a straightforward consequence of (I7) by letting
n=|A| =< O

A

A

S
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Proof of Proposition[5] We are using Fano’s method in this proof. To be specific, we are to use the
version of Lemma 3 in [13].

Without loss of generality, we assume that A'/? is a positive integer. For ¢ to be specified, we further
assume that (n — A'/9)/q and q are both positive integers. We construct a collection of distributions,
each of which is defined uniquely with a subset S defined in (I6). Therefore the collection of
distributions can be specified by the collection of subsets

d
S= {H[kpq7 kpq + Al/d]v (kh ceey kd) € [07 (n - Al/d)/q]d} .

p=1

We assume that the parameters x, o, A in this collection of distributions ensure that this collection of
distributions belong to the subset P C Py,

P={PNr,: A <N, k?A/o® =log(N)/6} . (S8)

To justify the conditions of Lemma 3 in [13]], we first notice that for each S € S,
for any S1, 55 € S, S1 # S5, it holds that

S| = A. Secondly,

151 AS,| > 20T ¢

and
KL(Ps,, Ps,) < Ax*/o?.

Lastly, we note that |S| = (n — AY/?)¢/¢%. Then Lemma 3 in [13] shows that

~ ~ -1 Ak2/o? + log(2
inf sup Ep{|SAS|} Zi%f;u%]EP{‘SAﬂ} > Aqu (1 /0" + log(2) )
€

S PPy log {(n— AV/d)d/qd}
We now take g = A!/4 /2, such that due to the conditions in (S8)), it holds that

d—1 0'2 log(N)
ATqg=A2=""7""+2
9=4/ 1242

and have that

PN o?log(N) log(N)/3 do? log(n)
inf Ep{|SAS|p > ————(1— >
5 psélgN P{‘ ‘} - 12k2 ( log(N)/2> - 36k% 7

where the first inequality holds provided 6 log(2) < dlog(n) and the conditions specified in (S8). [

S4 A naive two-step estimator

In Section[2.2] we proposed and studied a two-step constrained estimator, which builds and improve
upon the DCART estimator, leading to a two-sided consistency guarantee for recovering the support
of the true partition. The two-step estimator studied in Section [2.2]starts with a constrained DCART
estimator and prunes its output by merging certain pairs of rectangles. It is natural to ask about
the performances of a naive two-step estimator, which just prunes the DCART estimator without
constraining it to only output large enough rectangles. In this section, we study thee performance of
this simpler estimator, which turns out to be worse than the two-step estimator studied in Section [2.2]
The proof of Theorem [ST]is repeatedly used in the proofs of two of our main results, Theorem [2]and
Corollary ]

Instead of requiring Assumption|[T]as in Section[2.2] we impose a stronger assumption below.
Assumption S1. If A, B € A* with A # B and 0% = 0%, then we have that

Cl{?dyad (9*)20'2 log(N)
2 b

dist(A, B) >

K

for some large enough constant ¢ > 0. Furthermore, we assume that

K2A > 0,15(1},8“1(0*)202 log(N). (S9)
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We first detail the pruning step of the naive two-step estimator. Let 0 be the DCART estimator with
tuning parameter )1, defined in @). Let {R;} 1€ k()] be a rectangular-partition of L4, induced by

0. Let A2,m,7 > 0 be tuning parameters for the pruning stage. For each (i, j) € [k(é)] X [kz(é)], let
dist(R;, Rj) <7, min{|Ri[,|R;[} >n
and

1 — — 1 _
3 S Vi-Yr)+ D> (Vi—Yr)?| + A > 3 S (Y- Yaor)

lER; IER; lER;UR;
otherwise, let z(; ) = 0. With this notation, let E = {(i,j) € [k(0)] x [k(0)] : 2 = 1} and
let {C;}, €li] be the collection of all the connected components of the undirected graph G aive :=
([k(A)]\Z, E), where T = {i € [k(0)] : |R;| < n}. Then assign each element i € Z at random to
one of the components {C; }, ¢(7) and denote the resulting collection as {G}, c(7)- Finally, define

A= {ujeclej,...,ujechRj}. (S10)

Theorem S1. Suppose Assumption holds and that the data satisfy (1) and let X be the
naive two-step estimator defined in (S10), with tuning parameters \y = C10%log(N), Ao =
Cokayaa(0%)o? log(N), v = Cykayaa(0*)n and
* 2
e kdyad(ﬁ )0’ log(N) < 0 < A ’
cakdyad (0*)

where Cy,C5,C.y, c1,co > 0 are absolute constants. Then, with probability at least 1 — N~¢, it
holds that

- (S11)

IA| = [A*] and  dyans(R, A*) < Chayaa(0*)7,
where ¢, C' > 0 are absolute constants.

If in addition, it holds that n = Cy k™ *kayaa (0% )o? log(N), where C,, > 0 is an absolute constant,
then, with proability at least 1 — N,
Fayaa(6%)%0” log(N)

IA] = |A*] and diaus(A,A*) < C =

Proof. The proof is conducted in the events M;¢[5€2; N Ay N Az, where Q is defined in (ST8), Q5 is
defined in (S22)), Q23 is defined in (S24)), €4 is defined in (S26), Q5 is defined in (S28), A, is defined
in (ST) and A; is defined in (S2)). For any A € A*, define [, = {j € [k(0)]\Z: R; N A= 5,}.

Step 1. Due to (S9) and (STI)), we have that Z # (), which implies that 14 # [k(6)] and there exists
Z% I Lets ¢ 14.
Step 1.1. First, we claim that it is impossible that R; N A C S; and R, N A # S;, with |R;| > #.
Arguing by contradiction, assume that there exists B € A*\{A} such that R;,N B C S; and 6% = 07%;.
Set

T ={BeA\{4} : RRNBCS;, 0 =03},
andletp € R,NA,q € |J R;N B be such that

BeT

— = min D — ql|.
lp — 4l sea, oin RmBHp qll
BeT

Then from Assumption[ST|we have that

kdyad (0*)202 IOg(N)
5 .

lp—dqll = ¢ (812)

K
Letr!,..., 7% € Ly, suchthatfora € {1,...,d},
a {pb if b7éaa

ry = )
b Q@ if b=a.
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By construction we have that 7!, ... r? € R;. Furthermore, from there existsaag € {1,...,d}

such that

kdyad (0* )202 IOg(N)
d1/2 2

lp—r*[ > ¢ (S13)
By the definitions of p and g, it holds that

{Mp+ @0 =XNr* : A€ (0,1)} N Ly, C R\S;.
It then follows from that

kdyad (9*)20'2 log(N)

2 I

[RA\S:| > {dp+ (1 —=XNr* : Ae(0,1)}NLgyn| >c

K
which contradicts the definition of As.
Step 1.2. If Rz NA= Si, then ‘Rz‘ < n.

Step 1.3. If R; N A # S; and |R;| > 7, then by Step 1.1, it holds that R; N A C R;\S;. Hence,
since I4 induces a connected sub-graph of G.ive, a fact proved below in Step 3., we obtain that
RiNA=10.

Step 2. We claim that 74 # ). Proceeding again by contradiction, we assume that for any j € [k(6)]
with R; N A # (), it is either the case that |R;| < 7 or the case that R; N A # 5. It follows from
Step 1.1. that it is impossible to have R; N A C S;, R; N A # S; and |R;| > n. Thus, we obtain
that

k(é) *\ 2
. log(N
A S R + R S S kd ad 9* n + kdy d(e )U Og( )’ (814)
J J J Yy FLQ
J:IR;|<n Jj=1

where the second inequality holds due to the definitions of Q23 and As. Since |A| > A, (S14) along
with we constraint (STI)) lead to a contradiction.

Step 3. We then claim that /4 induces a connected sub-graph of Gaive. To see this, suppose that
{Ju}uep are the connected components of 4 with the edges induced by E and with [ > 1. Then,
ifi € J,and j € J, for a,b € [l], a # b, then it must be the case that dist(R;, R;) > . Hence,
dist(R;, N A,R;NA)>~foralli € J,,j € Jy,a,b € [l],a #b. Since A is connected in Lg ,, we
obtain that |A\ Ul _; U;es. (R; N A)| > ~. However,

k(0)
[A\ULLy Uies, RiNAL < Y R+ Y IR)\S]
J:IR;|<n j=1 (S15)
kdyad(e*)UQ log(N)

5 kdyad(e*)n + <7,

2
where the second inequality holds due to the definitions of Q25 and A;. Thus, we have arrived at a
contradiction. For any ¢ € [k(0)],let A € Abei € A. We then have R; C A.

Step 4. For any (i, 5) € [k(6)] x [k(6)], we discuss the following two cases.

Case 1. If i, j € 14, then (S27) holds by the definition of .A;, and (S28)) holds by the definition of
Q5. Hence, if dist(R;, R;) < v then (¢,5) € E.

Case2.Ifi € I, and j € Ig for B € A*\{A} with é*A #£ 0%, then by the definition of €24, we have
that

Ri|IR;| - _ .
Rduﬁ%" (YR, —YRj)2 > 252 — Cykayaa(07)0? log(N) > C)s,

provided that (S11)) holds for large enough c; and A2 = Cakayaq(0*)o? log(N) for an appropriate
constant. It follows that {i,j} ¢ E.

Step 5. Combining all of the above we obtain that |[A*| = |A|. Let A e Abe

A € argmin |BAA.
BeA
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‘We have that

k(6)
AAL < Y IR+ DRSS < k@) + IR\
J:IR;1<n JEIA Jj=1
. kayaa(0%)o? log(N
< kayad(07)n 4+ Cs tyad( Lg i ),
where the last inequality holds by the definitions of {25 and 4;; and
k(6)
AA < > IR+ > [R;\S;| < k(O)n + > [R\S]
J:|R;1<n jiRJﬁAi{@aSjQ} J=1
. kdyaq(0*)o= log(N
< kayaa(67)n + O3~ al 112 i )
We therefore conclude the proof. O

S5 Auxiliary results

Noise assumption. In the paper we make the assumption of Gaussian i.i.d. errors in (), just like
in [4]]. This is a technical condition required to justify the use of Gaussian concentration inequality
for Lipschitz functions. It may be relaxed by assuming errors with, e.g., log-concave density.
Furthermore, it is possible to consider sub-Gaussian errors but this would involve extra logarithmic
factors in the assumptions and upper bound.

Additional lemmas are collected here. Lemmas [S2]and [S3] follow exactly from [12], so we omit their
proofs.

Lemma S2 (Lemma 5 in [12]). LetI,J C Ly, with INJ = 0 and let Y € RLan. Then
¥, 2 o \2 N2 |I||J| ¥ o\ 2
Y WiV =Y (=Y 4 Y (V- Yy)?+ e =Y
ieluJ el ieJ

Lemma S3 (Lemma 6 in [12]). Let I be the set of rectangles that are subsets of Lq . Then for
y € REd4n defined in (T)), the event

| ||J| \/ 0* \ ) *
L — 0% — + < log(N
B {I7J€Ir}3}§J 0 \/ ]+ 1J] ’YI 01 —Y; 91’ Cpo+/log(N) (S16)

holds with probability at least 1 — N~°5, where Cg is a large enough constant and cg depends
on Cp.

Lemma S4. Let R C Lg ,, be a rectangle and denote by Payadic,d,n (R) the set of all dyadic partitions
of R. Define fr € RE as fr = [ r(y) where

~ . 1
Iy € arg min {2||yR - OS(H) (yR)||2 + )\H|} . (S17)
1€ Payadic,d,n(R)

Then there exist positive constants c1 and cy that depend on d such that if \ = Co?log(N) for a
large enough constant C' > 0 it follows that the event

_ A% 112 _ ) * < 2
0 {Rchﬁ%xmngle{llﬁR Orll> — 4 kayaa (0R)} < c10 log(N)} (S18)

holds with probability at least 1 — N .

Proof. First, proceeding as in the proof of Theorem 8.1 in [4]], we obtain that

1Br — 05| < 2M\kayaa(05) + 2(yr — 05) T (Br — 05) — 2M\kdyad(BR)

1 —0:) )2
<2\kayad (0) + 5 18R — O0R[* + 2 {(Z/R - QE)Ti(ﬂR f) } — 2Xkayad (BR)- (S19)
2 1Br — 0%

S8



Next, we denote by Sg the collection of linear subspaces of R such that every S € Sg is a linear
subspace of R such that there is a partition of R and S consists of piecewise constant signals over
this partition of R. Then

1 * *
S8R — Gl = 2\ ke (03)
(v—03)\”
< max sup sup 2{ yr — 0% Ti* — 2Xkgyad ¢ - (S20)
ke[|R[] SeSgr,Dim(S)=k vES, v#£07 { ( 7) ||U—QR|| v

However, from Lemma 9.1 in [4], for any ¢; > 1, S € Sg with dim(S) = k € [|R|], we have that

w2
P| sup 2 {(yR - 9?{)7(@95)} —2X\k » > c10%log(N)
vES, WA, v — GRH

—_ 0?2
<P| sup 2 {(yR - GE)T(Uf)} > c10%log(N) + 2\k
veS,vA£0, H'U - 93”

c1/2log(N) + (2\/o? — 2)k — 4)
S .

<2exp (—

Since |{S € Sg : Dim(S) = k}| < |R|?*, it follows by a union bound argument that for some
Coy > 0,

— 0?2
P sup sup 2{(yR0}"%)T(Uf)} —o\k 201021og1\7
SESR, Dim(S)=k vES,v#£0F, v — 03]
<exp (—cz2log(N)), (S21)

provided that A = C'o? log(N) with a sufficiently large C' > 0. The claim follows from a union
bound argument by combining (S20), (S21), the fact that there are most N2 subrectangles of Lg,,,,
and choosing ¢; large enough. O

Lemma S5. Let 0 be the DCART estimator: If \ = Co?log(N) for a large enough C, then there
exist positive constants cs and c4 such that the event

0y = {k(é) < deyad(o*)+<:3} (S22)

holds with probability at least 1 — N 4.

Proof. First notice that by the basic inequality (S19), it holds that

Me(0) < 2Mkagaa(07) + 2 {(y - 9*)TM} — \k(6). (S23)

Therefore, from Lemma choosing A = Co?log(N) with large enough C implies that with
probability at least 1 — N~ the event

A SR L
Q=<2 — 0T —— 2% _Ak(9) > ci0?log(N
{(y ) |9_9*} (0) > e g(N)

holds. Considering (S23) on the event 2, we have that
~ 2c
B(O) < 2ayaal0?) + 5
and the claim follows. O

Lemma S6. The event

_ N*x _ |2 < 2
s {RCLd,:I}%Xrecmngle |R| |9R yR| = ao IOgN} (S24)

holds with probability at least 1 — N~ for some postive constants c, and cs.
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Proof. This follows immediately from the fact that there are at most N2 rectangles, the Gaussian tail
inequality and a union bound argument. O

Lemma S7. With the notation of Theorem we define the set Q; C [k(0)] x [k()] as
Qu = {(i.4) + 05, # 0, IR < 211, |Ry] < 21851} (825)
Define the event

|Ril IRj| /5 Y
94:{ YRi_YR- >
|R1-|+|Rj\( )2

w * = Ckayaa(67)0™ log(N), (i, j) € Qa4

(526)
where C' > 0 is an absolute constant. Then there exists an absolute constant ¢ > 0 such that the
event Sy holds with probability at least 1 — N ~°.

Proof. The proof is conducted assuming the high-probability event B defined in @) Now, any for
(i,7) € Qa4, we have that

‘RZ| |RJ| % ¥ 2 |R1| IR]| n* n* % n* n* < 2
L (Y, — Yg,) = o= 05 + 05 + (YR, — 05, + 05 — Ya,
1] T 1) = (i {0 Ot O 054 By = ¥
|Ri| Ry > RIIR| (o0 s s o \?
——— _(Yp — 0% +60% —Ypn.
\R|+\R|( 1) |Ri|+\Rj|(RZ R TR RJ>
|R||R| 2 o
9 — log(N
|R||R| 2 o
-6 9 — 6% [} — — log(N
‘R|+‘R|{ S S R+R S)} BU Og()
N T 1
> (0 -0 ) — ——— L — (05 — 0% +07 — 0%
4<\Ri|+\Rj|>(Sl 5) 2<|Ri|+|Rj\>(SJ O 05
— Cgo?log(N)
\Ri||R;| /2 2 |R||Ry| (2 > |R||Rj| 2 2
> Il gy — 9 e e N (Y
(\R|+\R|>( %)~ w1181 O~ )~ Ry 05— 0k
— Cjo?log(N)
_ 2 _ _
>w : |R|(es ~03) IR (B, — 3,)” — CRo%log(N)
>w 2 |R| Z@l eRJ |R|{S Zel HRL }
|J|les | |l€S
zo? log(N),

where the first and third inequalities follow from the inequality (a + b)? > a?/2 — b, the second
by the definition of B in (ST6), the fourth by the inequality (a + b)? < 2a? + 2b? and the sixth by
Jensen’s inequality. Then in the event Q defined in (ST8), it from Lemma[S4]that,

LA
Rl + [Ry] V7~
min RZ', R; * N * 0)*

> PRL IR 2o $™ 67— 03,2 - 23067 - 05, - Cio® log(V)

leS; les;

min{|R;|, |R ):
Mz 43707 — 5r,)? — 418l (Fr, — 0, )?

leS;
— 4> (0] = gr,)> — 4ISil (R, — O5,)* — Cgo*log(N)
leS;
min{ |R;|, |R
>M 2 CO’deydd(e*)log( )

4
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for some constant C' > 0, where the second inequality follows from the inequality (a + b)? <

2a? 4 2b2, and the last one by Lemmas [S4]and The claim then follows. O
Lemma S8. With the notation of Theorem we define the set Qs C [k(8)] x [k()] as
Qs = {(1.4) + 05, = 0, IR <211, Ry < 21851} (527)
Define the event
_ [ RlIR| o o2 o 2 .
Qs = (Yr, = YR,)” < Chayaa(07)0* log(N), V(i,j) € Qs ¢, (528)
| Ril + [ Rj

where C > 0 is an absolute constant. Then there exists an absolute constant ¢ > 0 such that Q5
holds with probability at least 1 — N ~°.

Proof. 'We assume through that that the high-probability event 13 defined in (S16)) holds. Let (¢, j) €
Qs. Then,

|| | R ( 2
YLy, )
Ryl + [Ry[ V1
W(YR__% iy +0,)" + 2REL G g )
o 4|R'||R e
< 2Cgo?log(N 7970 SR gy g )?
leS; toles;
< 2002 log(N —|—SZ OF —03.)* + 8 (6 —0r,)°
1es; leS;
< 2Cp0%log(N) + 16 > (6; — Gr,)* + 16 >_ (6] — Ir,)’
1€S; leS;

+1615,((0%, — 4r,)? + 16]S:| (0, — yr,)*.

The first and second inequalities use the trivial fact that (a + b)? < 2a? + 2b2, the second inequality
uses the event 3 and the third follows from Lemma[S2] Combining the above inequality with Lemmas

[S3] [S4] and [S€| completes the proof. O

S6 Experiments section details

S6.1 Scenarios

We detail all the signal patterns considered in the simulations in Section[3] All these scenarios are
depicted in Figure[ST]

Scenario 1. For all (a,b) € Ly ,, let
o 1 1f”<a<”and%<b<37
(a.b) 0 otherwise.

Scenario 2. For all (a,b) € Ly ,, let
1 if (a— ) +(b—%)?<
Olapy = |1 if (a— )2+ (b—22)?

0 0therw1se.

Scenario 3. For all (a,b) € Ly ,, let

1 ifae(%,2) and be (4,3),
L ifae(%" T)andbe[%,%"),
(a,b) -1 if a> —" and b > 7

0 otherw1se

S11



Scenario 4. For all (a,b) € Ly ,, let

ifa<gandb< g,

5
: n 4n
1fa<gandb>?,

ifa>%"andb<4?",
ifa>%"andb>4?”7

if a € (32,38) and b € (32, 50),
otherwise.

Oapy =

S U W N

S6.2 Tuning parameters for naive two step-estimator

We first construct a sequence of DCART estimators (\), A € Sy = {5+ (30 — 5)1/14, [ =
0,...,14}. Indexing the nodes in Lg , as {i1, ..., 4,2 }, we calculate

6-2 = (2n2)_1 Z (yij _yij+1)2'
j€[n?2—1]

Based on this variance estimator, we choose

At =argmin | Y {y; — 0;(\)} + 62k(0(N)log(N) | and 6 = 6(\y).
AESA i€Lan

Once 0 is computed, in the second step, we construct the final estimator denoted here as A by setting
A2 = A1, v = 23 and n = 22 (see Section . The choice Ay = Ay is consistent with the theory,
since in all the scenarios considered here kqyaq (6*) is small.

S6.3 Implementation details of total variation based estimator

We now discuss the implementation details for the total variation based estimator used in our
experiments. Starting from the L, ,, lattice, we let D be an incidence matrix corresponding to L ,,,
see for instance [9]. We then compute, using the algorithm from [8], the estimators

. 1
By = argmin {QIIB—yII2 + AD»5’|1}
BeRYdn

for A € {103/19 . [ =0,1,...,19}. Then letting 52 as in Section we let

= arg min {||ﬂ,\ —y|* + &QC(BA)log(N)}
Ae{1031/19 :1=0,1,...,19}

where c(f3,) is the number of connected components in Lg ,, induced by 5. In other words, ¢(3y) is
the estimated degrees of freedom in the model associated with 3 in the language of [10]. Then we

set B equal to By~ after rounding each entry of 5~ to three decimal digits.

Next, let {R;}i¢[q be the partition of Lg,, induced by B,m=~=8and a = 0.15. For each
(1,4) € la] x lq], let 2 j) = 1if

dist(R;, R;) <, min{|Ry|, |R;[} > 17

and |Yg, — Yg,| < a; otherwise, let z(; ;) = 0. With this notation, let E = {e € [q] x [¢] : 2. = 1}
andlet {C; }, (7, be the collection of all the connected components of the undirected graph ([g]\Z, E),
where Z = {i € [¢] : |R;| < n}. Our final estimator becomes

AN = {Ujecle,...,UjecLRj}. (S29)

Notice that in (S29) we do not include the sets 12; with a small number of elements as we found that
by using them the performance of the estimator becomes worst.
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Table S1: Performance evaluations over 50 repetitions under Scenario 5. The performance metrics
dist; and dists are defined in the text. The numbers in parenthesis denote standard errors.

Setting disty disty

o A TV-based A TV-based
5 0.5 211.68(745.74)  130.72(44.49) | 0.0(0.27) 0.12(0.33)
5 1.0| 766.84(1281.38) 398.92(362.39) | 0.0(0.57) 1.32(0.9)
5 1.5 | 1406.96(1589.79) 921.08(214.55) | 0.0(0.65) 2.68(1.31)

S6.4 Additional scenario
In this subsection we consider an additional scenario, namely Scenario 5. For all (a,b) € Ly ,, we let

ifa<?% and b> 2,
ifa>4?" and b<‘%"7
if la— 3| < % and b < ;%

15 15°
otherwise.

(ap) =

S W N

Figure S1: Visualization of Scenario 5. From left to right: An instance of y, the signal §*, DCART,
and DCART after merging. In this example the data are generated with o = 1.

Performance evaluations for Scenario 5 are given in Table[ST} There, we can see that our proposed
method provides the best estimation of the number of piecewise constant regions.

1200
|

1
Il
Hausdorff distance

Logarithm of time in seconds
200 400 600 800

0
|

8 16 32 64 128 8 16 32 64 128

Figure S2: Time and Hausdorff distance evaluations, averaging over 50 Monte Carlo simulations, of
A for different values of n for Scenario 5. Here o = 1.

Finally, with the same implementation details as in Section [3|of the paper, we compute the running
time of A for Scenario 5. The results are shown in Figure|S2| where we can clearly see a linear trend.

S7 Non axis-aligned data

We now briefly discuss how our method could be extended to non axis-aligned data. Suppose that we
are given measurements {(z;, y;)} ¥, which are independent copies of a pair of random variables
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(X,Y) € [0,1]¢ x R. Suppose that n < (N/log N)*/¢ with n € N. Define

11—1 11 tg—1 14
Iil g y — | X X y
’ n n n n

foriy,...,iq € {1,...,n}. Then define §j € R¥4n as

- 1
Jovis = TE ey 2. U
i+ yj € Liy,.ig} Jiyi€lny.. i,
if {j : y; € L, ...i,} # 0 and otherwise we set §;, . ;, = Giy....ir, where Iy ;0 is the closest
rectangle to I;, . ;, satisfying [{j : y; € IZ-/M”ZQ} = (. Both the choice of n and the constrution of
y are inspired by ideas from [6]].

After having constructed § € RZ4~ we can then run DCART and our modified version.
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